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Abstract. For the natural notion of splitting classesinto two disjoint subclassesvia
a recursive classi�er working on texts, the questionis addressedhow thesesplittings
can look in the caseof learnableclasses.Herethe strength of the classesis compared
using the strong and weakreducibility from intrinsic complexity. It is shown that for
explanatorily learnableclasses,the completeclassesare also mitotic with respect to
weak and strong reducibility, respectively. But there is a weak completeclasswhich
cannot be split into two classeswhich are of the samecomplexity with respect to
strong reducibility. Furthermore, it is shown that for completeclassesfor behaviour-
ally correct learning, one half of each splitting is complete for this learning notion
as well. Furthermore, it is shown that explanatorily learnable and recursively enu-
merableclassesalways have a splitting into two incomparableclasses;this givesan
inductive inferencecounterpart of Sacks Splitting Theoremfrom RecursionTheory.

1 In tro duction

A well-known observation is that in�nite setscan be split into two parts of the samecardinality
as the original set, while �nite setscannot be split in such a way; for example,the integerscan
be split into the sets of the even and odd numbers while splitting a set of 5 elements would
result in subsetsof unequal sizes.In this sense,in�nite setsare more perfect than �nite ones.
The corresponding question in Complexity and RecursionTheory is which sets are so perfect
that they can be split into two setsof the samecomplexity [1,9,10,14].

Ambos-Spies[1] de�ned oneof the variants of mitocity using many-onereducibilities. Herea
setA is many-onereducibleto a setB i� there is a recursivefunction f such that A(x) = B(f (x)).
That is, onetranslatesevery input x for A into an input f (x) for B and then takesthe solution
provided by B (in the set or out of the set) and copiesthis to obtain the solution for A. Similarly
one considersalso complexity-theoretic counterparts of many-one reductions; for exampleone
can translate an instance (G1; G2) of the Graph-Isomorphismproblem into an instance � of
the Satis�abilit y problem in polynomial time, whereG1 is isomorphic to G2 i� � is satis�able.
Indeed,NP-completeproblemsare characterizedas those into which every NP problem can be
translated. Here, one can choosethe reduction such that one does not only test membership
but can also translate a solution of  into an isomorphismbetweenG1 and G2 whenever such
a solution exists for  . This general method of reducing problems and translating solutions
(although here the translation of the solution is just the identit y) occurs quite frequently in
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other �elds of mathematics. In inductive inference,intrinsic complexity is basedon the notion
of reducingonelearning problem L to another problem H: so �rst an operator translatesa text
T for a set L in L into a text � (T) for a set H in H and then another operator translates a
solution E which is a sequenceconverging to an index e of H into a solution for L given as a
sequenceconvergingto an index e0 of L. Beforeexplaining this in moredetail, someterminology
is necessaryto make it precise.

{ A languageis a recursively enumerablesubsetof the natural numbers.
{ A classL is a set of recursively enumerablesets.
{ A text T for a set L 2 L is a mapping from the set N of natural numbers to N [ f # g such

that L = f T(n) j n 2 N ^ T(n) 2 Ng. The latter set on the right hand side of the equation
is called the content of T, in short, content(T). T[n] denotesthe �rst n elements of sequence
T, that is T[n] = T(0); T(1) : : : ; T(n � 1).

{ A learner is a generalrecursive operator (see[19]) which translatesT into another sequence
E. The learner convergeson T i� there is a singlee such that E(n) = e for almost all n |
in this casewe say that the learnerconvergeson T to e. The learner identi�es (see[11]) T if
it convergesto somee such that the e-th recursively enumerableset We coincideswith the
content of T: We = content(T). A learner identi�es L if it identi�es every text for L and it
identi�es L i� it identi�es every L 2 L .

{ A classi�er is a generalrecursive operator which translates texts to sequencesover f 0; 1g. A
classi�er C convergeson a text T to a i� C(T[n]) = a for almost all n.

{ For learning criteria consideredin this paper, onecan assumewithout lossof generality that
learnercomputesE(n � 1) recursively from input T[n]. Thus, for learnerM we useM (T[n])
to denoteE(n � 1). Similar convention holds for classi�ers.

Freivalds, Kinber and Smith [6] considerreduction between learnability problems for function
classes.Jain and Sharma [13] carried this idea over to the �eld of learning sets from positive
data and formalizedthe following two reducibilities for learnability problems.The main di�erence
betweenthesetwo notions is that � can be one-to-many in the caseof the weak reducibility as
di�eren t texts for the samelanguagecan go to texts for di�eren t languageswhile for the strong
reducibility this is not allowed, at least for texts of setsin the given class.

{ A classL is weakly reducibleto H i� there aregeneralrecursive operators� and 	 such that
- Whenever T is a text for a languagein L then � (T) is a text for a languagein H;
- Whenever E is a sequenceconverging to a single index e with We = content(� (T)) for

sometext T of a languagein L then 	 (E) is a sequenceconverging to a single e0 with
We0 = content(T).

One writes L � weak H in this case.
{ A classL is strongly reducible to H i� there are generalrecursive operators � ; 	 as above

with the additional constraint that whenever T; T 0 are texts for the samelanguagein L then
� (T); � (T0) are texts for the samelanguagein H. One writes L � str ong H in this case.

Jain, Kinber, Sharmaand Wiehageninvestigatedtheseconceptsin several papers [12,13]. They
found that there are completeclassesfor � weak and � str ong. Herea classH is completeif H can
be learned in the limit from text and for every learnableclassL it holds that L � weak H and
L � str ong H, respectively. If @is a recursive denselinear ordering on N (which makesN to an
order-isomorphiccopy of the rationals) then

Q = f f y 2 N j y v xg j x 2 Ng
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is a classwhich is completefor both, � weak and � str ong. The following classesare completefor
� weak but not for � str ong:

I = f f 0; 1; : : : ; xg j x 2 Ng;

CS = f N � f xg j x 2 Ng

If one looks at CS, one can easily seethat it is the disjoint union of two classesof equivalent
intrinsic complexity, namely the classf N � f xg j x is eveng and f N � f xg j x is oddg. All three
classescan be translated into each other and a classi�er can witnessthe splitting: if T is a text
for a member of CS the classi�er convergesin the limit to the remainder of x divided by 2 for
the unique x =2 content(T). This type of splitting can be formalized to the notion of a mitotic
class.

De�nition 1. Two in�nite classesL 0 and L 1 are called a splitting of a classL i� L 0 [ L 1 = L ,
L 0 \ L 1 = ; and there exists a classi�er C such that for all a 2 f 0; 1g and for all texts T with
content(T) 2 L a, C convergeson T to a.

