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1 Introduction29

In this paper we will be dealing with only undirected graphs. Given a graph G = (V,E),30

where V is its set of vertices and E is its set of edges, we let n denote the number of vertices31

in the graph G. For U ⊆ V , we let N(U) denote the set of neighbours of U in the graph G,32

that is {e ∈ V : (∃e′ ∈ U)[(e, e′) ∈ E]}. We let E(U) denote the set of edges in E with both33

endpoints in U .34

For a graph G = (V,E) and a subset S ⊆ V , the induced graph G[S] = (S,E[S]), has35

as set of edges all those members (e, e′) ∈ E where e, e′ are both in S. S is said to be36

induced matching if every vertex in S has exactly one neighbour in S. The Maximum37

Induced Matching problem asks for the largest possible S such that S is an induced matching.38

This problem has a number of practical applications, such as in VLSI design, network flow39

problems [9] and risk-free marriages [18]. The Maximum Induced Matching (MIM) is much40

harder than the similarly defined Maximum Matching problem where one asks only for a41

subset F ⊆ E such that F is a matching (i.e., no vertex is an endpoint of two edges in F ).42

While the first problem, MIM, is NP-hard, the second problem can be solved in polynomial43
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time [21]. Gupta, Raman and Saurabh [11] provided two subsequent algorithms to solve MIM44

in time O(1.6957n) and O(1.4786n), respectively. Chang, Chen and Hung [2] improved the45

running time to O(1.4658n) and subsequently they improved it to O(1.4321n). Finally, Xiao46

and Tan [20] provided further improvements, running in time O(1.4231n) and O(1.3752n)47

where the last algorithm uses exponential space in contrast to the former ones which use48

polynomial space. The value O(1.4231n) is also the state of the art for the special case of49

graphs with maximum degree 4 [20, Lemma 11] with polynomial space; however, Xiao and50

Tan [20] did not comment on the complexity of solving MIM for graphs with maximum51

degree 3 for polynomial space.52

In this paper, we study a special case of MIM that is limited to subcubic graphs, where53

each vertex has at most three neighbours. Prior algorithms that were used to solve MIM on54

subcubic graphs were relying on applying the fastest Maximum Independent Set algorithm55

[19] on the line graph of G2 (L(G2)) to obtain a running time of O(1.3139n), using polynomial56

space.57

We present a faster exact algorithm to solve MIM for subcubic graphs in O(1.2335n)58

time — This paper supersedes an unpublished technical report [12] solving MIM for subcubic59

graphs in time O(1.2630n) time, using polynomial space. To achieve this, we design a branch60

and bound algorithm in conjunction with the Measure and Conquer technique [4], as well as61

a bisection result of Monien and Preis (stated below).62

If we allow for the use of exponential space to solve this problem, then the general63

pathwidth bounds of Fomin and Høie [5] imply that the algorithm runs in time O(rn) for64

every r > 31/6 and thus the problem can be solved in time O(1.2010n); Kumar and Kumar65

[16, Theorems 2 and 4] provide their own way to this and other results. Our algorithm66

will not match this exponential space bound but improve the polynomial space bound from67

O(1.3139n) to O(1.2335n), using a simple algorithm.68

The interested reader will find more information on exponential time algorithms in the69

textbooks of Gaspers [7] and of Fomin and Kratsch [6]. Sufficient and necessary criteria for70

families of graphs to have an NP-hard maximum induced matching problems have been71

studied in great detail [1, 3, 9, 10, 13, 14].72

2 Definitions and Preliminaries73

Now we proceed more formally to introduce the notations used in this paper.74

I Definition 1. A subcubic graph is a graph where each vertex has at most three neighbours.75

For any subcubic graph, we call a vertex W1 vertex if it has degree three and all its neighbours76

have degree at least two. Otherwise, the vertex is called W0 vertex.77

For the naming of vertices in the present work, we use the following notation: a, b, c (with78

or without sub/superscripts) represent, respectively, vertices of degree one, two, three, in79

the graph; we use d (with or without sub/superscripts) to represent vertices which can take80

degree either two or three; we use e (with or without sub/superscripts) to represent vertices81

which can take any degree from zero to three.82

I Definition 2. Given a subcubic graph (V,E), we also denote by W1 (respectively W0) the83

set of all the W1 vertices (respectively W0 vertices) in the graph. We say that there is a84

meta-edge between two W1 vertices c1 and c2 if there is a sequence (perhaps empty) of W085

vertices d1, d2, . . . , dt such that the graph has the edges (c1, d1), (dt, c2) and (di, di+1) for i86

with 1 ≤ i < t (in case t is 0, then there is an edge between c1 and c2). The meta-edges87

between c1 and c2 are denoted by [c1, c2], [c1, c2]′ and [c1, c2]′′ where the primed versions are88
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only used if there are several such meta-edges and one needs to distinguish them. If they exist,89

[c1, c2], [c1, c2]′ and [c1, c2]′′ have only the end vertices c1 and c2 in common. We note that90

there are at most three meta-edges between c1, c2 and if there are three, then c1 and c2 are91

the only W1 vertices in their component of the graph. The (multi) graph of all W1 vertices92

and meta-edges between these vertices is called the meta-graph associated to (V,E). Note93

that the meta-graph might be a “multi-graph”, as there maybe multiple meta-edges between94

two vertices in the meta-graph.95

Sometimes, we also consider the meta-edge (as in above) as the sequence of edges (c1, d1),96

