
Prudencein VacillatoryLanguageIdenti�cation

Sanjay Jain
Institute of SystemsScience

National University of Singapore
Singapore 0511

Republic of Singapore
Email: sanjay@iss.nus.sg

Arun Sharma
School of Computer Scienceand Engineering

The University of New South Wales
Sydney, NSW 2033,Australia
Email: arun@cse.unsw.edu.au



Abstract

The present paper settlesa questionabout `prudent' `vacillatory' identi�cation of languages.
Considera scenarioin which an algorithmic deviceM is presented with all and only the

elements of a languageL, and M conjecturesa sequence,possibly in�nite, of grammars.
Three di�eren t criteria for successof M on L have beenextensively investigated in formal
language learning theory. If M convergesto a single correct grammar for L, then the
criterion of successis Gold's seminal notion of TxtEx -identi�cation. If M convergesto a
�nite number of correct grammars for L, then the criterion of successis called TxtF ex-
identi�cation. And, if M , after a �nite number of incorrect guesses,outputs only correct
grammarsfor L (possibly in�nitely many distinct grammars), then the criterion of success
is known as TxtBc -identi�cation.

A learningmachine is saidto beprudent accordingto a particular criterion of successjust
in casethe only grammarsit ever conjecturesare for languagesthat it can learn accordingto
that criterion. This notion was introducedby Osherson,Stob, and Weinsteinwith a view to
investigatecertain proposalsfor characterizing natural languagesin linguistic theory. Fulk
showed that prudencedoes not restrict TxtEx -identi�cation, and later Kurtz and Royer
showed that prudencedoesnot restrict TxtBc -identi�cation. The present paper shows that
prudencedoesnot restrict TxtF ex-identi�cation.



1 In tro duction

Languagesare sets of sentencesand a sentence is a �nite object; the set of all possible
sentencescan be coded into N | the set of natural numbers. Hence, languagesmay be
construed as subsetsof N . A grammar for a languageis a set of rules that accepts(or
equivalently, generates[HU79]) the language. Essentially , any computer program may be
viewed asa grammar. Languagesfor which a grammar existsare called recursively enumer-
able. Henceforth,we work under the assumptionthat natural languagesfall in the classof
recursively enumerablelanguages.

A text for a languageL is any in�nite sequencethat lists all and only the elements of L;
repetitions are permitted.

Motivated by psycholinguistic studies which suggestthat children are rarely, if ever,
informed of grammaticalerrors1, Gold [Gol67] introducedthe seminalnotion of identi�c ation
in the limit (which we refer to asTxtEx -identi�cation following [CL82]) asa model for �rst
languageacquisition. According to this paradigm, a child (modeledasa machine) receivesa
text for a languageL, and simultaneouslyconjecturesa successionof grammars. A criterion
of successis for the child to eventually conjecture a correct grammar for L and never to
changeits conjecturethereafter. If, in this scenariofor success,the child machine is replaced
by an algorithmic machine M , then we say that M TxtEx -identi�es L. The reader is
directed to [Pin79, WC80, Wex82, OSW84, OW92] for a discussionof the in
uence of this
paradigm on contemporary theoriesof natural language.

Now, a major concernof linguistic theory is to characterizethe classof natural languages.
Any such characterization must account for the fact that children master natural languages
in a few yearstime on the basisof rather casualand unsystematicexposureto it. Formal
languagelearningtheory providesa tool to evaluateproposalsfor characterizingthe collection
of natural languagesby modeling the salient featuresof a proposal in the above paradigm
(seeOsherson,Stob, Weinstein [OSW84]for discussionof theseissues.)

