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Abstract

Overgeneralizationis a major issuein the identi cation of grammarsfor formal
languagesfrom positive data. Di erent formulations of generalization and special-
ization strategies have beenproposedto addressthis problem, and recenly there
hasbeena urry of activity investigating suc strategiesin the context of indexed
families of recursive languages.

The presert paper studiesthe power of thesestrategiesto learn recursively enu-
merablelanguagedrom positivedata. In particular, the power of strong-monotonic,
monotonic, and weak-monotonic (together with their dual notions modeling spe-
cialization) strategies are investigated for identi cation of r.e. languages. These
investigationsturn out to be di erent from the previous investigations on learning
indexed families of recursive languagesand at times require new proof techniques.

A complete picture is provided for the relative power of eat of the strategies
considered.An interesting consequencés that the power of weak-monotonicstrate-
giesis equivalert to that of consenativ e strategies. This result parallelsthe scenario
for indexed classesof recursive languages.lt is alsoshown that any identi able col-
lection of r.e. languagescan alsobeidenti ed by a strategy that exhibits the dual of
weak-monotonic property. An immediate consequencef the proof of this result is
that if attention is restricted to in nite r.e. languages,then consenativ e strategies
can identify ewvery identi able collection.



1 Intro duction

Considerthe identi cation of formal languagesfrom positive data. A macdhine is fed all
the strings and no nonstrings of a languageL, in any order, one string at a time. The
madine, asit is receivingstrings of L, outputs a sequenceof grammars. The madine is
said to identify L just in casethe sequenceof grammarscorvergesto a grammar for L.
This is essetially the paradigm of identi cation in the limit introducedby Gold [Gol67].

Since only strings belonging to the language are available, if a learning macdine
conjecturesa grammar for somesupersetof the target language,it may not be \rational"
for the madhine to revisethis conjectureas data about the complemen of the language
is not available. This is the problem of overgeneralizationin learning formal languages
from positive data.

The notion of monotonic strategieshas been proposedto model learning heuristics
that gradually re ne their hypotheses.Learning madinesfollowing thesestrategiesbe-
have in suth a way that their successig conjecturesare an \impro vemer" on their
previous conjectures. Thesestrategiescan be grouped into the following two classes:

Generalization Strategies Thesestrategiesmodel learnersthat begin by hypothesiz-
ing agrammarfor alanguagesmallerthan the target languageand then build to the
target language. These strategiesmay also be thought of as modeling bottom-up
or speci c to generalseart in practical madine learning systems(e.g., Muggleton
and Feng's Golem [MF90]).

Specialization Strategies Generalizationstrategiesimprove upon their successigcon-
jectures by emitting grammars for larger and larger languages. Alternativ ely, a
learner can begin with a grammar for a languagelarger than the target language
and then \cut down" its hypothesesto convergeto a grammar for the target lan-
guage. Sud strategiesmay be thought of as modeling top-down or generalto
speci ¢ seart in practical madine learning systems(e.g., Shapiro's MIS [Sha81]
and Quinlan's FOIL [Qui90]).

Recenly there hasbeena urry of results describingthe power of these strategies
for identifying indexedfamilies of recursive languagegseeLangeand Zeugmann[LZ92Db,
LZ93b, LZ93a, LZ93c LZ924], Lange, Zeugmann,and Kapur [LZK92, LZK96], and Ka-
pur [Kap92, Kap93], Kapur and Bilardi [KB92], Kinber [Kin94], Mukoudi [Muk92a,
Muk92b], and Mukoudi and Arikawa [MA93]).

The presen paper studies and presenis a complete picture of the power of these
strategiesto identify r.e. languages. To facilitate the discussionof these notions and
results, we intro duce somenotation next.

The symbol' denotesan acceptableprogrammingsystem,and' ; denotesthe partial
computable function computed by the program with index i in the ' system. The lan-
guageacceptedby the ' -programwith the indexi is denotedW;. Hence,Wy; Wq; W,; @ ::
is an enumeration of all the recursively erumerablelanguagesand i may be thought of
as a grammar (acceptor) for the r.e. languageW;. A text for an r.e. languagelL is an



in nite  sequenceof numbers sud that ead elemen of L appearsat least oncein the
sequenceand no nonelemen of L ever appearsin the sequence.

The three generalizationstrategiesinvestigatedin the literature are discussedext.

Jantke [Jan9]] proposedthe notion of strong monotonic strategiesthat upon being
fed a text for the languageoutput a chain of hypothesessud that if grammarj is output
after grammari, then W;  W;. The consequencef this requiremer is that if a learner
incorrectly assumes string to belongto the languagebeinglearnedthen it cannotrevise
this assumptionby emitting a hypothesisthat doesnot include the string.

Wiehagen[Wie90]suggestedhat the requiremen of strong monotonicity is too strin-
gert and proposedthe notion of monotonic strategiesto be those learnersthat produce
more generalhypothesesonly with respect to the languagebeing identi ed. More pre-
cisely if grammar j is conjecturedafter grammari, then L\ W; L\ W,. In other
words, a monotonic strategy is allowed to correct its mistaken assumptionthat certain
nonstringsof L belongto L but onceit hascorrectly concludedthat a string of L belongs
to L it is not allowed to output a hypothesisthat contradicts sud a conclusion.

Jantke[Jan97]], motivated by the work on non-monotoniclogics,intro ducedthe notion
of weak-monotonic strategiesto be sud that if grammarj is conjecturedafter grammar
i and the set of strings seenby the madine when grammar | is conjecturedis a subset
of Wi, then W;  W;. In other words, a weak monotonic learner can expel strings from
its hypothesisonly if it encourers strings that cannot be accouried for by its current
hypothesis.

Kapur [Kap92], with a view to model specialization strategies, consideredthe dual
of the above three strategies. The above mertioned papers by Kapur, Lange,and Zeug-
mann have completely derived the relationship betweenthese strategiesin the corntext
of iderti cation of indexed families of recursive languages.The presert paper doesthe
samefor recursiwely enumerablelanguages.

Work on thesestrategiescan be traced bad to the notion of conservative strategies
introducedby Angluin [Ang80]. Consenative strategiesare sud that they do not change
their hypothesesunlessthey encourter a string that cannot be explainedby the current
hypothesis. Lange and Zeugmann[LZ93b] have shavn that in the context of learning
indexedfamilies of recursive languagesweak monotonic and consenative strategieshave
equivalent power. Using new techniqueswe are able to show that this equivalencealso
holds for learning recursively enumerablelanguages.

