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ABSTRACT

Polynomial-time positive reductions, as introduced by Selman, are by de nition

globally robust | they are positive with respect to all oracles. This paper studies
the extent to which the theory of positive reductions remains intact when their
global robustnessassumption is removed. We note that two-sided locally robust
positivereductions| reductionsthat are positivewith respectto the oracleto which
the reduction is made | are sucient to retain all crucial properties of globally
robust positive reductions. In cortrast, we prove absolute and relativized results
shawing that one-sidedlocal robustnessfails to presene fundamertal properties of
positive reductions, such asthe downward closure of NP.

Keywords: Structural complexity theory; Polynomial-time reductions; Complexity
classes.

1 Intro duction

In this paper we study the relative powers of dierent positive reducibilities. In-
formally, a reduction is positive if converting some\no” answersto \y es" doesnot
causea previously acceptedstring to be rejected.

Selman,in hisin uen tial paper [19], de nes and considersthe properties of poly-
nomial-time positive reductions. His positive reductions are by de nition globally
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robust in the positivit y.

An oraclemachine, or a setof oraclemacdines, is said to robustly havea property
P if it hasproperty P for all oracles[16, 10]; this notion is related to two important
early papers by Book, Long and Selman|[6, 7], which give seweral careful analyses
of properties that hold for all oraclesversusproperties that hold relative to a xed
oracle. Researt on the power of robustness[16, 3, 14, 20, 10] suggeststhat global
robustnessis a strong restriction. For example, it is known that if two nondetermin-
istic machines N; and N, are robustly complemenary | that is, complemenary
for every oracle | then for all oraclesA, L(N#) 2 PA NP [10]. This, and the
desireto broadenthe domain of application of Selman'stechniques, motivate us to
relax the global robustnessrestriction.

Accordingly, we intro duce three notions of locally robust polynomial-time posi-
tivereductions. We show that the Turing versionsof thesereducibilities di er. How-
ever, our ability to distinguish amongthe truth-table versionsof thesereducibilities
dependson the structure of NP. In particular, we shaw that if P=NP then these
polynomial-time locally robust truth-table reducibilities are the same. Howeer, if
there exist uniformly log -sparsetally setsin NP P then the reducibilities di er.

We study the extent to which the theory of positive reductions, as studied by
Selman, remains intact for locally robust reductions. We prove results identifying
the crucial properties of positive reductions required to obtain the results of [19].
One reasonfor introducing new reducibilities is that it is more likely that a set A
reducesto B by locally positive reductions than by globally positive reductions.
Our results thus enrich the domain in which Selman'stechniques can be applied.

2 Notations

Let N denotethe setof natural numbers. is analphabet set, usually f0; 1g. A lan-
guageis asubsetof . ; denotesthe empty set. Mg; M¢;::: denotessomestandard
enumeration of polynomial-time deterministic Turing machines. N1; N»;::: denotes
somestandard enumeration of polynomial-time nondeterministic Turing machines.
We assumethat the running time of machine M; (N;) is bounded by determinis-
tic (nondeterministic) time n' + i. P denotesthe classof all languagesaccepted
by somepolynomial-time deterministic Turing machine [12]. NP denotesthe class
of languagesacceptedby somepolynomial-time nondeterministic Turing machine.
coNP denotesthe classof languageswhose complemert is in NP [12]. L(M) de-
notesthe languageacceptedby the machine M. E and N E denoterespectively the



classof languagesacceptedby exponertial time deterministic and nondeterministic
ooDTIME[2"] and NE = ~ _  NTIME[2].
L(M*A) denotesthe languageacceptedby the oracle machine M with oracle A [12].

A 1 B meansthere exists a machine M suc that A = L(MB). F de-
notes polynomial-time Turing reduction. £ and F, similarly denote polynomial-

Turing machines; that is, E =

time truth-table and many-one reductions. P, (A) denotesthe class of languages
r-reducible to A in polynomial time (see[5]). A tally languageis a subsetof 1 . A
denotesthe complemert of A, i.e., A. a denotesthe characteristic function
of A. We sometimesdenote a string x of length n by x;x2  X,, where x; is the
i-th character of x. jxj denotesthe length of x. A " denotesthe set of strings in A
with length at most n.

3 Polynomial-time Positiv e Reducibilities

In this sectionwe review Selman'snotion of positive reducibilit y, which by de nition
is globally robust, and we intro ducethe notion of locally robust positive reducibilit y.

Positive reducibility was rst studied for polynomial-time truth-table reductions
in [15]. Selman,in [19], extendedthe de nition to Turing reductions. We rst give
the de nition of globally positive reducibility due to Selman?

De nition 3.1 [19, 18] A query machine M is globally positive if (8x)(8A; B)[x 2
L(MB)) x2L(MALB).

Intuitiv ely, a machine M is positive if corverting some\no" answersto \y es”
answers doesnot make the machine reject a previously acceptedstring. Moreover,
this property holds for all oraclesgiven to the machine (hence the term glotkally
positive). Positive reducibility can now be de ned using these globally positive
madhines.

De nition 3.2 [19, 18] A Eos C if A 1 C by somepolynomial-time, globally
positive Turing machine M .

