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Abstract. Supposewe aregivenasetW of logical structures, or possibleworlds a set
of logical formulas called possibledata and a logical formula ' . We then considerthe

classi cation problem of determiningin the limit and almostalwayscorrectly whether
a possibleworld M satis es' , from a completeerumeration of the possibledata that

aretrue in M. Oneinterpretation of almostalwayscorrectly is that the classi cation

might be wrong on a set of possibleworlds of measure0, with respectto somenatural

probability distribution over the setof possibleworlds. Another interpretation is that

the classi er is only required to classify a set W° of possibleworlds of measurel,
without having to produceany claim in the limit on the truth of ' for the menbers
of the complemen of W°in W. We comparethesenotions with absoluteclassi cation

of W with respect to a formula that is almost always equivalert to ' in W, hence
investigatewhether the set of possibleworlds on which the classi cation is correctis
de nable. We mainly work with the probability distribution that correspndsto the
standard measureon the Cantor space but we alsoconsideran alternative probability
distribution proposedby Solomono and cortrast it with the former. Finally, in the
spirit of the kind of computations consideredin Logic programming, we addressthe
issue of computing almost correctly in the limit witnessesto leading existertially

quarti ed variablesin existertial formulas.

1 Intro duction

Paradigmsof inductive inferenceare often highly idealized,even for thosethat imposevery tight
restrictions on the learning scenario.There might be constrairts on how data are preserted to
a learner, or on the resourceghat are made available to a learner, or on the criterion that for-
malizeswhat is meart by “learning.' Still learning paradigmsare often "mercilesswhenit comes
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to qualifying a learner as successfulThey expect a successfulearnerto be correct with respect
to all possiblerealities (languagesin the numerical setting, structures in the logical setting)
of the paradigm. This is certainly an extreme demand, that can be the object of theoretical
investigation, but that would not be imposedin most practical contexts. Agens or processes
are nor expectedto be infallible. Allowing the learning processto succeedwith respect to al-
most all realities|in tuitiv ely, successfullylearning with probability 1|app earsasa reasonable
requiremert that deseresto be investigated.

Probabilistic elemerts have already beenconsideredn inductive inference,but they relate more
to the learning processthan to the classof languageslearnt by a madine (sample references
are[7,9,13,14,17]). For example,learning functions in the limit with probability 1=n turns out
to be equivalent to having n nonprobabilistic learnerssud that at least one of them succeeds
[14,17]. Furthermore, most conceptshave a break-even point at someprobability ¢ < 1 in the
sensethat wheneer sud conceptsare learnablewith probability c, they are already learnable
by a deterministic machine [1]. Meyer [12] shoved that exact monotonic and exact consenative
learning with any probability ¢ < 1 is more powerful than deterministic learning; still in case
c = 1, the probabilistic and deterministic variants are again the same.In [8], the notions of
e ective measureand category are usedto discussthe relative sizesof inferable setsand their
complemetts.

An examplefor a setting in inductive inferencewherelearningwith probability 1 is more powerful

than deterministic learningis the following. Assignto ead setA to pe learnt the distribution pa

with pa(x) = 2 * X forx 2 A, pa(x) = Ofor x ZA and pa(#) = ,,,2 ' *. Then any class
of setsthat is learnablefrom informant is alsolearnablefrom text with probability 1, provided
that for every menber A of the class,the elemens of a text for A are drawn with probability

pa. As someclassesare learnablefrom informant but not from text, theseclasseswitnessthat

learning from almost all texts is more powerful than learning from all texts.

The main reasonwhy probabilistic elemens are restricted to the learning processand not to
the classof realities being consideredis that in a courtable domain, "almostall objects' would
normally mean co nitely many objects' and nite exceptionscan often be handled by suitably
patching the machine. Thereforeit is much more appropriate to considerclassi cation whereone
dealswith a cortinuum of possiblerealities which canbeidenti ed with the Cantor-Space.Then
“almostall' canbe interpreted in two major ways: "of secondcategory' asde ned in topology, or
“of measurel' asde ned in measuretheory.

Classi cation was already implicitly consideredby recursion theorists when they investigated
computation in the limit relative to an oracle,which subsumesclassi cation [15]. Ben-David [3]
characterizedclassi cation in the limit in topological terms. Subsequenhwork then established
a connection between classi cation on one side and logic on the other side [2,10]. In [11] the
relationship between classi cation and topology was brought one step further, by casting the
classi cation in a logical setting that consideredarbitrary setsof data, eat set determining a
particular topology and arbitrary setsof structures. Of particular importancein [11]are (usually
axiomatized) classe®f structures consistingof Henkin structures only, whereewery individual of
the domain is denotedby a term in the underlying language.The set of atomic sertences(that

is, closedatomic formulas) true in sud structures uniquely determinesthe structure and can be
identi ed with a point in the Cantor space A probability distribution canthen be de ned onthe
set of structures which represen the possiblerealities, that generalizeghe classicalprobability

2



distribution on the Cantor space.Still it is legitimate to consideralternative probability distri-
butions on the set of possiblerealities. This paper will explore one sud alternative. It is also
natural to examinewhat can be derived from the assumptionthat the set of possiblerealities is
equipped with an arbitrary probability distribution | we will provide onesud generalresult.

The setting chosenfor this paper is a particular instance of the logical framework investigated
in [11]. It conceiwes of a logical paradigm as a vocabulary V, a set W of structures over V,
or possibleworlds and a set D of closedformulas over V, or possibledata. Important cases
of possibledata are obtained by taking for D the set of atomic sertencesor the set of basic
sertences (atomic sertencesor their negations). Both choicesdetermine courterparts to the
numerical notions of text and informant, in the form of enumerations of all possibledata that
aretrue in an underlying possibleworld M, yielding an environment for M . Givena formula ' ,
we considerthe task of determining in the limit, from an environment for a possibleworld M,
whetherM satis es' . In other words, the task is to classifya possibleworld asa member of one
of two classesthe classof structuresthat satisfy' and the classof structuresthat don't. But we
allow the classi cation to fail on a setof ervironmerts for a small set of possibleworlds|either
of rst categoryor of measureQ.

It is natural to distinguish betweenfailing to corvergeto someanswer and misclassifying.In the
caseof misclassi cationwith respectto ' , aninteresting questionis whether perfectclassi cation
of W is achieved on the basisof another formula , whoseset of modelsin W is equalto the
set of models of ' up to a set of measure0. Whether the failure to classify correctly is due
to noncorvergenceor to geruine misclassi cation, we only measureon which classof possible
worlds M a correct classi cation is achieved from all ervironments for M. We do not assume
that the possibledata are generatedfollowing someunderlying probability distribution, nor do
we imposeany condition on the speedof corvergenceln other words, we remainin the realm of
inductive inferenceand our use of probabilities is essetially di erent to their role in the PAC
framework.

