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Abstract. Supposewearegivena setW of logicalstructures,or possibleworlds, a set
of logical formulas calledpossibledata and a logical formula ' . We then considerthe
classi�cation problemof determining in the limit and almostalwayscorrectly whether
a possibleworld M satis�es ' , from a completeenumeration of the possibledata that
are true in M . One interpretation of almost alwayscorrectly is that the classi�cation
might be wrong on a setof possibleworlds of measure0, with respect to somenatural
probability distribution over the set of possibleworlds. Another interpretation is that
the classi�er is only required to classify a set W0 of possibleworlds of measure1,
without having to produceany claim in the limit on the truth of ' for the members
of the complement of W0 in W. We comparethesenotions with absoluteclassi�cation
of W with respect to a formula that is almost always equivalent to ' in W, hence
investigatewhether the set of possibleworlds on which the classi�cation is correct is
de�nable. We mainly work with the probability distribution that correspondsto the
standardmeasureon the Cantor space,but wealsoconsideran alternativeprobability
distribution proposedby Solomono� and contrast it with the former. Finally, in the
spirit of the kind of computations consideredin Logic programming, we addressthe
issue of computing almost correctly in the limit witnessesto leading existentially
quanti�ed variablesin existential formulas.

1 In tro duction

Paradigmsof inductive inferenceareoften highly idealized,even for thosethat imposevery tight
restrictions on the learning scenario.There might be constraints on how data are presented to
a learner, or on the resourcesthat are madeavailable to a learner, or on the criterion that for-
malizeswhat is meant by `learning.' Still learning paradigmsare often `merciless'when it comes
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to qualifying a learnerassuccessful.They expect a successfullearner to be correct with respect
to all possible realities (languagesin the numerical setting, structures in the logical setting)
of the paradigm. This is certainly an extreme demand, that can be the object of theoretical
investigation, but that would not be imposedin most practical contexts. Agents or processes
are nor expected to be infallible. Allowing the learning processto succeedwith respect to al-
most all realities|in tuitiv ely, successfullylearning with probability 1|app earsas a reasonable
requirement that deservesto be investigated.

Probabilistic elements have already beenconsideredin inductive inference,but they relate more
to the learning processthan to the classof languageslearnt by a machine (sample references
are [7,9,13,14,17]). For example,learning functions in the limit with probability 1=n turns out
to be equivalent to having n nonprobabilistic learnerssuch that at least one of them succeeds
[14,17]. Furthermore, most conceptshave a break-even point at someprobability c < 1 in the
sensethat whenever such conceptsare learnablewith probability c, they are already learnable
by a deterministic machine [1]. Meyer [12] showed that exact monotonic and exact conservative
learning with any probability c < 1 is more powerful than deterministic learning; still in case
c = 1, the probabilistic and deterministic variants are again the same.In [8], the notions of
e�ectiv e measureand category are usedto discussthe relative sizesof inferable setsand their
complements.

An examplefor a setting in inductive inferencewherelearningwith probability 1 is morepowerful
than deterministic learning is the following. Assignto each set A to be learnt the distribution pA

with pA (x) = 2� 1� x for x 2 A, pA (x) = 0 for x =2 A and pA (#) =
P

x =2 A 2� 1� x . Then any class
of setsthat is learnablefrom informant is also learnablefrom text with probability 1, provided
that for every member A of the class,the elements of a text for A are drawn with probability
pA . As someclassesare learnablefrom informant but not from text, theseclasseswitness that
learning from almost all texts is more powerful than learning from all texts.

The main reasonwhy probabilistic elements are restricted to the learning processand not to
the classof realities being consideredis that in a countable domain, `almost all objects' would
normally mean`co�nitely many objects' and �nite exceptionscan often be handled by suitably
patching the machine. Thereforeit is much moreappropriate to considerclassi�cation whereone
dealswith a continuum of possiblerealities which canbe identi�ed with the Cantor-Space.Then
`almostall' can be interpreted in two major ways: `of secondcategory' asde�ned in topology, or
`of measure1' as de�ned in measuretheory.

Classi�cation was already implicitly consideredby recursion theorists when they investigated
computation in the limit relative to an oracle,which subsumesclassi�cation [15]. Ben-David [3]
characterizedclassi�cation in the limit in topological terms. Subsequent work then established
a connectionbetween classi�cation on one side and logic on the other side [2,10]. In [11] the
relationship between classi�cation and topology was brought one step further, by casting the
classi�cation in a logical setting that consideredarbitrary setsof data, each set determining a
particular topologyand arbitrary setsof structures.Of particular importancein [11]are (usually
axiomatized)classesof structuresconsistingof Henkin structuresonly, whereevery individual of
the domain is denotedby a term in the underlying language.The set of atomic sentences(that
is, closedatomic formulas) true in such structures uniquely determinesthe structure and can be
identi�ed with a point in the Cantor space.A probability distribution can then be de�ned on the
set of structures which represent the possiblerealities, that generalizesthe classicalprobability
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distribution on the Cantor space.Still it is legitimate to consideralternative probability distri-
butions on the set of possiblerealities. This paper will explore one such alternative. It is also
natural to examinewhat can be derived from the assumptionthat the set of possiblerealities is
equipped with an arbitrary probability distribution | we will provide onesuch generalresult.

The setting chosenfor this paper is a particular instanceof the logical framework investigated
in [11]. It conceives of a logical paradigm as a vocabulary V, a set W of structures over V,
or possibleworlds, and a set D of closed formulas over V, or possibledata. Important cases
of possibledata are obtained by taking for D the set of atomic sentencesor the set of basic
sentences (atomic sentencesor their negations). Both choicesdetermine counterparts to the
numerical notions of text and informant, in the form of enumerations of all possibledata that
are true in an underlying possibleworld M , yielding an environment for M . Given a formula ' ,
we considerthe task of determining in the limit, from an environment for a possibleworld M ,
whether M satis�es ' . In other words, the task is to classifya possibleworld asa member of one
of two classes:the classof structures that satisfy ' and the classof structures that don't. But we
allow the classi�cation to fail on a set of environments for a small set of possibleworlds|either
of �rst categoryor of measure0.

It is natural to distinguish betweenfailing to convergeto someanswer and misclassifying.In the
caseof misclassi�cationwith respect to ' , an interestingquestionis whetherperfectclassi�cation
of W is achieved on the basisof another formula  , whoseset of models in W is equal to the
set of models of ' up to a set of measure0. Whether the failure to classify correctly is due
to nonconvergenceor to genuine misclassi�cation, we only measureon which classof possible
worlds M a correct classi�cation is achieved from all environments for M . We do not assume
that the possibledata are generatedfollowing someunderlying probability distribution, nor do
we imposeany condition on the speedof convergence.In other words, we remain in the realm of
inductive inferenceand our useof probabilities is essentially di�eren t to their role in the PAC
framework.