(d1, d2), . . ., (dt, c2) and denote/write it as c1−d1−d2 . . . dt−c2. We also sometimes say that97

the meta-edge [c1, c2] contains/consists of the edges (c1, d1), (d1, d2), . . . , (dt, c2) or contains98

the vertices c1, d1, . . . , dt, c2.99

If S is a subset of V then S defines an induced matching of G iff every vertex in S has exactly100

one neighbour in S. For the ease of notations, we also say that an edge is in S iff it is in E101

and both its endpoints are in S. As the matching is induced, the endpoints of distinct edges102

in S are not neighbours in (V,E), that is, not connected by an edge in E.103

Note that given a graph G, we can find its W1 vertices and the meta-edges between them104

in polynomial time; meta-edges are also called paths and, more precisely, they are paths105

whose endpoints are W1-vertices and where no inner node of the path is a W1-vertex. As we106

can easily detect a degree one neighbour of a degree three W0 vertex, one can easily find all107

the meta-edges starting from any W1 vertex (to some W1 vertex, including possibly itself).108

There are at most three meta-edges between two W1-vertices and the latter only happens iff109

these W1-vertices are only connected to each other through meta-edges.110

Furthermore, Monien and Preis showed the following.111

I Theorem 3 (Monien and Preis [17]). For every ε > 0, there is a number kε such that for all112

subcubic graphs with at least n ≥ kε vertices, a polynomial time algorithm finds in polynomial113

time a partition of the graph into two halves, with each half having at least n/2− 1/2 vertices,114

such that there are at most (1/6 + ε) · n edges between the two halves. This set of edges115

is called the “bisection” of the graph. For graphs with less than kε vertices, the algorithm116

returns the optimal bisection by using table look-up.117

In our earlier technical report [12, Corollary 2], we used this fact to give the corresponding118

algorithm for meta-graphs where they originally run the algorithm for possible double-meta-119

edges between two W1 vertices to be considered as single meta-edges and then adjust the120

result such that for each case of original double-meta-edges between two W1 vertices they121

choose one of the neighbouring single meta-edges to replace it. Thus one W1-vertex may122

be moved from one half of the bisection into the other. The W1 vertex chosen to be moved123

is the one which makes the partition more balanced, that is, which keeps the difference in124

the number of W1 vertices between the two sides of the bisection bounded by two. Thus by125

relaxing the permitted size difference to two instead of one (as in the original result of Monien126

and Preis), one can get that the bisection of the meta-graph does not have double-meta-edges.127

The following proposition is straightforward.128

I Proposition 4 (Subset Principle). Suppose G = (V,E) is a graph whose MIM we need to129

find. Suppose we are considering two alternatives, where U ⊆ U ′ and |S| ≤ |S′|:130

(a) An induced matching S union with MIM of induced subgraph from U , where (S ∪131

N(S)) ∩ U = ∅, and132

(b) An induced matching S′ union with MIM of induced subgraph from U ′, where (S′ ∪133

N(S′)) ∩ U ′ = ∅.134
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Then, one can ignore the alternative MIM computed by (a) above as it is bounded in size135

by the MIM obtained in (b).136

Note that we use the above subset principle to cut down on some alternative expansions S,137

S′ of a given preliminary matching (with associated remaining graph U,U ′ respectively).138

I Lemma 5. Suppose we are considering MIM for a (sub) graph (U,E(U)). Suppose139

Y ⊆ X ⊆ U such that there are no edges of the form (e, e′), with e ∈ X − Y and e′ ∈ U −X.140

Suppose M is a MIM of U .141

Suppose S ⊆ X such that each member of S has exactly one neighbour in S in the graph142

(U,E(U)). Suppose that,143

(i) (Y −M) ∩ S = ∅, and144

(ii) |E(S)| − |E(M ∩ X)| ≥ number of vertices in M ∩ Y which have edges in E(M) to145

vertices outside X.146

Then S is a part of some MIM in (U,E(U))147

Proof. Suppose M ′ be the set of vertices in M − X which have an edge to a vertex in148

X. Let S′ = M ′ ∪ (M ∩ X). Note that |S| ≥ |S′|. Also, U − X − N(S) is a superset of149

U −X −N(X ∪M ′). Lemma follows using the subset principle (Proposition 4). J150

Intuitively, in the above Lemma, think of Y as “boundary of X”, i.e., the only vertices in Y151

which have edges to vertices outside X.152

I Remark 6 (Simplification Rule SR). Consider a graph (U,E) in which we want to find a153

MIM S. Let e be a vertex with a neighbour d of degree at least two such that all other154

neighbours of d are of degree one (there may be one or two such neighbours, say a and155

perhaps a′). Then we can use the subset principle to show that without loss of generality we156

can assume that d, a ∈ S and thus we can remove e, d, a, a′ from further consideration for157

finding remaining part of MIM.158

The above situation is known in the literature. It is very similar to the pending edge159

elimination of Xiao and Tan [20, Lemma 5] and implied by the Simplification rule S3 of our160

earlier technical report [12]. One can adjust the notions of Xiao and Tan to cover this case161

fully by saying that d has pending edges iff d has degree 1 neighbours and furthermore all162

neighbours of d of degree 2 or more form a clique — note that a single neighbour of degree163

at least 2 forms always a clique of size 1. In this situation, we can assume by arguments of164