Another interesting result is that any identi able collection of r.e. languagescan also
be identied by a strategy satisfying the dual of weak-monotonicily requiremen. We
would like to note that this relationship also holdsin the cortext of indexed families of
recursive languagesif one considersclass comprising strategies (seeLange, Zeugmann,
and Kapur [LZK96]). Howewer, new proof techniquesare neededto establishthe result
for r.e. languages.Additionally, as a consequencef the proof of this result, we are able
to shawv that if attention is restricted to only in nite r.e. languages,then consenative
strategiescan identify ewvery iderti able collection.

We now give an examplewherethe situation for indexedfamiliesof recursivelanguages



is di erent from that of r.e. languages. The collection of indexed families of recursive
languagesidenti ed by classcomprising monotonic strategiesis a strict subsetof the
collection of indexed families of recursive languageddenti ed by classcomprising weak-
monotonic strategies. However, in the cortext of r.e. languagesthe two collectionsare
incomparable.

The results preserted in the paper yield the complete relationship between strong
monotonic, monotonic, weak-monotonic,dual-strong monotonic, dual-monotonic, dual-
weak-monotonic,and consenative strategiesin the context of identi cation of r.e. lan-
guages.

In what follows we proceedformally. Section?2 introducesthe notation and prelimi-
nary notions from languagelearning theory. Section3 contains the de nition of all the
strategiesconsideredn the presen paper. Resultsare presened in Section4, wherethe
relationship betweenall the strategiesis rst pictorially summarizedin Figure 1.

2 Preliminaries

2.1 Notation

Any unexplainedrecursiontheoretic notation is from [Rog67. The symbol N denotesthe
setof natural numbers,f0; 1; 2; 3;:::g. Unlessotherwisespeci ed, i,j,k,l,m,n,q,r,s,t,
X, andy, with or without decorations, rangeover N. Symbols;, , , ,and denote
empty set, subset, proper subset, superset, and proper superset, respectively. Symbols
A and S, with or without decorations,rangeover sets. A denotesthe complemen of set
A. D; P; Q, with or without decorations,rangeover nite sets. Cardinality of a setS is
denotedby card(S). The maximum and minimum of a setare denotedby max( ); min(),
respectively, wheremax(;) = 0 and min(; ) is unde ned.

h; i denotesan arbitrary, computable,bijective mappingfrom N N onto N [Rog67.

By ' we denotea xed aaceptableprogramming systemfor the partial computable
functions: N ! N [Rog58 Rog67 MY78]. By '; we denote the partial computable
function computed by the program with index i in the ' -system. Symbol R denotes
the set of all total computable functions. By  we denote an arbitrary xed Blum
complexity measure[Blu67, HU79] for the ' -system. By W; we denote the domain of
the partial computablefunction ' ;. W; is, then, the r.e. set/language( N) accepted
(or equivalertly, generated)by the ' -programi. L, with or without decorations,ranges
over languagesthat is, subsetsof N. L, with or without decorations,rangesover sets
of languages.E denotesthe set of all r.e. languages.We denoteby W;.s the setfx j x <
s i(x) < sg.

1Decorations are subscripts, superscripts and the like.



2.2 Language Learning

A sgquene is a mapping from an initial segmen of N into (N [ f#g). The content
of a sequence , denoted content( ), is the set of natural numbers in the range of
Intuitiv ely, #'s represem pausesin the presenation of data. The length of is denoted
by j j; the length of the empty sequencas 0. For n | j, the initial sequenceof of
length n is denotedby [n]. Welet , , and , with or without decorations,rangeover
nite sequencesSEQ denotesthe setof all nite sequences.

De nition 1 A languagdearning machine, M , is an algorithmic devicewhich computes
a mapping from SEQinto N [ f?g sud that if andM( )6 ? thenM( )6 ?.

The symbol ? denotesa nonnumericelemen. The output of machine M on evidertial
state is denotedby M ( ), where\M( ) = ?" meansthat M does not issue any
hypothesison . The readershould note the further requiremen that oncea madine
M on evidertial state outputs a program (that is, M( ) 6 ?), M continuesto do
soon all extensionsof . The readershould also note that this additional requiremen
doesnot a ect the collectionsof languagesdenti ed by the strategiesintroducedin the
presen paper.

We let M, with or without superscripts, range over language learning madines.
(Mo; M 1; M ;i represetts a special enrumeration of of madines; seeProposition 5 be-
low.)

A text T for alanguageL is a mappingfrom N into (N [ f# g) sudh that L is the set
of natural numbersin the rangeof T. The content of atext T, denotedcortent(T), is
the set of natural numbersin the rangeof T. T[n] denotesthe nite initial sequenceof
T with length n. We next introduce Gold's seminalnotion of identi cation in the limit
of r.e. languages. .

We say that M convegesontext T to i (written M (T)#= 1) if (8 n)[M (T[n]) = i].
We say that M convergeson text T (written M (T)#) if there existsan i, sud that M
on T corvergesto i; otherwisewe say that M divergeson T (written M (T)").

De nition 2 [Gol67]

(@) M TxtEx 1—identi es L (written: L 2 TxtEx (M)) () (8texts T forL) (9i |
Wi = L) (8 mIM(T[n]) = i].

(b) TxtEx =fL j(9M)[L Txtex (M)]o.
Someof our proofsdepend on the notion of locking sequencesvhich we descrike next.

De nition 3 [BB75, Ful90] Let M be a learningmadiineandL  N.

(&) A sequence issaidto beastabilizingsequene for M onL just in casecortent( )
L and (8 j Nocontent( ) L)M()=M()]



(b) A sequence is said to be a locking sequene for M on L just in case is a
stabilizing sequencdor M onL and Wy () = L.

Following two lemmasare also usedin someof our proofs.

Lemma 1 [BB75 OSW8] If M TxtEx -identies L, then there exists a locking se-
quene for M on L.

Lemma 2 [Ful90] From any learning machineM onemay e ectively construct M °such
that the following hold:

(@) TxXtEx (M) TxtEx (M.
(b) If L 2 TxtEx (M9, then all texts for L contain a locking sequene for M %on L.

We also comparethe power of strategiesdiscussedin the presern paper with a re-
stricted version of identi cation in the limit in which a learning macdhine is allowed to
make only one conjecture which is required to be correct. This criterion of successs
referredto as nite identi cation and wasalsoconsideredby Gold [Gol67)].

De nition 4 [Gol67]

(@ M TxtFin -identies L (written: L 2 TxtFin (M)) () (8 texts T for L)
(91 jWi = L) 9no)[(Bn  no)IM(T[n]) =i] » (8n < ng)[M (T[n]) = ?1l.

(b) TxtFin = fL j(OM)[L TxtFin (M)]g.

3 Generalization and Specialization Strategies

Before we considerthe three generalizationand the three specialization strategies de-
scribed in the introductory section,we discussa technical point rst.

In many casesthe e ect of a strategy may be dependent on the scoge of the con-
straints enbodied in the strategy. We illustrate this issueand the notation about strate-
gieswith the help of an example.