A collection of such proposals,are known as \prestorage models" of linguistic develop-
ment. A prestoragemodel assumesthat an internal list of candidategrammarsthat coincides
exactly with the collection of natural languagesis available to a child. Languageacquisi-
tion is thus a processof selectinga grammar from this list in responseto linguistic input.
Motivated by such modelsand with a view to investigatethe e�ect of such a restriction, Os-
herson,Stob, and Weinstein[OSW82]introducedthe notion of \prudent" learningmachines.
According to their de�nition, prudent learnersonly conjecturegrammarsfor languagesthey
arepreparedto learn. In other words,every incorrect grammaremitted by a prudent learner
in responseto any linguistic input is for somelanguagethat can be learnedby the learner.
Osherson,Stob, and Weinsteinraisedthe natural question: \Do esprudencerestrict TxtEx -
identi�cation?" Fulk [Ful85, Ful90] provided the answer by establishinga surprising result
that prudencedoes not restrict TxtEx -identi�cation. He showed that given any learning
machine M , a prudent learning machine M 0 can be constructed which TxtEx -identi�es
every languageTxtEx -identi�ed by M .

1See[BH70, HPTS84, DPS86, Pen87] for further studies discussingthis hypothesis.
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However, the investigationof prudencefor moregenerallearningcriteria, notably TxtBc -
identi�cation and TxtF ex-identi�cation, was left open by Fulk. Below, we informally de-
scribe thesecriteria.

A learning machine M is said to TxtBc -identify a languageL just in caseM , fed
any text for L, outputs an in�nite sequenceof grammars such that after a �nite number
of incorrect guesses,M outputs only grammars for L. This criterion was �rst studied by
Oshersonand Weinstein [OW82a] and by Caseand Lynes [CL82], and is also referred to as
\extensional" identi�cation. A machine M is said to be TxtBc -prudent just in caseany
grammar conjecturedby M in responseto any linguistic input is for a languagewhich M
can TxtBc -identify .

Let bbe a positive integer. A learning machine M is said to TxtF exb-identify a language
L just in caseM , fed any text for L, convergesin the limit to a �nite set, with cardinality
� b, of grammars for L. In other words, for any text T for L, there exists a set D of
grammars for L, cardinality of D � b, such that M , fed T, outputs, after a �nite number
of incorrect guesses,only grammarsfrom the set D. This notion was studied by Osherson
and Weinstein [OW82a] and by Case[Cas88]. A machine M is said to be TxtF exb-prudent
just in caseany grammar output by M in responseto any linguistic input is for a language
which M can TxtF exb-identify .

Fulk [Ful85]hadconjecturedthat prudencewasnot likely to restrict TxtBc -identi�cation.
Kurtz and Royer [KR88] showed that this conjecturewas indeedtrue, as they showed that
for any learning machine M , there exists a machine M 0 such that M 0 is TxtBc -prudent
and M 0 TxtBc -identi�es every languagewhich M TxtBc -identi�es. However, they left the
problem open for TxtF exb-identi�cation. In the present paper, we settle this question by
showing that prudencedoesnot restrict TxtF exb-identi�cation.

A related topic in the context of function identi�cation hasbeenstudied under the title
`classpreservingstrategies' (seeJantke and Beick [JB81]).

We now proceedformally. Section2 states the notation and preliminary conceptsfrom
formal languagelearning theory. The main result of the paper is contained in Section3.

2 Preliminaries

2.1 Notation

Any unexplainedrecursion theoretic notation is from [Rog67]. The symbol N denotesthe
set of natural numbers, f 0; 1; 2; 3; : : :g. The symbol N + denotesthe set of positive nat-
ural numbers, f 1; 2; 3; : : :g. Unlessotherwise speci�ed, i; j; m; n; s; t; x; y, with or without
decorations2, range over N . Symbols ; , � , � , � , and � denoteempty set, subset,proper
subset,superset,and proper superset, respectively. We usethe symbol ) to denote logical
implication. We usesymbols � and , to denoteequivalence.

Symbols P and S, with or without decorations, range over �nite sets. Cardinality of
a set S is denoted by card(S). We say that card(A) � � to mean that card(A) is �nite.

2Decorations are subscripts, superscripts and the like.
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Intuitiv ely, the symbol, � , denotes`�nite without any prespeci�ed bound.' We let b range
over N + [ f�g . Dx denotesthe �nite set with canonical index x [Rog67]. We sometimes
identify �nite setswith their canonical indices. We do this when we considerfunctions or
machines which operate on complete knowledgeof a �nite set (equivalently, an argument
which is a canonicalindex of the �nite set) and whenwewant to display the argument simply
as the set itself.

