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Abstract. For the natural notion of splitting classesnto two disjoint subclassessia
a recursiwe classi er working on texts, the questionis addressechow thesesplittings
canlook in the caseof learnableclassesHerethe strength of the classess compared
using the strong and weak reducibility from intrinsic complexity. It is shovn that for
explanatorily learnableclassesthe complete classesare also mitotic with respect to
weak and strong reducibility, respectively. But there is a weak complete classwhich
cannot be split into two classeswhich are of the samecomplexity with respect to
strong reducibility. Furthermore, it is shavn that for completeclassedor behaviour-
ally correct learning, one half of eat splitting is complete for this learning notion
as well. Furthermore, it is shavn that explanatorily learnable and recursiwely eru-
merable classesalways have a splitting into two incomparableclassesthis givesan
inductive inferencecourterpart of Sadks Splitting Theorem from RecursionTheory.

1 Intro duction

A well-known obsenation is that in nite setscan be split into two parts of the samecardinality
asthe original set, while nite setscannot be split in sud a way; for example,the integerscan
be split into the sets of the even and odd numbers while splitting a set of 5 elemerts would
result in subsetsof unequal sizes.In this sense,n nite setsare more perfect than nite ones.
The correspnding questionin Complexity and RecursionTheory is which sets are so perfect
that they can be split into two setsof the samecomplexity [1,9,10,14].

Ambos-Spieq1] de ned oneof the variants of mitocity using many-onereducibilities. Herea
setA is many-onereducibleto asetB i thereisarecursivefunction f sud that A(x) = B (f (x)).
That is, onetranslatesevery input x for A into an input f (x) for B and then takesthe solution
provided by B (in the setor out of the set) and copiesthis to obtain the solution for A. Similarly
one considersalso complexity-theoretic courterparts of many-one reductions; for example one
can translate an instance (G;; G,) of the Graph-Isomorphism problem into an instance of
the Satis abilit y problem in polynomial time, where G; is isomorphicto G, i is satis able.
Indeed, NP-complete problemsare characterizedas thoseinto which every NP problem can be
translated. Here, one can choosethe reduction suc that one does not only test menbership
but can alsotranslate a solution of into an isomorphismbetweenG; and G, whenewer suct
a solution exists for . This generalmethod of reducing problems and translating solutions
(although here the translation of the solution is just the identity) occurs quite frequertly in
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other elds of mathematics. In inductive inference,intrinsic complexity is basedon the notion
of reducingonelearning problem L to another problem H: so rst an operator translatesa text
T forasetL in L into atext (T) for asetH in H and then another operator translates a
solution E which is a sequencecorverging to an index e of H into a solution for L given asa
sequenceornvergingto an index €° of L. Beforeexplaining this in more detail, someterminology
IS necessaryto make it precise.

{ A languageis a recursiwely enumerable subsetof the natural numbers.

{ A classL is a set of recursively enumerablesets.

{ Atext T forasetL 2 L is a mapping from the set N of natural numbersto N[ f# g sut
that L = fT(n)jn2 N” T(n) 2 Ng. The latter seton the right hand side of the equation
is calledthe cortent of T, in short, cortent(T). T[n] denotesthe rst n elemens of sequence
T,that isT[n]=T(O);T(1):::;T(n 1).

{ A learneris a generalrecursive operator (see[19]) which translates T into another sequence
E. The learner corvergeson T i there is a single e sud that E(n) = e for almostall n |
in this casewe sa that the learnercorvergeson T to e. The learneridenti es (see[11]) T if
it convergesto somee sud that the e-th recursiwely erumerable set W, coincideswith the
content of T: W, = cortent(T). A learneridenties L if it iderties ewery text for L and it
identies L i it iderties everyL 2 L.

{ A classi er is a generalrecursiwe operator which translatestexts to sequencesver f0; 1g. A
classi er C corvergesonatext T to ai C(T[n]) = a for almostall n.

{ For learning criteria consideredn this paper, one can assumewithout lossof generality that
learnercomputese(n 1) recursiwely from input T[n]. Thus, for learnerM we useM (T[n])
to denoteE(n 1). Similar corvertion holds for classi ers.

Freivalds, Kinber and Smith [6] considerreduction between learnability problems for function
classesJain and Sharma[13] carried this idea over to the eld of learning setsfrom positive
data and formalizedthe following two reducibilities for learnability problems.The main di erence
betweenthesetwo notionsis that  can be one-to-mary in the caseof the weak reducibility as
di erent texts for the samelanguagecan go to texts for di erent languageswhile for the strong
reducibility this is not allowed, at least for texts of setsin the given class.

{ A classL isweakly reducibleto H i there aregeneralrecursive operators and sud that
- Whenewer T is a text for a languagein L then (T) is a text for a languagein H;
- Wheneer E is a sequencecornverging to a single index e with W, = content( (T)) for
sometext T of a languagein L then (E) is a sequencecornvergingto a single e° with
Weo = cortent(T).
Onewrites L  eak H in this case.
{ A classL is strongly reducibleto H i there are generalrecursive operators ; asabove
with the additional constrairnt that whenewer T; T? are texts for the samelanguagein L then
(T); (T9 aretexts for the samelanguagein H. Onewrites L s ong H in this case.

Jain, Kinber, Sharmaand Wiehageninvestigatedtheseconceptsin seweral papers[12,13]. They
found that there are completeclassedor yeak and sy ong. Herea classH is completeif H can
be learnedin the limit from text and for every learnableclassL it holdsthat L e H and

L  swong H, respectively. If @is a recursive denselinear ordering on N (which makesN to an
order-isomorphiccopy of the rationals) then

Q=ffy2Njyv xgjx2 Ng
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is a classwhich is completefor both, yea and sy ong. The following classesare complete for
weak bUt nOt for str ong:

| =ff0;1;:::;Xg]j X 2 Ng;
CS=fN fxgjx2 Ng

If onelooks at CS, one can easily seethat it is the disjoint union of two classesof equivalert
intrinsic complexity, namelythe classf N fxgjxisevengandf N fxgj x is oddg. All three
classesan be translated into ead other and a classi er can witnessthe splitting: if T is a text
for a menber of CS the classi er corvergesin the limit to the remainder of x divided by 2 for
the unique x Z content(T). This type of splitting can be formalizedto the notion of a mitotic
class.

