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42 s In this paper we will be dealing with only undirected graphs. Given a graph G = (V, E),
43 a1 where V is its set of vertices and F is its set of edges, we let n denote the number of vertices
jg’ 2 in the graph G. For U C V, we let N(U) denote the set of neighbours of U in the graph G,
46 53 that is {e € V : (3¢’ € U)l(e,€’) € E]}. We let E(U) denote the set of edges in F with both
47 u endpoints in U.
48 3 For a graph G = (V, E) and a subset S C V, the induced graph G[S] = (5, E[S]), has
49 s as set of edges all those members (e,e’) € E where e, e’ are both in S. S is said to be
50 s induced matching if every vertex in S has exactly one neighbour in S. The Maximum
51 s Induced Matching problem asks for the largest possible S such that .S is an induced matching.
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56 «2 subset F' C FE such that F' is a matching (i.e., no vertex is an endpoint of two edges in F').
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A Bisection Approach to Subcubic Maximum Induced Matching

time [21]. Gupta, Raman and Saurabh [11] provided two subsequent algorithms to solve MIM
in time O(1.6957™) and O(1.4786™), respectively. Chang, Chen and Hung [2] improved the
running time to O(1.4658"™) and subsequently they improved it to O(1.4321™). Finally, Xiao
and Tan [20] provided further improvements, running in time O(1.4231™) and O(1.3752")
where the last algorithm uses exponential space in contrast to the former ones which use
polynomial space. The value O(1.4231™) is also the state of the art for the special case of
graphs with maximum degree 4 [20, Lemma 11] with polynomial space; however, Xiao and
Tan [20] did not comment on the complexity of solving MIM for graphs with maximum
degree 3 for polynomial space.

In this paper, we study a special case of MIM that is limited to subcubic graphs, where
each vertex has at most three neighbours. Prior algorithms that were used to solve MIM on
subcubic graphs were relying on applying the fastest Maximum Independent Set algorithm
[19] on the line graph of G? (L(G?)) to obtain a running time of O(1.3139™), using polynomial
space.

We present a faster exact algorithm to solve MIM for subcubic graphs in O(1.2335")
time — This paper supersedes an unpublished technical report [12] solving MIM for subcubic
graphs in time O(1.2630™) time, using polynomial space. To achieve this, we design a branch
and bound algorithm in conjunction with the Measure and Conquer technique [4], as well as
a bisection result of Monien and Preis (stated below).

If we allow for the use of exponential space to solve this problem, then the general
pathwidth bounds of Fomin and Hgie [5] imply that the algorithm runs in time O(r™) for
every r > 3/6 and thus the problem can be solved in time O(1.2010"); Kumar and Kumar
[16, Theorems 2 and 4] provide their own way to this and other results. Our algorithm
will not match this exponential space bound but improve the polynomial space bound from
0(1.3139™) to O(1.2335™), using a simple algorithm.

The interested reader will find more information on exponential time algorithms in the
textbooks of Gaspers [7] and of Fomin and Kratsch [6]. Sufficient and necessary criteria for
families of graphs to have an NP-hard maximum induced matching problems have been
studied in great detail [1, 3, 9, 10, 13, 14].

2 Definitions and Preliminaries

Now we proceed more formally to introduce the notations used in this paper.

» Definition 1. A subcubic graph is a graph where each vertex has at most three neighbours.
For any subcubic graph, we call a vertex Wy vertex if it has degree three and all its neighbours
have degree at least two. Otherwise, the vertez is called Wy vertex.

For the naming of vertices in the present work, we use the following notation: a,b,c (with
or without sub/superscripts) represent, respectively, vertices of degree one, two, three, in
the graph; we use d (with or without sub/superscripts) to represent vertices which can take
degree either two or three; we use e (with or without sub/superscripts) to represent vertices
which can take any degree from zero to three.

» Definition 2. Given a subcubic graph (V, E), we also denote by W (respectively Wy) the
set of all the W1 wvertices (respectively Wy vertices) in the graph. We say that there is a
meta-edge between two Wi vertices ¢y and ¢ if there is a sequence (perhaps empty) of Wy
vertices dy,ds, ... ,d; such that the graph has the edges (c1,dy), (ds, c2) and (d;,div1) for i
with 1 <4 <t (in case t is 0, then there is an edge between c¢1 and cz). The meta-edges
between c1 and cy are denoted by [c1,ca], [c1,c2]) and [c1,ca])” where the primed versions are
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only used if there are several such meta-edges and one needs to distinguish them. If they exist,
[e1,ca], [c1,c2]" and [c1,¢3]” have only the end vertices ¢; and cy in common. We note that
there are at most three meta-edges between c1,co and if there are three, then ¢; and co are
the only W1 wvertices in their component of the graph. The (multi) graph of all Wy wvertices
and meta-edges between these vertices is called the meta-graph associated to (V, E). Note
that the meta-graph might be a “multi-graph”, as there maybe multiple meta-edges between
two vertices in the meta-graph.