We now proceedas follows. In Section2 we introduce the basic notions, that we apply to the
classi�cation task in Sections3 to 7. More precisely, Section 3 is basedon arbitrary measures
whereasfrom Section 4 to Section 6, we focus on the measurethat corresponds to the usual
measureon the Cantor space.In Section 7, we show that we get a di�eren t picture if the
measureproposedby Solomono� [16] is usedinstead.In Section8 we get back to the measureon
the Cantor spaceand particularize the framework to ' being of the form 9x (x), with the aim
of not only classifying' , but of computing in the limit a witnessto the existentially quanti�ed
variable x. Provided that W is axiomatizable by a logic program, this corresponds to `error
tolerant' computations in Logic programming, where  is assumedto be quanti�er free or to
only contain boundedquanti�ers [20]. When  is universal,and alsowith someassumptionson
W, this corresponds to `error tolerant' computations in Limiting resolution [6]. We concludein
Section9.

2 Absolute and probabilistic classi�cation

Let a classX be given. The classof �nite sequencesof members of X , including the empty
sequence(), is represented by X ?. The length of � 2 X ? is denotedlt( � ). The classof sequences
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of members of X of length ! is represented by X ! . Given a member � of X ? and a member �
of either X ? or X ! , we write � � � to denotethat � is a strict initial segment of � .

Given a nonempty vocabulary V, that is, a set of (possibly nullary) predicate and function
symbols, we shall considerboth �rst-or der formulas over V and monadic second-order formulas
over V, built from the symbols in V, equality, the usual Booleanoperators, �rst-order variables
and quanti�ers over those, and in the caseof monadic second-orderformulas, unary predicate
variablesand quanti�ers over those. A �rst-order sentence over V refers to a closed�rst-order
formula over V. The sameconvention applies to monadic second-ordersentencesover V. We
adopt the following conventions.

{ We useV to denotea vocabulary containing at least a constant 0, a unary function symbol
s and a unary predicatesymbol P, possiblyenriched with either the binary function symbol
+ or with the binary function symbols + and � . Given n 2 N, we denote by n the term
obtained from 0 by n applications of s (hencen + 1 = s(n) for all n 2 N). We say that V is
standard if V consistsof 0, s and P only.

{ We useL to denotea languageequal either to the set of �rst-order sentencesover V or to
the set of monadicsecond-ordersentencesover V.

{ We useD to denotean in�nite set of �rst-order sentencesover V, referredto aspossibledata.
{ We useW to denote a set of structures over V, referred to as possibleworlds, all of whose

individuals interpret a unique closedterm of the form n, n 2 N. When V contains +, we
assumethat the interpretation of + in all members of W is given by the standard interpre-
tation of + in N. When V contains � , we assumethat the interpretation of � in all members
of W is given by the standard interpretation of � in N. We assumethat for every subsetX
of N, there exists a unique M 2 W with f n 2 N : M j= P(n)g = X .

We say term for term over V and sentence for member of L . Given T � L , ModW (T) represents
the set of modelsof T in W. Given ' 2 L , we write ModW (' ) for ModW (f ' g). We will alsouse
the following terminology.

De�nition 1. Given D � L and a possibleworld M , we de�ne the D-diagram of M as the set
of all membersof D that are true in M .

Note that by convention, every subsetof D = f P(n) : n 2 Ng is the D-diagram of somepossible
world. We useenvironment to refer to an enumeration of the D-diagram of a member of W.

De�nition 2. Given a possibleworld M , an environment for M is any member e of (D [ f ]g) !

such that for all ' 2 D, ' occurs in e i� ' is true in M .

The D-diagram of a possible world M can be empty, in which caseM will have a unique
environment, namely the ! -sequence]]]]] : : :, with the intended meaningof the symbol ] being
\no datum provided." We denoteby � a measureon W such that for all ' 2 L , � (ModW (' ))
is measurable.Of particular importance is the (unique) measureon W that is directly derived
from the standard measureon the Cantor space.More precisely, put D = f P(n) : n 2 Ng. The
D-diagram of a possibleworld can then be identi�ed with a point in the Cantor space.The next
de�nition makesthe relationship explicit. It usesthe relationship to de�ne the standardmeasure
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on W, aswell as the topologicalnotions of setsof �rst and secondcategory. Recall that a subset
of a topological spaceX is of �rst categoryif it is of the form

S
n2 N Bn wherefor all n 2 N and

for all nonempty open setsO, O contains a nonempty open set that is disjoint from Bn ; a subset
of X is of secondcategory if it is not of �rst category.

De�nition 3. Givena possibleworld M , the standard informant for M is the (unique) member
e of f 0; 1g! such that for all n 2 N, e(n) = 1 i� M j= P(n).

{ We say that � is standard i� for all subsetsW of W, the following holds. Let S be the set of
standard informants of the membersof W. Then � (W) is de�ned i� S is Lebesguemeasurable
in the Cantor space.Moreover, if � (W) is de�ned then it is equal to the measureof S in the
Cantor space.

{ Let a set W of possibleworlds be given. Let S be the set of standard informants of the
membersof W. If S is of �rst, respectively, second,categoryin the Cantor spacethen we say
that W is of �rst , respectively, second, category.

Note that in caseD = f P(n); : P(n) : n 2 Ng, an environment for M can be identi�ed with the
standard informant for M .

De�nition 4. Two sentences' and  are said to be almost equivalent i� � (ModW (' $ :  ))
is null.

Given � 2 (D [ f ]g)?, cnt( � ) denotesthe set of members of D that occur in � . The proofs of
many propositions will make useof the next technical de�nition.

De�nition 5. We say that a member � of (L [ f ]g)? is consistent in W just in casethere exists
a member M of W such that M j= cnt( � ).

The classi�cation task will be performedby a classi�er, de�ned next.

De�nition 6. Given a set D of sentences,a D-classi�er is a partial function from (D [ f ]g)?

into f 0; 1g. We say classi�er for D-classi�er.

The following pair of de�nitions capture the absolutenotion of classi�cation.

De�nition 7. Let a classi�er f and a subsetW0 of W be given.

Given a subsetW of W, we say that f classi�es W0 in the limit following W just in casefor all
M 2 W0 and environments e for M :

{ M 2 W i� f � 2 (D [ f ]g)? : � � e and f (� ) = 1g is co�nite;
{ M =2 W i� f � 2 (D [ f ]g)? : � � e and f (� ) = 0g is co�nite.

Given a sentence' , we say that f classi�es W0 in the limit following ' i� f classi�esW0 in the
limit following ModW (' ).
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De�nition 8. Given ' 2 L and W0 � W, wesay that W0 is classi�able, respectively, computably
classi�able, in the limit following ' i� someclassi�er, respectively, computableclassi�er, classi�es
W0 in the limit following ' .

We are interestedin classi�ers that classifyall possibleworlds, but misclassifya subsetof W of
measure0, as captured in the next pair of de�nitions.

De�nition 9. Let a classi�er f and a sentence ' be given. We say that f classi�es W in the
limit following ' almost everywhere i� there exists a subsetW of W such that:

{ � (ModW (' )4 W) is null;
{ f classi�esW in the limit following W.

De�nition 10. Given ' 2 L , we say that W is classi�able, respectively, computablyclassi�able,
in the limit following ' almost everywhere i� someclassi�er, respectively, computableclassi�er,
classi�esW in the limit following ' almost everywhere.

