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Abstract

Overgeneralizationis a major issuein the identi�cation of grammars for formal
languagesfrom positive data. Di�eren t formulations of generalization and special-
ization strategies have been proposedto addressthis problem, and recently there
has beena 
urry of activit y investigating such strategies in the context of indexed
families of recursive languages.

The present paper studies the power of thesestrategiesto learn recursively enu-
merablelanguagesfrom positivedata. In particular, the power of strong-monotonic,
monotonic, and weak-monotonic (together with their dual notions modeling spe-
cialization) strategies are investigated for identi�cation of r.e. languages. These
investigations turn out to be di�eren t from the previous investigations on learning
indexed families of recursive languagesand at times require new proof techniques.

A complete picture is provided for the relative power of each of the strategies
considered.An interesting consequenceis that the power of weak-monotonicstrate-
giesis equivalent to that of conservativestrategies. This result parallels the scenario
for indexedclassesof recursive languages.It is alsoshown that any identi�able col-
lection of r.e. languagescan alsobe identi�ed by a strategy that exhibits the dual of
weak-monotonicproperty. An immediate consequenceof the proof of this result is
that if attention is restricted to in�nite r.e. languages,then conservative strategies
can identify every identi�able collection.
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1 In tro duction

Considerthe identi�cation of formal languagesfrom positive data. A machine is fed all
the strings and no nonstrings of a languageL, in any order, one string at a time. The
machine, as it is receivingstrings of L, outputs a sequenceof grammars. The machine is
said to identify L just in casethe sequenceof grammarsconvergesto a grammar for L.
This is essentially the paradigm of identi�cation in the limit introducedby Gold [Gol67].

Since only strings belonging to the languageare available, if a learning machine
conjecturesa grammar for somesupersetof the target language,it may not be \rational"
for the machine to revisethis conjectureas data about the complement of the language
is not available. This is the problem of overgeneralizationin learning formal languages
from positive data.

The notion of monotonic strategieshas been proposedto model learning heuristics
that gradually re�ne their hypotheses.Learning machines following thesestrategiesbe-
have in such a way that their successive conjecturesare an \impro vement" on their
previousconjectures.Thesestrategiescan be grouped into the following two classes:

Generalization Strategies Thesestrategiesmodel learnersthat begin by hypothesiz-
ing a grammarfor a languagesmallerthan the target languageand then build to the
target language. Thesestrategiesmay also be thought of as modeling bottom-up
or speci�c to generalsearch in practical machine learning systems(e.g., Muggleton
and Feng'sGolem [MF90]).

Specialization Strategies Generalizationstrategiesimproveupon their successivecon-
jectures by emitting grammars for larger and larger languages. Alternativ ely, a
learner can begin with a grammar for a languagelarger than the target language
and then \cut down" its hypothesesto convergeto a grammar for the target lan-
guage. Such strategies may be thought of as modeling top-down or general to
speci�c search in practical machine learning systems(e.g., Shapiro's MIS [Sha81]
and Quinlan's FOIL [Qui90]).

Recently there has been a 
urry of results describing the power of thesestrategies
for identifying indexedfamilies of recursive languages(seeLangeand Zeugmann[LZ92b,
LZ93b, LZ93a, LZ93c, LZ92a], Lange,Zeugmann,and Kapur [LZK92, LZK96], and Ka-
pur [Kap92, Kap93], Kapur and Bilardi [KB92], Kinber [Kin94], Mukouchi [Muk92a,
Muk92b], and Mukouchi and Arikawa [MA93]).

The present paper studies and presents a complete picture of the power of these
strategies to identify r.e. languages. To facilitate the discussionof these notions and
results, we introducesomenotation next.

The symbol ' denotesan acceptableprogrammingsystem,and ' i denotesthe partial
computable function computed by the program with index i in the ' system. The lan-
guageacceptedby the ' -program with the index i is denotedWi . Hence,W0; W1; W2; : : :
is an enumeration of all the recursively enumerablelanguages,and i may be thought of
as a grammar (acceptor) for the r.e. languageWi . A text for an r.e. languageL is an

2



in�nite sequenceof numbers such that each element of L appears at least once in the
sequenceand no nonelement of L ever appearsin the sequence.

The three generalizationstrategiesinvestigatedin the literature are discussednext.
Jantke [Jan91] proposedthe notion of strong monotonic strategiesthat upon being

fed a text for the languageoutput a chain of hypothesessuch that if grammar j is output
after grammar i , then Wi � Wj . The consequenceof this requirement is that if a learner
incorrectly assumesa string to belongto the languagebeing learnedthen it cannot revise
this assumptionby emitting a hypothesisthat doesnot include the string.

Wiehagen[Wie90]suggestedthat the requirement of strong monotonicity is too strin-
gent and proposedthe notion of monotonic strategiesto be those learnersthat produce
more generalhypothesesonly with respect to the languagebeing identi�ed. More pre-
cisely, if grammar j is conjectured after grammar i , then L \ Wi � L \ Wj . In other
words, a monotonic strategy is allowed to correct its mistaken assumptionthat certain
nonstringsof L belongto L but onceit hascorrectly concludedthat a string of L belongs
to L it is not allowed to output a hypothesisthat contradicts such a conclusion.

Jantke[Jan91], motivatedby the work on non-monotoniclogics,introducedthe notion
of weak-monotonicstrategiesto be such that if grammar j is conjecturedafter grammar
i and the set of strings seenby the machine when grammar j is conjecturedis a subset
of Wi , then Wi � Wj . In other words, a weak monotonic learner can expel strings from
its hypothesisonly if it encounters strings that cannot be accounted for by its current
hypothesis.

Kapur [Kap92], with a view to model specialization strategies,consideredthe dual
of the above three strategies.The above mentioned papers by Kapur, Lange,and Zeug-
mann have completely derived the relationship between thesestrategiesin the context
of identi�cation of indexed families of recursive languages.The present paper does the
samefor recursively enumerablelanguages.

Work on thesestrategiescan be traced back to the notion of conservativestrategies
introducedby Angluin [Ang80]. Conservativestrategiesaresuch that they do not change
their hypothesesunlessthey encounter a string that cannot be explainedby the current
hypothesis. Lange and Zeugmann[LZ93b] have shown that in the context of learning
indexedfamiliesof recursive languages,weakmonotonicand conservative strategieshave
equivalent power. Using new techniqueswe are able to show that this equivalencealso
holds for learning recursively enumerablelanguages.

Another interesting result is that any identi�able collection of r.e. languagescan also
be identi�ed by a strategy satisfying the dual of weak-monotonicity requirement. We
would like to note that this relationship also holds in the context of indexed families of
recursive languagesif one considersclasscomprising strategies (seeLange, Zeugmann,
and Kapur [LZK96]). However, new proof techniquesare neededto establishthe result
for r.e. languages.Additionally , as a consequenceof the proof of this result, we are able
to show that if attention is restricted to only in�nite r.e. languages,then conservative
strategiescan identify every identi�able collection.

