Mind Change Complexit y of Learning Logic
Programs

Sanjay Jain? and Arun Sharma®

aSchml of Computing, National University of Singapore, Singapre 119260,
Republic of Singapre, Email: sanjay@omp.nus.alu.sg

b Schwl of Computer Sciene and Engineering, The University of New South
Wales, Sydney, NSW 2052, Australia, Email: arun@cse.unsw.gu.au

Abstract

The presert paper motivatesthe study of mind changecomplexity for learning min-
imal models of length-bounded logic programs. It establishesordinal mind change
complexity boundsfor learnability of theseclassedoth from positive facts and from
positive and negative facts.

Building on Angluin's notion of nite thicknessand Wright's work on nite elas-
ticit y, Shinoharade ned the property of bounded nite thicknessto give a su cien t
condition for learnability of indexed families of computable languagesfrom positive
data. This paper shaws that an e ectiv e version of Shinohara's notion of bounded
nite thicknessgivessu cien t conditions for learnability with ordinal mind change
bound, both in the context of learnability from positive data and for learnability
from complete (both positive and negative) data.

Let ! beanotation for the rst limit ordinal. Then, it is shown that if a language
de ning framework yields a uniformly decidablefamily of languagesand hase ectiv e
bounded nite thickness,then for ead natural number m > 0, the classof languages
de ned by formal systemsof length  m:

is identi able in the limit from positive data with a mind changebound of ! ™;

is identi able in the limit from both positive and negative data with an ordinal
mind changebound of !  m.

The above su cien t conditions are employed to give an ordinal mind change
bound for learnability of minimal modelsof various classef length-boundedProlog
programs, including Shapiro's linear programs, Arimura and Shinohara's depth-
bounded linearly-covering programs, and Krishna Rao's depth-bounded linearly-
moded programs. It is also noted that the bound for learning from positive data is
tight for the example classesconsidered.
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1 Motiv ation and Intro duction

Machine learning in the cortext of rst-order logic and its subclassescan be
traced bad to the work of Plotkin [Plo71] and Shapiro[Sha8]. In recert years,
this work has ewlved into the very active eld of Inductive Logic Program-
ming (ILP). Numerouspractical systemshave beenbuilt to demonstratethe
feasibility of learning logic programsas descriptionsof complexconcepts.The
utilit y of these systemshas been demonstratedin many domains including
drug design, protein secondarystructure prediction, and nite elemen mesh
design (seeMuggleton and DeRaedt[MDR94], Lavrac and Dzeroski[LD94],
Bergadanoand Gunetti [BG96], and Nienhuys-Chengand de Wolf [NCdW97]
for a survey of this eld).

Together with practical developmerns, there has also been someinterest in
deriving learnability theoremsfor ILP. Se\eral resultsin the PAC setting have
been established;we refer the reader to Dzeroski, Muggleton, and Russell
[DMR92a] [DMR92b], Cohen[Coh958Coh95b,Coh95F; De Raedt and Dze-
roski[DRD94], HausslerfHau89],Frisch and Page[FP91], Yamamoto[Yam93,
Kietz [Kie93], and Maassand Turan [MT96].

Insights about which classe®f logic programsare suitable ashypothesisspaces
from the learnability perspective are likely to be very useful to ILP. Unfor-
tunately, the few positive results that have been demonstratedin the PAC
setting are for very restricted classef logic programs. Hence,it is usefulto
considermore generalmodels to analyzelearnability of logic programs.® In
the presen paper, we dewelop tools to investigate identi abilit y in the limit
with \mind changebounds" of minimal models of logic programs.

The rst identi cation in the limit result about learnability of logic programs
is due to Shapiro[Sha8]. He shaved that the classof h-easymodelsis iden-
ti able in the limit from both positive and negative facts. Adapting the work
on learnability of subclasseof elemenary formal systems’, Shinohara[Shi91]

1 The learnability analysisof ILP in the learning by query model is ableto overcome
someof the restrictiv e nature of the PAC model by allowing the learner queriesto
an oracle. For examplesof such analysis, seeKhardon [Kha98] and Krishna-Rao
and Sattar [KRS98].

2 Arik awa [Ari70] adapted Smullyan's [Smu61] elemenary formal systems (EFS)
for investigation of formal languages.Later, Arikawa et al. [ASY92] shoved that
EFS can be viewed as a logic programming languageover strings. Recenly, various
subclassesof EFS have beeninvestigated in the context of learnability (e.g., see



showved that the classof minimal models of linear Prolog programs consist-
ing of at most m clausesis identi able in the limit from only positive facts.
Unfortunately, linear logic programs are very restricted as they do not even
allow local variables(i.e., eat variable in the body must appearin the head).
Arimura and Shinohara[AS94] introduced a classof linearly-covering logic
programsthat allows local variablesin a restricted sense.They shaved that
the classof minimal modelsof linearly-covering Prolog programsconsistingof
at most m clausesof boundedbody length is iderti able in the limit from only
positive facts. Krishna Rao [KR96] noted that the classof linearly-covering
programsis very restrictive asit did not eveninclude the standard programs
for reverse , merge split , partition , quick-sort , and merge-sort . He pro-
posedthe classof linearly-moded programsthat included all these standard
programsand shaved the classof minimal modelsof sut programsconsisting
of at most m clausesof bounded body length to be identi able in the limit
from positive facts.