Xiao and Tan [20, Lemma 5] that there is a maximum induced matching of the graph which165

contains an edge between d and one of its degree 1 neighbours. For completeness we give a166

proof below for soundness of the simplification rule.167

I Proposition 7. Simplification Rule SR is sound.168

Proof. Suppose that S is a MIM. The case that e /∈ S is trivial. We now consider the case169

that e is in S. Then either d must be in S or some other vertex adjacent to e must be in170

S, along with e. Without loss of generality, we can assume that {e, d} ⊆ S as the proof for171

either case is similar. Let U = V −S−N(S)−{a, a′}, since after the removal of S and N(S)172

from V , the vertices a and a′ have 0 degree, and can thus be removed from consideration.173

Now, consider S′ = S ∪ {d, a} − {e}. Let U ′ = V − S′ −N(S′)− {a′}, as the vertex a′174

becomes a 0 degree vertex after the removal of S and N(S), and can thus be removed from175

consideration.176

We have that U ⊆ U ′ and |S| ≤ |S′|, and thus from the Subset Principle given earlier, we177

can assume without loss of generality that {d, a} is in MIM. J178
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I Proposition 8. (a) If a subcubic graph (component) is acyclic, then a MIM of the graph179

can be found in polynomial time in the number of vertices.180

(b) If a subcubic graph consists only of W0 vertices, then a MIM of the graph can be181

found in time polynomial in the number of vertices.182

(c) If a subcubic graph consists of at most a constant κ number of W1 vertices, then a183

MIM of the graph can be found in time polynomial in the number of vertices (though it may184

be exponential in κ).185

Proof. These three items are consequences of the fact that a graph with at most κ W1186

vertices has path width at most (1/6 + ε)κ+O(1) for any ε > 0 and therefore MIM can be187

solved in polynomial time for fixed κ where the usage of both the computation time and the188

space is exponential in κ [5, 16]. For the sake of completeness, we give here the full proofs.189

(a) Note that repeated use of Simplification Rule SR will leave the graph to be having190

only disconnected edges. Thus, we can find a MIM in polynomial time in the number of191

vertices.192

(b) Without loss of generality assume that the graph is connected (otherwise consider193

each component separately). If the graph is acyclic, then part (a) gives us the result. If the194

graph has a cycle, then one can pick an edge (d, d′) from it and branch the three cases that195

both d, d′ are in MIM, or d is not in MIM or d′ is not in MIM (both d, d′ not being in MIM196

is covered by both of the last two cases). This gives at most three cases and after that one197

can use part (a) to solve MIM in polynomial time for the graph.198

(c) As the number of W1 vertices is bounded by a constant κ, we can consider for each199

W1 vertex d one of its neighbours d′ and branch as in (b) for the cases that both d, d′ are in200

MIM or d is not in MIM or d′ is not in MIM. This gives a branching algorithm of complexity201

O(3κ) · Poly(n). We assume that κ ≥ 2 in order to also handle the pathological case that202

there are two W1 vertices connected by three meta-edges – κ ≥ 2 is sufficient as the graph203

component containing these two W1 vertices is then isolated and does neither contain a204

further W1 vertex nor a further meta-edge, see Definition 2. J205

Note that for any δ with 0 < δ < 1, one can find ε > 0 and corresponding κ such that for all206

m ≥ κ, [m2 − 1]/[m(1/6 + ε)] ≥ 3− δ. We will take δ to be small enough value.207

3 Overview of the Algorithm208

Intuitively, we will be constructing a branching tree, where the root of the tree represents209

the original graph G with n vertices whose MIM we need to find. Nodes in the branching210

tree are of the form (G,U, S,B), where U is a subset of the vertices of G (the node then211

represents finding a MIM for the induced subgraph of G on the vertices U), S denotes a212

matching in G (not necessarily maximum) such that the vertices in S and their neighbours213

in G do not belong to U . B is a set of meta-edges between two partitions (initially obtained214

using Monien Pries algorithm) which are remaining to process when we are in the branching215

phase (more on this below). We implicitly assume that the two partitions associated with216

the bisection edges B are also kept (we omit mentioning them explicitly for ease of notation).217

At a particular node (G,U, S,B) of the branching tree, the algorithm will first do some218

simplification of the problem (using the Simplification Rule SR mentioned above), and then,219

if needed, do branching. The branching would only be in the “branching phases”, where220

initially a bisection is obtained using the Monien Preis method for bisecting and then the221

bisection meta-edges are removed one by one for each branching as we go down the branching222

tree (some of the meta-edges may get automatically removed due to simplification rule).223
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It will always be the case that MIM problem for the subgraph of G at a node (G,U, S,B)224

of the branching tree can be solved in polynomial time (in n) using the solutions of the MIM225

problem for the subgraphs at its children. Furthermore, the children of the nodes in the226

branching tree can be obtained in polynomial time (in n) from the subgraph represented by227

the node. Thus the overall complexity of finding MIM of the graph G is within a polynomial228