3 General measures

Westart with the simpleobservation that in measure-theoreticterms, misclassi�cation of a small
set of possibleworlds implies absoluteclassi�cation of almost all possibleworlds:

Prop ert y 11. Let a sentence ' be such that W is classi�able in the limit following ' almost
everywhere. Then there exists a subsetW0 of W with � (W0) = 1 that is classi�able in the limit
following ' .

The well-known relationshipsbetweenclassi�cation in the limit and � 2 sentenceshasa counter-
part in the probabilistic setting being investigated.

Prop osition 12. Supposethat D is closed under negation. Let a sentence

' = Q1x1Q2x2 : : : Qnxn  (x1; : : : ; xn )

be given, such that for any closed terms t1; : : : ; tn ,  (t1; : : : ; tn ) is a �nite Boolean combination
of members of D. Then there existsa subsetW0 of W with � (W0) = 1 suchthat W0 is computably
classi�able in the limit following ' .

Pro of. Assumethat D is closedunder negation.Let a sentence' be of the form

Q1x1Q2x2 : : : Qnxn  (x1; : : : ; xn )

wheren 2 N, Q1; Q2; : : : ; Qn are either existential or universalquanti�ers, and  (t1; : : : ; tn ) is a
�nite Booleancombination of D for all closedterms t1; t2; : : : ; tn . Let � 0; � 1; : : : bean enumeration
of all closedterms. Remember that � is chosenin such a way that ModW (' ) is measurable.
Moreover, by the choice of W, the set of models in W of a closedformula of the form 9x� (x)
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is equal to the set of models in W of
W

f � (n) : n 2 Ng; also the set of models in W of a closed
formula of the form 8x� (x) is equal to the set of models in W of

V
f � (n) : n 2 Ng. We infer

that for all d 2 N, there exists nd; i d
1; : : : ; i d

n 2 N with the following property. For all d 2 N and
m � n, let ' d

m denote

Q1j 1 < i d
1 Q2j 2 < i d

2 : : : Qm j m < i d
m Qm+1 xm+1 : : : Qnxn  (� j 1 ; : : : ; � j m ; xm+1 ; : : : ; xn ):

Then for all d 2 N and m < n, � (ModW (' d
m )� ModW (' d

m+1 )) < 2� d=n. Note that for all d 2 N,
' d

0 = ' and � (ModW (' d
0)� ModW (' d

n )) < 2� d.

Let a classi�er f be de�ned as follows. First modify ' 0
n such that ' 0

n is not satis�able in W,
in order to avoid that f be unde�ned on someinput. Let � 2 (D [ f ]g)? be given. Let d 2
f 0; 1; : : : ; j� jg be greatestsuch that it can be decidedfrom the data seenso far whether these
data are consistent with ' d

n in W: this can be done for at least those d 2 N such that for all
j 1 < i 1; j 2 < i 2; : : : ; j n < i n and for all � 2 D that occur in  (� j 1 ; � j 2 ; : : : ; � j n ) either � or : � is
one of the data seenso far. Thus d is monotonically increasingand unbounded in the number
of received data. Let W0 be the set of all possibleworlds in which the interpretation of ' d

0 is
equalto the interpretation of ' d

n for almost all d. As ModW (' d
0) and ModW (' d

n) di�er by a set of
measure2� d at most, W 0 hasmeasure1. Moreover, f classi�esW 0 following ' , which completes
the proof of the proposition.

4 Failing to classify versus misclassifying

In this section, as well as in Sections5, 6 and 8, we assumethat � is standard, as de�ned in
De�nition 3.

The �rst use of the standard measureis to show that the converseof Property 11 does not
necessarilyhold. Indeed,a classi�er that correctly classi�esa subsetW0 of W of measure1 might
be forced to divergeon someenvironments for somemembers of W n W0. The next proposition
shows that this might indeedhappen.

Prop osition 13. Supposethat V is enriched with + only, L is the set of �rst-or der sentences
and D = f P(n); : P(n) : n 2 Ng. Then there existsa sentence ' with the following properties.

{ There existsa subsetW0 of W with � (W0) = 1 suchthat W0 is computablyclassi�able in the
limit following ' .

{ W is not classi�able in the limit following ' almost everywhere.

Pro of. Write x � y for 9z(x + z = y) and x < y for x � y ^ x 6= y. De�ne

{ a formula  (x) whosemeaningis that P(y) holds for all y strictly between x
2 and x;

{ a sentence' whosemeaningis that  (x) holds for �nitely many x's only, and the maximum
x such that  (x) holds is even.

Formally,
 (x) � 8y((x < y + y ^ y < x) ! P(y)) and

' � 9x( (x + x) ^ 8y( (y) ! y � x + x)):
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Note that for all possibleworlds M , the reduct of M to f 0; s;+ ; < g is isomorphic to N with
the standard interpretation of 0, s, + and < . Also note that for all M ; N 2 W that agreeon
all members of D, N j= ' i� M j= ' . Let a computableclassi�er f be de�ned as follows. Let a
member � of (D [ f ]g)? be given.Let n 2 N be maximal such that for all m < n, either P(m) or
: P(m) occursin � , and all modelsof cnt( � ) \ f P(m); : P(m) : m < ng in W aremodelsof  (n).
Put f (� ) = 1 if n is even; put f (� ) = 0 otherwise.Let W be the set of all M 2 W for which
there exists in�nitely many n 2 N with M j=  (n). For all n � 2, the set of modelsof  (n) in W
is of measureboundedby 2� ( n

2 � 1), hencethe set Wn of modelsof 9x(x � n ^  (x)) convergesto
0 whenn convergesto in�nit y. SinceW � Wn for all n � 2, it follows that � (W) = 0. Moreover,
it is immediately veri�ed that

{ for all M 2 ModW (' ) and environments e for M , f outputs 1 in responseto co�nitely many
�nite initial segments of e;

{ for all M 2 ModW (: ' ) n W and environments e for M , f outputs 0 in responseto co�nitely
many �nite initial segments of e.

This shows that W n W is computably classi�able in the limit following ' .

Let a classi�er g be given. Supposefor a contradiction that g classi�esW in the limit following
somesubsetW 0 of W with � (ModW (' )4 W 0) = 0. Note that for all � 2 D ? that are consistent
in W, neither � (ModW (cnt( � ) [ f ' g)) nor � (ModW (cnt( � ) [ f: ' g)) is equal to 0. Hence,there
are extensions� 1; � 2 2 D? of � such that cnt( � 1) and cnt( � 2) are consistent in W, g(� 1) = 1 and
g(� 2) = 0. Using this observation, it is easyto construct an environment e for a member of W
such that for every a 2 f 0; 1g there are in�nitely many initial segments of e on which g outputs
a. Contradiction.

Consideringonly computableclassi�cation, as opposedto noncomputableclassi�cation, a sim-
ilar result to Proposition 13 can be establishedusing Peanoarithmetics instead of Presburger
arithmetics.

Prop osition 14. Suppose that V is enriched with both + and � , L is the set of �rst-or der
sentences and D = f P(n); : P(n) : n 2 Ng. Then there exists a sentence ' with the following
properties.

{ There exists a subsetW0 of W with � (W0) = 1 that is computablyclassi�able in the limit
following ' .

