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Abstract

The presen paper settlesa questionabout “prudert' “vacillatory' identi cation of languages.

Considera scenarioin which an algorithmic deviceM is presened with all and only the
elemens of a languagelL, and M conjecturesa sequencepossibly in nite, of grammars.
Three di erent criteria for succesf M on L have beenextensiwely investigatedin formal
languagelearning theory. If M corvergesto a single correct grammar for L, then the
criterion of successs Gold's seminal notion of TxtEx -identi cation. If M convergesto a
nite number of correct grammarsfor L, then the criterion of succesdss called TxtF ex-
identi cation. And, if M, after a nite number of incorrect guessesputputs only correct
grammarsfor L (possiblyin nitely many distinct grammars), then the criterion of success
is known as TxtBc -iderti cation.

A learningmadineis saidto be prudent accordingto a particular criterion of succesgust
in casethe only grammarsit ever conjecturesare for languagegshat it canlearn accordingto
that criterion. This notion wasintroducedby Osherson,Stob, and Weinsteinwith a view to
investigate certain proposalsfor characterizing natural languagesin linguistic theory. Fulk
showved that prudencedoes not restrict TxtEx -identi cation, and later Kurtz and Royer
shoved that prudencedoesnot restrict TxtBc -iderti cation. The presern paper shows that
prudencedoesnot restrict TxtF ex-identi cation.



1 Intro duction

Languagesare sets of sertencesand a sertence is a nite object; the set of all possible
sertencescan be coded into N | the set of natural numbers. Hence,languagesmay be
construed as subsetsof N. A grammar for a languageis a set of rules that accepts(or
equivalently, generates[HU79]) the language. Essenially, any computer program may be
viewed asa grammar. Languagedor which a grammar exists are called recursively enumer-
able Henceforth, we work under the assumptionthat natural languagesfall in the classof
recursively enrumerablelanguages.

A text for alanguageL is any in nite sequencehat lists all and only the elemens of L;
repetitions are permitted.

Motivated by psydolinguistic studies which suggestthat children are rarely, if ewer,
informed of grammatical errors', Gold [Gol67] intro ducedthe seminalnotion of identi ¢ ation
in the limit (which we referto as TxtEx -identi cation following [CL82]) asa model for rst
languageacquisition. According to this paradigm, a child (modeledasa macdine) receivesa
text for alanguagelL, and simultaneously conjecturesa successiorf grammars. A criterion
of successs for the child to evertually conjecture a correct grammar for L and newer to
changeits conjecturethereatfter. If, in this scenariofor successthe child madhine is replaced
by an algorithmic madciine M, then we say that M TxtEx -identies L. The readeris
directed to [Pin79, WC80, Wex82 OSW84 OW92] for a discussionof the in uence of this
paradigm on contemporary theoriesof natural language.

Now, a major concernof linguistic theory is to characterizethe classof natural languages.
Any sud characterization must accour for the fact that children master natural languages
in a few yearstime on the basisof rather casualand unsystematicexposureto it. Formal
languagdearningtheory providesatool to evaluate proposalsfor characterizingthe collection
of natural languagesby modeling the saliert featuresof a proposalin the above paradigm
(seeOsherson,Stob, Weinstein [OSW84]for discussionof theseissues.)

A collection of sud proposals,are known as \prestorage models” of linguistic dewelop-
mert. A prestoragemodel assumeghat aninternal list of candidategrammarsthat coincides
exactly with the collection of natural languagesis available to a child. Languageacquisi-
tion is thus a processof selectinga grammar from this list in responseto linguistic input.
Motivated by sudh modelsand with a view to investigatethe e ect of sud a restriction, Os-
herson,Stob, and Weinstein[OSW82]intro ducedthe notion of \prudent" learning madines.
According to their de nition, prudent learnersonly conjecturegrammarsfor languageshey
are preparedto learn. In other words, every incorrect grammar emitted by a prudent learner
in responseto any linguistic input is for somelanguagethat can be learnedby the learner.
Osherson,Stob, and Weinsteinraisedthe natural question: \Do esprudencerestrict TXtEx -
identi cation?" Fulk [Ful85, Ful9Q] provided the answer by establishinga surprising result
that prudencedoes not restrict TxtEx -identi cation. He showed that given any learning
machine M, a prudert learning macine M ° can be constructed which TxtEx -iderti es
every languageTxtEx -identied by M.