factor of the number of leaves in the branching tree. Thus, we wish to bound the number of229

leaves in the branching tree.230

Let µ denote our measure of complexity. Then we let T (µ) denote the maximum231

number of leaf nodes generated by the algorithm when we have µ as the parameter for232

the input problem. Since the search tree is only generated by applying a branching rule,233

it suffices to consider the number of leaf nodes generated by these rules (as simplification234

rules take time only polynomial in n, the number of vertices in the original graph). To235

do this, we employ techniques in [15]. Suppose a branching rule has r ≥ 2 children, with236

t1, t2, . . . , tr reduction in the measure for these children. Then, any function T (µ) which237

satisfies T (µ) ≥ T (µ− t1) + T (µ− t2) + . . . T (µ− tr), with appropriate base cases, would238

satisfy the bounds for the branching rule. To solve the above linear recurrence, one can239

model this as x−t1 +x−t2 + . . .+x−tr = 1. Let β be the root of this recurrence, where β ≥ 1.240

Then any T (µ) ≥ βµ would satisfy the recurrence for this branching rule. In addition, we241

denote the branching factor τ(t1, t2, . . . , tr) as β. Tuple (t1, t2, . . . , tr) is also known as the242

branching vector[6]. If there are k branching rules, with branching factors β1, . . . , βk, in the243

branch and bound algorithm, then the overall complexity of the algorithm can be seen as244

the largest branching factor among all k branching rules; i.e. z = max{β1, β2, . . . , βk}, and245

therefore the time complexity of the algorithm is bounded above by O(zµpoly(n)).246

4 Measure and Algorithm247

We use the measure which assigns to the vertices in W0 the weight 0 and to the vertices in248

W1 the weight 1. Furthermore, the overall measure µ is the sum of the weights of all vertices;249

this sum coincides with the number of vertices in W1. By definition, µ ≤ n. Therefore, any250

algorithm solving in time O(zµ) also runs in time O(zn) since O(zµ) ⊆ O(zn), for any z > 1.251

We now state the main result of this work. Note that the proof implies the easier formula252

that the problem MIM of a subcubic graph with n vertices can be solved in O(1.2335n) time;253

the Poly(n) is absorbed by the uprounding of the branching factors to 1.2335.254

I Theorem 9. The problem MIM of a subcubic graph with n vertices out of which k are W1255

vertices can be solved in O(1.2335k) · Poly(n) steps.256

Here also the constant κ from above is absorbed as a constant into the O-expression and κ is257

a constant independent of k. Next we give the algorithm.258

Algorithm MIM(G,U, S,B)259

Invariant: G = (V,E) is the original graph. S consists of a matching in G such that in the260

original graph G, none of the vertices in S and none of their neighbours are in U ⊆ V .261

Thus, if S is a part of some maximum induced matching of G, then any maximum induced262

matching of (U,E(U)) unioned with S will give a maximum induced matching of G.263

B if non-empty, denotes that the algorithm is in a branching phase, where the set of meta-264

edges in B bisects the W1 vertices of U into two (nearly equal) parts. We will be branching265

and removing the bisection-meta-edges in B one by one.266

1. Simplify the graph by doing (G,U, S,B) = Simplify(G,U, S,B).267

The procedure Simplify is given below this algorithm.268
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2. If B = ∅ and (U,E[U ]) is the disjoint union of nonempty graphs (U1, E1) and (U2, E2)269

with no edge between U1 and U2 in (V,E) then solve both subgraphs independently270

by using MIM(G,U1, S, ∅) and MIM(G,U2, S, ∅) and return the union of the two271

matchings as the answer.272

3. If B = ∅ and the induced subgraph over U has at most κ number of W1 vertices, then273

compute a MIM for the induced subgraph over U and return the answer after its union274

with S.275

4. If B = ∅ and (U,E[U ]) has more than κ W1 vertices, then do a bisection based276

on the Monien Preis algorithm obtaining a bisection meta-edge set B and return277

MIM(G,U, S,B). This starts a branching phase.278

5. If B 6= ∅ (we are in a branching phase), then pick one meta-edge [c1, c2] in B where c1, c2279

denote its endpoints.280

5.1. Suppose the bisection partitions are P1 and P2. If the component in U connected281

to [c1, c2] on one side, say P1 consists of at most two W1 vertices, then switch282

this component over to the other side, P2, in this case and delete all meta-edges283

(including [c1, c2]) from B which go from updated P2 to P2: call this set of284

meta-edges B′. This gives only one child in the branching tree, (G,U, S,B−B′).285

5.2. If the meta-edge [c1, c2] contains a W0 vertex with degree three, then pick one such286

vertex c, and let a be its one degree neighbouring vertex. Then branch based on287

whether c will be in the MIM or not:288

MIM(G,U − {c, a}, S,B − {[c1, c2]}) and289

MIM(G,U − {c, a} −N(c), S ∪ {c, a}, B − {[c1, c2]}).290

The algorithm then returns the better answer among these two branches.291

Note that, if in the second item above one considers that the neighbour of c292

used in the matching is not a but some other neighbour d of c, then not only c293

and N(c) but also all N(d) have to be removed from U , and while N(a) = {c},294

N({c, d}) is a proper superset of N({c, a}). Thus by the subset principle only295

the two branchings above need to be considered and the above two branches296

are exhaustive for the current case in which the meta-edge [c1, c2] contains a W0297

vertex of degree three.298

Note that the simplification process (step 1) in the two children will then remove299

all the vertices in the meta-edge (and maybe more), and thus the meta-edge is300

deleted; similar comment applies for each of the cases below.301

5.3. If the meta-edge [c1, c2] contains no W0 vertices with degree three, then all the W0302

vertices in the meta-edge are of degree two. Suppose the meta-edge is c1-b1-b2-303