While the above results are positive, it may be arguedthat the model is too
generalas the number of mind changesallowed is unbounded. Someauthors
have considereda polynomial time bound on the update of hypothesesin the
identi cation in the limit setting. Howewer, this restriction may not be very
meaningful if the number of mind changes(and consequetty the number of
updates) is unbounded. Recerntly, a number of approadesfor modeling mind
changeboundshave beenproposed[FS93,JS97,AJS97,AIm95SSVI7AFS96].
The presen paper employs constructive ordinals as mind changecourters to
model the mind change complexity of learning classesof logic programsin
identi cation in the limit setting. We illustrate this notion in the corntext of
identi cation in the limit of languagesfrom positive data.

TxtEx denotesthe collection of languageclasseghat canbeidenti ed in the
limit from positive data. An obviousapproad to boundingthe number of mind
changess to requirethat the learning madine makesno morethan a constart
number of mind changesThis approad of employing natural numbersasmind
changeboundswas rst consideredoy Barzdins and Podnieks[BP73] (seealso
Caseand Smith [CS83). For ead natural number m, TxtEx ., denotesthe
set of languageclasseghat can be identied in the limit from positive data
with no morethan m mind changes.Howeer, a constart mind changebound
has seweral drawbads:

it placesthe samebound on ead languagein the classirrespective of its
\complexity";

it doesnot takeinto accourt scenariosn which alearner,after examiningan
elemen of the language,is in a position to issuea bound on the number of
mind changes(i.e., the learner computesand updates mind changebounds

Shinohara [Shi91,Shi94)).



basedon the incoming data).

To model situations where a mind changebound can be derived from data
and updated as more data becomesavailable, constructive ordinals have been
employed asmind changecourters by Freivaldsand Smith [FS93],and by Jain
and Sharma[JS97].We describe this notion next.

TxtEx denotesthe set of languageclasseghat canbeidenti ed in the limit
from positive data with an ordinal mind changebound . We illustrate the
interpretation of this notion with a few examples.Let ! denote a notation
for the leastlimit ordinal. Then a mind changebound of I is the earlier
notion of mind changeidenti cation where the bound is a natural number.
For =1, TxtEx , denoteslearnableclassedor which there existsa madcine
which, by the time it hasmadeits rst mind change,hasalsoannouncedan
upper bound on the number of mind changesit will make beforethe onsetof
successfutonvergence Angluin's [Ang80b,Ang804 classof pattern languages
is a member of TXtEx , . Proceedingon, the classTxtEx , , cortains classes
for which there is a learning macdhine that, as above, announcesan upper
bound on the number of mind changes,but resenesthe right to revise its
upper bound once.In TxtEx , 3, the macdine resenesthe right to revise
its upper bound twice, and in TXtEx |, 3.1, the madine can make upto one
extra mind changebeforeit conjecturesan upper bound (which it is allowed
to revisetwice). TxtEx . contains classedor which the madine announces
an upper bound on the number of times it may reviseits conjectured upper
bound on the number of mind changes,and soon.

The notion of ordinal mind changebound hasbeenemployedto give learnabil-
ity resultsfor unionsof pattern languagesand subclassef elemenary formal
systems(see[JS97,AJS97]).In the presen paper, we generalizetheseresults
to establisha su cient condition for learnability with ordinal mind change
boundsand apply the resultsto obtain mind changeboundsfor learning sub-
classeof length-boundedlogic programs.We discussthis su cien t condition
briey.

Let U be a recursiwely erumerableset of objects. A languageis any subsetof
U; a typical variable for languagesis L. Let R be a recursiwely enumerable
set of rules (these could be productions in the context of formal languages
or clausesin the context of logic programs). A nite subsetof R is referred
to as a formal system a typical variable for formal systemsis . Let Lang

be a mapping from the set of formal systemsto languagesFor technical con-
venience,we assumethat Lang (;) = ;. We call the triple hJ;R;Langi a
languagede ning framework In the sequel,we only considerthose language
de ning frameworks for which the classfLang() j is a nite subsetof
Rg is a uniformly decidablefamily of computablelanguagesFurthermore, we
supposethat a decisionprocedurefor Lang () can be found e ectiv ely from



A semairtic mapping from formal systemsto languagesis monotonic just in
case % implies Lang () Lang ( 9. A formal system is saidto be
reducedwith respectto a nite X U justin caseX is cortainedin Lang ()

but not in any languagede ned by a proper subsetof . We assume without
lossof generality for this paper, that for all nite setsX U, there existsa
nite R, sudh that X Lang ().