A classL is strongmitotic (weak mitotic ) i� there is a splitting L 0; L 1 of L such that L � str ong

L 0 � str ong L 1 (L � weak L 0 � weak L 1).

The study of such notions is motivated from Recursion Theory [15,19] where a recursively
enumerableset is called mitotic i� it is the disjoint union of two other recursively enumerable
setswhich have the sameTuring degree.The importance of this notion is re
ected by Ladner's
result that an r.e. set is mitotic i� it is autoreducible,that is, i� there is an oracleTuring machine
M such that A(x) = M A[f xg(x) for all x [14]. Furthermore the notion had beencarried over to
complexity theory whereit is still an important research topic [1,9,10].

Although intrinsic complexity is not the exact counterpart of Turing degreesin Recursion
Theory, it is the only type of complexity which is de�ned via reducibilities and not via measures
such as counting mind changesor the sizeof long term memory in inductive inference.There-
fore, from the viewpoint of inductive inference,the above de�ned version of mitotic classesis
reasonable.Indeed, there are someobvious parallels: in RecursionTheory, any r.e. cylinder is
mitotic where a cylinder A is a set of the form f (x; y) j x 2 B; y 2 Ng for someset B � N. A
corresponding cylindri�cated versionof a classL would be the class

f f (x; y) j y 2 Lg j x 2 N; L 2 Lg

and it can easily be seenthat this classis strong mitotic and thus also weak mitotic. Indeed,
two constraints are placedthere in order to be as near to the original de�nition of mitoticit y as
possible:

{ If A is split into two r.e. setsA0; A1 with A0 � T A1 then A � T A0 � T A1. Thus all three
classesinvolved are required to have the sameintrinsic complexity degree.

{ There is a partial-recursive function with domain A mapping the elements of Aa to a for all
a 2 f 0; 1g. This is taken over by requiring the existenceof a classi�er which works correctly
on all texts of the class.It is not required to convergeon every text as then many naturally
strong mitotic classeslike CS would no longer be mitotic. This has a parallel in recursion
theory: if onesplits a maximal set into two r.e. setsA0 and A1 which are both not recursive
then the setsA0 and A1 are recursively inseparable.
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Besidesthe reducibilities � weak and � str ong consideredhere,other reducibilities have also been
considered[12,13]. This paper deals only with � weak and � str ong, as these two are the most
natural and representativ e.

One emphasisof the current work is on the search for natural classeswhich split or do not
split. Thereforeit is always required that the classunder considerationis learnablein the limit.
Furthermore,onetries to show propertiesfor completeclasses,recursively enumerableclassesand
indexed families. Angluin [2] de�ned that f L 0; L 1; L 2; : : :g is an indexed family i� the function
e;x 7! L e(x) is recursive. For indexedfamilies f L 0; L 1; L 2; : : :g onecanwithout lossof generality
assumethat L n 6= Lm whenever n 6= m. A learner for this family is called exact i� it converges
on every text for L n to n. The following remark is important for several proofs.

Remark 2. Let T[n] be the �rst n elements of a text T. Onesays that a learnerM or a classi�er
C convergeson T to a value a i� M (T[n]) = a or C(T[n]) = a for almost all n, respectively. But
it doesnot matter { in the framework of inductive inference{ how fast this convergenceis and it
canbesloweddown by starting with an arbitrary guessand later repeatinghypotheses.Similarly,
if one translates one text of a languageL into a text of a languageH , it is not important how
fast the symbols of H show up in the translated text, it is only important that they show up
eventually. Therefore the translator can put into the translated text pausesymbols until more
data is available or certain simulated computations have terminated.

Thus, learners,operators translating texts and classi�ers can be madeprimitiv e recursive by
the just mentioned delaying techniques.Thusonecanhaverecursiveenumerations� 0; � 1; � 2; : : :
of translators from texts to texts, M 0; M 1; M 2; : : : of learnersand C0; C1; C2; : : : of classi�erssuch
that for every given translator, learner or classi�er this list contains an equivalent one. These
lists can be usedin proofs wherediagonalizationsare needed.

Given a text T and a number n, one denotesby � (T[n]) the initial part � (T)[m] for the
largest m � n such that � (T)[m] is produced without accessingany datum in T beyond the
n-th position. Note that for every m there is an n such that � (T[n]) extends� (T)[m] and that
� (T[n]) can be computedfrom T[n].

2 Complete Classes

The two main resultsare that thoseclasseswhich arecompletefor � str ong arestrong mitotic and
thosewhich are completefor � weak are weakmitotic. This standsin contrast to the situation in
RecursionTheory wheresomeTuring-completer.e. setsare not mitotic [14]. Note that certain
classeswhich are completeonly for � weak fail to be strong mitotic; thus the main resultscannot
be improved.

Theorem 3. Every classwhich is completefor � str ong is also strong mitotic.

Pro of. Let L and H beany classeswhich arecompletefor � str ong. Then the classK consistingof
the setsI = f 1; 3; 5; 7; : : :g, J = f 0g[ I , f 2x+ 3 : x 2 H g andJ [ f 2x+ 2 : x 2 H g for every H 2 H
is alsocomplete.SinceL is completefor � str ong, there is a translation � which mapslanguages
in K to languagesin L such that proper inclusion is preserved. Thus there is someelement
e 2 � (J ) � � (I ). As H is completefor � str ong, the subclassesf � (f 2x + 3 : x 2 H g) : H 2 Hg
and f � (I [ f 2x + 2 : x 2 H g) : H 2 Hg of L are also complete for � str ong. All members of
the �rst classdo not contain e while all membersof the secondclasscontain e asan element. It
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follows that the subclassesL 0 = f L 2 L : e =2 Lg and L 1 = f L 2 L : e 2 Lg are completeand
disjoint and can be classi�ed by a C which conjectures1 if e hasshown up in the text sofar and
0 otherwise.Therefore,L is strong mitotic. ut

The following notion is usedto formulate Proposition 6 which is a central ingredient of Theo-
rem 7. Furthermore, learnerswith certain properties are needed.

De�nition 4. For any sequenceT of symbols, let all(T) be the length of the shortest pre�x of
T containing all symbols which show up in T, that is, let

all(T) = supf n + 1 : content(T[n]) � content(T)g:

Note that all(T) < 1 i� content(T) is a �nite set.

The following remark combinessomeideasof Blum and Blum [4] and Fulk [8].

