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Abstract

A new investigation of the complexity of languageidenti cation is undertaken
using the notion of reduction from recursion theory and complexity theory. The
approad, referredto asthe intrinsic complexity of languageidenti cation, employs
notions of "weak' and “strong' reduction betweenlearnable classeof languages.The
intrinsic complexity of seweral classesis consideredand the results agreewith the
intuitiv e di cult y of learning these classes.Sewral complete classesare shown for
both the reductions and it is also establishedthat the weak and strong reductions
are distinct.

An interesting result is that the self referertial classof Wiehagenin which the
minimal elemen of every languageis a grammar for the languageand the classof
pattern languagesintroduced by Angluin are equivalert in the strong sense.

This study hasbeenin uenced by a similar treatment of function identi cation
by Freivalds, Kinber, and Smith.

1 Intro duction

The presen paper introducesa novel way to look at the di cult y of learning collectionsof
languagesrom positive data. Most studieson feasibility issuesin learning have concen-
trated on the complexity of the learning algorithm. The presen paper describesa model
which provides an insight into why certain classesare more easily learned than others.
Our model adopts a similar study in the cortext of learning functions by Freivalds [9],
and by Freivalds, Kinber, and Smith [1(. The main idea of the approad is to introduce



reductions between learnable classesof languages. If a collection of languages,L ;, can
be reducedto another collection of languages/l », then the learnability of L, is no more
dicult than that of L,. We illustrate this ideawith the help of simple examples.

Considerthe following collectionsof languagesover N, the set of natural numbers.

SINGLE = fL jL issingletong.

COINIT =fLj(9n)[L = fxjx ngo.

FIN = fL j cardinality of L is nite g@.

So, SINGLE is the collection of all singletonlanguages,COINIT is the collection of
languageghat cortain all natural numbersexcepta nite initial segmety and FIN is the
collection of all nite languages.Clearly, ead of thesethree classess identi able in the
limit from only positive data. For example,a machine M ; that upon encouriering the
rst data elemer, say n, keepson emitting a grammar for the singleton languagef ng
identies SINGLE. A madiine M , that, at any giventime, nds the minimum elemen
amongthe data seensofar, say n, and emits a grammar for the languagef x j X  ng can
easily be seento identify COINIT . Similarly, a madcine M 3 that cortinually outputs a
grammar for the nite setof data seensofar iderties FIN.

Now, although all three of theseclassesare iderti able, it can be arguedthat they
presen learning problems of varying di cult y. One way to look at the dicult y is to
ask the question,\At what stagein the processingof the data can a learning machine
conrm its success?"In the caseof SINGLE, the madhine can be con dent of success
as soon asit encourers the rst data elemen. In the caseof COINIT , the madine
cannot always be surethat it hasidenti ed the language.Howewer, at any stageatfter it
hasseenthe rst data elemen, the madine can provide an upper bound on the number
of mind changesthat the madine will make before converging to a correct grammar.
For example, if at some stage the minimum elemen seenis m, then M, will make
no more than m mind changesbecauseit changesits mind only if a smaller elemen
appears. In the caseof FIN, the learning maciine can neither be con dent about its
successior canit, at any stage,provide an upper bound on the number of further mind
changesthat it may have to undergobeforeit is rewarded with success.Clearly, these
three collectionsof languagegoselearning problemsof varying di cult y whereSINGLE
appearsto be the least dicult to learn and FIN is seento be the most dicult to
learn with COINIT appearingto be of intermediate di cult y. The model described in
the presern paper capturesthis gradation in di cult y of various identi able collections
of languages. Following Freivalds, Kinber, and Smith [10], we refer to sud a notion of
di cult y as\in trinsic complexity."

We next presen an informal description of the reductions that are certral to our
analysisof the intrinsic complexity of languagelearning. To facilitate our discussionwe
rst presert sometechnical notions about languagelearning.

Informally, atext for alanguagel isjust anin nite sequencef elemens, with possible
repetitions, of all and only the elemens of L. A text for L is thus an abstraction of the
presertation of positive data about L. A learning madine is essetially an algorithmic
device. Elemerns of a text are sequetially fed to a learning madine one elemen at
a time. The learning madine, asit receiweselemens of the text, outputs an in nite
sequenceof grammars. Se\eral criteria for the learning madine to be successfubbn a



text have beenproposed.In the presen paper we will concernourseheswith Gold's [11]
criterion of identi cation in the limit (referredto as TxtEx -iderti cation). A sequence
of grammars, G = Qo;0;;:::, IS said to convelgeto g just in case,for all but nitely
many n, g, = g. We sa that the sequenceof grammars,G = go; 0;;:::, corvergesjust
in casethere exists a g sud that G corvergesto g; if no sud g exists, then we say
that the sequences diverges. We say that M corvergeson T (to g), if the sequenceof
grammarsemitted by M on T corverges(to g). If the sequencef grammarsemitted by
the learning madine corvergesto a correct grammar for the languagewhosetext is fed
to the madine, then the madine is saidto TxtEx -identify the text. A madine is said
to TxtEx -identify alanguagejust in caseit TxtEx -iderti es ead text for the language.

It is also useful to call an innite sequenceof grammars, go; g1; G;:::, TXEX -
admissiblefor a text T just in casethe sequenceof grammars corvergesto a single
correct grammar for the languagewhosetext is T.

