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Abstract

A new investigation of the complexity of languageidenti�cation is undertaken
using the notion of reduction from recursion theory and complexity theory. The
approach, referred to asthe intrinsic complexity of languageidenti�cation, employs
notions of `weak' and `strong' reduction betweenlearnableclassesof languages.The
intrinsic complexity of several classesis consideredand the results agreewith the
intuitiv e di�cult y of learning theseclasses.Several complete classesare shown for
both the reductions and it is also establishedthat the weak and strong reductions
are distinct.

An interesting result is that the self referential classof Wiehagen in which the
minimal element of every languageis a grammar for the languageand the classof
pattern languagesintro duced by Angluin are equivalent in the strong sense.

This study hasbeenin
uenced by a similar treatment of function identi�cation
by Freivalds, Kinber, and Smith.

1 In tro duction

The present paper introducesa novel way to look at the di�cult y of learningcollectionsof
languagesfrom positive data. Most studieson feasibility issuesin learning have concen-
trated on the complexity of the learning algorithm. The present paper describesa model
which provides an insight into why certain classesare more easily learned than others.
Our model adopts a similar study in the context of learning functions by Freivalds [9],
and by Freivalds, Kinber, and Smith [10]. The main idea of the approach is to introduce
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reductions between learnableclassesof languages.If a collection of languages,L 1, can
be reducedto another collection of languages,L 2, then the learnability of L 1 is no more
di�cult than that of L 2. We illustrate this idea with the help of simple examples.

Considerthe following collectionsof languagesover N , the set of natural numbers.
SINGLE = f L j L is singletong.
COINIT = f L j (9n)[L = f x j x � ng]g.
FIN = f L j cardinality of L is �nite g.
So, SINGLE is the collection of all singleton languages,COINIT is the collection of

languagesthat contain all natural numbersexcepta �nite initial segment, and FIN is the
collection of all �nite languages.Clearly, each of thesethree classesis identi�able in the
limit from only positive data. For example,a machine M 1 that upon encountering the
�rst data element, say n, keepson emitting a grammar for the singleton languagef ng
identi�es SINGLE. A machine M 2 that, at any given time, �nds the minimum element
amongthe data seensofar, say n, and emits a grammar for the languagef x j x � ng can
easily be seento identify COINIT . Similarly, a machine M 3 that continually outputs a
grammar for the �nite set of data seenso far identi�es FIN .

Now, although all three of theseclassesare identi�able, it can be argued that they
present learning problems of varying di�cult y. One way to look at the di�cult y is to
ask the question, \A t what stagein the processingof the data can a learning machine
con�rm its success?"In the caseof SINGLE, the machine can be con�dent of success
as soon as it encounters the �rst data element. In the caseof COINIT , the machine
cannot always be sure that it has identi�ed the language.However, at any stageafter it
hasseenthe �rst data element, the machine can provide an upper bound on the number
of mind changesthat the machine will make before converging to a correct grammar.
For example, if at some stage the minimum element seenis m, then M 2 will make
no more than m mind changesbecauseit changesits mind only if a smaller element
appears. In the caseof FIN , the learning machine can neither be con�dent about its
successnor can it, at any stage,provide an upper bound on the number of further mind
changesthat it may have to undergobefore it is rewarded with success.Clearly, these
three collectionsof languagesposelearning problemsof varying di�cult y whereSINGLE
appears to be the least di�cult to learn and FIN is seento be the most di�cult to
learn with COINIT appearing to be of intermediate di�cult y. The model described in
the present paper captures this gradation in di�cult y of various identi�able collections
of languages.Following Freivalds, Kinber, and Smith [10], we refer to such a notion of
di�cult y as \in trinsic complexity."

We next present an informal description of the reductions that are central to our
analysisof the intrinsic complexity of languagelearning. To facilitate our discussion,we
�rst present sometechnical notions about languagelearning.

Informally, a text for a languageL is just an in�nite sequenceof elements, with possible
repetitions, of all and only the elements of L. A text for L is thus an abstraction of the
presentation of positive data about L. A learning machine is essentially an algorithmic
device. Elements of a text are sequentially fed to a learning machine one element at
a time. The learning machine, as it receives elements of the text, outputs an in�nite
sequenceof grammars. Several criteria for the learning machine to be successfulon a
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text have beenproposed. In the present paper we will concernourselveswith Gold's [11]
criterion of identi�cation in the limit (referred to as TxtEx -identi�cation). A sequence
of grammars, G = g0; g1; : : :, is said to converge to g just in case,for all but �nitely
many n, gn = g. We say that the sequenceof grammars,G = g0; g1; : : :, convergesjust
in casethere exists a g such that G convergesto g; if no such g exists, then we say
that the sequenceG diverges.We say that M convergeson T (to g), if the sequenceof
grammarsemitted by M on T converges(to g). If the sequenceof grammarsemitted by
the learning machine convergesto a correct grammar for the languagewhosetext is fed
to the machine, then the machine is said to TxtEx -identify the text. A machine is said
to TxtEx -identify a languagejust in caseit TxtEx -identi�es each text for the language.

It is also useful to call an in�nite sequenceof grammars, g0; g1; g2; : : :, TxtEx -
admissible for a text T just in casethe sequenceof grammars convergesto a single
correct grammar for the languagewhosetext is T.

Our reductions are based on the idea that for a collection of languagesL to be
reducible to L 0, we should be able to transform texts T for languagesin L to texts
T0 for languagesin L 0 and further transform TxtEx -admissiblesequencesfor T 0 into
TxtEx -admissiblesequencesfor T. This is achieved with the help of two enumeration
operators. Informally, enumeration operators are algorithmic devicesthat map in�nite
sequencesof objects (for example,texts and in�nite sequencesof grammars)into in�nite
sequencesof objects. The �rst operator, �, transforms texts for languagesin L into
texts for languagesin L 0. The secondoperator, 	, behavesas follows: if � transforms a
text T for somelanguagein L into text T0 (for somelanguagein L 0), then 	 transforms
TxtEx -admissiblesequencesfor T0 into TxtEx -admissiblesequencesfor T.