Sometimes, we also consider the meta-edge (as in above) as the sequence of edges (c1,dy),

(d1,d2), ..., (dt,c2) and denote/write it as ¢y —dy —ds . ..dy—ca. We also sometimes say that
the meta-edge [c1,ca] contains/consists of the edges (c1,d1), (d1,d2), ..., (ds, ca) or contains
the vertices c1,d1,...,ds, co.

If S is a subset of V then S defines an induced matching of G iff every vertex in S has exactly
one neighbour in S. For the ease of notations, we also say that an edge is in S iff it is in F
and both its endpoints are in S. As the matching is induced, the endpoints of distinct edges
in S are not neighbours in (V| E), that is, not connected by an edge in F.

Note that given a graph G, we can find its Wj vertices and the meta-edges between them
in polynomial time; meta-edges are also called paths and, more precisely, they are paths
whose endpoints are Wi-vertices and where no inner node of the path is a Wi-vertex. As we
can easily detect a degree one neighbour of a degree three Wy vertex, one can easily find all
the meta-edges starting from any W; vertex (to some W vertex, including possibly itself).
There are at most three meta-edges between two Wi-vertices and the latter only happens iff
these Wj-vertices are only connected to each other through meta-edges.

Furthermore, Monien and Preis showed the following.

» Theorem 3 (Monien and Preis [17]). For every ¢ > 0, there is a number k. such that for all
subcubic graphs with at least n > k. vertices, a polynomial time algorithm finds in polynomial
time a partition of the graph into two halves, with each half having at least n/2 —1/2 vertices,
such that there are at most (1/6 + €) - n edges between the two halves. This set of edges
s called the “bisection” of the graph. For graphs with less than k. vertices, the algorithm
returns the optimal bisection by using table look-up.

In our earlier technical report [12, Corollary 2], we used this fact to give the corresponding
algorithm for meta-graphs where they originally run the algorithm for possible double-meta-
edges between two W vertices to be considered as single meta-edges and then adjust the
result such that for each case of original double-meta-edges between two W7 vertices they
choose one of the neighbouring single meta-edges to replace it. Thus one W;j-vertex may
be moved from one half of the bisection into the other. The W; vertex chosen to be moved
is the one which makes the partition more balanced, that is, which keeps the difference in
the number of W; vertices between the two sides of the bisection bounded by two. Thus by
relaxing the permitted size difference to two instead of one (as in the original result of Monien
and Preis), one can get that the bisection of the meta-graph does not have double-meta-edges.
The following proposition is straightforward.

» Proposition 4 (Subset Principle). Suppose G = (V, E) is a graph whose MIM we need to
find. Suppose we are considering two alternatives, where U C U’ and |S| < |57]:

(a) An induced matching S union with MIM of induced subgraph from U, where (S U
N(S)NU =0, and

(b) An induced matching S’ union with MIM of induced subgraph from U’, where (S’ U
NSH)H)NU = 0.

XX:3
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Then, one can ignore the alternative MIM computed by (a) above as it is bounded in size
by the MIM obtained in (b).

Note that we use the above subset principle to cut down on some alternative expansions .5,
S’ of a given preliminary matching (with associated remaining graph U, U’ respectively).

» Lemma 5. Suppose we are considering MIM for a (sub) graph (U,E(U)). Suppose
Y C X C U such that there are no edges of the form (e,e’), withe € X —Y and e’ € U — X.
Suppose M is a MIM of U.
Suppose S C X such that each member of S has exactly one neighbour in S in the graph
(U,E(U)). Suppose that,
(i) Y —=M)NS =0, and
(i) |E(S)| — |E(M N X)| > number of vertices in M N'Y which have edges in E(M) to
vertices outside X .
Then S is a part of some MIM in (U, E(U))

Proof. Suppose M’ be the set of vertices in M — X which have an edge to a vertex in
X. Let ' = M'U (M N X). Note that |S] > |S’|. Also, U — X — N(S) is a superset of
U—-X— N(XUM'). Lemma follows using the subset principle (Proposition 4). <

Intuitively, in the above Lemma, think of Y as “boundary of X”, i.e., the only vertices in Y’
which have edges to vertices outside X.

» Remark 6 (Simplification Rule SR). Consider a graph (U, E') in which we want to find a
MIM S. Let e be a vertex with a neighbour d of degree at least two such that all other
neighbours of d are of degree one (there may be one or two such neighbours, say a and
perhaps a’). Then we can use the subset principle to show that without loss of generality we
can assume that d,a € S and thus we can remove e,d, a,a’ from further consideration for
finding remaining part of MIM.

The above situation is known in the literature. It is very similar to the pending edge
elimination of Xiao and Tan [20, Lemma 5] and implied by the Simplification rule S3 of our
earlier technical report [12]. One can adjust the notions of Xiao and Tan to cover this case
fully by saying that d has pending edges iff d has degree 1 neighbours and furthermore all
neighbours of d of degree 2 or more form a clique — note that a single neighbour of degree
at least 2 forms always a clique of size 1. In this situation, we can assume by arguments of
Xiao and Tan [20, Lemma 5] that there is a maximum induced matching of the graph which
contains an edge between d and one of its degree 1 neighbours. For completeness we give a
proof below for soundness of the simplification rule.