Remark 5. Let L be a learnable class.Then there is a learner M for L with the following
properties:

{ M is prudent, that is, whenever M outputs an index e on someinput data then M learns
We;

{ if M learnsL then there is an index e such that M convergeson every text T for L to that
index e;

{ for every text T and index e, if M (T[n]) = e for in�nitely many n then actually M (T[n]) = e
for almost all n.

Prop osition 6. If I � weak L then the reduction to L and a learner M for L can be chosen
such that for all texts T for a languagein I , M convergeson the translation of T to an index
e � all(T).

Pro of. One assumesthat a learner M satis�es the three conditions from Remark 5.
The key idea of the proof is the following: Given a reduction (� ; 	 ) from I to f L 0; L 1;

L 2; : : :g, oneconstructsa further reduction (� 0; 	 0) from I to I such that, for every text T of a
set in I , M convergeson � (� 0(T)) to an index e � all(T). By Remark 2, assumewithout loss
of generality that � is primitiv e recursive. The idea is that in the �rst translation � 0 every set
I n = f 0; 1; : : : ; ng is translated into someset I 2n (1+2 m) and 	 0 translatesevery index of every set
I 2n (1+2 m) into an index of I n .

Given a sequenceE of indices, 	 0(E)(s) is computed as follows. Let k be the least number
such that WE (s);s � I k . Choosem; n such that 2n (1 + 2m) = k and output the canonical index
for I n . It is easyto seethat this translation works whenever E convergesto an index of some
set in I .

The construction of � 0 is more involved. For the construction, the special properties of M
from Remark 5 are important. The most adequateway to describe � 0 is as a method which
is continuously extending the translations � 0; � 1; : : : of � 0(T) which have not yet beenbuilt by
taking the �rst of the below caseswhich applies. � 0 = 0# and in step s, � s is extendedto � s+1

accordingto the casewhich applies:

Case 1: M (� (� s)) � all(T[s]). Then let � s+1 be the �rst extension of � s found such that
M (� (� s+1 )) 6= M (� (� s));
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Case2: Case1 doesnot hold but content(� ) 6= I 2n (1+2 m) for all m wheren is the least number
with content(T[s]) � I n . Then let � s+1 = � sa for the least nonelement a of content(� s);

Case3: Case1 and Case2 do not hold. Then � s+1 = � s#.

Here � (� s) and � (� s+1 ) are de�ned as in Remark 2 and can be computed from � s and � s+1 ,
respectively.

For the veri�cation, assumenow that a set I n = f 0; 1; 2; : : : ; ng 2 I and a text T for I n are
given.

First it is necessaryto note that the extension� s+1 in the �rst condition of the construction
of the � s+1 from � s can always be found for any given parameter n. Indeed there are two texts
T1; T2 extending � s for di�eren t setsin I . It follows that � (T1) and � (T2) are texts of di�eren t
setsand thus M convergeson them to di�eren t indices. Thus one can take a su�cien tly long
pre�x of oneof them in order to get the desired� s+1 .

Second,it can be shown by induction that j� sj > s in all stagess; this guaranteesthat � 0 is
indeeda generalrecursive operator.

Third, oneshows that M doesnot convergeon � (� 0(T)) to any index lessthan or equal to
all(T). By Case1 in the construction, M cannot convergeon � (� 0(T)) to an index e � all(T).
Thus, by Remark 5, there is a stages0 such that Case1 of the construction is never taken after
stages0.

Fourth, oneshows that � 0(T) is a text for somelanguagein I . There is a least m such that
content(� s0 ) � I 2n (1+2 m) . For all stagess > s0, if content(� s) � I 2n (1+2 m) , then � s+1 is chosenby
Case2, else� s+1 is chosenby Case3. Onecaneasilyseethat the resulting text � 0(T) = lims!1 � s

is a text for I 2n (1+2 m) . Indeed, � 0(T) = � s1 # 1 for s1 = s0 + 2n(1 + 2m) + 2.
Soit follows that � 0 mapsevery text of a set I n to sometext of someset I 2n (1+2 m) asdesired.

So,for all texts T of setsin I , M convergeson � (� 0(T)) to someindex e > all(T). This completes
the proof. �

Theorem 7. Let L be a learnableclasswhich is completefor � weak. Then L is weak mitotic.

Pro of. Let I n = f 0; 1; : : : ; ng. By Theorem 6 there is a reduction (� ; 	 ) from I to L and a
learner M such that for every text T of a member of I , M convergeson � (T) to an index
e > all(T). For this reason,using oracle K for the halting problem, one can check for every
index e whether there is a text T for a languagein I such that M on � (T) convergesto e. One
can assumewithout lossof generality, that, besides#, no data-item in a text is repeated.Also,
amongthe texts for setsin I , only the texts of the setsf 0g, f 0; 1g, f 0; 1; 2g, : : :, f 0; 1; 2; : : : ; eg
can satisfy all(T) � e. Thus, onehas just to check the behaviour of the given learner M for the
classL on the texts in the class

Te = f � (T0) j T0 2 f 0; 1; : : : ; e;# ge � # 1 ^ content(T) 2 I g:

Now, de�ne a classi�er C such that on a text T, the n-th guessof C is 1 i� there is an odd
number m � M (T[n]) and a text T002 TM (T [n]) for I m such that M (� (T00)[n]) = M (T[n]).

For the veri�cation that C is a classi�er, assumethat M convergeson T to someindex e.
Then C convergeson T to 1 i� there is a set I m 2 I with m odd and a text T0 for I m in Te with
content(� (T0)) = We. OtherwiseC convergeson T to 0. If M doesnot convergeon T then T is
not a text for a set in L and the behaviour of C on T is irrelevant. Thus C is a classi�er which
splits L into two classesL 0 and L 1. TheseclassesL 0 and L 1 contain the imagesof repetition-free
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texts of setsin the classesf I 0; I 2; I 4; : : :g and f I 1; I 3; I 5; : : :g, respectively. Thus both classesare
completefor � weak and the splitting of L into L 0 and L 1 witnessesthat L is weak mitotic. �

As several proofs useknown properties of maximal sets,the following remark summarizessome
of theseproperties.

Remark 8. A set A is maximal i� (a) it is recursively enumerable, (b) has an in�nite com-
plement and (c) every recursively enumerableset B satis�es that either B � A is �nite or the
complement of A [ B is �nite.

For any partial-recursive function  and maximal set A, the following statements hold.