We use the symbol " to denote `unde�ned.' The maximum and minimum of a set are
denotedby max(�); min(�), respectively, wheremax(; ) = 0 and min(; ) = " .

Letters f ; g; andh, with or without decorations,rangeover total functionswith arguments
and valuesfrom N .

A pair hi; j i stands for an arbitrary, computable, one-to-oneencoding of all pairs of
natural numbers onto N [Rog67]. Similarly, we can de�ne h�; : : : ; �i for encoding multiple
tuples of natural numbersonto N .

By ' we denotea �xed acceptableprogrammingsystemfor the partial computablefunc-
tions: N ! N [Rog58, Rog67, MY78]. By ' i we denote the partial computable function
computedby programi in the ' -system. By � wedenotean arbitrary �xed Blum complexity
measure[Blu67, HU79] for the ' -system.

By Wi we denote domain(' i ). Wi is, then, the r.e. set/language(� N ) accepted(or
equivalently, generated)by the ' -program i . Symbol E will denote the set of all r.e. lan-
guages.Symbol L, with or without decorations,rangesover E. Symbol L , with or without
decorations,rangesover subsetsof E. We denoteby Wi;s the set f x � s : � i (x) � sg. We
useF I N to denotethe set f L : card(L) < 1g .

We sometimesconsiderpartial computable functions with multiple arguments in the '
system. In such caseswe implicitly assumethat a coding function like h�; : : : ; �i is usedto
code the arguments, so, for example,' i (x; y) standsfor ' i (hx; yi ).

The quanti�ers `
1
8' and `

1
9' mean `for all but �nitely many' and `there exist in�nitely

many', respectively.

2.2 Language Learning Mac hines and Texts

We now considerlanguagelearning machines. De�nition 1 below introducesa notion that
facilitates discussionabout elements of a languagebeing fed to a machine.

De�nition 1 A sequence � is a mapping from an initial segment of N into (N [ f # g). The
content of a sequence� , denotedcontent(� ), is the set of natural numbers in the range of
� . The length of � , denotedby j� j, is the number of elements in � .

Intuitiv ely, #'s represent pausesin the presentation of data. We let � and � , with or
without decorations,rangeover �nite sequences.For n � j� j, � [n] denotesthe �nite initial
sequenceof � with length n. The result of concatenating� onto the end of � is denoted
by � � � . We say that � � � just in case� is an initial segment of � , that is, j� j � j� j
and � = � [j� j]. SEQ denotesthe set of all �nite sequences.The set of all �nite sequences
of natural numbers and #'s, SEQ, can be coded onto N . This coding assignsa canonical
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index to each member of SEQ. We will abusethe notation somewhat,as a referenceto �
will meanboth the sequenceand its canonical index. Hence,a referenceto a least � really
refersto a � with least canonicalindex.

De�nition 2 A languagelearning machine is an algorithmic devicewhich computesa map-
ping from SEQ into N .

We let M , with or without decorations,rangeover learning machines.

De�nition 3 A text T for a languageL is a mapping from N into (N [ f # g) such that L is
the set of natural numbers in the rangeof T. The content of a text T, denotedcontent(T),
is the set of natural numbers in the rangeof T.

Intuitiv ely, a text for a languageis an enumeration or sequential presentation of all the
objects in the languagewith the #'s representing pausesin the listing or presentation of
such objects. For example,the only text for the empty languageis just an in�nite sequence
of #'s.

We let T, with or without decorations,range over texts. T[n] denotesthe �nite initial
sequenceof T with length n. The readershould note that T[n] doesnot contain T(n), the
nth element of T. Hence,domain(T[n]) = f x : x < ng. We say that � � T just in case� is
an initial segment of T, that is, � = T[j� j].

We next present three criteria for successfullearning of languagesby learning machines.