To seethat the above satis�es the intuitiv e notion of reduction considercollectionsL
and L 0 such that L is reducible to L 0. We now argue that if L 0 is identi�able then so is
L .

Let M 0 TxtEx -identify L 0. Let enumeration operators� and 	 witnessthe reduction
of L to L 0. Then we describe a machine M that TxtEx -identi�es L . M , upon being fed
a text T for somelanguageL 2 L , uses� to construct a text T 0 for a languagein L 0. It
then simulates machine M 0 on text T0 and feedsconjecturesof M 0 to the operator 	 to
produceits conjectures.It is easyto verify that the propertiesof � ; 	, and M 0 guarantee
the successof M on each text for each languagein L .

We show that under the above reduction, SINGLE is reducible to COINIT but
COINIT is not reducible to SINGLE. We also show that COINIT is reducible to FIN
while FIN is not reducibleto COINIT , thereby justifying our intuition about the intrin-
sic complexity of theseclasses.We also show that FIN is in fact completewith respect
to the above reduction. Additionally , we study the status of numerouslanguageclasses
with respect to this reduction and show several of them to be complete.

We also considera stronger notion of reduction than the one discussedabove. The
readershouldnote that in the above reduction, di�eren t texts for the samelanguagemay
be transformed into texts for di�eren t languagesby �. If we further require that � is
such that it transforms every text for a languageinto texts for someunique language
then we have a stronger notion of reduction. In the context of function learning [10],
these two notions of reduction are the same. However, surprisingly, in the context of
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languageidenti�cation this stronger notion of reduction turns out to be di�eren t from
its weaker counterpart as we are able to show that FIN is not completewith respect to
the stronger reduction. We give an exampleof completeclasswith respect to the strong
reduction.

We now discusstwo interesting collections of languagesthat are shown not to be
completewith respect to either reduction.

The �rst one is a classof languagesintroducedby Wiehagen[19] which contains all
those languagesL such that the minimum element in L is a grammar for L; we refer
to this collection of languagesas WIEHA GEN. This self-referential class, which can
be TxtEx -identi�ed, is a very interesting classas it contains a �nite variant of every
recursively enumerablelanguage.We show that this classis not completeand is in fact
equivalent to COINIT under the strong reduction.

The secondclass is the collection of pattern languagesintroduced by Angluin [1].
Pattern languageshave been studied extensively in the computational learning theory
literature sincetheir introduction asa nontrivial classof languagesthat could be learned
in the limit from only positive data. We show that pattern languagesare alsoequivalent
to COINIT in the strong sense,thereby implying that they posea learning problem of
similar di�cult y to that of Wiehagen'sclass.

Finally, we also study intrinsic complexity of identi�cation from both positive and
negative data. As in the caseof functions, the weak and strong reductions result in the
samenotion. We show that FIN is complete for identi�cation from both positive and
negative data, too.

We now proceedformally. In Section2, we present notation and preliminaries from
languagelearning theory. In Section 3, we introduce our reducibilities. Results are
presented in Section4.

2 Notation and Preliminaries

Any unexplained recursion theoretic notation is from [18]. The symbol N de-
notes the set of natural numbers, f 0; 1; 2; 3; : : :g. Unless otherwise speci�ed,
e; g; i; j; k; l ; m; n; q; r; s; t; w; x; y, with or without decorations1, rangeover N . Sym-
bols ; , � , � , � , and � denote empty set, subset,proper subset,superset, and proper
superset, respectively. Symbols A and S, with or without decorations,rangeover setsof
numbers. S, with or without decorations,rangesover �nite setsof numbers. D 0; D1; : : : ;
denotesa canonicalrecursive indexing of all the �nite sets[18, Page70]. We assumethat
if D i � D j then i � j (the canonicalindexing de�ned in [18] satis�es this property).

Cardinality of a set S is denotedby card(S). The maximum and minimum of a set
are denotedby max(�); min(�), respectively, wheremax(; ) = 0 and min(; ) = 1 .

Unlessotherwisespeci�ed, letters f ; F and h, with or without decorations,rangeover
total functions with arguments and valuesfrom N . Symbol R denotesthe set of all total
computablefunctions. We let h�; �i stand for an arbitrary, computable,bijective mapping
from N � N onto N [18]. We de�ne � 1(hx; yi ) = x and � 2(hx; yi ) = y. h�; �i can be

1Decorations are subscripts, superscripts and the like.
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extendedto n-tuples in a natural way.
By ' we denote a �xed acceptableprogramming systemfor the partial computable

functions: N ! N [18, 15]. By ' i we denotethe partial computable function computed
by the program with number i in the ' -system. The letter, p, in somecontexts, with or
without decorations,rangesover programs;in other contexts p rangesover total functions
with its range being construedas programs. By � we denote an arbitrary �xed Blum
complexity measure[3, 12] for the ' -system. By Wi we denotedomain(' i ). Wi is, then,
the r.e. set/language(� N ) accepted(or equivalently, generated)by the ' -programi . We
also say that i is a grammar for Wi . Symbol E will denote the set of all r.e. languages.
Symbol L, with or without decorations, ranges over E. Symbol L , with or without
decorations,rangesover subsetsof E. We denoteby Wi;s the set f x � s j � i (x) < sg.

We now present conceptsfrom languagelearning theory. The de�nition below intro-
ducesthe conceptof a sequence of data.

De�nition 1

(a) A sequence � is a mapping from an initial segment of N into (N [ f # g). The empty
sequenceis denotedby �.

(b) The content of a sequence� , denotedcontent(� ), is the set of natural numbers in
the rangeof � .

(c) The length of � , denotedby j� j, is the number of elements in � . So, j� j = 0.