{ Either  (x) is de�ned for almost all x 2 A or for only �nitely many x 2 A.
{ The set f x =2 A j  (x) 2 Ag is either �nite or contains almost all elements of A.
{ If for every x there is somey > x such that y =2 A,  (y) is de�ned,  (y) > x and  (y) =2 A,

then  (z) is de�ned and  (z) = z for almost all z 2 A.

Furthermore, A is densesimple.That is, for every recursive function f and for almost all x =2 A,
f y : x < y � f (x)g � A.

Thesebasicfactsabout maximal setswill beusedin severalproofs.Odifreddi [15,Pages288{294].
providesmore information on maximal setsincluding the proof of the existenceby Friedberg [7].

Theorem 9. There exists an indexed family f L 0; L 1; L 2; : : :g which is completefor � weak and
weak mitotic but not strong mitotic.

Pro of. Let A be a maximal set with complement f a0; a1; : : :g wherean < an+1 for all n. Now
let L consistof the sets

{ f x; x + 1; x + 2; : : : ; x + yg for all x 2 A and y 2 N;
{ f x; x + 1; x + 2; : : :g for all x =2 A.

As A is r.e., it is easyto seethat the resulting family is indeedan indexedfamily. Learnability is
alsoclear as the learner,on input � , �rst determinesx = min(content(� )) and then conjectures
content(� ) if x 2 A j � j and conjecturesf x; x + 1; x + 2; : : :g otherwise.Assumingthat a0 > 0, this
classis a superclassof I and thus completefor � weak. By Theorem 7, f L 0; L 1; L 2; : : :g is weak
mitotic.

Let L 0 and L 1 be two disjoint classeswith union L . Without lossof generality, f a0; a0+ 1; a0+
2; : : :g 2 L 1. Assumenow by way of contradiction that L � str ong L 0 as witnessedby a recursive
operator � which translates the corresponding texts. As � has to preserve the proper subset
relation on the content of the texts while translating, every text of a set of the form f an ; an + 1;
an + 2; : : :g has to be translated into a text for a set of the form f am ; am + 1; am + 2; : : :g (to
preserve the property that translation of f an ; an + 1; an + 2; : : :g has in�nitely many subsetsin
the class).

Now considerthe function f which outputs, on input x, the �rst element found to be in the
rangeof the image� (� ) for some� with x = min(content(� )). The function f is recursive,but as
A is maximal, the relation f (an ) < an+1 holds for almost all n. It follows that if n is su�cien tly
large,then sometext of f an ; an + 1; an + 2; : : :g is translated to a text of oneof the setsf ak ; ak + 1;
ak + 2; : : :g with k � n. Now �x a text T for f an ; an + 1; an + 2; : : :g. One can then inductively
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de�ne a sequenceof strings � n ; � n� 1; : : : ; � 0 such that each sequence� n � n� 1 : : : � mT is a text for
f am ; am + 1; am + 2; : : :g and

content(� (� n � n� 1 : : : � m � m� 1)) 6� content(� (� n � n� 1 : : : � mT))

for each m � n. As � maps texts of in�nite sets in L to texts of in�nite sets in L , one can
concludethat

content(� (� n � n� 1 : : : � mT)) = f am ; am + 1; am + 2; : : :g:

Thus, for every m, sometext of the set f am ; am + 1; am + 2; : : :g is mapped to a text for the same
set in contradiction to the assumptionthat � doesnot have f a0; a0 + 1; a0 + 2; : : :g in its range.
ThereforeL is not strong mitotic. �

3 Incomplete Learnable Classes

Finite classesare not mitotic and thus every nonempty classhasa subclasswhich is not mitotic.
For in�nite classes,one can get that the corresponding subclassis also in�nite. The proof is a
standardapplication of Ramsey'sTheorem:Givenclassi�ersC0; C1; C2; : : : oneselectsa subclass
f H0; H1; H2; : : :g of f L 0; L 1; L 2; : : :g such that each classi�er Cn classi�esHn ; Hn+1 ; Hn+2 ; : : : in
the sameway. The classf H0; H1; H2; : : :g may not be an indexed family but a very thin class.
Alternativ ely, onecanalsotake the H0; H1; H2; : : : such that for a givenenumeration of primitiv e
recursive operators, the text � n (Tm ) of the ascendingtext Tm of Hm is not a text for any Hk

with k > max(f n; mg). The latter method givesthe following result.

Theorem 10. Every in�nite classL has an in�nite subclassH such that H is not weakly iso-
morphic to any proper subclassof H . In particular, H is not weak mitotic.

There is an easierexampleof a classwhich is not weak mitotic. It is even an indexed family of
�nite sets,but such examplecannot be build within any given indexedfamily.

Example 11. Assumethat f L 0; L 1; L 2; : : :g is given as L 0 = f 0; 1g and L n = f ng for all n 2
N � f 0g. Then f L 0; L 1; L 2; : : :g is not weak mitotic.

Pro of. Given any splitting L 0; L 1 of f L 0; L 1; L 2; : : :g, one of theseclasses,say L 0, contains at
most one of the setsL 0; L 1. Then, for any given reduction (� ; 	 ) from f L 0; L 1; L 2; : : :g to L 0,
� (� ) producessomestring of nonempty content for some� 2 1# � and thus there are texts T0; T1

extending � for L 0 and L 1, respectively, such that � (L 0) and � (L 1) are texts for di�eren t sets
in L 0 with a nonempty intersection.But such setsdo not exist, by choiceof L 0. �

Note that the class
ff 0; 1; 2g; f 1; 2g; f 2g; f 3g; f 4g; f 5g; : : : ; f ng; : : :g

comparedwith the class from Example 11 has the slight improvement that for any splitting
L 0; L 1 of the class,onehalf of the splitting contains an ascendingchain of two or three setswhile
the other half contains only disjoint setsso that the two halvesare not equivalent with respect
to � weak.

As thesetwo examplesshow, it is more adequateto study the splitting of more restrictive
classeslike the inclusion-freeclasses.A special caseof such classesare the �nitely learnable
classes.Here a classis �nitely learnable [11] i� there is a learner M which keepsoutputting a
specialsymbol denoting the absenceof a reasonableconjectureuntil it hasseensu�cien tly much
data and then outputs an index e forever, whereWe is the languageto be learnt.
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Theorem 12. f L 0; L 1; L 2; : : :g � str ong f H0; H1; H2; : : :g wheneverboth classesare in�nite in-
dexed families which are �nitely learnable. In particular, every suchclassis strong mitotic.