Considerthe constrairt on learnersthat requiresthem to conjecturehypothesescon-
sistert with the data. Formally, learnerssatisfying this requiremen have the property
that on sequence , they output the grammar of a languagethat cortains content( ).
This requiremert canbe appliedin two di erent ways, ead application renderingpossibly
di erent collectionsof languagesdernti able. Theseapplications are:

(a) Glokal consistency: A collection of languaged. is identi able by a globally consis-
tent learnerjust in casethere existsan M that is consistet onall 2 SEQ and
M iderties L.



(b) Classconsistency: A collection of languagesL is identi able by a classconsisten
learnerjust in casethere existsan M that is consiste on all sequences, , drawn
from languagesn L and M identies L.

Wiehagenand Leipe [WL76] have shovn that the above two notions of consistencyare
not equivalen.

3.1 Generalization Strategies

Taking into accoun the above discussionwe considertwo versionsfor ead of the three
generalizationstrategies: global and class. The global versionrequiresthe generalization
properties to hold on all languageswhereasthe classversionrequiresthe generalization
properties to hold only on the languagesin the classof languagesbeing identi ed. In
many caseshe global and the classversionsturn out to be equivalert.

We rst considerstrong-monotonicity.

De nition 5 [Jan9]]

(&) M is saidto be strong-monotonicon L just in case(8 ; | A cortent( )
LDIM()=7 _ Wuey Wul

(b) M is saidto be strong-monotonicon L just in caseM is strong-monotonicon ead
L2L.

(c) M is strong-monotonicjust in caseM is strong-monotoniconeath L N.

We now de ne the collectionsof languagesderti able by the global version(referred
to as G-SMON ) and the classversion (referredto as C-SMON ) of strong-monotonic
strategies.

Deniton 6 (a) G-SMON = fL | (9M)[M is strong-monotonic and L
TxtEx (M)]g.

(b) C-SMON = fL j (9M)[M is strong-monotonicon L andL  TxtEx (M )]g.
The next proposition shows that G-SMON = C-SMON .

Prop osition 3 G-SMON = C-SMON .

Pr oof. Clearly, G-SMON C-SMON . We now shaw that C-SMON G-SMON .
SupposeL 2 C-SMON as witnessedby M. We now informally descrike a learner
M © that behavesas follows: M ° fed , simulates M on ead initial subsequencef
(including ), and outputs a grammar for the union of all the languagesvhosegrammars
are output by M on initial subsequencesf (including ). It is easyto verify that M °
is strong-monotonicand M %iderties L. |



Hence,we only considerthe global version of strong-monotonicity in the sequel,and
refer to the collectionsof languagesidenti able by strong-monotoniclearnersas simply
SMON .

The next de nition is about monotonic strategies.

De nition 7 [Wie9(

(@) M is said to be monotonic on L just in case(8 ; | AN cortent( )
L)[M()=?_WM()\L WM()\L].

(b) M is saidto be monotonic on L just in caseM is monotoniconeah L 2 L.
(c) M is monotonic just in caseM is monotoniconeadh L N.
(d) G-MON = fL j(9M)[M is monotonicandL  TxtEx (M)]g.

(e) C-MON = fL j(9M)[M is monotoniconL andL  TxtEx (M)]g.

It is easyto shaw that the global versionof monotonicity is equivalert to the require-
mert of strong monotonicity (i.e., G-MON = SMON ). Therefore,we consideronly the
classversionof monotonicity in the sequel.In the literature C-MON is usually referred
to asMON .

The next de nition introducesweak-monotonicity.

De nition 8 [Jan9]]

(@) M is saidto be weak-monotonicon L just in case(8 ; | A content( )
L)[M( ): ? _ [Cortent( ) WM( )) WM( ) WM( )]]

(b) M is saidto be weak-monotonicon L just in caseM is weak-monotonicon ead
L2L.

(c) M is weak-monotonicjust in caseM is weak-monotoniconeadi L  N.
(d) G-WMON = fL j(9M)[M is weak-monotonicandL  TxtEx (M)]g.

(e) C-WMON = fL j (9M)[M is weak-monotoniconL andL  TxtEx (M)]g.

Clearly, G-WMON C-WMON . Now, using Theorem 6 and Theorem 21, it will
be shavn, in Corollary 22, that G-WMON = C-WMON . Sincethe two classegurn
out to be equivalert, we will often referto them asjust WMON .



3.2 Specialization Strategies

Kapur [Kap92] consideredthe dual of the above generalization strategies to intro-
duce three specialization strategies. The next three de nitions introduce dual-strong-
monotonicity, dual-monotonicity, and dual-weak-monotonicity.

De nition 9 [Kap9?

(@) M is dual-strong-monotonicon L just in case(8 ; | N corntent( )
LIM()=7 _ Wuey Wu)l

(b) M is dual-strong-monotonicon L just in caseM is dual-strong-monotonicon ead
L2L.

(c) M isdual-strong-monotonicjust in caseit is dual-strong-monotoniconeadL  N.
(d) G-DSMON = fL j(9M)[M s dual-strong-monotonicand L  TxtEx (M )]g.

(e) C-DSMON = fL j(9M)[M isdual-strong-monotoniconL andL  TxtEx (M)]o.

Again asis the casewith generalizationstrategies,the next proposition shavs that
the global and the classversionsof dual-strong-monotonicily are equivalert. The proof
of the proposition is similar to the proof of Proposition 3 (the only changerequired is
that the macdine M © outputs the grammar for the intersection of the languageswhose
grammarsare output by M on the initial subsequences).

Prop osition 4 G-DSMON = C-DSMON .

Becauseof the above proposition, we only considerthe global version of dual-strong-
monotonicity in the sequel,and refer to the classassimply DSMON . We next consider
dual-monotonic strategies.

De nition 10 [Kap9Z

(@) M is dual-monotonicon L just in case(8 ; | Nocontent( ) L)M( )=
?_WM()\E WM()\E].

(b) M is dual-monotonicon L just in caseM is dual-monotoniconeah L 2 L.
(c) M is dual-monotonicjust in caseit is dual-monotoniconeatc L  N.

(d) G-DMON = fL j(9M)[M is dual-monotonicand L  TxtEx (M)]g.

(e) C-DMON fL  Ej(9M)[M is dual-monotoniconL andL  TxtEx (M)]g.



The readershould note that the global versionof dual-monotonicity is essetially the
sameas the requiremen of dual-strong-monotonicily if one also allows the grammars
output by dual-strong-monotonicmadinesto additionally cortain the elemerts which
have already appearedin the input. For this reason,we feel that the classG-DMON
doesnot yield any new insight into the nature of specialization strategies. Thus we will
consideronly C-DMON in the sequel.In literature C-DMON is usually referredto as
DMON .