Our reductions are based on the idea that for a collection of languagesL to be
reducible to L% we should be able to transform texts T for languagesin L to texts
TO for languagesin L° and further transform TxtEx -admissible sequencegor T° into
TxtEx -admissiblesequencegor T. This is achieved with the help of two erumeration
operators. Informally, enumeration operators are algorithmic devicesthat map in nite
sequencesf objects (for example,texts and in nite sequencesf grammars)into in nite
sequence®f objects. The rst operator, , transforms texts for languagesin L into
texts for languagesin L° The secondoperator, , behasesasfollows: if transformsa
text T for somelanguagein L into text T (for somelanguagein L9, then transforms
TxtEx -admissiblesequencesor T%into TxtEx -admissiblesequencesor T.

To seethat the above satis es the intuitiv e notion of reduction considercollectionsL
and L°sudh that L is reducibleto L° We now arguethat if L°is iderti able then sois
L.

Let MOTxtEx -identify L° Let enrumerationoperators and witnessthe reduction
of L to L% Then we descrite a machine M that TxtEx -iderties L. M, upon being fed
atext T for somelanguagelL 2 L, uses to construct atext T°for a languagein L° It
then simulates machine M ° on text T° and feedsconjecturesof M °to the operator  to
produceits conjectures. It is easyto verify that the propertiesof ; , and M °guarartee
the succes®f M on ead text for eat languagein L.

We show that under the above reduction, SINGLE is reducible to COINIT but
COINIT is not reducibleto SINGLE. We alsoshow that COINIT is reducibleto FIN
while FIN is not reducibleto COINIT , thereby justifying our intuition about the intrin-
sic complexity of theseclasses.We also shawv that FIN is in fact completewith respect
to the above reduction. Additionally, we study the status of numerouslanguageclasses
with respect to this reduction and showv se\eral of them to be complete.

We also considera stronger notion of reduction than the one discussedabove. The
readershouldnote that in the above reduction, di erent texts for the samelanguagemay
be transformed into texts for di erent languagesby . If we further require that is
sudh that it transforms ewvery text for a languageinto texts for someunique language
then we have a stronger notion of reduction. In the cortext of function learning [10],
these two notions of reduction are the same. Howewer, surprisingly, in the context of



languageidenti cation this stronger notion of reduction turns out to be di erent from
its weaker courterpart aswe are able to show that FIN is not completewith respect to
the strongerreduction. We give an exampleof completeclasswith respect to the strong
reduction.

We now discusstwo interesting collections of languagesthat are showvn not to be
completewith respect to either reduction.

The rst oneis a classof languagesntroduced by Wiehagen[19] which cortains all
those languagesL sud that the minimum elemen in L is a grammar for L; we refer
to this collection of languagesas WIEHA GEN. This self-referetial class, which can
be TxtEx -identi ed, is a very interesting classasit cortains a nite variant of every
recursively enumerablelanguage. We shaw that this classis not completeand is in fact
equivalert to COINIT under the strong reduction.

The secondclassis the collection of pattern languagesintroduced by Angluin [1].
Pattern languageshave been studied extensiwely in the computational learning theory
literature sincetheir introduction asa nortrivial classof languageghat could be learned
in the limit from only positive data. We shaw that pattern languagesare alsoequivalent
to COINIT in the strong sensethereby implying that they posea learning problem of
similar di cult y to that of Wiehagen'sclass.

Finally, we also study intrinsic complexity of identi cation from both positive and
negative data. As in the caseof functions, the weak and strong reductionsresult in the
samenotion. We show that FIN is complete for identi cation from both positive and
negative data, too.

We now proceedformally. In Section2, we presert notation and preliminaries from
languagelearning theory. In Section 3, we introduce our reducibilities. Results are
preserted in Section4.

2 Notation and Preliminaries

Any unexplained recursion theoretic notation is from [18. The symbol N de-
notes the set of natural numbers, f0;1;2;3;:::0. Unless otherwise speci ed,
e; g i;j; k;l; m;n; g r;s; t; w; x; y, with or without decorations, rangeover N. Sym-
bols;, , , ,and denoteempty set, subset, proper subset, superset, and proper
superset, respectively. Synmbols A and S, with or without decorations,range over setsof

denotesa canonicalrecursiwe indexing of all the nite sets[18 Page70]. We assumethat
if D; Dj theni j (the canonicalindexing de ned in [18§] satis es this property).
Cardinality of a set S is denotedby card(S). The maximum and minimum of a set
are denotedby max( ); min( ), respectively, wheremax(;) = Oandmin(;) =1 .
Unlessotherwisespeci ed, letters f ; F and h, with or without decorations,rangeover
total functions with argumerts and valuesfrom N. Synmbol R denotesthe setof all total
computablefunctions. Welet h; i stand for an arbitrary, computable,bijective mapping
from N N onto N [18. Wedene i(lx;yi) = x and ,(hx;yi) = y. h; i canbe

1Decorations are subscripts, superscripts and the like.



extendedto n-tuplesin a natural way.