Wenow givean examplewherethe situation for indexedfamiliesof recursivelanguages
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is di�eren t from that of r.e. languages. The collection of indexed families of recursive
languagesidenti�ed by classcomprising monotonic strategies is a strict subset of the
collection of indexedfamilies of recursive languagesidenti�ed by classcomprisingweak-
monotonic strategies. However, in the context of r.e. languages,the two collectionsare
incomparable.

The results presented in the paper yield the complete relationship between strong
monotonic, monotonic, weak-monotonic,dual-strong monotonic, dual-monotonic, dual-
weak-monotonic,and conservative strategiesin the context of identi�cation of r.e. lan-
guages.

In what follows we proceedformally. Section2 introducesthe notation and prelimi-
nary notions from languagelearning theory. Section3 contains the de�nition of all the
strategiesconsideredin the present paper. Resultsare presented in Section4, wherethe
relationship betweenall the strategiesis �rst pictorially summarizedin Figure 1.

2 Preliminaries

2.1 Notation

Any unexplainedrecursiontheoretic notation is from [Rog67]. The symbol N denotesthe
setof natural numbers,f 0; 1; 2; 3; : : :g. Unlessotherwisespeci�ed, i , j , k, l , m, n, q, r , s, t,
x, and y, with or without decorations1, rangeover N . Symbols ; , � , � , � , and � denote
empty set, subset,proper subset,superset, and proper superset, respectively. Symbols
A and S, with or without decorations,rangeover sets. A denotesthe complement of set
A. D; P; Q, with or without decorations,rangeover �nite sets. Cardinality of a set S is
denotedby card(S). The maximum and minimum of a set aredenotedby max(�); min(�),
respectively, wheremax(; ) = 0 and min(; ) is unde�ned.

h�; �i denotesan arbitrary, computable,bijectivemappingfrom N � N onto N [Rog67].
By ' we denote a �xed acceptableprogramming systemfor the partial computable

functions: N ! N [Rog58, Rog67, MY78]. By ' i we denote the partial computable
function computed by the program with index i in the ' -system. Symbol R denotes
the set of all total computable functions. By � we denote an arbitrary �xed Blum
complexity measure[Blu67, HU79] for the ' -system. By Wi we denote the domain of
the partial computable function ' i . Wi is, then, the r.e. set/language(� N ) accepted
(or equivalently, generated)by the ' -program i . L , with or without decorations,ranges
over languages,that is, subsetsof N . L , with or without decorations,rangesover sets
of languages.E denotesthe set of all r.e. languages.We denoteby Wi;s the set f x j x <
s ^ � i (x) < sg.

1Decorations are subscripts, superscripts and the like.
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2.2 Language Learning

A sequence � is a mapping from an initial segment of N into (N [ f # g). The content
of a sequence� , denoted content(� ), is the set of natural numbers in the range of � .
Intuitiv ely, #'s represent pausesin the presentation of data. The length of � is denoted
by j� j; the length of the empty sequenceis 0. For n � j� j, the initial sequenceof � of
length n is denotedby � [n]. We let � , � , and 
 , with or without decorations,rangeover
�nite sequences.SEQ denotesthe set of all �nite sequences.

De�nition 1 A languagelearning machine, M , is an algorithmic devicewhich computes
a mapping from SEQ into N [ f?g such that if � � � and M (� ) 6= ? then M (� ) 6= ? .

The symbol ? denotesa nonnumericelement. The output of machineM on evidential
state � is denoted by M (� ), where \ M (� ) = ? " means that M does not issue any
hypothesison � . The reader should note the further requirement that oncea machine
M on evidential state � outputs a program (that is, M (� ) 6= ? ), M continues to do
so on all extensionsof � . The readershould also note that this additional requirement
doesnot a�ect the collectionsof languagesidenti�ed by the strategiesintroducedin the
present paper.

We let M , with or without superscripts, range over language learning machines.
(M 0; M 1; M 2; : : : represents a special enumeration of of machines;seeProposition 5 be-
low.)

A text T for a languageL is a mapping from N into (N [ f # g) such that L is the set
of natural numbers in the rangeof T. The content of a text T, denotedcontent(T), is
the set of natural numbers in the rangeof T. T[n] denotesthe �nite initial sequenceof
T with length n. We next introduceGold's seminalnotion of identi�cation in the limit
of r.e. languages.

We say that M convergeson text T to i (written M (T)# = i ) if (
1
8 n)[M (T[n]) = i ].

We say that M convergeson text T (written M (T)#) if there exists an i , such that M
on T convergesto i ; otherwisewe say that M divergeson T (written M (T)" ).

De�nition 2 [Gol67]

(a) M TxtEx -identi�es L (written: L 2 TxtEx (M )) ( ) (8 texts T for L) (9i j

Wi = L) (
1
8 n)[M (T[n]) = i ].

(b) TxtEx = fL j (9M )[L � TxtEx (M )]g.

Someof our proofsdependon the notion of locking sequenceswhich we describe next.

De�nition 3 [BB75, Ful90] Let M be a learning machine and L � N .

(a) A sequence� is saidto bea stabilizingsequence for M on L just in casecontent(� ) �
L and (8� j � � � ^ content(� ) � L)[M (� ) = M (� )].
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(b) A sequence� is said to be a locking sequence for M on L just in case� is a
stabilizing sequencefor M on L and WM (� ) = L.

Following two lemmasare alsousedin someof our proofs.

Lemma 1 [BB75, OSW82] If M TxtEx -identi�es L, then there exists a locking se-
quence for M on L.

Lemma 2 [Ful90] From any learning machineM onemay e�ectively construct M 0 such
that the following hold:

(a) TxtEx (M ) � TxtEx (M 0).

(b) If L 2 TxtEx (M 0), then all texts for L contain a locking sequence for M 0 on L.

We also comparethe power of strategiesdiscussedin the present paper with a re-
stricted version of identi�cation in the limit in which a learning machine is allowed to
make only one conjecture which is required to be correct. This criterion of successis
referredto as �nite identi�cation and was alsoconsideredby Gold [Gol67].

De�nition 4 [Gol67]

(a) M TxtFin -identi�es L (written: L 2 TxtFin (M )) ( ) (8 texts T for L)
(9i j Wi = L) (9n0)[(8n � n0)[M (T[n]) = i ] ^ (8n < n0)[M (T[n]) = ? ]].

(b) TxtFin = fL j (9M )[L � TxtFin (M )]g.

3 Generalization and Specialization Strategies

Before we consider the three generalizationand the three specialization strategiesde-
scribed in the introductory section,we discussa technical point �rst.

In many cases,the e�ect of a strategy may be dependent on the scope of the con-
straints embodied in the strategy. We illustrate this issueand the notation about strate-
gieswith the help of an example.

Considerthe constraint on learnersthat requiresthem to conjecturehypothesescon-
sistent with the data. Formally, learnerssatisfying this requirement have the property
that on sequence� , they output the grammar of a languagethat contains content(� ).
This requirement canbeappliedin two di�eren t ways, each application renderingpossibly
di�eren t collectionsof languagesidenti�able. Theseapplications are:

(a) Global consistency: A collection of languagesL is identi�able by a globally consis-
tent learner just in casethere exists an M that is consistent on all � 2 SEQ and
M identi�es L .
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(b) Classconsistency: A collection of languagesL is identi�able by a classconsistent
learner just in casethere existsan M that is consistent on all sequences,� , drawn
from languagesin L and M identi�es L .