» Proposition 7. Simplification Rule SR is sound.

Proof. Suppose that S is a MIM. The case that e ¢ S is trivial. We now consider the case
that e is in S. Then either d must be in S or some other vertex adjacent to e must be in
S, along with e. Without loss of generality, we can assume that {e,d} C S as the proof for
either case is similar. Let U =V — S — N(S) — {a, a’}, since after the removal of S and N(5)
from V, the vertices a and a’ have 0 degree, and can thus be removed from consideration.

Now, consider S = SU{d,a} — {e}. Let U' =V — 8" — N(S') — {d'}, as the vertex a’
becomes a 0 degree vertex after the removal of S and N(S), and can thus be removed from
consideration.

We have that U C U’ and |S] < |.S’|, and thus from the Subset Principle given earlier, we
can assume without loss of generality that {d,a} is in MIM. |



O©CoO~NOOOITA~AWNPE

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

G. Hoi, S. Jain, A.F. Sabili and F. Stephan

» Proposition 8. (a) If a subcubic graph (component) is acyclic, then a MIM of the graph
can be found in polynomial time in the number of vertices.

(b) If a subcubic graph consists only of Wy vertices, then a MIM of the graph can be
found in time polynomial in the number of vertices.

(¢) If a subcubic graph consists of at most a constant k number of Wy wvertices, then a
MIM of the graph can be found in time polynomial in the number of vertices (though it may
be exponential in k).

Proof. These three items are consequences of the fact that a graph with at most k Wy
vertices has path width at most (1/6 4 €)x + O(1) for any € > 0 and therefore MIM can be
solved in polynomial time for fixed xk where the usage of both the computation time and the
space is exponential in & [5, 16]. For the sake of completeness, we give here the full proofs.

(a) Note that repeated use of Simplification Rule SR will leave the graph to be having
only disconnected edges. Thus, we can find a MIM in polynomial time in the number of
vertices.

(b) Without loss of generality assume that the graph is connected (otherwise consider
each component separately). If the graph is acyclic, then part (a) gives us the result. If the
graph has a cycle, then one can pick an edge (d,d’) from it and branch the three cases that
both d,d" are in MIM, or d is not in MIM or d’ is not in MIM (both d,d" not being in MIM
is covered by both of the last two cases). This gives at most three cases and after that one
can use part (a) to solve MIM in polynomial time for the graph.

(c¢) As the number of W7 vertices is bounded by a constant x, we can consider for each
W1 vertex d one of its neighbours d’ and branch as in (b) for the cases that both d,d" are in
MIM or d is not in MIM or d’ is not in MIM. This gives a branching algorithm of complexity
O(3%) - Poly(n). We assume that x > 2 in order to also handle the pathological case that
there are two W3 vertices connected by three meta-edges — x > 2 is sufficient as the graph
component containing these two W; vertices is then isolated and does neither contain a
further Wy vertex nor a further meta-edge, see Definition 2. <

Note that for any § with 0 < é < 1, one can find € > 0 and corresponding k such that for all
m >k, [ —1]/[m(1/6 +¢)] > 3 — 6. We will take 0 to be small enough value.

3 Overview of the Algorithm

Intuitively, we will be constructing a branching tree, where the root of the tree represents
the original graph G with n vertices whose MIM we need to find. Nodes in the branching
tree are of the form (G,U, S, B), where U is a subset of the vertices of G (the node then
represents finding a MIM for the induced subgraph of G on the vertices U), S denotes a
matching in G (not necessarily maximum) such that the vertices in S and their neighbours
in G do not belong to U. B is a set of meta-edges between two partitions (initially obtained
using Monien Pries algorithm) which are remaining to process when we are in the branching
phase (more on this below). We implicitly assume that the two partitions associated with

the bisection edges B are also kept (we omit mentioning them explicitly for ease of notation).

At a particular node (G, U, S, B) of the branching tree, the algorithm will first do some
simplification of the problem (using the Simplification Rule SR mentioned above), and then,
if needed, do branching. The branching would only be in the “branching phases”, where
initially a bisection is obtained using the Monien Preis method for bisecting and then the
bisection meta-edges are removed one by one for each branching as we go down the branching
tree (some of the meta-edges may get automatically removed due to simplification rule).

XX:5
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It will always be the case that MIM problem for the subgraph of G at a node (G, U, S, B)
of the branching tree can be solved in polynomial time (in n) using the solutions of the MIM
problem for the subgraphs at its children. Furthermore, the children of the nodes in the
branching tree can be obtained in polynomial time (in n) from the subgraph represented by
the node. Thus the overall complexity of finding MIM of the graph G is within a polynomial
factor of the number of leaves in the branching tree. Thus, we wish to bound the number of
leaves in the branching tree.