The conditions placed here on positive Turing reductions are analogousto those
in the de nition of positive truth-table reductions in [15], which de ned globally
positive truth-table reductions.

aThis reducibilit y is simply referred to as \p ositive" in [19]. However, we shall refer to it
throughout this paper as \globally positive" in order to distinguish it from the locally positive
reducibilities we de ne.



De nition 3.3 [15]A Ett Cif A 1 C by somepolynomial-time, globally positive
machine M, and there is a polynomial-time computable function f : f0;1g !

fc;0;1;g suchthat M oninput x makesqueriesonly from the list f (x) (here c acts
as a separator of elemerts of the list). M above can be equivalertly represened by
a polynomial-time evaluator e such that for all oraclesC, e(x; c(Y1); c(y2);::)) =

M € (x), wherey;ys;::: are the elemeris in the list f (x).?

De nition 3.4 [15] A Sbtt C if A 1 C by some polynomial-time, globally
positive machine M, and a polynomial-time computable function f : f0;1g !
fc;0;1;g sud that M oninput x makesqueriesonly from the list f (x). Moreover
the number of elemerts in the list f (x) is bounded by someconstart independernt
of x. M above can be equivalently represened by a polynomial-time evaluator e
sud that for all oraclesC, e(x; c(y1); c(y2);:::) = MC(x), wherey;;y,;::: are
the elemers in the list f (x).

The above de nitions require global robustness; given any oracle A, L(M*#)
must never decreasewhen A is increasedin any way. Note that all P reductions
are globally positive. However, global robustnessis a strong restriction on Turing
transducers. Machines exhibiting global robustnessare known, in other cortexts,
to be weak [3, 20, 10].

A more moderate de nition of \p ositive" might require a reduction to be robust
only with resgect to the particular set to which the reduction is being made. We
intro duce three notions of locally robust positive reductions. In these de nitions
we require the machine to be robust only with respect to the oracle to which the
reduction is made.

De nition 3.5 A query machine M is locally right positive with respect to B if
(8x)(8A)[x 2 L(MB)) x 2 L(MALBY),

Intuitiv ely, M is locally right robust with respectto B if corverting some\no"
answers from the oracle B to \y es" answers does not make the macdhine reject
a previously acceptedstring. Left robustnessis just the other side of the above
de nition.

De nition 3.6 A query machine M s locally left positive with respect to B if
(8X)(8A)[x 2 L(MB A)) x 2 L(MB)] (or equivalertly (8x)(8A)[x 62L(MB))
X 62 (MB A)).

bIn [15] the rst argument of eis (x), however without loss of generality we can take this to
be x and let e do the (polynomial-time) computation required to obtain



De nition 3.7 A query machine M is locally right-left positive with respect to B
if M is both right and left positive with respectto B.

Locally robust reductions can now be de ned with respect to reductions involv-
ing locally robust madines.

Deniton 3.8 A s B if A 1 B by somepolynomial-time machine that is
locally right positive with respect to B.

Denition 3.9 A [ B if A 1 B by somepolynomial-time madine that is
locally left positive with respectto B.

De nition  3.10 A P, B if A 1 B by somepolynomial-time machine that is
locally right-left positive with respectto B.

Fpts fpts oo tipbws rpon @nd [ reductions can be de ned similarly.

4 Relationships between Dieren t Polynomial-
time Positiv e Reducibilities

In this section, we comparethe relative power of di erent polynomial-time positive
reducibilities. Clearly:

. \Y .
Prop ositon 41 A FB) A P,B) [A P, B A [, B] wheresisin
f pos;ptt; pbttg.

We rst consider the elemenary properties of the reductions. The following
proposition is easyto prove.

Prop osition 4.2
1.A }JsBandB £ C) A FiC.
2.A PosBandB [, C) A [,C.
3.A fsBandB [, C) A [ C.
4. A FsBandB [ C) A T C.

rlpos
Results similar to those of Proposition 4.2 can alsobe proved for boundedtruth-

table and truth-table reductions.

Prop ositon 43 A P B) A P . B.

Ipos r pos



Proof LetA [ BviaM. LetM;besucthat Mf(x)=1i M C(x) = 0.
Clearly x 2 L(MB), x 62 (MB). ThusM; reducesAto B. If C B andx2 A
(and thusC B and x 62A) then x 62 (M 6), sinceM is locally left positive, and

thusx 2 L(MY). SoM; is locally right positive. 2

i P . P . P . P. P . P . P i
A similar proof canbeusedfor  5os; rposi ripest ptts Iptt: rpts  ripe s Yield-
ing the following result.

Prop osition 4.4
1. A f’posB) A P B.

Ipos

2.A FIposB) A rPIpos g

3. (implicit in [19)) A [,sB) A [os B.
4. A [wB) A P B.

5.A P, B) A DB

6. A Flptt B) K rPIptt g

7

. ([15], Proposition 3.1(v)) A [ B) A [, B.

We now considerthe relative power of di erent locally robust positive reductions.
Selman shawed that globally robust positive Turing reductions are more powerful
than truth-table reductions.

Theorem 4.5 [19] There exist recursive sets A and B such that A o B but
AGf B.

Also, it is easyto seeas a corollary of previous work on disjunctiv e reductions
that () there exist recursive setsA and B such that A [, B but A 6§ B, and
(ii) there exist recursive setsA and B such that A [, B but A67, B [15].