2.3 Language Iden ti�cation Criteria

2.3.1 Explanatory Learning (TxtEx -iden ti�cation)

In De�nition 4 below we spell out what it meansfor a learningmachine on a text to converge
in the limit.

De�nition 4 Suppose M is a learning machine and T is a text. M (T)# (read: M (T)

converges) ( ) (9i )(
1
8 n) [M (T[n]) = i ]. If M (T)#, then M (T) is de�ned as the unique i

such that (
1
8 n)[M (T[n]) = i ]; otherwise,we say that M (T) diverges(written: M (T)" ).

The next de�nition describesthe �rst criteria of successand is essentially Gold's paradigm
of identi�cation in the limit.

De�nition 5 [Gol67]

(a) M TxtEx -identi�es L (written: L 2 TxtEx (M )) ( ) (8 texts T for L)(9i : Wi =
L)[M (T)# ^ M (T) = i ].

(b) TxtEx = fL : (9M )[L � TxtEx (M )]g:

The notation in the above de�nition is from [CL82].
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2.3.2 Vacillatory Learning (TxtF ex-iden ti�cation)

In De�nition 6 below we spell out what it meansfor a learningmachine on a text to converge
in the limit to a �nite set of grammars.

De�nition 6 [Cas88] M (T) �nitely-c onverges (written: M (T)+) ( ) f M (� ) : � � Tg
is �nite, otherwisewe say that M (T) �nitely-diver ges (written: M (T)* ). If M (T)+, then

M (T) is de�ned as P, whereP = f i : (
1
9 � � T)[M (� ) = i ]g.

De�nition 7 [Cas88] Let b 2 N + [ f�g .

(a) M TxtF exb-identi�es L (written: L 2 TxtF exb(M )) ( ) (8 texts T for
L)(9P : card(P) � b ^ (8i 2 P)[Wi = L])[M (T)+ ^ M (T) = P].

(b) TxtF exb = fL : (9M )[L � TxtF exb(M )]g.

The b= � casein the above was �rst studied by Oshersonand Weinstein [OW82a].

2.3.3 Behaviorally Correct Learning (TxtBc -iden ti�cation)

De�nition 8 [CL82, OW82b, OW82a]

(a) M TxtBc -identi�es L (written: L 2 TxtBc (M )) ( ) (8 texts T for L)(
1
8

n)[WM (T [n]) = L].

(b) TxtBc = fL : (9M )[L � TxtBc (M )]g:

The following theoremsummarizesthe relationship betweenthe criteria de�ned above.

Theorem 1 [OW82a, CL82, Cas88]
TxtEx = TxtF ex1 � TxtF ex2 � : : : � TxtF ex i � TxtF ex i +1 � : : : � TxtF ex � �
TxtBc .

3 Prudence and Language Learning

The following de�nition describes the notion of prudencefor each of the three criteria de-
scribed in the previous section. The notion of prudencewas �rst introduced by Osherson,
Stob, and Weinstein [OSW82].

De�nition 9 Let b 2 N + [ f�g .

(a) A machine M is TxtEx -prudent just in casef WM (� ) : � 2 SEQg = TxtEx (M ).

(b) A machine M is TxtBc -prudent just in casef WM (� ) : � 2 SEQg = TxtBc (M ).

(c) A machine M is TxtF exb-prudent just in casef WM (� ) : � 2 SEQg = TxtF exb(M ).
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Fulk showed the following result which says that prudenceis not a restriction on TxtEx -
identi�cation.

Theorem 2 [Ful85, Ful90] For eachmachineM there existsa TxtEx -prudent machineM 0,
suchthat TxtEx (M ) � TxtEx (M 0).

Fulk left the question of prudence open for TxtBc -identi�cation and TxtF exb-
identi�cation. But, he conjectured that a counterpart of the above theorem was likely to
hold for TxtBc -identi�cation. Kurtz and Royer [KR88] showed that Fulk's conjecturewas
indeedtrue, as they establishedthe following result.