Let p denote our measure of complexity. Then we let T(u) denote the maximum
number of leaf nodes generated by the algorithm when we have p as the parameter for
the input problem. Since the search tree is only generated by applying a branching rule,
it suffices to consider the number of leaf nodes generated by these rules (as simplification
rules take time only polynomial in n, the number of vertices in the original graph). To
do this, we employ techniques in [15]. Suppose a branching rule has r > 2 children, with
t1,ta,...,t. reduction in the measure for these children. Then, any function T'(x) which
satisfies T'(p) > T'(pn — t1) + T'(pp — t2) + ... T(p — t,.), with appropriate base cases, would
satisfy the bounds for the branching rule. To solve the above linear recurrence, one can
model this as z7 47t 4+ ...+ 2% = 1. Let 8 be the root of this recurrence, where 3 > 1.
Then any T'(u) > B* would satisfy the recurrence for this branching rule. In addition, we
denote the branching factor 7(t1,ts,...,t.) as 8. Tuple (¢1,ta,...,t,) is also known as the

branching vector[6]. If there are k branching rules, with branching factors f, ..., Sk, in the
branch and bound algorithm, then the overall complexity of the algorithm can be seen as
the largest branching factor among all k branching rules; i.e. z = max{f1, fo, ..., Bk}, and

therefore the time complexity of the algorithm is bounded above by O(z*poly(n)).

4 Measure and Algorithm

We use the measure which assigns to the vertices in W the weight 0 and to the vertices in
W7 the weight 1. Furthermore, the overall measure  is the sum of the weights of all vertices;
this sum coincides with the number of vertices in W7. By definition, p < n. Therefore, any
algorithm solving in time O(z*) also runs in time O(z") since O(z*) C O(z"™), for any z > 1.

We now state the main result of this work. Note that the proof implies the easier formula
that the problem MIM of a subcubic graph with n vertices can be solved in O(1.2335™) time;
the Poly(n) is absorbed by the uprounding of the branching factors to 1.2335.

» Theorem 9. The problem MIM of a subcubic graph with n vertices out of which k are Wy
vertices can be solved in O(1.2335%) - Poly(n) steps.

Here also the constant s from above is absorbed as a constant into the O-expression and & is
a constant independent of k. Next we give the algorithm.

Algorithm MIM(G,U, S, B)

Invariant: G = (V, E) is the original graph. S consists of a matching in G such that in the
original graph G, none of the vertices in S and none of their neighbours are in U C V.
Thus, if S is a part of some maximum induced matching of G, then any maximum induced
matching of (U, E(U)) unioned with S will give a maximum induced matching of G.

B if non-empty, denotes that the algorithm is in a branching phase, where the set of meta-
edges in B bisects the W, vertices of U into two (nearly equal) parts. We will be branching
and removing the bisection-meta-edges in B one by one.

1. Simplify the graph by doing (G, U, S, B) = Simplify(G, U, S, B).

The procedure Simplify is given below this algorithm.
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If B=0 and (U, E[U]) is the disjoint union of nonempty graphs (Uy, E1) and (Us, E»)
with no edge between U; and U; in (V, E) then solve both subgraphs independently
by using MIM (G, Uy, S,0) and MIM(G,Us, S,0) and return the union of the two
matchings as the answer.

If B = and the induced subgraph over U has at most x number of W; vertices, then
compute a MIM for the induced subgraph over U and return the answer after its union
with S.

If B =0 and (U, E[U]) has more than x W; vertices, then do a bisection based
on the Monien Preis algorithm obtaining a bisection meta-edge set B and return
MIM(G,U, S, B). This starts a branching phase.

If B # ) (we are in a branching phase), then pick one meta-edge [c1, c2] in B where ¢1, ¢o
denote its endpoints.

5.1. Suppose the bisection partitions are P; and P». If the component in U connected
to [c1, c2] on one side, say P; consists of at most two Wj vertices, then switch
this component over to the other side, Py, in this case and delete all meta-edges
(including [e1,¢2]) from B which go from updated P2 to P2: call this set of
meta-edges B’. This gives only one child in the branching tree, (G, U, S, B — B’).

5.2. If the meta-edge [c1, c2] contains a Wy vertex with degree three, then pick one such
vertex ¢, and let a be its one degree neighbouring vertex. Then branch based on
whether ¢ will be in the MIM or not:

MIM(G,U —{¢c,a},S,B — {[c1,c2]}) and

MIM(G,U —{¢c,a} —N(c),SU{c,a}, B —{[c1,ca]}).
The algorithm then returns the better answer among these two branches.
Note that, if in the second item above one considers that the neighbour of ¢
used in the matching is not a but some other neighbour d of ¢, then not only ¢
and N(c¢) but also all N(d) have to be removed from U, and while N(a) = {c},
N({c,d}) is a proper superset of N({c,a}). Thus by the subset principle only
the two branchings above need to be considered and the above two branches
are exhaustive for the current case in which the meta-edge [c1, c2] contains a W
vertex of degree three.
Note that the simplification process (step 1) in the two children will then remove
all the vertices in the meta-edge (and maybe more), and thus the meta-edge is
deleted; similar comment applies for each of the cases below.