We next considerdual-weak-monotonicity.
De nition 11 [Kap9Z

(@) M is dual-weak-monotonic on L just in case(8 ; | N content( )
L)[M( ): ? _ [Cortent( ) WM( )) WM( ) WM( )]]

(b) M is dual-weak-monotonic on L just in caseM is dual-weak-monotonicon eadh
L2L.

(c) M is dual-weak-monotonicjust in caseit is dual-weak-monotoniconeachh L  N.
(d) G-DWMON = fL j(9M)[M is dual-weak-monotonicand L  TxtEx (M )]g.
(e) C-DWMON = fL j(9M)[M isdual-weak-monotoniconL andL  TxtEx (M )]g.

It will be shovn in Theorem19that G-D WMON = TxtEx , that is, every iderti -
able collection of languagess alsoiderti able by a globally dual-weak-monotoniclearner.
Now sinceG-D WMON C-D WMON , we havethat the global and the classversions
of dual-weak-monotonicity are equivalert. For this reason,we only considerthe global
versionin the sequeland refer to the classas simply DWMON .

3.3 Strategies with Both Requiremen ts

Requiring both the normal and dual conditions yields three additional strategies. We
give the de nition for strong monotonicity; the other two can be de ned similarly.

De nition 12 [LZK92]

(@) M is both strong and dual-strong-monotonicon L just in case(8 ; | A
content( ) DM()=7? _ WM( y = WM( )].

(b) M is both strong and dual-strong-monotonicon L just in caseM is both strong
and dual-strong-monotoniconead L 2 L.

(c) M is both strong and dual-strong-monotonic just in caseM is both strong and
dual-strong-monotoniconeatch L N.

(d) G-BSMON = fL j (9M)[M is both strong and dual-strong-monotonicand L
TxtEx (M)]g.
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(e) C-BSMON = fL j (9M)[M is both strong and dual-strong-monotonicon L and
L TxteEx (M)]g.

It is easyto shav that G-BSMON = C-BSMON , and we refer to these classes
assimply BSMON in the sequel.Similarly, we can de ne G-BMON , C-BMON and
G-BWMON and C-BWMON . Also, G-BWMON = C-BWMON (using Theo-
rem 6 and Corollary 22 to Theorem 21); hence,we often refer to thesetwo classesas
simply BWMON

Also, similar to the caseof G-DMON , we do not feelthat G-BMON gives much

insight into the nature of monotonic strategies. We will thus consideronly C-BMON
in the sequel.In the literature C-BMON is usually referredto asBMON .
Remark: It should be noted that exceptfor the classes<C-BMON and BSMON we do
not needthe madinesto output ?. This is becausefor SMON , C-MON , WMON
G-BWMON , C-BWMON , G-BMON a madine can just output a grammar for ;
instead of ? and for DSMON , C-DMON , G-DMON , C-D WMON , G-D WMON ,
the machine can output a grammar for N instead of ?. We do not know at this point
whether not allowing ? will make a di erence in the classC-BMON . For the class
BSMON , not allowing ? essetially meansthat madine hasto output its conjecture
on any input (even null input) and which should be a grammar for the input language.
This meansthat a madine following sud a strategy can identify at most one language
(thusleadingto a result sudh asBSMON TxtFin ).

Finally, we de ne Angluin's [Ang8( notion of consenative strategies.

De nition 13 (a) M is conservativeon L just in case(8 ; | A content( )
L)M()="7? _ [cortent( ) Wwm()) M()=M()I

(b) M is conservativeon L just in caseM is conserativeoneadh L 2 L.

(c) M is conservativejust in caseM is consenativeoneadhh L N.

(d) G-CONSV
(e) C-CONSV fL j (9M)[M is conserativeonL andL TxtEx (M)]g.

As a consequenc®f Theorem 6 and Theorem 21, in Corollary 22 it is showvn that
C-CONSV = G-CONSV . Thuswe often refer to theseclassesas simply CONSV .

In someof our theorems,we require a special e ectiv e enumeration of languagelearn-
ing madinesas given by the following (folklore) proposition.

fL j (9M)[M is conserativeandL  TxtEx (M)]g.

Prop osition 5 There existsan recursive enumegation M o; M 4;::: of languagelearning
machines,suchthat the following is satis ed. Let | be any collection of languageclasses
identi e d by an strategy intr oduced in this paper. Then, (8L 2 I) (9j)[L 2 | aswitnesse

A proof of the above proposition can be worked out on similar lines to the proof for
| = TxtEx case(seefor example[OSW86]). Welet M ;M 1;::: beonesuh erumeration
of madines.

11



4 Results
It is easyto seethat for
| 2 fMON ;DMON ;BMON ;WMON ;DWMON ;BWMON g;

G-l C-l. Beforewe presern the theoremsthat imply the relationship betweenthese
classesjt is helpful to summarizethe relationship betweenthe classesn the following
gure.

D WMON
TxXtEX
- 8
S
S
S
S
S
g
C-MON C-DMON

CONSV

WMON K Q S
BWMON Q

+ | C-BMON
Q Q H,
SMON DSMON
Q) 3
Qq
Q
TxtFin
BSMON

Fig. 1: Relationshibetweenvariousstrategieqclassesappeaing in the samebox are equiv-
alent;! denotesstrict inclusion;absencef a directedpath betweentwo classesneangthat

the two classesre incompaable)
We now presen a seriesof theoremsand corollariesthat derive the above picture.
The following theoremfollows from the de nition of various strategies.

Theorem 6 (a) TxtFin = BSMON .

(b) BSMON  G-CONSV .

(c) BSMON  (SMON \ DSMON ).

(d) C-BMON  (C-MON \ C-DMON ).

(e) C-BWMON (C-WMON \ C-D WMON ).
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(f) G-BWMON (G-WMON \ G-D WMON ).
(g) C-CONSV ~ C-BWMON

() G-CONSV  G-BWMON

() SMON  (C-MON \ G-WMON ).

() DSMON  (C-DMON \ G-D WMON ).

(k) BSMON  (C-BMON \ G-BWMON ).

The next two results can also be proved easily
Theorem 7 (a) SMON C-BMON

(b) DSMON  C-BMON

Pr oof. We show that SMON C-BMON . It cansimilarly be shavn that DSMON

C-BMON .

Suppose M is given sud that L TxtEx (M) and M is strong-monotonic. We
claim that M is both monotonic and dual-monotonicon each L 2 L. Note that since
M is strong monotonic we only needto verify that (8L 2 L)(8 j cortent( )
L)[M():?_L\WM() L\WM()].