De nition 1. Twoin nite classed o and L, are calleda splitting ofaclassL i Lo[ Ly =L,
Lo\ L; = ; andthere existsa classi er C sud that for all a 2 f0; 1g and for all texts T with
content(T) 2 L,, C convergeson T to a.

A classL is strongmitotic (weak mitotic) i thereisasplitting Lo;L1 of L sudithat L = gy ong

I—0 str ong I—l (I— weak I-0 weak I—l)-

The study of sud notions is motivated from Recursion Theory [15,19] where a recursiwely
enumerable set is called mitotic i it is the disjoint union of two other recursively enumerable
setswhich have the sameTuring degree.The importance of this notion is re ected by Ladner's
resultthat anr.e. setis mitotic i it is autoreducible,that is,i thereisanoracleTuring madine
M sud that A(x) = MAIf X9(x) for all x [14]. Furthermore the notion had beencarried over to
complexity theory whereit is still an important researt topic [1,9,10].

Although intrinsic complexity is not the exact courterpart of Turing degreesin Recursion
Theory, it is the only type of complexity which is de ned via reducibilities and not via measures
suc as courting mind changesor the size of long term memory in inductive inference.There-
fore, from the viewpoint of inductive inference,the above de ned version of mitotic classeds
reasonable.Indeed, there are someobvious parallels: in RecursionTheory, any r.e. cylinder is
mitotic wherea cylinder A is a set of the form f(x;y) j x 2 B;y 2 Ng for somesetB  N. A
correspnding cylindri cated versionof a classL would be the class

ff(y)jy2Lgjx2N;L2Lg

and it can easily be seenthat this classis strong mitotic and thus also weak mitotic. Indeed,
two constraints are placedthere in order to be asnearto the original de nition of mitoticit y as
possible:

{ If A is split into two r.e. setsAg;A; with Ag 1 A then A 1 Ay 1 Az Thusall three
classesnvolved are required to have the sameintrinsic complexity degree.

{ Thereis a partial-recursive function with domain A mapping the elemens of A, to a for all
a2 f0; 1g. This is taken over by requiring the existenceof a classi er which works correctly
on all texts of the class.It is not requiredto corvergeon ewery text asthen many naturally
strong mitotic classedike CS would no longer be mitotic. This has a parallel in recursion
theory: if onesplits a maximal setinto two r.e. setsAy and A; which are both not recursive
then the setsAy and A, are recursiwely inseparable.
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Besidesthe reducibilities  yeak and sy ong cOnsideredhere, other reducibilities have also been
considered[12,13]. This paper dealsonly with  yeax and sy ong, as thesetwo are the most
natural and represemativ e.

One emphasisof the current work is on the seard for natural classesvhich split or do not
split. Thereforeit is always required that the classunder considerationis learnablein the limit.
Furthermore, onetries to shav propertiesfor completeclassestecursively enrumerableclassesand
indexed families. Angluin [2] de ned that fLg;L;;L5;:::g is anindexedfamily i the function
e;X 7! Le¢(X) isrecursive. For indexedfamiliesfLg; Lq;Ly;:::g onecanwithout lossof generality
assumethat L, 6 L,, whenewern 6 m. A learnerfor this family is called exacti it corverges
on ewery text for L,, to n. The following remark is important for se\eral proofs.

Remark 2. Let T[n] bethe rst n elemerts of atext T. Onesaysthat alearnerM or aclassi er
C corvergeson T to avalueai M (T[n]) = aor C(T[n]) = afor almostall n, respectively. But
it doesnot matter { in the framework of inductive inference{ how fast this convergencds and it
canbe sloveddown by starting with an arbitrary guessand later repeating hypothesesSimilarly,
if onetranslates onetext of a languageL into a text of a languageH, it is not important how
fast the symbols of H show up in the translated text, it is only important that they show up
ewvertually. Thereforethe translator can put into the translated text pausesymbols until more
data is available or certain simulated computations have terminated.

Thus, learners,operatorstranslating texts and classi ers can be made primitiv e recursive by
the just mertioned delaying techniques.Thus onecanhaverecursive erumerations o, 1; 2;:::
of translators from texts to texts, Mg; M1; M»,;::: of learnersand Cy; C1; C,; ::: of classi erssudh
that for every given translator, learner or classi er this list cortains an equivalert one. These
lists can be usedin proofs where diagonalizationsare needed.

Given a text T and a number n, one denotesby (T[n]) the initial part (T)[m] for the
largestm  n sud that (T)[m] is produced without accessingany datum in T beyond the
n-th position. Note that for every m thereis an n sud that (T[n]) extends (T)[m] and that

(T[n]) can be computedfrom T[n].

2 Complete Classes

The two main resultsare that thoseclassesvhich are completefor g ong are strong mitotic and
thosewhich are completefor ok are weakmitotic. This standsin cortrast to the situation in
RecursionTheory where someTuring-completer.e. setsare not mitotic [14]. Note that certain
classeswvhich are completeonly for eax fail to be strong mitotic; thus the main results cannot
be improved.

Theorem 3. Every classwhichis completefor g ong is also strong mitotic.

Pro of. Let L andH beany classesvhich arecompletefor g ong. Then the classk consistingof
thesetsl = £1;3;5;7;:::9,J = fOg[ |,f2x+3:x 2 HgandJ[ f2x+2:x 2 HgforeweryH 2 H
is alsocomplete. SinceL is completefor g, ong, there is a translation  which mapslanguages
in K to languagesin L sud that proper inclusion is presened. Thus there is someelemern
e2 (J) (I). As H is completefor gy ong, the subclassed (f2x+ 3:x2 Hg) : H 2 Hg
andf (I [ f2x+2:x 2 Hg) : H 2 Hg of L are alsocompletefor gy ong. All members of
the rst classdo not cortain e while all members of the secondclasscortain e asan elemen. It
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follows that the subclassed.o = fL 2 L :e2LgandL, =fL 2 L :e2 Lg arecompleteand
disjoint and can be classi ed by a C which conjecturesl if e hasshavn up in the text sofar and
0 otherwise. Therefore, L is strong mitotic. t

The following notion is usedto formulate Proposition 6 which is a certral ingrediert of Theo-
rem 7. Furthermore, learnerswith certain properties are needed.