. . .-bt-c2 where c1, c2 are the two bordering W1-vertices and all vertices b1, . . . , bt304

have degree 2. For the ease of notation, we use b0, bt+1 as aliases for c1, c2 in305

formulas for S0, S1, S2, in 5.3.3 below, though these vertices do not have degree306

2.307

5.3.1 If t = 0, then branch based on whether both c1, c2 are in the MIM, or c1 is not in308

the MIM or c2 is not in the MIM (there is some overlap, when both c1 and c2309

are not in the MIM but this is ok, as we are taking the best of the cases).310

That is consider three children,311

MIM(G,U − {c1, c2} −N(c1)−N(c2), S ∪ {c1, c2}, B − {[c1, c2]})}),312

MIM(G,U − {c1}, S,B − {[c1, c2]})}),313

MIM(G,U − {c2}, S,B − {[c1, c2]})})314

and return the best of the three answers.315

5.3.2 If t = 1, then branch based on whether (c1, b1) is an edge in the MIM, or (b1, c2) is316
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an edge in the MIM, or b1 is not in the MIM.317

That is, consider three children:318

MIM(G,U − {c1, b1} −N(c1)−N(b1), S ∪ {c1, b1}, B − {[c1, c2]}),319

MIM(G,U − {b1, c2} −N(b1)−N(c2), S ∪ {b1, c2}, B − {[c1, c2]}),320

MIM(G,U − {b1}, S,B − {[c1, c2]}),321

and return the best of the three answers.322

5.3.3 If t ≥ 2, for ` ∈ {0, 1, 2}, let S` = {b3h+`, b3h+`+1 : ` ≥ 0 and 3h + ` ≤ t}, where323

we take b0 = c1 and bt+1 = c2. Branch based on putting S0 or S1 or S2 in S,324

and appropriately removing the corresponding vertices and their neighbours.325

That is, for ` ∈ {0, 1, 2}, let326

U` =
⋃
{{b3h+`, b3h+`+1}∪N(b3h+`)∪N(b3h+`+1) : 3h+` ≤ t, ` ∈ {0, 1, 2}, h ≥ 0}327

and consider the three children:328

MIM(G,U − U`, S ∪ S`, B − {[c1, c2]}) for ` ∈ {0, 1, 2}.329

The algorithm then returns the best answer among these three branches.330

End Algorithm MIM331

Function Simplify(G,U, S,B).332

While at least one of the following three if-conditions applies to the graph (U,E(U)) do333

the following three steps.334

1. If there is a W0 vertex c1 in U such that (a) c1 was a W1 vertex before the previous step335

of the algorithm, and (b) there are meta-edges [c1, c2], [c1, c3] with all their vertices in336

U , and at least one of these meta-edges was in B, then remove these meta-edges from337

B and, in the case that exactly one of [c1, c2], [c1, c3] was in B, put the meta-edge338

[c2, c3] into B.339

2. If there is a meta-edge [c1, c2] in B such that some of the vertices on this meta-edge are340

not in U then remove this meta-edge from B.341

3. If there is a vertex d of degree at least two which has a neighbour e of arbitrary degree342

and all other neighbours of d (say a and perhaps a′) have degree 1 in U then update343

S = S ∪ {a, d} and U = U − {d, e, a, a′}. (Here a′ = a in the case that the degree of d344

is 2.)345

End While346

Return the updated (G,U, S,B).347

End Function Simplify348

5 Verification of the Properties of the Algorithm349

Now we consider the analysis of the algorithm. We shall prove the correctness of the algorithm,350

show that the algorithm preserves the optimality of the solution and, finally, establish the351

overall runtime of the algorithm.352

I Proposition 10. The algorithm is correct.353

Proof. The correctness of branch and bound algorithm follows from the fact that every354

single case has been covered [6]. Hence, we will show that the cases in our algorithm are355

exhaustive and every case has been dealt with.356

In Step 1 of the algorithm, we do some cleaning via the simplify algorithm. The aim is to357

(i) update the meta-edges in case some of the vertices in previous step have been converted358

from degree 3 to degree 2 vertices or some of the meta-edges no longer exist (see steps 1 and359

2 of procedure Simplify), and (ii) handle the case when there is a vertex d of degree at least360
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two with exactly one neighbour e of degree 2 or more (in which case we can without loss of361

generality, using the simplification rule SR, assume that the MIM has the edge from d to one362

of the other neighbours of d).363

In Step 2, we deal with disconnected components of the graph. Hence, after this line, we364

can assume that our graph is a connected graph.365

In Step 3, if there are at most κ number ofW1 vertices, then we solve the problem directly.366

After which, we can assume that any given instance has more than κ number of W1 vertices.367