Pro of. As f L 0; L 1; L 2; : : :g and f H0; H1; H2; : : :g are in�nite, onecan without lossof generality
assumethat the underlying enumerationsare one-to-one.Furthermore, they have exact learners
M and N , respectively, which usethe corresponding indexing. Now one translates M to N by
mapping L n to Hn ; thus 	 is the identit y mapping each index to itself, wherein the domain the
n standsfor Hn and in the rangethe n standsfor L n . � (T) = # kTn wherek is the least number
such that M outputs a hypothesisn on input T[k] (i.e., �rst position where M conjecturesa
hypothesis)and Tn is the ascendingtext of Hn . This completesthe proof of the �rst statement.

Given now an in�nite �nitely learnableclassf L 0; L 1; L 2; : : :g, one can split it into f L 0; L 2;
L 4; : : :g and f L 1; L 3; L 5; : : :g which are the subclassesof languageswith even and odd index,
respectively. Both classesare also in�nite indexed families which are �nitely learnable. Thus
they areall equivalent by the above result. Furthermore, a classi�er for splitting canbe obtained
by simulating the learner M on the input text, and then converging to 0 if the (only) grammar
output by M on the input text is even, and to 1 if the (only) grammar output by M on the
input text is odd. �

4 Further Splitting Theorems

Another question is whether classescan be split into incomparableclasses.So one would ask
whether there is a parallel result to Sacks Splitting Theorem[18]: Every nonrecursive r.e. set A
is the disjoint union of two r.e. setsA0 and A1 such that the Turing degreesof A0 and A1 are
incomparableand strictly below the one of A. The next exampleshows that there are classes
whereevery splitting is of this form; sotheseclassesarenot weakmitotic. Furthermore,splittings
exist, so the result is not making useof a pathological diagonalizationagainst all classi�ers.

Example 13. Let A be a maximal setand let L a = f ag if a =2 A and L a = A if a 2 A. Then f L 0;
L 1; L 2; : : :g is recursively enumerable and �nitely learnable but any splitting L 0; L 1 of f L 0; L 1;
L 2; : : :g satis�es L 0 6�weak L 1 and L 1 6�weak L 0.

Pro of. Let T0; T1; T2; : : : be a recursive enumeration of recursive texts for L 0; L 1; L 2; : : :, respec-
tiv ely. Let F (a) be the cardinality of f b < a j b =2 Ag. It is easyto seethat one can split f L 0;
L 1; L 2; : : :g into f L a j a 2 A _ F (a) is eveng and f L a j a =2 A ^ F (a) is oddg. Thus this class
hasa splitting; in fact there are in�nitely many of them. Furthermore, f L 0; L 1; L 2; : : :g is �nitely
learnableby outputting an index for L a for the �rst a occurring in a given text.

Assumenow by way of contradiction that there is a splitting L 0; L 1 with L 0 � weak L 1 via
a reduction (� ; 	 ). Now one de�nes the partial-recursive function f which outputs on input a
the �rst number occurring in � (Ta); if there occursno number then f (a) is unde�ned. As L 0 is
in�nite, there are in�nitely many a =2 A with L a 2 L 0. For all but oneof these,� (Ta) has to be
a text for someset L b 6= A in L 1. Then L b = f bg and f (a) = b =2 A for thesea. It follows that
for every x there is an a > x with a =2 A ^ f (a) =2 A ^ f (a) > x. Then, by Remark 8, f (a) = a
for almost all a =2 A. As in�nitely many of thesea belongto an L a 2 L 0, onehas that � (Ta) is
a text for L a and � translatessometext for a set in L 0 into a text for a set in L 0 and not into
a text for a set in L 1. Thus L 0 6�weak L 1. By symmetry of the argument, L 1 6�weak L 0. �
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While the previous exampleshowed that there are classesfor which every splitting is a Sacks
splitting, the next result shows that every learnable recursively enumerable classhas a Sacks
splitting; but it might alsohave other splittings.

Theorem 14. Every in�nite recursively enumerable and learnable classf L 0; L 1; L 2; : : :g has a
splitting into two in�nite subclassesL 0; L 1 suchthat L 0 6�weak L 1 and L 1 6�weak L 0.

Pro of. Let M be a learner for f L 0; L 1; L 2; : : :g which satis�es the three conditions from Re-
mark 5. Now one de�nes inductively relative to the oracle K the following function F from
N to f 0; 1g. The de�nition usesparametersa;b to count the number of languageswhich have
already goneto either sideand which are initialized as0. Furthermore, let � 0; � 1; � 2; : : : be the
enumeration of operators as given in Remark 2. Also, there is for every L n a recursive text Tn

which can be generatedfrom the fact that the classis recursively enumerable.Furthermore, let
U be the set of all minimal indicesof languagesL: n 2 U i� for all m < n, L m 6= L n . Note that
U can be computed relative to the halting problem K sinceL m = L n i� M convergeson Tm

to the samevalue as on Tn . Furthermore, let the auxiliary function F � (n; a) be the number of
k 2 U with k < n and F (k) = a. Also this value can be computedwith oracleK .

The value of F (n) is de�ned by applying the casewith highest priorit y (re
ected by least
number) which quali�es:

{ Priorit y 0: n =2 U. Then there is an m < n such that L m = L n and let F (n) = F (m) for the
least such m.

{ Priorit y 4e + 1: There is an m < n such that M convergeson � e(Tm ) and Tn to the same
value and F (m) = 0 and there are no i; j < n with F (i ) = 0, F (j ) = 0 and M convergeson
� e(Ti ) to the samevalue as on Tj . Then let F (n) = 0.

{ Priorit y 4e + 2: There is an m < n such that M convergeson � e(Tm ) and L n to the same
value and F (m) = 1 and there are no i; j < n with F (i ) = 1, F (j ) = 1 and M convergeson
� e(Ti ) to the samevalue as on Tj . Then let F (n) = 1.

{ Priorit y 4e+ 3: F � (m; 0) < F � (m; 1) + e for all m � n. Then let F (n) = 0.
{ Priorit y 4e+ 4: F � (m; 1) < F � (m; 0) + e for all m � n. Then let F (n) = 1.