De nition 4. For any sequencel of symbols, let all(T) be the length of the shortest pre x of
T containing all symbols which shov up in T, that is, let

all(T) = supfn+ 1: cortent(T[n]) cortent(T)g:
Note that all(T) < 1 i cortent(T) isa nite set.
The following remark combines someideasof Blum and Blum [4] and Fulk [8].

Remark 5. Let L be a learnable class. Then there is a learner M for L with the following
properties:

{ M is pruden, that is, whenewer M outputs an index e on someinput data then M learns
We;

{ if M learnsL then there is an index e sud that M corvergeson ewery text T for L to that
index €;

{ forewerytext T andindexe, if M (T[n]) = efor in nitely many n then actually M (T[n]) = e
for almost all n.

Prop osition 6. If |  yea L then the reduction to L and a learner M for L can be chosen
suchthat for all texts T for a languagein | , M convegeson the translation of T to an index
e all(T).

Pro of. One assumeghat a learnerM satis es the three conditions from Remark 5.

The key idea of the proof is the following: Given a reduction ( ; ) from | to fLo;Ly;
L,;:::g, oneconstructsa further reduction ( ¢ 9 from | to | sud that, for every text T of a
setin |, M corvergeson ( T)) to anindexe all(T). By Remark 2, assumewithout loss
of generality that  is primitiv e recursive. The ideais that in the rst translation °every set
Ih» = f0;1;:::;ngis translated into someset | »n 112 m) and Otranslates every index of every set
| n (142 m) iNto an index of I,.

Given a sequenceE of indices, {E)(s) is computed as follows. Let k be the least number
sudh that Wegs)s 1. Choosem; n sudh that 2"(1+ 2m) = k and output the canonicalindex
for I,. It is easyto seethat this translation works whenewer E corvergesto an index of some
setin | .

The construction of  %is more involved. For the construction, the special properties of M
from Remark 5 are important. The most adequateway to descrice °is as a method which
is cortinuously extending the translations o; 1;::: of {T) which have not yet beenbuilt by
taking the rst of the below caseswhich applies. ¢ = 0# and in steps, s is extendedto g1
accordingto the casewhich applies:

Casel: M( () all(T[s]). Then let 4., be the rst extensionof ¢ found sud that
M( (s+1)) 8 M( (6));



Case2: Casel doesnot hold but cortent( ) 6 1142 m) for all m wheren is the least number
with cortent(T[s]) I,. Thenlet ¢; = sa for the leastnonelemen a of content( ¢);
Case3: Casel and Case2 do not hold. Then <1 = §#.

Here () and ( s+1) are de ned asin Remark 2 and can be computed from ¢ and .1,
respectively.

For the veri cation, assumenow that asetl, = f0;1;2;:::;ng2 | andatext T for |, are
given.

First it is necessaryto note that the extension g.; in the rst condition of the construction
of the 4+, from ¢ can always be found for any given parametern. Indeedthere are two texts
Ty; T, extending ¢ for di erent setsin | . It followsthat (T;) and (T,) aretexts of di erent
setsand thus M corvergeson them to di erent indices. Thus one can take a su cien tly long
pre x of one of them in order to get the desired s.; .

Second,it can be shovn by induction that j ¢j > s in all stagess; this guararteesthat °is
indeeda generalrecursive operator.

Third, oneshowvsthat M doesnot corvergeon ( {T)) to any index lessthan or equalto
all(T). By Casel in the construction, M cannot corvergeon ( {T)) to anindexe all(T).
Thus, by Remark5, there is a stages, sud that Casel of the construction is newer taken after
stagesy.

Fourth, oneshowsthat qT) is a text for somelanguagein | . There is a leastm sud that
cortent( s,) lon@+2m). FoOr all stagess > sy, if cortent( s) I @+2m), then s, is chosenby
Case2, else .1 is chosenby Case3. Onecaneasilyseethat the resultingtext {T) = limg1
is atext for I n+2m). INdeed, qT) = o #?! fors;=sg+ 2"(1+ 2m) + 2.

Soit followsthat °mapsevery text of asetl, to sometext of someset| xn (1.2 m) asdesired.
So,for all texts T of setsin | , M corvergeson ( {T)) to someindex e > all(T). This completes
the proof.

Theorem 7. LetL be alearnableclasswhichis completefor eca. Then L is weak mitotic.

Proof. Let I, = f0;1;:::;ng. By Theorem6 there is a reduction ( ; ) from | to L and a
learner M sud that for every text T of a member of I , M corvergeson (T) to an index
e > all(T). For this reason,using oracle K for the halting problem, one can ched for ewery
index e whetherthereis atext T for alanguagein | sudc that M on (T) corvergesto e. One
can assumewithout lossof generality, that, besides#, no data-item in a text is repeated. Also,
amongthe texts for setsin |, only the texts of the setsfOg, f0;1g, f0;1;2g, :::, f0;1,2;:::;€eg
cansatisfy all(T) e. Thus,onehasjust to chedk the behaviour of the givenlearnerM for the
classL on the texts in the class

Te=f (TYjT°2f0;1;:::;e;#0° #1 ~ content(T) 2 | g:

Now, de ne a classi er C sud that on a text T, the n-th guessof C is1i thereis an odd
numberm M (T[n]) and a text T%2 Ty (r(n for Im sud that M ( (T%[n]) = M (T[n]).

For the veri cation that C is a classi er, assumethat M corvergeson T to someindex e.
Then C corvergeson T to 1i thereisasetl, 2 | with m odd and atext T°for I, in Te with
cortent( (T9) = W,. Otherwise C corvergeson T to 0. If M doesnot corvergeon T then T is
not a text for a setin L and the behaviour of C on T is irrelevant. Thus C is a classi er which
splits L into two classed o and L ;. Theseclassed. o and L, cortain the imagesof repetition-free
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texts of setsin the classed lo;1,;14;:::gand flq;13;1s;:::0, respectively. Thus both classesare
completefor eak and the splitting of L into Ly and L; withessesthat L is weak mitotic.