By ' we denotea xed aaceptableprogramming systemfor the partial computable
functions: N ! N [18 15. By ' ; we denotethe partial computable function computed
by the program with number i in the ' -system. The letter, p, in someconexts, with or
without decorations,rangesover programs;in other corntexts p rangesover total functions
with its range being construed as programs. By  we denote an arbitrary xed Blum
complexity measure[3, 12 for the ' -system. By W; we denotedomain(' j). W; is, then,
ther.e. set/language( N) acceptedor equivalertly, generated)oy the' -programi. We
alsosay that i is a grammar for W;. Symbol E will denotethe set of all r.e. languages.
Symbol L, with or without decorations, rangesover E. Symbol L, with or without
decorations,rangesover subsetsof E. We denoteby W;s the setfx sj {(x) < sg.

We now present conceptsfrom languagelearning theory. The de nition below intro-
ducesthe conceptof a sequene of data.

De nition 1

(@) A segquene isamappingfrom aninitial segmenof N into (N[ f# g). The empty
sequencas denotedby .

(b) The content of a sequence , denotedcortent( ), is the set of natural numbersin
the range of

(c) The lengthof , denotedby j j, is the number of elemerts in . So,j j= 0.
(d) Forn j j, the initial sequenceof of length n is denotedby [n]. So, [0]is .

(e) The last elemen of a nonempty sequence is denotedlast( ); the last elemen of
isdened to beO. Formally, last( )= (jj 1)if 6 , otherwiselast( ) is
de ned to be 0.

(f) The result of stripping the last element from the sequence is denoted prev( ).
Formally,if 6 , thenprev( )= [} j 1], elseprev( )= .

Intuitiv ely, #'s represem pausesn the presertation of data. Welet , ,and , with
or without decorations,rangeover nite sequencesWe denotethe sequencdormed by
the concatenationof at the endof by . Sometimeswe abusethe notation and
use X to denotethe concatenationof sequence and the sequencef length 1 which
contains the elemen x. SEQ denotesthe set of all nite sequences.

De nition 2 A languagelearning machine is an algorithmic devicewhich computesa
mapping from SEQinto N.

We let M, with or without decorations,range over learning madines.

De nition 3

(@) A text T for alanguagelL is a mappingfrom N into (N [ f#g) sud that L is the
set of natural numbersin the rangeof T.



(b) The content of a text T, denotedcortent(T), is the set of natural numbersin the
rangeof T.

(c) T[n] denotesthe nite initial sequenceof T with length n.

Thus, M (T[n]) is interpreted asthe grammar (index for an acceptingprogram) conjec-
tured by learning machine M on initial sequencerl [n]. We say that M corvergeson T

to i, (written M (T)#=1i) if (18 n)[M (T[n]) = i].
There are se\eral criteria for a learning macdine to be successfubn a language.Below
we de ne identi cation in the limit introducedby Gold [11].

De nition 4 [1]]

(@) M TxtEx -identies atext T just in case(9i j W; = content(T)) (18 nN[M (T[n]) =
i].

(b) M TxtEx -identies anr.e. languagelL (written: L 2 TxtEx (M)) just in caseM
TxtEx -identi es ead text for L.

(c) Txtex =fL Ej(OM)[L TxtEx (M)]g.

Other criteria of successre nite identi cation [11], behaviorally correctiderti cation
[8, 17, 7], and vacillatory identi cation [17, 5]. In the presen paper, we only discuss
results about TxtEx -iderti cation.

3 Weak and Strong Reductions

We rst presen sometechnical macdhinery.

We write \ " if is aninitial segmenof , and\ " if is a proper initial
segmenof . Likewisewewrite Tif isaninitial nite sequenceftext T. Let nite
sequences %; 1; 2;::: be given sud that © 1 2 and limjyy j 'j=1.

hen thereis auniquetext T sudthat foralln2 N, " = T[j "j]. This text is denoted
". Let T denotethe set of all texts, that is, the set of all in nite sequence®ver

n

N[ f#g.
We de ne an enumeation operator, , to be an algorithmic mapping from SEQ into
SEQ sud that forall ; 2 SEQ,if ,then () ( ). Wefurther assumethat

for all texts T, lim,;, j( T[n])j = 1 . By.extension,we think of asalsode ning a
mappingfrom T into T sudhthat ( T)= ", ( T[n]).

A nal notation about the operator . If for a languagel, there exists an L° suc
that for eadh text T for L, ( T) is a text for L% then we write ( L) = L% elsewe say
that ( L) isunde ned. The readershould note the overloading of this notation because
the type of the argumen to  could be a sequencea text, or a language;it will be clear
from the context which usageis intended.

We also need the notion of an in nite sequenceof grammars. We let G, with or
without decorations, range over in nite sequence®f grammars. From the discussion



in the previous section it is clear that in nite sequenceof grammars are essetially
in nite sequencesver N. Hence,we adopt the madhinery de ned for sequencesand
texts over to nite sequence®f grammarsand in nite sequence®f grammars. So, if
G = 0o; 01, %; O35 -+ ;, then G[3] denotesthe sequenceay; g1; &2, G(3) is gz, last(G[3]) is g,
and prev(G[3]) is the sequenceayo; 0.

We now formally introduce our reductions. Although we dewelop the theory of these
reductionsfor only TxtEx -identi cation, we presern the generalcaseof the de nition.

Let | be anidenti cation criterion. We say that an in nite sequenceof grammarsG
is I-admissiblefor text T just in caseG is an in nite sequenceof grammarswitnessing
|-iderti cation of text T. So,if G = go; 01; Op;::: is a TXtEx -admissiblesequencdor
T, then there existsn sud that for all n° n, gy = g, and Wy, = cortent(T).

We now introduceour rst reduction.