Wiehagenand Leipe [WL76] have shown that the above two notions of consistencyare
not equivalent.

3.1 Generalization Strategies

Taking into account the above discussion,we considertwo versionsfor each of the three
generalizationstrategies:global and class.The global versionrequiresthe generalization
properties to hold on all languageswhereasthe classversionrequiresthe generalization
properties to hold only on the languagesin the classof languagesbeing identi�ed. In
many casesthe global and the classversionsturn out to be equivalent.

We �rst considerstrong-monotonicity.

De�nition 5 [Jan91]

(a) M is said to be strong-monotonicon L just in case(8� ; � j � � � ^ content(� ) �
L)[M (� ) = ? _ WM (� ) � WM (� ) ].

(b) M is said to be strong-monotonicon L just in caseM is strong-monotonicon each
L 2 L .

(c) M is strong-monotonicjust in caseM is strong-monotonicon each L � N .

We now de�ne the collectionsof languagesidenti�able by the global version(referred
to as G-SMON ) and the classversion (referred to as C-SMON ) of strong-monotonic
strategies.

De�nition 6 (a) G-SMON = fL j (9M )[M is strong-monotonic and L �
TxtEx (M )]g.

(b) C-SMON = fL j (9M )[M is strong-monotonicon L and L � TxtEx (M )]g.

The next proposition shows that G-SMON = C-SMON .

Prop osition 3 G-SMON = C-SMON .

Pr oof. Clearly, G-SMON � C-SMON . We now show that C-SMON � G-SMON .
Suppose L 2 C-SMON as witnessedby M . We now informally describe a learner
M 0 that behaves as follows: M 0, fed � , simulates M on each initial subsequenceof �
(including � ), and outputs a grammar for the union of all the languageswhosegrammars
are output by M on initial subsequencesof � (including � ). It is easyto verify that M 0

is strong-monotonicand M 0 identi�es L .
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Hence,we only considerthe global versionof strong-monotonicity in the sequel,and
refer to the collectionsof languagesidenti�able by strong-monotoniclearnersas simply
SMON .

The next de�nition is about monotonic strategies.

De�nition 7 [Wie90]

(a) M is said to be monotonic on L just in case(8� ; � j � � � ^ content(� ) �
L)[M (� ) = ? _ WM (� ) \ L � WM (� ) \ L ].

(b) M is said to be monotonic on L just in caseM is monotonic on each L 2 L .

(c) M is monotonic just in caseM is monotonic on each L � N .

(d) G-MON = fL j (9M )[M is monotonic and L � TxtEx (M )]g.

(e) C-MON = fL j (9M )[M is monotonic on L and L � TxtEx (M )]g.

It is easyto show that the global versionof monotonicity is equivalent to the require-
ment of strong monotonicity (i.e., G-MON = SMON ). Therefore,we consideronly the
classversionof monotonicity in the sequel.In the literature C-MON is usually referred
to as MON .

The next de�nition introducesweak-monotonicity.

De�nition 8 [Jan91]

(a) M is said to be weak-monotonic on L just in case(8� ; � j � � � ^ content(� ) �
L)[M (� ) = ? _ [content(� ) � WM (� ) ) WM (� ) � WM (� ) ]].

(b) M is said to be weak-monotonic on L just in caseM is weak-monotonicon each
L 2 L .

(c) M is weak-monotonic just in caseM is weak-monotonicon each L � N .

(d) G-WMON = fL j (9M )[M is weak-monotonicand L � TxtEx (M )]g.

(e) C-WMON = fL j (9M )[M is weak-monotonicon L and L � TxtEx (M )]g.

Clearly, G-WMON � C-WMON . Now, using Theorem6 and Theorem21, it will
be shown, in Corollary 22, that G-WMON = C-WMON . Sincethe two classesturn
out to be equivalent, we will often refer to them as just WMON .
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3.2 Specialization Strategies

Kapur [Kap92] considered the dual of the above generalization strategies to intro-
duce three specialization strategies. The next three de�nitions introduce dual-strong-
monotonicity, dual-monotonicity, and dual-weak-monotonicity.

De�nition 9 [Kap92]

(a) M is dual-strong-monotonic on L just in case(8� ; � j � � � ^ content(� ) �
L)[M (� ) = ? _ WM (� ) � WM (� ) ].

(b) M is dual-strong-monotonicon L just in caseM is dual-strong-monotonicon each
L 2 L .

(c) M is dual-strong-monotonicjust in caseit is dual-strong-monotonicon each L � N .

(d) G-DSMON = fL j (9M )[M is dual-strong-monotonicand L � TxtEx (M )]g.

(e) C-DSMON = fL j (9M )[M is dual-strong-monotoniconL andL � TxtEx (M )]g.

Again as is the casewith generalizationstrategies,the next proposition shows that
the global and the classversionsof dual-strong-monotonicity are equivalent. The proof
of the proposition is similar to the proof of Proposition 3 (the only changerequired is
that the machine M 0 outputs the grammar for the intersection of the languageswhose
grammarsare output by M on the initial subsequences).

Prop osition 4 G-DSMON = C-DSMON .

Becauseof the above proposition, we only considerthe global versionof dual-strong-
monotonicity in the sequel,and refer to the classassimply DSMON . We next consider
dual-monotonicstrategies.

De�nition 10 [Kap92]

(a) M is dual-monotonic on L just in case(8� ; � j � � � ^ content(� ) � L)[M (� ) =
? _ WM (� ) \ L � WM (� ) \ L ].

(b) M is dual-monotonicon L just in caseM is dual-monotonicon each L 2 L .

(c) M is dual-monotonicjust in caseit is dual-monotonicon each L � N .

(d) G-DMON = fL j (9M )[M is dual-monotonicand L � TxtEx (M )]g.

(e) C-DMON = fL � E j (9M )[M is dual-monotonicon L and L � TxtEx (M )]g.
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The readershouldnote that the global versionof dual-monotonicity is essentially the
sameas the requirement of dual-strong-monotonicity if one also allows the grammars
output by dual-strong-monotonicmachines to additionally contain the elements which
have already appearedin the input. For this reason,we feel that the classG-DMON
doesnot yield any new insight into the nature of specialization strategies. Thus we will
consideronly C-DMON in the sequel.In literature C-DMON is usually referredto as
DMON .

We next considerdual-weak-monotonicity.

De�nition 11 [Kap92]

(a) M is dual-weak-monotonic on L just in case(8� ; � j � � � ^ content(� ) �
L)[M (� ) = ? _ [content(� ) � WM (� ) ) WM (� ) � WM (� ) ]].

(b) M is dual-weak-monotonic on L just in caseM is dual-weak-monotonicon each
L 2 L .

(c) M is dual-weak-monotonic just in caseit is dual-weak-monotonicon each L � N .