{ W is not computablyclassi�able in the limit following ' almost everywhere.
{ W is classi�able in the limit following ' .

Pro of. Let (� i ) i 2 N denotean acceptableindexing of the unary partial recursive functions from
N into f 0; 1g. Given i; x 2 N, let � (i ; x) be a formula which expressesthat � i (x) is unde�ned
and let � (i ; x) be a formula which expressesthat � i (x) is de�ned and equal to 0. Consider the
sentence' de�ned as

9i9x[i < x ^ P(x) ^ P(i ) ^ 8y(y < i ! : P(y)) ^

(� (i; x) _ (� (i; x) $ P(x))) ^ 8y(y < x ! : (� (i; y) _ (� (i; y) $ P(y))))] :
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So ' states that there are i; x 2 N such that i < x, i = minf n 2 N : P(n)g, P(x) and
x = minf n 2 N : � i (n) is unde�ned or � i (n) = 0 ^ P(n) or � i (n) = 1 ^ : P(n)g. Let a
computableclassi�er f have the following properties. If cnt( � ) contains no formula of the form
P(n) then f (� ) = 0. Otherwise let i be the least number such that P(i ) 2 cnt(� ). Let x be the
least number such that either x � j� j or � i (x) doesnot convergein j� j stepsor � i (x) converges
in j� j stepsto a value di�eren t from P(x). Output 1 if P(x) 2 cnt(� ) and output 0 otherwise.
Let M 2 W be such that there existsa least i 2 N such that M j= P(i ). Let e be an environment
for M . If � i is not total or if � i is total and the interpretation of P in M disagreeswith � i , then
f convergeson e to 1 if M j= ' , and to 0 otherwise.This provesthat a subsetof W0 of measure
1 is computably classi�able in the limit following ' .

Now, supposefor a contradiction that a (partial) computablefunction f classi�esW following '
almost everywhere.By the recursiontheorem[15] there is an i such that � i is the function whose
graph is constructed by the following �nite extension method. Given a member � of f 0; 1g?,
let b� be the sequenceobtained from � by replacing � (n) by P(n) if � (n) = 1 and by : P(n)
otherwise, for all natural numbers n smaller than the length of � . Let � 0 = 0i 1. Let � j +1 be
the �rst extensionof � j found such that f ( d� j +1 ) 6= f ( b� j ). As f convergeson all environments,
there exists j 2 N such that � j +1 is unde�ned, implying that � i =

S
k� j � k = � j . Let n be the

�rst number where� j (n) and thus � i (n) is unde�ned. Then f hasto incorrectly convergeon all
environments for any possibleworld M in which the interpretation of P(m) is �xed for all m < n
and M j= P(n), or on all environments for any possibleworld M in which the interpretation of
P(m) is �xed for all m < n and M j= : P(n). This shows that f doesnot classifyW in the limit
following ' almost everywhere.

Finally let a noncomputable classi�er f have the following properties. If cnt( � ) contains no
formula of the form P(n) then f (� ) = 0. Otherwise let i be the least number such that P(i )
belongsto cnt( � ). If there exists x > i such that

{ P(x) 2 cnt( � ),
{ for all n < x, either P(n) or : P(n) occurs in � ,
{ x is the least n 2 N such that either � i (n) is unde�ned or � i (n) is de�ned but disagreeswith

which of P(n) or : P(n) occurs in cnt( � ),

then f (� ) = 1; otherwisef (� ) = 0. Obviously, f classi�esW in the limit following ' .

5 De�nabilit y versus nonde�nabilit y of misclassi�ed sets

The next fundamental result shows that a classi�er which uses' to partition the set of possible
worlds might have to misclassifya subsetof W that is not only of measure0, but alsonecessarily
not de�nable. Hencealmost correct classi�cation using ' is not equivalent to absoluteclassi�-
cation with respect to a partition of the possibleworlds given by a formula almost equivalent
to ' . It is worth noting that the next proposition usesa set of possibledata that is neither
f P(n) : n 2 Ng nor f P(n); : P(n) : n 2 Ng, henceforthexploiting the generality and 
exibilit y
allowed by the parameterD.

9



Prop osition 15. Assumethat V is standard and L is the set of �rst-or der sentences.For some
choice of D, there exists ' 2 L suchthat:

{ W is computablyclassi�able in the limit following ' almost everywhere;
{ W is not classi�able in the limit following any sentence that is almost equivalent to ' .

Pro of. Let B be the subsetof N whosecharacteristic function can be represented as the con-
catenation of all strings of even length, in lexicographicorder and in increasinglength. Hence
the characteristic function of B can be represented by the ! -sequence:

00011011000000010010: : : 1111000000000001000010: : :

Put D = f P(n) : n 2 Bg [ f: P(n) : n =2 Bg. As all closedmembers of L are �nite boolean
combinations of sentencesof the form P(n) and 8x(P(sk1 (x)) _ : : :_ P(skr (x))), B is not de�nable
in L (this property is key to the proof of the proposition). Another essential property of B used
in the proof is that

(y) for every � 2 f 0; 1g? there are in�nitely many even numbers x such that for all
y < lt( � ), � (y) = B(x + y).

Let ' be a sentence such that for all models M of ' in W, the interpretation of ' in M
contains f P(2m) : m � ng [ f P(2n + 1)g for somen 2 N (in other words, ' expressesthat
the characteristic function of P is lexicographically greater than the characteristic function of
2N = f 0; 2; 4; :::g). Formally,

' � P(0) ^ 9x(P(x) ^ P(s(x)) ^ 8y < x (P(y) $ : P(s(y)))) :

We �rst de�ne a computable classi�er f which classi�es W following ' almost everywhere; in
other words, f convergeson all environments for all members of W, but f 's conjecturescan be
falsein the limit on someenvironments for a set of possibleworlds of measure0. The classi�er f
outputs 0 until it is presented with a datum P(n) for an odd n 2 N or datum : P(n) for an even
n 2 N. Then f takesthis n as a parameter and computesfrom now on for any stages the set
Rs consistingof all m 2 f 0; 1; : : : ; ng\ B such that P(m) hasappearedin the �rst s elements of
the input and all membersm of f 0; 1; : : : ; ngnB such that : P(m) hasnot appearedin the �rst
s elements of the input. Note that when s is large enough,the restriction of the characteristic
function of Rs to f 0; 1; : : : ; ng is equal to the restriction of the characteristic function of the
interpretation of P in the possibleworld oneof whoseenvironments is fed to f . Let f conjecture
in the limit the value 0 if the characteristic function of Rs is lexicographically smaller than
the characteristic function of 2N, and 1 if the characteristic function of 2N is lexicographically
smaller than the characteristic function of Rs. Clearly, f has the desiredproperties.

