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Abstract

Gold{style languagelearning is a formal theory of learning from examplesby algorithmic de-
vices called learning machines. Originally motivated by child languagelearning, it features
the algorithmic synthesis (in the limit) of grammars for formal languagesfrom information

about those languages.In traditional Gold{style languagelearning, learning machines are not

provided with negative information, i.e., information about the complemers of the input lan-

guages.We investigate two approadesto providing small amourts of negative information and
demonstrate in ead casea strong resulting increasein learning power. Finally, we show that

small packets of negative information alsoleadto increasedspeed of learning. This result agrees
with a psydolinguistic hypothesisof McNeill correlating the availabilit y of parental expansions
with the speedof child languagedevelopmert.



1 Intro duction

Gold-style formal languagelearning [12] features the algorithmic synthesis of generating pro-
ceduresfor formal languagesfrom enumerations of positive information about the languages.
Herein we consider Gold-style formal language learning augmerted in various ways by some
amourt of negative information about the languages.

Chapter 6 of [9] treats the case of augmertation with various powerful forms of nearly
complete grammatical information for the complemen of the language. In [4] the report on
this chapter is motivated by treating negative information as a more mathematically tractable
substitute for semartic information. [18, 19] present evidencethat semartics in addition to
positive information may be essetial to human language learning. [14] examineslanguage
learning with varying densities of negative information provided.

Fulk's chapter, of necessiy, is about learning recursive languages,but we would like to
consider the learning of r.e. not recursive languagestoo, where the positive information is
supplemenied by some negative information. For example, some recursively axiomatizable
theoriessuch as rst order group theory are r.e. not recursive [17], yet we might want to study
the learning of recursive axiomatizations (i.e., generators)for them.

In the presen paper we considerthe e ects on learning power obtained by augmening the
positive information by apparertly small, nite, core amounts of negative information. We
considertwo cases,one (Section 3) where only the nite core is supplied and one (Section 4)
where negative information in addition to the nite core is allowed. This latter casewas
motivated in part by [20] which itself, in part, was motivated by [1, 29]. We refer to the latter
style of negative information preseration asopen.

In Section 3 we presen results to the e ect that tremendous gains in learning power are
obtained from adding apparertly very small, suitable, nite setsof negative information.

In Section4 we presen results shaving that, with respect to learning power, in somecases,
allowing more mistakesin nal generatorslearned can more than compensateinformation the-
oretically for open negative information. In other caseswe shav that small additions of open
negative information can more than compensate, also information theoretically, for mistakes
in nal grammars. It is noted that, in almost all cases,additional open negative information
results in strictly more learning power. We discussthe relation of this to the hypothesisin [16]
that increasingcertain forms of languagecorrection leadsto increasedspeedin languagedevel-
opmen. In Section4 it is also noted that, regarding learning power for languages,supplying
an unbounded amount of open negative information is equivalent to supplying all the negative
(as well asthe positive) information to a learning machine.

Finally in Section5 we presert a surprising preliminary result supportiv e of the hypothesisof
[16] mentioned in the just previous paragraph. This result saysthat onedoesseea learning speed
increase(as measuredby mind-change complexity [8]) from a minimal, non-vacuousamourt of
open negative information.

Someopen questionsare preseried in Section 6.



2 Preliminaries

2.1 Notation

Any unexplained recursion theoretic notation is from [28]. N denotesthe set of natural
numbers, f0; 1; 2; 3;:::g. Unless otherwise speci ed, e;i; j; k;m; n; p;s;w; X; y; z, with or with-
out decorations, range over N. denotes a non-menber of N and is assumedto satisfy
(8n)[n < < 1] a;band c, with or without decorations,rangeover N [ fg . ; denotesthe
empty set. denotessubset. denotesproper subset. denotessuperset. denotesproper
superset. P and S, with or without decorations, range over sets. P(S) denotesthe power set
of S. card(S) denotesthe cardinality of S. ith-min(S) denotesthe elemen x of S, if any, suc
that card(fy 2 Sjy xg =i.S1 S d:E"ff2xj X2 S1g[ f2x+ 1jx 2 Spg. S1 Sy denotes
the symmetric di erence betweenS; and S,. S; =" S, denotescard(fx j x 2 S; S,g) n;
S1 = S; meansthat card(fx jx 2 S;  Spg) is nite. Dy denotesthe nite setwith canonical
index x [28]. We sometimesidentify nite setswith their canonical indices. We do this when
we considerfunctions or machines which operate on complete knowledgeof a nite set (equiv-
alently, an argumert which is a canonicalindex of the nite set), but when we want to display
the argumert simply asthe setitself.

" denotesunde ned. max( ); min( ) denote the maximum and minimum of a set, respec-
tively, wheremax(;) = O and min(;) =".

rangesover partial functions with argumerts and valuesfrom N. (x)# denotesthat (x)

is de ned; (x)" denotesthat (x) is unde ned.

f;gand F with or without decorationsrangeover total functions with argumerts and values
from N. domain( ) and range( ) denotethe domain and range of the function , respectively.

hi; ji standsfor an arbitrary , computable, one-to-oneencaling of all pairs of natural numbers
onto N [2§]. Slmllarly we can dene h;:::; i for encading multiple natural numbersonto N.

The quarti ers 8 and " 9 essetially from [3], mean “for all but nitely many' and “there
exist in nitely many', respectively. The quanti er "9!' means there exists a unique'.

' denotesa xed acceptable programming system for the partial computable functions:
N I N [27, 28, 15]. ' ; denotesthe partial computable function computed by program i in the
' -system. denotesan arbitrary xed Blum complexity measure[3, 13]for the ' -system. The
set of all total recursive functions of one variable is denoted by R.

W; denotesdomain(’' ;). Wi is, then, the r.e. set/language( N) accepted(or equivalently,
generated)by the ' -program i. E will denotethe set of all r.e. languages.L, with or without
decorations, rangesover E. L denotesthe complemert of L. For languageL, we use | to
denote the characteristic function of L. L, with or without decorations, rangesover subsets
of E. W % fx sj i(x) sg. MinGram(L) denotesmin(fi j W; = Lg). FIN def fL |
card(L) < 1g . SVT E £L j (8x)(9ly)[hx; yi 2 L]g.

We sometimes consider partial computable functions with multiple argumerts in the
system. In such caseswe implicitly assumethat a h;:::; i is usedto code the argumerts, so,
for example,' i(x;y) standsfor ' j(hx; yi).