Though locally robust positive reductions are in generalmore exible than glob-
ally robust positive reductions, the following theorem shaws that local robustness
doesnot add extra power for the special caseof positive bounded truth-table reduc-
tions.

Theorem 4.6 For all A; Pypi (A) = Prpbie (A) = Prpou (A).

Proof LetB fpbtt A via M. Let f (x) be the polynomial-time computable
list such that M, on input x, makes queriesonly from the list f (x). Let e be the
ewvaluator equivalert to M (asin the de nition of F,, reduction). Recallthat this
meansthat the sizeof list f (x) is boundedby someconstart ¢ and e is positive with



then converting someof Iy from 0 to 1 doesnot make e evaluate to 0. To make a
globally robust reduction from B to A we needto convert this eto e°that is positive
with respect to all oracles. We do this by corverting someevaluation of e from 1
to 0.

(For example:if c= 2;e(x;0;0) = 1; e(x;0;1) = 1; e(x;1;0)= 0ande(x; 1;1)= 1
then we replace e by €° where e%(x;0;0) = 0; €%0;1) = 1; e¥x;1,0) = 0 and
ex; 1;1) = 1.) This makes €° globally positive, and doesnot e ect the reduction
from B to A (since e was right positive with respect to A). Thus, f and €° form a
positive bounded truth-table reduction from B to A. A similar proof can be used
to shaw that Pjpp (A) = Ppoit (A). 2

For unbounded truth-table reductions, the distinction between di erent posi-
tive reducibilities depends on the structure of NP, as showvn by the following two
theorems.

Theorem 4.7 If P=NP , then for all A; Py (A) = Pripe (A) = Prpw (A) = Pipe (A).

Theorem 4.8 Let g(0) = 1; g(n+ 1) = 290M: n > 0. If there exist tally setsin
o NTIME[g®(n)] oD TIME[g°(n)] then there is a recursive set A such
that Prpi (A)  Pipe (A) 8 ; and P (A)  Prpe (A) 6 ;.

Pro of (of Theorem 4.7) We prove that P, (A) = Pyt (A). The proof for
Piptt (A) = Ppy (A) is similar. Pyjpy (A) = Py (A) follows from Proposition 4.1.

Let B ,Ppn A via M. Let f (x) be the polynomial-time computable list suc
that M, on input x, makesqueriesonly from the list f (x). Let e be the evaluator
equivalert to M (as in the de nition of P, reduction). We now proceedas in

ptt
Theorem 4.6. Let eO(x;bl;bZ;:::;bp(n)) = 1i [(8dy;:iidyny:g = 1) d = 1)

P=NP . Clearly, f and e’ witnessthat B [ A. 2

Pro of (of Theorem4.8) Weonly provethat (9A)[Prpw (A) Piptt (,Q) 6 ;]. The
proof can be easilymodi ed to show that [(9A)[Prpi (A) Pipn (A) 8 ; P (A)
Prpi (A) 6 ;1.

Let N be a polynomial-time nondeterministic machine accepting a tally lan-
guageL  f19K) : k 2 Ng that is not in P (the existence of such a machine



follows from the assumption that there exist tally setsin SC> oNTIME[g°(n)]
o0 DTIME[g°(n)], by the techniques of [11F).

Without loss of generality, let all certi cates of x 2 L be of length jxj! + j and,
without lossof generality, 0%/ *1 is never such a certi cate. Let r bethe polynomial-
time predicate assaiated with N and L, i.e.,r(x;y) = 1i Yy is a certi cate for x.
Let e(X;y1; i Yni+j) = 1 r(x;y), wherey = y1  Yni+j. Let plus(a;j) be the
string j greaterthan ain standard lexicographical order; e.g., plus(1010, 3) = 1101.
Let c be the separation character from the de nition of f (seeDe nitions 3.3 and
3.4). Let f (x) = plus(x; 1) cplus(x; 2)c::: cplus(x; jxj! + j). Clearly, functions f
and e are computable in polynomial time.

A will be de ned sothat e is locally right positive. Also all strings not of the

arenot in A. A (plus(x; 1)) A(plus(x; jxji + j)) will be 0%'+1 if x 62L, and
otherwise will be a certi cate of the fact that x 2 L. Let R; be the requiremert
that M; : L 6, A, that is, M; doesnot f;, reducel to A. Below, As denotes
the strings of A determined before stages. Go to stageO.

Stages

1. Let x bethe least elemen in f19() : k 2 N g not considereduntil this stage.

N

. Let i be the least requiremert not satis ed until now.

3. Let g;f; be the evaluator and set calculator (as in the de nition of positive
truth-table reducibility) for the truth-table reducerM;.

4. If x 624 then let Ag+1 = As.

5. Else If (92)[z is a certi cate for x andseI (X, py(h): py(k)::::) = 1],
where fi(x) = qcp and D(z) = As fplus(x; 1) :z = 1g, then let y be
the least such certicate z. SetAss1 = As  fplus(x; I) 1y, = 1g. (Note that
here R; is satis ed.)

S
6. Else Let Asy1 = As fplus(x; 1) 1y = 1g, wherey is the least certi cate
for x. (Note that besidesthe explicit satisfaction of R; in step 5, R; may be
implicitly satis ed due to steps4 and 6.)

end stages

®Though recent work by Allender [1] has corrected parts of [11], the techniques of [11] as used
here are correct.