5.3. If the meta-edge [c1, ca] contains no Wy vertices with degree three, then all the Wy
vertices in the meta-edge are of degree two. Suppose the meta-edge is c1-b1-bo-
...=bg-co where cq, co are the two bordering Wi-vertices and all vertices by, ..., b
have degree 2. For the ease of notation, we use by, b;1 as aliases for ¢1,co in
formulas for Sy, S1, S5, in 5.3.3 below, though these vertices do not have degree
2.

5.3.1 If t = 0, then branch based on whether both ¢1, ¢y are in the MIM, or ¢; is not in
the MIM or ¢ is not in the MIM (there is some overlap, when both ¢; and ¢
are not in the MIM but this is ok, as we are taking the best of the cases).
That is consider three children,

MIM(G, U — {Cl, CQ} — N(Cl) — N(CQ), S U {Cl, CQ}, B — {[Cl, CQ]})}),
MIM(G7 U-— {Cl}7 S? B — {[Clv 62]})})a
MIM(G, U — {CQ}, S, B — {[Cl, CQ]})})
and return the best of the three answers.
5.3.2 If t = 1, then branch based on whether (c1, b1) is an edge in the MIM, or (b, cg) is
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an edge in the MIM, or b; is not in the MIM.

That is, consider three children:
]\4[]\4((;7 U - {Cl, bl} - N(Cl) - N(bl), SuU {Cl, bl},B - {[Cl, CQ]}),
]\4[]\4((;7 U - {bl, CQ} - N(bl) - N(CQ), SuU {b1762},B - {[Cl, CQ]}),
MIM(G7 U-—- {b1}7 S7 B — {[01702]})7

and return the best of the three answers.

533 Ift > 2, for £ € {0,1,2}, let Sy = {bsnte, b3pte+1 : £ > 0 and 3h + £ < t}, where
we take by = ¢; and by41 = co. Branch based on putting Sy or S; or Sy in S,
and appropriately removing the corresponding vertices and their neighbours.
That is, for £ € {0, 1,2}, let
Uy = U{{b3h+g,b3h+g+1}UN(b3h+g)UN(b3h+g+1) :3h+L <t l e {0, 1, 2}, h > 0}
and consider the three children:

MIM(G,U —U;, SUSe, B—{[c1,cz]}) for £ € {0,1,2}.
The algorithm then returns the best answer among these three branches.
End Algorithm MIM

Function Simplify(G, U, S, B).

While at least one of the following three if-conditions applies to the graph (U, E(U)) do
the following three steps.

1. If there is a Wy vertex ¢; in U such that (a) ¢; was a Wy vertex before the previous step
of the algorithm, and (b) there are meta-edges [c1, ¢, [c1, c3] with all their vertices in
U, and at least one of these meta-edges was in B, then remove these meta-edges from
B and, in the case that exactly one of [c1, ¢2], [c1, c3] was in B, put the meta-edge
[c2, c3] into B.

2. 1If there is a meta~edge [c1, c2] in B such that some of the vertices on this meta-edge are
not in U then remove this meta-edge from B.

3. If there is a vertex d of degree at least two which has a neighbour e of arbitrary degree
and all other neighbours of d (say a and perhaps a’) have degree 1 in U then update
S=5SU{a,d} and U =U —{d,e,a,a’}. (Here a’ = a in the case that the degree of d
is 2.)

End While
Return the updated (G, U, S, B).
End Function Simplify

5 \Verification of the Properties of the Algorithm

Now we consider the analysis of the algorithm. We shall prove the correctness of the algorithm,
show that the algorithm preserves the optimality of the solution and, finally, establish the
overall runtime of the algorithm.

» Proposition 10. The algorithm is correct.

Proof. The correctness of branch and bound algorithm follows from the fact that every
single case has been covered [6]. Hence, we will show that the cases in our algorithm are
exhaustive and every case has been dealt with.

In Step 1 of the algorithm, we do some cleaning via the simplify algorithm. The aim is to
(i) update the meta-edges in case some of the vertices in previous step have been converted
from degree 3 to degree 2 vertices or some of the meta-edges no longer exist (see steps 1 and
2 of procedure Simplify), and (ii) handle the case when there is a vertex d of degree at least
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two with exactly one neighbour e of degree 2 or more (in which case we can without loss of
generality, using the simplification rule SR, assume that the MIM has the edge from d to one
of the other neighbours of d).

In Step 2, we deal with disconnected components of the graph. Hence, after this line, we
can assume that our graph is a connected graph.

In Step 3, if there are at most x number of Wj vertices, then we solve the problem directly.
After which, we can assume that any given instance has more than x number of W vertices.

In Step 4, we apply the Monien Preis algorithm to obtain a bisection of meta-edges B
and begin the branching phase.

In Step 5, we deal with the different cases of branching based on a selected meta-edge.