More precisely, when de�ning F (n) onesearchesfor the least number k such that the entry for
priorit y k applies and de�nes F as described in this case.Note that the priorities 4e + 3 and
4e+ 4 apply for all e > n and thus there is always someentry which applies.Next it is shown
that F � T K . As M convergeson every of the texts Tn , the test whether priorit y 0 appliescan
be donerelative to K . For the test whether priorit y 4e+ 1 appliesit needsto be checkedwhether
M on � e(Tm ) convergesto the samevalueason Tn . This is be doneby �rst computing the value
d to which M convergeson Tn . Now, asM satis�es the constraints asin Remark5, M on � e(Tm )
either convergesto d or outputs d only �nitely often. Thus one can check in the limit whether
M convergeson � e(Tm ) to d. Similarly onecan check for any two numbers i; j < n whether M
convergeson � e(Ti ) to that value which M convergeson Tj . So one can test whether priorit y
4e + 1 applies. Similarly one can test whether priorit y 4e + 2 applies. The tests for priorities
4e+ 3 and 4e+ 4 are obviously doableas U � T K and the priorities only refer to statistics of
previousvaluesof F at placeswherethe argument is in U.

SoF canbe computedin the limit. Having an approximation Fs to F , onede�nes a classi�er
C asC(� ) = Fj � j(m) for the leastm with m = j� j _ M (Tm [j� j]) = M (� ). Assumenow a text T of
a languagein f L 0; L 1; L 2; : : :g be given and n being the least index such that L n = content(T).
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Then, for all su�cien tly large s, C(T[s]) = Fs(n). The reasonis that M convergeson T and Tn

to the sameindex of L n but, for m < n, M convergeson Tm to an index of the languageL m

which is not equal to L n . Thus C convergeson T to F (n).
It is clear that the choiceof priorit y 0 is applied i� n =2 U and this is the only priorit y level

which appliesin�nitely often. This is shown by induction. Soassumethat for some` all priorities
k strictly between0 and 4e+ c with c 2 f 1; 2; 3; 4g do not apply at any n � ` and assumethat
priorit y 4e + c would apply at `. Now one makesa case-distinctiondepending on which of the
priorities 4e+ c is applied at `.

In the caseof priorit y 4e + 1 there is an m such that for n = ` it holds that F (m) = 0,
F (n) = 0 and M convergeson � e(Tm ) and Tn to the samevalue. Now let i = m and j = `.
Then, for n > `, thesevalues i; j are below n and avoid that this priorit y quali�es again. So
n = ` is the maximal n whereF (n) is taken accordingto this priorit y.

In the caseof priorit y 4e+ 3, considerthe set f n0; n1; n2; : : : ; nkg of the least k + 1 elements
of U \ f `; ` + 1; ` + 2; : : :g wherek = e+ 1+ F � (`; 1) � F � (`; 0). One can now prove by induction
for u = 0; 1; 2; : : : that

{ for nu with u < k, Priorit y 4e+ 3 appliesand F (nu) = 0;
{ for nu with u � k, F � (nu ; 0) = F � (`; 0) + u and F � (nu; 1) = F � (`; 1).

Thus, F � (nk ; 0) = F � (nk ; 1) + e and there is no n � nk wherepriorit y 4e+ 3 applies.
The other two casesof priorit y 4e + 2 and 4e + 4 are symmetric to the two previous cases

and so one can concludethat there are also only �nitely many n wherepriorit y 4e+ c applies.
This completesthe inductive step.

Now assumeby way of contradiction that there is a reduction (� e; 	 ) witnessingthat L 0 � weak

L 1. Let ` be so large that all priorities 1; 2; : : : ; 4e are not usedto de�ne any F (n) with n � `.
Due to Priorit y 4` + 3 there is an `0 2 U with F � (`0; 0) � F � (`0; 1) + ` + 1; note that `0 > `.
So more sets in L 0 than in L 1 have an index below `0 and therefore there is an m � `0 such
that Lm 2 L 0 and � e(Tm ) is not the text of any of the sets L 0; L 1; : : : ; L `0. So let n be the
minimal index of content(� e(Tm )); this index existsas� e mapstexts of languagesin L 0 to texts
of languagesin L 1. It follows from the construction that either F (n) = F (m) = 0 and L n 2 L 0

or there are i; j < n with F (i ) = F (j ) = 0, L i ; L j 2 L 0 and � e(Ti ) being a text for L j . This
contradicts the assumptionthat (� e; 	 ) reducesL 0 to L 1. HenceL 0 6�weak L 1. Similarly onecan
show that L 1 6�weak L 0. �

For this reason,onecannot give a recursively enumerableclasswhereall splittings L 0; L 1 satisfy
either L 0 � str ong L 1 or L 1 � str ong L 0. Furthermore, completeclasseshave comparablesplittings
like before as they are mitotic and have even equivalent splittings. The next examplegives a
classwheresomesplittings are comparablebut wherethey are never equivalent.

Example 15. Let A be a maximal set. For all a 2 N and b 2 f 0; 1; 2g, let L 3a+ b = f 3a + bg if
a =2 A and L 3a+ b = f 3c + b j c 2 Ag if a 2 A. Then f L 0; L 1; L 2; : : :g is not weak mitotic but has
a splitting L 0; L 1 with L 0 � str ong L 1.

Pro of. If one takes the splitting L 0 = f L 0; L 3; L 6; : : :g and L 1 = f L 1; L 2; L 4; L 5; L 7; L 8; : : :g
then it is easyto seethat L 0 � str ong L 1 via (� ; 	 ) such that � is basedon translating in every
text every datum 3x to 3x + 1 and 	 is basedon transforming every index e into an index for
f 3x j 3x + 1 2 Weg. The details are left to the reader.
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Givennow a further splitting L 2; L 3 of f L 0; L 1; L 2; : : :g, oneof thesetwo classes,say L 2, must
contain at least two of the setsL 3a; L 3a+1 ; L 3a+2 for in�nitely many a =2 A. Assumeby way of
contradiction that (� ; 	 ) would witness L 2 � weak L 3. Now one de�nes the following functions
f b for b = 0; 1; 2 by letting f b(a) to be the �rst number x found such that 3x or 3x + 1 or 3x + 2
occurs in the text � ((3a + b)1 ). Now choosetwo di�eren t b;b0 2 f 0; 1; 2g such that there are
in�nitely many a 2 N � A with L 3a+ b; L 3a+ b0 2 L 2. Then one knows that for every bound c
there are in�nitely many a 2 N � A such that L 3a+ b 2 L 2 and � ((3a + b)1 ) is a text for some
languagein L 3 � f L 0; L 1; L 2; : : : ; L cg. It follows that f b(a) = a for almost all a =2 A. The same
appliesto f b0. Sothere is an a =2 A such that L 3a+ b; L 3a+ b0 are both in L 2 and that � mapstexts
of both languagesto texts of the setsL 3a; L 3a+1 ; L 3a+2 . As only one of thesesetscan be in L 3,
� has to map texts of di�eren t languagesto texts of the samelanguage,a contradiction. Thus
L 2 6�weak L 3 and the classcannot be weak mitotic. �

5 Bey ond Explanatory Learning

One could besidesclasseswhich are complete for (explanatorily) learning also considerclasses
which are completefor behaviourally correct learning [3,5,16] with respect to � str ong. Note that
such a classL is no longer explanatorily learnable.But L satis�es the following two properties:

{ The classL is behaviourally correct learnable, that is, there is a learner which outputs on
every text T for a languagein L an in�nite sequencee0; e1; e2; : : : of hypothesessuch that
Wen = content(T) for almost all n;

{ Every behaviourally correct learnableclassH satis�es H � str ong L .