As se\eral proofs useknown properties of maximal sets,the following remark summarizessome
of theseproperties.

Remark 8. A set A is maximali (a) it is recursiwely enumerable, (b) has an in nite com-
plemert and (c) ewery recursiwely enrumerableset B satis es that either B A is nite or the
complemen of A[ B is nite.

For any partial-recursive function and maximal set A, the following statemerns hold.

Either (x) is de ned for almostall x 2 A or for only nitely many x 2 A.

The setfx 2Aj (x) 2 Agis either nite or cortains almost all elemerts of A.

{ If for every x thereis somey > x sudhthat y 2 A, (y)isdened, (y)> xand (y) ZA,
then (z) isdened and (z) = z for almostall z 2 A.

Lot Wanten |

Furthermore, A is densesimple. That is, for every recursive function f and for almostall x Z A,
fy:x<y fXxX)g A.

Thesebasicfacts about maximal setswill be usedin seeral proofs. Odifreddi [15,Pages288{294].
provides more information on maximal setsincluding the proof of the existenceby Friedberg[7].

Theorem 9. There exists an indexal family fLo;L1;L2;:::g whichis completefor ea and
weak mitotic but not strong mitotic.

Pro of. Let A be a maximal set with complemen fag;a;;:::g wherea, < a,+; for all n. Now
let L consistof the sets

{ fx;x+ Lix+ 2;:::gforall x ZA.

As A isr.e., it is easyto seethat the resulting family is indeedan indexedfamily. Learnability is
alsoclear asthe learner,on input , rst determinesx = min(content( )) and then conjectures
cortent( ) if x 2 A; j and conjecturesf x; x + 1, x + 2;:::g otherwise.Assumingthat a, > 0, this
classis a superclassof | and thus completefor eax. By Theorem7, fLo;L1;L5;:::g is weak
mitotic.

Let Lo and L, betwo disjoint classesvith union L. Without lossof generality, f ag; ap+ 1; a5+
2;:::02 L,. Assumenow by way of cortradiction that L sy ong Lo aswitnessedby a recursive
operator  which translates the correspnding texts. As  hasto presene the proper subset
relation on the content of the texts while translating, every text of a setof the form fa,;a, + 1;
a, + 2;:::g hasto be translated into a text for a set of the form fa,;an + 1;a, + 2;:::9 (to
presene the property that translation of fa,;a, + 1;a, + 2;:::g hasin nitely many subsetsin
the class).

Now considerthe function f which outputs, on input x, the rst elemen found to bein the
rangeofthe image ( ) for some with x = min(content( )). The function f is recursiwe, but as
A is maximal, the relation f (a,) < a,+; holdsfor almostall n. It follows that if n is su cien tly
large,then sometext of fa,;a, + 1;a, + 2;:::gistranslated to atext of oneof the setsf ay; ax + 1;
a+ 2;:::.gwith k  n.Now x atext T forfa,;a, + 1;a, + 2;:::9. One canthen inductively
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fan;am + 1;an + 2;:::g and
content( ((nn1:: mma)6ecotent( (nn1::: mT))

foreadi m n. As mapstexts of in nite setsin L to texts of innite setsin L, one can
concludethat

content( ((n n 1::: mT)) =fan;an+ Lan+ 2:::0
Thus, for every m, sometext of the setfan;an + 1;an + 2;:::gis mappedto atext for the same
setin cortradiction to the assumptionthat doesnot havefag;ap+ 1;a9+ 2;:::gin its range.
ThereforeL is not strong mitotic.

3 Incomplete Learnable Classes

Finite classesare not mitotic and thus every nonempty classhasa subclasswhich is not mitotic.

For in nite classespne can get that the correspnding subclassis alsoin nite. The proof is a
standard application of Ramsey'sTheorem:Given classi ersCy; Cy; Cy; : : : oneselectsa subclass
fHo;Hy;Hpjiiigof fLo;L1;Ly;:::g sudh that ead classier C, classiesH,;Hp+1; Hpsojii:in

the sameway. The classfHg;H1; H»;:::g may not be an indexed family but a very thin class.
Alternativ ely, onecanalsotakethe Hq; H1; Ho; : ;. sudh that for a givenenumeration of primitiv e
recursive operators, the text ,(T,,) of the ascendingtext T,, of H,, is not a text for any Hy

with k > max(f n; mg). The latter method givesthe following result.

Theorem 10. Everyinnite classL hasan in nite sulzlassH suchthat H is not weakly iso-
morphic to any proper sukelassof H. In particular, H is not weak mitotic.

There is an easierexampleof a classwhich is not weak mitotic. It is even an indexed family of
nite sets,but sud examplecannot be build within any given indexedfamily.

Example 11. Assumethat fLg;L;;L,;:::gis givenasLy = f0;1gandL, = fng for all n 2
N fOg. ThenflLg;L1;Lo;:::gis not weak mitotic.

Pro of. Given any splitting Lo;L; of fLo;Lq;L5;:::0, oneof theseclassessay L, conains at
most one of the setsLy;L;. Then, for any given reduction ( ; ) from fLq;L1;L,;:::gto Lo,

( ) producessomestring of nonempty cortent for some 2 1# andthustherearetexts Ty; Ty
extending for Lo and L4, respectively, sudh that (L) and (L) are texts for di erent sets
in Lo with a nonempty intersection. But sud setsdo not exist, by choiceof L.

Note that the class

ff 0;1;29;f1;29;f29;f30;f4g;f5g;:::;fng;:::g
comparedwith the classfrom Example 11 has the slight improvemen that for any splitting
Lo; L, of the class,onehalf of the splitting cortains an ascendingchain of two or three setswhile
the other half cortains only disjoint setssothat the two halvesare not equivalert with respect
to weak -

As thesetwo examplesshaw, it is more adequateto study the splitting of more restrictive
classedlike the inclusion-free classesA special caseof sut classesare the nitely learnable
classesHere a classis nitely learnable[11]i thereis alearnerM which keepsoutputting a
special symbol denoting the absenceof a reasonableconjectureuntil it hasseensu cien tly much
data and then outputs an index e forever, where W, is the languageto be learnt.
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Theorem 12. flLo;L1;L2:::0  swong fHo;H1; Ho;ii:g wheneverboth classesare in nite in-
dexel families which are nitely learnable.In particular, everysuchclassis strong mitotic.