Denition 5 LetL; EandL, E begiven. Let identi cation criteria I, and |, be
given. Let T, = fTjTisatextforL 2 L,g. Let T,=fT T isatext forL 2 L,g. We
say that L, |12 L, just in casethere exist operators and such that forall T 2 T,

and for all in nite sequencesf grammarsG = go; gs;::: the following hold:
@ (T)2T,and

(b) if Gis anl,-admissiblesequencdor ( T), then ( G) is an | ;-admissiblesequence
for T.

Wesay that Ly g Loi L1 yeax L2. Wesaythat Ly leaLoi Ly lea L2 and
L2 \I/veak L.
As noted before, we have deliberately made the above de nition general. In this
paper, most of our resultsareabout X&X  reduction. We now de ne the correspnding
notions of hardnessand completenesdor the above reduction.

De nition 6 Let | be anidenti cation criterion. Let L  E be given.

(@ If forall L°21,L° | . L,thenLis |.,-hard.

wea wea

(b) If Lis | . -hardandL 21, thenL is !.,-complete

weak™ weak™

Intuitiv ely, L1 | eac L2 just in casethere existsan operator  that transforms texts
for languagesin L into texts for languagesin L, and there exists another operator
that behavesasfollows: if transformtext T to text T® then transformsI-admissible
sequencesor TCinto |-admissiblesequencesor T. It should be noted that there is no
requiremer that map ewery text for a languagein L, into texts for a unique language
in L,. If we further placesud a constrairt on , we get the following stronger notion.

Deniton 7 LetL; EandL, Ebegiven. Wesa that Ly 2, L, just in case
there exist operators ; witnessingthat L, X2 L,, andfor all L; 2 L, there exists
anlL, 2 Ly, sudhthat (8 texts T for Ly)[( T) is atext for L5].

Wesaythat L1 Lyong L2i L1 srong Lo- Wesaythat Ly Liong L2i L1 Liong L2

and L, Istrong L.



We cansimilarly de ne  {;,,,-hardnessand {,,,-completeness.
It is easyto seethe following.

Prop osition 1 JX5¢ , JG arere exive and transitive.

The above proposition holds for most natural learning criteria. It is also easyto verify
the next proposition stating that strong reducibility implies weak reducibility.

Prop osition 2 LetL E andL® E be given. Let | be an identi c ation criterion.
ThenL ! Lo L ! LC

strong weak

4 Results

In Section4.1, we presen results about reductions betweenthe classegliscussedn the
introduction. Section4.2 cortains results about the status of two interesting collections
of languageswith respect to thesereductions. Sections4.3 and 4.4 contain results about
complete classeswith respect to weak and strong reductions, respectively. Finally, in
Section4.5, we consideridenti cation from both positive and negative data.

4.1 Examples of Reductions

Recall the three languageclasses SINGLE, COINIT , and FIN, discussedn the intro-
duction. Our rst result usesthe notion of reducibility to shaov that in the context of
TxtEx -identi cation SINGLE preseits a strictly weaker learningproblemthan COINIT ,
as SINGLE is strong-reducibleto COINIT whereasCOINIT is not even weak-reducible
to SINGLE. This is in keepingwith our earlier intuitiv e discussionof theseclasses.
Theorem 1 SINGLE DX COINIT ~ COINIT 6% SINGLE.

strong weak

Pr oof. We rst constructa sud that ( fng) = fx | X ng. Let ., be the
lexicographically least sequencesud that cortent( m.n) = fxjm x ng. Note that
cortent( n+1:n) = ;. Consideroperator sud that if cortent( ) = ;,then ( )= ,
else () = (prev( ))  min(content( ); j- FOri 2 N, let f (i) denotethe index of a
grammar (derived e ectively from i) for the singleton languagefig. Let be de ned
as follows. SupposeG is a sequenceof grammars, go; ¢1;:::. Then ( G) denotesthe
sequencef grammarsgg; 0?;:::, where,for n 2 N, g2 = f (min(fng[ Wy, .n)).

We now shov that  and  witnessSINGLE i COINIT .

Let L 2 SINGLE. We rst shov that mapsead text for L into texts for some
unique languagein COINIT . Let L = feg. Let T be any text for L. It is easyto
verify that ( T) = [ n2an ( T[Nn]) is a text for the languagefx j x  eg 2 COINIT .
Moreover, if T?is another text for L, distinct from T, then it is also easyto verify that
cortent(( T)) = content(( T9Y) = fxjx eg.

We next show that ~ works. SupposeT is a text for feg 2 SINGLE. Let T°= ( T).
Clearly, cortent(T% = fx j x eg. SupposeG = o, 0h; O, : iS a TXtEx -admissible
sequencdor T% We claim that ( G) is a TxtEx -admissiblesequencdor T. To seethe
claim, let ng be solarge that



(@) (8n> no)lgn = Gnol;
(b) ng > min(Wg, ); and
(c) min(Wy, ) 2 Wy, :n,-

There exists sudh an ng, sinceG is a TxtEx -admissiblesequencéor T% Let ( G) =
09; 0% 03; 1 1. It is easyto verify from the de nition of that, for all n > no, g% = ¢, and
gﬂo is a grammar for the languagef min(Wg, )g = min(content(TY) = feg = content(T).
Thus and witnessthat SINGLE &5 COINIT .