Step 5.1 deals with the case that some component in one the partitions P, and P, has no
more than three W vertices. If the selected meta-edge contains a degree three W) vertex,
then this case is handled by Step 5.2. Otherwise, the case is handled by Step 5.3, where we
consider the cases of the number ¢ 4 1 of edges in the meta-edge being t = 0 (Step 5.3.1),
t =1 (Step 5.3.2) and ¢t > 2 (Step 5.3.3).

Therefore, we have covered all cases and this proves the correctness of the algorithm. <

Next, we show that algorithm preserves the optimality of the solution.

» Proposition 11. The algorithm generates a mazimum induced matching.

Proof. Note that the Simplification Rule SR clearly preserves optimality of the solution.
Step 2 clearly preserves optimality as it works on different components of the graph separately.

Step 3 explicitly computes optimal answer. Step 4 and Step 5.1 preserve optimality as the
subgraph does not change. Step 5.2 preserves optimality as if ¢ is in a MIM, then by the
subset principle we can assume that (¢, a) is in the MIM. Step 5.3.1 preserves optimality as
we consider all possible cases of ¢y, co being in the MIM, where if both ¢1, ¢y are in the MIM,
then it must be via edge (c1, ¢2) being in the matching. Step 5.3.2 preserves optimality as
we have considered all possible cases for (c1,b1) and (b1, ¢2) being in the matching. Now we
consider Step 5.3.3.

The edges in the meta-edge [c1, 2] are (c1,b1), (b1,b2),..., (b, c2). Consider some MIM
M of the subgraph U. For the case analysis below, we will use Lemma 5 with X =
{c1,b1,...,bs,00}, and Y = {c1, e} (except for case 3.1.2 where X, Y are explicitly defined
differently), to claim that one of Si,S3,S3 is contained in some MIM for U, and thus
optimality is preserved in step 5.3.3.

We now consider the following cases.

Case 1: Both ¢; and ¢ are not in M.

Case 1.1: t + 1 = 3h. In this case by Lemma 5, there is a MIM of U containing S; as
E(S7) gives maximum number of edges from [c1, c2] without using c1, cs.

Case 1.2: t+ 1 = 3h + 1. In this case E(M) can have at most h edges from [c1, ¢2], and
both E(S;) and E(S3) achieve this without using either of ¢;, ¢o. Thus, by Lemma 5, there
is a MIM of U containing S or Ss.

Case 1.3: If t + 1 = 3h + 2, then E(M) has at most h edges from [c1, ca]. E(S2) achieves
h edges from [c1, co] without using either of ¢1, co. Thus, by Lemma 5, there is a MIM of U
containing So.

Case 2: Only one of ¢y, co is in M. Assume without loss of generality that ¢; is in M.

Then, (b1, bs) and (b, c2) are not in E(M).

Case 2.1.1: t 4+ 1 = 3h for some h and (c1,b1) € E(M). Now, E(Sp) achieves maximum
number of edges in [c1, c2] without using c¢. Thus, by Lemma 5, there is a MIM of U
containing Ss.

XX:9
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Case 2.1.2: t+ 1 = 3h for some h and E(M) does not contain (cy,by). In this case E(M)
can have at most h — 1 edges from [c1, co]. Now, E(S7) has h edges from [c1, ¢o] and does
not contain cy. Thus, by Lemma 5, there is a MIM of U containing S; (as the edge in M
from ¢; can be dropped due to extra edge in E(S1)).

Case 2.2: t+ 1 =3h+ 1, for some h. In this case E(M) can have at most h edges from
[c1,ca]. E(S2) has h edges, and Sy does not contain ¢y, cq,by. Thus, there is a MIM of U
containing So as we can replace the edges of E(M) having at least one end point in by, ..., b
by edges of E(Ss).

Case 2.3.1: t+ 1 = 3h + 2 for some h and (c1,b1) € E(M). In this case E(Sy) has at
least the same number of edges from [cy, co] as E(M) has from [c1, ¢3]. Also, Sy does not
contain co. Thus, by Lemma 5, there is a MIM of U containing Sj.

Case 2.3.2: t+ 1 = 3h + 2 for some h and (c1,b1) ¢ E(M). In this case E(M) can have
at most h of the edges from [c1, ca]. E(S2) has h edges from [c1, c2] and S does not contain
1, C2,b1, by. Thus, there is a MIM of U containing Sy as we can replace the edges of E(M)
having at least one endpoint in by, ..., b; by edges of E(S5).

Case 3: Both ¢y, ¢ are in M.

In this case (b1,b2) and (bt—1,b:) are not in E(M).

Case 3.1.1: t+ 1 = 3h for some h and (c1,b1) is in E(M). In this case F(Sy) contains at
least the same number of edges from [c1, c2] as E(M), and ¢g, b € Sp. Thus, by Lemma 5,
there is a MIM of U containing Sp.

Case 3.1.2: t+ 1 =3h and (c1,b1) is not in E(M). In this case if M has h edges from
[c1, ca], then it could be only be by M containing S;. Otherwise, E(M) has at most h — 1
edges from [c1,c2]. E(S2) has h edges from [c1, c2] and it does not contain ¢1,b;. Thus,
using Lemma 5 with X = {b1,ba,...,b:,co} and Y = {b1, c2}, we have that there is a MIM
containing Ss.