We now proceedas follows. In Section 2 we introduce the basic notions, that we apply to the
classi cation task in Sections3 to 7. More precisely Section 3 is basedon arbitrary measures
whereasfrom Section 4 to Section 6, we focus on the measurethat correspndsto the usual
measureon the Cantor space.In Section 7, we shav that we get a di erent picture if the
measureproposedby Solomono [16]is usedinstead.In Section8 we get badk to the measureon
the Cantor spaceand particularize the framework to ' being of the form 9x (x), with the aim
of not only classifying' , but of computing in the limit a witnessto the existertially quarti ed
variable x. Provided that W is axiomatizable by a logic program, this correspndsto "error
tolerant’ computations in Logic programming, where is assumedto be quarti er free or to
only contain boundedquarti ers [20]. When is universal,and alsowith someassumptionson
W, this correspndsto “error tolerant' computationsin Limiting resolution [6]. We concludein
Section9.

2 Absolute and probabilistic classi cation

Let a classX be given. The classof nite sequence®f menbers of X, including the empty
sequencd), is represeted by X ?. The lengthof 2 X7 is denotedlt( ). The classof sequences
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of menbersof X of length ! is represeted by X'. Givena member of X? and a menber
of either X ? or X', we write to denotethat is a strict initial segmeh of

Given a nonempty vocabulary V, that is, a set of (possibly nullary) predicate and function
symbols, we shall considerboth rst-or der formulas over V and monadic second-order formulas
over V, built from the symbolsin V, equality, the usual Booleanoperators, rst-order variables
and quarti ers over those, and in the caseof monadic second-orderformulas, unary predicate
variablesand quarti ers over those.A rst-order sentene overV refersto a closed rst-order
formula over V. The sameconvention appliesto monadic second-ordersertencesover V. We
adopt the following corvertions.

{ We useV to denotea vocabulary cortaining at leasta constart 0, a unary function symbol
s and a unary predicate symbol P, possibly enriched with either the binary function symbol
+ or with the binary function symbols + and . Givenn 2 N, we denote by n the term
obtained from 0 by n applications of s (hencen + 1= s(n) for all n 2 N). We say that V is
standad if V consistsof 0, s and P only.

{ We uselL to denote a languageequal either to the set of rst-order seriencesover V or to
the set of monadic second-orderseriencesover V.

{ WeuseD to denotean in nite setof rst-order seriencesover V, referredto aspossibledata.

{ We useW to denotea set of structures over V, referredto as possibleworlds all of whose
individuals interpret a unique closedterm of the form i, n 2 N. When V contains +, we
assumethat the interpretation of + in all menbersof W is given by the standard interpre-
tation of + in N. When V contains , we assumethat the interpretation of in all members
of W is given by the standard interpretation of in N. We assumethat for every subsetX
of N, there existsa uniqueM 2 W with fn2 N: M F P(mg= X.

We say term for term over V and sentene for menberof L. GivenT L, Modw (T) represets
the setof modelsof T in W. Given' 2 L, we write Mody (' ) for Mody (f' g). We will alsouse
the following terminology.

De nition 1. GivenD L and a possibleworld M, we de ne the D-diagram of M asthe set
of all membersof D that aretrue in M.

Note that by corvertion, every subsetof D = f P(n) : n 2 Ng is the D-diagram of somepossible
world. We useenvironment to referto an enumeration of the D-diagram of a member of W.

De nition 2. Givena possibleworld M, an environmentfor M is any menber e of (D [ f]g)’
sudh that forall' 2 D," occursinei ' istruein M.

The D-diagram of a possibleworld M can be empty, in which caseM will have a unique
ervironmert, namelythe ! -sequencd]]]] :::, with the intended meaningof the symbol | being
\no datum provided.”" We denoteby a measureon W sud that forall* 2 L, (Modw('))
is measurable.Of particular importance is the (unique) measureon W that is directly derived
from the standard measureon the Cantor space.More precisely put D = fP(n) : n 2 Ng. The
D-diagram of a possibleworld canthen beidenti ed with a point in the Cantor space.The next
de nition makesthe relationship explicit. It usesthe relationshipto de ne the standard measure
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on W, aswell asthe topological notions of setsof rst and secgwdcategory Recallthat a subset
of a topological spaceX is of rst categoryif it is of the form _,, B, wherefor all n 2 N and
for all nonempty open setsO, O contains a nonempty open setthat is disjoint from B,,; a subset
of X is of secondcategoryif it is not of rst category

De nition 3. Givena possibleworld M, the standa informant for M is the (unique) member
eof f0;1g' such that foraln2 N, e(n)= 1i M E P(n).

{ Wesay that isstandad i for all subsetsW of W, the following holds. Let S be the set of
standardinformants of the menbersof W. Then (W) isdenedi S isLebesguemeasurable
in the Cantor space.Moreover, if (W) is de ned then it is equalto the measureof S in the
Cantor space.

{ Let a set W of possibleworlds be given. Let S be the set of standard informants of the
membersof W. If S is of rst, respectively, second,categoryin the Cantor spacethen we say
that W is of rst, respectively, second, category.

Note that in caseD = fP(n);: P(N) : n 2 Ng, an ervironmert for M canbeidenti ed with the
standard informant for M.

De nition 4. Two sertences' and are said to be almostequivalenti  (Modw (" $ : ))
is null.

Given 2 (D] f]g)?, cnt( ) denotesthe set of menbers of D that occurin . The proofs of
many propositions will make useof the next technical de nition.

De nition 5. Wesay that amenber of (L [ f]g)” is consistentin W just in casethere exists
amember M of W sudh that M F cnt( ).

The classi cation task will be performedby a classi er, de ned next.

De niton 6. Givena setD of sertences,a D-classi er is a partial function from (D [ f]g)’
into f0; 1g. We say classi er for D-classi er.

The following pair of de nitions capture the absolutenotion of classi cation.

De nition 7. Let aclassi er f and a subsetW®of W be given.

Given a subsetW of W, we say that f classi es W%in the limit following W just in casefor all
M 2 W°and ervironmerts e for M :

{M2Wi f 2(D]J flg)’: eandf( ) = 1gis co nite;
{M2Wi f 2 (D] flg)’: eandf( ) = Ogis co nite.
Given a sertence' , we sa that f classi es W%in the limit following' i f classiesW%in the

limit following Modw (" ).



De nition 8. Given' 2 L andW® W, wesay that WCis classi able, respectively, computably
classi able, in the limit following' i someclassi er, respectively, computableclassi er, classi es
WPin the limit following ' .