Building on Angluin's [Ang80b]work on nite thicknessand Wright's [Wri89]
work on nite elasticity, Shinohara[Shi9] de ned a languagede ning frame-
work to have boundeal nite thicknessjust in case

(a) it is monotonic and

(b) for eadh nite X U and for ead natural number m > 0, the set of
languagesde ned by formal systemsthat
(i) arereducedwith respectto X and
(i) that are of cardinality —m,

is nite. He showved that if a languagede ning framework hasbounded nite
thickness,then for each m > 0, the classof languagesde nable by formal
systemsof cardinality m is identi able in the limit from positive data.

The presen paper placesa further requiremen on Shinohara's notion of
bounded nite thicknessto derive su cient conditions for learnability with

mind changebounds. A languagede ning framework is said to have e ective
boundel nite thicknessjust in casethe setof formal systemsthat are reduced
with respectto X in the de nition of bounded nite thicknesscanbe obtained
e ectively in X . We show that the notion of e ective bounded nite thickness
givesan ordinal mind changebound for both learnability from positive data
and for learnability from positive and negative data. In particular, we establish
that if a languagede ning framework has e ective bounded nite thickness,
then for ead natural number m > 0, the classof languagesde ned by formal

systemsof cardinality —m:

is identi able in the limit from positive data with an ordinal mind change
bound of I ™;

is iderti able in the limit from both positive and negative data with an
ordinal mind changebound of !  m.

We employ the above results to give mind change bounds for the following
classeof Prolog programs:

(a) Shapiro'slinear logic programs(similar result can be shown for the class
of hereditary logic programs [MSS91,MSS93fnd reductive logic pro-
grams [KR96));



(b) Krishna Rao's linearly-moded logic programswith boundedbody length
(similar result holds for Arimura and Shinohara'slinearly-covering logic
programswith boundedbody length [AS94]).

In the sequelwe proceedas follows. Section2 introducesthe preliminaries of
ordinal mind changeidenti cation. Section 3 establishessu cien t condition
for learnability with ordinal mind changebound for both positive data and
positive and negative data. In Section 4, we introduce preliminaries of logic
programming and apply the results from Section3 to establishmind change
bounds for learnability of minimal models of various subclassesof length-
boundedProlog programs.

2 Ordinal Mind Change Identi cation

N denotesthe setof natural numbers,f0; 1; 2; : : :g. Any unexplainedrecursion
theoretic notation is from [Rog67. Cardinality of a set S is denotedcard(S).
The maximum and minimum of a set are represeted by max( ) and min( ),
respectively. The symbols ; ; ; ;and; respectively stand for subset,su-
perset, proper subset,proper superset,and the emptyset. denotesthe empty
sequence.

De nition 1 A classof languages. = fL; ji 2 Ngis a uniformly decidable
family of computablelanguagegust in casethere existsa computablefunction
f sud that for eadri 2 N and for ead x 2 U,

1, ifx2L;,

F(iix) = 0; otherwise.

As noted in the introduction, we only consideruniformly decidablefamilies of
computablelanguagesin the next three de nitions we introducetexts (posi-
tive data presettation), informants (positive and negative data presenation),
and learning madines.

De nition 2 [Gol67]

(@) A text T is a mapping from N into U [ f#g. (The symbol # models
pausesin data presenation.)

(b) content(T) denotesthe intersectionof U and the rangeof T.

(c) A text T isfor alanguageL i L = content(T).

(d) The initial sequenceoftext T of length n is denotedT[n].

(e) The setof all nite initial sequence®f U and #'s is denoted SEQ. We
let and rangeover SEQ.



De nition 3 [Gol67]

(@) An informant | isanin nite sequenceverU fO0;1g sud that for eah
x 2 U either (x; 1) or (x; 0) (but not both) appearin the sequence.

(b) I isaninformant for L i (x;1) appearsin | if x 2 L and (x; 0) appears
inl if x 62L.

(c) I'[n] denotesthe initial sequenceof informant | with length n.

(d) content(l) = f(x;y) J (x;y) appearsin sequencel g; cortent(l [n]) is
de ned similarly.

(e) PosInfdl[n]) = fxj (x;1) 2 cortent(l [n])g; NegInfdl [n]) = fx j (x;0) 2
content(l [n])g.

(f) INfSEQ = fI[n]j I isaninformant for someL Ug. Welet and also
rangeover INfSEQ.

We let denote\ is aninitial sequenceof
De nition 4 Let F denotethe set of all formal systems.

(&) A learning madhine from texts (informants) is an algorithmic mapping
from SEQ (InfSEQ) into F [ f?g. A typical variable for learning madines

isSM.
(b) M issaidto convegeontext T to (written: M (T) corvergesto or
M(T)# = ) just in casefor all but nitely many n, M(T[n]) = . A

similar de nition holds for informants.