It is clear that L [, A via the functions f and e. This is becausewhen
x 2 L, then e(x; y) = 1 for any length jxj' + i string y; so ewven if A has some
strings added| and the \address" A (plus(x; 1)) A(plus(x; jxji + 1)) = OXi'#i
thus has somezeroscorrupted to ones| e(x; corrupted address)will nonetheless
accept.

Now considerthe following cases:
Casel: All requiremerts are satis ed.

In this case,clearly, L 6, A.

Case?2: R; is the least requiremert not satis ed.

In this casewe shaw that L 2 P. Let n be solarge that 2"=1° > ni + i, and all
the smaller requiremerts have beensatis ed beforestages, n > g(s). Clearly, when
m 2 fg(k) : k2 Ng, then A ™ * can be determined in time polynomial in m (by
just going through all possiblecerti cates). Now for x 2 f19() : k 2 N g,jxj > n, we
have x 62L ) &(X; aix 1(G); aix 1(G);::) = 1(sinceAl X 1= Al X'+
due to step 4 of the construction, and M; reducesL to A). And similarly, we have
X2L) &% aixi 1(th); aix 2();:::)=0(sinceAl X 1 AandL f,; A
via M;j). This givesus a polynomial-time decision procedure for L, contradicting
the assumption.

Thus all requiremerts are satis ed. 2

Note that the above proof can also be usedto distinguish between ern and

ﬁws reductions, under the sameassumption.

We now considerthe relationship betweenvarious positive Turing reducibilities.
\Y
Theorem 4.9 (9A)[Prpos(A)  Pipos(A) & ;  Pipos(A)  Prpos(A) 6 ;.
Y,
Corollary 4.10 (9A)[Prpos(A)  Pripos(A) 6 ;  Pipos(A)  Pripos(A) 6 ;1.

Pro of Let g(0) = 1;g(n+ 1) = 29(") Consider the following languages:

La = f1" : n = g(k) for someeven k 1"y, by 1 2 A whereh
A(0"1)g. v

L,‘i = f1" : n = g(k) for someodd k 1"whyb, by 1 2 A whereh
A (0" 1)g.

To ensurethat La ,Ppos A, it suces to coostruct A so that for all n of
the form g(2k), we have [[1"koby by 1 2 A] [(8)[g = 1) d = 1]]
) [1"dods dy 1 2 A], wherely = A(0"*1). Thus an oracle machine M B
that accepts1"” i n = g(k) for someeven k and 1"agay a, 1 2 B, where
a = g(0"") witnessesthat La s A.



Similarly, LY fos A is en%ured if for all n of the form g(2k + 1), for b =
A1), [M"oby by 1 62A]  (8)[f = 0) d =0]]) [1"dods dn 1 62A]
We now construct A in stages. A will satisfy the conditions above so that
La Fpos AandLy focA.
We always assumethat strings not of the form 09(K)* 1:i < g(k) or 19(K)f0; 1g9(K),
are not in A (without explicitly mertioning it below).

Let Ry be the requiremert that M; : La 6,PpOS A, that is, M; does not Fpos
reducela to A. Let Ryi+1 bethe requiremert that M; : LR 67, A, that is, M;
doesnot [, reducel} to A. Note that if all the requiremerts are satis ed then
La 65 AandLy 67, A. Below, As denotesthe strings of A determined before
stages. Go to stageO.

Stage?2s
1. Let Ry bethe least unsatis ed even requiremernt.
2. Let n = g(2s).

3.1f 210 ni + | then exclude from A all strings of length I, g(2s) | <
g(2s+ 1).

4. Else If MA(1") rejects when all new questionsx (i.e., those not decided in
Ays) are answered by the rule \If x is of the form 1"f0; 1g" then YES; If x
is of the form 0"*J then NO," then let Ays:1 be such that all strings of the
form 1"f0; 1g" 2 A,s+1 and all other strings of length I;g(2s) | < g(2s+ 1)
not in Ays+1 . (Note that in this caseRy; is satis ed.)

5. Else
Let S be the set of questionsof the form 1"f0; 1g" asked in the compu-
tation by M; in step 4 above.
Forall x 2 S, let x 2 A.
If x is of the form 1"f0; 1g" and x 62S then let x 62A.

Let y be a question of the form 1"f0; 1g" not asked by M; (there exists
such ay).

Let 0" 2 A, yn+ja = Lforj <n.

10



end

(Note that on this A, M; either acceptsincorrectly or rejects. In the
latter case,sinceA  Ajys S on which M; accepts, M; is not a ,Ppos
reduction. Either way, Ry; is satis ed.)

stage2s

Stage2s + 1 is similar:

Stage2s+ 1

1. Let Ryi+1 bethe least unsatis ed odd requiremert.

2. Let n= g(2s+ 1).

3. If 2710 nl + j then excludefrom A all strings of length |, g2s+ 1) | <
g(2s + 2).

4. Else If M (1") acceptswhen all new questionsx (i.e., those not decided in
Ays) are answered by the rule \If x is of the form 1"f0;1g" then NO; If x
is of the form 0"*i then YES," then let Aysi1 be sud that all strings of the
form 1"f0; 19" 62A,s+» and all strings of the form 0"*1, j < n, in Ajsip.
(Note that in this caseRyj+; is satis ed.)