(d) For n � j� j, the initial sequenceof � of length n is denotedby � [n]. So, � [0] is �.

(e) The last element of a nonempty sequence� is denotedlast(� ); the last element of
� is de�ned to be 0. Formally, last(� ) = � (j� j � 1) if � 6= �, otherwiselast(� ) is
de�ned to be 0.

(f ) The result of stripping the last element from the sequence� is denoted prev(� ).
Formally, if � 6= �, then prev(� ) = � [j� j � 1], elseprev(� ) = �.

Intuitiv ely, #'s represent pausesin the presentation of data. We let � , � , and 
 , with
or without decorations,rangeover �nite sequences.We denote the sequenceformed by
the concatenationof � at the end of � by � � � . Sometimeswe abusethe notation and
use� � x to denotethe concatenationof sequence� and the sequenceof length 1 which
contains the element x. SEQ denotesthe set of all �nite sequences.

De�nition 2 A languagelearning machine is an algorithmic devicewhich computesa
mapping from SEQ into N .

We let M , with or without decorations,rangeover learning machines.

De�nition 3

(a) A text T for a languageL is a mapping from N into (N [ f # g) such that L is the
set of natural numbers in the rangeof T.
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(b) The content of a text T, denotedcontent(T), is the set of natural numbers in the
rangeof T.

(c) T[n] denotesthe �nite initial sequenceof T with length n.

Thus, M (T[n]) is interpreted as the grammar (index for an acceptingprogram) conjec-
tured by learning machine M on initial sequenceT[n]. We say that M convergeson T

to i , (written M (T)# = i ) if (
1
8 n)[M (T[n]) = i ].

There areseveral criteria for a learningmachine to besuccessfulon a language.Below
we de�ne identi�cation in the limit introducedby Gold [11].

De�nition 4 [11]

(a) M TxtEx -identi�es a text T just in case(9i j Wi = content(T)) (
1
8 n)[M (T[n]) =

i ].

(b) M TxtEx -identi�es an r.e. languageL (written: L 2 TxtEx (M )) just in caseM
TxtEx -identi�es each text for L.

(c) TxtEx = fL � E j (9M )[L � TxtEx (M )]g.

Other criteria of successare�nite identi�cation [11], behaviorally correct identi�cation
[8, 17, 7], and vacillatory identi�cation [17, 5]. In the present paper, we only discuss
results about TxtEx -identi�cation.

3 Weak and Strong Reductions

We �rst present sometechnical machinery.
We write \ � � � " if � is an initial segment of � , and \ � � � " if � is a proper initial

segment of � . Likewise,wewrite � � T if � is an initial �nite sequenceof text T. Let �nite
sequences� 0; � 1; � 2; : : : be given such that � 0 � � 1 � � 2 � � � � and lim i !1 j� i j = 1 .
Then there is a unique text T such that for all n 2 N , � n = T[j� n j]. This text is denoted
S

n � n . Let T denote the set of all texts, that is, the set of all in�nite sequencesover
N [ f # g.

We de�ne an enumeration operator , �, to be an algorithmic mapping from SEQ into
SEQ such that for all � ; � 2 SEQ, if � � � , then �( � ) � �( � ). We further assumethat
for all texts T, limn!1 j�( T[n])j = 1 . By extension,we think of � as also de�ning a
mapping from T into T such that �( T) =

S
n �( T[n]).

A �nal notation about the operator �. If for a languageL, there exists an L 0 such
that for each text T for L, �( T) is a text for L 0, then we write �( L) = L 0, elsewe say
that �( L) is unde�ned. The readershould note the overloadingof this notation because
the type of the argument to � could be a sequence,a text, or a language;it will be clear
from the context which usageis intended.

We also need the notion of an in�nite sequenceof grammars. We let G, with or
without decorations, range over in�nite sequencesof grammars. From the discussion
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in the previous section it is clear that in�nite sequencesof grammars are essentially
in�nite sequencesover N . Hence, we adopt the machinery de�ned for sequencesand
texts over to �nite sequencesof grammars and in�nite sequencesof grammars. So, if
G = g0; g1; g2; g3; : : :, then G[3] denotesthe sequenceg0; g1; g2, G(3) is g3, last(G[3]) is g2,
and prev(G[3]) is the sequenceg0; g1.

We now formally introduceour reductions. Although we develop the theory of these
reductions for only TxtEx -identi�cation, we present the generalcaseof the de�nition.

Let I be an identi�cation criterion. We say that an in�nite sequenceof grammarsG
is I -admissiblefor text T just in caseG is an in�nite sequenceof grammarswitnessing
I -identi�cation of text T. So, if G = g0; g1; g2; : : : is a TxtEx -admissiblesequencefor
T, then there exists n such that for all n0 � n, gn0 = gn and Wgn = content(T).

We now introduceour �rst reduction.

De�nition 5 Let L 1 � E and L 2 � E be given. Let identi�cation criteria I 1 and I 2 be
given. Let T1 = f T j T is a text for L 2 L 1g. Let T2 = f T j T is a text for L 2 L 2g. We
say that L 1 � I 1 ;I 2

weak L 2 just in casethere exist operators � and 	 such that for all T 2 T1

and for all in�nite sequencesof grammarsG = g0; g1; : : : the following hold:

(a) �( T) 2 T2 and

(b) if G is an I 2-admissiblesequencefor �( T), then 	( G) is an I 1-admissiblesequence
for T.

We say that L 1 � I
weak L 2 i� L 1 � I ;I

weak L 2. We say that L 1 � I
weak L 2 i� L 1 � I

weak L 2 and
L 2 � I

weak L 1.

As noted before, we have deliberately made the above de�nition general. In this
paper, most of our resultsare about � TxtEx

weak reduction. We now de�ne the corresponding
notions of hardnessand completenessfor the above reduction.

De�nition 6 Let I be an identi�cation criterion. Let L � E be given.