A conjectureof\?" by a madine is interpreted as\no guessat this momen."
This is usefulto avoid biasing the number of mind changesof a madine. For
this paper, we assume,without loss of generality, that and M( ) 6?
impliesM () 67?.

We next introduceordinals as modelsfor mind changecourters. We assumea
xed notation system,O, and partial ordering of ordinal notations asusedby,
for example,Kleene[Kle38,Rog67Sac9(. ; ; and onordinal notations
below refer to the partial ordering of ordinal notations in this system.We do
not gointo the details of the notation systemused,but insteadreferthe reader
to [Kle38,Rog67Sac90CJIS95,FS93]In the sequel,we are somewhatinformal
and usem 2 N as notation for the correspnding ordinals. We let + and
alsodenotethe addition and multiplication over ordinals.

De nition 5 F, an algorithmic mapping from SEQ (or INfSEQ) into ordinal
notations, is an ordinal mind change counter function just in case(8

JIFC)  FO)L
De nition 6 [FS93,JS97]et be an ordinal notation.

(a) We say that M, with assaiated ordinal mind change counter function



F, TXtEx -identies atext T just in casethe following three conditions
hold:

() M(T)#= andLang() = conent(T),

(i) F() = ,and

(i) (8n)[?6 M(T[n]) & M(T[n+1])) F(T[n]) F(T[n+ 1])].

(b) M, with assaiated ordinal mind changecourter function F, TxXtEx -
identi es L (written: L 2 TxtEx (M ;F)) justin caseM , with assaiated
ordinal mind changecourter function F, TxtEx -identi es ead text for
L.

(c) TxtEx =1L j(OM;F)[L TxtEx (M;F)]o.

De nition 7 [FS93,AJS97]Let be an ordinal notation.

(a) Wesay that M, with assaiated ordinal mind changecourter function F,
INfEX -identies an informant | just in casethe following three condi-

tions hold:
(i) M(I)#= andlLang() = Posinfdl),
@) F() = ,and

(i) (8n)[?6 M(I[n))6 M(I[n+1])) F(I[n]) F([n+ 1])].

(b) M, with assaiated ordinal mind change courter function F, InfEx -
identies L (written: L 2 InfEx (M ;F)) just in caseM , with assaiated
ordinal mind changecounter function F, InfEx -identi es ead informant
for L.

(c) InfEx =1L j(OM;F)[L InfEx (M;F)]o.

We refer the readerto Ambainis [Amb95] for a discussionon how the learn-
ability classegdepend on the choice of the ordinal notation.

3 Conditions for learnabilit y with mind change bound

We now formally de ne what it meansfor a languagede ning framework to
have the property of e ective boundal nite thickness Recallthat a semaric
mapping Lang is monotonic just in casefor any two formal systems and

° %) Lang() Lang ( 9. Also, recall from the introduction that

we only considerlanguagede ning frameworks that yield uniformly decidable
families of computablelanguages.

De nition 8 Let hJ;R;Langi be a languagede ning framework sud that
Lang is monotonic. For any X U, let

Gery E'f | R " card) <1 ~ X Lang() g;

Miny €' f 2 Gerx j (8 °2 Ger)[ °6 ]g;



and
Ming Lf 2 Ming jcard() mg:

hU; R;Langi is said to have e ective m-boundal nite thicknessjust in case
for all nite X U, Min{ is nite and can be obtained e ectively in X (i.e.,
there are functions, recursive in X, for erumerating Ming, and for nding

cardinality of Ming).

hU; R;Langi is said to have e ective boundal nite thicknessjust in caseit
hase ective m-bounded nite thicknessfor eadtm 2 N.

) S . . . .
Note that Minx = ~, Min{. Also, if hU;R;Langi has e ective (m + 1)-
bounded nite thickness,then it hase ective m-bounded nite thickness.

Prop osition 9 SupmseX X% U, suchthat Minyo is nonempty. Then,
Miny is not empty, and for every °2 Minyo, there existsa 2 Miny such
that °

Pr oof. Suppose °2 Mingo. Then clearly, X X% Lang( 9. Since ©°
is nite, there exists a nite subset of ©sud that X Lang (), but
X 6 Lang( Y forany % . It followsthat 2 Miny. |

Prop osition 10 Supmse X U, suchthat Miny is nonempty. Then, for
any 2 Miny, there existsa nite X° X suchthat 2 Minyo.