Now let  bea member of L (that is, a �rst-order sentenceover V), andassumefor a contradiction
that a classi�er g classi�es W in the limit following  . Let M be the (unique) possibleworld
such that f n 2 N : M j= P(n)g = 2N. Then there exists a locking sequence[4] for g, namely,
a �nite initial segment � of D ? such that M is a model of cnt(� ) and for all � 2 D ?, if �
extends� and M j= cnt(� ) then g(� ) is de�ned and equal to g(� ). Since contains only �nitely
many occurrencesof 0, s and variables, there exists k 2 N such that for all � 2 f 0; 1g?, for all
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e 2 f 0; 1g! , for all N; N 0 2 W and for all n; n0 � k, if the characteristic functions of P in N and
N0 are � (01)ne and � (01)n0

e, respectively, then N j=  i� N 0 j=  . Hencethere existsk 2 N such
that:

{ for all n 2 N, if either P(n) or : P(n) occurs in � then n < 2k;
{ for all members� 0; � 1; : : : of f 0; 1g? of even length and for all N; N 0 2 W, if the characteristic

functions of P in N and N 0 are both of the form (01)k(01)� � 0(01)k(01)� � 1(01)k(01)� � 2 : : : then
N j=  i� N 0 j=  .

It is known from the theory of randomnessthat the characteristic function of any Martin-L•of
random set coincideswith the characteristic function of 2N on in�nitely many even placesfor at
least2k consecutive bits. Furthermore, the measureof all random setsstarting with (01)k equals
2� 2k . Fix a random set R whosecharacteristic function extends(01)k . Thus we can choosesome
members � 0; � 1; : : : of f 0; 1g? of even length such that the characteristic function of R is of the
form

(01)k � 0(01)k � 1(01)k � 2 : : :

Using (y) above, there exist a0; a1; : : : 2 N such that the set R0 whosecharacteristic function is
(01)k+ a0 � 0(01)k+ a1 � 1(01)k+ a2 � 2 : : : satis�es the following property. Given n 2 N, put

xn =
X

i � n

(2k + ai ) +
X

i<n

lt( � i ):

For all n 2 N and y < lt( � n ), if y is odd and � n(y) = 1 then B(xn + y) = 0, whereasif y is even
and � n (y) = 0 then B(xn + y) = 1. Let N, respectively N 0, be the (unique) possibleworld such
that the characteristic function of the interpretation of P in N, respectively N 0, is isomorphic
to the characteristic function of R, respectively R0. Note that all membersof D that are true in
N0 are also true in M . Moreover, � is a �nite initial segment of someenvironment for N 0. As a
consequence,g convergesin the limit to g(� ) on all environments for N 0 that extend � . But since
both N and N 0 agreeon  and g is assumedto classifyW in the limit following  , g convergesin
the limit to g(� ) on all environments for N that extend � . It follows that all random sequences
extending (01)k are classi�ed asg(� ). Furthermore, the measureof all extensionsof (01)k which
are classi�ed as g(� ) is 2� 2k . On the other hand, thoseextensionsof (01)k which are identi�ed
with models of ' in W have measure2� 2k=3. Therefore ' and  di�er on a classof possible
worlds of positive measure.Contradiction.

Proposition 15cannotbegeneralizedto arbitrary paradigms.This canbe provenby usingresults
from automata theory, more preciselyB•uchi automata, which are at the heart of the proof that
monadic secondorder logic with one successoris decidable.Recall that a subsetof f 0; 1g! (or
! -language) is B•uchi recognizableif there exists a �nite nondeterministic automaton A with a
set F of acceptingstatessuch that for all w 2 f 0; 1g! , e belongsto S i� there exists a run of A
on w that goes in�nitely often through an acceptingstate. The next result plays a crucial role
in the proof of Proposition 19 below.

Lemma 16. [5, Theorem3.1] S � f 0; 1g! is B•uchi recognizablei� it is the disjoint union of:
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{ a sparse set (of measure 0);
{ �nitely many setsof the form R ? Y where R is a pre�x free regular languageand Y is an

! -languageof measure 0;
{ �nitely many setsR0 ?Y0; : : : ; Rn ?Yn where for all i � n, Ri is a regular languageand Yi is

an ! -languageof measure 1.

The classof B•uchi recognizablesubsetsof f 0; 1g! is closedunder complements. Hencegiven a
B•uchi recognizablemember S of f 0; 1g! , we can apply the previous lemma to S and denote
R0 [ : : : [ Rn by A, and apply the previouslemmato S and denoteR0 [ : : : [ Rn by B, to obtain
the next corollary.

Corollary 17. Let a subsetS of f 0; 1g! be B•uchi recognizable.Then there are regular and pre�x
free subsetsA and B of f 0; 1g? suchthat:

{ � (A ? f 0; 1g! [ B ? f 0; 1g! ) = 1;
{ A ? f 0; 1g! and B ? f 0; 1g! are disjoint;
{ � (A ? f 0; 1g! 4 S) = 0.

De�nition 18. Let a subset S of f 0; 1g! be B•uchi recognizable.Choose regular and pre�x
free A; B � f 0; 1g? that satisfy the three conditions expressedin Corollary 17. Let R+

S denote
A ? f 0; 1g! and R�

S denoteB ? f 0; 1g! .

Prop osition 19. Suppose that V is standard, L is the set of monadic second-order sentences
and D = f P(n); : P(n) : n 2 Ng. For all ' 2 L , W is computably classi�able in the limit
following somesentence that is almost equivalent to ' .

Pro of. Let a sentence' be given. Let S be the set of standard informants for the modelsof '
in W. By the choiceof L , S is B•uchi recognizable.Note that R+

S is of the form C ?f 0; 1g! for a
pre�x-free subsetC of f 0; 1g?. Thus onecaneasilyconstruct a computableclassi�er f such that,
for all standard informants (identi�ed with environments) for somepossibleworld, the following
holds: if e 2 R+

S then f convergesto 1 on e; if e =2 R+
S then f convergesto 0 on e. Let W be the

set of all possibleworlds whosestandard informants belongto R+
S . Using [5, Theorem3.1]again,

we infer that W is the set of modelsof somemember  of L . Moreover, it follows immediately
from the de�nition of R+

S that � (ModW (' )4 W) = 0, hence is almost equivalent to ' . Since
W is classi�able in the limit following  , we are done.

Corollary 17 has other applications. In the following, Proposition 13 is strenghendunder some
modi�ed conditions. One considersclassi�cation from positive data only. Furthermore, oneuses
a di�eren t languageand a di�eren t set of possibleworlds.

Prop osition 20. Suppose that V is standard, L is the set of monadic second-order sentences
and D = f P(n) : n 2 Ng.

1. There existsa subsetW0 of W with � (W0) = 1 suchthat for all sentences , W0 is computably
classi�able in the limit following  .

12



2. There is a sentence ' such that W is not classi�able almost everywhere in the limit follow-
ing ' .

Pro of. Let a sentence  be given. Let S be the set of standard informants for the models of
 in W. Recall the de�nition of R+

S and R�
S from De�nition 18. SinceR+

S [ R�
S is of the form

C ?f 0; 1g! for a pre�x-free subsetC of f 0; 1g?, there existsa computablef P(n); : P(n) : n 2 Ng-
classi�er f such that for all standard informants e for somepossibleworld the following holds: if
e 2 R+

S then f convergesto 1 on e; if e 2 R�
S then f convergesto 0 on e. Let W + , respectively,

W � , be the set of all possibleworlds M whosestandard informants belongto R+
S , respectively,

R�
S . It follows immediately from the de�nitions of R+

S and R�
S that both � (ModW ( )4 W + )

and � (ModW (:  )4 W � ) are null. Hence� (W + [ W � ) = 1 and W + [ W � is classi�able in the
limit following  almost everywhere.Sincethe number of sentencesis countable, part 1. of the
proposition follows immediately.