!Decorations are subscripts, superscripts and the like.



2.2 Learning Mac hines

We now consider language learning machines. De nition 1 below introduces a notion that
facilitates discussionabout elemens of a languagebeing fed to a learning machine.

Denition 1 A sguen® is a mapping from an initial segmem of N into (N [ f#g). The
content of a sequence , denoted content( ), is the set of natural numbersin the range of
The length of , denotedby j j, is the number of elemeris in

Intuitiv ely, #'s represert pausesn the presenation of data. Welet and , with or without
decorations,range over nite sequencesSEQ denotesthe setof all nite sequencesThe set of
all nite sequence®f natural numbersand #'s, SEQ, can be coded onto N.

De nition 2 A languagelearning machine is an algorithmic devicewhich computesa mapping
from SEQ into N.

Later in De nition 13 and, againin De nition 49, we preseri variants of the languagelearn-
ing machines from De nition 2 just above. For convenienceof exposition we avoid intro ducing
thesevariants until we needthem.

We let M, with or without decorations, range over learning machines.

2.3 Fundamen tal Language Identication Paradigms

De nition 3 A text T for a languagel is a mapping from N into (N [ f# g) sud that L is
the set of natural numbersin the range of T. The content of a text T, denoted content(T), is
the set of natural numbersin the rangeof T.

Intuitiv ely, a text for a languageis an enumeration or sequetial presernation of all the
objects in the languagewith the #'s represerting pausesin the listing or presenation of such
objects. For example,the only text for the empty languageis just an in nite sequenceof #'s.

We let T, with or without superscripts, range over texts. T[n] denotesthe nite initial
sequenceof T with length n. Hence,domain(T[n]) = fx jx < ng. Forn | j, [n] denotes
the nite initial sequenceof with length n.

2.3.1 Explanatory Language Iden tication

In De nition 4 below we spell out what it meansfor a learning machine on a text to corverge
in the limit.

De nition 4 SupposeM is alearning machineand T isatext. M (T)# (read: M (T) converges
1

, (9i)(18 n) [M(T[n]) = i]. If M(T)# then M (T) is de ned = the unique i suc that (8
n)[M (T[n]) = i]; otherwise, we say that M (T) diverges (written: M (T)").

We now introduce criteria for a learning machine to be consideredsuaessful on languages.

De nition 5 [12, 7, 24] Recall that a rangesover N [ fg .

(@) M TxtEx 2-identies L (written: L 2 TxtEx 2(M)) , (8 texts T for L)(9i j W; =2
L)IM (T)#= i].



(b) TxtEx 2=1fL j(OM)[L TxtEx #(M)]g:

Gold [12] introduced the criteria we call TxtEx °. The generalizationto the a > 0 casein
De nition 5 was motivated by the obsenation that humans rarely learn a language perfectly.
The a > 0 caseis from [7], but [24], independertly, introducedthe a = case. The in uence
of Gold's paradigm [12] to human language learning is discussedby Pinker [26], Wexler and
Culicover [31], Wexler [30Q], and Osherson,Stob, and Weinstein [21, 22, 23].

We sometimeswrite TxtEx for TxtEx © including in the namesof those learning classes
introducedin later sectionswhere ‘TxtEx ' is a proper substring of those names.

Next we de ne order independene, but not in the sameway asin [2].

De nition 6 [9, 10] A machine, M, is said to be order independent , (8 texts T;TO |
content(T) = content(TY[M (T)#=1i, M(TO#=i].

Theorem 7 [9, 10, 23] For all a;M, there exists an order independent machine M © such that

TXtEx 3(M) TxtEx (M 9.

2.3.2 Behaviorally Correct Language lden tication

De nition 8

1
(@) M TxtBc 2-identies L (written: L 2 TxtBc #(M)), (8textsT forL)(8 n)[Wy (rpnp =2
L].

(b) TxtBc 2=fL j(9M)[L TxtBc #(M)]g:

De nition 8is from [7]. The a2 f0; g caseswere independertly introducedin [24, 25].
We sometimeswrite TxtBc for TxtBc ° including in the namesof those learning classes
introducedin later sectionswhere ‘TxtBc ' is a proper substring of those names.

2.3.3 Language Learning on Characteristic Function Input
Let]i[n] denote the sequencqto; f (0)i; hL; f (1)i;:::;bn L1;f(n  1)i). Wesay that M (f )# =i
(8 mMIM(f[n]) = i].

De nition 9 [7]
(a) M ExGen 2-identies L (written: L 2 ExGen (M)), M( p)#and Wy ,=2L.
(b) ExGen 2= fL j(OM)[L ExGen (M )]g:
De nition 10 [7]
(@) M BcGen 2-identies L (written: L 2 BcGen (M) , (18 MMWwm ¢  np =2 L1
(b) BcGen?=fL j(9M)[L BcGen #(M)]g:



2.3.4 Some Basic Results
Theorem 11 For all n, the following hold.

(@) (TxtEx "*1\ P(SVT)) TxtEx "6 ;.

(b) (TxtBc "*1\ P(SVT)) TxtBc "6 ;.

(c) TxtEx 21 TxtBc " 6 ;.

(d) (TxtEx \ P(SVT)) SnTxtEx g ;.

(e) (TxtBc \ P(SVT)) TxtEx 6 ;.

(f) (TxtBc \ P(SVT)) (SnTxth "[ TxtEx )6 ;.
(g) TxtEx 2" TxtBc ".

(h) E62TxtBc

Parts (a), (b), (d), (e) and (f) of the above theorem can be derived from theorems proved
in [7] and [8]. Parts (c), (g) and (h) of the above theorem are directly from [7].
The following result from [7, 24], basedon a result from [12], is used below.

Theorem 12 For eachinnite languageL, FI N [ fLg 62TxtBc

3 Identication with Finite Negativ e Information

In this section we considerthe e ects on learning if an apparertly small nite set of negative
information is given in addition to text. For this purpose,we introduce a variant of learning
machine (called type 2).

De nition 13 A type 2 languagelearning machine is an algorithmic devicewhich computesa
mapping from SEQ N into N.

Intuitiv ely the secondargumert is for a canonicalindex for a nite set of negative informa-
tion about the languageto be learned? From now on we will drop the phrasetype 2. Context
will show which type of learning machine we have in mind. M, with or without decorations,
will range over both typesof learning machine.