Proof. AsflLg;Ly;L,;:::gandfHg;Hy;Hy;:::garein nite, onecanwithout lossof generality
assumethat the underlying enumerationsare one-to-one.Furthermore, they have exact learners
M and N, respectively, which usethe correspnding indexing. Now onetranslatesM to N by
mapping L, to Hy; thus isthe idertit y mapping ead index to itself, wherein the domain the
n standsfor H, andin the rangethe n standsfor L,,. (T) = #XT, wherek is the leastnumber
sucth that M outputs a hypothesisn on input T[K] (i.e., rst position where M conjecturesa
hypothesis)and T, is the ascendingtext of H,,. This completesthe proof of the rst statemen.

Given now an in nite nitely learnableclassfLg;Lq;L5;:::0, onecan split it into fLg;Lo;
L4;:::g and fLq;L3s;Ls;:::g which are the subclassesof languageswith even and odd index,
respectively. Both classesare also in nite indexed families which are nitely learnable. Thus
they areall equivalert by the above result. Furthermore, a classi er for splitting canbe obtained
by simulating the learnerM on the input text, and then corvergingto O if the (only) grammar
output by M on the input text is even, and to 1 if the (only) grammar output by M on the
input text is odd.

4 Further Splitting Theorems

Another question is whether classescan be split into incomparable classes.So one would ask
whether there is a parallel result to Sadks Splitting Theorem [18]: Every nonrecursier.e. set A

is the disjoint union of two r.e. setsAy and A; sud that the Turing degreesof Ay and A; are
incomparableand strictly below the one of A. The next exampleshaws that there are classes
whereewery splitting is of this form; sotheseclassesre not weakmitotic. Furthermore, splittings

exist, sothe result is not making useof a pathological diagonalizationagainstall classi ers.

Example 13. LetA beamaximalsetandletL, = fagifa2 A andL,= Aifa2 A. ThenfLy;
L1;Lo;:::g is recursively enumemble and nitely learnable but any splitting Lo; L, of fLg;Ly;
Lo;:::gsatises Lg6yeak L1 and Ly 6 yeak Lo.

Pro of. Let Tg; Tq; To;::: be arecursive enumeration of recursive texts for Lo; Lq;Lo;:::, respec-
tively. Let F(a) be the cardinality of fb< aj b2 Ag. It is easyto seethat onecan split fLo;
Li;LoiigintofL,ja2 A_F(a)isevengandflL, j a2 A” F(a) is oddg. Thus this class
hasa splitting; in fact there arein nitely many of them. Furthermore,fLq;Lq;Lo;:::gis nitely
learnableby outputting an index for L, for the rst a occurring in a given text.

Assumenow by way of cortradiction that there is a splitting Lo;L; with Ly weak L1 Via
a reduction ( ; ). Now onede nes the partial-recursive function f which outputs on input a
the rst number occurring in  (T,); if there occursno number then f (a) is unde ned. As Lg is
in nite, there arein nitely many a2 A with L, 2 L. For all but one of these, (T,) hasto be
a text for somesetL, 6 Ain L;. ThenL,= fbgandf (a) = b2 A for thesea. It follows that
for every x thereisana> x with a2z A" f(a) 2 A~ f(a) > x. Then, by Remark 8,f (a) = a
for almostall a Z A. As in nitely many of thesea belongto anL, 2 Lo, onehasthat (T,) is
atext for L, and translatessometext for a setin Ly into a text for a setin Ly and not into
atext for asetin L;. ThusLg 6 weak L1. By symmetry of the argumen, L, 6 weak Lo.
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While the previous example shoved that there are classedor which ewvery splitting is a Saks
splitting, the next result shows that every learnable recursively enumerable classhas a Saks
splitting; but it might also have other splittings.

Theorem 14. Every in nite recursively enumerble and learnable classfLg;L;L5;:::g hasa
splitting into two in nite sultlassed. o; L, suchthat Lo 6 yeak L1 and L1 6 yeak Lo.

Pro of. Let M be a learnerfor fLo;Lq;L5;:::g which satis es the three conditions from Re-
mark 5. Now one de nes inductively relative to the oracle K the following function F from
N to f0O;1g. The de nition usesparametersa;b to court the number of languageswhich have
already goneto either sideand which are initialized asO. Furthermore, let o, 1; »;::: bethe
enumeration of operators as given in Remark 2. Also, there is for every L, a recursive text T,
which can be generatedfrom the fact that the classis recursiwely enumerable. Furthermore, let
U be the set of all minimal indicesof languages.: n2 Ui forall m<n, L, 6 L,. Note that
U can be computed relative to the halting problem K sinceL,, = L, i M corvergeson T,
to the samevalue ason T,. Furthermore, let the auxiliary function F (n;a) be the number of
k 2 U with k < n and F (k) = a. Also this value can be computedwith oracleK.

The value of F(n) is de ned by applying the casewith highest priority (re ected by least
number) which quali es:

{ Priority 0: n 2 U. Then thereisanm < n sud that L, = L, and let F(n) = F(m) for the
least sudh m.
{ Priority 4e+ 1: Thereis an m < n suc that M corvergeson (T,,) and T, to the same
valueand F(m) = O and therearenoi;j < nwith F(i) = 0,F(j) = 0and M corvergeson
e(T;) to the samevalueason T;. Then let F(n) = 0.
{ Priority 4e+ 2: Thereis an m < n sud that M convergeson ¢(T,) and L, to the same
valueand F(m) = 1 andtherearenoi;j < nwith F(i) = 1, F(j) = 1 and M corvergeson
e(T;) to the samevalueason T;. Then let F(n) = 1.
{ Priority 4e+ 3:F (m;0)< F (m;1)+ eforallm n. Thenlet F(n) = 0.
{ Priority 4e+ 4:F (m;1)< F (m;0)+ eforallm n. Thenlet F(n) = 1.