We are interestedin classi ersthat classifyall possibleworlds, but misclassifya subsetof W of
measure0, as captured in the next pair of de nitions.

De nition 9. Let aclassier f and a sertence’ be given. We say that f classies W in the
limit following' almosteverywhee i there existsa subsetW of W sud that:

{ (Modw(' )4 W) is null;
{ f classiesW in the limit following W.

De nition 10. Given' 2 L, wesgy that W is classi able, respectively, computablyclassi able,

in the limit following' almosteverywhee i someclassi er, respectively, computableclassi er,
classi esW in the limit following ' almost everywhere.

3 General measures

We start with the simpleobsenation that in measure-theoretiderms, misclassi cation of a small
set of possibleworlds implies absolute classi cation of almost all possibleworlds:

Prop erty 11. Let a sentene ' be suchthat W is classi able in the limit following' almost
everywhee. Then there existsa subsetwW?® of W with (W9 = 1 that is classi able in the limit
following ' .

The well-known relationshipsbetweenclassi cation in the limit and , serenceshasa courter-
part in the probabilistic setting being investigated.

Prop osition 12. Supmsethat D is closeal under negation. Let a sentene

ke given, suchthat for any closel termstq;:::;t,, (ty;:::;ty) IS a nite Boolean combination
of memlers of D. Then there existsa subsetwW® of W with (W9 = 1 suchthat W°is computably
classi ablein the limit following " .

Pro of. Assumethat D is closedunder negation. Let a sertence’ be of the form

of all closedterms. Remenber that is chosenin sud a way that Mody (' ) is measurable.
Moreover, by the choice of W, the set of modelsin W of a closedformula of the form 9x (x)
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is equalto the set of modelsin W of Wf (M) : n 2 Ng; alsothe set\pf modelsin W of a closed
formula of the form 8x (x) is equalto the set of modelsin W of f (n) : n 2 Ng. We infer
that for all d 2 N, there existsn%;i¢;:::;i9 2 N with the following property. For all d 2 N and
m n,let'd denote

Thenforalld2 Nandm < n, (Modw(' &) Modw (' ¢,,)) < 2 9=n. Note that for all d 2 N,
'§=" and (Modw('§) Modw(' ) <2 °“

Let a classier f be de ned as follows. First modify ' ¢ suc that ' 2 is not satis able in W,
in order to avoid that f be unde ned on someinput. Let 2 (D[ f]g)? be given. Let d 2
f0;1;:::;) Jg be greatestsud that it can be decidedfrom the data seenso far whether these
data are consistet with ' 9 in W: this can be done for at leastthosed 2 N suc that for all
ji<inj2<ig:iijn<ipandforall 2 D that occurin ( j,; j,;:::; j,) either or: is
one of the data seenso far. Thus d is monotonically increasingand unboundedin the number
of received data. Let W be the set of all possibleworlds in which the interpretation of ' ¢ is
equalto the interpretation of ' 9 for almostall d. As Modw (' 9) and Mody (" ¢) dier by a setof
measure2 ¢ at most, W°hasmeasurel. Moreover, f classi esWfollowing ' , which completes

the proof of the proposition. i

4 Failing to classify versus misclassifying

In this section, as well asin Sections5, 6 and 8, we assumethat is standard, as de ned in
De nition 3.

The rst use of the standard measureis to show that the corverseof Property 11 does not
necessarilyhold. Indeed, a classi er that correctly classi esa subsetW?®of W of measurel might
be forcedto divergeon someervironmerts for somemenbers of W n W% The next proposition
shows that this might indeedhappen.

Prop osition 13. Suppsethat V is enriched with + only, L is the set of rst-or der sentenes
andD = fP(n);: P(N) : n 2 Ng. Then there existsa sentene ' with the following properties.

{ There existsa subsetW? of W with (W9 = 1 suchthat W°is computablyclassi able in the
limit following" .
{ W is not classi able in the limit following' almosteverywhee.

Pro of. Write x yfor9z(x+z=y)andx<yforx y”x6y.Dene

{ aformula (x) whosemeaningis that P (y) holds for all y strictly between? and x;
{ asertence' whosemeaningisthat (x) holdsfor nitely many x's only, and the maximum
X sud that (x) holdsis ewven.

Formally,
(x) By(x<y+y”ty<x)! P(y) and
' I( (x+x)"8y( (Y)! y x+Xx):
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Note that for all possibleworlds M, the reduct of M to f0;s;+;<g is isomorphicto N with
the standard interpretation of 0, s, + and <. Also note that for all M;N 2 W that agreeon
all membersof D, N "' i M E '. Let acomputableclassier f be de ned asfollows. Let a
member of (D [ f]g)? be given.Let n 2 N be maximal sud that for all m < n, either P(m) or
: P(m) occursin , and all modelsof cnt( )\ fP(m);: P(m) : m < ngin W aremodelsof (n).
Putf( )= 1if nisewen;put f( ) = 0 otherwise.Let W be the setof all M 2 W for which
there existsin nitely many n 2 Nwith M F (n). Foralln 2, the setof modelsof (n) in W
is of measureboundedby 2 (z 1, hencethe setW, of modelsof 9x(x n” (x)) corvergesto
0 whenn corvergesto in nit y. SinceW W, foralln 2,it followsthat (W) = 0. Moreover,
it is immediately veri ed that

{ forall M 2 Modw (' ) and ervironments e for M, f outputs 1 in responseto co nitely many
nite initial segmets of g

{ forall M 2 Modw (: ') nW and ervironments e for M, f outputs O in responseto co nitely
many nite initial segmets of e.

This shavs that W nW is computably classi able in the limit following ' .

Let a classi er g be given. Supposefor a cortradiction that g classi esW in the limit following
somesubsetW°of W with  (Modw (' )4 W9 = 0. Note that for all 2 D? that are consiste
in W, neither (Modw(cnt( )[ f' g)) nor (Modw(cnt( )[ f: ' g)) is equalto 0. Hence,there
areextensions 1; , 2 D? of sud that cnt( ;) andcnt( ,) areconsisten in W, g( ;) = 1 and
g( 2) = 0. Using this obsenation, it is easyto construct an environmert e for a member of W
sudh that for every a 2 f0; 1g there are in nitely many initial segmers of e on which g outputs
a. Contradiction. 1

Consideringonly computable classi cation, as opposedto nhoncomputableclassi cation, a sim-
ilar result to Proposition 13 can be establishedusing Peanoarithmetics instead of Presburger
arithmetics.

Prop osition 14. Suppsethat V is enrichad with both + and , L is the set of rst-or der
sentenesand D = fP(n);: P(N) : n 2 Ng. Then there existsa sentene ' with the following
properties.