In Step 4, we apply the Monien Preis algorithm to obtain a bisection of meta-edges B368

and begin the branching phase.369

In Step 5, we deal with the different cases of branching based on a selected meta-edge.370

Step 5.1 deals with the case that some component in one the partitions P1 and P2 has no371

more than three W1 vertices. If the selected meta-edge contains a degree three W0 vertex,372

then this case is handled by Step 5.2. Otherwise, the case is handled by Step 5.3, where we373

consider the cases of the number t+ 1 of edges in the meta-edge being t = 0 (Step 5.3.1),374

t = 1 (Step 5.3.2) and t ≥ 2 (Step 5.3.3).375

Therefore, we have covered all cases and this proves the correctness of the algorithm. J376

Next, we show that algorithm preserves the optimality of the solution.377

I Proposition 11. The algorithm generates a maximum induced matching.378

Proof. Note that the Simplification Rule SR clearly preserves optimality of the solution.379

Step 2 clearly preserves optimality as it works on different components of the graph separately.380

Step 3 explicitly computes optimal answer. Step 4 and Step 5.1 preserve optimality as the381

subgraph does not change. Step 5.2 preserves optimality as if c is in a MIM, then by the382

subset principle we can assume that (c, a) is in the MIM. Step 5.3.1 preserves optimality as383

we consider all possible cases of c1, c2 being in the MIM, where if both c1, c2 are in the MIM,384

then it must be via edge (c1, c2) being in the matching. Step 5.3.2 preserves optimality as385

we have considered all possible cases for (c1, b1) and (b1, c2) being in the matching. Now we386

consider Step 5.3.3.387

The edges in the meta-edge [c1, c2] are (c1, b1), (b1, b2), . . . , (bt, c2). Consider some MIM388

M of the subgraph U . For the case analysis below, we will use Lemma 5 with X =389

{c1, b1, . . . , bt, c2}, and Y = {c1, c2} (except for case 3.1.2 where X,Y are explicitly defined390

differently), to claim that one of S1, S2, S3 is contained in some MIM for U , and thus391

optimality is preserved in step 5.3.3.392

We now consider the following cases.393

Case 1: Both c1 and c2 are not in M .394

Case 1.1: t+ 1 = 3h. In this case by Lemma 5, there is a MIM of U containing S1 as395

E(S1) gives maximum number of edges from [c1, c2] without using c1, c2.396

Case 1.2: t+ 1 = 3h+ 1. In this case E(M) can have at most h edges from [c1, c2], and397

both E(S1) and E(S2) achieve this without using either of c1, c2. Thus, by Lemma 5, there398

is a MIM of U containing S1 or S2.399

Case 1.3: If t+ 1 = 3h+ 2, then E(M) has at most h edges from [c1, c2]. E(S2) achieves400

h edges from [c1, c2] without using either of c1, c2. Thus, by Lemma 5, there is a MIM of U401

containing S2.402

Case 2: Only one of c1, c2 is in M . Assume without loss of generality that c1 is in M .403

Then, (b1, b2) and (bt, c2) are not in E(M).404

Case 2.1.1: t+ 1 = 3h for some h and (c1, b1) ∈ E(M). Now, E(S0) achieves maximum405

number of edges in [c1, c2] without using c2. Thus, by Lemma 5, there is a MIM of U406

containing S2.407
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Case 2.1.2: t+ 1 = 3h for some h and E(M) does not contain (c1, b1). In this case E(M)408

can have at most h− 1 edges from [c1, c2]. Now, E(S1) has h edges from [c1, c2] and does409

not contain c2. Thus, by Lemma 5, there is a MIM of U containing S1 (as the edge in M410

from c1 can be dropped due to extra edge in E(S1)).411

Case 2.2: t+ 1 = 3h+ 1, for some h. In this case E(M) can have at most h edges from412

[c1, c2]. E(S2) has h edges, and S2 does not contain c1, c2, b1. Thus, there is a MIM of U413

containing S2 as we can replace the edges of E(M) having at least one end point in b1, . . . , bt414

by edges of E(S2).415

Case 2.3.1: t + 1 = 3h + 2 for some h and (c1, b1) ∈ E(M). In this case E(S0) has at416

least the same number of edges from [c1, c2] as E(M) has from [c1, c2]. Also, S0 does not417

contain c2. Thus, by Lemma 5, there is a MIM of U containing S0.418

Case 2.3.2: t+ 1 = 3h+ 2 for some h and (c1, b1) 6∈ E(M). In this case E(M) can have419

at most h of the edges from [c1, c2]. E(S2) has h edges from [c1, c2] and S2 does not contain420

c1, c2, b1, bt. Thus, there is a MIM of U containing S2 as we can replace the edges of E(M)421

having at least one endpoint in b1, . . . , bt by edges of E(S2).422

Case 3: Both c1, c2 are in M .423

In this case (b1, b2) and (bt−1, bt) are not in E(M).424

Case 3.1.1: t+ 1 = 3h for some h and (c1, b1) is in E(M). In this case E(S0) contains at425

least the same number of edges from [c1, c2] as E(M), and c2, bt 6∈ S0. Thus, by Lemma 5,426

there is a MIM of U containing S0.427

Case 3.1.2: t+ 1 = 3h and (c1, b1) is not in E(M). In this case if M has h edges from428