More precisely whende ning F(n) one seardiesfor the least number k sud that the entry for
priority k appliesand de nes F as descriled in this case.Note that the priorities 4e+ 3 and
de+ 4 apply for all e > n and thus there is always someertry which applies. Next it is shavn
that F 1 K. As M corvergeson ewery of the texts T,, the test whether priority 0 appliescan
be donerelativeto K . For the test whether priority 4e+ 1 appliesit needsto be chedked whether
M on ¢(T,,) corvergesto the samevalueason T,. This is bedoneby rst computing the value
d to which M corvergeson T,,. Now, asM satis es the constrairts asin Remark5, M on ¢(Ty,)
either corvergesto d or outputs d only nitely often. Thus one can ched in the limit whether
M corvergeson (Ty) to d. Similarly onecan ched for any two numbersi; j < n whether M
corvergeson ¢(T;) to that value which M corvergeson T;. So one can test whether priority
4e + 1 applies. Similarly one can test whether priority 4e + 2 applies. The tests for priorities
4e+ 3 and 4e + 4 are obviously doableasU 1 K and the priorities only refer to statistics of
previousvaluesof F at placeswherethe argumert is in U.

SoF canbe computedin the limit. Having an appraximation Fs to F, onede nes a classi er
C asC( ) = F; j(m) forthe leastm with m = j j_ M (Tw[j jI) = M( ). Assumenow atext T of
a languagein fLq;L1;Lo;:::g be givenand n being the leastindex sud that L, = cortent(T).
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Then, for all su ciently larges, C(T[s]) = Fs(n). The reasonis that M corvergeson T and T,
to the sameindex of L, but, for m < n, M cornvergeson T, to an index of the languageL ,
which is not equalto L,,. Thus C corvergeson T to F(n).

It is clearthat the choiceof priority O is appliedi n 2 U and this is the only priority level
which appliesin nitely often. This is shavn by induction. Soassumethat for some™ all priorities
k strictly betweenO and 4e+ c with ¢ 2 f1;2;3;4g do not apply at any n  ~ and assumethat
priority 4e+ ¢ would apply at ~. Now one makesa case-distinctiondepending on which of the
priorities 4e+ cis applied at .

In the caseof priority 4e + 1 there is an m sud that for n = it holds that F(m) = O,
F(n) = 0 and M corvergeson (T,) and T, to the samevalue. Now leti = m andj = ~
Then, for n > °, thesevaluesi;j are belov n and avoid that this priority quali es again. So
n = " is the maximal n whereF (n) is taken accordingto this priority.

ofU\ f7; "+ 1"+ 2;:::gwherek=e+ 1+ F (;1) F (;0). Onecannow prove by induction
foru=0;1;2;::: that

{ for ny with u < k, Priority 4e+ 3 appliesand F(n,) = O;
{ forn, withu Kk, F (n;;0)=F (;0)+uandF (ng;1)=F (;1).

Thus,F (ng;0) = F (ng;1)+ eandthereisnon ny wherepriority 4e+ 3 applies.

The other two casesof priority 4e+ 2 and 4e + 4 are symmetric to the two previous cases
and so one can concludethat there are alsoonly nitely many n where priority 4e+ c applies.
This completesthe inductive step.

Now assumeby way of cortradiction that thereisareduction( ¢; ) witnessingthat Lo  weak
L,. Let * be solarge that all priorities 1;2;:::;4e are not usedto de ne any F(n) with n
Due to Priority 4 + 3 thereisan '°2 U with F ((%0) F ("%1)+ "+ 1; note that "°> °
So more setsin Ly than in L; have an index belon *° and thereforethereis anm "9 sud
that L, 2 Lo and ¢(Tn) is not the text of any of the setsLg;L;:::;L- . Solet n be the
minimal index of cortent( «(Ty)); this index existsas . mapstexts of languagesn L to texts
of languagesin L;. It follows from the construction that either F(n) = F(m) = OandL, 2 Lo
or therearei;j < nwith F(i) = F(j) = 0, Li;L; 2 Lo and ¢(T;) being a text for L;. This
cortradicts the assumptionthat ( .; ) reducesLto L;. HencelL g 6 yeax L1. Similarly onecan
show that L1 6 yeak Lo.

For this reason,one cannot give a recursively enumerableclasswhereall splittings L ; L, satisfy
either Lo swong L1 Or L1 swong Lo. Furthermore, complete classeshave comparablesplittings
like before as they are mitotic and have even equivalert splittings. The next example gives a
classwhere somesplittings are comparablebut wherethey are newver equivalent.

Example 15. Let A be a maximal set. For all a2 N andb2 f0;1;2g, let Lza+p = f3a+ bg if
aZAandLlz.p=f3c+bjc2 Agif a2 A. ThenfLg;Ly;L5;:::gis not weak mitotic but has
a splitting Lo; L1 with Lo syong L 1.

Pro of. If one takesthe splitting Lo = fLo;Ls;Ls;:::gand Ly = fLyjLo;La;Ls;L7;Lg g
then it is easyto seethat Lo syong L1 Via ( ; ) sudithat is basedon translating in every
text every datum 3x to 3x + 1 and is basedon transforming every index e into an index for
f3x ) 3x + 12 W.g. The details are left to the reader.
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Givennow a further splitting L,; L3 of fLo;L1;L5;:::g, oneof thesetwo classessay L ,, must
cortain at leasttwo of the setsLz,; L3zar1; L3asz fOr innitely many a 2 A. Assumeby way of
cortradiction that ( ; ) would witnessL, eak L3. Now one de nes the following functions
f, for b= 0; 1; 2 by letting fy(a) to be the rst number x found sud that 3x or 3x+ 1 or 3x + 2
occursin the text ((3a+ b)' ). Now choosetwo dierent b;i° 2 f0;1;2g sud that there are
innitely many a2 N A with Laap, L3arp 2 Lo Then one knows that for every bound ¢
there arein nitely many a2 N A sud that L3 2 Ly and  ((3a+ b)!) is a text for some
languagein L3 flLg;Lq;Lo;:::;Lc0. It followsthat fy(a) = a for almostall a 2 A. The same
appliesto fy. Sothereisana 2 A sud that Lza+p; L3ar e @areboth in L, andthat  mapstexts
of both languagesto texts of the setsL z,; L3a+1; L3as2 . AS Only one of thesesetscan be in L3,

hasto map texts of di erent languagesto texts of the samelanguage,a cortradiction. Thus
L, 6 weak L3 and the classcannot be weak mitotic.