De nition 14 We sa that M (T;i) convemes to j (denoted M (T;D)# = j) , (18
M[M (T[n];i) = j]; we say that M (T;i)" , (19 n)[M (T[n];i) 8 M (T[n+ 1];i)].

2The canonical index is convenient but not essetial; seeRemark 17 in Section 3.1 below.



3.1 De nitions

Recall from Section 2.1 that we sometimesidentify nite setswith their canonical indices. In
part (a) of both De nitions 15 and 16 just below, S is the core of negative information.

De nition 15

(@) M NegF PTxtEx 2-identies L 2 E (written: L 2 NegF PTxtEx 3(M)), (9S L j
card(S) b)(8T j T is atext for L)[M (T; S)# and Wy (.s) =2 L].

(b) NegF °TxtEx 2=fL Ej(9M)[L NegF PTxtEx 3(M)]g.
De nition 16

(@) M NegF TxtBc -identies L 2 E (wiitten: L 2 NegF PTxtBc 3(M)) , (9S L j
card(S) b)(8Tj T isatext for L)(8 N)[Ww (tfp:s) =2 L]

(b) NegF°TxtBc 2=fL Ej(9M)[L NegF PTxtBc 3(M)]g.

Remark 17 In part (b) of De nitions 15 and 16 above the learning classesde ned are exten-
sionally equivalent to those we would obtain if, instead, we fed an r.e. index or a characteristic
index of S to the learning device instead of a canonical index. Actually the classeswould be
extensionally invariant if we merely fed an enumeration of S marked as negative.

We have the following straightforward proposition.

Prop osition 18 For all a,
(@) NegF °TxtEx 2= TxtEx 2 and
(b) NegF °TxtBc 2 = TxtBc 2.

3.2 Results

The next six theoremsillustrate the tremendouslearning power obtained already from sets of
negative information with cardinality lessthan or equal two.

Recall that ith-min(S) denotesthe elemen x of S, if any, such that card(fy2 Sjy xg)=
i.

Theorem 19 fL 2 EjL isinnite g2 NegF 'TxtEx .

Proof. For eath L 2 E such that L is innite, dene S = fitLh-min(f)g, where i, =
MinGram (L) + 1.
De ne M asfollows.

i1 if(9)[S=fjg]l”" [card(fx | jx 62ontent( )g) = i]];

M(:S) = 0; otherwise.

Fix L sud that L is innite. Considerany text T for L. It is easyto seethat M (T;S.)#
and Wy, (T;sL) = L. I



Corollary 20 SVT \ E2 NegF 'TxtEx .

Pr oof. Follows from Theorem 19 and the fact that SVT  fL j L isin nite g. |

Theorem 21 NegF !TxtEx TxtBc 6 ;.

Proof. Let L = fL j (card(L) > 0) and (9x 2 L)[Wx = L]g. It is easyto seethat L 2
NegF 'TxtEx . Note that, by a suitably padded recursiontheorem[28], FIN L. Hence,it
follows (from Theorem 12) that L 62TxtBc . |

Theorem 22 TxtEx ! NegF 'TxtEx .

Pr oof. We prove that TxtEx ! NegF 'TxtEx . Proper cortainment then follows from
Theorem 21 above. The remainder of the presert proof is nonconstructive.

SupposeM is given. Without lossof generality assumethat M is order independert. For
ead L 2 TxtEx (M), let G. bethe grammar corvergedto onL by M. For L 2 TxtEx (M),
de ne S, asfollows

Sfmg if (L6 NJ~ [We, 6 LI
S, = . wherem = min(L);
Co otherwise.

Intuitiv ely, S_ is the negative information that will be supplied to machine M %in the two
casesbelow. The cardinality and contents of the set S; together code whether or not language
L = N, and, whether the nal grammar output by M on any text for L is indeed a grammar
for L (Coding tricks of a similar nature will be usedin the proofs of Theorems 23 through 25
below).

Let g be a function such that, for all i; x, Wiy = Wi fxg. Let f beafunction sud that,
for all i; X, Wg (ix) = Wi [ fxg.

De ne M %asfollows.

Casel: M TxtEx l-identies N and Wg, 6 N.

Let x 2 N Wg, . Note that there is a unique such x. Let iy be a grammar for

N. De ne M %asfollows.
8

iN; fIS=;1" [M()=0Gn] "™ [x2cortent( )]];
Gn; f[S=;1" [M()=0Gn] " [x6Zortent( )]];
M(); if[[S=;]1" [M()6 GnII;

gM( )y); if[[S6;]N .
[y = min(fzjz 2 content( ) W},{ ,9)]
ANy 62Zcontent( )]];
f(M()y), if[[S6;]" .
[y = min(fzj z 2 content( ) Wy, ,0)]
Ny 2 content( )]];
-0 otherwise.

MY ;S) =

It is easyto seethat M ®NegF 'TxtEx -identies TxtEx (M).

10



Case2: Not Casel.

De ne M asfollows.
8 M(): if S=;;
gM ( );y); if[[S& ;] ,
[y = min(fzjz 2 content( ) W, ,0)]
Ay 6Zortent( )]];

MY ;S) = . N
V9= sty ifiSe 1] -
[y = min(fzjz 2 content( ) wgﬂl( 9]
_ A ly 2 content( )]l;
0; otherwise.
It is easyto seethat M ONegF 1TxtEx -identies TxtEx 1(M). |

Theorem 23 E 2 NegF ?TxtEx .
Proof. Foreath L 2 E, de ne S, asfollows.

8

2 fmin(D);iM-min(D)g; if [card(C) = 1 ]~ [i = min(fp> 1] Wp = LO)];
SL = _ fmax(L)g; if L is nonempty and nite;

B otherwise.

Intuitiv ely, the cardinality of S_. codeswhether the languagelL equalsN, is co- nite and
not equal to N, or, is co-in nite. In the last two cases,the content of S| as de ned above
enablesM below to compute an index for L.

Let g be a computable function suc that for all nite setsS, Wyi) = N fxjx 2 Sg.

De ne M asfollows.

8

9G;); ifS=;;
% g(fxjx m~" x 6ontent( )q); if S= fmg;
M(;S)= _k; if [card(S) = 2]*
= [k = card(fx max(S)j x 6Xontent( )g)]
0 otherwise.

Fix L 2 E. Considerany text T for L. It is easyto seethat M (T;S.)# and also that
Wi (tis) = L. 1

Theorem 24 E 2 NegF TxtEx 1.