(a) If for all L 0 2 I , L 0 � I
weak L , then L is � I

weak-hard.

(b) If L is � I
weak-hard and L 2 I , then L is � I

weak-complete.

Intuitiv ely, L 1 � I
weak L 2 just in casethere existsan operator � that transforms texts

for languagesin L 1 into texts for languagesin L 2 and there exists another operator 	
that behavesasfollows: if � transform text T to text T 0, then 	 transformsI -admissible
sequencesfor T0 into I -admissiblesequencesfor T. It should be noted that there is no
requirement that � map every text for a languagein L 1 into texts for a unique language
in L 2. If we further placesuch a constraint on �, we get the following stronger notion.

De�nition 7 Let L 1 � E and L 2 � E be given. We say that L 1 � I 1 ;I 2
strong L 2 just in case

there exist operators � ; 	 witnessingthat L 1 � I 1 ;I 2
weak L 2, and for all L 1 2 L 1, there exists

an L 2 2 L 2, such that (8 texts T for L 1)[�( T) is a text for L 2].
We say that L 1 � I

strong L 2 i� L 1 � I ;I
strong L 2. We say that L 1 � I

strong L 2 i� L 1 � I
strong L 2

and L 2 � I
strong L 1.
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We can similarly de�ne � I
strong -hardnessand � I

strong -completeness.
It is easyto seethe following.

Prop osition 1 � TxtEx
weak , � TxtEx

strong are re
exive and transitive.

The above proposition holds for most natural learning criteria. It is also easyto verify
the next proposition stating that strong reducibility implies weak reducibility.

Prop osition 2 Let L � E and L 0 � E be given. Let I be an identi�c ation criterion.
Then L � I

strong L 0 ) L � I
weak L 0.

4 Results

In Section4.1, we present results about reductions betweenthe classesdiscussedin the
introduction. Section4.2 contains results about the status of two interesting collections
of languageswith respect to thesereductions. Sections4.3 and 4.4 contain results about
complete classeswith respect to weak and strong reductions, respectively. Finally, in
Section4.5, we consideridenti�cation from both positive and negative data.

4.1 Examples of Reductions

Recall the three languageclasses,SINGLE, COINIT , and FIN , discussedin the intro-
duction. Our �rst result usesthe notion of reducibility to show that in the context of
TxtEx -identi�cation SINGLE presents a strictly weaker learningproblemthan COINIT ,
as SINGLE is strong-reducibleto COINIT whereasCOINIT is not even weak-reducible
to SINGLE. This is in keepingwith our earlier intuitiv e discussionof theseclasses.

Theorem 1 SINGLE � TxtEx
strong COINIT ^ COINIT 6�TxtEx

weak SINGLE.

Pr oof. We �rst construct a � such that �( f ng) = f x j x � ng. Let � m;n be the
lexicographically least sequencesuch that content(� m;n ) = f x j m � x � ng. Note that
content(� n+1 ;n ) = ; . Consideroperator � such that if content(� ) = ; , then �( � ) = � ,
else �( � ) = �(prev( � )) � � min (content( � )) ;j� j . For i 2 N , let f (i ) denote the index of a
grammar (derived e�ectiv ely from i) for the singleton languagef ig. Let 	 be de�ned
as follows. SupposeG is a sequenceof grammars, g0; g1; : : :. Then 	( G) denotesthe
sequenceof grammarsg0

0; g0
1; : : :, where,for n 2 N , g0

n = f (min( f ng [ Wgn ;n )).
We now show that � and 	 witnessSINGLE � TxtEx

strong COINIT .
Let L 2 SINGLE. We �rst show that � maps each text for L into texts for some

unique languagein COINIT . Let L = f eg. Let T be any text for L. It is easy to
verify that �( T) = [ n2 N �( T[n]) is a text for the languagef x j x � eg 2 COINIT .
Moreover, if T0 is another text for L, distinct from T, then it is also easyto verify that
content(�( T)) = content(�( T0)) = f x j x � eg.

We next show that 	 works. SupposeT is a text for f eg 2 SINGLE. Let T 0 = �( T).
Clearly, content(T0) = f x j x � eg. SupposeG = g0; g1; g2; : : : is a TxtEx -admissible
sequencefor T0. We claim that 	( G) is a TxtEx -admissiblesequencefor T. To seethe
claim, let n0 be so large that
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(a) (8n > n0)[gn = gn0 ];

(b) n0 > min(Wgn 0
); and

(c) min(Wgn 0
) 2 Wgn 0 ;n0 .

There exists such an n0, sinceG is a TxtEx -admissiblesequencefor T 0. Let 	( G) =
g0

0; g0
1; g0

2; : : :. It is easyto verify from the de�nition of 	 that, for all n > n0, g0
n = g0

n0
and

g0
n0

is a grammar for the languagef min(Wgn 0
)g = min(content(T0)) = f eg = content(T).

Thus � and 	 witnessthat SINGLE � TxtEx
strong COINIT .

Now supposeby way of contradiction that COINIT � TxtEx
weak SINGLE as witnessed

by � and 	. Consider languagesL 0 and L 1, where L 0 = f 0; 1; 2; 3; : : :g and L 1 =
f 1; 2; 3; : : :g. Clearly, both L 0; L 1 2 COINIT . Let � be such that content(� ) � L 1

and content(�( � )) 6= ; (if no such � exists then clearly � does not map any text for
L 1 to a text for a languagein SINGLE). Let T0 be a text for L 0 and T1 be a text
for L 1 such that � � T0 and � � T1. Now either content(�( T0)) = content(�( T1)) or
content(�( T0)) 62SINGLE or content(�( T1)) 62SINGLE. It immediately follows that �
and 	 do not witnessCOINIT � TxtEx

weak SINGLE.

Our next result justi�es the earlier discussionthat COINIT is a strictly weaker learn-
ing problem than FIN .