5. Else

Let S be the set of questions of the form 1"f0; 1g" asked in the above
computation by M.
For all x 2 S, let x 62A.
If x is of the form 1"f0; 1g" and x 62S then let x 2 A.
Let y be a question of the form 1"f0; 1g" not asked by M; (there exists
such ay).
Let 0" 2 A, yn+ja = Lforj <n.
(Note that on this A, either M; rejectsincorrectly, or M; accepts. In the
latter case,since A Ays fO" 1 :j < ng f1"z:jzj = n;z 62Sg on
which M; rejects, M; is not a fpos reduction. In either case,Ryj+1 is
satis ed.)

end stage2s+ 1

Let MB(1") = 1i n = g(2k) for somek and 1"byby b, 12 B, wherely = 1
i 0"*i 2 B. Clearly, La ,Ppos A via M (since1" is placedin L only in step 4

11



in which caseall strings of the form 1"z;jzj = n, are also placedin A). Similarly
LR foos A. Weclaim that La 6, A. Supposeby way of cortradiction that

Ipos
La ,ons A via Mj. Also let M; be the least such machine. Then for su cien tly
large s in stage 2s, 2% > ni + i and all smaller even requiremerts have been
satised. Thus at this stage by construction M; will be fooled. Thus no sud
machine can exist. It can be similarly shavn that L$ Gfpos A. This provesthe

theorem. 2
T
Theorem 4.11 (9A)[Prpos(A)  Pipos(A) 6 Pripos(A)].

Pro of Let g(0)= 1;9(n+ 1) 329(”). Consider the following languages:

La = f1" :n = g(k) for somek  1"kpybyb, by 12 A whereh = A(0""))g.

L = f1" : n = g(k) for somek 1"k, by 1 2 A wherebh =

a(0"*1)g.

To ensurethat L f’pos A it su ces to construct A s<\)/that for all n of the form
g(k), for b = A(0"), wehave [I"bby b 12 Al (8j)[y = 1) d = 1]]
) [1"dods dy 12 Al ThusLa {yes A is witnessedby an oracle machine M ®
that accepts1" i (1) n = g(k) for somek and (2) 1"aga; a, 1 2 B, where
a = g(0""). Similarly, to ensurethat L} [, A, it suces t\(} construct A so
that for all n of the form g(k), we have [[1*"bhby b, 1 62A] * (8j)[h = 0)
d = 0]]) [1®"dod; dn 1 62A], wherely = A(0%"*)). ThusLQ ,Ppos Ais
witnessed by an oracle machine M B that accepts1” i (1) n = g(k) for somek

and (2) 1®apa; a, 1 2 B, wherea; = (0?"*') . We will also ensure that
La = Lg. Thus La 2 Prpos(A)  Pipes(A). We will also ensurethat no machine
M; witnessesthat La 7,05 A-

We now construct A in stages. A will satisfy the conditions above so that
La VPPOS A La IPpos A and La 6rlpos A.

1. We always assumethat strings not of the forms (1) 090* 1 i < 2g(k), or
(2) 1909f0; 1g9) | or (3) 129K £ 0; 1g9%) are not in A (without explicitly mertioning
it below).

Let R; be the requiremert that M; : La 67, A | that is, M; doesnot [
reducelL, to A. Note that if all the requiremerts are satis ed then L 5 Gf,pos A.
Below, A denotesthe strings of A determined before stages. Go to stageO.
Stages

1. Let R; be the least unsatis ed requiremert.

12



2. Let n = g(s).

3. 1f 2"=100  ni+j then excludefrom A all strings of length 1, g(s) | < g(s+ 1).

n 14N n+j.n= H 2n+j ao H .
4. Else If MAslf 1101070l 0770n=2 j<n qlf 077:n=2 j<n9(q1n) rejects then let

y 2 12"0"=2f 0; 1g"=? be a string such that y is not queried in the above com-
putation. Let Agi; = Ag[ f1"f0;1g"g[ fO"*1 :n=2 | < ng[ fyg[ fO?"*) :
Yon+j+1 = 10

(Note that in this caseM; is fooled s_ince

MiAS[f 1"f0;1g" g[f 0"*1:n=2 j<n g[f 02"*i:n=2 j<n g[f yg(ln) rejectsand 1" 2 L n
and As+1

As[ f1"f0;1g"g[ fO"*i :n=2 j < ng[ f0®*i :n=2 j < ng[ fyg)

5. Else (MiAS[f 1"f0;1g"gff 0"*1:n=2 j<n g[f 02"*1:n=2 j<n g(ln) accepts). Let y 2

1" 0; 1g"°21"=2 be a string such that y is not queried in the above computa-

tion. Let Asia = [As[ f1"f0;1g"g[ f0?"*) :n=2 j < ng[ fO" :ynejs1 =

1g] fyg.