Now supposeby way of cortradiction that COINIT ' XEX  SINGLE as witnessed
by and . ConsiderlanguagesL, and L, whereLo = f0;1;2;3;:::g and L, =
f1,2;3;:::9. Clearly, both Lo;L; 2 COINIT. Let be sud that content( ) L,
and content(( )) 6 ; (if nosudh existsthen clearly doesnot map any text for

L, to a text for a languagein SINGLE). Let To be a text for Lo and T, be a text

for L, sud that To and T,. Now either content( ( To)) = corntent(( Ty)) or
content( ( To)) 62SINGLE or content( ( T;)) 62SINGLE. It immediately follows that
and do not witnessCOINIT ~ XEX  SINGLE. [

Our next result justi es the earlier discussionthat COINIT is a strictly wealer learn-
ing problem than FIN .
Theorem 2 COINIT DIXEX FIN A FIN 6 /X5 COINIT .

weak weak

Proof. COINIT ™XEx FIN follows from Corollary 3 preserted later. FIN 6 IXEX

weak

COINIT follows from Theorem 3 preserned next. (The readershould cortrast this result
with theorem 11 later which implies that COINIT 6 2X&X FIN ) [

strong

We now presern a theoremthat turns out to be very usefulin shaving that certain
classesare not completewith respectto [XEX reduction. The theorem statesthat if
a collection of languagesL is sud that ead natural number x appearsin only nitely
many languagesn L, then FIN isnot @& reducibleto L. SinceFIN 2 TxtEX , this

weak

theoremimmediately implies that COINIT isnot [XEX -complete.

Theorem 3 Suppmsel is suchthat (8x)[card(fL 2 L jx 2 Lg) < 1 ]. ThenFIN 6 [XEX
L.

Pr oof. Supposeby way of cortradiction that and witnessthat FIN  [XEx | Let
be sud that content(( )) 6 ; (there existssuch a , sinceotherwiseclearly, and
do not witnessthe reduction from FIN to L). Let w = min(content(( ))). Let T; be

atext for content( )[ fig sud that Ti. Thusfor all i, we havew 2 cortent( ( T;)).

But sincefcontent(T;) j i 2 Ng cortains in nitely many languagesand fL 2 L jw 2

Lg is nite, there existi;] sud that cortent(T;) & cortent(T;) but cortent(( T;)) =

cortent(( T;)). But then and do not witnessthat FIN ~ JXEx L. |

weak



4.2 WIEHA GEN and Pattern Languages

Earlier results about identi cation in the limit from positive data turned out to be pes-
simistic becauseGold [11] establishedthat any collection of languagesthat cortains an
in nite languageand all its nite subsetscannotbe TxtEx -iderti ed. As aconsequence
of this result no classin the Chomsky hierarchy can be identi ed in the limit from texts.
Howe\er, later, two interesting classesvere proposedthat could be identi ed in the limit
from texts. In this section,we descrike theseclassesand locate their status with respect
to the reductionsintroducedin this paper.

The rst of theseclassesvasintroducedby Wiehagen[19]. Wede ne, WIEHA GEN =
fL j L2E ™ L= Wmin(L)g-

WIEHA GEN is an interesting class becauseit can be shavn that it contains a
nite variant of ewery recursiwly enumerable language. It is easy to verify that
WIEHA GEN 2 TxtEx . It is alsoeasyto seethat there existsa macdine which TxtEx -
identies WIEHA GEN and that this madine, while processinga text for any language
in WIEHA GEN, can provide an upper bound on the number of additional mind changes
required before convergence. In this connectionthis classappearsto posea learning
problem similar in nature to COINIT above. This intuition is indeed justied by the
following two theoremsasthesetwo classedurn out to be equivalert in the strong sense.
Theorem 4 WIEHAGEN [IXEx COINIT .

strong

Pr oof. Suppose issudrthat (L) =fxj(Oy)y2L * x vy]g. Notethat suc
a can be easily constructed. Let  be de ned as follows. SupposeG is a sequence

of grammars,go; oi;:::. Then ( G) denotesthe sequenceof grammarsgd; ¢?; :: :, where,
forn2 N, ¢® = min(fng[ Wq, ). It is easyto seethat and witnessWIEHA GEN
ong COINIT ; we omit the details. 1

Theorem 5 COINIT IXEX WIEHA GEN.

strong

Pr oof. By operator recursiontheorem[4]there existsarecursive 1{1 increasingfunction
p sud that for all i, Wyiy = fxjx p(i)g. Let besudthat ( L) = fxj (9i)[i 2
L ~ x p(i)]g. Note that such a can be easily constructed. Let be de ned as
follows. Let f (i) denotea grammar (e ectiv ely obtained from i) sud that

Wi = if i 62rangg(p);
O™ fxjx p LYi)g otherwise.

Suppose G is a sequenceof grammars, go; 01;:::. Then ( G) denotesthe sequenceof

grammarsg; o?;:::, where,forn 2 N, g2 = f (min(fng[ Wyg,.n)). It is easyto seethat
and witnessCOINIT  XEX WIEHA GEN; we omit the details. 1

strong

Corollary 1 COINIT  IXExX WIEHA GEN.

strong

10



We next considerthe class,PATTERN , of pattern languagesintroducedby Angluin
[1].