Pr oof. Foreahh L 2 E, de ne S, asfollows.

8

3 f2ith-min(D)g; if [card(L) = 1 ]~ [i = min(fp> 0j W, = LQ)];
S = . if L= N;

3 fmax(L)g; if card(L) is nite and odd;

" fmax(L fmax(L)g)g; otherwise.

11



Intuitiv ely, the cardinality of S_. codeswhether or not the languagelL equalsN. The content
of S codes,among other things, whether or not L is nite or in nite.
Let g be a computable function such that for all nite setsS, Wy) = N fxjx 2 Sg.

De ne M asfollows.
8

a(;); ifS=7;
% card(fxjx —m~" x 6Zontent( )g)=2; if S=fmg"
M( :S) = card(fxjx m~” x 62ontent( )g) is even;
' g(fxjx m~" x 6Zontent( )g); if S=fmg~"
% card(fxjx m~" x 6Zontent( )g) is odd;
-0 otherwise.

Fix L 2 E. Considerany text T for L. It is easyto seethat M (T;S_)# and also that
Wi (r:s.) =* L. 1

Theorem 25 E 2 NegF TxtBc .
Proof. 3 Foreah L 2 Edene S, asfollows.

8
2 fih-min(D)g; if [card(C) = 1 ]* [i = min(fj > 0j W; = Lo)];
SL= 5 if L= N;
© fmax(L)g; otherwise.
Intuitiv ely, the cardinality of S_. codeswhether or not the languagelL equalsN. The content
of S| asde ned above enablesM below to compute an index for L.
Let match be a recursive function suc that for eady andi, match ( ;i) = max(fs
j jjws coment( )~ [s] W/ 'g). Let g beacomputable function sud that for all nite
setsS, Wyis) = N fxjx 2 Sg. Dene M asfollows.

9(;); ifS=3;
e; if (9m; P)[[S = fmg] " [card(fx m jx 62ontent(T[n])g) = €]*
[P=1fx mjx6Zontent(T[n])gl"

[ match (T[n];e) > match (T[n]; g(P))I;

MTIES) =5 opy: it (9m: P)[S = fmg]” [card(fx m | x 62ortent(T[])g) = €]
§ [P=fx mjx 6Zonent(T[n])g*
[ match (T[n];e)  match (T[n]; g(P))]I;
0 otherwise.
It is easyto seethat M NegF TxtBc -identies E. [

By cortrast to Theorem 23 we have the following result.

Theorem 26 E 62NegF TxtEx .

31f we extend the de nition of TxtF ex? in [5, 6] in the obvious way to de ne NegF °TxtF ex?, then our proof
actually shows that E 2 NegF *TxtF ex?.

12



Pr oof. Supposeby way of cortradiction that E ~ NegF TxtEx (M). We now describe a
construction which will give us somerecursively enumerable languagesat least one of which is
not in NegF 'TxtEx (M). We especially concenrrate our construction on one of the languages,
called L, below; the other languagesare the L's also described below.

The construction maintains an in nite array, neg, with elemens from f1;2;3;:::9. neg is
the value stored in neg, the i elemen of this array, just beforethe start of stages. neg is
a non{decreasingfunction of s. Welet negt = limg; ned. L is(N fneg jneg < 1g).
We also maintain another array S, where, for all s, S; = ; and, for all i > 0, S? = fnegg.
Lastly we also maintain an array  with elemeris from SEQ. 7 is the value stored in ;, the
i element of this array, just beforethe start of stages.

If (18 s)[SF = S, then we let St = limgy  SP; otherwise St is unde ned. Similarly,
if (18 L= 1), thenwelet ! = limg; §; otherwise ! is unde ned. Intuitiv ely,
the setsSt. are the possible nite coresof information regarding L that could be usedby M .
Li=N j iSjl ,and 1, when nite, functions asa locking sequence23] for M on L; and
negative information fneg' g.

For eadh s and i, it will be the casethat,

(a) |S iS+1 '

(b) negf,; > max(content( ?)),

() (fxjx negg fnegdjl | ig) cortent( ?),
(d) fnegj1 j ig\ content( {)=;.
Foreahi > O,letneg = 2i. Let o= ;. Fori > 0,let ; beanextensionof ; 1 sud that
content( i) = fxjx neqg fnegjl | ig Go to stageO.

Begin stage s
( The inequality = < s' just below meansthat for some xed canonical indexing, the
canonicalindex of islessthan s. )
1. LetP =fhi; iji<sr <sn § Ncontent( ) N
2. if P 6 ; then
2.1 Letipg= min(fij (9 )[h; i 2 PJg).
2.2 Let g besud that hg; gi 2 P.
2.3 Let , bean extensionof o sud that content( ;,) = fx jx max(content( o)) +
1g fregjl | o0
24 Foreadj > ig, let neg = 2j + max(content( o)) + 1 and j bean extensionof ;| 1
sud that content( j) = fxjx 2 + 1+ max(content( 0))g fnegjl k jog.

P iSSAM(:SY) 8 M( FS)g.

endif
3. Goto stages+ 1.

End stages

13



Now we considerthe following cases.
Casel: (8i)[ ! is de ned)].

Sincefor all i; s, if S* 6 S¥*, then 6 51, we have that for all i, S}

is

de ned. S S
LetL s N iSt. Notethat T= ", ! isatext for L. For ead i, de ne
Li=N J- iSjl . Note that, for all i, for all such that and cortent( )

Li, M(;St)y=M( t;sh).

Now for eadh i < j, the following three assertionshold.
(@) negt > max(content( })),
(b) L Lj Ljand

© + { T

Foreadi, let T; beatext for Lj sudhthat ! T;. It isclearthat M (T;; St ) =

M( st
For eadh j, let SJ-0 be suc that,

card(S)) 1,;SP Lj; M(Tj;S)# and Wy, (9 = Lj:
(if such an SJ-0 doesnot exist then M doesnot NegF TxtEx -identify Lj).

Claim 27 Forallj, S’= s!.