Theorem 3 [KR88] For each machineM there existsa TxtBc -prudent machineM 0, such
that TxtBc (M ) � TxtBc (M 0).

However, prudencefor vacillatory identi�cation remainedopen. Theorem4 in the present
paper settles this question. Our proof of this result builds on notions of stabilizing and
locking sequences.To facilitate discussionof these technical concepts,we �rst extend the
de�nition of pairing function. Towards this end, �x a canonicalindex for membersof F I N .
(SeeRogers[Rog67]). Recall from Section2.2 that there is a canonical index for members
of SEQ. Now, let i be the canonical index for � 2 SEQ and j be the canonical index for
D 2 F I N . Then, de�ne h� ; D i = hi; j i . Clearly, the pairing function, h:; :i , de�nes a total
order on SEQ� F I N , and we have a canonicalindex for membersof SEQ� F I N . Hence,
a referenceto least h� ; D i in the sequelis well de�ned.

De�nition 10 (Based on [Cas88, Ful85]) Let b 2 N + [ f�g . Then h� ; D i is a TxtF exb-
stabilizing sequence for M on L just in casethe following hold:

(a) content(� ) � L ,

(b) card(D) � b, and

(c) (8� : � � � ^ content(� ) � L)[M (� ) 2 D].

De�nition 11 (Based on [BB75, Cas88, Ful85]) Let b 2 N + [ f�g . Then h� ; D i is a
TxtF exb-locking sequence for M on L just in casethe following hold:

(a) h� ; D i is a TxtF exb-stabilizing sequencefor M on L, and

(b) (8j 2 D)[Wj = L].

Lemma 1 (Based on [BB75, Cas88, Ful85]) Suppose b 2 N + [ f�g and M TxtF exb-
identi�es L. Then there existsa TxtF exb-locking sequence for M on L.
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Pr oof. For � 2 SEQ, let Lastb(� ) denotethe set,

f M (� [l ]) : l � j� j ^ card(f M (� [l0]) : j� j � l0 � lg) � bg:

Roughly, Lastb(� ) denotesthe set of b most recent conjecturesof M on � .
Supposeby way of contradiction that no � is a TxtF exb-locking sequencefor M on L.

Then we have,
(8� : content(� ) � L)(9� 0 : � � � 0 ^ content(� 0) � L)[WM (� 0) 6= L _ M (� 0) 62Lastb(� )]

(1)
Let T0 be a text for L. We now de�ne � i ; � i inductively. It will be the casethat for all

i , � i � � i � � i +1 and content(� i +1 ) � L .
Let � 0 be the empty sequence.Let � i = � i � T0(i ). Let � i +1 be an (arbitrary) extensionof

� i such that content(� i +1 ) � L and [WM (� i +1 ) 6= L _ M (� i +1 ) 62Lastb(� i )]. By (1) there exists
such an extension. Now let T =

S
i 2 N � i . Clearly, content(T) = L (since, the construction

of T guaranteesthat only elements of L and all the elements of L appear in T). Now, for
all i , either [WM (� i +1 ) 6= L or M (� i +1 ) 62Lastb(� i )]. This implies that M doesnot TxtF exb-
identify L. A contradiction. (Lemma 1)

The following corollary to Lemma 1 is evident.

Corollary 1 Suppose b 2 N + [ f�g and M TxtF exb-identi�es L. Then there exists a
TxtF exb-stabilizing sequence for M on L.

Similarly, using the technique in the proof of Lemma 1, we can establish the following
lemma. The reader is referred to [Cas92] for a number of related results about TxtF exb-
identi�cation.

Lemma 2 If M TxtF exb-identi�es L and h� ; D i is a TxtF exb-stabilizing sequence for M
on L, then (9i 2 D)[Wi = L].

We now present our main result.

Theorem 4 Let b 2 N + [ f�g . For each M there existsa TxtF exb-prudent machineM 00,
suchthat TxtF exb(M ) � TxtF exb(M 00).

Pr oof of Theorem 4. Let M and b be as given in the hypothesisof the theorem. We
will show that there exist machinesM 0 and M 00such that TxtF exb(M ) � TxtF exb(M 0) �
TxtF exb(M 00) and M 00is TxtF exb-prudent.