(d) G-D WMON = fL j (9M )[M is dual-weak-monotonicand L � TxtEx (M )]g.

(e) C-D WMON = fL j (9M )[M is dual-weak-monotonicon L andL � TxtEx (M )]g.

It will be shown in Theorem19 that G-D WMON = TxtEx , that is, every identi�-
ablecollectionof languagesis alsoidenti�able by a globally dual-weak-monotoniclearner.
Now sinceG-D WMON � C-D WMON , we have that the global and the classversions
of dual-weak-monotonicity are equivalent. For this reason,we only considerthe global
versionin the sequeland refer to the classas simply DWMON .

3.3 Strategies with Both Requiremen ts

Requiring both the normal and dual conditions yields three additional strategies. We
give the de�nition for strong monotonicity; the other two can be de�ned similarly.

De�nition 12 [LZK92]

(a) M is both strong and dual-strong-monotonic on L just in case(8� ; � j � � � ^
content(� ) � L)[M (� ) = ? _ WM (� ) = WM (� ) ].

(b) M is both strong and dual-strong-monotonic on L just in caseM is both strong
and dual-strong-monotonicon each L 2 L .

(c) M is both strong and dual-strong-monotonic just in caseM is both strong and
dual-strong-monotonicon each L � N .

(d) G-BSMON = fL j (9M )[M is both strong and dual-strong-monotonicand L �
TxtEx (M )]g.
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(e) C-BSMON = fL j (9M )[M is both strong and dual-strong-monotonicon L and
L � TxtEx (M )]g.

It is easy to show that G-BSMON = C-BSMON , and we refer to these classes
as simply BSMON in the sequel.Similarly, we can de�ne G-BMON , C-BMON and
G-BWMON and C-BWMON . Also, G-BWMON = C-BWMON (using Theo-
rem 6 and Corollary 22 to Theorem 21); hence,we often refer to these two classesas
simply BWMON .

Also, similar to the caseof G-DMON , we do not feel that G-BMON givesmuch
insight into the nature of monotonic strategies. We will thus consideronly C-BMON
in the sequel.In the literature C-BMON is usually referredto as BMON .
Remark: It should be noted that except for the classesC-BMON and BSMON we do
not needthe machines to output ? . This is becausefor SMON , C-MON , WMON ,
G-BWMON , C-BWMON , G-BMON a machine can just output a grammar for ;
instead of ? and for DSMON , C-DMON , G-DMON , C-D WMON , G-D WMON ,
the machine can output a grammar for N instead of ? . We do not know at this point
whether not allowing ? will make a di�erence in the classC-BMON . For the class
BSMON , not allowing ? essentially meansthat machine has to output its conjecture
on any input (even null input) and which should be a grammar for the input language.
This meansthat a machine following such a strategy can identify at most one language
(thus leading to a result such as BSMON � TxtFin ).

Finally, we de�ne Angluin's [Ang80] notion of conservative strategies.

De�nition 13 (a) M is conservativeon L just in case(8� ; � j � � � ^ content(� ) �
L)[M (� ) = ? _ [content(� ) � WM (� ) ) M (� ) = M (� )]].

(b) M is conservativeon L just in caseM is conservative on each L 2 L .

(c) M is conservativejust in caseM is conservative on each L � N .

(d) G-CONSV = fL j (9M )[M is conservative and L � TxtEx (M )]g.

(e) C-CONSV = fL j (9M )[M is conservative on L and L � TxtEx (M )]g.

As a consequenceof Theorem 6 and Theorem 21, in Corollary 22 it is shown that
C-CONSV = G-CONSV . Thus we often refer to theseclassesas simply CONSV .

In someof our theorems,we requirea speciale�ectiv e enumeration of languagelearn-
ing machinesas given by the following (folklore) proposition.

Prop osition 5 There existsan recursive enumeration M 0; M 1; : : : of languagelearning
machines,suchthat the following is satis�ed. Let I be any collection of languageclasses
identi�e d by an strategy intr oduced in this paper. Then, (8L 2 I ) (9j )[L 2 I as witnessed
by M j ].

A proof of the above proposition can be worked out on similar lines to the proof for
I = TxtEx case(seefor example[OSW86]). We let M 0; M 1; : : : beonesuch enumeration
of machines.
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4 Results

It is easyto seethat for

I 2 f MON ; DMON ; BMON ; WMON ; DWMON ; BWMON g;

G-I � C-I . Before we present the theoremsthat imply the relationship betweenthese
classes,it is helpful to summarizethe relationship betweenthe classesin the following
�gure.
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Fig. 1: Relationshipbetweenvariousstrategies(classesappearing in the samebox are equiv-
alent; ! denotesstrict inclusion;absenceof a directedpath betweentwo classesmeansthat
the two classesare incomparable)

We now present a seriesof theoremsand corollaries that derive the above picture.
The following theoremfollows from the de�nition of various strategies.

Theorem 6 (a) TxtFin = BSMON .

(b) BSMON � G-CONSV .

(c) BSMON � (SMON \ DSMON ).

(d) C-BMON � (C-MON \ C-DMON ).

(e) C-BWMON � (C-WMON \ C-D WMON ).
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(f ) G-BWMON � (G-WMON \ G-D WMON ).

(g) C-CONSV � C-BWMON .

(h) G-CONSV � G-BWMON .

(i) SMON � (C-MON \ G-WMON ).

(j) DSMON � (C-DMON \ G-D WMON ).

(k) BSMON � (C-BMON \ G-BWMON ).

The next two results can alsobe proved easily.

Theorem 7 (a) SMON � C-BMON .

(b) DSMON � C-BMON .

Pr oof. We show that SMON � C-BMON . It can similarly be shown that DSMON
� C-BMON .

Suppose M is given such that L � TxtEx (M ) and M is strong-monotonic. We
claim that M is both monotonic and dual-monotonic on each L 2 L . Note that since
M is strong monotonic we only need to verify that (8L 2 L)(8� � � j content(� ) �
L)[M (� ) = ? _ L \ WM (� ) � L \ WM (� ) ].

But this follows from the fact that (8L 2 L)(8� j content(� ) � L)[M (� ) = ? _
WM (� ) � L ] (which is true sinceM is strong-monotonicand L � TxtEx (M )).

Let FIN = f L j card(L) < 1g .

Theorem 8 SMON � DSMON 6= ; .

Pr oof. It is easyto seethat FIN 2 SMON . We claim that FIN 62DSMON . Suppose
M is given such that FIN � TxtEx (M ). We will show that M cannot be dual-strong-
monotonic. Let � be such that content(� ) = f 0g, and WM (� ) = f 0g. Let � 0 � � be such
that content(� 0) = f 0; 1g and WM (� 0) = f 0; 1g. (Note that there exist such � ; � 0 since
M TxtEx -identi�es FIN.) But then, WM (� ) � WM (� 0) , and thus M is not dual-strong-
monotonic.

Theorem 9 DSMON � WMON 6= ; .

Pr oof. Considerthe following de�nitions.

L j = fhj; xi j x 2 N g.

Lm
j = fhj; xi j x < mg.