(1)

Pr oof. Suppose by way of corntradiction otherwise. Let j be the least num-

ber such that Sj0 5 Sjl. Since Sp = SY = ;, we have that j > 0. Let
i < j besud that St = S' (clearly, such an i exists). Now M (T;;S!) =
M(1;St) = M(T;8t) (sincest = s+, | T, L T;, and
for all  suc that } and content( ) Li, M(;St) = M( 1;st)).
It follows that fLi;Ljg 6 NegF ITxtEx (M) cortradicting the assumption that
E NegF TxtEx (M). I (Claim 27)

Now suppose SCis such that S° L~ M (T;SO#" Wy (1.s0 = L. Leti be
such that St = SO (clearly, such an i exists, since S = ; and for eadh x 2 L
there existsa j such that St = fxg). Now M (Ti;St) = M( ;) = M(T;S9

(since St = S%and for all such that } T and content( ) L

M(;St)=M(1;St)). It followsthat fL;Lig6 NegF TxtEx (M).
Therefore E 6 NegF TxtEx (M).

Case?2: Not Casel.

Let jo denotethe leastj sud that the value of jl is unde ned.
Case2.1: jo= 0.
In this case,let T besuch that forall's, § T. It is easyto seethat
M (T;5)".
Case2.2: jo> 0.
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Forj jo,letLj =N Sk i St . Forj < jo, let Tj be an arbitrary
text for Lj suchthat !  T;. Let s°besuch that for all s s° for each
j <ijo }= f*l. Let Tj, be such that for all s> s S Tj,.

Asin Casel, it canbearguedthat forallj jo,ifS” Lj, M (Tj;S)#
and Wy (.0 = Lj, then 8% = S!. But, M(Tj,;S%)". ThusLj, 62

NegF 'TxtEx (M).

From the above casesit follows that E 6 NegF 'TxtEx (M). B (Theorem 26)

4 ldentication with Open Negativ e Information

In this sectionwe introduce a di erent way of preserting somenegative information to learning
machines. Here the negative information is supplied in a manner reminding one of the basic
open setsfor the topology with respect to which enumeration operators are corntinuous. This
is the rst topology described in [28, Exercise 11-35, page 217]. The basic de nitions in this
sectionwere suggestedto usin part by thosein [20] and thosein Section 3 above. Basically, in
this section, we allow the possibility of more negative information being supplied in addition
to the nite coresof negative information; whereas,in Section 3 we consideredsupplying only
the nite cores.

4.1 De nitions

For a segmen , let Posinfo( ) = fx j 2x 2 content( )g, and Neginfo( ) = fx j 2x+ 12
content( )g. The functions Posinfo() and Neginfo() are de ned to enable the provision of
both positive and negative information, respectively, as part of a singletext. For atext T, let
PosInfo(T) = fx j 2x 2 content(T)g, and NegInfo(T) = fx j 2x + 1 2 content(T)g. Thus, T is
a text for PosInfo(T) Neglinfo(T).

De nition 28

(@) M NegO PTxtEx 2-identies L 2 E (written: L 2 NegOPTxtEx 3(M)), (9S L j
card(S) b)(8L°jS L° L)(8Tjcortent(T)=1L LYM(T)#and Wy t)=2L].

(b) NegOPTxtEx 2=fL Ej(9M)[L NegO "TxtEx &(M)]g.

De nition 28 just above contrasts interestingly with De nition 15 (from Section 3). For
ead de nition there needonly exist a S, but for De nition 28 this S must satisfy the strong
constraint that it work for all L9such that S L° L. Similar remarks apply to the next
de nition and De nition 16 in Section 3.

De nition 29

(@) M NegO PTxtBc 2-identies L 2 E (written: L 2 NegOlexth 3M)), (9S L j
card(S) b)(8L°jS L° L)(8Tjcontent(T)=1L LY(8 n)[Wwyrpp =2LI

(b) NegOP"TxtBc 2=fL Ej(9M)[L NegO PTxtBc 3(M)]g.
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A quarti cational variant of our NegO PTxtEx C-identi cation (from De nition 28 above) is
quite closeto PP P-identi cation from Section5.3 of [29]: for PP P-identi cation dierent nite
setscan be usedfor di erent texts for the samelanguage(and the nite setsare required to be
of sizeat leastb). We can show there are languageclassesNegO PTxtEx C-identi able but not
PP P-identi able with PP P-identi cation generalizedto the TxtBc  case(and evenif the nite
setsare required to be of sizelessthan or equal to b).

We have the following straightforward proposition.

Prop osition 30 For all a,
(@) NegO °TxtEx @ = TxtEx @ and
(b) NegO °TxtBc 2 = TxtBc 2.

4.2 Results
Prop osition 31 For all a, NegO TxtEx 2\ P(SVT) = TxtEx &\ P(SVT).

Pr oof. It is easyto seethat for eadh L 2 SVT, atext for L L can be e ectiv ely obtained
from atext for L. The Proposition follows. |

Similarly,
Prop osition 32 For all a, NegO TxtBc &\ P(SVT) = TxtBc 2\ P(SVT).

The following two theorems provide classesof languageswhich can be learned with n + 1
mistakes, but not with n, no matter how much open negative information is provided in the
n mistake case. The medanism partly responsible is that the gap left by the possible extra
anomaly can be greater in information content than the information provided by open negative
information.

Theorem 33 For all n, TxXtEx "1 NegO TxtEx "6 ;.

Pr oof. Follows using Proposition 31 and Theorem 11. |

Theorems 34 and 35 can be shown similarly.
Theorem 34 For all n, TxtBc " NegO TxtBc "6 ;.

Our classwitnessing Theorem 34 immediately above is alsonot in NegO TxtEx . Addi-
tionally, we have the following.

Theorem 35 TxtBc NegO TxtEx 6 ;.

The separation results in Theorems 34 and 35 are witnessedby subclassesof SVT. Thus,
by Corollary 20, we have the following corollary.

Corollary 36 For all n,
(@) NegF 'TxtEx NegO TxtBc " 6 ; and
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(b) NegF 'TxtEx  NegO TxtEx 6 ;.

The following theorem presens another interesting connection between some NegF and
NegO learning criteria.

Theorem 37 NegO TxtEx  NegF 'TxtEx .

Pr oof. Weprovethat NegO TxtEx NegF TxtEx . Proper cortainment follows from part
(b) of Corollary 36 above. SupposeM NegO TxtEx {identies L. Fix an arbitrary L 2 L.
Let S, L bethe nite setwith smallestcanonicalindex such that (8L°%j S, LY L)(8Tj
content(T) = L LY[M (T)#and Wy (1) = L]. Such a S, clearly exists. Let S? = f max(S.)g,

if S_ 6 ;;S° =; otherwise.
Let F be a computable mapping from SEQ F | N to SEQ such that, forall S2 FI N and
for all [[F(;S) F(;S)] " [content( )= PosInfo(F( ;S))] * [S = Neginfo(F( ;S))]I.