{ There exists a subsetW?® of W with (W9 = 1 that is computably classi able in the limit
following " .

{ W is not computablyclassi able in the limit following' almosteverywhee.

{ W is classi able in the limit following"' .

Pro of. Let ( i)ion denotean acceptableindexing of the unary partial recursive functions from
N into f0;1g. Giveni; x 2 N, let (i;X) be a formula which expresseghat ;(x) is unde ned
and let (i;x) be a formula which expresseghat ;(x) is de ned and equalto 0. Considerthe
sertence’' de ned as

9I%[i<x N~ P(x) N~ P@U) N 8y(y<il! :P(y) ~
(EX)_(@Ex)$ P(x)) ~ 8yly<x! :(@Ey)_(GY)S POYI:



So' statesthat there arei;x 2 N sud that i < x, 1 = minfn 2 N : P(n)g, P(X) and
Xx = minfn 2 N : {(n) isundened or i(n) = 0~ P(n) or {(n) = 1~ :P(Ng. Let a
computableclassi er f have the following properties. If cnt( ) contains no formula of the form
P(n) then f ( ) = 0. Otherwiselet i be the least number sud that P(i) 2 cnt( ). Let x be the
least number sud that eitherx | j or (x) doesnot corvergein j j stepsor (x) corverges
in j J stepsto a value di erent from P(X). Output 1 if P(X) 2 cnt( ) and output O otherwise.
Let M 2 W be sud that there existsaleasti 2 N suc that M  P(i). Let e be an ervironmert
for M. If ;isnottotal orif ; istotal and the interpretation of P in M disagreeswith ;, then
f corvergesoneto 1if M F ', andto O otherwise.This provesthat a subsetof W° of measure
1 is computably classi able in the limit following ' .

Now, supposefor a cortradiction that a (partial) computablefunction f classi esW following '
almost everywhere.By the recursiontheorem[15]thereis ani sud that ; isthe function whose
graph is constructed by the following nite extensionmethod. Given a menber  of f0; 1g°,
let b be the sequenceobtained from by replacing (n) by P(n) if (n) = 1 and by : P(n)
otherwise, for all natural numbers n smaller than the length of . Let o = 0'1. Let j+1 be
the rst extensionof ; found sudh that f(d.,) 6 f(Q). Asf corgergeson all ervironmerts,
there existsj 2 N suc that ., is unde ned, implying that ; = , , « = j.Letn bethe
rst number where ;(n) andthus ;(n) is unde ned. Then f hasto incorrectly corvergeon all
ervironmernts for any possibleworld M in which the interpretation of P(m) is xed forallm < n
and M F P(m), or on all environmerts for any possibleworld M in which the interpretation of
P(m) is xed forallm< nandM [ : P(n). This shavsthat f doesnot classifyW in the limit
following ' almost everywhere.

Finally let a noncomputable classi er f have the following properties. If cnt( ) contains no
formula of the form P(n) then f ( ) = 0. Otherwise let i be the least number sud that P (i)
belongsto cnt( ). If there existsx > i sud that

{ P(x) 2 cnt( ),

{ for all n < x, either P(n) or: P(N) occursin

{ xistheleastn 2 N sud that either ;(n) isunde ned or ;(n) is de ned but disagreeswith
which of P(n) or : P(n) occursin cnt( ),

then f ( ) = 1; otherwisef ( ) = 0. Obviously, f classi esW in the limit following"' . |

5 De nabilit y versus nonde nabilit y of misclassied sets

The next fundamenal result shows that a classi er which uses' to partition the setof possible
worlds might have to misclassifya subsetof W that is not only of measure0, but alsonecessarily
not de nable. Hencealmost correct classi cation using' is not equivalernt to absolute classi -

cation with respect to a partition of the possibleworlds given by a formula almost equivalent

to ' . It is worth noting that the next proposition usesa set of possibledata that is neither
fP(M) :n 2 NgnorfP(n);: P(N) : n 2 Ng, henceforthexploiting the generality and exibilit y

allowed by the parameterD.



Prop osition 15. Assumethat V is standaid and L is the setof rst-or der sentenes. For some
choice of D, there exists’ 2 L suchthat:

{ W is computablyclassi able in the limit following' almosteverywhee;
{ W is not classi able in the limit following any sentene that is almost equivalentto ' .

Pro of. Let B be the subsetof N whosecharacteristic function can be represeted as the con-
catenation of all strings of even length, in lexicographicorder and in increasinglength. Hence
the characteristic function of B can be represeted by the ! -sequence:

00011011000000010010::: 111100000MW0000100001Q : :

Put D = fP(n) :n2 Bg[ f: P(N) : n 2 Bg. As all closedmenbersof L are nite boolean
comrbinations of sertencesof the form P () and 8x(P (sk*(x)) _:::_P(s* (x))), B is not de nable
in L (this property is key to the proof of the proposition). Another essetial property of B used
in the proof is that

(y) for ewery 2 f0;1g’ there are in nitely many even numbers x such that for all
y<fit(), (y)=B(x+y).

Let ' be a sertence sud that for all models M of * in W, the interpretation of ' in M
cortains fP(2m) : m ng[ fP(2n+ I)g for somen 2 N (in other words,' expresseghat
the characteristic function of P is lexicographically greater than the characteristic function of
2N = f0;2; 4;:::9). Formally,

' P(0) " 9x(P(x) " P(s(x)) " 8y < x(P(y) $ : P(s(y)))):

We rst de ne a computable classi er f which classi esW following ' almost everywhere;in
other words, f corvergeson all ervironments for all menbers of W, but f's conjecturescan be
falsein the limit on someenvironments for a set of possibleworlds of measure0. The classi er f

outputs O until it is presened with a datum P (n) for an odd n 2 N or datum : P(n) for an even
n 2 N. Then f takesthis n asa parameterand computesfrom now on for any stages the set
Rs consistingofall m 2 0;1;:::;ng\ B sud that P(m) hasappearedin the rst s elemerts of
the input and all menbersm of f0;1;:::;ngnB sud that : P(m) hasnot appearedin the rst

s elemernts of the input. Note that when s is large enough,the restriction of the characteristic
function of Rg to f0;1;:::;ng is equal to the restriction of the characteristic function of the
interpretation of P in the possibleworld oneof whoseenvironmernts is fedto f . Let f conjecture
in the limit the value O if the characteristic function of Rs is lexicographically smaller than
the characteristic function of 2N, and 1 if the characteristic function of 2N is lexicographically
smallerthan the characteristic function of Rg. Clearly, f hasthe desiredproperties.