SupposeV is a courtably in nite set of variablesand C is a nonempty nite set of
constarts, sud that V\ C = ;. Notation: For a set X over variablesand constarts, X
denotesthe set of strings over X, and X * denotesthe set of non-empty strings over X .
Anyw 2 (V[ C)* iscalleda pattern. Supposef isamappingfrom (V[ C)* to C*, such
that, foralla2 C, f (a) = aand, foreadhh wy;w, 2 (V[ C)F, f(wy wy) = f(wy) f(wy),
where denotesconcatenationof strings. Let PatMap denotethe collection of all sudh
mappingsf .

Let code denotea 1-1 onto mapping from stringsin C to N.

The languageassaiated with the pattern w is de ned asL(w) = fcode(f (w)) jf 2
PatMapg. Then, PATTERN = fL(w) j w is a patterng.

Angluin [2] shoved that PATTERN 2 TxtEx . Our rst result about PATTERN is
that it isnot XEX -complete.

weak

Corollary 2 FIN 6 X&' PATTERN .

weak

The above Corollary follows directly from Theorem 3, sincefor any string x, there
areonly nitely many patterns w sud that x 2 L(w).
Actually, we are alsoable to establishthe following result.

Theorem 6 COINIT 1% PATTERN.
Pr oof. We rst shavthat COINIT IXEX PATTERN. Let L; = L(a'x), wherea2 C

strong
andx 2 V. Let besudithat ( L) = fcode@w)jw2 C* ~ |2 Lg. Note that suc
a canbe easily constructed. Note that code(a'**) 2 cortent(( L)), | min(L).

Let f (i) denotean index of a grammar (obtained e ectively from i) for fx j x ig.
Let bede ned asfollows. SupposeG = go;0;:::. Then ( G) = g3;¢?;:::, sud that,
forn2 N, g@ = f (min(fl j code(a*!) 2 Wy, n0)). It is easyto seethat and  witness
that COINIT l@;}ﬁ:& PATTERN .

We now shaw that PATTERN 5% COINIT . Note that there exists a recursiwe
indexing Lo; L4;::: of pattern languagessud that

(1)|—i:|—j, |:J

(One sud indexing can be obtained as follows. First note that for patterns w; and
wy, if L(w;)  L(w,) then length of w; is at leastaslargeasthat of w,. Also for patterns
of the samelength  relation is decidable[1]. Thuswe canform the indexing asrequired
using the following method. We consideronly canonicalpatterns [1]. We placew; before
w; if (a) length of w; is smaller than that of w, or (b) length of w; and w, are same,
but L(w;)  L(wy) or (c) length of w; and w, are same,L(w;) 6 L(w;) and w; is
lexicographically smaller than ws,.)

Moreover, there existsa madine, M, sud that

(a) For all , sudh that content( )6 ;,M( ) M().

(b) For all texts T for pattern languagesM (T)# = i, sud that L; = content(T).

(Angluin's method of identi cation of pattern languagesessetially achievesthis prop-

erty).

11



Let n.n bethe lexicographicallyleastsequencef length n, sud that content( ) =
fxjm x ng. Ifcontent( )=;,then ( )= ,else( )= (prev( )) wm();jj-

Let f (i) denote a grammar e ectively obtained from i for L;. Let be de ned
as follows. Suppose G = @o;0:;:::. Then ( G) = ¢5;0:::, such that, for n 2 N,
g? = f (min(fng[ Wy, n)). It iseasyto seethat and witnessthat PATTERN  IXEx

strong

COINIT . |

4.3 Complete Classes for Weak Reduction

Considerthe following collectionsof languages.
INIT =fLj(9n)[L = fx] X < ng]g.
COSINGLE = fLjcardN L)=1g.
COFIN = fL jL isconiteg.
Forn2 N, CONTON, =fLjcardN L)= ng.
We rst shaw that INIT and FIN are equivalert in the strong sense.

Theorem 7 INIT IG5 FIN.
Pr oof. Since INIT FIN, we trivially have INIT LT FIN. We shaw that
FIN & INIT .

Note that our indexing Do; D4;::: of nite setssatis es the property that if D; D;j,
theni . Let besudthat, ( D;) = fxjx ig. Notethat it is easyto construct

suth a (sinceD; Dj) i< j). Letf bea function sud that W; i = D;. Let

be de ned asfollows. SupposeG is the sequenceay; gi:;:::;. Then ( G) is the sequence
a0, 9% 1115 where,forn 2 N, g2 = f (max(Wy,.n)). It is easyto seethat and witness
that FIN  DXEXINIT . |

strong

We next show that for eadh n, CONTON ,, is equivalert to COSINGLE in the strong
sense.

Theorem 8 For alln2 N*, COSINGLE XX CONTON,,.

strong

Proof. Fix n 2 N™. First we shov that COSINGLE ;’;g'f]’é CONTON,. ForL 2
COSINGLE let L% = fy | bfc 2 Lg. Let f be sud that, for all i, Wi = fx j
(9y 2 Wj)[b%c = x]g. Now consider sud that ( L) = L% Note that sudh a can
easily be constructed. is de ned as follows. Suppose G is the sequenceyy; g;:::.
Then ( G) is the sequencd (go);f (g1);:::. It is easyto seethat and witnessthat
COSINGLE lg;g%g CONTON .