Let Tj be a text for L j such that content(Tj [m]) = Lm
j .

Sj = fhm; ni j m > 0 ^ fhj; xi j x � mg � WM j (Tj [m]);ng.

L = f L j j Sj = ;g [ f Lm
j j Sj 6= ; ^ (9n)[hm; ni = min(Sj )]g.

13



We claim that L 2 DSMON � WMON .
Let GN be a grammar for N . Let G; be a grammar for ; . Let Gj denotea grammar

for L j which canbe e�ectiv ely obtained from j . Let Gm
j denotea grammar for L m

j , which
canbeobtainede�ectiv ely from j; m. Note that Sj is recursive. Let Ss

j = Sj \ f x j x � sg.

M (T[s]) =

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

GN ; if content(T[s]) = ; ;
Gj ; if content(T[s]) 6= ; ^

content(T[s]) � L j ^
Ss

j = ; ;
Gm

j ; if content(T[s]) 6= ; ^
content(T[s]) � L j ^
Ss

j 6= ; ^
(9n)[hm; ni = min(Ss

j )];
G; ; otherwise.

It is easyto verify that M is dual strong monotonic and L � TxtEx (M ).
We now show that L 62WMON . Supposethat L � TxtEx (M j ). We will show that

in this case,M j cannot be weak-monotonic. Consider L j . Clearly, Sj 6= ; (otherwise
L j 2 L and M j doesnot TxtEx -identify L j ). Supposehm; ni = min(Sj ). Now Lm

j 2 L j .
Suppose� is an extensionof Tj [m], such that content(� ) = L m

j and WM j (� ) = Lm
j (note

that there exists such a � sinceL m
j 2 L and L � TxtEx (M j )). Now WM j (� ) = Lm

j 6�
WM j (Tj [m]) � content(� ) = L m

j . Thus, M j is not weak-monotonicon L m
j 2 L .

Corollary 10

(a) DSMON � SMON 6= ; .

(b) C-DMON � WMON 6= ; .

(c) G-DMON � WMON 6= ; .

(d) C-BMON � WMON 6= ; .

(e) C-MON � WMON 6= ; .

As an aside to the above results, it is interesting to observe the following theorem
which says that there are collectionsof languagesthat can be identi�ed by either strong-
monotonic learnersor by dual-strong-monotonic learners, but which do not belong to
TxtFin .2 The reader should note that this result also nicely contrasts with Theo-
rem 6 (a).

Theorem 11 (DSMON \ SMON ) � TxtFin 6= ; .

2This fact was brought to our attention by one of the referees.
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Pr oof. Let L 1
x = f 2xg, and L 2

x = f 2x; 2x + 1g. Let A be a � 2-completeset.
Let L = f L 1

x j x 2 Ag [ f L 2
x j x 62Ag.

We �rst show that L 62TxtFin . Let Tx denotea text for f 2xg. Supposeby way of
contradiction that L 2 TxtFin as witnessedby M .

x 2 A ) L 1
x 2 TxtFin (M )

) (8n)[M (Tx [n]) = ? _ 2x + 1 62WM (Tx [n]) ;n ]

) L 2
x 62TxtFin (M )

) : (x 62A)

Thus x 2 A ( ) (8n)[M (Tx [n]) = ? _ 2x + 1 62WM (Tx [n]) ;n ].
This contradicts � 2 completenessof A. Thus, L 62TxtFin .
We now show that L 2 SMON \ DSMON . Clearly, L 2 SMON . We show that

L 2 DSMON .
Let P be a recursive predicate such that x 2 A i� (9y)(8z)[P(x; y; z)]. Let H be a

recursive function such that WH (x;y ) may be de�ned as follows.

WH (x;y ) =
�

f 2xg; if (8z)[P(x; y; z)];
f 2x; 2x + 1g; if (9z)[: P(x; y; z)].

It is easyto verify that
(1) WH (x;y ) 2 f L 1

x ; L 2
xg, and

(2) x 2 A , (9y)[WH (x;y ) = L 1
x ].

Thus if x 62A, then (8y)[WH (x;y ) = L 2
x = f 2x; 2x + 1g]. On the other hand if x 2 A,

then there exists a y such that (8j < y)[WH (x;j ) = L 2
x ] and [WH (x;y ) = L 1

x � L 2
x ]. It is

this property of H that the following construction of M exploits.
M (T[n]) is de�ned as follows.

M (T[n]) =

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

? ; if content(T[n]) = ; ;
H (x; 0); if content(T[n]) = f 2xg ^ M (T[n � 1]) = ? ;
H (x; j ); if content(T[n]) = f 2xg ^ M (T[n � 1]) = H (x; j ) ^

2x + 1 62WH (x;j );n ;
H (x; j + 1); if content(T[n]) = f 2xg ^ M (T[n � 1]) = H (x; j ) ^

2x + 1 2 WH (x;j );n ;
H (x; 0); if content(T[n]) = f 2x; 2x + 1g ^ M (T[n � 1]) = ? ;
H (x; j ); if content(T[n]) = f 2x; 2x + 1g ^ M (T[n � 1]) = H (x; j );
M (T[n � 1]); otherwise.

It is easy to verify, using properties of H discussedabove, that M is dual strong
monotonic in nature. To verify that M TxtEx -identi�es L , suppose T is a text for
L 2 L . Let x be such that L � L 2

x . Now if L = L 1
x (and thus x 2 A), then M (T) would

convergeto the least j such that WH (x;j ) = L 1
x . on the other hand if L = L 2

x , then M (T)
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would convergeto H (x; j ), for somej (which by properties (1) and (2) of H above is a
grammar for L 2

x ). Thus, M TxtEx -identi�es L .

We now compare the power of conservative learners with those of monotonic and
dual-monotonic learners.

Theorem 12 CONSV � (C-MON [ C-DMON ) 6= ; .

Pr oof. The proof of this theorem adopts a technique used by Lange and Zeugmann
[LZ93b]. Considerthe following languages.

L 1 = fh0; xi j x 2 N g;
Lm

2 = fh0; xi j x � mg [ fh1; xi j x > mg;
Lm;n

3 = fh0; xi j x � m _ x > ng [ fh1; xi j m < x � ng.
Let L = f L 1g [ f Lm

2 j m 2 N g [ f Lm;n
3 j m < ng.

It is easyto seethat L 2 CONSV .
We show that L 62(C-MON [ C-DMON ).
Considerany machine M which TxtEx -identi�es each L 2 L .
Let � be such that content(� ) = fh0; xi j x � mg, for somem 2 N , and WM (� ) = L 1.

(Note that there exists such a � sinceL 1 2 TxtEx (M ).)
Let � 0 � � be such that, for somen > m, content(� 0) = fh0; xi j x � mg [ fh1; xi j

m < x � ng and WM (� 0) = Lm
2 . (Note that thereexistssuch a � 0sinceLm

2 2 TxtEx (M ).)
Let � 00� � 0 be such that content(� 00) � Lm;n

3 and WM (� 00) = Lm;n
3 . (Note that there

exists such a � 00sinceLm;n
3 2 TxtEx (M ).)