For part 2., de�ne ' as 9x8y(y < s(s(x)) ! (P(y) $ x 6= y)): Supposefor a contradiction that
a classi�er f classi�esW almost everywherein the limit following ' . Sincef converges(possibly
to 1) on all environments for the possibleworld whoseD-diagram is f P(n) : n 2 Ng, we can
choosea member � of D ? such that for all � 2 D ? that extend � , f (� ) = f (� ). Let a 2 N be
greater than all membersof cnt( � ). Put

W1 = ModW (P(0) ^ : : : ^ P(a) ^ : P(a + 1) ^ P(a + 2)) and
W2 = ModW (P(0) ^ : : : ^ P(a) ^ : P(a + 1) ^ : P(a + 2)):

Note that W1 � ModW (' ) and W2 � ModW (: ' ), and that both � (W1) and � (W2) are nonnull.
But by the choiceof � , for all M 2 W1 [ W2 and for all environments e for M that extend � , f
outputs f (� ) in responseto every �nite initial segment of e that extends� . Contradiction.

6 Positiv e only versus positiv e and negativ e data

The next result shows that being allowed to misclassifya set of possibleworlds of measure0
when classifyingfrom positive data doesnot always make up for non-accessto negative data.

Prop osition 21. Supposethat V is enriched with + only andL is thesetof �rst-or der sentences.
Then there exists ' 2 L with the following properties.

{ If D = f P(n); : P(n) : n 2 Ng then W is computablyclassi�able in the limit following ' .
{ If D = f P(n) : n 2 Ng then W is not classi�able in the limit following ' almost everywhere.

Pro of. De�ne ' as 9x8y((x < y ^ y < x + x + 3) ! : P(y)): It is immediately veri�ed that if
D = f P(n); : P(n) : n 2 Ng then W is computably classi�able in the limit following ' (with at
most onemind change).

Now supposethat D = f P(n) : n 2 Ng. Trivially , � (ModW (' )) > 0. Moreover,

� (ModW (' )) � � n2 N2� n� 2 = 2� 1:
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For a contradiction, let a classi�er f be such that f classi�esW in the limit following ' almost
everywhere.For all � 2 D ?, de�ne U� as the set of all M 2 ModW (: ' ) such that for all � 2 D ?,
if � extends� and M j= cnt( � ) then f (� ) = 0. By the choiceof f , for almost all models M of
: ' in W, there exists � 2 D ? with M 2 U� . SinceModW (: ' ) > 0, we can choose� 2 D ? with
� (U� ) > 0. Denoteby a the maximal number in cnt( � ). Let U be the set of all M 2 W with:

{ M j= : P(a + 1) ^ : : : ^ : P(a + a + 2);
{ the D-diagram of M agreeswith the D-diagram of somemember of U� , except perhapson

f P(a + 1); : : : ; P(a + a + 2)g.

Note that all members of ModW (U) are models of ' . Since � (ModW (U)) is at least equal to
2� a� 2� (U� ), � (ModW (U)) is nonnull. Let M 2 U be given.Sincethe D-diagramof M is included
in the D-diagram of somemember of U� , we infer that for all environments e for the D-diagram
of M that extend � , f outputs 0 in responseto all �nite initial segments of e that extend � .
Contradiction.

Consideringfailing to classifya set of �rst categoryrather than misclassifyinga set of measure
0, onecan contrast Proposition 21 with the following.

Prop osition 22. Let ' 2 L be suchthat if D = f P(n); : P(n) : n 2 Ng then W is classi�able,
respectively, computablyclassi�able, in the limit following ' . Assumethat D = f P(n) : n 2 Ng.
Then there existsa subsetW0 of W suchthat:

{ W0 is of second category;
{ W0 is classi�able, respectively, computablyclassi�able, in the limit following ' .

Pro of. Assumethat D = f P(n); : P(n) : n 2 Ng. Considera D-classi�er f such that f classi�es
W in the limit following ' . Without lossof generality wecanassumethat f is total and f depends
only on the content of the input and not on the order and number of repetitions of symbols. Let
S be the set of all members � of D ? such that f (� ) = f (� ) for all consistent � 2 D ? that extend
� . Note that if f is computablethen S is a co-r.e.set. Let W0 be the set of possibleworlds that
are models of cnt( � ) for some� 2 S. By the choice of f , for all � 2 D ?, somemember of S
extends� . This implies immediately that W nW0 is of �rst category. Fix an enumeration (� i ) i 2 N

of D? n S that in casef is computable, is itself computable.

Now assumethat D = f P(n) : n 2 Ng. De�ne a classi�er g as follows. Let � 2 (D [ f ]g)?

be given and let p denote the length of � . Then g(� ) = f (� ) for the smallest member � of
f P(n); : P(n) : n 2 Ng? nf � 0; : : : ; � pg such that for all n, (i) if P(n) occursin � then P(n) occurs
in � , (ii) if : P(n) occurs in � then P(n) doesnot occur in � . Obviously, g is computableif f is
computable.Moreover, for all M 2 W0 and environments e for M (with respect to the current
choiceof D), somemember � of S satis�es

{ f n 2 N : P(n) 2 cnt( � )g � f n 2 N : P(n) 2 cnt(e)g,
{ f n 2 N : : P(n) 2 cnt(� )g \ f n 2 N : P(n) 2 cnt( e)g = ; .

Henceg convergeson e to f (� ), for smallestsuch � . This shows that g classi�esW0 in the limit
following ' .
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7 Alternativ e measures

The aim of this sectionis to illustrate that results obtained from the canonicalmeasureon the
Cantor spacedo not generalizeto arbitrary measures.To this aim, we assumethat � is the
measurede�ned by Solomono� [16], usedto de�ne the complexity of a string as the length of
the minimal program that generatesit. It is an important notion (see[19]), henceproperties of
this particular � are interesting in their own right, not only in contrast to the measureon the
Cantor space.The key properties of � are that:

{ � is a K -recursive function from f 0; 1g? into the set of rational numbers;
{ for all recursive membersx of f 0; 1g! , � (x) > 0.

Note that for every recursive measure� 0, there is a recursive member x of f 0; 1g! such that
� 0(x) = 0. Hencethe Solomono� measureis only K -recursive but not recursive.

The decidability property of monadicsecond-orderlogic immediately yields the following prop-
erty.

Prop ert y 23. Assumethat V is standard and L is the set of monadic second-order sentences.
For all ' 2 L , if ' hasa model in W then � (ModW (' )) > 0.

This allows to contrast Solomono�'s measurewith the measureon the Cantor space:

Corollary 24. For all sentences ' , if W is classi�able in the limit following a sentence that is
almost everywhere equivalent to ' , then W is classi�able in the limit following ' .

Pro of. By Property 23, for all sentences' and  , ' and  are either logically equivalent or
� (ModW (' $ :  )) > 0. The corollary follows immediately.