Case 3.2.1: t+1=3h+1 for some h and E(M) has at least one of (¢, b1) or (b, c2). In
case F(M) has h+ 1 edges from [c1, c2], then Sy is contained in E(M). In case E(M) has at
most h edges from [c1, co], then as E(Sy) has h + 1 edges and Sy contains both ¢y, ¢, using
Lemma 5, we have that some MIM contains Sj.

Case 3.2.2: t+1 = 3h+1 for some h and E(M) does not contain any of (¢1,by) or (b, ca).
In this case E(M) has at most h — 1 edges from [c1,ca]. As E(Sp) has h + 1 edges, using
Lemma 5, we have that some MIM contains Sj.

Case 3.3.1: t+ 1 = 3h + 2 for some h and E(M) has at most h edges from [c;, c2]. Then,
E(S2) has h edges from [c1, co] and Sy does not contain ¢, ¢a, b1, b;. Thus, there is a MIM
of U containing Sy as we can replace the edges of F(M) having at least one endpoint in
b1,...,bs by edges of E(Ss).

Case 3.3.2: t+ 1 = 3h + 2 for some h and E(M) has h + 1 edges from [c1,co]. Then,
E(M) must contain at least one of (¢1,b1) or (b, c2). In these cases, consider E(Sp) and
E(S;) respectively, which both contains h + 1 edges from [cq, co] and do not contain ¢y and ¢;
respectively. Thus, using Lemma 5, we have that some MIM contains Sy or S; respectively
in this case.

Thus, step 5.3.3 preserves optimality.

It follows that the algorithm gives a MIM. |

» Proposition 12. The running time of the algorithm is O*(1.2335%) = O(1.2335%) - Poly(n).

Proof. Note that the general idea of the algorithm works by repeatedly applying the Monien
Preis algorithm to get a bisection and we branch the meta-edges until the component gets
small enough for us to apply Step 3 directly. We bound the overall runtime of the algorithm
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by bounding the number of leaves in the branching tree. For this, we bound the number of
leaves R(u,e), which have vertex e in the graph U related to the leaf (here p denotes the
complexity measure, number of W; vertices in the graph). Thus, }° .\ R(u,e) will bound
the total number of leaves. As mentioned earlier, the complexity of the algorithm is bounded
by poly(n) times the number of leaves in the branching tree. As the number of vertices in V
can be absorbed in poly(n), it is thus sufficient to bound R(u,e), for each vertex e.

Now we explain the details. As mentioned above, branching happens only in phases,
where initially using the Monien Preis method, the graph is partitioned in two parts (nearly
equal), where the number of bisection edges is at most m(1/6 + ¢), where m is the number
of Wy vertices in the corresponding subgraph.

For bounding R(u,e), for arbitrary vertex e, we will consider only those branches of
the computation tree whose subgraph contains e. In particular, if there are two disjoint
components of the graph, only one will produce a subcomputation tree which contributes to
R(p,e). This can be used to calculate the the branching factor of rules removing a bisection
meta-edge. Only one side of the bisection will eventually contain e and therefore all W,
vertices on the other side of the bisection can be counted as removed; these vertices will be
counted in an amortised way per cutting of an meta-edge in the bisection.

Thus, in the analysis below, we only need to worry about the W vertices from the
partition corresponding to the vertex e as above (plus some of the W7 vertices which were
moved over from the other partion due to step 5.1 above). As there are at most m(1/6 + ¢)
number of bisection edges and each partition consists initially of at least m/2 — 1 number of
W vertices, we can allocate credit of (m/2 —1)/(m(1/6 +¢)) > 3 — § for each deletion of
bisection meta-edge, i.e., for each of the branching steps in step 5 of the algorithm. We call
this AuxCredit in the analysis below. Note that this also means that for the other reductions
in the number of W; vertices, we should consider only reductions due to W; vertices in the
same partition side as e, since the reductions due to other partition has already been taken
into account due to AuxCredit.

Now our aim is to inductively bound R(s, e), the number of leaves of the subtree starting
with s Wy vertices which contain the vertex e among others.

We will show that R(s,e) < p®, where p = 1.2335 is the above chosen strict upper bound
of all the “branching factors” that are obtained in the cases below. Here the choice of 1.2335
as the upper bound follows the conventions, as usually only the first four digits after the
decimal dot are considered, but any other upper bound would also do.

Suppose that at any node (with s W; vertices in the subgraph associated with it) in the
branching tree we have reduction in number of W; vertices for its r children respectively
as aq, o, ..., q, (where each «; is positive) after the simplification process (step 1) in that
child; we do this “after the simplification” for ease of our calculations. Note that this is fine
as the simplification process does not do any branching. Note also that for the ay, as, ...,
we need to consider only the reduction from “the same part in the bisection partition”,
that means, of the side of the vertex e (for bounding the value R(s,e)), as we have already
considered the vertices from the other side in AuxCredit; the subtrees produced by those
branches will be counted in other terms R(n,¢’).