(Note that in this caseM; is fooled since

M‘[As[f 1"f0;1g"g[f 0"*J:n=2 j<n g[f 0°"*i:n=2 j<n g]f yg(ln) accepts, 1" 62
i ,

and As+1

[As[ f1"f0;1g"g[ fO"*i :n=2 j < ng[ f0®™*i :n=2 j<ng fyg)

end stages

Clearly, La ,Ppos A (since 1" is placedin L only in step 4 in which caseall
strings of the form 1"z;jzj = n, are also placedin A). Similarly La A. We
claim that La 67),,s A. Supposeby way of cortradiction that La [, A via
madine M;, and, without lossof generality, let M; be the least machine witnessing
the reduction. Then for su cien tly large s in stages, 2"=1%° > ni + i and all smaller

P
Ipos

even requiremerts have beensatis ed. Thus at this stage by construction M; will
be fooled. Thus no such machine can exist. 2
Whether 7, and 7). aredierent is at presen an open problem.

5 Basic Prop erties of Reductions

In this sectionwe considersomeof the basic properties of positive reductionsin NP .
Selman,in [19], shaved that NP is closeddownward under globally robust positive
Turing reductions. We show that, though Selman'stechniquessu ce to prove that
N P is closeddownwards under two of the locally robust reductions, the remaining
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locally robust reduction fails to leave NP closed downwards in some relativized
worlds. As a corollary, we note that rpos and Ipos reductions do not share the
complemenation property of globally robust positive reductions (Proposition 4.4,
part 3).

Theorem 5.1 NP is closeddownward under Fpos reductions.

Corollary 5.2
1. coNP is closeddownward under ,Ppos reductions.
2. NP and coNP are closeddownward under 7, ,,¢ reductions.

3. [19]1 NP and coNP are closeddownward under f,’os reductions.

Proof Let A [ B;B 2 NP. We give an NP algorithm for A. Let
A [ BviaM.

Ipos

On input X
Simulate M, guessinganswers for ead question asked.
Verify the answers guessedYES.
Accepti M accepts.

If x 2 A, then there exists a sequenceof right guessesby which the above
algorithm accepts.

We now considerthe casein which x 62A. Clearly the guessedoracle for which
the above algorithm simulates M is a subsetof B. Sincex 62M 8, x 62M ¢ for
all C B (since M is locally left positive with respect to B). Thus the above
algorithm doesnot acceptx. 2

However the proof doesnot work for right positive reductions. We give a rela-
tivized world in which NP is not closeddownward under locally right robust positive
reductions.

Theorem 5.3 Thereis arecursive oracleB suc that NP ® is not closeddownward
under 7. reductions. That is, there are recursive sets A; B and C sud that
C Pus A, A2 NP® and C 62NP5.

Pro of  This proof is similar to the proof of Theorem 4.9. Let g(0) =
1;g(n+1) = 290 Wewill de ne setsA andB. Let A = fx : (9y)jyj = jxj;xy 2 Bg.
Clearly A 2 NPB. Let Lo = f1" : n = g(k) for somek and 1"byb, b, 1 2 A
whereh = 1, 0" 2 Ag. If [I"loby b 12 A (8)[h = 1) d = 1]])
[1"dod; dn 12 A], wherelh = 1, 0"+l 2 A, then L, f’pos A (via machine M
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with which oracle D accepts1" i n = g(k) for somek and 1"aga; a, 12 D,
wherea; = p(0"*')). We will construct B sothat A satis es the above property.
In addition we will ensurethat L 62NPB. Taking C = L provesthe theorem.

Let R; be the requiremert that L(NB) 6 La. A will cortain strings of the
form 1"z;jzj = n, and O"*';i < n, wheren = g(k) for somek (this thus restricts
someelemeris to be out of B; we assumethat such elemers are not in B without
explicity mentioning so). At stages we decidethe membership of strings of length
I, g(s) 1< g(s+ 1)in A (and strings of length I, 29(s) | < 2g(s+ 1) in B).
Below By denotesthe strings of B determined before stages. Go to stageO.
Stages

1. Let R; be the least unsatis ed requiremert.
2. Let n = g(s).

3. If 20710l +j then excludefrom A all strings of length I, n | < 2",

2(n+j).nsi — n 2N ipim n=2a4n=2
4. Else If NiBs 1o =20 1120 'J;J me 000 91" rejects then let
Bs+1 = Bg f0X"*1) :n>j n=2g f1"z0® :jzj = n;z 0%™21"2g,

(Note that in this casewe have already fooled N;, since1" 2 Lo L(N?2).)
5. Else

Fix am accepting path af
Bs f0X"*1:n>j n=2g f1"z0%":jzj=n;z 0™ 21™ 2g . . n
N; running on input 1".

Let S be the set of questionsasked by N; that arein fO"*Dw : jwj =
n+jg f1"z0*" :jzj=n;z 0%™21""2g
Let y;jyj = n;y 2 f0;1g"21"=2 pe sudh that 1"y0?>" 62S (clearly, suc a
y exists).
Let s.j be astring of length n + j sudh that 0("* s, 62S.

S . S
Let Bgsy = Bs fw:w?2 f02(”+é) 'n>j n=2g f1"z0*" :jzj =
n;z 0"21""2 and 1"z0*" 2 Sgg  fO"* sy, 1y = 1g.
(Note that in this casel” 2 L(NB) La.)

end stages

Clearly, La f’pos A. If all requiremerts are satis ed then clearly La 62NP®.
So assumethat R; is the least requiremert not satis ed. Let s be so large that
2=10 > ni + i, and all requiremerts lessthat i are satis ed by stages. Then by
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construction R; will be satis ed at stages. Thus all the requiremerts are satis ed.
2

Though A [s B) A [ B (Proposition 4.4), the analog of this result fails
for rpos and Ipos reductions, as an immediate corollary of Theorems5.1 and 5.3
and Corollary 5.2.