Theorem 2 COINIT � TxtEx
weak FIN ^ FIN 6�TxtEx

weak COINIT .

Pr oof. COINIT � TxtEx
weak FIN follows from Corollary 3 presented later. FIN 6�TxtEx

weak

COINIT follows from Theorem3 presented next. (The readershouldcontrast this result
with theorem11 later which implies that COINIT 6�TxtEx

strong FIN .)

We now present a theorem that turns out to be very useful in showing that certain
classesare not completewith respect to � TxtEx

weak reduction. The theorem states that if
a collection of languagesL is such that each natural number x appears in only �nitely
many languagesin L , then FIN is not � TxtEx

weak reducible to L . SinceFIN 2 TxtEx , this
theorem immediately implies that COINIT is not � TxtEx

weak -complete.

Theorem 3 SupposeL is suchthat (8x)[card(f L 2 L j x 2 Lg) < 1 ]. Then FIN 6�TxtEx
weak

L .

Pr oof. Supposeby way of contradiction that � and 	 witnessthat FIN � TxtEx
weak L . Let

� be such that content(�( � )) 6= ; (there exists such a � , sinceotherwiseclearly, � and
	 do not witnessthe reduction from FIN to L ). Let w = min(content(�( � ))). Let Ti be
a text for content(� ) [ f ig such that � � Ti . Thus for all i , we have w 2 content(�( Ti )).
But since f content(Ti ) j i 2 N g contains in�nitely many languagesand f L 2 L j w 2
Lg is �nite, there exist i; j such that content(Ti ) 6= content(Tj ) but content(�( Ti )) =
content(�( Tj )). But then � and 	 do not witnessthat FIN � TxtEx

weak L .
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4.2 WIEHA GEN and Pattern Languages

Earlier results about identi�cation in the limit from positive data turned out to be pes-
simistic becauseGold [11] establishedthat any collection of languagesthat contains an
in�nite languageand all its �nite subsetscannot be TxtEx -identi�ed. As a consequence
of this result no classin the Chomskyhierarchy can be identi�ed in the limit from texts.
However, later, two interesting classeswereproposedthat could be identi�ed in the limit
from texts. In this section,we describe theseclassesand locate their status with respect
to the reductions introducedin this paper.

The �rst of theseclasseswasintroducedby Wiehagen[19]. Wede�ne, WIEHA GEN =
f L j L 2 E ^ L = Wmin (L )g.

WIEHA GEN is an interesting class becauseit can be shown that it contains a
�nite variant of every recursively enumerable language. It is easy to verify that
WIEHA GEN 2 TxtEx . It is alsoeasyto seethat there existsa machine which TxtEx -
identi�es WIEHA GEN and that this machine, while processinga text for any language
in WIEHA GEN, can provide an upper bound on the number of additional mind changes
required before convergence. In this connection this classappears to posea learning
problem similar in nature to COINIT above. This intuition is indeed justi�ed by the
following two theoremsasthesetwo classesturn out to be equivalent in the strong sense.

Theorem 4 WIEHA GEN � TxtEx
strong COINIT .

Pr oof. Suppose� is such that �( L) = f x j (9y)[y 2 L ^ x � y]g. Note that such
a � can be easily constructed. Let 	 be de�ned as follows. SupposeG is a sequence
of grammars,g0; g1; : : :. Then 	( G) denotesthe sequenceof grammarsg0

0; g0
1; : : :, where,

for n 2 N , g0
n = min(f ng [ Wgn ;n ). It is easyto seethat � and 	 witnessWIEHA GEN

� TxtEx
strong COINIT ; we omit the details.

Theorem 5 COINIT � TxtEx
strong WIEHA GEN.

Pr oof. By operator recursiontheorem[4] thereexistsa recursive1{1 increasingfunction
p such that for all i , Wp(i ) = f x j x � p(i )g. Let � be such that �( L) = f x j (9i )[i 2
L ^ x � p(i )]g. Note that such a � can be easily constructed. Let 	 be de�ned as
follows. Let f (i ) denotea grammar (e�ectiv ely obtained from i) such that

Wf ( i ) =
�

; if i 62range(p);
f x j x � p� 1(i )g otherwise.

SupposeG is a sequenceof grammars, g0; g1; : : :. Then 	( G) denotesthe sequenceof
grammarsg0

0; g0
1; : : :, where, for n 2 N , g0

n = f (min( f ng [ Wgn ;n )). It is easyto seethat
� and 	 witnessCOINIT � TxtEx

strong WIEHA GEN; we omit the details.

Corollary 1 COINIT � TxtEx
strong WIEHA GEN.
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We next considerthe class,PATTERN , of pattern languagesintroducedby Angluin
[1].

SupposeV is a countably in�nite set of variablesand C is a nonempty �nite set of
constants, such that V \ C = ; . Notation: For a set X over variablesand constants, X �

denotesthe set of strings over X , and X + denotesthe set of non-empty strings over X .
Any w 2 (V [ C)+ is calleda pattern. Supposef is a mapping from (V [ C)+ to C+ , such
that, for all a 2 C, f (a) = a and, for each w1; w2 2 (V [ C)+ , f (w1 � w2) = f (w1) � f (w2),
where � denotesconcatenationof strings. Let PatMap denote the collection of all such
mappingsf .

Let code denotea 1-1 onto mapping from strings in C � to N .
The languageassociated with the pattern w is de�ned as L(w) = f code(f (w)) j f 2

PatMapg. Then, PATTERN = f L(w) j w is a patterng.
Angluin [2] showed that PATTERN 2 TxtEx . Our �rst result about PATTERN is

that it is not � TxtEx
weak -complete.

Corollary 2 FIN 6�TxtEx
weak PATTERN .

The above Corollary follows directly from Theorem 3, since for any string x, there
are only �nitely many patterns w such that x 2 L(w).

Actually, we are alsoable to establishthe following result.