But this follows from the fact that (8L 2 L)(8 jcortent( ) L)M( )= "7?
Wwm () L] (which is true sinceM is strong-monotonicand L~ TxtEx (M)). |

Let FIN = fL jcard(L) < 1g .
Theorem 8 SMON DSMON 6 ;.

Pr oof. It is easyto seethat FIN 2 SMON . We claim that FIN 62DSMON . Suppose
M is givensudh that FIN  TxtEx (M). We will shov that M cannot be dual-strong-
monotonic. Let  be sud that cortent( ) = fOg, and Wy () = fOg. Let ° be sud
that cortent( 9 = f0;1g and Wy ( o = f0;1g. (Note that there exist sud ; ©since
M TxtEx -idernties FIN.) But then, Wy () Wy ( o, andthus M is not dual-strong-
monotonic. i

Theorem 9 DSMON WMON 6 ;.

Pr oof. Considerthe following de nitions.

L; = fhj; xi jx 2 Ng.

Li" = fhj; xi j x < mg.

Let T; be atext for L; sud that cortent(T;[m]) = L|".

S =fhmini jm>0 " fhj;xijx mg Wy, (1 mpn0-
L=fL;jS=59[ fL"]jS 6 ~ (9n)[m;ni = min(S)]g.
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We claim that L 2 DSMON  WMON .

Let Gy beagrammarfor N. Let G, be a grammarfor ;. Let G; denotea grammar
for L; which canbe e ectively obtainedfrom j. Let G" denotea grammarfor L™, which
canbeobtainede ectively from j; m. Notethat S; isrecursive. Let S7 = S\ fxjx sg.

if content(T[s]) 6 ; "
content(T[s]) L; "
S’ =3
M(T[s]) = , G"; if cortent(T[s]) & ; "
cortent(T[s]) L;
S6; "
(9n)[fm;ni = min(SP)];
" G.; otherwise.
It is easyto verify that M is dual strong monotonicand L~ TxtEx (M).
We now shav that L 62WMON . Supposethat L~ TxtEx (M ;). We will show that
in this case,M; cannot be weak-monotonic. ConsiderL;. Clearly, S; 6 ; (otherwise
Lj 2 L andM; doesnot TxtEx -idertify Lj). Supposehm;ni = min(S;). Now L™ 2 L;.

S Gy; if content(T[s]) = ;;

Suppose is an extensionof T;[m], such that cortent( ) = L{" and Wy, () = L (note
that there existssudr a sinceL{" 2 L andL  TxtEx (M;)). Now Wy, ()= L[" 6
Ww,(mp content( ) = L. Thus, M; is not weak-monotonicon L{" 2 L. i
Corollary 10

() DSMON  SMON 6 ;.
() CDMON  WMON 6 ;.
(c) G-DMON  WMON 6 ;.
(d) C-BMON  WMON 6 ;.
() CMON  WMON 6 ;.

As an asideto the above results, it is interesting to obsene the following theorem
which says that there are collectionsof languageghat canbeidenti ed by either strong-
monotonic learnersor by dual-strong-monotoniclearners, but which do not belong to
TxtFin .2 The reader should note that this result also nicely cortrasts with Theo-
rem6 (a).

Theorem 11 (DSMON \ SMON ) TxtFin 6 ;.

2This fact was brought to our attention by one of the referees.
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Proof. LetLl=f2xg,andL2=f2x;2x+ 1g. Let A bea ,-completeset.

LetL =fLljx2 Ag[ fL2]jx 62Aqg.

We rst show that L 62TxtFin . Let T, denotea text for f 2xg. Supposeby way of
cortradiction that L 2 TxtFin aswitnessedby M.

Xx2A ) L}2TxtFin (M)
) @MIM(Tkn) =7 _ 2x+ 162Ny (1, ]
) L262TxtFin (M)
) (x624)

Thusx2 A () @Bn)M(Tk[n]) = ? _ 2x+ 162Ny (1, [n):n]-

This corntradicts , completenes®f A. Thus, L 6ZTxtFin .

We now show that L 2 SMON \ DSMON . Clearly, L 2 SMON . We shawv that
L 2 DSMON .

Let P be a recursiwe predicatesuch that x 2 Ai  (9y)(82)[P(X;y;2z)]. Let H bea
recursive function sud that Wy .y may be de ned as follows.

f 2xg; if (82)[P(x;y;2)];

Wh ay) = f2x;2x + 1g; if (92)[: P(x;y;2)].

It is easyto verify that

(1) Wy (xy) 2 fLE; L2g, and

(2) X2A, (9y)[WH (xy) — Li]

Thus if x 62A, then (8y)[Wh (xy) = L2 = f2x; 2x + 1g]. On the other hand if x 2 A,
then there existsa y sud that (8j < y)[Wy(xj) = L3] and [Wixyy = L LZ]. It is
this property of H that the following construction of M exploits.

M (T[n]) is de ned asfollows.

S if cortent(T[n]) = ;
H(x 0); if cortent(T[n]) = f2xg » M(T[n 1])= ?;
H(x;j); if content(T[n]) = f2xg » M(T[n 1) = H(x;j) "
2x+ 1 62Wh (xj yn;
M(T[n]) = _ H(x;j +1); if content(T[n])=f2xg » M(T[n 1])= H(x;j) "
2X+ 12 W xjyn;
H (x; 0); if cortent(T[n]) = f2x;2x+ 1g » M(T[h 1])= ?;
H(x 1); if content(T[n]) = f2x;2x+ 1g » M(T[n 1)) = H(X;j);

M(T[n 1]); otherwise.

It is easyto verify, using properties of H discussedabove, that M is dual strong
monotonic in nature. To verify that M TxtEx -identies L, supposeT is a text for
L2L.Letxbesuhthat L L2. Nowif L= L} (andthusx 2 A), then M (T) would
corvergeto the leastj suc that Wy xj) = Li. onthe other handif L = L2, then M (T)
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would corvergeto H(x; ), for somej (which by properties (1) and (2) of H above is a
grammar for L2). Thus,M TxtEx -identies L. |

We now comparethe power of consenative learnerswith those of monotonic and
dual-monotoniclearners.

Theorem 12 CONSV ~ (C-MON [ C-DMON )6 ;.

Pr oof. The proof of this theorem adopts a technique used by Lange and Zeugmann
[LZ93b]. Considerthe following languages.

L, =fhO;xi jx 2 Ng;

7 =fho;xi jx mg[ fhl;xi j x> mg;

L3" =fho;xijx m _ x>ng[ fhl;xijm< x ng.

LetL =fL.g[ fLY jm2 Ng[ fL3" jm< ng.

It is easyto seethat L 2 CONSV .

We show that L 62C-MON [ C-DMON ).

Considerany maciine M which TxtEx -identies ead L 2 L.

Let besud that cortent( ) = fhO;xi j x mg, for somem 2 N, and Wy ( )y = L;.
(Note that there existssuch a sincel; 2 TxtEx (M).)