We claim that M is neither monotonic nor dual-monotonicon L m;n
3 2 L .

M is not monotonicon L m;n
3 sinceh0; n + 1i 2 L m;n

3 \ WM (� ) \ WM (� 00) but h0; n + 1i 62
WM (� 0) .

M is not dual-monotonic on L m;n
3 since h1; n + 1i 62L m;n

3 [ WM (� ) [ WM (� 00) but
h1; n + 1i 2 WM (� 0) .

Corollary 13

(a) CONSV � SMON 6= ; .

(b) CONSV � DSMON 6= ; .

(c) CONSV � C-BMON 6= ; .

Theorem 14 C-DMON � C-MON 6= ; .

Pr oof. Considerthe following languages.

L j = fhj; xi j x 2 N g.

Lm
j = fhj; xi j x < mg.

Let Tj be a text for L j such that content(Tj [m]) = Lm
j .

Sj = fhm; ni j m > 0 ^ fhj; xi j x � mg � WM j (Tj [m]);ng.

L = f L j j j 2 N g [ f Lm
j j Sj 6= ; ^ (9n)[hm; ni = min(Sj )]g.
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Note that this L is slightly di�eren t from that used in the proof of Theorem 9. In
this we have included all L j s!

We claim that L 2 C-DMON � C-MON .
Let GN be a grammar for N . Let G; be a grammar for ; . Let Gj denotea grammar

for L j which canbe e�ectiv ely obtained from j . Let Gm
j denotea grammar for L m

j , which
canbeobtainede�ectiv ely from j; m. Note that Sj is recursive. Let Ss

j = Sj \ f x j x � sg.

M (T[s]) =

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

GN ; if content(T[s]) = ; ;
Gj ; if content(T[s]) 6= ; ^

content(T[s]) � L j ^
[Ss

j = ; _ Lm
j 6� content(T[s]),

wherehm; ni = min(Ss
j )];

Gm
j ; if content(T[s]) 6= ; ^

content(T[s]) � L m
j ^

Ss
j 6= ; ^

(9n)[hm; ni = min(Ss
j )];

G; ; otherwise.

It is easyto verify that M is dual-monotonicon L and TxtEx -identi�es each L 2 L .
Now supposeM j TxtEx -identi�es each L 2 L . We will show that M j cannot be

monotonic on L .
Clearly, sinceL j 2 TxtEx (M j ), we have Sj 6= ; . Supposehm; ni = min(Sj ).
Let � be an extensionof Tj [m] such that content(� ) = L m

j and WM j (� ) = Lm
j . (Note

that there exists such a � sinceL m
j 2 TxtEx (M j ).)

Let � 0 be an extensionof � such that content(� 0) � L j , and WM j (� 0) = L j . (Note that
there exists such a � sinceL j 2 TxtEx (M j ).)

M j is not monotonic on L j sincecontent(� 0) � L j , hj; mi 2 WM j (� 0) \ WM j (Tj [m]) but
hj; mi 62WM j (� ) .

Corollary 15

(a) C-DMON � C-BMON 6= ; .

(b) C-DMON � SMON 6= ; .

Wenow brie
y considerG-DMON . Note that DSMON � G-DMON � C-DMON .
Also,

(i) f L j (8i; x)[hi; xi 2 L , hi; 0i 2 L] ^ card(f i j hi; 0i 2 Lg) < 1g is in SMON
but not in G-DMON .

(ii) a slight modi�cation of the proof of Theorem 14, shows that G-DMON �
C-MON 6= ; .

From the above, and Theorem 9, it follows that G-DMON is incomparable to
C-MON , SMON , WMON , and C-BMON .

We now brie
y considerG-BMON .
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(i) G-BMON � SMON \ G-DMON since,G-MON = SMON ;
(ii) f L j (8i; x)[hi; xi 2 L , hi; 0i 2 L] ^ card(f i j hi; 0i 2 Lg) < 1g is in SMON

but not in G-DMON (and thus not in G-BMON ).
(iii) f L j card(L) < 1g is in G-BMON but not in DSMON .
Thus, G-BMON is properly contained in SMON and is incomparableto DSMON .

Theorem 16 (C-MON \ WMON ) � C-DMON 6= ; .

Pr oof. Considerthe following languages.
L 1 = fh0; xi j x 2 N g.
Lm

2 = fh0; xi j x � mg [ fh1; xi j x > mg.
Lm;n

3 = fh0; xi j x � mg [ fh1; xi j m < x < ng [ fh2; nig.
Let L = f L 1g [ f L n

2 j n 2 N g [ f Lm;n
3 j m < ng.

It is easyto seethat L 2 C-MON \ WMON .
We claim that L 62C-DMON . SupposeM TxtEx -identi�es each L 2 L . We will

then show that M cannot be dual-monotonicon L .
Let � be such that content(� ) � L 1 and WM (� ) = L 1. (Note that there exists such a

� sinceL 1 2 TxtEx (M ).)
Let � 0bean extensionof � such that content(� 0) � Lm

2 , for somem, and WM (� ) = Lm
2 .

(Note that there exists such a � 0 sinceLm
2 2 TxtEx (M ).)

Let � 00be an extensionof � 0 such that content(� 00) = Lm;n
3 , for somen, and WM (� ) =

Lm;n
3 . (Note that there exists such a � 00sinceLm;n

3 2 TxtEx (M ).)
Now h1; ni 62L m;n

3 = content(� 00), h1; ni 62WM (� ) [ WM (� 00) but h1; ni 2 WM (� 0) . Thus
M is not dual-monotonicon L m;n

3 2 L .

Corollary 17

(a) C-MON � C-BMON 6= ; .

(b) C-MON � SMON 6= ; .

(c) C-MON � DSMON 6= ; .

We now introducea procedure,Proc, that is usedin the proof of the next two theo-
rems. WPro c(M ;� ) is de�ned as follows.

Begin f WPro c(M ;� )g

Let j = M (� ).
Go to stage0.
Stages

Let S = Wj;s .
if there exists a � such that

j� j � s,
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� � � ,
content(� ) � S, and
M (� ) 6= M (� )

then HALT (i.e., WPro c(M ;� ) doesnot enumerateanything else.)
else enumerateS and go to stages + 1.
endif

End stages

End f WPro c(M ;� )g

The following lemma summarizesthe properties of Proc.

Lemma 18 (a) For all M , � , and s, L s = WPro c(M ;� ) enumerated before stages can be
e�ectively (in M , � , and s) determined.

(b) For all M , � , and s it can be e�ectively determined whether Proc(M ; � ) halts
before stages.