Pr oof. Proposition is trivial for nite X. Solet X be innite. Let 2

Miny . Let Xo;X1;::: be a listing of elemernts of X . Let §; = f ©j © A

fXxo;:::;xig Lang( 9g. Note that ead S; is nonempty (since belongsto

ewery S;). Moreover, S  Sj+1. Thus, limj; S convergesto a set S. Now,

forevery 22 S, X Lang( 9 (by de nition of S;). Thus,S = f g (since
2 Minx )

andforall © | fxg;:::;xig6 Lang( 9 (by de nition of S;). It follows
that 2 Mingy,.x;g- i

3.1 Learnability from positive data

We now show that if a languagede ning framework has e ective m-bounded

nite thicknessthen the classof languagesde ned by formal systemsof car-
dinality m canbe TxtEx , »-iderti ed. This result is a generalizationof a
lemma from [JS97]. To state this result, we need sometechnical madinery
which we describe next.



De nition 11 A sarch tree is a nite labeled rooted tree. We denote the
label of node, v, in seard tree H by Cy (V).

Intuitiv ely, the labels on the nodesare formal systems.We next introduce a
partial order on seart trees.

De nition 12 SupposeH; andH, aretwo seard trees.Wesay that H; H»
just in casethe following properties are satis ed:

(A) the root of H; hasthe samelabel asthe root of H;
(B) H; is a labeled subgraphof H,; and

(C) all nodesof H,, exceptthe leaves,have exactly the samechildren in both
H; and H,.

Essetially, H; H, meansthat H, is obtained by attaching some(possibly
empty) treesto some of the leaves of the seart tree H;. It is helpful to
formalize the notion of depth of a seard tree asfollows: the depth of the root
is 0; the depth of a child is 1 + the depth of the parert; and the depth of a
seart tree is the depth of its deepest leaf.

Q, an algorithmic mapping from SEQ to seard trees, is called an m-Explaer
i the following properties are satis ed:

(A) ) Q(C) Q(C)
(B) (8 )[dept(Q( )) m]; and
(C) for all T, Q(T)#, i.e., (18 N[Q(T[n]) = Q(T[n + 1])].

(The readershould note that (C) is actually implied by (A) and (B); (C) has
beenincluded to emphasizethe point.)

We can now state the lemma from [JS97]that links the existenceof an m-
Explaerto TxtEx , m-identi cation.

Lemma 13 SupmseQ is an m-Explaer. Then there existsa machineM and
an asseiated ordinal mind changecounter F suchthat the following properties
are satis ed:

(A) (8 textsT)[M (T)#;
B) F() =!™; and
(C) if there existsa node v in Q(T) suchthat Lang (Cq(r)y(Vv)) = content(T),

then M, with ass@iated mind changecounter F, TxtEx ,m-identies T.

10



We now establishatheoremthat bridgesLemmal3with the notion of e ective
bounded nite thicknessand TxtEx | = -identi abilit y.

Theorem 14 Supmsem > 0. Let hJ; R;Langi be a languagede ning frame-
work which has e ective m-boundal nite thickness.Let

L™ € fLang () ] R N card() mg:
Then L™ 2 TXtEX m.

Pr oof. Fix m > 0, and assumethe hypothesis.We construct an m-Explaer
Q asfollows.Let T beatext. Let Q() bejust aroot with label;. Q(T[n+ 1])
is obtained from Q(T[n]) as follows. For eath leaf v in Q(T[n]) with label
such that depth(v) < m and cortent(T[n + 1]) 6 Lang (), do the following:

for eadr 2 Ming ey t[n+1p » SU that 9 add a child to v with label
0

It is easyto verify that Q is an m-Explaer. Also note that if node u is a parent
of node v in Q(T[n]), wherelabel on node u is and label on nodev is ¢
then 0 and in particular card() < card( 9. Thus, label of a node at
depth d in Q(T[n]), must have cardinality at leastd.

We now claim, inductively on n, that
(8 2 Minggenytnp)l IS @ label of someleafin Q(T[n])].

Forn = 0, clearly, Min™ () = f,g , and; is the label of the root (which is also

a leaf) of Q().

Supposethe induction hypothesisholdsfor n = k. We show that the induction
hypothesisholds for n = k + 1. Considerany elemen  of Minggeni 1)) -
Let ©2 Mingy ooty 0€ sud that ° (by Proposition 9, there exists
sudha 9. Now, either

(A) °= s aleafof both Q(T[Kk]) and Q(T[k + 1]) or

(B) Lang ( 9 doesnot cortain cortent(T[k + 1]), card( 9 < card() m,
and thus, in construction of Q(T [k + 1]), a node with label would be added
to eat leafwith label %in Q(TI[K]) (there exists at leastonesud leaf by the
induction hypothesis).

Thus, induction hypothesisholds for n = k + 1. It thus follows by Proposi-

tion 10that, for L 2 L™, for any text T for L, every in Min[", is a leaf of
Q(T). The theorem now follows from Lemma 13. |

11



Corollary 15 Let hU;R;Langi be a languagede ning frameworkwhich has
e ective boundal nite thickness.For eachm > 0, let

L™ € fLang () ] R ~ card() mg:
Then L™ 2 TXtEX |m.