Theorem 6 COINIT � TxtEx
strong PATTERN .

Pr oof. We �rst show that COINIT � TxtEx
strong PATTERN . Let L i = L(ai x), wherea 2 C

and x 2 V. Let � be such that �( L) = f code(alw) j w 2 C+ ^ l 2 Lg. Note that such
a � can be easily constructed. Note that code(al+1 ) 2 content(�( L)) , l � min(L).

Let f (i ) denotean index of a grammar (obtained e�ectiv ely from i) for f x j x � ig.
Let 	 be de�ned as follows. SupposeG = g0; g1; : : :. Then 	( G) = g0

0; g0
1; : : :, such that,

for n 2 N , g0
n = f (min(f l j code(al+1 ) 2 Wgn ;ng)). It is easyto seethat � and 	 witness

that COINIT � TxtEx
strong PATTERN .

We now show that PATTERN � TxtEx
strong COINIT . Note that there exists a recursive

indexing L 0; L 1; : : : of pattern languagessuch that
(1) L i = L j , i = j .
(2) L i � L j ) i > j .
(One such indexing can be obtained as follows. First note that for patterns w1 and

w2, if L(w1) � L(w2) then length of w1 is at leastaslargeasthat of w2. Also for patterns
of the samelength � relation is decidable[1]. Thus we can form the indexing asrequired
using the following method. We consideronly canonicalpatterns [1]. We placew1 before
w2 if (a) length of w1 is smaller than that of w2 or (b) length of w1 and w2 are same,
but L(w1) � L(w2) or (c) length of w1 and w2 are same, L(w1) 6� L(w2) and w1 is
lexicographicallysmaller than w2.)

Moreover, there exists a machine, M , such that
(a) For all � � � , such that content(� ) 6= ; , M (� ) � M (� ).
(b) For all texts T for pattern languages,M (T)# = i , such that L i = content(T).
(Angluin's method of identi�cation of pattern languagesessentially achievesthis prop-

erty).
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Let � m;n be the lexicographicallyleastsequenceof length n, such that content(� m;n ) =
f x j m � x � ng. If content(� ) = ; , then �( � ) = � , else�( � ) = �(prev( � )) � � M (� );j� j .

Let f (i ) denote a grammar e�ectiv ely obtained from i for L i . Let 	 be de�ned
as follows. Suppose G = g0; g1; : : :. Then 	( G) = g0

0; g0
1; : : :, such that, for n 2 N ,

g0
n = f (min( f ng[ Wgn ;n )). It is easyto seethat � and 	 witnessthat PATTERN � TxtEx

strong
COINIT .

4.3 Complete Classes for Weak Reduction

Considerthe following collectionsof languages.
INIT = f L j (9n)[L = f x j x < ng]g.
COSINGLE = f L j card(N � L) = 1g.
COFIN = f L j L is co�nite g.
For n 2 N , CONTON n = f L j card(N � L) = ng.
We �rst show that INIT and FIN are equivalent in the strong sense.

Theorem 7 INIT � TxtEx
strong FIN .

Pr oof. Since INIT � FIN , we trivially have INIT � TxtEx
strong FIN . We show that

FIN � TxtEx
strong INIT .

Note that our indexing D0; D1; : : : of �nite setssatis�es the property that if D i � D j ,
then i � j . Let � be such that, �( D i ) = f x j x � ig. Note that it is easyto construct
such a � (since D i � D j ) i < j ). Let f be a function such that Wf ( i ) = D i . Let 	
be de�ned as follows. SupposeG is the sequenceg0; g1; : : : ;. Then 	( G) is the sequence
g0

0; g0
1; : : : ; where,for n 2 N , g0

n = f (max(Wgn ;n )). It is easyto seethat � and 	 witness
that FIN � TxtEx

strong INIT .

We next show that for each n, CONTON n is equivalent to COSINGLE in the strong
sense.

Theorem 8 For all n 2 N + , COSINGLE � TxtEx
strong CONTON n .

Pr oof. Fix n 2 N + . First we show that COSINGLE � TxtEx
strong CONTON n . For L 2

COSINGLE let L 0 = f y j by
n c 2 Lg. Let f be such that, for all i , Wf ( i ) = f x j

(9y 2 Wi )[b
y
n c = x]g. Now consider� such that �( L) = L 0. Note that such a � can

easily be constructed. 	 is de�ned as follows. Suppose G is the sequenceg0; g1; : : :.
Then 	( G) is the sequencef (g0); f (g1); : : :. It is easyto seethat � and 	 witnessthat
COSINGLE � TxtEx

strong CONTON n .
Now we show that CONTON n � TxtEx

strong COSINGLE. For L 2 CONTON n , let L 0 =
fhx1; x2; x3; : : : ; xn i j (9j j 1 � j � n)[x j 2 L] _ (9i; j j 1 � i < j � n)[x i = x j ]g. Let f
be such that, for all hx1; x2; : : : ; xn i , Wf (hx1 ;x2 ;:::;xn i ) = f x j (8j j 1 � j � n)[x 6= x j ]g. Let
� be such that �( L) = L 0. Note that such a � can easily be constructed. 	 is de�ned
as follows. SupposeG is the sequenceg0; g1; : : :. Then 	( G) is the sequenceg0

0; g0
1; : : :,

where, for i 2 N , g0
i = f (min(N � Wgi ;i )). It is easyto seethat � and 	 witness that

CONTON n � TxtEx
strong COSINGLE.

12



Since CONTON n � COFIN , we trivially have CONTON n � TxtEx
strong COFIN (note

however that COFIN 62TxtEx [11]).
The next theorem shows that COSINGLE and CONTON n , for each n 2 N , are

completewith respect to weak reduction.

Theorem 9

(a) COSINGLE is � TxtEx
weak -complete.

(b) COFIN is � TxtEx
weak -hard.

(c) For all n 2 N + , CONTON n is � TxtEx
weak -complete.