(c) WPro c(M ;� ) � WM (� ) .
(d) Either Proc(M ; � ) halts or content(� ) 6� WM (� ) or � is a locking sequence for M

on WM (� ) .
(e) If content(� ) 6� WM (� ) , then WPro c(M ;� ) = WM (� ) and Proc(M ; � ) doesnot halt.
(f ) If content(� ) � WM (� ) and � is a locking sequence for M on WM (� ) , then

WPro c(� ) = WM (� ) .
(g) If content(� ) � WM (� ) and � is a not a locking sequence for M on WM (� ) , then

Proc(M ; � ) halts (and thus WPro c(M ;� ) is �nite).
(h) WPro c(M ;� ) enumerated before stage s, is contained in WM (� );s� 1. Thus, if

Proc(M ; � ) halts in stages, then WPro c(M ;� ) � WM (� );s� 1.
(i) Suppose� � � , content(� ) � WM (� );s and M (� ) 6= M (� ). Then Proc(M ; � ) halts

at or before stagemax(fj � j; sg). Moreover, either content(� ) is contained in WPro c(M ;� )

enumerated before stagej� j or content(� ) 6� WPro c(M ;� ) .
(j) For all � , � , and M such that � � � and M (� ) 6= M (� ), either content(� ) 6�

WPro c(M ;� ) or content(� ) � WPro c(M ;� ) enumerated before stagej� j.

Pr oof. (a) to (h) are easy to seefrom the de�nition of Proc. For (i) suppose the
hypothesis.Clearly, at or beforestagemax(f s; j� jg), the procedurefor Proc(M ; � ) would
detect this mind changeand halt. The secondclausein the conclusionnow follows using
part (h). Part (j) follows using parts (c) and (i).

We now considerthe following two important simulation results that use Proc and
the above properties of Proc (Lemma 18).

Theorem 19 TxtEx = G-D WMON .

Pr oof. Clearly, G-D WMON � TxtEx . We show that TxtEx � G-D WMON .
Suppose M is given. We assumewithout loss of generality that M is such that for
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every L 2 TxtEx (M ), each text T for L has a locking sequencefor M on L as a pre�x
(Lemma 2).

We de�ne a machine M 0 on initial sequencesof a text T as follows. Together with
M 0 we alsode�ne a function X . Intuitiv ely, X just keepstrack of the last point n0 in the
text T, whereProc(M ; T[n0]) was output by M 0.

Begin f M 0(T[n]), X (T[n])g

0. if n = 0, then
1. Let X (T[n]) = 0.
2. Let M 0(T[n]) = Proc(M ; T[n]).
else
3. Let n0 = X (T[n� 1]) (note that n0 is such that the last Proc(M ; T[s]) considered

by M 0 on initial segments of T[n] was for s = n0.)
4. if Proc(M ; T[n0]) halts in � n stages

then
5. if content(T[n]) 6� WPro c(M ;T [n0]) ,

then
6. Let X (T[n]) = n.
7. Let M 0(T[n]) = Proc(M ; T[n]).
else
8. Let X (T[n]) = n0.
9. Let M 0(T[n]) bea grammar(obtainede�ectiv ely from content(T[n]))

for content(T[n]).
endif

10. elseif M (T[n0]) 6= M (T[n])
then
11. if content(T[n]) 6� WPro c(M ;T [n0]) enumeratedby stagen + 1

then
12. Let X (T[n]) = n.
13. Let M 0(T[n]) = Proc(M ; T[n]).
else
14. Let X (T[n]) = n0.
15. Let M 0(T[n]) = Proc(M ; T[n0]).
endif

else
16. Let X (T[n]) = n0.
17. Let M 0(T[n]) = Proc(M ; T[n0]).
endif

endif

End f M 0(T[n]), X (T[n])g
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Weclaim that M 0 is dual-weak-monotonicandTxtEx -identi�es each L in TxtEx (M ).
First note that X (T[n]) � n and X (T[n + 1]) � X (T[n]). Also note that X (T[n]) = n ,
[n = 0 _ X (T[n]) 6= X (T[n � 1])]. Furthermore, if X (T[n + 1]) 6= X (T[n]), then for all
n0 � n, content(T[n + 1]) 6� WPro c(M ;T [X (T [n0])]) . To seethis, note that if X (T[n + 1]) 6=
X (T[n]), then this is becauseof the execution of step 6 or 12 above for M 0(T[n + 1]),
which can happen only if content(T[n + 1]) 6� WPro c(M ;T [n0]) , wheren0 = X (T[n]) (using
Lemma 18 and the successof the corresponding If conditions). Also, if X (T[n]) = n0,
then M 0(T[n]) = Proc(M ; T[n0]) or WM 0(T [n]) = content(T[n]) � WPro c(M ;T [n0]) . Hence,
M 0 is dual-weak-monotonicon each L � N .

Thus, it only remains to prove that M 0 TxtEx -identi�es every languageTxtEx -
identi�ed by M . For this supposeT is a text for L 2 TxtEx (M ). Note that sinceM
satis�es the condition in Lemma 2, T contains a locking sequencefor M on L. Thus,
limn!1 X (T[n]) converges. Let t = limn!1 X (T[n]). Now consider the following two
cases.
Case1: Proc(M ; T[t]) doesnot halt.

In this case,considerM 0(T[n]) for n > t. Clearly, if clauseat step 4 does
not hold. We claim that if clauseat step 10 also cannot hold. To seethis
supposeotherwise. Thus, using Lemma 18 (i), if clauseat step 11 must also
hold (since Proc(M ; T[t]) does not halt). But then X (T[n]) 6= X (T[t]): It
follows that for all n > t, M (T[n]) = M (T[t]) and M 0(T[n]) = Proc(M ; T[t]).
Also, by Lemma18(parts (d), (e), (f )) WPro c(M ;T [t ]) = WM (T [t ]) = L. Thus M 0

TxtEx -identi�es L.

Case2: Proc(M ; T[t]) halts.

In this casefor all n > t, in M 0(T[n]), if clauseat step 4 succeedsand the if
clauseat step 5 fails. It follows that L is �nite and M 0 outputs, in the limit
on T, a grammar for content(T). Thus M 0 TxtEx -identi�es L.

Remark: A carefulanalysisof the aboveproof revealsthat it almost showsthat TxtEx �
CONSV ; the only place the dual-weak-monotonicity (instead of conservativeness)is
used is at Step 9. Hence if we modi�ed Step 9 in the above proof to simply output
Proc(M ; T[n0]) then M 0 becomesa conservative machine that identi�es every in�nite
languageidenti�ed by M (but maybe unsuccessfulon �nite languages). Hence, this
shows that if attention is restricted to in�nite languages,conservative machines are as
powerful asgeneralmachines. We summarizethis observation in the following corollary.
Let E1 denotethe collection of all in�nite r.e. languages.

Corollary 20 (8L � E1 )[L 2 CONSV ( ) L 2 TxtEx ].

Theorem 21 C-WMON � G-CONSV .
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Pr oof. Proof of this theorem is similar to that of Theorem 19. There are two issues
oneneedsto addressin the simulation asdoneby M 0 in Theorem19. First in step 9, one
cannot output a grammar for content(T[n]), becausethat could violate conservativeness;
hence,one outputs Proc(M ; T[n0]) (this is �ne since if M is weak monotonic then it
cannot identify any proper subset of WPro c(M ;T [n0]) .) The seconddi�erence arisesdue
to the fact that for identi�cation by a weak-monotonicmachine one may not be able
to assumethat every text contains a locking sequence. Thus in steps 6,7 one needs
to do somerearrangement of the input text (this is becauseone needsto argue that
if X does not convergeon (rearranged) text T, then so does M .) Rest of the proof is
similar to the proof of Theorem 19. We now proceedto give the details. For simplicity
of presentation we give a somewhatdi�eren t description of machine M 0 as comparedto
that corresponding description in the proof of Theorem19.