Let © be sud that, for somen > m, cortent( 9 = fhO;xi j x mg[ fhi;xi |
m<x ngandWy o = LJ. (Note that thereexistssudra °sinceL} 2 TxtEx (M).)

Let %  O%besud that cortent( °) L3 and Wy ( o9 = L5". (Note that there
existssuch a sinceL3" 2 TxtEx (M).)

We claim that M is neither monotonic nor dual-monotonicon L5™" 2 L.

M is not monotonicon L5 sincehO;n+ 1i 2 L5\ Wy y\ Wy ( o9 but HO;n+ 1i 62
WM( 0)

M is not dual-monotonic on L3 sincehl;n + 1i 62L3" [ Wy () [ Wu( o but
hn+ 1i 2 Wy o.

Corollary 13
() CONSVY SMON 6 ;.

(b) CONSV DSMON 6 ;.
(c) CONSV C-BMON 6 ;.
Theorem 14 C-DMON C-MON 6 ;.
Pr oof. Considerthe following languages.
L; = fhj; xi jx 2 Ng.
L™ = fhj; xi j X < mg.
Let T; beatext for L; sud that cortent(T;[m]) = L|".
S =fhmini jm>0 " fhj;xijx mg Wy, (1 mpn0-
L="fL;jjj2Ng[ fL"jS 6 ; ~ (9n)[m;ni = min(S;)]g.
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Note that this L is slightly dierent from that usedin the proof of Theorem9. In
this we have included all L; s!

We claim that L 2 C-DMON C-MON .

Let Gy beagrammarfor N. Let G. be a grammarfor ;. Let G; denotea grammar
for Lj which canbe e ectively obtainedfrom j. Let G" denotea grammarfor L ", which
canbe obtainede ectively from j; m. Notethat S; isrecursive. Let S* = S\ fxjx sg.

G;, if cortent(T[s]) 6 ; "
cortent(T[s]) L; "
[SP=: _ L" 6 conent(T[s]),
_ wherehm; ni = min(S?)];
M) =5 Gm: it cortent(T[s) 6 ; ~
cortent(T[s]) L™~"
Sé; "
(9n)[hm; ni = min(SP)];
G.; otherwise.
It is easyto verify that M is dual-monotonicon L and TxtEx -identies eachh L 2 L.
Now supposeM; TxtEx -iderties eah L 2 L. We will shov that M cannot be
monotonicon L.
Clearly, sincel; 2 TxtEx (M), we have S; 6 ;. Supposelm;ni = min(S;).
Let be an extensionof T;[m] suc that cortent( ) = L™ and Wy, () = L|". (Note
that there existssudh a  sinceL" 2 TxtEx (Mj).)
Let °beanextensionof sud that cortent( 9 L;j, andWy, (9 = L. (Note that
there existssuch a  sincel; 2 TxtEx (Mj).)
M; is not monotonicon L; sincecortent( 9  Lj, hj; mi 2 Wy, ( 9\ Wy, (r;m) but
h, mi GMMJ( )

% Gn; if cortent(T[s]) = ;;

Corollary 15
(a) C-DMON C-BMON 6 ;.
(b) C-DMON SMON 6 ;.

Wenow briey considerG-DMON . Notethat DSMON G-DMON C-DMON
Also,

) fLjBi;x)[h;xi 2L, h;0 2 L] ™ card(fijh;0 2 Lg) < 1g isin SMON
but not in G-DMON

(i) a slight modi cation of the proof of Theorem 14, shows that G-DMON
C-MON 6 ;.

From the above, and Theorem 9, it follows that G-DMON is incomparable to
C-MON , SMON , WMON , and C-BMON

We now brie y considerG-BMON
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(i) G-BMON SMON \ G-DMON since,G-MON = SMON ;

@) fLj(8i;x)[h;xi 2L, h;0 2L] " card(fijh;0i 2 Lg)< 1g isin SMON
but not in G-DMON (and thus not in G-BMON ).

(i) fL jcard(L) < 1g isin G-BMON but not in DSMON .

Thus, G-BMON s properly contained in SMON and is incomparableto DSMON .

Theorem 16 (C-MON \ WMON ) C-DMON 6 ;.

Pr oof. Considerthe following languages.

L, =fhO;xi jx2 Ng.

LY = fhO;xi jx mg[ fhl;xi j x> mg.

L3" = fho;xi jx mg[ fhl;xi jm < x < ng[ th2;nig.

LetL =fL.g[ fLYjn2 Ng[ fL3" jm< ng.

It is easyto seethat L 2 C-MON \ WMON .

We claim that L 62C-DMON . SupposeM TxtEx -identies ead L 2 L. We will
then shav that M cannot be dual-monotonicon L.

Let besud that cortent( ) L, andWy ()= Li. (Note that there existssud a

sincelL, 2 TxtEx (M).)

Let °beanextensionof sudthat cortent( 9 LT, for somem, andWy ()= LY.
(Note that there existssuch a °sincelL] 2 TxtEx (M).)

Let be an extensionof °sud that cortent( °) = L3, for somen, and Wy ( ) =
L3". (Note that there existssuch a sinceL3" 2 TxtEx (M).)

Now hi; ni 625" = cortent( Y, hi; ni 62Wy ( y[ W ( o9 but hL;ni 2 Wy ( 9. Thus
M is not dual-monotonicon L3™" 2 L.

Corollary 17
(a) C-MON  C-BMON 6 ;.
(b) C-MON SMON 6 ;.
(c) C-MON DSMON 6 ;.

We now introduce a procedure,Proc, that is usedin the proof of the next two theo-
rems. Wpocm ; ) is de ned asfollows.

BegianProc(M ; )g
Letj = M( ).
Go to stageO.
Stages
Let S = W;s.
if there existsa sud that
11 S
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content( ) S, and

M()&M()
then HALT (i.e., Wpocm; ) doesnot enumerate anything else.)
else erumerate S and goto stages + 1.
endif

End stages
End fV\/Proc(M 9

The following lemma summarizesthe properties of Proc.

Lemma 18 (a) For all M, , ands, Ls = Wpem: ) enumented before stages can be
e ectively (in M, , and s) determined.

(b) For all M, , and s it can be e ectively determinad whether Proc(M ; ) halts
before stages.

(C) WProc(M; ) WM( )-

(d) Either Proc(M; ) haltsor cortent( ) 6 Wy () or is a locking sequene for M
on Wy ()-

(e) If content( ) 6 Wm (), then Wpoem: y = Wn () and Proc(M ; ) doesnot halt.

(f) If content( ) Wwm(y and is a locking sequene for M on Wy (), then
Whroce ) = W ().