Pr oof. We prove part (a). Other parts follow ascorollaries. SupposeL � TxtEx (M ).
We construct � and 	 which witness that L � TxtEx

weak COSINGLE. We de�ne � in-
ductively. It is helpful to simultaneously de�ne a function F . F (T[0]) = hM (T[0]); 0i .
�( T[0]) = �. De�ne F (T[n + 1]) and �( T[n + 1]) as follows.

F (T[n + 1]) =

8
><

>:

F (T[n]); if M (T[n + 1]) = M (T[n]);
hM (T[n]); j i ; otherwise;wherej is such that

hM (T[n]); j i > max(content(�( T[n]))).

�( T[n + 1]) is a proper extensionof �( T[n]) such that content(�( T[n + 1])) = f x j x �
n ^ x 6= F (T[n + 1])g.

We now de�ne 	. Intuitiv ely, 	 is such that if G convergesto a �nal grammar for a
languagein COSINGLE, then 	( G) convergesto the �rst component of the only element
not in the languageenumeratedby the grammar to which G converges.We now formally
de�ne 	. SupposeG is a sequenceof grammar g0; g1; : : :. Then 	( G) is the sequenceof
grammarsg0

0; g0
1; : : : ; where,for i 2 N , g0

i = � 1(min(N � Wgi ;i )).
It is easyto verify that, for content(T) 2 TxtEx (M ), if G is a TxtEx -admissible

sequencefor �( T), then 	( G) is a TxtEx -admissiblesequencefor T.
Thus � and 	 witnessthat L � TxtEx

weak COSINGLE.

Our next result establishesthat COSINGLE is reducibleto INIT in the strong sense.
This result, together with Theorem 7, yields Corollary 3 which says that both INIT
and FIN are completewith respect to weak reduction. It should be noted that each of
these complete classeshas the property that no learning machine that identi�es these
classescan provide an upper bound on the number of mind changesbeforethe onsetof
convergence.

Theorem 10 COSINGLE � TxtEx
strong INIT .

Pr oof. For L, let L 0 = f x j (8y � x)[y 2 L]g. Let � be such that �( L) = L 0. Note
that such a � can be easilyconstructed. Let f (i ) denotea grammar e�ectiv ely obtained
from i , for f x j x 6= ig. SupposeG is the sequenceg0; g1; : : :. Then 	( G) is the sequence
g0

0; g0
1; : : :, where for n 2 N , g0

n = f (min(N � Wgn ;n )). It is easyto verify that � and 	
witnessthat COSINGLE � TxtEx

strong INIT .

Corollary 3 INIT and FIN are � TxtEx
weak -complete.

13



4.4 A Complete Class for Strong Reduction

In this sectionwe present a collection of languagesthat is completewith respect strong
reduction. But �rst we show that the classesshown to be completewith respect to weak
reduction in the previous section are not complete with respect to strong reduction.
Proposition 3 and Lemma 1 are useful in proving that someclassesare not strongly
reducible to other class.

Prop osition 3 If �( L) is de�ned then, for all � , such that content(� ) � L ,
content(�( � )) � �( L).

Pr oof. Follows from the de�nition of �( L).

Lemma 1 SupposeL � L 0. Then if both �( L) and �( L 0) are de�ned then �( L) � �( L 0).

Pr oof. Follows from Proposition 3.

Theorem 11 COINIT 6�TxtEx
strong FIN .

Pr oof. Supposeby way of contradiction that COINIT � TxtEx
strong FIN , aswitnessedby �

and 	. Then by Lemma1 it follows that (8L 2 COINIT )[�( L) � �( N )]. SinceCOINIT
is an in�nite collection of languages,it follows that either �( N ) is in�nite or there exist
distinct L 1 and L 2 in COINIT such that �( L 1) = �( L 2). It follows that COINIT 6�TxtEx

strong

FIN .

Corollary 4 FIN is not � TxtEx
strong -complete.

Theorem 12 SupposeL 1 � L 2, then f L 1; L 2g 6�TxtEx
strong COSINGLE.

Pr oof. Suppose by way of contradiction that L 1 � L 2 and � and 	 witness that
f L 1; L 2g � TxtEx

strong COSINGLE. Then by Lemma1 we have that �( L 1) � �( L 2). Sincefor
all L 0

1; L 0
2 2 COSINGLE, L 0

1 � L 0
2 ) L 0

1 = L 0
2, it must be the casethat �( L 1) = �( L 2).

But then, � and 	 do not witnessthat f L 1; L 2g � TxtEx
strong COSINGLE.

As a immediate corollary we have

Corollary 5

(a) COINIT 6�TxtEx
strong COSINGLE.

(b) INIT 6�TxtEx
strong COSINGLE.

Theorem 13 SINGLE � TxtEx
strong COSINGLE.
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Pr oof. For n, let L n = f x j x 6= ng. Let � be such that �( f ng) = L n . It is easyto
construct such a �. Let f (n) denote a grammar e�ectiv ely obtained from n, for f ng.
Let 	 be de�ned as follows. If G is the sequenceg0; g1; : : :, then 	( G) is the sequence
g0

0; g0
1; : : :, where, for n 2 N , g0

n = f (min(N � Wgn ;n )). It is easyto verify that � and 	
witnessthat SINGLE � TxtEx

strong COSINGLE.

Clearly, COINIT � TxtEx
strong COFIN . However,

Theorem 14 INIT 6�TxtEx
strong COFIN .

Pr oof. Suppose by way of contradiction that � and 	 witness that INIT � TxtEx
strong

COFIN . Let L n = f x j x � ng. Now by Lemma 1, we have that for all n, �( L n) �
�( L n+1 ). Moreover since �( L n ) 6= �( L n+1 ) (otherwise � and 	 cannot witness that
INIT � TxtEx

strong COFIN ), we have that �( L n) � �( L n+1 ). But since�( L 0) 2 COFIN , this
is not possible(only �nitely many additions can be doneto �( L 0) beforeit becomesN ).
A contradiction.