5 Beyond Explanatory Learning

One could besidesclasseswvhich are completefor (explanatorily) learning also considerclasses
which are completefor behaviourally correctlearning [3,5,16]with respectto gy ong. Note that
such a classL is no longer explanatorily learnable.But L satis es the following two properties:

{ The classL is behaviourally correct learnable,that is, there is a learner which outputs on
every text T for a languagein L an in nite sequenceey; e;;&;::: of hypothesessud that
W,, = cortent(T) for almostall n;

{ Every behaviourally correctlearnableclassH satises H  gyong L.

Note that the reduction g ong CONnsideredin this paper is always the sameas de ned for ex-
planatory learning; reducibilities more adapted to behaviourally correct learning had also been
studied [12,13]. Completenesswith respectto eak iS NOt consideredin this section, so\com-
plete" means\complete for sy ong" In this section.

It is easyto show that sud completeclassesxist, an exampleis the classof all setsfxg[
fx+y+ 1jy 2 Lg wherethe x-th behaviourally correct learner learns the set L. So given
any behaviourally correct learnable classand an index x of its learner, the translation L 7!
fxg[ fx+y+ 1jy 2 Lg would translate all the setslearnt by this learnerinto setsin the
completeclass.

Note that methods similar to thosein Theorem 3 show that L is strong mitotic. The next
result shows that for any splitting Lo; L, of L, one of thesetwo classess complete for beha-
viourally correct learning aswell and thereforethis classcannot be split into two incomparable
subclasses.

Theorem 16. If Lo;L, are a splitting of a class which is complete for behavioually correct
learning with resgct to gy ong theneither Lo syong Lo[ L1 0r L1 strong Lo[ Li.

Pro of. Let H be a classwhich is complete for behaviourally correct learning with respect to
strong- FUrthermore, let Co; Cy;::: be a list of all primitiv e recursive classi ers. One can build,
for eath x, a sequence.o; x1;::: starting with .o = x. If ., hasbeende ned, then onetakes

xy+1 10 bethe rst extensionof ,, found, if any, sud that

fX;x+ Lx+ 2::,x+yg  cortent( wy+1) fXix+ Lx+ 219
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and Cy( xy+1) 8 Cx( xy). In the casethat this processterminates at somey, that is, if ,y+1
doesnot exist, let z = max(content( ., )) and put for eady H 2 H the set

into the classL. If the processproducesan in nite sequencel = lim ,, then T is a text for
fx;x+ 1;x+ 2;:::9g onwhich C, doesnot corverge.Thus one puts the set

fx;x+ L,x+ 2;:::0

into L and obtains that C, doesnot split this classinto two subclasses.

Now it is showvn that L is behaviourally correct learnable. Given a behaviourally correct
learner M for H, the new learnerN for L tries to establishin the limit the minimum x of the
cortent of the text (which always succeedsand the maximal y for this x sudh that ., is de ned
(which fails for the casethat all ., arede ned). Using current approximations x% y? z°to these
parameterswhere z° = max(content( yoy0)), the learner N constructs from the current input
a newstring whereit replaceseveryu by u z 1if u> z and by # otherwise.Then N
conjecturesthe following set:

< fx%x%+ 1;x%+ 2;:::: 2%
Wney= . [ fu+z°+1ju2Wy()g if oy doesnot exist;
fx%x%+ 1;x%+ 2;:::g if xoyo1 €Xists.

Note that the languagegeneratedcan always go from the rst languageto the secondlanguage
when oyo1 turns out to exist as

fXOxO% Lx% 25002 fur 2% 1ju2 Wyeyg  FXEx% Lx% 20

Thus the above case-distinctioncan be coded into N ( ) asindicated. The veri cation that N
indeedbehaviourally correctlearnsL is straightforward and thus skipped.

Now considerany classi er C, which convergeson every text for a languagein L either to O
or 1. Then there is a maximal y suc that ., is de ned sinceotherwisethe above de ned text
T would exist on which C, doesnot corverge.Therefore,the classH is strongly reducibleto the
subclass

of L. Furthermore, every setin this subclasshasa text starting with ., and C, corvergeson all
sud texts to Cy( xy). Thereforethis completeclassis cortained in one menber of the splitting
of L de ned by C, and so one of these members is complete for behavioural correct learning
with respectto sy ong-

After dealingwith this specialclassL, considerany splitting Lq; L, ofaclassLo[ L whichis
completefor behaviourally correct learning with respectto gy ong. Thereis a reduction ( ; )
from L to Lo [ L; dueto completenessand the classi er C doing the splitting Lo [ L; can
be translated bad into a classi er splitting L into two parts, one of which is complete. This
completepart is reducedinto either Lo or L, and thus one of thesetwo classeds completefor
behaviourally correct learning with respectto sy ong-

As just seen,any splitting Lo; L, of a classwhich is completefor behaviourally correctlearning
satises either Lo syong L1 OF Lo <syrong L1 OF L1 <syong Lo. As the classis strong mitotic, it
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can happen that the two halves of a split are equivalert although this is not always the case.
The next result givesa classwherethe two halvesof a splitting are always comparablebut never
equal.

Theorem 17. There is a recursively enumegrble and behaviourlly correctly learnable class
whichis not weak mitotic suchthat everysplitting L o; L, of the classsatis es either Ly sy ong L1
or I-1 str ong I-0-

Pro of. A minor modi cation of the construction of Post's simple set [17], givesthe following:
Thereis arecursiwe partition of the odd natural numbersinto setslq;14;15;::: and a recursively
enumerableset L, of odd natural numberssuch that 12 L4, I, 6 L4 for all n and L intersects
ewvery recursively enumerable set which cortains in nitely many odd natural numbers. Now
completethe de nition of fLg;Lq;L,;:::g for the n 6 1 asfollows: L, = fngif n is even and
L,=Ly[ fngif nisodd.