Our proof may be thought of as a nontrivial extensionof Fulk's technique [Ful90]. Like
Fulk's proof, our proof is also nonconstructive. For a given M , M 0 will depend on whether
M TxtF exb-identi�es N or not. Sincethis is not known in advance,this technique doesnot
allow for an e�ectiv e construction of M 00from M . It is open at this stagewhether our proof
can be madeconstructive.

GivenM andb, wede�ne a predicateMidentN asfollows: MidentN is true i� M TxtF exb-
identi�es N .

7



Let g be a recursive function such that, for all n, Wg(n) = f x : x < ng. De�ne M 0 as
follows.

M 0(� ) =

8
><

>:

g(0); if content(� ) = ; ;
g(n); if : MidentN ^ content(� ) = f x : x < ng;
M (� ); otherwise.

Let iN besuch that Wi N = N . Let CN = f N g, if MidentN holds,and CN = f L : (9n)[L =
f x : x < ng]g, otherwise.

It is easyto seethat TxtF exb(M ) [ f;g [ CN � TxtF exb(M 0). Intuitiv ely, M 0 behaves
just like M except with minor changesto allow it to TxtF exb-identify ; and each element
of CN .

For constructing M 00as claimed in the theorem, we will de�ne, using s-m-n theorem,
a recursive function h, from N � SEQ � F I N � F I N to N . But before de�ning h, we
introducea few predicates.

Let Good(j; � ; P; S) be a conjunction of the following three conditions:

(a) j 2 P,
(b) h� ; Pi is the least TxtF exb-stabilizing sequencefor M 0 on Wj , and
(c) S = Wj \

S
h� 0;P 0i�h � ;P i content(� 0).

Intuitiv ely, h will be such that, if Good(j; � ; P; S) holds, then Wh(j;� ;P;S) = Wj ; otherwise
Wh(j;� ;P;S) is a member of CN [ f;g . ParameterS helpsin the veri�cation of part (b) in the
de�nition of Good, that is, S contains enoughinformation to verify that no h� 0; P0i < h� ; Pi
is a TxtF exb-stabilizing sequencefor M 0 on Wj . M 00will use this h to achieve its goal as
claimed in the theorem. The idea is that M 00upon seeingthe initial segment of a text for
somelanguageL, will attempt to �nd a candidatefor the leastTxtF exb-stabilizing sequence,
h� ; Pi , for M 0 on L. M 00will then pick from P a seeminglybest grammar, j 0, for L. M 00

will then output h(j 0; � ; P; S) (where S is chosenaccordingto part (c) in the de�nition of
Good above). We will discussdetails of M 00later.

We now de�ne two predicates, \plausible" and \imp ossible." Intuitiv ely,
plausible(j; � ; P; S; t) is true just in caseit can be veri�ed, in at most t steps, that con-
dition (a) and parts of (b) and (c) of Good(j; � ; P; S) hold. And, impossible(j; � ; P; S; t) is
true just in caseit can be veri�ed, in at most t steps,that : Good(j; � ; P; S) holds.

Let
plausible(j; � ; P; S; t) �

[t > 0] ^ [card(P) � b] ^ [j 2 P] ^
[S �

S
h� 0;P 0i�h � ;P i content(� 0)] ^ [content(� ) � S � Wj;t ] ^

(8h� 0; P0i < h� ; Pi )(9� : j� j � t)[[content(� 0) 6� S] _ [card(P0) > b] _
[[content(� 0) � content(� ) � Wj;t ] ^ [M 0(� ) 62P0]]].
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Let
impossible(j; � ; P; S; t) �

[S \ Wj;t \
S

h� 0;P 0i�h � ;P i content(� 0) 6= ; ] _
(9� � � : content(� ) � Wj;t ^ j� j � t)[M 0(� ) 62P].