1See[BH70, HPTS84, DPS86, Peng7]for further studies discussingthis hypothesis.



Howewer, the investigation of prudencefor more generallearning criteria, notably TxtBc -
identi cation and TxtF ex-iderti cation, was left open by Fulk. Below, we informally de-
scribe thesecriteria.

A learning machine M is said to TxtBc -idertify a languagelL just in caseM, fed
any text for L, outputs an in nite sequenceof grammars sud that after a nite number
of incorrect guessesM outputs only grammarsfor L. This criterion was rst studied by
Oshersonand Weinstein [OW824a] and by Caseand Lynes[CL82], and is alsoreferredto as
\extensional" identi cation. A madine M is said to be TxtBc -prudert just in caseany
grammar conjecturedby M in responseto any linguistic input is for a languagewhich M
can TxtBc -idertify.

Let bbe a positive integer. A learning madine M is saidto TxtF exy-identify alanguage
L just in caseM, fed any text for L, convergesin the limit to a nite set, with cardinality

b, of grammarsfor L. In other words, for any text T for L, there exists a set D of
grammarsfor L, cardinality of D b, sudh that M, fed T, outputs, after a nite number
of incorrect guessespnly grammarsfrom the set D. This notion was studied by Osherson
and Weinstein[OW824] and by Case[Cas88. A madchine M is saidto be TxtF exy-prudert
just in caseany grammar output by M in responseto any linguistic input is for a language
which M can TxtF exy-identify.

Fulk [Ful85] had conjecturedthat prudencewasnot likely to restrict TxtBc -identi cation.
Kurtz and Royer [KR88] showved that this conjecturewasindeedtrue, asthey shaved that
for any learning machine M, there exists a madcine M © such that M % is TxtBc -prudent
and M °TxtBc -iderti es ewvery languagewhich M TxtBc -identi es. Howewer, they left the
problem open for TxtF exy-iderti cation. In the presen paper, we settle this question by
showing that prudencedoesnot restrict TxtF exy-iderti cation.

A related topic in the cortext of function iderti cation hasbeenstudied under the title
“classpreservingstrategies' (seeJantke and Beick [JB81)).

We now proceedformally. Section2 statesthe notation and preliminary conceptsfrom
formal languagelearning theory. The main result of the paper is contained in Section3.

2 Preliminaries

2.1 Notation

Any unexplainedrecursiontheoretic notation is from [Rog67. The symbol N denotesthe
set of natural numbers, f0;1;2;3;:::g. The symbol N* denotesthe set of positive nat-
ural numbers, f1;2;3;:::9. Unlessotherwise speci ed, i; j; m;n;s;t; x;y, with or without
decorationg, rangeover N. Symbols;, , , ,and denoteempty set, subset,proper
subset,superset, and proper superset, respectively. We usethe symbol ) to denotelogical
implication. We usesymbols and, to denoteequivalence.

Symbols P and S, with or without decorations,range over nite sets. Cardinality of
a set S is denoted by card(S). We sa that card(A) to meanthat card(A) is nite.

2Decorations are subscripts, superscripts and the like.



Intuitiv ely, the symbol, , denotes™ nite without any prespeci ed bound." We let b range
over N* [ fg . D, denotesthe nite setwith canonicalindex x [Rog67. We sometimes
identify nite setswith their canonicalindices. We do this when we considerfunctions or
madines which operate on complete knowledge of a nite set (equivalertly, an argumen
which is a canonicalindex of the nite set) and whenwewant to display the argumert simply
asthe setitself.

We usethe symbol " to denote ‘unde ned." The maximum and minimum of a set are
denotedby max( ); min( ), respectively, wheremax(;) = 0 and min(;) =".

Lettersf; g; and h, with or without decorations,rangeovertotal functionswith argumerts
and valuesfrom N.

A pair h;ji stands for an arbitrary, computable, one-to-oneencaling of all pairs of

tuples of natural numbersonto N.