ClearlyfLg;Lq;L5;:::gisbehaviourally correctlearnable.The learnerconjecturescontent( )
if doesnot contain an odd number and content( )[ L, if contains an odd number.

Let Lo;L, be a splitting of fLg;L1;L5;:::0. L1 isin one of theseclassessay in L,. Let C
be the classi er witnessingthe split. Then there is a locking sequence for C on L, sud that
content( ) Lj;andC( )= 1forall extensions of with cortent( ) L;.LetT beatext of
L:. Now for everya 2 L, and ewery n, C( aT[n]) = 1. SincelL, is simple,it follows that the set

D =fajaisodd and 9n(M ( aT[n]) = 0)g

is nite andthusL, 2 L, for all odd a 2 D. Let n be an index such that D\ |, = ; for all
m n and let ag; a;; ay;::: be an ascendingenumeration of all even numbers plus members of
D. Notethat Ly flLga,;La;Lla,;:i:0.

Let b, = min(l,+m L1), note that h, always existssincel,.n 6 L, for all m. Note that
L,[ fbyhgisin L, for all m.

There is an operator  which translatesa text T of any setin L, into a text for the setL,
in the casethat T doesnot cortain any a;, and into a text for L; [ fh,g in the casethat a;
is the rst member of the sequenceny; a;; a,;::: appearingin T. The operator exists since
onejust copiesan erumeration of L, until somea,, shovsup in T. After one hasfound m, one
keepsinserting into the erumeration of L, the leastelemen of |, ,, which hasnot yet appeared
in the enumeration of L, and continuesto output this modi ed erumeration. For , given a
sequenceonvergingto anindex e of someL ;[ fb,g, onecan nd the m of by, in the limit from
a simulated enumeration of W, and thus translate this sequencento onecorvergingto an index
of L,, . Sothe reduction ( ; ) witnessesthat Lo strong L1-

On the other hand, if an operator translatestexts of setsin L, into texts of setsin Ly then
it hasto map sometext of L; to sometext of someL ,, and thereis an initial segmen of this
text sud that a,, appearson the output when s fed into the operator. There is only the set
L,, in Lo cortaining a, but in nitely many setsin L; have a text starting with . Thus the
translation mapssometexts of di erent setsto texts of L, . Sothe translation cannot be used
for a weak reduction from L, to L. HencelL 1 6 yeak Lo.

6 Autoreducibilit y

Trakhtenbrot [20]de ned that a setA is autoreduciblei onecanreduceA to itself sud that A(x)
is obtained by accessingA only at placesdi erent to x. Ladner [14] shaved that a recursively
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ernumerable set is mitotic i it is autoreducible. Ambos-Spiespointed this result out to the
authors and asked whether the sameholds in the setting of inductive inference.Unfortunately,
this characterisation fails for both of the major variants of autoreducibility. Thesevariants are
the onescorrespnding to strong and weak reducibility.

De nition  18. A classL is strong (weak) autoreduciblei there is a strong (weak) reduction
( ; ) from L to itself sud that for all setsL 2 L and all texts T for L, (T) is atext for a
languagein L  fLug.

Example 19. Let A be a maximal setand L contain the following sets:

{ £3xg;f3x + 1g;f3x + 2g for all x Z A;
{ f3y:y2Aqg, f3y+1:y2 Aqg, f3y+2:y2 Ag.

Then the classL is neither strong mitotic nor weak mitotic. But L is autoreducible via some
( ; ) whee mapsanytextT to atext T suchthat all elementsof the form 3y in T have
the form 3y + 1 in TY all elementsof the form 3y + 1 in T havethe form 3y + 2 in T%and all
elementsof the form 3y + 2 havethe form 3y in T

Soewenthe implication \strong autoreducible) weakmitotic" fails. The remaining questionis
whether at leastthe conversedirection is true in inductive inference.This is still unknown, but
there is somepreliminary result on setswhich are completefor  eax-

Theorem 20. If a classL is weak completethan it is weak autoreducible.

Pro of. Let L be weak completeand M be a learner for L which satis es the conditions from
Remark 5. As L is weak complete,by Proposition 6, there is a reduction ( ¢ 9 from the class
| to L sud that for any setl, = f0;1;:::;xg2 | andanytext T forl,, qT) isatext for aset
on which M doesnot corvergeto an indexin I,. Now, an autoreduction( ; ) is constructed.

For this, one rst de nes ®asfollows and then concatenatest with % The operator
translates every text T for a setL into atext for | +2 m)y Wherem; n are chosensud that n
is the value to which M corvergeson T and m is solarge that all the elemerts put into  °¢T)
when following intermediate hypothesesof M on T are cortained in the set| o 1.2 m). It is easy
to verify that this canbe done.Then isgivenas (T)= Y 9T)). The sequence (T) isa
text for a setin L with the additional property that M corvergeson it to an index larger than
2"(1+ 2m); this index is thereforedi erent from n and cortent( (T)) 6 content(T).

The reverseoperator  can easily be generatedfrom ©° If E corvergesto an index for
cortent( (T)) then YE) corvergesto someindex for | 42 m). The number 2"(1 + 2m) can
be determinedin the limit from this index by enumerating the correspnding nite set; thus
cantranslate E via YE) to a sequencavhich corvergesto n.

Example 21. The classL from Theorem 9 is weak complete and weak autoreducible but not
strong autoreducible.

Pro of. Let L and ap;a;;ay;::: asin Theorem9. Assumethat ( ; ) is a strong autoreduction.
Then  hasto presene inclusions and therefore map in nite setsin L to innite sets. So,
content( (ap(ap+ 1)(ag+ 2):::)) isaninnite setin L dierent from fag;ap+ 1,8+ 2;:::0.
By induction, one can shaw that

content( (a,(an+ L)(a, + 2)::1) faps;an+ + Lans + 2;:::gand
cortent( (an(an+ 1)(an + 2) ::1)) fanjan + Lian + 2000

15



But in Theorem9 it was shown that no recursive operator has the secondof these properties.
That L is weakcompletewasshavn in Theorem9 and that L is weakautoreduciblefollows from
Theorem 20.
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