The above theorem's proof gives a new algorithm for learning the classes
discussedn Section4. Previouslearnability results for theseclassegelied on

Angluin's algorithm [Ang80b]. It should be noted that the sametechnique

was usedin [JS97]to show that languageclassedormed by taking union of

at most n pattern languagesand languageclassedormed by using at most n

clausesof length bounded elemenary formal systems[ASY92,Shi94]belong
to TXtEX |n.

3.2 Learnability from positive and negative data

In this section we shawv that if a languagede ning framework has e ective
bounded nite thicknessthen the classof languagesie ned by formal systems
of cardinality =~ m canbelnfEx -identi ed with anordinal mind changebound
of I m. This result is a generalizationof a result about unions of pattern
languagesrom [AJS97].We rst introduce sometechnical madinery.

Let Pos U andNeg U betwo disjoint nite setssud that Pos6 ;. Then
let

zPosNeg &g picard() =i~ [Pos Lang()] ~ [Neg U Lang()] g:
The next lemmaand corollary shedlight on computation of z°SNe,

Lemma 16 Supmsei 2 N. Let hU;R;Langi be a languagede ning frame-
work with e ective (i + 1)-bounde nite thickness.Let Posé ; and Neghbe two
disjoint nite subsetsof U. Supmse(8j  i)[Z7"* = ;]. Then, Z3" can
be computeal e ectively from Pos and Neg (Note that 259 must be nite

in this case!)
Pr oof. Let Pos Neg andi be asgivenin the hypothesisof the lemma.

We claim that Z53"*  f | 2 Mingkg. To seethis, suppose 2 Z 3"

Pos

Clearly, Pos Lang(). Supposethere existsa ° suc that Pos
Lang ( 9. Then,clearly,Lang( 9 Lang(). Thus,Ned Lang( 9 Neg
Lang() = ;. Thus, °2 Z;23%¥, a cortradiction to the hypothesisof the
lemma. Thus, forall © , Pos6 Lang( 9. Thus, 2 MingL.

It followsthat Z 3V = f 2 MiniL j Neg\ Lang() = ;g.

12



SinceMin:L is obtainable e ectiv ely from Pos it follows that Z73"® is ob-

tainable e ectiv ely from Posand Neg |

Corollary 17 Supmsem > 0, m 2 N. Let hU; R;Langi be a languagede n-
ing frameworkwith e ective m-boundel nite thickness.Let Pos6 ; and Neg
ke two disjoint nite subsetsof U. Then, e ectively from Pos Neg one can
determinei = min(fi j Z{*"* 6 ;g [ fm + 1g), and corrsponding Z°5"*
(which must be nite).

Pr oof. Note that Lang (;) is empty. The corollary now follows by repeated

useof Lemma 16 until one nds ani sud that Z"*"*9 & ; or discoversthat
ZPos;Neg - - I
m T

We now show our result for identi cation with ordinal mind change bound
from informants.

Theorem 18 Suppsem > 0. Let hJ; R;Langi be a languagede ning frame-
work with e ective m-boundal nite thickness.Let

L™ € fLang () ] R ~ card() mg:
Then L™ 2 InfEx | .

Pr oof. Fix m. Let| beaninformant. Thenforn 2 N, M (I [n]) and F(I [n])
are de ned as follows.

Let Pos= PosInfdl [n]) and Neg= NegInfdl [n]).

If Pos=;,thenM(I[n])) =2 andF(I[n))=! m.

If Pos6 ;, then let j = min(fj%j Z/°5"** & ;g [ fm+ 1g). Note that j (and
correspnding Z°%"*%) can be found e ectiv ely from I [n], using Corollary 17.
Now de ne M (I [n]) and F(I [n]) basedon the following cases.

If j >m, thenlet M(I[n)) = M(I[n 1]),andF(I[n]) = F(I[n 1]).

If | m, then let M (I[n]) = , where is the lexicographically least el-
emert in 7™, and let F(I[n]) = ! k+ ", wherek = m |, and

"= card(Z*5V%) 1.

It is easyto verify that M ; F witnessthat L™ 2 InfEx | . |

Corollary 19 Let hU;R;Langi be a languagede ning frameworkwith e ec-
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tive bounda nite thickness.For m > 0O, let
L™ % fLang() j R A card() mg:

Then L™ 2 InfEX | 1.

4 Classes of logic programs

In this section,we descrike the application of Theorem14 (and of Theorem18)
to certain classeof logic programs. Theseclassesare known to have bounded
nite thickness.It turns out that the proof of bounded nite thicknesscan
easilybe modi ed to shaw e ective bounded nite thickness.Howewer, for the
salke of completenessye presert the de nitions and the results for two repre-
senativ e classesWe rst descrike the preliminaries from logic programming;
the readeris referredto Lloyd [LIo87] for any unexplainednotation.