By ' wedenotea xed acaceptableprogramming systemfor the partial computablefunc-
tions: N ! N [Rog58 Rog67 MY78]. By ' we denotethe partial computable function
computedby programi in the ' -system.By wedenotean arbitrary xed Blum complexity
measure[Blu67, HU79] for the ' -system.

By W; we denotedomain( ;). W; is, then, the r.e. set/language( N) accepted(or
equivalently, generated)by the ' -programi. Synmbol E will denotethe set of all r.e. lan-
guages.Synbol L, with or without decorations,rangesover E. Synbol L, with or without
decorations,rangesover subsetsof E. We denoteby W, the setfx s: (x) sg. We
useF | N to denotethe setfL : card(L) < 1g .

We sometimesconsiderpartial computable functions with multiple argumerts in the '

code the argumerts,lso,for efample,' i(x;y) standsfor ' j(hx; yi).

The quartiers "8' and "9' mean for all but nitely many' and “there exist in nitely
many', respectively.

2.2 Language Learning Machines and Texts

We now considerlanguagelearning madines. De nition 1 below introducesa notion that
facilitates discussionabout elemerts of a languagebeing fed to a macdhine.

De nition 1 A sequene is a mappingfrom an initial segmenhof N into (N [ f#g). The
content of a sequence , denotedcortent( ), is the set of natural numbersin the range of
. The length of , denotedby j j, is the number of elemerts in

Intuitiv ely, #'s represem pausesin the presenation of data. Welet and , with or
without decorations,rangeover nite sequencesForn | j, [n] denotesthe nite initial
sequenceof with length n. The result of concatenating onto the end of is denoted
by . We sy that just in case is an initial segmen of , thatis,j ] ||
and = [ j]. SEQ denotesthe setof all nite sequences.The setof all nite sequences
of natural numbers and #'s, SEQ, can be coded onto N. This coding assignsa canonical



index to each menber of SEQ. We will abusethe notation somewhat,as a referenceto
will meanboth the sequenceand its canonicalindex. Hence,a referenceto a least really
refersto a with least canonicalindex.

De nition 2 A languageearning machineis an algorithmic devicewhich computesa map-
ping from SEQinto N.

We let M, with or without decorations,range over learning madines.

De nition 3 Atext T for alanguagel isamappingfrom N into (N [ f# g) sudthat L is
the set of natural numbersin the rangeof T. The content of a text T, denotedcorntent(T),
is the set of natural numbersin the rangeof T.

Intuitiv ely, a text for a languageis an enumeration or sequetial preseration of all the
objects in the languagewith the #'s represeting pausesin the listing or presetation of
sudh objects. For example,the only text for the empty languageis just an in nite sequence
of #'s.

We let T, with or without decorations,range over texts. T[n] denotesthe nite initial
sequenceof T with length n. The readershould note that T[n] doesnot cortain T(n), the
n" elemen of T. Hence,domain(T[n]) = fx : X < ng. We sa that T just in case is
an initial segmen of T, that is, = TJ[j j].

We next presett three criteria for successfulearning of languagesby learning madines.

2.3 Language Identication Criteria
2.3.1 Explanatory Learning (TxtEx -identi cation)

In De nition 4 below we spell out what it meansfor a learning madine on a text to corverge
in the limit.

De nition 4 SupposclaM is a learning madiine and T is a text. M (T)# (read: M (T)
convelges l( ) (91)(8 n) [M(T[n]) = i]. If M(T)#, then M (T) is de ned asthe uniquei
sudh that (8 n)[M (T[n]) = i]; otherwise,we say that M (T) diverges (written: M (T)").

The next de nition descrikesthe rst criteria of successandis essetially Gold's paradigm
of identi cation in the limit.

De nition 5 [Gol67]

(@) M Txtex -identies L (written: L 2 TxtEx (M)) () (8texts T for L)(9i : W; =
LM (T)#N M (T) = i].

(b) TxtEx =1L : (9M)[L TxteEx (M)]o:

The notation in the above de nition is from [CL82].



2.3.2 Vacillatory Learning (TxtF ex-identi cation)

In De nition 6 below we spell out what it meansfor a learning madine on a text to corverge
in the limit to a nite setof grammars.

De nition 6 [Cas88 M (T) nitely-c onveges (written: M (T)+) () fM( ): Tg

is nite, otherwisewe say that M (T) nitely-diver ges (written: M (T)*). If M (T)+, then
1

M (T) isde ned asP, whereP = fi : (9 TIM( ) = i]o.