Let v > 1 be such that v* =", ., 7°~“ (we represent this v as 7(ai,®,...,0)).
Then, using any 3 > v would give a valid bound for R(s,e) with respect to “this branching”
in the branching tree.

Now, step 5.1 above has only one branch and is therefore a reduction rule. This will only
take polynomial time in n.

In step 5.2, the reduction on each side of the partition reduces at least one Wy vertex

XX:11
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after the simplification process (the W; vertices at the end of the meta-edge [c1, co]) and
thus the reduction in the number of W; vertices is at least 4 — § (taking into account
AuxCredit mentioned above) on each side, for each of the two cases. Thus, the branching
factor is at least 7(4 — §,4 — 9).

In step 5.3, first note that following:

If the vertex ¢; (respectively c2) is removed from the children subgraph, then either it
causes another bisection edge to be deleted, or it causes at least 2 other W vertices to be
removed or become Wy vertices in the same partition side as ¢; (respectively cq) after the
simplification process in the child nodes. To see this, consider the following exhaustive cases.
If the two meta-edges (different from [c1, ¢o]) originating from ¢; both lead to a W; vertex c,
then there must be a meta-edge from c to another W; vertex ¢’. After simplification process,
as c1 is removed, c is also removed and ¢’ either gets removed or becomes a W vertex. If the
two meta-edges (different from [c1, co]) originating from ¢; lead to two different W7y vertices
c and ¢, then after simplification process both ¢ and ¢’ either get removed or become W,
vertices. The only remaining case is when the meta-edge from c¢; leads to itself, which is
already considered in step 5.1. Thus, in each of the above possibilities, when ¢; (respectively
¢2) gets removed from child subgraph, we get at least two additional decrease of W7 vertices
on the same side of the partition or a further reduction 3 — § due to AuxCredit for the
additional deletion of bisection edge (in addition to ¢; being removed). Thus, besides the
deletion of the bisection edge from ¢y, there is at least an additional reduction of three W1
vertices in this case.

Now we consider each of the substeps in step 5.3.

In step 5.3.1, clearly, ¢; (respectively c3) is removed from at least 2 of the three children
nodes. Thus, the branching factor is at least 7(4 — 6,6 — 9,6 — ) (where 3 — ¢ in each child is
due to AuxCredit for the bisection edge to ¢; (respectively ¢g); 1 in each child is due to ¢1, co
becoming W) vertices or being removed from children; and 2 in at least two of the children
is due to two additional W7 vertices being removed or becoming W} vertices as mentioned
above or additional 3 — ¢ AuxCredit due to another additional bisection edge being deleted).

In step 5.3.2, similarly, ¢; (respectively ¢3) is removed in at least two of the children as
both are neighbours of b;. Thus, branching factor is at least 7(4 — 6,6 — §,6 — ) as in the
case of step 5.3.1.

In step 5.3.3, note that ¢; is removed from at least two of the children subgraph as c; is
a neighbour of b; which is in Sy and Sy. Similarly for ¢o (though which of Sy, Sy, Ss is used
depends on ¢t mod 3). Thus, branching factor is at least 7(4 — §,6 — §,6 — d) as in the case
of step 5.3.1.

Now 7(4,4) < 1.1893 and 7(4,6,6) < 1.2335. Thus, as the worst branching factor is
strictly below p = 1.2335, the value § can be chosen to be small enough due to the gap above
in the inequality (6 = 107¢ works). <

6 Conclusion

The present work investigates the complexity of subcubic maximum induced matching. For
graphs of degree at most four, the currently best known polynomial space algorithm has
the same bound as the overall best polynomial space algorithm using time O(1.4231™) [20]
and any improvement to the special case of degree 4 would result in an improvement of the
algorithms for the general problem as well. However, the case of graphs with maximum
degree 3 has in general only been solved by invoking the maximum independent set of line
graphs, a method which gives a O(1.3139™) polynomial space algorithm. The current work
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gives an improved use of the bisection method of Monien and Preis and obtains a polynomial
space algorithm running in time O(1.2335™). Here, by adding a polynomial multiplicative
factor Poly(n), 1.2335" can be replaced by 1.2335%, where k is the number of degree three
vertices in the graph all of whose neighbours have degree at least two. As in the case of the
problem MIM for general graphs, also in the subcubic case the known exponential space
algorithms clearly outperform the best known polynomial space algorithms. In particular as
the pathwidth of a subcubic graph is actually bounded by (1/6 4+ ¢)k + O(1) for any € > 0
with k being the number of W1 vertices, thus the algorithm of Kumar and Kumar [16] runs
in time O(1.2010%) - Poly(n) and exponential space and can therefore also be parameterised
by the number of W7 vertices. As exponential space is usually considered more complex than
exponential time; there is some value in getting algorithms to run in polynomial space, even
at the expense of some loss in speed.
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