Note that the reduction � str ong consideredin this paper is always the sameas de�ned for ex-
planatory learning; reducibilities more adapted to behaviourally correct learning had also been
studied [12,13]. Completenesswith respect to � weak is not consideredin this section,so \com-
plete" means\complete for � str ong" in this section.

It is easyto show that such completeclassesexist, an exampleis the classof all setsf xg [
f x + y + 1 j y 2 Lg where the x-th behaviourally correct learner learns the set L. So given
any behaviourally correct learnable classand an index x of its learner, the translation L 7!
f xg [ f x + y + 1 j y 2 Lg would translate all the sets learnt by this learner into sets in the
completeclass.

Note that methods similar to those in Theorem 3 show that L is strong mitotic. The next
result shows that for any splitting L 0; L 1 of L , one of these two classesis complete for beha-
viourally correct learning as well and thereforethis classcannot be split into two incomparable
subclasses.

Theorem 16. If L 0; L 1 are a splitting of a class which is complete for behaviourally correct
learning with respect to � str ong then either L 0 � str ong L 0 [ L 1 or L 1 � str ong L 0 [ L 1.

Pro of. Let H be a classwhich is complete for behaviourally correct learning with respect to
� str ong. Furthermore, let C0; C1; : : : be a list of all primitiv e recursive classi�ers. One can build,
for each x, a sequence� x;0; � x;1; : : : starting with � x;0 = x. If � x;y hasbeende�ned, then onetakes
� x;y +1 to be the �rst extensionof � x;y found, if any, such that

f x; x + 1; x + 2; : : : ; x + yg � content(� x;y +1 ) � f x; x + 1; x + 2; : : :g
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and Cx (� x;y +1 ) 6= Cx (� x;y ). In the casethat this processterminates at somey, that is, if � x;y +1

doesnot exist, let z = max(content(� x;y )) and put for each H 2 H the set

f x; x + 1; x + 2; : : : ; zg [ f z + u + 1 j u 2 H g

into the classL . If the processproducesan in�nite sequenceT = lim � x;y then T is a text for
f x; x + 1; x + 2; : : :g on which Cx doesnot converge.Thus oneputs the set

f x; x + 1; x + 2; : : :g

into L and obtains that Cx doesnot split this classinto two subclasses.
Now it is shown that L is behaviourally correct learnable. Given a behaviourally correct

learner M for H , the new learner N for L tries to establish in the limit the minimum x of the
content of the text (which always succeeds)and the maximal y for this x such that � x;y is de�ned
(which fails for the casethat all � x;u are de�ned). Using current approximations x0; y0; z0 to these
parameterswherez0 = max(content(� x0;y0)), the learner N constructs from the current input �
a new string � where it replacesevery u by u � z � 1 if u > z and by # otherwise.Then N
conjecturesthe following set:

WN (� ) =

8
<

:

f x0; x0+ 1; x0+ 2; : : : ; z0g
[ f u + z0+ 1 j u 2 WM (� )g if � x0;y0+1 doesnot exist;

f x0; x0+ 1; x0+ 2; : : :g if � x0;y0+1 exists.

Note that the languagegeneratedcan always go from the �rst languageto the secondlanguage
when � x0;y0+1 turns out to exist as

f x0; x0+ 1; x0+ 2; : : : ; z0g [ f u+ z0+ 1 j u 2 WM (� )g � f x0; x0+ 1; x0+ 2; : : :g:

Thus the above case-distinctioncan be coded into N (� ) as indicated. The veri�cation that N
indeedbehaviourally correct learnsL is straightforward and thus skipped.

Now considerany classi�er Cx which convergeson every text for a languagein L either to 0
or 1. Then there is a maximal y such that � x;y is de�ned sinceotherwisethe above de�ned text
T would exist on which Cx doesnot converge.Therefore,the classH is strongly reducibleto the
subclass

f f x; x + 1; x + 2; : : : ; zg [ f z + u + 1 j u 2 H g j H 2 Hg

of L . Furthermore, every set in this subclasshasa text starting with � x;y and Cx convergeson all
such texts to Cx (� x;y ). Thereforethis completeclassis contained in onemember of the splitting
of L de�ned by Cx and so one of thesemembers is complete for behavioural correct learning
with respect to � str ong.

After dealingwith this specialclassL , considerany splitting L 0; L 1 of a classL 0 [ L 1 which is
completefor behaviourally correct learning with respect to � str ong. There is a reduction (� ; � )
from L to L 0 [ L 1 due to completenessand the classi�er C doing the splitting L 0 [ L 1 can
be translated back into a classi�er splitting L into two parts, one of which is complete. This
completepart is reducedinto either L 0 or L 1 and thus one of thesetwo classesis completefor
behaviourally correct learning with respect to � str ong. �

As just seen,any splitting L 0; L 1 of a classwhich is completefor behaviourally correct learning
satis�es either L 0 � str ong L 1 or L 0 < str ong L 1 or L 1 < str ong L 0. As the classis strong mitotic, it
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can happen that the two halves of a split are equivalent although this is not always the case.
The next result givesa classwherethe two halvesof a splitting are always comparablebut never
equal.

Theorem 17. There is a recursively enumerable and behaviourally correctly learnable class
which is not weak mitotic suchthat everysplitting L 0; L 1 of the classsatis�es either L 0 � str ong L 1

or L 1 � str ong L 0.

Pro of. A minor modi�cation of the construction of Post's simple set [17], gives the following:
There is a recursive partition of the odd natural numbersinto setsI 0; I 1; I 2; : : : and a recursively
enumerableset L 1 of odd natural numberssuch that 1 2 L 1, I n 6� L 1 for all n and L 1 intersects
every recursively enumerable set which contains in�nitely many odd natural numbers. Now
complete the de�nition of f L 0; L 1; L 2; : : :g for the n 6= 1 as follows: L n = f ng if n is even and
L n = L 1 [ f ng if n is odd.