Corollary 5.4
1. There exist recursive oraclesA and B such that A ,,s B but A67, B.

2. There exist recursive oraclesA and B such that A [, B but A6, B.

6 P-Selectivit y and Positiv e Reductions

Selman,in [17], intro duced the notion of P-selectivity. Intuitiv ely, A is P-selective
if, given two strings x and y, a polynomial-time function can determine which of x
ory is more\lik ely" to be an elemen of A.

De nition 6.1 [17] A is P-selectiwe if there exists a polynomial-time computable
function f sud that:

1. (8x; y)f (x;y) 2 fx; yg, and

2.x2A _y2A) f(xy)2A.

Selman [19] shawed that if A [, A and A is P-selective then A is in P.
Selman'sproof can be easily seento generalizeto the following:

Theorem 6.2 A2 P if andonly if A A, and A is P-selectie.

P
rlpos

We leave it as an open problem whether 7, or ,Ppos reducibility su ces to
obtain the above theorem. Below, we show that weak P -selectivity doesnot su ce.

Ko [13] generalizedSelman'snotion of P-selectivity.

De nition 6.3 [13] A preorder R on is partially polynomial-time computable
if there is a polynomial-time computable function f suc that:

1. f(x;y) = f(y;x) = x if xRy but not yRX,

2. f(x;y) = f(y;x) 2 fx;ygif xRy and yRx, and

3. f(x;y) = # otherwise.

Let xSy if and only if xRy and yRx. Let R° be an induced ordering on =S,
i.e., XRY i xRy, wherex denotesthe equivalenceclassof x under the relation S.

16



De nition 6.4 [13] A partial ordering R is p-linear if, for all n, the set , =
fx :jxj ng can be decompmsedinto at most p(n) many pairwise disjoint sets
Bi;:::;Bm;m p(n), for somepolynomial p suc that:

1. If x and y are in the sameset B; then xRy _ yRx, and

2. if x and y are in two di erent setsthen neither xRy nor yRXx.

De nition 6.5 [13] A is weakly P-selective if and only if there is a partially
polynomial-time computable preorder R with the induced equivalencerelation S
and partial ordering R® such that:

1. R%is p-linear, and

2. foralln, A, = fx2 A:jxj ngisthe union of initial segmers of R chains
in .

In contrast to Theorem 6.2 we show that:

Theorem 6.6 There exists recursive oracle Q and a recursive set A suc that A is
weakly P?-selective, A [, A but A 62P<.

Pro of Wewill de ne A and Q in the following. Q will act asaweakP-selector
for A. Thus A will be trivially weakly P Q-selectiwe.
Let g(0) = 1, g(n+ 1) = 89", A and Q will be such that:

1. A SwhereS=[f19" :n2 Ng[ f19M0ok:n2 N~ 0< k 2g9(n)g|
f149My:n2 N ~jyj= 1+ g(n)g).

2. 19(MEk+l 2 A 19(MZk+2 B2A, for k < g(n).
3. for jyj = g(n), 1*9My12 A, 149(My0 62A.

4.19M 2 A, 1%(My12 A where
y= Aa(19(M@2) 5(29M0Y A (19(MQ20(n)),

For partial ordering R we have
1. B, = fx :jxj = ng (for B; in the de nition of p-linear partial ordering).
2. hx;yi 2 Q if and only if jxj = jyj and xRYy.

Clearly, A ©s A and A is weakly P?-selective.
The following construction diagonalizesto ensurethat every PQ machine fails
to accept A. Assume, without loss of generality, that MiQ gueriesonly strings of
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the form hx; yi sud that jxj = jyj;x 2 Sandy 2 S. At stages we determine the
membership in A for all strings of length I, g(s) | < g(s+ 1). We alsode ne Q
on all pairs of strings of length betweeng(s) and g(s+ 1). We explicitly give the
menbershipin A only for strings in S. Also we de ne the relation R only for strings
in S that are of the samelength. A and R on other values can be predetermined
using (1) and (5) above.
Let R; be the requiremernt that L(MiQ) 6 A. Goto stageO.

Stages

1. Let x = 190,
2. Let i bethe least requiremert not satis ed until now. Let n = g(s).

3.1 n+i 8710 then let 1" 62A, 1"0%* 2 Ak n, and 1*"y1 62A for all
y;jyj = n. De ne Q in someway consisteri with A.

4. Elserun M' on 1", answering all questionstz;yi in the following way: \If
5g(s) + 1 = jzj = jyj, thenlet z = uc;y = wr;r;c 2 f0;1g; Put uo;w0 2 A
and ul;wl 62A; Answer the questionin a way consistent with the previous
answersand A as determined so far."