Now let beamenberofL (that is,a rst-order serienceoverV), and assumeor a cortradiction
that a classier g classiesW in the limit following . Let M be the (unique) possibleworld
suh that fn 2 N: M E P(n)g = 2N. Then there exists a locking sequencd4] for g, namely,
a nite initial segmeh of D? such that M is a model of cnt( ) and for all 2 D7, if

extends andM F cnt( ) theng( ) isde ned and equalto g( ). Since contains only nitely
many occurrencesof 0, s and variables, there existsk 2 N sud that for all 2 f0;1g’, for all

10



e2f0; 1g! , forall N;N°2 W and for all n;n® Kk, if the characteristic functions of P in N and
N%are (01)"eand (01)"e, respectively,thenN E i NCE . Hencethere existsk 2 N suc
that:

{ for all n 2 N, if either P(n) or : P(N) occursin then n < 2k;
{ for all menbers o; 1;::: of f0; 1g” of evenlength and for all N;N°2 W, if the characteristic
functions of P in N and N°are both of the form (01)X(01) o(01)%(01) 1(01)%(01) -:::then

NE i N°E

It is known from the theory of randomnessthat the characteristic function of any Martin-Leof
random set coincideswith the characteristic function of 2N on in nitely many even placesfor at
least 2k consecutie bits. Furthermore, the measureof all random setsstarting with (01)¢ equals
2 2 Fix arandom set R whosecharacteristic function extends(01). Thus we can choosesome
members o; 1;::: of f0; 1g? of even length sud that the characteristic function of R is of the
form

(01)% o(01)F 1(01) 5:::

Using (y) above, there exist ag;as;::: 2 N sud that the set R® whosecharacteristic function is
(01)k* 20 4(01)*a 1(01)k*22 ,::: satis es the following property. Givenn 2 N, put
X X
Xn = 2k + ) + It( ;):

in i<n

Foralln2 Nandy< It( ), if yisodd and ,(y) = 1then B(x, + y) = 0, whereasif y is even
and ,(y) = Othen B(x, + y) = 1. Let N, respectively N° be the (unique) possibleworld suc
that the characteristic function of the interpretation of P in N, respectively N° is isomorphic
to the characteristic function of R, respectively R% Note that all menmbersof D that aretrue in
NCare alsotrue in M. Moreover, isa nite initial segmen of someenvironment for N° As a
consequenceg corvergesin the limit to g( ) onall ervironmerts for N°that extend . But since
both N and N°agreeon and g is assumedo classifyW in the limit following , g corvergesin
the limit to g( ) on all environments for N that extend . It followsthat all random sequences
extending (01)¥ are classi ed asg( ). Furthermore, the measureof all extensionsof (01)X which
are classied asg( ) is 2 %. On the other hand, those extensionsof (01)X which are iderti ed
with models of ' in W have measure2 %=3. Therefore' and dier on a classof possible
worlds of positive measure.Contradiction. [

Proposition 15 cannotbe generalizedo arbitrary paradigms.This canbe provenby usingresults
from automata theory, more preciselyBechi automata, which are at the heart of the proof that
monadic secondorder logic with one successois decidable.Recall that a subsetof f0;1g' (or
I -languagg is Buchi recognizableif there existsa nite nondeterministic automaton A with a
setF of acceptingstatessud that for all w2 f0;1g', e belongsto Si there existsa run of A
on w that goesin nitely often through an acceptingstate. The next result plays a crucial role
in the proof of Proposition 19 below.

Lemma 16. [5, Theorem3.1]S fQ; 1g! is Buchi recognizablei it is the disjoint union of:

11



{ asparse set(of measure 0);

{ nitely many setsof the form R ?Y where R is a pre x free regular languageand Y is an
I -languageof measure 0;

{ nitely manysetsRy?Yp;:::;Rn?Y, wherefor alli n, R; is aregular languageand; is
an ! -languageof measure 1.

The classof Buchi recognizablesubsetsof f0; 1g' is closedunder complemetts. Hencegiven a
Buchi recognizablemenber S of f0; 1g', we can apply the previous lemmato S and denote
Ro[ :::[ Ry by A, and apply the previouslemmato S and denoteRg[ :::[ R, by B, to obtain
the next corollary.

Corollary 17. Leta subsetS of f0;1g' be Brchi recognizable.Then there are regular and pre x
free subsetsA and B of f0; 1g° suchthat:

{ (A?f0;1g [ B?f0;1g ) = 1;
{ A?f0;1g andB ?f0;1g are disjoint;
{ (A?f01g 4 S)=0.

De nition  18. Let a subsetS of f0;1g be Buchi recognizable.Choose regular and pre x
freeA; B f0;1g’ that satisfy the three conditions expressedn Corollary 17. Let Rs denote
A?f0;1g and R denoteB ?f0;1g .

Prop osition 19. Supmsethat V is standad, L is the set of monadic second-order sentenes
andD = fP(n);: P(n) : n 2 Ng. For all ' 2 L, W is computably classi able in the limit
following somesentene that is almost equivalentto ' .

Pro of. Let a sertence’ be given. Let S be the set of standard informants for the models of '
in W. By the choiceof L, S is Bechi recognizable Note that R is of the form C ?f0;1g' for a
pre x-free subsetC of f 0; 1g?. Thus onecan easilyconstruct a computableclassi er f sud that,
for all standard informants (identi ed with environments) for somepossibleworld, the following
holds:if e2 Rg then f corvergesto 1 one; if e 2 Rg thenf corvergesto O one. Let W be the
setof all possibleworlds whosestandard informants belongto Rg . Using [5, Theorem3.1]again,
we infer that W is the set of models of somemenber of L. Moreover, it follows immediately
from the de nition of RS that (Modw(' )4 W) = 0, hence is almost equivalert to ' . Since
W is classi able in the limit following , we are done. i

Corollary 17 has other applications. In the following, Proposition 13 is strenghendunder some
modi ed conditions. One considersclassi cation from positive data only. Furthermore, one uses
a di erent languageand a di erent set of possibleworlds.

Prop osition 20. Supmsethat V is standad, L is the set of monadic second-order sentenes
andD = fP(n) :n 2 Ng.

1. There existsa subsetW®of W with (W9 = 1 suchthat for all sentenes , W°is computably
classi able in the limit following
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2. There is a sentene ' suchthat W is not classi able almost everywhee in the limit follow-
ing"’

Pro of. Let a sertence be given. Let S be the set of standard informants for the models of

in W. Recall the de nition of R and Rg from De nition 18. SinceRg [ Rg is of the form
C?f0;1g" for apre x-free subsetC of f 0; 1g’, there existsa computablef P(m);: P(m) : n 2 Ng-
classi er f sud that for all standard informants e for somepossibleworld the following holds: if
e2 Rg thenf cornvergesto 1 one; if e2 Rg then f corvergesto O one. Let W™, respectively,
W , bethe setof all possibleworlds M whosestandard informants belongto Rg, respectively,
Rg. It follows immediately from the de nitions of RS and Rg that both (Modw( )4 W)
and (Modw(: )4 W ) arenull. Hence (W[ W )= landW* [ W s classiablein the
limit following almost everywhere.Sincethe number of sertencesis countable, part 1. of the
proposition follows immediately.