Let ; ;X be mutually disjoint setssud that and are nite. is the
set of predicate symlwls, is the set of function symlols, and X is the set of
variables The arity of a function or a predicate symbol p is denoted arity(p).
The set of terms constructedfrom the function symbolsin  and variablesin
X is denoted Termg ;X). Atomq ; ;X) denotesthe set of atoms formed
from predicate symbolsin  and terms in Termg ;X). The set of ground
atoms for a predicate symbol p, then is Atomgfpg; ;;); we denotethis set
by B (p). The sizeof aterm t, denoteditj, is the number of symbols other than
punctuation symbols in t. The body length of a de nite clauseis the number
of literals in its body. The length of a logic program P, denotedLengti(P), is
just the number of clausesin P.

Following the treatment of [KR96], we take the least Herbrand model se-
martics of logic programsas our monotonic semartic mappingin the presen
paper. We will referto the target predicate being learnedby the symbol p. It
shouldbe noted that the treatment canbe generalizedo takeinto accour the
situation of multiple predicatesin an obviousway. Then our languagede ning
frameworks will be of the form hB (p); LP; Mi, whereLP is the classof Pro-
log clausesbeing consideredand M, denotesthe semarnic mapping sud that
M,(P) is the set of all atoms of the target predicate p in the least Herbrand
model of P.

We next descrike linear Prolog programsintroducedby Shapiro [Sha81].
De nition 20 [Sha81]A de nite clausep(ts;:::;tn)  Gu(S15:075S1,,), 255
Ok(Sk;sii05Sk,, ) Is calledlinear just in caseforeahi, 1 ik, jt; j+ +

th 1 si, J+ + jsi, | for any substitution . A logic programP is said
to be linear just in caseead clausein P is linear.

14



Shinohara[Shi9] showed the following.

Theorem 21 [Shi91]The classof least Herbrand modelsof linear Prolog pro-
gramsis a uniformly decidablefamily of computablelanguages.

Let LC denotethe classof all linear clausesand M, be a semartic mapping
sudh that M(P) is the set of all atoms of the target predicate p in the least
Herbrand model of P. Then we have the following.

Theorem 22 The languagede ning frameworkhB (p); LC,M,i has e ective
boundel nite thickness.

Pr oof. Shinohara'sproof of B (p); LC, M i having bounded nite thickness
can easily be modi ed to show that it is e ective. |

We note that a similar result can be shown for the classof hereditary logic
programs[MSS91,MSS93and reductive logic programs[KR96].

As a consequencef the above theorem and the resultsin Section3, for eadh
m 1, the classof languagesL™ = fMy(P)jP 2 LC * Lengt{P) mgis
a menber of TXtEX m and of INfEX | .

The above results were for classesof logic programsthat did not allow lo-
cal variables. We now turn our attention to the mind change complexity of
learning classef logic programsthat allow local variables.We show that the
languagede ning frameworks asseiated with the class of linearly-covering
Prolog programs of Arimura and Shinoharaand the classof linearly-moded
Prolog programsof Krishna Rao have e ective bounded nite thicknessif the
body length of the clausesis bounded. Since the class of linearly-covering
programsare subsumedby the classof linearly-moded programs,we shaw the
result for only the latter class.But, rst we introducesometerminology about
parametric size of terms, and moded logic programs.

Let hi denotean empty list.

De nition 23 The parametric size of a term t, denoted Psiz€t), is de ned
inductively as follows:

(a) if t is avariable x then Psiz€t) is the linear expressionx;

(b) if t is the empty list, then Psizet) is O;

(c) ift="1(ty;:::;ty) andf 2 fh ig, then Psiz€t) is the linear expression
1+ Psizdt)) +  + Psizet,).

15



The de nition of linearly-moded programsrequiresthe notion of modesasso-
ciated with eat argumert in a predicate.

De nition 24 (a) A mode declaration for an n-ary predicate p is a mapping

predicate p. Then the sets+(p) = fj jmd(j) = +gand (p)=fj jmd(j) =
g arethe setsof input and output positions of p, respectively.

If eath predicatein a logic program has a unique mode declaration, the pro-
gram is referredto asa moded program. In dealingwith moded programs, it
is usefulto group together the input and output argumerts, i.e., p(s;t) is an
atom with input terms s and output termst.

The de nition of linearly-moded logic programsrequiresthe following techni-
cal notion.

De nition 25 [KR96] Let P be a moded logic program and let | be a map-
ping from the set of predicatesoccurring in P to setsof input positions suth
that I (p) +(p) for eat predicatepin P. Then for an atom A = p(s;t), the
following linear inequality is denotedLI(A; 1).

i21(p) PSiZG@i) i2 (p PSiZG(tj ):

We now de ne Krishna Rao's notion of what it meansfor a logic program to
be linearly-moded.