De nition 7 [Cas88 Letb2 N* [ fg .

(@) M TxtF exy-identies L (written: L 2 TxtF exp(M)) () (8 texts T for
L)(9P : card(P) b” (8i 2 P)[W; = LDM(T)+~ M(T) = P].

(b) TxtF exp,=fL : (IM)[L  TxtF exy(M)]g.

The b= casein the above was rst studied by Oshersonand Weinstein [OW824.

2.3.3 Behaviorally Correct Learning (TxtBc -identi cation)

De nition 8 [CL82, OW82b, OW824

(@) M TxtBc -identies L (written: L 2 TxtBc (M)) () (8 texts T for L)(18
M[Wwm (rinp = LI

(b) TxtBc =fL : (OM)[L  TxtBc (M)]g:
The following theorem summarizesthe relationship betweenthe criteria de ned above.

Theorem 1 [OW82a CL82, Cas8§
TxtEx = TxtF ex;y TxtF exs, L TxtF ex; TxtF eXj+1 . TxtF ex
TxtBc .

3 Prudence and Language Learning

The following de nition descrikesthe notion of prudencefor ead of the three criteria de-
scribed in the previous section. The notion of prudencewas rst introducedby Osherson,
Stob, and Weinstein[OSW82].

De niton 9 Letb2 N* [ fg.
(a) A machine M is TxtEx -prudentjust in casefWy () : 2 SEQg= TxtEx (M).
(b) A macdiine M is TxtBc -prudentjust in casefWy () : 2 SEQg= TxtBc (M).
(c) A maciine M is TxtF exp-prudentjust in casefWy () : 2 SEQg= TxtF exy(M).



Fulk showvedthe following result which says that prudenceis not a restriction on TXtEx -
identi cation.

Theorem 2 [Ful85, Ful90] For eachmachineM there existsa TxtEx -prudent machineM °©
suchthat TxtEx (M) TxtEx (M9.

Fulk left the question of prudence open for TxtBc -iderti cation and TxtF exy-
identi cation. But, he conjecturedthat a courterpart of the above theorem was likely to
hold for TxtBc -identi cation. Kurtz and Royer [KR88] shaved that Fulk's conjecturewas
indeedtrue, asthey establishedthe following result.

Theorem 3 [KR88] For each machineM there existsa TxtBc -prudent machineM © such
that TxtBc (M) TxtBc (M9.

Howewer, prudencefor vacillatory identi cation remainedopen. Theorem4 in the presen
paper settles this question. Our proof of this result builds on notions of stabilizing and
locking sequences.To facilitate discussionof these technical concepts,we rst extend the
de nition of pairing function. Towardsthis end, x a canonicalindex for menmbersof FI N .
(SeeRogers[Rog67). Recall from Section2.2 that there is a canonicalindex for members
of SEQ. Now, let i be the canonicalindex for 2 SEQ andj be the canonicalindex for
D 2 FIN. Then,dene h;Di = h;ji. Clearly, the pairing function, h;:i, de nes a total
orderon SEQ FI N, and we have a canonicalindex for membersof SEQ FI N. Hence,
a referenceto least h ;Di in the sequelis well de ned.

De nition 10 (Basedon [Cas88 Ful85]) Let b2 N* [ fg . Then h ;Di is a TxtF exy-
stabilizing seguene for M on L just in casethe following hold:

(a) content( ) L,
(b) card(D) b, and
(c) (8 : N content( ) L)M( )2 D].

De nition 11 (Based on [BB75, Cas88 Ful85]) Let b 2 N*[ fg. Then h;Di is a
TxtF exy-locking sequene for M on L just in casethe following hold:

(@) h ;Di is a TxtF exy-stabilizing sequencdor M on L, and
(b) (8 2 D)IW; = L].

Lemma 1 (Based on [BB75, Cas88 Ful85]) Supmseb 2 N*[ fg and M TxtF exy-
identies L. Then there existsa TxtF exy-locking sequene for M on L.