5. Let y be sud that neither 14"y0 nor 1*"y1 has appearedin any query until
now. Let A(1"0%) A(1"0% A(AN0?") = y.

6. Let 1*"y12 A if and only if M is rejected in the above simulation.
7. (Note that M; hasbeenfooled in this stage.)

end stages

Clearly, A [, A. AlsoA isweakP ?-selective. Supposeby way of cortradiction
that MiQ = A. Also let M; be the least such machine. Then for su cien tly large
s in stages, 8710 > n' + i and all smaller requiremerts are satis ed. Thus at this
stageby construction M; will be fooled. Thus no such machine can exist. 2

Selman[19] showed that if A Eos B (B6;;B6 )andB isP-selectiw,then
there exists an algorithm that runs in time polynomial in the number of queriesin
the computation tree of the reducerand outputs a setl suchthat x2 A, | B.
We obsene that Selman'sproof holds even for 7|, reductions.

Prop osition 6.7 [implicit from the techniquesof [19]] Let A P B via ma-

rlpos
chineM,B 6 ;;B 6 . Let B beP-selective. Then there exists an algorithm that
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runs in time polynomial in the length of the input x and the number of queriesin
the computation tree of M on x, that outputs a setl sudhthat x2 A, | B.

Pro of We restate Selman's algorithm for completeness, modied for
Fipos reductions. Let f be a P-selector for B. Let f%xi;x2;:::5%;)

On input X.
1. If M (x) acceptslet | = fag.
2. 1f M (x) rejectsthen | = fhbg.
3. Else
LetQ=T =,
Repeat
I =T,
Simulate M on x with oraclel .
Q = setof all queriesasked in the above computation.
If M rejectsthen
begin
u=fqQ 1)
T=1][ fug
end
Until T =1

Clearly, the above algorithm oninput x outputs asetl suchthatx 2 A, | B
(by induction on the number of times the repeat loop is executed). Also sinceead
time the repeat loop is executedthe cardinality of T increasesat least by 1, the
number of times the repeat loop is executedis at most the number of queriesin the
computation tree of M on input x. Also since ead loop runs in time polynomial
in the length of x and the number of queriesin the computation tree of M on x,
the whole algorithm runs in time polynomial in jxj and the number of queriesin
computation tree of M on input x. 2

Corollary 6.8 If A f’lpos B,B6;;B6 and B is P-selective then for some
polynomial p, A ., B by a function g computable in time 2P0X)),

Pro of  Usethe above algorithm to get| suchthat x2 A, | B. SinceB
is P-selective, we selectan elemert from | that is most likely to be in B (say y).
Nowx2 A, y2B.2
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It is easyto corvert a {,,s computation tree to a f,pos computation tree in
exponertial time. Thus we also have:

Corollary 69 IfA P B,B 6 ;;B 6 and B is P-selective then for some

Ipos
polynomial p, A ., B by a function g computable in time 2P0X)),

Corollary 6.10 If A ,Ppos B,B6;;B6 and B is P-selective then for some
polynomial p, A ., B by a function g computable in time 2P0X)),

For rlptt reductions the number of queriesin the computation tree is polynomial
in the length of the input; thus we have:

Corollary 6.11 IfA P, B,B6;;B6 andB isP-selectiethen A | B.
Corollary 6.12 If Alis 7, self-reducibleand A is P-selective then A is in P.

Pro of  From Corollary 6.11we have A is | self-reducible. Sinceany |,
self-reduciblesetisin P, A2 P. 2

Theorem 6.13 [19] For every tally languageA there exist setsB and C such that:
1.B Sn A P B.
22.C FA FcC.
3.B En c fB.
4. B is P-selectiwe, and
5. C P-selectie) C 2 P.

As a corollary we obtain:

Corollary 6.14 Let A beatally languagenot in P. Thenthereexist § equivalent
setsB;C suc that C § B but C67),, B. AlsoB 6], B.

Corollary 6.15 If E 6 NE then there exists setsB and C such that:
1.B2NP P,
2.B [ C,
3.C } B,
4.C60, B,and
5. §6f|pos B.

Pro of  This follows from the above theorem, sinceif E 6 N E then there are
tally setsin NP P ([4, 8], seealso[11]). 2
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Corollary 6.16 If E 6 NE then there existsa £ degreein NP that does not
consistof a single [, degree.

Corollary 6.17 If E 6 NE then there exists a f,pﬁ degreein NP P that
consistsof a single | degree.

T
Corollary 6.18 If E 6 NE coNE then there exist setsB and C in NP suc

that B [, CandC § B butC67, B.

7 Conclusions and Open Problems

In this paper we de ned locally positive reductions as more moderate versions of
Selman's(globally) positive reductions. We comparedthe di erent locally positive
polynomial-time Turing reductions and identi ed the propertiesrequired by positive
reductions to obtain the results of Selman| thus enriching the domain in which
his results are applicable and delimiting the boundariesof their application.

The two most interesting open problems that remain are (1) whether there
exist relativized worlds in which f’lpos and 5’05 are dierent, and (2) whether

Theorem 6.2 fails for [, or in somerelativized world. Finally, we note

P
Ipos
a recert application of our notion r:)f locally robust positive reductions. \Helping"
is a notion of fault-tolerant computation acceleration (see [2, 14, 16]). Ko [14]
provesthat UP  P1 heip(UP), and askswhether equality holds. Recernly, Cai,
Hemadandra, and Vyskoc [9] have shown that Py nelp(UP) is exactly the classof
setslocally left positive reducibleto UP, and, via this characterization, have shovn

that in relativized worlds, Ko's statemert cannot be improved to equality.
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