For part 2., dene ' as9x8y(y < s(s(x)) ! (P(y) $ x 6 y)): Supposefor a cortradiction that
aclassierf classi esW almosteverywherein the limit following ' . Sincef cornverges(possibly
to 1) on all environmernts for the possibleworld whoseD-diagramis fP(n) : n 2 Ng, we can
choosea member of D? sud that for all 2 D? that extend ,f( )= f( ). Leta2 N be
greaterthan all menbersof cnt( ). Put

W,
W,

Modw (P(O)" ::: A P@ " : P(a+ )~ P(a+ 2)) and
Modw (P(O)" ::: A P@) " : P(a+ D)~ : P(a+ 2):

Note that W; Modw (' ) andW, Modw(: '), and that both (W;) and (W,) are nonnull.
But by the choiceof , forall M 2 W, [ W, and for all environments e for M that extend |, f
outputs f ( ) in responseto every nite initial segmen of e that extends . Contradiction. [

6 Positiv e only versus positiv e and negativ e data

The next result shows that being allowed to misclassifya set of possibleworlds of measure0
when classifyingfrom positive data doesnot always make up for non-accesso negative data.

Prop osition 21. SuppsethatV is enriched with + only andL is the setof rst-or der sentenes.
Then there exists' 2 L with the following properties.

{ If D=fP(n);: P(N):n 2 NgthenW is computablyclassi able in the limit following " .
{ If D=fP(n):n2 NgthenW is not classi able in the limit following' almosteverywhee.

Proof. Dene ' as9x8y((x < y*"y< x+ x+ 3)! :P(y): It isimmediately veried that if
D = fP(m);: P(M) : n 2 Ngthen W is computably classi able in the limit following' (with at
most one mind change).

Now supposethat D = fP(n) : n 2 Ng. Trivially, (Modw (' )) > 0. Moreover,
(Modw (")) N2 M= 2 h
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For a cortradiction, let a classi er f be sud that f classi esW in the limit following' almost
everywhere.Forall 2 D? dene U asthe setofall M 2 Mody (: ' ) sudc that forall 2 D?,
if extends and M F cnt( ) thenf( ) = 0. By the choiceof f, for almost all modelsM of
in W, there exists 2 D? with M 2 U . SinceModw (: ' ) > 0, we canchoose 2 D? with

(U ) > 0. Denote by a the maximal number in cnt( ). Let U be the setof all M 2 W with:

{ ME:P@@a+1)":::":P(at+ at 2);
{ the D-diagram of M agreeswith the D-diagram of somemenber of U , exceptperhapson

Note that all menbers of Mody (U) are models of ' . Since (Mody(U)) is at least equal to
2232 (U), (Mody(U))isnonnull. Let M 2 U begiven.Sincethe D-diagramof M is included
in the D-diagram of somemember of U , we infer that for all environments e for the D -diagram
of M that extend , f outputs O in responseto all nite initial segmets of e that extend
Contradiction. [

Consideringfailing to classifya set of rst categoryrather than misclassifyinga set of measure
0, onecan cortrast Proposition 21 with the following.

Prop osition 22. Let' 2 L be suchthatif D = fP(n);: P(N) : n 2 Ng then W is classi able,
respectively, computablyclassi able, in the limit following' . Assumethat D = fP(m) : n 2 Ng.
Then there existsa subsetW? of W suchthat:

{ WOis of seond category;
{ WOis classi able, resgctively, computablyclassi able, in the limit following" .

Pro of. Assumethat D = fP(n);: P(n) : n 2 Ng. Considera D-classi erf sud that f classi es
W in the limit following"' . Without lossof generality we canassumehat f istotal andf depends
only on the cortent of the input and not on the order and number of repetitions of symbols. Let
S be the setof all menmbers of D? such that f( ) = f( ) for all consisten 2 D? that extend

. Note that if f is computablethen S is a co-r.e.set. Let WP be the set of possibleworlds that
are models of cnt( ) for some 2 S. By the choiceof f, for al 2 D?, somemenber of S
extends . This impliesimmediately that W nW?is of rst category Fix an enumeration ( i)i2n
of D? nS that in casef is computable, is itself computable.

Now assumethat D = fP(n) : n 2 Ng. Dene a classier g asfollows. Let 2 (D[ f]g)?
be given and let p denote the length of . Then g( ) = f( ) for the smallestmenber of
fP(M);: P(M:n2 Ng’nf o:::; pd sud that for all n, (i) if P(m) occursin then P(m) occurs
in , (i) if : P(M) occursin then P(m) doesnot occurin . Obviously, g is computableif f is
computable. Moreover, for all M 2 W°and ervironmerts e for M (with respect to the currert
choiceof D), somemember of S satis es

{ fn2N:P(M2cnt( )g fn2N:P(n) 2 cnt(eg,
{ fn2N::P(M)2cnt( )g\ fn2N:P(N) 2cnt(e)g=;.

Henceg corvergeson e to f (), for smallestsuch . This shaws that g classi esW?in the limit
following ' . |
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7 Alternativ e measures

The aim of this sectionis to illustrate that results obtained from the canonicalmeasureon the
Cantor spacedo not generalizeto arbitrary measures.To this aim, we assumethat s the
measurede ned by Solomono [16], usedto de ne the complexity of a string as the length of
the minimal program that generatest. It is an important notion (see[19]), henceproperties of
this particular  are interesting in their own right, not only in cortrast to the measureon the
Cantor space.The key propertiesof are that:

{ isaK-recursiwe function from f0; 1g? into the set of rational numbers;
{ for all recursive menbersx of f0;1g', (x)> O.

Note that for every recursive measure © there is a recursive menber x of f0;1g suc that
9x) = 0. Hencethe Solomono measureis only K -recursive but not recursive.

The decidability property of monadic second-ordedogic immediately yields the following prop-
erty.

Prop erty 23. Assumethat V is standad and L is the set of monadic second-order sentenes.
Forall' 2 L,if" hasamadelin W then (Modw("')) > 0.

This allows to cortrast Solomono 's measurewith the measureon the Cantor space:

Corollary 24. For all sentenes' , if W is classi able in the limit following a sentene that is
almost everywhee equivalentto ' , then W is classi able in the limit following' .