Proof. For 2 SEQ let Lasty,( ) denotethe set,

fMCID: 1 jjrcardfM(OP:jj 1° 1g) bg

Roughly, Last,( ) denotesthe set of b most recert conjecturesof M on
Supposeby way of cortradiction that no is a TxtF exy-locking sequencdor M on L.
Then we have,

(8 :corent( ) L)9 °: o7 cortent( 9 L)[Wwm(o 6 L_M( 9 62Lasty( )]
(1)
Let T be atext for L. Wenow de ne ;; ; inductively. It will be the casethat for all
i, i i+1 andcontent( j+1) L.
Let o bethe empty sequencelet ;= ; TO(i). Let ;.1 bean (arbitrary) extensionof
i sudh that content( +;) L ang[\NM( ) 8 L_M( j+1) 62 ast,( i)]. By (1) there exists
suth an extension. Now let T = ;, i. Clearly, content(T) = L (since,the construction

of T guararteesthat only elemens of L and all the elemerts of L appearin T). Now, for
all i, either Wy ( ,,,) 6 L or M( i+1) 62 asty,( i)]. This impliesthat M doesnot TxtF ex;-
idertify L. A cortradiction. B (Lemmal)

The following corollary to Lemma 1 is evidert.

Corollary 1 Supmseb 2 N*[ fg and M TxtF exy-identies L. Then there exists a
TxtF exy-stabilizing sequene for M on L.

Similarly, using the technique in the proof of Lemma 1, we can establish the following
lemma. The readeris referredto [Cas92 for a number of related results about TxtF ex-
iderti cation.

Lemma 2 If M TxtF exy-identies L and h ;Di is a TxtF exp-stabilizing sequene for M
onlL, then(9i 2 D)[W,; = L].

We now presert our main result.

Theorem 4 Letb2 N* [ fg . For eachM there existsa TxtF exy-prudent machine M %
suchthat TxtF exp(M)  TxtF exy(M .

Proof of Theorem 4. LetM andbbeasgivenin the hypothesisof the theorem. We
will shaw that there exist machinesM ®and M Psudh that TxtF ex,(M)  TxtF exy(M 9
TxtF exy(M Y and M s TxtF ex,-prudert.

Our proof may be thought of asa nontrivial extensionof Fulk's technique [Ful90]. Like
Fulk's proof, our proof is also nonconstructive. For a given M, M °will depend on whether
M TxtF exp-identies N or not. Sincethis is not known in advance,this technique doesnot
allow for an e ectiv e construction of M ®from M . It is open at this stagewhether our proof
can be made constructive.

GivenM andb, wede ne apredicateMidentN asfollows: MidentN istruei M TxtF exy-
identies N.



Let g be a recursiwe function suc that, for all n, Wy, = fx : x < ng. Dene M%as
follows.

8
2 g(0); if content( )=;;

MY )=_g(n); if:MidentN ~ cortent( )= fx : x < ng;
* M(); otherwise.

Letiy besudithat Wi, = N. Let Gy = fNg, if MidentN holds,and Gy = fL : (9n)[L =
fX : X < ng]g, otherwise.

It is easyto seethat TxtF ex,(M) [ fig [ Gi  TxtF exp(M 9. Intuitiv ely, M °behaves
just like M exceptwith minor changesto allow it to TxtF exp-identify ; and ead elemen
of &.

For constructing M ®as claimed in the theorem, we will de ne, using s-m-n theorem,
a recursiwe function h, from N SEQ FIN FIN to N. But beforede ning h, we
introduce a few predicates.

Let Good(j; ;P;S) be a conjunction of the following three conditions:

@ij 2P,
(b) h ;Pi is thg least TxtF ex-stabilizing sequencdor M °on W, and
() S=W;\ " opan picontent( 9.

Intuitiv ely, h will be sud that, if Good(j; ;P;S) holds, then Wy, .5y = W;; otherwise
Wh: p:s) iIsamenberof G [ f,g . ParameterS helpsin the veri cation of part (b) in the
de nition of Good, that is, S cortains enoughinformation to verify that noh %P9 < h ;Pi
is a TxtF exp-stabilizing sequenceor M °on W;. M ®will usethis h to aciewe its goal as
claimedin the theorem. The idea is that M ®°upon seeingthe initial segmen of a text for
somelanguagel, will attempt to nd acandidatefor the least TxtF exy-stabilizing sequence,
h ;Pi, for M%on L. M %will then pick from P a seeminglybest grammar, jo, for L. M
will then output h(jo; ;P;S) (where S is chosenaccordingto part (c) in the de nition of
Good above). We will discussdetails of M ®later.