Now de ne M 9 as follows.

M(F(;S)); if[S=;];

MO( 1S)= M(F( ,X)), if [[S: fmg] A [X =fx mJX62CO|"tent( )g]]

Considerany text T for L. It is easyto seethat M {T; S?)# and Wy or;s0) = L. 1

Theorem 38 E2 NegO TxtBc

Proof. Foreathh L 2 E, let S = fxfé(9i < MinGram (L))[x = min(W;\ L)]g. Dene M as

—— f— S
follows. M (T[n]) = i sudh that, W; = SWmin(fng[f jjPosInfatn) ws~NeglinfoTin)) Weg)*

ForallL 2 E, forall L%suchthat S,  L® L,letT beatext suchthat content(T) =L LO°
Let ng be solarge that,

(i) MinGram (L) < no,

(i) S.  Neglnfo(content(T [no])).

(i) (8i < MinGram (L) jW; L)[PosInfo(T[ng]) 6 Wi;].
(iv) (8i < MinGram(L)jW; 6 L)[S.\ W 6 ;].

Now for all n > ng, min(fng[ fj j PosInfo(T[n]) W, ” Neginfo(T[n]) W;g) MinGram(L).
Thus, for all n > ng, for all but nitely many s, min(fng[ fj j PosInfo(T[n]) We A
Neginfo(T[n]) W?g) = MinGram(L) (since PosInfo(T) = L and S, NegInfo(T) L).

It follows that, for all n > ng, Wy (rjn) = L. |

The next three theorems contrast nicely with Theorems 33 and 34 above. They provide
classesof languageswhich can be learned with n + 1 piecesof open negative information, but
not with n, no matter how many anomaliesare permitted in the n piececase.The mecanism
partly responsibleis that the extra possiblenegative information can be greaterin information
content than the information that may be omitted by the anomalies.

Theorem 39 NegO !TxtEx  NegO°TxtBc 6 ;.
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Proof. Let Lo= FIN[ fNg. It is easyto seeLg 2 NegO TxtEx . By Theorem 12 and
Proposition 30, Lo 62NegO °TxtBc . [

Theorem 40 For all n, NegO "** TxtEx  NegO "TxtEx 6 ;.

Pr oof. The n = 0 casefollows from Theorem 39 above.
Supposen > 0.

We say that L is n-nice i the following four conditions hold.
a. (8x > n)(8y)[hx;yi 2 L].

b. (9y)[h0;yi 62].

c. [(9y)(8x n)[hx;yi 62A]]) Wincryjex n)hyiea]lg) = L-
d. [ (9y)(8x n)[;yi 62]]) Whintyjhoyieag) = L-

Let L, = fL j L is n-niceg.
Claim 41 For eachn, L, 2 NegO "** TxtEx .

Proof. Fix n. ForeadhL 2 L, de ne S, asfollows.

fhO; xi j x = min(fz j hO; zi 62.g)g; if [ (9y)(8x n)[hx;yi 62]];

SL= fhx;wi jx n”~w=min(fyj(8z n)[hz;yi 62.]g)g; otherwise.

Consider learning machine M de ned as follows.

min(fy j (8x n)[hx;yi 2 Neginfo( )]g); if (9y)(8x n)[hx;yi 2 Neglnfo( )];

M()= min(fy j h0;yi 2 Neglinfo( )qg); otherwise.

It is easyto seethat L, 2 NegO "*1 TxtEx (M). B (Claim 41)

We shaw that L, 62NegO 'TxtEx . This proof can be generalizedto show that L, 62
NegO "TxtEx

Supposeby way of cortradiction that M NegO 'TxtEx -identies Li. Then, by the Kleene
recursion theorem [28, Page 214], there exists an e sud that W, can be de ned in stagesas
follows.

Enumerate fhO; xi; hl;xi j x < eg[ f1;eginto W and let © be the lexicographically least
segmen sud that Posinfo( ©) = fhO;xi;h;xi j x < eg[ f1;eg and Neginfo( °) = fhO; eig.

Go to stageO.

Begin stages

1. Seart for extending S sud that the following four conditions are satis ed. If and when
sudh a is found, goto step 2.
(@) : (X)[fhO; xi; hL; xig  Neglinfo( )],
(b) PosiInfo( )\ Neglinfo( ) = ;,
(c) Neginfo( ) fhO;xi;hL;xi jx 2 Ng, and
(dM()8M(?3).
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2. Let beasfoundin stepl.
Let m = 1+max(fx j [hL; xi 2 PosInfo( )[ Neginfo( )] _[H0;xi 2 PosInfo( )[ Neginfo( )]g).
Let S be
(fhx;yij2 x s™y sg [ Posinfo( ) [
fhO;xi jx  m” hO;xi 62Neginfo( )g [ fhl;xi jx m” hl;xi 62Neginfo( )g).
Enumerate S in We.
Let S*! be an extensionof sud that
(a) PoslInfo( S*1) =S, and,
(b) Neginfo( S*') = thO;xi;hL;xi jx mg S.
Go to stages+ 1.
End stages.

This completesthe de nition of We. Now we considerthe following cases.
Casel: Innitely many stagesare executed.

. S
In this case,let L = We2 L1. Let T = 4, °. Clearly, PosInfo(T) = L and
NegInfo(T) = L. Howewver, M (T)".

Case2: Stages starts but doesnot terminate.

Let m = max(fx j hi;xi 2 PosiInfo( ) [ Neglinfo( ) _ h0;xi 2 PosInfo( ®) [
Neginfo( ®)g). Let

LO= fL j Posinfo{ ) L~ Neginfo( 8) LA fhxyijx 29 Lg (2

Claim 42 For eachL 2 LC and for eachw 2 L, there exists a text T satisfying
S T, L = PosInfo(T), w 2 NegInfo(T) and PosInfo(T) \ Neginfo(T) = ;, for
which M (T) = M ( 9).