Now we shav that CONTON , l{;gEn"g COSINGLE. For L 2 CONTON,, let L°=
fhxy;Xo;Xg; i Xal J(9) J1 J n)[x; 2L] _ (9551 i<j n)x =x]g Letf
be sudh that, for all hx1;X2; 105 Xnl, W (haxommaiy = £XJ(8) J1 ] n)[x 6 Xj]g. Let

be sud that ( L) = L% Note that such a can easily be constructed. is de ned

as follows. SupposeG is the sequencego; gi;:::. Then ( G) is the sequencegd; ¢¥;:::,
where,fori 2 N, g°= f (min(N  Wj)). It is easyto seethat and witnessthat
CONTON, I COSINGLE. ]

12



Since CONTON,  COFIN, we trivially have CONTON, & COFIN (note
howewer that COFIN 62TxtEx [11]).

The next theorem shows that COSINGLE and CONTON,, for each n 2 N, are
completewith respect to weak reduction.

Theorem 9
(@) COSINGLE is [XE&x .complete.

weak

(b) COFIN is TXEX -hard.

weak
(c) Foralln2 N*, CONTON, is [XEX -complete.

Pr oof. We prove part (a). Other parts follow ascorollaries. SupposeL.  TxtEx (M).
We construct and  which witnessthat L [XE¥ COSINGLE. We dene in-

ductively. It is helpful to simultaneously de ne a function F. F(T[0]) = hM (T[0]); 0i.
( TIO)= . Dene F(T[n+ 1]) and ( T[n + 1]) asfollows.

SFETM); M T+ )= M(T[);
F(T[n+ 1])= _ tM(T[n]);ji; otherwise;wherej is sudh that
' M (T[n]);ji > max(content( ( T[n]))).

( T[n+ 1]) is a proper extensionof ( T[n]) sud that cortent(( T[n+ 1])) = fxj X
n " x6 F(T[h+ 1])o.

We now de ne . Intuitively, issud that if G corvergesto a nal grammar for a
languagein COSINGLE, then ( G) corvergesto the rst componert of the only elemen
not in the languageerumeratedby the grammarto which G converges.We now formally
dene . SupposeG is a sequenceof grammar go; g:;:::. Then ( G) is the sequenceof
grammarsgs; o%;:::; where,fori 2 N, g®=  1(min(N  Wg)).

It is easyto verify that, for content(T) 2 TxtEx (M), if G is a TxtEx -admissible
sequencdor ( T), then ( G) is a TxtEx -admissiblesequencdor T.

Thus and witnessthat L [XE% COSINGLE. [

Our next result establisheghat COSINGLE is reducibleto INIT in the strong sense.
This result, together with Theorem 7, yields Corollary 3 which says that both INIT
and FIN are completewith respect to weak reduction. It should be noted that ead of
these complete classeshas the property that no learning madine that identi es these
classescan provide an upper bound on the number of mind changesbeforethe onset of
convergence.

Theorem 10 COSINGLE [XEx INIT .

strong

Proof. ForL,let L°= fxj(8y x)[y2 L]g. Let besudhthat ( L) = L% Note
that sudha canbe easilyconstructed. Let f (i) denotea grammar e ectiv ely obtained
from i, for fx j x 6 ig. SupposeG is the sequenceay; g;;:::. Then ( G) is the sequence
o, 9% 0, whereforn 2 N, g2 = f(min(N  Wyg,.n)). It is easyto verify that and
witnessthat COSINGLE ~ DExINIT . |

Corollary 3 INIT andFIN are [XEX -complete.
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4.4 A Complete Class for Strong Reduction

In this sectionwe presen a collection of languagesthat is completewith respect strong
reduction. But rst we show that the classeshown to be completewith respect to weak
reduction in the previous section are not complete with respect to strong reduction.
Proposition 3 and Lemma 1 are useful in proving that some classesare not strongly
reducibleto other class.

Prop osition 3 If ( L) is dened then, for all , such that cortent( ) L,
cotent(( )) (L).

Pr oof. Follows from the de nition of ( L). |

Lemma 1 SupmseL L% Thenif both ( L) and ( L9 arede nedthen ( L) ( L9.

Pr oof. Follows from Proposition 3. i

Theorem 11 COINIT 6% FIN.

Pr oof. Supposeby way of cortradiction that COINIT Qﬁ}% FIN , aswitnessedby
and . Thenby Lemmalit followsthat (8L 2 COINIT)[( L) ( N)]. SinceCOINIT
is anin nite collection of languagesijt follows that either ( N) is in nite or there exist
distinct Ly and L in COINIT suchthat ( Li) = ( L). It followsthat COINIT 6 Jio
FIN . |

Corollary 4 FIN is not &% -complete.

Theorem 12 Supmsel; Ly, thenflq;L,g6 XEX COSINGLE.

strong

Pr oof. Suppose by way of cortradiction that L, L, and and witness that
fLi;Log IXEX COSINGLE. Thenby Lemmalwehavethat ( Li) ( L,). Sincefor

strong
all L% L9 2 COSINGLE, L? L9) L9= LY, it mustbethe casethat ( Li) = ( Ly).
But then, and donot witnessthat fL1;L.g &ong COSINGLE. [
As a immediate corollary we have
Corollary 5
(@) COINIT 6% COSINGLE.

(b) INIT 6 XEX COSINGLE.

strong

Theorem 13 SINGLE %% COSINGLE.
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Proof. Forn,letL, = fxjx 6 ng. Let besud that ( fng) = L,. It is easyto
construct sudh a . Let f(n) denotea grammar e ectiv ely obtained from n, for fng.