(9) If cortent( ) Wy () and is a not a locking sequene for M on Wy, ( ), then
Proc(M ; ) halts (and thus Wpocm : ) IS nite).

() Wpoem: )y enumeanted before stage s, is contained in Wy (ys 1. Thus, if
Proc(M; ) haltsin stages, thenWpoem: ) Wwm()s 1-

() Supmse , cortent( ) Wy (ysandM( )& M( ). Then Proc(M; ) halts
at or before stagemax(fj j;sg). Moreover, either cortent( ) is contained in Wpyocm ; )
enumeated before stagej j or cortent( ) 6 Wproem : )-

() For all , , and M suchthat andM( ) 6 M( ), either content( ) 6
Whrocm; ) OF cortent( )  Wpocm: ) €numented before stagej |.

Pr oof. (a) to (h) are easyto seefrom the de nition of Proc. For (i) supposethe
hypothesis. Clearly, at or beforestagemax(f s;j jg), the procedurefor Proc(M ; ) would
detect this mind changeand halt. The secondclausein the conclusionnow follows using
part (h). Part (j) follows using parts (c) and (i). |

We now considerthe following two important simulation results that use Proc and
the above properties of Proc (Lemma 18).

Theorem 19 TxtEx = G-D WMON .
Pr oof. Clearly, G-D WMON TxtEx . We show that TxtEx G-D WMON .

Suppose M is given. We assumewithout loss of generality that M is sud that for
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every L 2 TxtEx (M), ead text T for L hasa locking sequencdor M on L asa pre X
(Lemma 2).

We de ne a machine M ° on initial sequence®f a text T as follows. Togetherwith
M °we alsode ne a function X . Intuitiv ely, X just keepstrack of the last point n®in the
text T, whereProgM ; T[nY) was output by M ©

BeginfM AT [n]), X (T[n])g

0. if n= 0, then
1. LetX(T[n])=0.
2.  Let M{T[n]) = Proc(M ;T[n)).
else

3. Letn%= X(T[n 1)) (notethat n°s sud that the last Proc(M ; T[s]) considered
by M %on initial segmets of T[n] wasfor s = n®)
4. if Proc(M;T[n9) haltsin n stages

then

5. if content(T[n]) 6 Werocm Ty,
then
6. Let X (T[n]) = n.
7. Let M YT[n]) = Proc(M ; T[n]).
else
8. Let X (T[n]) = n°
9. Let M {T[n]) beagrammar(obtained e ectiv ely from corntent(T[n]))

for cortent(T[n]).
endif
10. elseif M (T[n9) 6 M (T[n])

then

11. if content(T[n]) 6 Wprocm :Tiney €UmMerated by stagen + 1
then
12. Let X(T[n]) = n.
13. Let MAT[n]) = Proc(M ; T[n)).
else
14. Let X (T[n]) = n°
15. Let MAT[n]) = Proc(M ; T[nY).
endif

else

16. Let X(T[n]) = n°
17. Let MATI[n]) = Proc(M ; T[n9).
endif

endif

End fM {T[n]), X (T[n])g
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We claimthat M is dual-weak-monotonicand TxtEx -identi es ead L in TXtEx (M).
First notethat X (T[n]) nand X (T[n+1]) X (T[n]). Alsonnotethat X(T[n]) = n,
[n=0 _ X(T[n]) & X(T[n 1])]. Furthermore, if X (T[n+ 1]) 6 X (T[n]), then for all
n® n, cortent(T[n + 1]) 6 Wproem Tix (rnp - TO Seethis, note that if X (T[n + 1]) 6
X (T[n]), then this is becauseof the execution of step 6 or 12 above for M {T[n + 1]),
which can happen only if cortent(T[n + 1]) 6 Wproem Tney, Wheren®= X (T[n]) (using
Lemma 18 and the succesof the correspnding If conditions). Also, if X (T[n]) = n©
then M {T[n]) = Proc(M;T[n9) or Wy oty = cortent(T[N])  Weroem Tny. Hence,
M %is dual-weak-monotoniconeah L N.

Thus, it only remainsto prove that M° TxtEx -iderties ewery language TxtEx -
identied by M. For this supposeT is a text for L 2 TxtEx (M). Note that sinceM
satis es the condition in Lemma 2, T contains a locking sequencdor M on L. Thus,
limn,; X (T[n]) corverges. Let t = lim,; X (T[n]). Now considerthe following two
cases.

Casel: Proc(M ; T[t]) doesnot halt.

In this case,considerM {T[n]) for n > t. Clearly, if clauseat step 4 does
not hold. We claim that if clauseat step 10 also cannot hold. To seethis
supposeotherwise. Thus, using Lemma 18 (i), if clauseat step 11 must also
hold (since Proc(M ; T[t]) doesnot halt). But then X (T[n]) 6 X (TIt]): It
followsthat for alln > t, M (T[n]) = M (T[t]) and M {T[n]) = Proc(M ; T[t]).
Also, by Lemma18(parts (d), (€), (f)) Weroem Tty = Wm (riey = L. ThusM ©
TxtEx -identies L.

Case2: Proc(M ; T[t]) halts.

In this casefor all n > t, in M {T[n]), if clauseat step 4 succeedsand the if
clauseat step 5 fails. It followsthat L is nite and M °outputs, in the limit
on T, a grammar for cortent(T). Thus M ° TxtEx -iderties L. |

Remark: A carefulanalysisof the above proof revealsthat it almost shovsthat TxtEx
CONSV ; the only place the dual-weak-monotonicity (instead of consenativeness)is
usedis at Step 9. Henceif we modied Step 9 in the above proof to simply output
Proc(M ; T[n9) then M ° becomesa conserative machine that iderti es every in nite
languageidertied by M (but maybe unsuccessfulon nite languages). Hence, this
shaws that if attention is restricted to in nite languages,consenative madines are as
powerful as generalmadines. We summarizethis obsenation in the following corollary.
Let E; denotethe collection of all in nite r.e. languages.

Corollary 20 (8L E; )[L 2 CONSV () L 2 TxtEx ].

Theorem 21 C-WMON G-CONSV .
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Pr oof. Proof of this theorem s similar to that of Theorem 19. There are two issues
oneneedsto addressin the simulation asdoneby M %in Theorem19. First in step 9, one
cannotoutput a grammar for content(T[n]), becausehat could violate consenativeness;
hence, one outputs Proc(M ; T[n9) (this is ne sinceif M is weak monotonic then it
cannot idertify any proper subsetof Weocm Tiney.) The seconddi erence arisesdue
to the fact that for identi cation by a weak-monotonicmacdine one may not be able
to assumethat ewery text contains a locking sequence. Thus in steps 6,7 one needs
to do somerearrangemeh of the input text (this is becauseone needsto argue that
if X doesnot convergeon (rearranged)text T, then sodoesM.) Rest of the proof is
similar to the proof of Theorem 19. We now proceedto give the details. For simplicity
of presenation we give a somewhatdi erent description of madine M ° as comparedto
that correspnding descriptionin the proof of Theorem 19.