Pr oof. Otherwise step 1, in stages, would succeed. I (Claim 42)

By suitably padded applications of the Kleene recursiontheorem, there exist e;
and e, (each greater than m) suc that,

We, = Posinfo( %) [ fhx;yi jx 29[ fhO;xi jx > m”™ x 6 erg 3)
and
We, = PosInfo( ®)[ fhx;yi jx 29[ fhl;xi jx > m” x 6 exq: 4)

It is easyto seethat fWe,;We,g L1\ L% and We, 6 Wo,.
We claim that fWe, ;We,g 6 NegO 'TxtEx (M). Supposeby way of cortra-
diction that S; We, and S W,, are sets of cardinality at most one, suth

that,
(8T j [We, = PosInfo(T)] » [S1  Neginfo(T)] ~ [PosInfo(T) \ Neginfo(T) = ;])
Wn )y = We] %)
and

(8T j [We, = PosInfo(T)] » [S2  NeglInfo(T)] * [PosInfo(T) \ Neginfo(T) = ;1)
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Wh () = We,]: (6)

Without lossof generality assumecard(S;) = card(S,) = 1. Let wq; wy be suc that
S = fwigand S; = fweg. Let T1 and T, be the texts, asclaimed in Claim 42, for
L = We,;w=wjgand L = We,;w = Wy respectively.

Now We, = Wy (r) = Wn(s) = Wy(,) = We,. But this is not possible,
sinceWe, 8 We,. It follows that fWe,;We,g6 NegO 1TxtEx (M).

From the above casesiit followsthat L, 6 NegO *TxtEx (M). B (Theorem 40)

The languageclasseswvhich witnessthe previoustheorem alsowitnessthe following theorem.
S :
Theorem 43 For all n, NegO "*! TxtEx ; NegO "TxtBc ' 6 ;.

Pr oof. The n = 0 casefollows from Theorem 39 above.
Supposen > 0. Fix j. Let L, be asde ned in the proof of Theorem 40. We shaw that
L1 62NegO TxtBc !. This proof can be generalizedto shaw that L,, 62NegO "TxtBc !. This
proof is similar to the proof of Theorem 40.
Supposeby way of cortradiction that M NegO TxtBc !-identies L1. Then, by the Kleene
recursion theorem, there exists an e such that W, can be de ned in stagesas follows.
Enumerate fhO; xi;hl;xi j x < eg[ fl;egin We and let © be the lexicographically least
segmen sud that Posinfo( ©) = fhO;xi;hL;xi j x < eg[ f1;eg and Neginfo( °) = fh0; eig.
Go to stageO.

Begin stage s
1. Seart for extending ° and P sud that the following sewen conditions are satis ed. If
and whensuch a is found goto step 2.
(@) : (X)[fhO; xi;h; xig  Neglinfo( )],
(b) PosiInfo( )\ Neglinfo( ) = ;,
(c) Neginfo( ) fhO;xi;hL;xi jx 2 Ng,
(d P fhO;xijx2 Ng,
(e) card(P) =j + 1,
) (P thl;xi jHo;xi 2 Pg)\ (Posinfo( )[ Neginfo( )) = ;, and
@P Wu().
2. Let , P beasfoundin step 1.
Let P%= fhi;xi j hO;xi 2 Pg.
Let m = 1+ max(fx j [hL; xi 2 PosInfo( )[ Neginfo( )]_[hO;xi 2 PosInfo( )[ Neginfo( )[
Plg).
Let S be
(fhx;yij2 x s™y sg [ Posinfo( ) [
fhO;xi jx m~H0;xi 62Neginfo( ) [ Pg [ fhl;xi jx m~hlxi 62Neginfo( )g).
Enumerate S in We.
Let S*! be an extensionof sud that
(a) PosiInfo( S*1) =S, and,
(b) Neglnfo( S*1) = fhO;xi:hL;xi jx mg S.
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( Note that Wy () P andP  Neginfo( S*1). )
Go to stages + 1.

End stages.

This completesthe de nition of W.. Now we considerthe following cases.
Casel: Innitely many stagesare executed.

. S . —

In this case,let L = We 2 L. Let T = S. Clearly, T isatext for L L.

Howevwer, for in nitely many n, Wy, (r1a) 6 L (due to the successf step 1 at eath
stage).

Case2: Stages starts but doesnot terminate.

Let m = max(fx j hi;xi 2 PosiInfo( S)[ Neglinfo( S) _h0;xi 2 PosInfo( ®) [
Neginfo( °)g). By a suitably padded versionof the Kleenerecursiontheorem, there
exists an e; > m sud that

We, = fPosInfo( °)g[ fhx;yi jx 2g[ fhO;xi jx > m” x 6 eg (7)

It is easyto seethat We, 2 Lj.
However, for eah S; W, of cardinality at most one, (8T S| We =
PosInfo(T)  S; NeglInfo(T) ~ PosInfo(T) \ Neginfo(T) = ;),
1
(8 N[(Wp (rpnp \ MO xi jx 2 N) is nite ]
(otherwise step 1 in stages will succeed).lt followsthat We, 62NegO 1TxtBc F(M).
From the above casesit follows that L; 6 NegO *TxtBc /(M). |

The previous three theorems have the following straightforward corollary.

Corollary 44 For all a;j and n,
(@) NegO "1 TxtEx @ NegO"TxtEx 26 ; and
(b) NegO "1 TxtBc | NegO "TxtBc | 6 ;.

McNeill [16] posits that there is faster learning of languagefor children in homesin which
more corrections (usually in the form of possibly exemplary expansions)are given. These cor-
rections are, in part, a form of negative information. The previous corollary says with more
core open negative information (bigger S), there is more learning power. It doesn't, however,
directly inform us about more speed of learning, but is, nonetheless,quite interesting. In Sec-
tion 5 belov we presern a preliminary result (Theorem 51) showing that an improvemert in
speed (measuredby mind-changes)can result from the presenceof minimal, non-vacuous,open
negative information.

Theorem 45 TxtEx NegO TxtBc .
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Pr oof. We will prove that TxtEx NegO 'TxtBc . Proper cortainment follows from The-
orem 35.

Suppose M is given. We will construct a machine M © which satis es TxtEx (M)
NegO TxtBc (M 9. Without lossof generality we assumethat M is order independert (The-
orem7). Foreadh L 2 TxtEx (M), leti_. be such that M on any text for L convergesto i,
and then, let S. = fmax(fxjx2 W; Lg)g, if W;, L is not empty; otherwise,let S| = ;.

Let F be a recursive function mapping SEQ to SEQ such that

(@) forall and , ) F() F()and
(b) For all , content(F( )) = Posinfo( ).