We de�ne M 0 as follows. Along with M 0 we de�ne a function X and a function
rearrange. Intuitiv ely, X just keepstrack of the \last Proc(M ; T[n0])" output by M 0

and rearrange is used for the rearrangement of the input text as hinted above. We
de�ne rearrangeonly for the caseswhen X (T[n]) = n (note that X (T[n]) = n , n =
0 _ X (T[n]) 6= X (T[n� 1])). Also note that rearrange(T[n]), if de�ned, is a rearrangement
of T[n].

Begin M 0(T[n]), X (T[n]), rearrange(T[n]).

0. if n = 0, then
Let X (T[n]) = 0.
Let rearrange(T[n]) = T[n].
Let M 0(T[n]) = Proc(M ; T[n]).

else
1. Let n0 = X (T[n� 1]) (note that n0 is such that the last Proc(M ; rearrange(T[s]))

consideredby M 0 on initial segments of T[n] was for s = n0.)
2. if there exists a � � rearrange(T[n0]) such that

content(� ) � content(T[n]) ^
j� j � 2n + jrearrange(T[n0])j ^
M (� ) 6= M (rearrange(T[n0])) ^
content(� ) 6� WPro c(M ;rearrange(T [n0])) enumerated till stagej� j + 1.

then
2.1. Let � denoteonesuch � . Let � 0beanextensionof � such that content(� 0) =

content(T[n]).
2.2. Let X (T[n]) = n.
2.3. Let rearrange(T[n]) = � 0.
2.4. Let M 0(T[n]) = Proc(M ; � 0).

3. else
3.1. Let X (T[n]) = n0.
3.2. Let M 0(T[n]) = Proc(M ; rearrange(T[n0])).
endif
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endif

End M 0(T[n]), X (T[n]), rearrange(T[n]).

We �rst show that M 0 is conservative. We will then show that M 0 TxtEx -identi�es
every languageL such that L 2 TxtEx (M ) and M is weak-monotonicon L. This will
completethe proof.

First note that X (T[n]) � n and X (T[n + 1]) � X (T[n]). Also note that X (T[n]) =
n , [n = 0 _ X (T[n]) 6= X (T[n � 1])]. Also note that, for n such that X (T[n]) = n,
rearrange(T[n]) is de�ned and is a rearrangement of T[n]. Also, the only conjectures
output by M 0 are of the form Proc(M ; rearrange(T[n])), such that X (T[n]) = n. Also
M 0(T[n + 1]) 6= M 0(T[n]) , X (T[n + 1]) = n + 1.

Furthermore, M 0(T[n + 1]) 6= M 0(T[n]) (equivalently, X (T[n + 1]) 6= X (T[n])) implies
that, T[n + 1] 6� WPro c(M ;rearrange(T [n0])) , where n0 = X (T[n]). To seethis note that if
X (T[n + 1]) 6= X (T[n]), then this is becauseof the executionof step2.2. But then due to
the successof the If condition at step 2, we have that T[n + 1] 6� WPro c(M ;rearrange(T [n0])) ,
wheren0 = X (T[n]) (using Lemma 18, and the requirement for if condition to succeed).
Thus M 0 behavesconservatively on all L � N .

Thus it only remainsto prove that M 0 TxtEx -identi�es every languageL such that
L 2 TxtEx (M ) and M is weak-monotonicon L. For this suppose T is a text for
L 2 TxtEx (M ). We �rst claim that limn!1 X (T[n]) converges. To see this sup-
pose otherwise. Let T0 be the text

S
X (T [t+1]) 6= X (T [t ]) rearrange(T[t + 1]). Note that

content(T0) = content(T), and that M on the text T0 changesits mind in�nitely often
(sinceX (T[n + 1]) 6= X (T[n]) implies that, there existsa � , such that for n0 = X (T[n]),
rearrange(T[n0]) � � � rearrange(T[n + 1]) such that M (� ) 6= M (rearrange(T[n0]))). A
contradiction. Thus limn!1 X (T[n]) converges. Let t = limn!1 X (T[n]). Note that
M 0(T)# = Proc(M ; rearrange(T[t])).

Now sincethe if at step 2 for M 0(T[n]), doesnot succeedfor any n > t, we have that
rearrange(T[t]) is a locking sequencefor M on L, or L � WPro c(M ;rearrange(T [t ])) . In the for-
mer caseclearly, L = WPro c(M ;rearrange(T [t ])) . In the later case,sinceWPro c(M ;rearrange(T [t ])) �
WM (rearrange(T [t ])) , it followsthat L � WM (rearrange(T [t ])) , and thusby the weak-monotonicity
condition we have that L = WM (rearrange(T [t ])) . Thus L = WPro c(M ;rearrange(T [t ])) .

It follows that M 0 TxtEx -identi�es L.

The above proof together with Theorem6 implies the following corollary which says
that the global and the classversionsof weak-monotonicity and conservatism are equiv-
alent.

Corollary 22 G-WMON = C-WMON = G-BWMON = C-BWMON = G-CONSV
= C-CONSV .

Finally, we consideran alternative formulation of the notion of conservative strategy.
Angluin's notion of conservatism requires the learner to conjecture the samegrammar
unlessthe data presented includesa counterexampleto the current hypothesis. We relax
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this requirement asfollows: If the learnerencounters an element that is not explainedby
the current hypothesisthen the learner can changeits hypothesis,otherwisethe learner
must output a grammar that is extensionallyequivalent to the current hypothesis. The
following de�nition formally introducesthis strategy, referred to as extensionalconser-
vatism.

De�nition 14 (a) M is extensionally-conservative on L just in case(8� ; � j � �
� ^ content(� ) � L)[M (� ) = ? _ [content(� ) � WM (� ) ) WM (� ) = WM (� ) ]].

(b) M is extensionally-conservativeon L just in caseM is extensionally-conservative
on each L 2 L .

(c) M is extensionally-conservativejust in caseM is extensionally-conservativeon each
L � N .

(d) G-EXT-CONSV = fL j (9M )[M is extensionally-conservativeandL � TxtEx (M )]g.

(e) C-EXT-CONSV = fL j (9M )[M is extensionally-conservative on L and L �
TxtEx (M )]g.

It is easy to verify that G-CONSV � G-EXT-CONSV � C-EXT-CONSV �
C-WMON . But, sinceG-CONSV = C-WMON (Theorem 21), the extensionalno-
tion of conservatism turns out to be equivalent to the intensionalnotion of conservatism.
The next corollary summarizestheseobservations.

Corollary 23 G-CONSV = C-CONSV = G-EXT-CONSV = C-EXT-CONSV
= WMON = C-WMON = G-BWMON = C-BWMON .

The results presented in this paper are pictorially presented in Figure 1.
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