We now let h be a recursive function such that Wh(j;� ;P;S) =
S

t2 N Wh0(j;� ;P;S;t ) , where

Wh0(j;� ;P;S;t ) =

8
>>>>>>>>>><

>>>>>>>>>>:

; ; if : plausible(j; � ; P; S; t);
Wj;t ; if plausible(j; � ; P; S; t)

^ : impossible(j; � ; P; S; t);
f x : x � tg; if MidentN ^ plausible(j; � ; P; S; t)

^ impossible(j; � ; P; S; t);
f x : x � max(Wh0(j;� ;P;S;t � 1))g; if : MidentN ^ plausible(j; � ; P; S; t)

^ impossible(j; � ; P; S; t).

Let C = f Wj : (9� ; P)[[h� ; Pi is the least TxtF exb-stabilizing sequencefor M 0 on
Wj ] ^ j 2 P]g,

and let C0 = f Wh(j;� ;P;S) : j 2 N ^ � 2 SEQ ^ P 2 F I N ^ S 2 F I N g.

Claim 1 C= C0.

Pr oof. It is easyto seethat,

(8j; � ; P; S; t)[plausible(j; � ; P; S; t) ) plausible(j; � ; P; S; t + 1)]

and
(8j; � ; P; S; t)[impossible(j; � ; P; S; t) ) impossible(j; � ; P; S; t + 1)]:

Thus, for each j; � and �nite setsP; S: Wh(j;� ;P;S) 2 f Wj ; ;g [ CN . Now, there are two
cases:

Case1: Wh(j;� ;P;S) 2 f;g [ CN .
In this case,it is easyto seethat by the descriptionof M 0 from M , M 0 TxtF exb-identi�es

Wh(j;� ;P;S) . Now, by Corollary 1 and Lemma 2, there exists h� 0; P0i such that h� 0; P0i is the
least TxtF exb-stabilizing sequenceof M 0 on Wh(j;� ;P;S) , and there exists a j 0 2 P0 such that
Wj 0 = Wh(j;� ;P;S) . Hence,Wh(j;� ;P;S) 2 C.

Case2: Wh(j;� ;P;S) 62f;g [ CN .

In this case,(
1
8 t)[plausible(j; � ; P; S; t)] and (8t)[: impossible(j; � ; P; S; t)]. Thus, h� ; Pi

is the least TxtF exb-stabilizing sequencefor M 0 on Wj and j 2 P. Hence,Wh(j;� ;P;S) 2 C.
It follows from the above two casesthat C0 � C.

Now, for each L 2 C, let h� ; Pi be the least TxtF exb-stabilizing sequencefor M 0

on L. Let j 2 P be such that Wj = L (by de�nition of C there exists such a j ).
Let S = Wj \

S
h� 0;P 0i�h � ;P i content(� 0). It is easy to seethat (9t)[plausible(j; � ; P; S; t)]

and (8t)[: impossible(j; � ; P; S; t)]. It follows that Wh(j;� ;P;S) = Wj 2 C0. Thus, C �
C0. (Claim 1)

Claim 2 (8j )(8� )(8P; S 2 F I N )[Good(j; � ; P; S) ) Wh(j;� ;P;S) = Wj ].

9



Pr oof. SupposeGood(j; � ; P; S) holds. Then, we have

(a) (
1
8 t)[plausible(j; � ; P; S; t)], and

(b) (8t)[: impossible(j; � ; P; S; t)].

Thus, by de�nition of Wh(j;� ;P;S) , Wh(j;� ;P;S) = Wj . (Claim 2)

Also, clearly, TxtF exb(M 0) � C. This is becausefor each L 2 TxtF exb(M 0), Corollary 1
and Lemma2 imply that there existsh� ; Pi such that h� ; Pi is the leastTxtF exb-stabilizing
sequencefor M 0 on L and there exists a j 2 P such that Wj = L. Hence,L 2 C.