We now dene two predicates, \plausible” and \imp ossible" Intuitiv ely,
plausibleg(j; ;P;S;t) is true just in caseit can be veried, in at most t steps, that con-
dition (a) and parts of (b) and (c) of Good(j; ;P;S) hold. And, impossibléj; ;P;S;t) is
true just in caseit canbe veri ed, in at mostt steps,that : Good(j; ;P;S) holds.

Let

plausiblgj; ;P;S;t)
[t > 04" [cardP) B~ [j 2PN
[S  “hopan picortent( 9]~ [cortent( ) S W]~
(8h *PA < h;Pi)(9 :jj tcontent( 96 S] _[card(P%) > _
[[cortent( 9 cortent( ) Wi ]" [MY ) 62PT].



Let
impossibl€;; ;P'SS; t)
[S\ Wit \' “hopan picortent( )6 ;] _
(9 ccortent( ) Wi Ajj MY ) 62P]. S
We now let h be a recursive function sudh that Wy p.sy = 128 Who p:siy, Where

if . plausiblgj; ;P;S;t);
; if plausiblgj; ;P;S;t)
A impossibldj; ;P;S;t);
DX tg; if MidentN ~ plausiblgj; ;P;S;t)

8 ..
§ Wi;t
Whog; pisity = o, FX
A impossibl€j; ;P;S;t);

X max(Who. p:st 1)), if : MidentN ~ plausible(j; ;P;S;t)
' AN impossibl€j; ;P;S;t).

Let C = fW; : (9 ;P)[[h;Pi is the least TxtF ex,-stabilizing sequencefor M° on
Wil* | 2 Plg,

andlet C= fWp; ps) i j 2N~ 2SEQM"P2FIN ~"S2FINg.

fx

Claim 1 C=C
Pr oof. It is easyto seethat,
(8j; ;P;S;t)[plausible(j; ;P;S;t)) plausiblgj; ;P;S;t+ 1)]

and
(8); ;P;S;t)[impossibldj; ;P;S;t) ) impossibl€j; ;P;S;t+ 1)]:

Thus, for ead j; and nite setsP;S: Wy, p.s) 2 fW;;;9 [ Gv. Now, there are two
cases:

Casel: Wh(j; P:S) 2 f,g [ G

In this case,it is easyto seethat by the descriptionof M °from M, M °TxtF ex,-identi es
Wh: p:sy- Now, by Corollary 1 and Lemma 2, there existsh %P9 sud that h %P9 is the
least TxtF exp-stabilizing sequencef M °on Wy .p.s), and there existsa j °2 P%sud that
Wjo = Wh(j; P:S) - Hence,Wh(j; P;S) 2 C.

Case2: Wh(j; P:S) 62,9 [ Q-

In this case,(18 t)[plausible(j; ;P;S;t)] and (8t)[: impossible(; ;P;S;t)]. Thus, h ;Pi
is the least TxtF ex-stabilizing sequencdor M%onW; andj 2 P. Hence,Wy p:s) 2 C.

It follows from the above two caseshat C° C.

Now, for eadh L 2 C, let h ;Pi be the least TxtF ex,-stabilizing sequencefor M °
onL. Let| 2S P be sud that W; = L (by denition of C there exists sut a j).
Let S = W, \ " opgn .pcortent( 9. It is easyto seethat (9t)[plausible(j; ;P;S;t)]
and (8t)[: impossibléj; ;P;S;t)]. It follows that Wy psy = W, 2 C Thus, C
c I (Claim 1)

Claim 2 (8])(8 )(8P;S2 FIN)[Good(i; iP;S)) Wi s = Wil



Pr oof. SupposeGood(j; ;P;S) holds. Then, we have
(@) (8 t)[plausible(j; ;P;S;t)], and
(b) (8t)[: impossible(; ;P;S;t)].
Thus, by de nition of Wy p.sy, Wh: p:s) = W;. I (Claim 2)

Also, clearly, TxtF ex,(M9 C. This is becausedor eat L 2 TxtF exy,(M 9, Corollary 1
and Lemmaz2 imply that there existsh ; Pi suc that h ;Pi isthe least TxtF exy-stabilizing
sequencdor M %on L and there existsaj 2 P suc that W; = L. Hence,L 2 C.