Another di�erence betweenboth measuresis given by the next proposition, whoseproof relies
on another acceptancecriterion by deterministic Rabin automata. The nondeterministic B•uchi
automata used in the previous sectionsand the deterministic Rabin automata of the current
section actually accept the same class of languages,but for the purpose of the next result,
Rabin automata o�er a better tool. Recall that a Rabin automaton A is a deterministic �nite
automaton that replacesthe set of acceptingstatesby a set X of pairs whosemembersare sets
of states. A subsetS of f 0; 1g! is then acceptedby A i� for all e 2 f 0; 1g! , e belongsto S i�
there exists (I ; F ) 2 X such that the unique run of A on e goes in�nitely often through each
member of I and �nitely often through the membersof F .

Prop osition 25. Assumethat V is standard and L is the setof monadicsecond-order sentences.
Let ' 2 L be given. Then one of the following statementsholds.

1. There exists n 2 N such that W is classi�able in the limit with at most n mind changes
following � or

2. there exists no W0 � W with � (W0) = 1 such that W0 is computablyclassi�able in the limit
following ' .
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Pro of. By the choice of L , there is a �nite deterministic automaton A such that the set of
models of ' in W is identi�ed with a subsetS of f 0; 1g! such that for all e 2 f 0; 1g! , e 2 S i�
e is acceptedby A. Let Q be the set of its reachable states.We distinguish betweentwo cases,
that correspond to the two alternativesin the statement of the proposition.

Case 1. For all q 2 Q and x; y 2 f 0; 1g! such that A goesthrough q in�nitely often on the run
of A on x and on the run of A on y, A acceptsx i� A acceptsy. For all q 2 Q, put Acc(q) = 1
if there exists x 2 f 0; 1g! such that A acceptsx and A goes through q in�nitely often on the
run of A on x; otherwiseput Acc(q) = 0. Let f be the unique classi�er such that for all � 2 D ?,
f (� ) = Acc(q) for the state q reached by A when run on (the member of f 0; 1g? identi�ed with)
� . For all membersq; q0 of the samestrongly connectedcomponent of A, Acc(q) = Acc(q0). Since
Q is �nite, the number of strongly connectedcomponents of A hasto be an upper bound on the
number of mind changesthat f canmake whenclassifyingW in the limit following any sentence.
Furthermore, for all x 2 f 0; 1g! , there exists a �nite initial segment � of x such that A remains
in the samestrong connectedcomponent C after � hasbeenprocessed.Obviously, there has to
be a member q of C such that A goesthrough q in�nitely often when run on x. So f acceptsx
i� Acc(q) = 1, which itself is equivalent to A acceptingx. This shows that f correctly classi�es
W in the limit following ' .

Case 2. There exists q 2 Q and x; y 2 f 0; 1g! such that A goes through q in�nitely often on
the run of A on x and on the run of A on y, A acceptsx and A rejects y. Notice that for all
x 2 f 0; 1g! , whether A acceptsor rejects x only dependson the set of states that are visited
in�nitely often when A is run on x. It follows that there exist � ; � 2 f 0; 1g? such that for all
strings � 2 f 0; 1g?:

{ A is in state q after it hasprocessedany of � , � � and � � ;
{ A accepts� � ! and rejects � � ! .

Let a recursive classi�er f be given. Then there exists an in�nite sequencex = � 0� 1 : : : such
that A is in state q after � 0 hasbeenprocessedand

� n+1 =
�

� if f (� 0� 1 : : : � n ) = 0;
� if f (� 0� 1 : : : � n ) = 1:

Sincef is computable,x is recursive, so � (f xg) > 0. Moreover, it is easyto verify that:

{ if f convergeson x to 0 then � n = � for co�nitely many n's;
{ if f convergeson x to 1 then � n = � for co�nitely many n's.

This shows that there exists a subsetW0 of W with � (W0) > 0 such that f fails to classi�esW0

in the limit following ' .

8 Learning witnesses

In this section, we go back to the standard measureon the Cantor space.We focus on classi-
�abilit y of existential sentences.By the choice of W, such a sentence, of the form 9x (x), is
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true in a member M of W i�  (t) is true for someclosedterm t. It is then natural not only to
determine that 9x (x) is true, but also to learn in the limit such a witnesst. This amounts to
a computation in the limit that generalizesthe type of computations done by Prolog systems.
We now formalize the conceptsthat have just beenintroduced.

De�nition 26. A learner is a partial function from (D [ f ]g)? into the union of f 0g with the
set of closedterms.

De�nition 27. We say that a classi�er g is associated with a learnerf i� for all � 2 (D [ f ]g)?,
g(� ) is de�ned i� f (� ) is de�ned and g(� ) = 0 i� f (� ) = 0.

De�nition 28. Let a learner f , a sentenceof the form 9x (x), and a subsetW0 of W be given.

We say that f learns 9x (x) in the limit in W0 just in casefor all M 2 W0 and environments e
for M , the following holds.

{ If M j= 9x (x) then there exists a closedterm t such that M j=  (t) and the set of all
� 2 (D [ f ]g)? such that � � e and f (� ) = t is co�nite.

{ If M 6j= 9x (x) then f � 2 (D [ f ]g)? : � � e and f (� ) = 0g is co�nite.

De�nition 29. Let a learner f and an existential sentence' be given. We say that f learns '
in the limit in W almost correctly just in case:

{ the classi�er associated with f classi�esW in the limit following ' almost everywhere;
{ there exists W0 � W with � (W0) = 1 such that f learns ' in the limit in W0.

De�nition 30. We say that an existential sentence ' is learnable, respectively, computably
learnable, in the limit in W almost correctly i� somelearner, respectively, computable learner,
learns ' in the limit in W almost correctly.

Adapting the proof of Proposition 19, we obtain an important particular casewhere limiting
computation of witnessesfor existentially quanti�ed sentencesis always possible:

Prop osition 31. Suppose that V is standard, L is the set of monadic second-order sentences
and D is equal to f P(n); : P(n) : n 2 Ng. Then for all existential sentences ' , ' is computably
learnable in the limit in W almost correctly.

Pro of. Let a sentence of the form 9x (x) be given. Let Z be the set of all e 2 f 0; 1g! that
are identi�ed with a model of 9x (x) in W. Let Zn be the set of all e 2 Z , for which n is the
minimal i such that  (i ) holds. Recall the notation of R+

Z and R�
Z given in De�nition 18. So

by Corollary 17, R+
Z and R�

Z are of respective form C+
Z ? f 0; 1g! and C �

Z ? f 0; 1g! for regular
pre�x-free subsetsC+

Z and C �
Z of f 0; 1g?.

Let an extra unary predicatesymbol Q begivenand considerthe following monadicsecond-order
sentence� over V [ f Qg:

9x[ (x) ^ Q(x) ^ 8y[y < x ! [ :  (y) ^ : Q(y)]]]:
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Recall that < is de�nable in monadic secondorder logic. Intuitiv ely, � expressesthat both  
and Q are simultaneously true on somevalue; furthermore, x is the minimum of thesevalues.

Recall that a standard structure M over V [ f Qg is a structure over V [ f Qg such that all of
its individuals interpret a closedterm. Now identify a given standard structure M over V [ f Qg
with the unique point e in the Cantor spacesuch that:

{ for all n 2 N, M j= P(n) i� e(2n) = 1;
{ for all n 2 N, M j= Q(n) i� e(2n + 1) = 1.