We �nally present a collection of languagesthat is completewith respect to strong
reduction.

SupposeM 0; M 1; : : : is an enumeration of the learning machines such that, (8L 2
TxtEx )(9i )[L � TxtEx (M i )] (there exists such an enumeration, seefor example[16]).
For j 2 N and L 2 E, let Sj

L = fhx; j i j x 2 Lg. Then, let L TxtEx = f Sj
L j L 2 E ^ j 2

N ^ L 2 TxtEx (M j )g. It is easyto seethat L TxtEx 2 TxtEx .

Theorem 15 L TxtEx is � TxtEx
strong completefor TxtEx .

Pr oof. Let L j = f Sj
L j L 2 TxtEx (M j )g.

If L � TxtEx (M j ), then it is easyto seethat L � TxtEx
strong L j . Sincefor all j , L j �

L TxtEx , it follows that L TxtEx is � TxtEx
strong -completefor TxtEx .

4.5 Iden ti�cation from Informan ts

The conceptsof weakand strongreduction canbeadoptedto languageidenti�cation from
informants. Informally, informants, �rst introducedby Gold [11], are texts which contain
both positive and negative data. Thus if I L is an informant for L, then content(I L ) =
fhx; 0i j x 62Lg[ fhx; 1i j x 2 Lg.2 Identi�cation in the limit from informants is referred
to asInfEx -identi�cation (we refer the readerto [11] for details). The de�nition of weak
and strong reduction can be adopted to languageidenti�cation from informants in a
straightforward way by replacing texts by informants in De�nitions 5 and 7.

For any languageL, an informant of special interest is the canonicalinformant. I is
a canonical informant for L just in casefor n 2 N , I (n) = hn; xi , wherex = 1 if n 2 L
and x = 0 if n 62 L.

Sincea canonicalinformant canalways be producedfrom any informant, we have the
following:

2Alternativ ely, an informant for a languageL may be thought of as a \tagged" text for N such that
n appears in the text with tag 1 if n 2 L ; otherwise n appears in the text with tag 0.
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Prop osition 4 L 1 � InfEx
weak L 2 ( ) L 1 � InfEx

strong L 2.

Theorem 16 FIN is � InfEx
strong complete.

Pr oof. For a languageL, let I L be the canonical informant for L. Fix a machine M ,
Let SM

L = fhM (I L [n + 1]); ni j M (I L [n]) 6= M (I L [n + 1])g. Let � be such that for all
L , and informants I for L, �( I ) = I SM

L
. Note that such a � can easily be constructed.

SupposeF is such that, for a �nite setS, F (S) = min(f i j (9j )[hi; j i 2 S ^ j = max(f k j
(9x)[hx; ki 2 S]g)]g). Let 	 be de�ned as follows. SupposeG is a sequenceg0; g1; : : :.
Then 	( G) is the sequenceg0

0; g0
1; : : :, where for n 2 N , g0

n = F (Wgn ;n ). It is easy to
verify that � and 	 witnessthat InfEx (M ) � InfEx

strong FIN .

However,

Theorem 17 The classesSINGLE, INIT , COSINGLE, CONTON n , COINIT , WIEHA GEN,
and PATTERN are equivalent with respect to � InfEx

strong reduction.3

Pr oof. It is easy to see that SINGLE � InfEx
strong L , where L is one of COSINGLE,

CONTON n , COINIT , WIEHA GEN, PATTERN . We show that COSINGLE � InfEx
strong

SINGLE and that WIEHA GEN � InfEx
strong SINGLE. Other reduction can be done in a

similar manner.
We �rst show COSINGLE � InfEx

strong SINGLE. Consider� such that, for any I for L 2
COSINGLE, �( I ) = I 0, such that I 0 is an informant for f min(L)g. Note that such a �
canbeeasilyconstructed. Let 	, bede�ned asfollows. Let f (i ) bea grammar,e�ectiv ely
obtained from i , for f x j x 6= ig. For G = g0; g1; : : : ; 	( G) = g0

0; g0
1; g0

2; : : :, where g0
i =

f (min( f ng[ Wgi ;i )). It is easyto seethat �, 	 witnessthat COSINGLE � InfEx
strong SINGLE.

We now show WIEHA GEN � InfEx
strong SINGLE. Consider � such that, for any I for

L 2 WIEHA GEN, �( I ) = I 0, such that I 0 is an informant for f min(L)g. Note that
such a � can be easily constructed. Let 	, be de�ned as follows. For G = g0; g1; : : : ;
	( G) = g0

0; g0
1; g0

2; : : :, where g0
i = min(f ng [ Wgi ;i ). It is easyto seethat �, 	 witness

that WIEHA GEN � InfEx
strong SINGLE.

5 Conclusion

A novel approach to studying the intrinsic complexity of languageidenti�cation was
undertaken usingweakand strong reductionsbetweenclassesof languages.The intrinsic
complexity of several classeswasconsidered.It wasshown that the selfreferential classof
Wiehagen[19] in which the leastelement of every languageis a grammar for the language
and the classof pattern languagesintroducedby Angluin [1] are equivalent in the strong
sense.A number of completeclasseswerepresented for both the reductions. It wasalso
shown that the weak and strong reductionsare distinct for learning from text.

The results presented werefor the widely studied identi�cation in the limit criterion.
Thesetechniqueshave also been applied to other criteria of success.Additionally , the

3Actually , it canbeshown that any collection of languagesthat canbe�nitely identi�ed (i.e., identi�ed
with 0 mind changes)from informants is � InfEx

strong SINGLE .
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structure of thesereductionshasalsobeenstudied [14]. However, it is felt that for these
reductionsto have an impact on the study of feasibility issuesin languageidenti�cation,
their �delit y has to be improved.
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