De ne M %asfollows.
Let MY ) =i, sudh that W; = (W, e y [ PosInfo( )) fx 62PosInfo( ) jx max(fy ]

y 2 Neginfo( )"y 2 W,{,Ij(F( ))g)g.
It is easyto seethat,1 for eah L 2 TxtEx (M), for each LOsuch that S, L° L, for
eahtext T forL L% (8 n)[Wy gt = L]. The theorem follows. |

Theorem 46 For all a andj, [NegO ®TxtEx 2  NegO 3TxtBc !].

Proof. Fix a;j. Wewill provethat [NegO ®TxtEx 34  NegO 2TxtBc ']. Proper cortainment
follows from Theorem 35.

This proof is similar to the proof used by Case and Lynes [7] (see also [6]) to show
that TxtEx 2 TxtBc .  Suppose M is given. We give a machine M? such that
NegO ®TxtEx 3 (M) NegO 2TxtBc /(M 9.

MYQ ) =i, suc that W; = (Wm ([ Posinfo( )) fx2 Wy, Posinfo( )jcard(fy X]
y2 Wy (y Posinfo( )g) jg. Now x L and T sud that PosInfo(T) = L and Wy (t) =L,

Let S = fXjXx2Wyry Lo LetS;=fxjx2L Wymo.

We now considerthe following two cases:

Casel: card(S1) |-

Let S = fx 2 Sy jcardfy xjy2 Sig) jog It iseasyto seethat for all
but nitely many n, Wy oty = (W) [ S2) S9. Thus for all but nitely n,
WM (T[n]) =l L.

Case2: card(S;) < j.

It is easyto seethat for all but nitely many n, Wyorpnpy (Wmm [ S2) S

Moreover, for all but nitely n, card(((Wm )[ S2) S1) Wwmorpp) . Thus
for all but nitely n, Wy ot =! L.
It follows that NegO 2TxtEx 4 (M) NegO 2TxtBc (M 9. [

We refer the readerto Section 2.3.3for the de nitions of ExGen 2 and BcGen 2.

Theorem 47 For all a,
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(@) NegO TxtEx 2 = ExGen 2 and
(b) NegO TxtBc @ = BcGen 2.

Pr oof. We prove part (a). The proof of part (b) is similar.

It is easyto corvert M which NegO TxtEx 2{identies L into a machine M ° which
ExGen #{identies L.

SupposeM ExGen 2{identies L. Fix an arbitrary L 2 L. Let i_ be the least value such
that forall i i, M( L[i]) = M( L[iL]). SinceL 2 ExGen (M), such ani_ clearly exists.
Let SL:fXZEjX iLg.

Let FullinfoPt ( ) = max(fx j (8x%< x)[(x°2 PosInfo( )) _ (x°2 Neglinfo( ))]g).

De ne M %asfollows.

_ " M( L[FullinfoPt ( )]); if FullinfoPt ( )#
MA ) = 0; otherwise;

It can now be obsenedthat for all L°suchthat S, L° L andforeathtext T forL L9
M{T)#= M ( L)# The theorem follows. |

Corollary 48 For all i,

(a) NegO TxtEx NegO TxtBc ,

(b) NegO TxtEx ' NegO TxtEx '*! and
(c) NegO TxtBc ' NegO TxtBc '*1.

Pr oof. This corollary follows from Theorem 47 above and the results from [7] that ExGen
BcGen , (8i)[ExGen' ExGen '*']and (8i)[BcGen' BcGen '*1]. [

Theorem 47 just above shaws us that the NegO criteria are equivalent to supplying all
the negative (as well asthe positive) information to a learning machine.

5 Complexit y Adv antages of Open Negativ e Information

For this section it is cornveniert to change slightly the meaning of the rst kind of learning
machine (introducedin De nition 2) to the following.

De nition 49 A languagelearning machine is an algorithmic device which computesa map-
ping from SEQ into N [ f?g.

Intuitiv ely the outputted ?srepresent the machine not yet committing to an output. The
reasonwe want the ?sis sowe can avoid biasing the number of mind changesbeforea learning
machine corverges: if we allow initial outputs ?s before, if ever, the rst program is output,
then we can learn more things within n mind changesthan if we had to begin with a program
(numerical) output.

In the next de nition, the subscript b represens a bound on the number of mind changes
allowed before corvergence.
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Deniton 50 We sa that M TxtEx p-identies L , [[L 2 TxtEx &M)"
(8 texts T for L)[card(fx | [?6 M (T[x])]* [M (T[x]) 6 M (T[x + 1])]g)  Hll.

In a similar fashion, we can expand the de nition of NegO °TxtEx 2 into the obvious de -
nition of NegO “TxtEx §.

Just below is the theorem we promised showing a speed advantage from minimal, non-
vacuousopen negative information.

Theorem 51 There exists a class of languagesL suchthat,

(@) L 2 TxtEx |,
(b) L 2 NegO ITxtEx o, and
(c) L 62 , TxtEx .

Proof. Foreadim,letLy = fhi;xiji;x2N"i6é mg. LetL=fLnjm2Ng.

It is easyto seethat L 2 TxtEx \ NegO TxtEx o. Supposeby way of cortradiction that
n; M are sudh that L 2 TxtEx ,(M). Without lossof generality, assumethat for all texts T,
cardfm j?6 M(T[m]) 8 M(T[m+ 1]g) n. Let o= ().

Fori n, let
8 .
< 0 if(9 DIM(i)eM()"M()86 71
i+1 = 0= min(f iiM(i)6M()*"M()6 2,
", otherwise.
Clearly, (8 ne1t)IM() = M( p+1) _ M() = ?]. However, for all x > max(fi j
(9y)[h; yi 2 content( n+1)]0), there existsa text T such that ,+1 T and content(T) = L.
Since,for all x 6 x° Ly 6 Lyo, the theorem follows. |

6 Open Problems
We list someof the open problems.
(@) Fori 2,isTxtEx ' NegF 'TxtEx ?
(b) Fori 1,E2 NegO 'TxtBc ? We draw the attention of the readerto Theorem 38.

(c) In [7], it wasshown that TxtEx 2*1  TxtBc ! 6 ;. Similarly, canit be shawn that, for
i 1, NegO'TxtEx 4*1 NegO'TxtBc | 6 ;?

(d) Fori 1,is NegO'TxtEx NegO "1 TxtBc ? Sofar we know that NegO TxtEx
NegO TxtBc .

Many of the results in the presert paper are proved by self{referertial and other direct
coding techniques. It would be interesting to seeif these results can be robustly extendedin
the important senseof [11].
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