Clearly f L 0; L 1; L 2; : : :g is behaviourally correct learnable.The learnerconjecturescontent(� )
if � doesnot contain an odd number and content(� ) [ L 1 if � contains an odd number.

Let L 0; L 1 be a splitting of f L 0; L 1; L 2; : : :g. L 1 is in one of theseclasses,say in L 1. Let C
be the classi�er witnessingthe split. Then there is a locking sequence� for C on L 1 such that
content(� ) � L 1 and C(� ) = 1 for all extensions� of � with content(� ) � L 1. Let T be a text of
L 1. Now for every a 2 L 1 and every n, C(� aT[n]) = 1. SinceL 1 is simple, it follows that the set

D = f a j a is odd and 9n (M (� aT[n]) = 0)g

is �nite and thus L a 2 L 1 for all odd a =2 D. Let n be an index such that D \ I m = ; for all
m � n and let a0; a1; a2; : : : be an ascendingenumeration of all even numbers plus members of
D. Note that L 0 � f L a0 ; L a1 ; L a2 ; : : :g.

Let bm = min(I n+ m � L 1), note that bm always exists sinceI n+ m 6� L 1 for all m. Note that
L 1 [ f bmg is in L 1 for all m.

There is an operator � which translates a text T of any set in L 0 into a text for the set L 1

in the casethat T doesnot contain any am and into a text for L 1 [ f bmg in the casethat am

is the �rst member of the sequencea0; a1; a2; : : : appearing in T. The operator � exists since
one just copiesan enumeration of L 1 until someam shows up in T. After onehas found m, one
keepsinserting into the enumeration of L 1 the least element of I n+ m which hasnot yet appeared
in the enumeration of L 1 and continues to output this modi�ed enumeration. For 	 , given a
sequenceconverging to an index e of someL 1 [ f bmg, onecan �nd the m of bm in the limit from
a simulated enumeration of We and thus translate this sequenceinto oneconverging to an index
of L am . So the reduction (� ; 	 ) witnessesthat L 0 � str ong L 1.

On the other hand, if an operator translates texts of setsin L 1 into texts of setsin L 0 then
it hasto map sometext of L 1 to sometext of someL am and there is an initial segment � of this
text such that am appearson the output when � is fed into the operator. There is only the set
L am in L 0 containing am but in�nitely many sets in L 1 have a text starting with � . Thus the
translation mapssometexts of di�eren t setsto texts of L am . So the translation cannot be used
for a weak reduction from L 1 to L 0. HenceL 1 6�weak L 0. �

6 Autoreducibilit y

Trakhtenbrot [20]de�ned that a setA is autoreduciblei� onecanreduceA to itself such that A(x)
is obtained by accessingA only at placesdi�eren t to x. Ladner [14] showed that a recursively
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enumerable set is mitotic i� it is autoreducible. Ambos-Spiespointed this result out to the
authors and asked whether the sameholds in the setting of inductive inference.Unfortunately,
this characterisation fails for both of the major variants of autoreducibility. Thesevariants are
the onescorresponding to strong and weak reducibility.

De�nition 18. A classL is strong (weak) autoreducible i� there is a strong (weak) reduction
(� ; 	 ) from L to itself such that for all setsL 2 L and all texts T for L, � (T) is a text for a
languagein L � f Lg.

Example 19. Let A be a maximal set and L contain the following sets:

{ f 3xg; f 3x + 1g; f 3x + 2g for all x =2 A;
{ f 3y : y 2 Ag, f 3y + 1 : y 2 Ag, f 3y + 2 : y 2 Ag.

Then the class L is neither strong mitotic nor weak mitotic. But L is autoreducible via some
(� ; 	 ) where � maps any text T to a text T 0 such that all elementsof the form 3y in T have
the form 3y + 1 in T0, all elementsof the form 3y + 1 in T havethe form 3y + 2 in T 0 and all
elementsof the form 3y + 2 havethe form 3y in T 0.

Soeven the implication \strong autoreducible) weakmitotic" fails. The remaining questionis
whether at least the conversedirection is true in inductive inference.This is still unknown, but
there is somepreliminary result on setswhich are completefor � weak.

Theorem 20. If a classL is weak completethan it is weak autoreducible.

Pro of. Let L be weak completeand M be a learner for L which satis�es the conditions from
Remark 5. As L is weak complete,by Proposition 6, there is a reduction (� 0; 	 0) from the class
I to L such that for any set I x = f 0; 1; : : : ; xg 2 I and any text T for I x , � 0(T) is a text for a set
on which M doesnot convergeto an index in I x . Now, an autoreduction (� ; 	 ) is constructed.

For this, one �rst de�nes � 00as follows and then concatenatesit with � 0. The operator � 00

translates every text T for a set L into a text for I 2n (1+2 m) where m; n are chosensuch that n
is the value to which M convergeson T and m is so large that all the elements put into � 00(T)
when following intermediate hypothesesof M on T are contained in the set I 2n (1+2 m) . It is easy
to verify that this can be done.Then � is given as � (T) = � 0(� 00(T)). The sequence� (T) is a
text for a set in L with the additional property that M convergeson it to an index larger than
2n(1 + 2m); this index is thereforedi�eren t from n and content(� (T)) 6= content(T).

The reverse operator 	 can easily be generatedfrom 	 0. If E convergesto an index for
content(� (T)) then 	 0(E) convergesto someindex for I 2n (1+2 m) . The number 2n(1 + 2m) can
be determined in the limit from this index by enumerating the corresponding �nite set; thus 	
can translate E via 	 0(E) to a sequencewhich convergesto n. �

Example 21. The class L from Theorem 9 is weak completeand weak autoreducible but not
strong autoreducible.

Pro of. Let L and a0; a1; a2; : : : as in Theorem9. Assumethat (� ; 	 ) is a strong autoreduction.
Then � has to preserve inclusions and therefore map in�nite sets in L to in�nite sets. So,
content(� (a0 (a0 + 1) (a0 + 2) : : :)) is an in�nite set in L di�eren t from f a0; a0 + 1; a0 + 2; : : :g.
By induction, onecan show that

content(� (an (an + 1) (an + 2) : : :)) � f an+1 ; an+1 + 1; an+1 + 2; : : :g and

content(� (an (an + 1) (an + 2) : : :)) � f an ; an + 1; an + 2; : : :g:
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But in Theorem 9 it was shown that no recursive operator has the secondof theseproperties.
That L is weakcompletewasshown in Theorem9 and that L is weakautoreduciblefollows from
Theorem20. �
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