Let S be the set of all e 2 f 0; 1g! that are identi�ed with a standard structure over V[ f Qg that
is a model of � . For all n 2 N, let Sn be the set of all e 2 S for which n is the least i 2 N such
that  (i ) holdsin e. Recall the notation of R+

S and R�
S given in De�nition 18.Soby Corollary 17,

R+
S and R�

S are of respective form C+
S ? f 0; 1g! and C �

S ? f 0; 1g! for regular pre�x-free subsets
C+

S and C �
S of f 0; 1g?. Without loss of generality, we can assumethat for all � 2 C+

S , there
exists i 2 N such that 2i + 1 is smaller than the length of � and � (2i + 1) = 1. One can thus
divide C+

S into regular pre�x free subsetsC+
Sn

, where C+
Sn

consistsof those sequences� in C+
S

for which the minimal i such that � (2i + 1) = 1 is n. Given n 2 N, note that Zn is sameas (the
set of possibleworlds identi�ed with) the set of restrictions to V of the membersof Sn . Now let
R+

Sn
= C+

Sn
?f 0; 1g! . Let C+

Zn
be the set of sequencesof the form � (0)� (2)� (4) : : : where� ranges

over C+
Sn

. Let R+
Zn

= C+
Zn

? f 0; 1g! . Using Corollary 17, R+
Sn

di�ers from Sn on a set of measure
0. As the interpretation of Q(i ) in all members of Sn is �xed for all i � n, but arbitrary for all
i > n, � (Sn ) = 2� (n+1) � (Zn ). Thus, R+

Zn
di�ers from Zn on a set of measure0. Using regularity

of C+
Sn

, it follows that C+
Zn

, n 2 N, are regular sets (which could be made pre�x free), which
intersectneither with each other nor with C �

Z . Moreover, onecan e�ectiv ely �nd elements of the
setsC �

Z and C+
Zn

, e�ectiv ely from each n.

Now let a computable f P(n); : P(n) : n 2 Ng-classi�er f be de�ned as follows. Let a standard
informant e for somepossibleworld (that is, standard structure over V, not V [ f Qg!) be given.

{ Supposethat e extendsa member � of C+
Zn

. Then, f outputs n in responseto co�nitely many
�nite initial segments of e.

{ If e extendsa member of C �
Z then f is constant and equal to 0 on e.

It follows that

{ for all n 2 N, f convergesto n on almost every (standard environment identi�ed with a)
member of R+

Zn
;

{ f convergesto 0 on almost every member of R �
Z .

Hence9x (x) is computably learnablein the limit in W almost correctly.

When investigating the connectionsbetweenclassi�abilit y and learnability of sentencesof the
form 9x (x), it is reasonableto assumethat W is classi�able in the limit following any of the
sentences (n); otherwiseone could obtain a separationby taking a sentence � such that W is
not almost everywhereclassi�able in the limit following � and then consider

9x ((x = 0 ^ : � ) _ (x = 1 ^ � )) :

18



Furthermore, if W is classi�able in the limit following each of the formulas 9x (x) and  (n)
with n 2 N, then the parameter x is also learnable: an n 2 N such that  (n) holds can be
found in the limit. Still computability might be lost, for examplewith 9x (� x is total ^ � x (0) =
minf z : Pzg ^ 8y < x (� y 6= � x )) : As this examplecan be formalized in full arithmetic, it is
natural to ask what happensif one only postulatesthat W is almost everywhereclassi�able in
the limit following 9x (x), keepingthe other conditions assuch. The next result shows that not
only computability, but also learnability can be lost.

Prop osition 32. Supposethat V is enriched with + only, L is the set of �rst-or der sentences
and D = f P(n); : P(n) : n 2 Ng. Let  (x) be the formula

8y9u9v9w (x + y + v = u ^ u + w = x + x + y + y ^ P(u)):

Then:

{ the set of modelsof 9x (x) in W is of measure 1;
{ for all n 2 N, W is classi�able in the limit with at most 1 mind changefollowing  (n);
{ 9x (x) is not almost correctly learnable in the limit in W.

Pro of. The formula  (x) expressesthat for every y 2 N, there exists u 2 N such that x + y �
u � 2x + 2y and P(u) holds.By the law of largenumbers,� (ModW (9x (x))) is equalto 1. Given
n 2 N, a classi�er that outputs 1, until it �nds y 2 N such that : P(n + y); : : : ; : P(2n + 2y) all
appear in the data, at which point it outputs 0, classi�es W in the limit with at most 1 mind
changefollowing  (n). Supposefor a contradiction that a learner f learns9x (x) in the limit
in W almost correctly. It is then easyto construct a � -increasingsequence(� n )n2 N of members
of D? such that:

{ for all i 2 N, � 2i is an initial segment of an environment for a model of  (n), for somen, and
f outputs n in responseto � 2i ;

{ for all i 2 N, � 2i+1 is an initial segment of an environment for a model of :9 x (x) and f
outputs 0 in responseto � 2i+1 ;

{
S

i 2 N � i is an environment for a possibleworld.

Sincethe classi�er associated with f does not convergeon
S

i 2 N � i , it follows that f does not
learn 9x (x) almost correctly in the limit in W.

A further questionwould be the following. Given a sentence ' such that W can be classi�ed in
the limit following ' , is ' equivalent to a sentenceof the form 9x (x) such that W is classi�able
with a constant number of mind changes,following any sentenceof the form  (n)? The answer
is yesfor computableclassi�cation in full arithmetic sinceonecan transform every learner into
a formula monitoring its behaviour and then quantify over a variable that represents the last
time when the classi�er makesa wrong conjecture.

9 Conclusion

In this paper the relationship betweenclassifyingall possibleworlds and classifyingalmost all
possibleworlds has been investigated. The main results include the following. In the caseof
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monadicsecondorder logic with onesuccessor,which is well known to be decidablethanks to its
connectionswith B•uchi automata, onecan classifyW following a formula ' almost everywhere
from both positive and negative data. But with positive data only, convergencemight fail on a
set of measure0. For other choicesof possibledata, W might even be classi�able in the limit
following a given sentence ' almost everywhere, though no sentence di�ering from ' only on
a null set of worlds allows for absolute classi�cation. With Presburgerarithmetic, there is a
sentence ' such that someset of worlds of measure1 can be classi�ed in the limit following
' , though no classi�er which is correct on a set of measure1 convergeson all environments for
all possibleworlds. The fact that theseresults depend crucially on the choiceof measureas the
standardmeasureon the Cantor spacehasbeenemphasizedby consideringthe measureproposed
by Solomono�. Finally, someconnectionswere made betweenclassi�cation and learning of an
essential parameter,namely, the valueof the �rst quanti�ed variable in an existential sentence.It
turns out that this canbe achievedon a set of worlds of measure1 in monadicsecondorder logic
with one successor,demonstrating that Prolog style inferencesare almost everywherepossible
in this case.

Ac knowledgmen ts. We would like to thank WolfgangMerkle for very helpful discussions.We
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