We de ne M° as follows. Along with M ° we de ne a function X and a function
rearrange Intuitiv ely, X just keepstrack of the \last ProdgM ; T[n9)" output by M?©°
and rearrangeis used for the rearrangemen of the input text as hinted above. We
de ne rearrangeonly for the caseswhen X (T[n]) = n (note that X(T[n]) = n, n=
0_X(T[n]) 8 X(T[n 1])). Alsonotethat rearrangd€T[n]), if de ned, isarearrangemenh
of T[n].

Begin M {T[n]), X (T[n]), rearrang&T[n]).
0. if n= 0, then
Let X(T[n]) = 0.
Let rearrangéT[n]) = T[n].
Let M{T[n]) = Proc(M ; T[n]).
else

1. Letn%= X (T[n 1])(notethat n%issud that the last Proc(M ; rearranggT|[s]))
consideredby M % on initial segmets of T[n] wasfor s = n?)
2. if there existsa rearrang€T[nY) sud that
content( ) corntent(T[n]) "
i j 2n+ jrearrangdT[nY)j *
M( )8 M (rearranggT[n9)) »
cortent( ) 6 Wproc(M srearrange(Tiney) €rumeratedtill stagej j + 1.
then
2.1. Let denoteonesudr . Let °beanextensionof sudthat cortent( 9 =
content(T[n]).
2.2. Let X(T[n]) = n.
2.3. Let rearrangéT[n]) = ©
2.4.  Let MAT[n]) = Proc(M; 9.
3. else
3.1. Let X(T[n]) = n°
3.2.  Let MY{T[n]) = Proc(M ;rearrangdT[n9)).
endif
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endif
End M {T[n]), X (T[n]), rearrang&T [n]).

We rst show that M %is consenative. We will then show that M ° TxtEx -iderti es
every languagelL sud that L 2 TxtEx (M) and M is weak-monotonicon L. This will
completethe proof.

First notethat X (T[n]) nand X(T[n+ 1]) X (T[n]). Also note that X (T[n]) =
n, [n=0_ X(T[n]) 8 X(T[n 1])]. Also note that, for n sud that X (T[n]) = n,
rearrang€T[n]) is de ned and is a rearrangemeh of T[n]. Also, the only conjectures
output by M ° are of the form Proc(M ; rearrangéT[n])), sud that X (T[n]) = n. Also
MYT[n+ 1))6 MYT[n]), X(T[n+ 1])= n+ 1.

Furthermore, M {T[n+ 1]) 6 M {T[n]) (equivalertly, X (T[n+ 1]) 6 X (T[n])) implies
that, T[n + 1] 6 Werocm wrearrange(tny)» Wheren® = X (T[n]). To seethis note that if
X (T[n+ 1]) 8 X (T[n]), then this is becauseof the executionof step2.2. But then dueto
the succesof the If condition at step 2, we have that T[n + 1]6 Wpocm irearrange(T[n) »
wheren®= X (T[n]) (using Lemma 18, and the requiremen for if condition to succeed).
Thus M °behavesconseratively onall L N.

Thusit only remainsto prove that M ° TxtEx -identi es every languagelL sud that
L 2 TxtEx (M) and M is weak-monotonicon L. For this supposeT is a text for
L 2 TxtEx (M). We rst claim thaé lima, X (T[n]) corverges. To seethis sup-
pose otherwise. Let T° be the text x (T[t+1) 6 x (T[r) FearranggT[t + 1]). Note that
cortent(T9 = cortent(T), and that M on the text T changesits mind in nitely often
(sinceX (T[n+ 1]) 6 X (T[n]) implies that, there existsa , suc that for n°= X (T[n]),
rearrangéT [nY) rearrangd T [n + 1]) such that M ( ) 6 M (rearranggT[n9))). A
cortradiction. Thus lim,; X (T[n]) converges. Let t = lim,; X (T[n]). Note that
M AT)# = Proc(M ; rearrang€T [t])).

Now sincethe if at step 2 for M {T[n]), doesnot succeedor any n > t, we have that
rearrang€T[t]) is alocking sequencdor M onL, orL  Whpoem rearrange(ti)) - IN the for-
mer caseclearly, L = Wpioc(m rearrange(T(t])) - IN the later case sinceWepyo (M :rearrange(T )
W (rearrange (T[1])) » it followsthat L Wiy gearrange (T1tp)) » @Nd thus by the weak-monotonicity
condition we have that L = Wy (rearrange(tt))) - ThUS L = Whpyoc(m rearrange(T 1)) -

It followsthat M ° TxtEx -identies L.

The above proof together with Theorem 6 implies the following corollary which says
that the global and the classversionsof weak-monotoniciy and consenatism are equiv-
alert.

Corollary 22 G-WMON = C-WMON = G-BWMON = C-BWMON = G-CONSV
= C-CONSV .

Finally, we consideran alternative formulation of the notion of consenative strategy.

Angluin's notion of consenatism requiresthe learner to conjecture the samegrammar
unlessthe data presened includesa courterexampleto the current hypothesis. We relax
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this requiremern asfollows: If the learnerencourers an elemer that is not explainedby
the current hypothesisthen the learner can changeits hypothesis,otherwisethe learner
must output a grammar that is extensionallyequivalert to the current hypothesis. The
following de nition formally introducesthis strategy, referredto as extensionalconser-
vatism.

Denition 14 (a) M is extensionaly-conservative on L just in case(8 ; |
Nocontent( ) L)M()=7? _ [cortent( ) Wm(y) Wun()= WuoHll

(b) M is extensionaly-conservativeon L just in caseM is extensionally-conserative
oneadh L 2 L.

(c) M isextensionaly-conservativejust in caseM is extensionally-conserative on eat
L N.

(d) G-EXT-CONSV = 1fL j(9M)[M isextensionally-conserativeandL  TxtEx (M)]g.

(e) C-EXT-CONSV = fL | (9M)[M is extensionally-conserative on L and L
TxtEx (M)]g.

It is easyto verify that G-CONSV G-EXT-CONSV C-EXT-CONSV
C-WMON . But, sinceG-CONSV = C-WMON (Theorem 21), the extensionalno-
tion of consenatism turns out to be equivalert to the intensionalnotion of consenatism.
The next corollary summarizestheseobsenations.

Corollary 23 G-CONSV = C-CONSV = G-EXT-CONSV = C-EXT-CONSV
= WMON = C-WMON = G-BWMON = C-BWMON

The results preserted in this paper are pictorially presened in Figure 1.
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