De nition 26 [KR96]

(a) Let P be a moded logic program and let | be a mapping from the set of
predicatesin P to the setsof input positions satisfying | (p) +(p) for
eadt predicatep in P. P is said to be linearly-moded with resgect to | if
eadt clause

(i) LICAq;1); 005 LICA; 1;1) together imply Psizep) Psizeg;), for

whereA; is the atom p;(sj;t;) for eadj O.
(b) A logic program P is saidto be linearly-moded just in caseit is linearly-
moded with respect to somemapping | .

We now introducethe languagede ning framework of linearly-moded clauses.
For k > 0, let LMC, denotethe setof all linearly-moded clausesof body length

at most k. Then the languagede ning framework assaiated with linearly-

moded clausesis hB (p); LMG; Mi.

16



Theorem 27 [KR96] For k 1, the classof least Herbrand madels of logic
programs with clausesin LMC; is an indexal family of recursive languages.

Theorem 28 For k 1, the languagede ning frameworkhB (p); LMCy; M i
hase ective boundeal nite thickness.

Pr oof. Krishna Rao's [KR96] proof of hB(p); LMCy; M,i having bounded
nite thicknesscan easily be madee ective. |

As a consequenceof the above theorem and the results in Section 3, for
eath m 1, for eath k 1, the classof languagesL)' = fMy(P) j P 2
LMGC; ™ LengtP) mgis a member of TxtEx ,m and of INfEx , . The
reader should note that the bound k on the body length of clausesis cru-
cial for the e ective boundedthicknessproperty. It can be shavn that with-
out sud a restriction the classof least Herbrand models of length-bounded
linearly-moded programscortains a super nite subclass,thereby ruling out its
learnability from positive data. Krishna Rao [KR96] has shavn that both the
classesof linear clausesand the classof linearly-covering clausesis included
in the classof linearly-moded clauses,but the classesof linear clausesand
linearly-covering clausesare incomparableto ead other.

5 Some Final Remarks

A natural remaining question is whether the boundsof ' ™ and ! m are
tight. It can be showvn for the exampleclassedn this paper that for iderti -

cation from positive data, the ordinal bound of ! ™ is tight. The reasonbeing
that unions of upto m-pattern languagess cortained in all theseclassesput

cannot be identied in TxtEx , for I'™ [JS97]. For iderti cation from
both positive and negative data, it is still openif the boundof! m is tight.
Howewer, we can shov an improvemert on the bound ! m under certain

conditions if a restricted version of the languageequivalenceproblem is de-
cidable. In particular, we can show the following. Let a * b denotea b, if
a b and 0 otherwise.

Theorem 29 Suppmsem > 0. Let hJ; R;Langi be a languagede ning frame-
work with e ective m-boundal nite thickness.Let

L™ € fLang () ] R N card() mg:

Supwseq m, and the equivalene of Lang () and Lang( 9 is decidable
for card() = card( 9 q.
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ThenL™ 2 InfEX | (m gu(q-1)-

Pr oof. The proof of this theoremis on the samelinesasthat of Theorem18.
We just modify that proof, whenj q, to exploit the decidability of equiva-
lenceof decisionprocedures.

Fix m. Let | be an informant. Then for n 2 N, M (I[n]) and F(I[n]) are
de ned asfollows.

Let Pos= PosInfdl [n]) and Neg= NegInfdl [n]).
If Pos= ;,thenM (I[n)) =2 andF(I[n))=! (m q) + (q " 1).

If Pos6 ;, then let j = min(fj°j Z{#*"* & ;g [ fm+ 1g). Note that j (and
correspnding Z"°"*%) can be found e ectiv ely from 1 [n], using Corollary 17.
Now de ne M (I [n]) and F(I [n]) basedon the following cases.

If j > m,thenlet M (I[n]))= M(I[n 1]),andF(I[n])= F([n 1]).

If g<j m, then let M (I1[n]) = , where s the lexicographically least
elemen in Z°"*9 and let F(I[n]) = ! k+ °, wherek = m j, and
* = card(z*V%) 1.

If 0 < j g, and all decision proceduresin Z°*"*% are equivalert then
let M (I [n]) = the lexicographically least decisionprocedurein Z N9, Let

F(Mp="! (m 9+(@ )

If 0<j g, and there exist nonequivalert decisionproceduresin Z°%"*,
thenlet M(I[n)) = M(I[n 1]),andF(I[n]) = F(I[n 1]).

It is easyto verify that M ;F witnessthat L™ 2 INfEX | 1 g+(q-1)- |

Note that for pattern languages,it can be e ectively tested whether
Lang (p) = Lang (pY for patterns p and p° This property wasimplicitly used
in [AJS97]to shaw that, PATTERN"*!, the languageclassformed by taking
union of at most n + 1 pattern languagesbelongsto InfEx , ,. It would be
interesting to determine whether the equivalenceproblem for logic program
classeddiscussedn Section4 can be e ectiv ely solved for program length g
for various valuesof q.
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