Pro of. By Property 23, for all setences’ and ,' and are either logically equivalent or
(Modw (" $ : )) > 0. The corollary follows immediately. i

Another di erence betweenboth measuress given by the next proposition, whoseproof relies
on another acceptancecriterion by deterministic Rabin automata. The nondeterministic Beichi
automata usedin the previous sectionsand the deterministic Rabin automata of the current
section actually acceptthe same class of languages,but for the purpose of the next result,
Rabin automata o er a better tool. Recall that a Rabin automaton A is a deterministic nite
automaton that replacesthe set of acceptingstatesby a set X of pairs whosemembers are sets
of states. A subsetS of f0;1g' is then acceptedby A i for all e 2 f0;1g', e belongsto S i
there exists (1 ;F) 2 X sud that the unique run of A on e goesin nitely often through eat
member of | and nitely often through the menbersof F.

Prop osition 25. Assumethat V is standaid and L is the setof monadicsecond-order sentenes.
Let' 2 L be given. Then one of the following statementsholds.

1. There existsn 2 N suchthat W is classi able in the limit with at most n mind changes
following or

2. there existsno W° W with (W9 = 1 suchthat W°is computablyclassi able in the limit
following ' .
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Pro of. By the choice of L, there is a nite deterministic automaton A sud that the set of
modelsof ' in W is identied with a subsetS of f0;1g' sud that for alle2 f0;1g', e2 Si

e is acceptedby A. Let Q be the set of its reacable states. We distinguish betweentwo cases,
that correspnd to the two alternativesin the statemert of the proposition.

Case 1. Forall g2 Q and x;y 2 f0;1g' sud that A goesthrough g in nitely often on the run
of A on x and onthe run of A ony, A acceptsx i A acceptsy. For all g2 Q, put Acc(g) = 1
if there existsx 2 f0;1g sud that A acceptsx and A goesthrough g in nitely often on the
run of A on x; otherwiseput Acc(g) = 0. Let f be the unique classi er such that forall 2 D?,
f () = Acc(q) for the state q reached by A whenrun on (the mernber of f0; 1g° identi ed with)

. For all membersq; o° of the samestrongly connectedcomponert of A, Acc(q) = Acc(g). Since
Q is nite, the number of strongly connectedcomponerts of A hasto be an upper bound on the
number of mind changesthat f canmake when classifyingW in the limit following any sertence.
Furthermore, for all x 2 f0; 1g', there existsa nite initial segmeh of x sud that A remains
in the samestrong connectedcomponert C after hasbeenprocessedObviously, there hasto
be a member g of C sud that A goesthrough qin nitely often whenrun on x. Sof acceptsx
i Acc(g) = 1, which itself is equivalert to A acceptingx. This shavsthat f correctly classi es
W in the limit following ' .

Case 2. Thereexistsq2 Q and x;y 2 f0;1g sud that A goesthrough g in nitely often on
the run of A on x and on the run of A ony, A acceptsx and A rejectsy. Notice that for all
x 2 f0;1g', whether A acceptsor rejects x only dependson the set of statesthat are visited
in nitely often when A is run on x. It follows that there exist ; 2 f0;1g’ sud that for all
strings 2 f0;1g”:

{ A isin state q after it hasprocessedany of and ;
{ A accepts ' andrejects

Let a recursiwe classi er f be given. Then there exists an in nite sequencex = o 1::: sud
that A is in state q after o hasbeenprocessedand

_ iff( o1

0;
n+1 = iff( o1 1:

i)
i)
Sincef is computable,x is recursiwe, so (fxg) > 0. Moreover, it is easyto verify that:

for co nitely many n's;
for co nitely many n’'s.

{ if f corvergeson x to Othen |
{ if f corvergeson x to 1then |,

This shows that there exists a subsetW? of W with (W9 > 0 sudh that f fails to classi es W°
in the limit following' .
8 Learning witnesses

In this section, we go bad to the standard measureon the Cantor space.We focus on classi-
abilit y of existertial sertences.By the choice of W, sud a sertence, of the form 9x (x), is
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true in amenmber M of Wi  (t) istrue for someclosedterm t. It is then natural not only to
determinethat 9x (x) is true, but alsoto learnin the limit sud a witnesst. This amourts to
a computation in the limit that generalizeghe type of computations done by Prolog systems.
We now formalize the conceptsthat have just beenintroduced.

De nition  26. A learner is a partial function from (D [ f]g)? into the union of f Og with the
set of closedterms.

De nition  27. Wesay that aclassi er g is assiated with a learnerf i forall 2 (D[ f]g)’,
o( )isdenedi f( )isdenedandg( )=0i f( )=0.

De nition  28. Let alearnerf, a sertenceof the form 9x (x), and a subsetW®of W be given.

We say that f learns 9x (x) in the limit in W°just in casefor all M 2 W°and ernvironmerts e
for M, the following holds.

{ If M E 9x (x) then there exists a closedterm t sudr that M F (t) and the set of all
2 (D[ f]g)’ sud that eandf ( ) =t is co nite.
{ If M 6 9x (x)thenf 2 (D] f]g)?: eandf ( ) = Ogis co nite.

De nition 29. Let alearnerf and an existertial sertence' be given. We say that f learns'
in the limit in W almost correctly just in case:

{ the classi er assaiated with f classi esW in the limit following' almost everywhere;
{ thereexistsW® W with (W9 = 1sud that f learns' in the limit in W°.

De nition  30. We sa that an existertial sertence' is learnable respectively, computably
learnable in the limit in W almost correctly i somelearner, respectively, computable learner,
learns' in the limit in W almost correctly.

Adapting the proof of Proposition 19, we obtain an important particular casewhere limiting
computation of witnessesfor existertially quarnti ed sertencesis always possible:

Prop osition 31. Suppsethat V is standad, L is the set of monadic second-order sentenes
and D is equalto fP(n);: P(N) : n 2 Ng. Then for all existential sentenes’' , ' is computably
learnablein the limit in W almost correctly.

Pro of. Let a sertence of the form 9x (x) be given. Let Z be the setof all e 2 f0;1g that
are identied with a model of 9x (x) in W. Let Z, be the setof all e 2 Z, for which n is the
minimal i sud that (i) holds. Recall the notation of R; and R, givenin De nition 18. So
by Corollary 17, R; and R, are of respective form C; ?f0;1g' and C, ?f0;1g for regular
pre x-free subsetsC; and C, of f0;1g’.

Let an extra unary predicatesymbol Q be givenand considerthe following monadicsecond-order
sertence over V[ fQg:

X[ (x) * Q(x) * 8yly<x ! [: (y) * : QI
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Recall that < is de nable in monadic secondorder logic. Intuitiv ely, expresseghat both
and Q are simultaneouslytrue on somevalue; furthermore, x is the minimum of thesevalues.