[c1, c2], then it could be only be by M containing S2. Otherwise, E(M) has at most h− 1429

edges from [c1, c2]. E(S2) has h edges from [c1, c2] and it does not contain c1, b1. Thus,430

using Lemma 5 with X = {b1, b2, . . . , bt, c2} and Y = {b1, c2}, we have that there is a MIM431

containing S2.432

Case 3.2.1: t+ 1 = 3h+ 1 for some h and E(M) has at least one of (c1, b1) or (bt, c2). In433

case E(M) has h+ 1 edges from [c1, c2], then S0 is contained in E(M). In case E(M) has at434

most h edges from [c1, c2], then as E(S0) has h+ 1 edges and S0 contains both c1, c2, using435

Lemma 5, we have that some MIM contains S0.436

Case 3.2.2: t+ 1 = 3h+ 1 for some h and E(M) does not contain any of (c1, b1) or (bt, c2).437

In this case E(M) has at most h− 1 edges from [c1, c2]. As E(S0) has h+ 1 edges, using438

Lemma 5, we have that some MIM contains S0.439

Case 3.3.1: t+ 1 = 3h+ 2 for some h and E(M) has at most h edges from [c1, c2]. Then,440

E(S2) has h edges from [c1, c2] and S2 does not contain c1, c2, b1, bt. Thus, there is a MIM441

of U containing S2 as we can replace the edges of E(M) having at least one endpoint in442

b1, . . . , bt by edges of E(S2).443

Case 3.3.2: t + 1 = 3h + 2 for some h and E(M) has h + 1 edges from [c1, c2]. Then,444

E(M) must contain at least one of (c1, b1) or (bt, c2). In these cases, consider E(S0) and445

E(S1) respectively, which both contains h+ 1 edges from [c1, c2] and do not contain c2 and c1446

respectively. Thus, using Lemma 5, we have that some MIM contains S0 or S1 respectively447

in this case.448

Thus, step 5.3.3 preserves optimality.449

It follows that the algorithm gives a MIM. J450

I Proposition 12. The running time of the algorithm is O∗(1.2335k) = O(1.2335k) ·Poly(n).451

Proof. Note that the general idea of the algorithm works by repeatedly applying the Monien452

Preis algorithm to get a bisection and we branch the meta-edges until the component gets453

small enough for us to apply Step 3 directly. We bound the overall runtime of the algorithm454
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by bounding the number of leaves in the branching tree. For this, we bound the number of455

leaves R(µ, e), which have vertex e in the graph U related to the leaf (here µ denotes the456

complexity measure, number of W1 vertices in the graph). Thus,
∑
e∈V R(µ, e) will bound457

the total number of leaves. As mentioned earlier, the complexity of the algorithm is bounded458

by poly(n) times the number of leaves in the branching tree. As the number of vertices in V459

can be absorbed in poly(n), it is thus sufficient to bound R(µ, e), for each vertex e.460

Now we explain the details. As mentioned above, branching happens only in phases,461

where initially using the Monien Preis method, the graph is partitioned in two parts (nearly462

equal), where the number of bisection edges is at most m(1/6 + ε), where m is the number463

of W1 vertices in the corresponding subgraph.464

For bounding R(µ, e), for arbitrary vertex e, we will consider only those branches of465

the computation tree whose subgraph contains e. In particular, if there are two disjoint466

components of the graph, only one will produce a subcomputation tree which contributes to467

R(µ, e). This can be used to calculate the the branching factor of rules removing a bisection468

meta-edge. Only one side of the bisection will eventually contain e and therefore all W1469

vertices on the other side of the bisection can be counted as removed; these vertices will be470

counted in an amortised way per cutting of an meta-edge in the bisection.471

Thus, in the analysis below, we only need to worry about the W1 vertices from the472

partition corresponding to the vertex e as above (plus some of the W1 vertices which were473

moved over from the other partion due to step 5.1 above). As there are at most m(1/6 + ε)474

number of bisection edges and each partition consists initially of at least m/2− 1 number of475

W1 vertices, we can allocate credit of (m/2− 1)/(m(1/6 + ε)) ≥ 3− δ for each deletion of476

bisection meta-edge, i.e., for each of the branching steps in step 5 of the algorithm. We call477

this AuxCredit in the analysis below. Note that this also means that for the other reductions478

in the number of W1 vertices, we should consider only reductions due to W1 vertices in the479

same partition side as e, since the reductions due to other partition has already been taken480

into account due to AuxCredit.481

Now our aim is to inductively bound R(s, e), the number of leaves of the subtree starting482

with s W1 vertices which contain the vertex e among others.483

We will show that R(s, e) ≤ ps, where p = 1.2335 is the above chosen strict upper bound484

of all the “branching factors” that are obtained in the cases below. Here the choice of 1.2335485

as the upper bound follows the conventions, as usually only the first four digits after the486

decimal dot are considered, but any other upper bound would also do.487

Suppose that at any node (with s W1 vertices in the subgraph associated with it) in the488

branching tree we have reduction in number of W1 vertices for its r children respectively489

as α1, α2, . . . , αr (where each αi is positive) after the simplification process (step 1) in that490

child; we do this “after the simplification” for ease of our calculations. Note that this is fine491

as the simplification process does not do any branching. Note also that for the α1, α2, . . .,492