Wenow constructM 00such that M 00is TxtF exb-prudent andTxtF exb(M 0) � TxtF exb(M 00).
Intuitiv ely, M 00tries to �nd the least TxtF exb-stabilizing sequenceh� ; Pi for M 0 on the in-
put languageL, and then outputs h(j 0; � ; P; S), where j 0 is a \seemingly best" candidate
grammar for L in P, and S = L \

S
h� 0;P 0i�h � ;P i content(� 0). We now say a few wordson how

M 00chosesa \seeminglybest" j 0 from the �nite setP. This is achievedusingthe computable
function match de�ned below.

Let T be a text. De�ne match(j; T[n]) = max(f s � n : content(T[s]) � Wj;n ^ Wj;s �
content(T[n])g).

The readershould observe the following about match(j; T[n]):

1. If Wj = content(T), then limn!1 match(j; T[n]) = 1 .
2. If Wj 6= content(T), then limn!1 match(j; T[n]) < 1 .

From the above, it is clear that for each j 2 P such that Wj 6= content(T), match(j; T[n])
will eventually become �xed whereas for each j 0 2 P such that Wj 0 = content(T),
match(j 0; T[n]) will keep on increasing. Thus, M 00on T[n] usesas j 0, a j in P for which
match(j; T[n]) is maximized(in casetherearemorethan onesuch j , M 00chosesthe minimum
such j ). More formally:

Begin M 00(T[n]):
(1) Let h� ; Pi be the least pair such that the following three conditions are satis-
�ed.

(a) content(� ) � content(T[n]),
(b) card(P) � b,
(c) (8� : � � � ^ j� j � n ^ content(� ) � content(T[n]))[M 0(� ) 2 P].

(2) Let m = max(f match(j; T[n]) : j 2 Pg).
(3) Let j 0 = min(f j 2 P : match(j; T[n]) = mg).
(4) Output h(j 0; � ; P; content( T[n]) \

S
h� 0;P 0i�h � ;P i content(� 0)).

End M 00(T[n])

Clearly, M 00outputs grammarsonly for languagesin C0. We now establish that M 00 is
TxtF exb-prudent by showing that M 00TxtF exb-identi�es each languagein C0. Let L 2 C0.
Let � and P, be such that h� ; Pi is the leastTxtF exb-stabilizing sequencefor M 0 on L (such

10



a h� ; Pi exists for each L 2 C and by Claim 1, C0 = C). Let PL = f j 2 P : Wj = Lg. By
de�nition of C, PL 6= ; . Let S = L \

S
h� 0;P 0i�h � ;P i content(� 0). Let T be a text for L. Let

n0 be large enoughso that the following conditions are satis�ed:

1. content(� ) � content(T[n0]);
2. S � content(T[n0]);
3. (8n � n0)(8p 2 PL )(8p0 2 P � PL ) [match(p;T[n]) > match(p0; T[n])];
4. (8h� 0; P0i < h� ; Pi )[

[content(� 0) 6� L ] _
[card(P0) > b] _
[(9� : � 0 � � ^ content(� ) � content(T[n0]) ^ j� j � n0)[M 0(� ) 62P0]]

]:
Clearly, such an n0 exists. Then, it is easyto verify that, for all n � n0, M 00(T[n]) 2

f h(j; � ; P; S) : j 2 PL g. But, for each j 2 PL , Good(j; � ; P; S) holds, and thus by Claim 2,
Wh(j;� ;P;S) = Wj = L. Therefore,we have that M 00TxtF exb-identi�es L.

Hence,M 00is TxtF exb-prudent and TxtF exb(M ) � TxtF exb(M 0) � TxtF exb(M 00).
(Theorem 4)

4 Conclusion

The problem of prudence for successfullearning of languagesfrom positive data was de-
scribed. It was shown that requiring vacillatory languagelearnersto be prudent does not
result in any lossof learning power. This result, together with previousresults of Fulk and
of Kurtz and Royer, settles the question of prudencefor the three popularly investigated
criteria of successfullanguageacquisition in formal languagelearning theory. We would like
to note that Kurtz and Royer [KR88] reported that they can make Fulk's proof of TxtEx -
prudenceconstructive; it is an interesting open question if their techniquescan be adapted
to make our proof constructive.
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