Recall that a standard structure M over V[ fQg is a structure over V[ fQg sud that all of
its individuals interpret a closedterm. Now identify a given standard structure M over V[ fQg
with the unique point e in the Cantor spacesud that:

{ foraln2 N,M £ P(n)i e2n)=1,
{ foraln2 N,M Q)i e2n+ 1)= 1.

Let S bethe setofall e2 f0;1g that areidenti ed with a standard structure over V[ f Qg that

isamodel of . Foralln2 N, let S, bethe setof all e2 S for which n is the leasti 2 N suc

that (i) holdsin e. Recallthe notation of R and Rg givenin De nition 18.Soby Corollary 17,
R¢ and Ry are of respective form CS ?f0;1g' and Cg ?f0;1g' for regular pre x-free subsets
CS and Cg of f0;1g’. Without loss of generalit, we can assumethat for all 2 CZ, there
existsi 2 N sud that 2i + 1 is smallerthan the length of and (2i + 1) = 1. One canthus
divide C¢ into regular pre x free subsetsCg , where C{  consistsof those sequences in C¢

for which the minimal i sud that (2i + 1) = 1isn. Givenn 2 N, note that Z, is sameas (the

set of possibleworlds identi ed with) the set of restrictions to V of the membersof S,,. Now let

R = C& ?f0;1g . Let C; bethe setof sequencesfthe form (0) (2) (4):::where ranges
over C{ . Let R; = C; ?f0;1g . Using Corollary 17,Rg diers from S, on a set of measure
0. As the interpretation of Q(i) in all membersof S, is xed for alli n, but arbitrary for all

i>n, (Sy)=2 ™D (Z,). Thus,R; diers from Z, on a set of measure0. Using regularity
of C¢ , it follows that C; , n 2 N, are regular sets (which could be made pre x free), which

intersectneither with ead other nor with C, . Moreover, onecane ectively nd elemets of the
setsC, and C; , e ectively from ead n.

Now let a computablef P(n);: P(n) : n 2 Ng-classi er f be de ned asfollows. Let a standard
informant e for somepossibleworld (that is, standard structure over V, not V[ fQg!) be given.

{ Supposethat e extendsamenber of C; . Then, f outputs N in responseto co nitely many
nite initial segmets of e.
{ If e extendsa member of C, then f is constart and equalto O on e,

It follows that

{ for all n 2 N, f corvergesto n on almost ewvery (standard ervironment identi ed with a)
menber of R} ;
{ f corvergesto 0 on almost every menber of R, .

Hence9x (x) is computably learnablein the limit in W almost correctly. I

When investigating the connectionsbetween classi ability and learnability of sertencesof the
form 9x (x), it is reasonableto assumethat W is classi able in the limit following any of the
sertences (N); otherwiseone could obtain a separationby taking a sertence sud that W is
not almost everywhereclassi able in the limit following and then consider

OX (x=0": )_(x=1")):
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Furthermore, if W is classi able in the limit following ead of the formulas 9x (x) and (n)
with n 2 N, then the parameter x is also learnable:an n 2 N sud that (n) holds can be
found in the limit. Still computability might be lost, for examplewith 9x (  istotal » ,(0) =
minfz : Pzg”™ 8y < x( y 6 )): As this example can be formalized in full arithmetic, it is
natural to ask what happensif oneonly postulatesthat W is almost everywhereclassi able in
the limit following 9x (x), keepingthe other conditions assud. The next result shows that not
only computability, but alsolearnability can be lost.

Prop osition 32. Supmsethat V is enriched with + only, L is the setof rst-or der sentenes
andD = fP(n);: P(N) :n2 Ng. Let (x) be the formula

8youovow (x + y+ v=uru+w=Xx+Xx+y+y” P(u)):
Then:

{ the setof madelsof 9x (x) in W is of measure 1;
{ for all n 2 N, W is classi able in the limit with at most 1 mind changefollowing (n);
{ 9x (x) is not almost correctly learnablein the limit in W.

Pro of. The formula (x) expresseshat for everyy 2 N, there existsu 2 N sud that x + y
u 2x+ 2y and P (0) holds.By the law of largenumbers, (Modw (9% (x))) is equalto 1. Given

appear in the data, at which point it outputs 0, classi esW in the limit with at most 1 mind
changefollowing (n). Supposefor a cortradiction that a learnerf learns9x (x) in the limit
in W almost correctly. It is then easyto constructa -increasingsequencd ,),>n Of menbers
of D? sud that:

{ foralli 2 N, 5 isaninitial segmen of an environment for a model of (n), for somen, and
f outputs n in responseto ,i;
{ foralli 2 N, .+ Isaninitial segmeh of an environment for a model of :9 x (x) and f
Qutputs 0 in responseto i ;
ion i IS anenvironmert for a possibleworld.

: : : , S :
Sincethe classi er asseiated with f doesnot corvergeon ,, i, it follows that f doesnot
learn 9x (x) almost correctly in the limit in W. |}

A further questionwould be the following. Given a serience’ sud that W can be classi ed in
the limit following' ,is' equivalert to a serienceof the form 9x (x) sud that W is classi able
with a constart number of mind changes,following any sertence of the form (n)? The answer
is yesfor computable classi cation in full arithmetic sinceone can transform every learnerinto
a formula monitoring its behaviour and then quartify over a variable that represeits the last
time when the classi er makesa wrong conjecture.

9 Conclusion

In this paper the relationship between classifyingall possibleworlds and classifyingalmost all
possibleworlds has been investigated. The main results include the following. In the caseof
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monadicsecondorder logic with one successornwhich is well known to be decidablethanks to its

connectionswith Bechi automata, one can classifyW following a formula ' almost everywhere
from both positive and negative data. But with positive data only, corvergencemight fail on a
set of measure0. For other choicesof possibledata, W might even be classi able in the limit

following a given sertence’ almost everywhere,though no sertence di ering from ' only on
a null set of worlds allows for absolute classi cation. With Presburgerarithmetic, there is a
serience’' sud that someset of worlds of measurel can be classi ed in the limit following
', though no classi er which is correct on a set of measurel convergeson all environments for
all possibleworlds. The fact that theseresults depend crucially on the choice of measureasthe
standard measureon the Cantor spacehasbeenemphasizedy consideringthe measureproposed
by Solomono . Finally, someconnectionswere made between classi cation and learning of an
essetial parameter,namely, the value of the rst quarti ed variablein an existertial sertence.lIt

turns out that this canbe adchieved on a set of worlds of measurel in monadic secondorder logic
with one successordemonstrating that Prolog style inferencesare almost everywhere possible
in this case.
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