we need to consider only the reduction from “the same part in the bisection partition”,493

that means, of the side of the vertex e (for bounding the value R(s, e)), as we have already494

considered the vertices from the other side in AuxCredit; the subtrees produced by those495

branches will be counted in other terms R(n, e′).496

Let γ > 1 be such that γs =
∑
i:1≤i≤r γ

s−αi (we represent this γ as τ(α1, α2, . . . , αr)).497

Then, using any β ≥ γ would give a valid bound for R(s, e) with respect to “this branching”498

in the branching tree.499

Now, step 5.1 above has only one branch and is therefore a reduction rule. This will only500

take polynomial time in n.501

In step 5.2, the reduction on each side of the partition reduces at least one W1 vertex502
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after the simplification process (the W1 vertices at the end of the meta-edge [c1, c2]) and503

thus the reduction in the number of W1 vertices is at least 4 − δ (taking into account504

AuxCredit mentioned above) on each side, for each of the two cases. Thus, the branching505

factor is at least τ(4− δ, 4− δ).506

In step 5.3, first note that following:507

If the vertex c1 (respectively c2) is removed from the children subgraph, then either it508

causes another bisection edge to be deleted, or it causes at least 2 other W1 vertices to be509

removed or become W0 vertices in the same partition side as c1 (respectively c2) after the510

simplification process in the child nodes. To see this, consider the following exhaustive cases.511

If the two meta-edges (different from [c1, c2]) originating from c1 both lead to a W1 vertex c,512

then there must be a meta-edge from c to another W1 vertex c′. After simplification process,513

as c1 is removed, c is also removed and c′ either gets removed or becomes a W0 vertex. If the514

two meta-edges (different from [c1, c2]) originating from c1 lead to two different W1 vertices515

c and c′, then after simplification process both c and c′ either get removed or become W0516

vertices. The only remaining case is when the meta-edge from c1 leads to itself, which is517

already considered in step 5.1. Thus, in each of the above possibilities, when c1 (respectively518

c2) gets removed from child subgraph, we get at least two additional decrease of W1 vertices519

on the same side of the partition or a further reduction 3 − δ due to AuxCredit for the520

additional deletion of bisection edge (in addition to c1 being removed). Thus, besides the521

deletion of the bisection edge from c1, there is at least an additional reduction of three W1522

vertices in this case.523

Now we consider each of the substeps in step 5.3.524

In step 5.3.1, clearly, c1 (respectively c2) is removed from at least 2 of the three children525

nodes. Thus, the branching factor is at least τ(4− δ, 6− δ, 6− δ) (where 3− δ in each child is526

due to AuxCredit for the bisection edge to c1 (respectively c2); 1 in each child is due to c1, c2527

becoming W0 vertices or being removed from children; and 2 in at least two of the children528

is due to two additional W1 vertices being removed or becoming W0 vertices as mentioned529

above or additional 3− δ AuxCredit due to another additional bisection edge being deleted).530

In step 5.3.2, similarly, c1 (respectively c2) is removed in at least two of the children as531

both are neighbours of b1. Thus, branching factor is at least τ(4− δ, 6− δ, 6− δ) as in the532

case of step 5.3.1.533

In step 5.3.3, note that c1 is removed from at least two of the children subgraph as c1 is534

a neighbour of b1 which is in S0 and S1. Similarly for c2 (though which of S0, S1, S2 is used535

depends on t mod 3). Thus, branching factor is at least τ(4− δ, 6− δ, 6− δ) as in the case536

of step 5.3.1.537

Now τ(4, 4) < 1.1893 and τ(4, 6, 6) < 1.2335. Thus, as the worst branching factor is538

strictly below p = 1.2335, the value δ can be chosen to be small enough due to the gap above539

in the inequality (δ = 10−6 works). J540

6 Conclusion541

The present work investigates the complexity of subcubic maximum induced matching. For542

graphs of degree at most four, the currently best known polynomial space algorithm has543

the same bound as the overall best polynomial space algorithm using time O(1.4231n) [20]544

and any improvement to the special case of degree 4 would result in an improvement of the545

algorithms for the general problem as well. However, the case of graphs with maximum546

degree 3 has in general only been solved by invoking the maximum independent set of line547

graphs, a method which gives a O(1.3139n) polynomial space algorithm. The current work548
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gives an improved use of the bisection method of Monien and Preis and obtains a polynomial549

space algorithm running in time O(1.2335n). Here, by adding a polynomial multiplicative550

factor Poly(n), 1.2335n can be replaced by 1.2335k, where k is the number of degree three551

vertices in the graph all of whose neighbours have degree at least two. As in the case of the552

problem MIM for general graphs, also in the subcubic case the known exponential space553

algorithms clearly outperform the best known polynomial space algorithms. In particular as554

the pathwidth of a subcubic graph is actually bounded by (1/6 + ε)k +O(1) for any ε > 0555

with k being the number of W1 vertices, thus the algorithm of Kumar and Kumar [16] runs556

in time O(1.2010k) · Poly(n) and exponential space and can therefore also be parameterised557

by the number of W1 vertices. As exponential space is usually considered more complex than558

exponential time; there is some value in getting algorithms to run in polynomial space, even559

at the expense of some loss in speed.560
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