We now construct M %sud that M %s TxtF exp-prudert and TxtF exp(M 9  TxtF exy(M 9.
Intuitiv ely, M ®tries to nd the least TxtF ex,-stabilizing sequencé ; Pi for M % on the in-
put languagel, and then outputssh(jo; :P;S), wherejq is a \seemingly best" candidate
grammarforL in P,andS= L\ " opan p;content( 9. Wenow sa afewwordson how
M %chosesa \seemingly best" j, from the nite setP. This is achieved usingthe computable
function match de ned below.

Let T be atext. De ne match(j; T[n]) = max(fs n: cortent(T[s]) Wjn " Wis
content(T[n])g).

The readershould obsene the following about match(j; T[n]):

1.1f W; = cortent(T), then lim,; match(j; T[n]) = 1 .
2.If W, & cortent(T), then lim,; match(j; T[n]) < 1 .

From the above, it is clearthat for eaj 2 P suc that W; 6 cortent(T), match(j; T[n])
will ewertually become xed whereasfor eah j® 2 P sud that Wjo = content(T),
match(j % T[n]) will keepon increasing. Thus, M ®°on T[n] usesasjg, aj in P for which
match(j; T[n]) is maximized(in casethere are morethan onesud j, M “®choseghe minimum
sud j). More formally:

Begin M % T[n)):
(1) Let h ;Pi be the least pair sud that the following three conditions are satis-
ed.
(a) content( ) corntent(T[n]),
(b) card(P) b
(c) (8 : Njj nA content( ) content(T[N)[MY )2 P].
(2) Let m = max(f match(j; T[n]) : j 2 Pg).
(3) Let jo= min(fj 2 P : match(j; T[nJ) = mg).
(4) Output h(jo; ;P;content(T[N)) \ " opan .p; content( 9).
End M %¢T[n])

Clearly, M ®outputs grammarsonly for languagesin C° We now establishthat M ®is
TxtF exp-prudent by showing that M ©TxtF ex,-identi es ead languagein C° Let L 2 C°.
Let andP, besud that h ;Pi isthe least TxtF exp-stabilizing sequencdor M ®on L (such
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ah ;Pi existsfor eah L 2 Cand by Claim 1, C=0. LetP. =fj 2P :W =Lg By
de nition of C,P. 6 ;. Let S= L\ " opgn p;cortent( 9. Let T beatext for L. Let
No be large enoughsothat the following conditions are satis ed:

1. cortent( ) cortent(T[no]);

2.S cortent(T[no]);

3.(8n ng)(8p2 PL)(8p°2 P Pr) [match(p;T[n]) > match(pS T[n])];
4.(8h %PG < h ;Pi)[

[content( 96 L] _

[card(P9) > b _

[(Q : © A~ content( ) cortent(T[Ng])~jj no)MY )62PI]
I:

Clearly, such an nq exists. Then, it is easyto verify that, for all n  ng, M%T[n]) 2
fh(; ;P;S):j 2 P_g. But, foreadh j 2 P_, Good(j; ;P;S) holds, and thus by Claim 2,
Wh p:s) = W, = L. Therefore,we have that M ®°TxtF exy-identi es L.

Hence,M Pis TxtF ex,-prudent and TxtF ex,(M)  TxtF exp(M9  TxtF ex,(M 9.

B (Theorem4)

4 Conclusion

The problem of prudencefor successfulearning of languagesfrom positive data was de-
scribed. It was shavn that requiring vacillatory languagelearnersto be prudent does not
result in any lossof learning power. This result, together with previousresults of Fulk and
of Kurtz and Royer, settles the question of prudencefor the three popularly investigated
criteria of successfulanguageacquisition in formal languagelearning theory. We would like
to note that Kurtz and Royer [KR88] reported that they can make Fulk's proof of TXtEx -
prudenceconstructive; it is an interesting open questionif their techniquescan be adapted
to make our proof constructive.
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