Let bedened asfollows. If G is the sequenceyy; gi;:::, then ( G) is the sequence

;9% 0, where,forn 2 N, ¢® = f (min(N Wy, ). It is easyto verify that  and

witnessthat SINGLE i COSINGLE. 1
Clearly, COINIT I COFIN. However,

Theorem 14 INIT 6 XEX COFIN.

strong

Proof. Supposeby way of cortradiction that ~and  witness that INIT  JXE¢
COFIN. Let L, = fxjx ng. Now by Lemmal, we have that for all n, ( Lp)

( Lnh+1). Moreover since ( L,) 8 ( Lnp+1) (otherwise and  cannot witness that
INIT ~ 56hg COFIN), wehavethat ( L,)  ( Ln+). But since ( Lo) 2 COFIN, this
is not possible(only nitely many additions canbe doneto ( L) beforeit becomesaN).

A cortradiction. |

We nally presen a collection of languagesthat is complete with respect to strong
reduction.

SupposeM o; M 1;::: is an enumeration of the learning madines sud that, (8L 2
TxtEx )(91)[L  TxtEx (M;)] (there exists such an enumeration, seefor example[16]).
Forj 2 N andL 2 E, let S| = fhx;ji jx 2 Lg. Then, let Lyex =fS jJL2E ~ j 2
N ~ L2 TxtEx (Mj)g. It is easyto seethat Lyyex 2 TXtEX .

Theorem 15 Lrgex is IXEX completefor TXtEX .

strong

Proof. Letl; =fS jL 2 TxtEx (M;)g.
If L TxtEx (M), then it is easyto seethat L I L;. Sincefor all j, L,
Lrxex it followsthat Logex S Giong -cOmpletefor TxtEX . |

45 Identication from Informan ts

The conceptsof weakand strong reduction canbe adoptedto languageiderti cation from
informants. Informally, informants, rst introducedby Gold [11], are texts which cortain
both positive and negative data. Thus if I is an informant for L, then content(l_ ) =
fhx; Oi j x 62.g[ fhx; 1i j x 2 Lg.? Identi cation in the limit from informants is referred
to asInfEx -identi cation (we referthe readerto [11] for details). The de nition of weak
and strong reduction can be adopted to languageidenti cation from informants in a
straightforward way by replacingtexts by informants in De nitions 5 and 7.

For any languageL, an informant of special interest is the canonicalinformant. | is
a canonical informant for L just in casefor n 2 N, 1(n) = m;xi, wherex = 1if n2 L
andx = 0if n 6.

Sincea canonicalinformant can always be producedfrom any informant, we have the
following:

2Alternativ ely, an informant for a languagelL may be thought of asa \tagged" text for N suc that
n appearsin the text with tag 1if n 2 L; otherwise n appearsin the text with tag O.
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Prop osition 4 L; W& L, () Ly W L,

weak

Theorem 16 FIN is 4% complete.

Pr oof. For alanguageL, let I, be the canonicalinformant for L. Fix a machine M,
Let SM = fhM (I [n+ 1]);ni j M (I [n]) 6 M (I .[n+ 1])g. Let be sudch that for all
L, and informants | for L, ( 1) = Isw . Note that such a can easily be constructed.
SupposeF is sud that, for a nite setS, F(S) = min(fij (9j)[h;ji 2 S~ ] = max(fk |
(9X)[hx; ki 2 S]g)]g). Let be de ned asfollows. SupposeG is a sequencegy; g;:: .
Then ( G) is the sequenceyd; @;:::, wherefor n 2 N, g2 = F(Wg, ). It is easyto
verify that and  witnessthat InfEx (M) &f5r; FIN. [

Howe\er,

Theorem 17 The classesSINGLE, INIT , COSINGLE, CONTON ,, COINIT , WIEHA GEN,
and PATTERN are equivalentwith respct to  {iox; reduction.®

Proof. It is easyto seethat SINGLE §5X L, whereL is one of COSINGLE,
CONTON,,, COINIT , WIEHA GEN, PATTERN . We shav that COSINGLE 'SQIE%‘Q
SINGLE and that WIEHAGEN  {f5x, SINGLE. Other reduction can be donein a
similar manner.

We rst shov COSINGLE 5%, SINGLE. Consider sud that, for any | for L 2
COSINGLE, ( 1) =19 sud that |%is an informant for f min(L)g. Note that suc a
canbe easilyconstructed. Let , bede ned asfollows. Let f (i) beagrammar, e ectively
obtained from i, for fx j x 6 ig. For G = go;a;:::; ( G) = g3 0%;9%;:::, whereg® =
f (min(fng[ Wy ;)). It iseasyto seethat ,  witnessthat COSINGLE {5, SINGLE.

We now shav WIEHAGEN {5, SINGLE. Consider sud that, for any | for
L 2 WIEHAGEN, ( I) = 19 sud that I1°is an informant for f min(L)g. Note that

suh a can be easily constructed. Let , be de ned asfollows. For G = go;01;:::;

(G) = 05050, whereg® = min(fng[ Wy ). It is easyto seethat , witness
that WIEHAGEN 76X SINGLE. ]

5 Conclusion

A novel approat to studying the intrinsic complexity of languageiderti cation was
undertaken using weak and strong reductionsbetweenclasse®f languages.The intrinsic
complexity of seweral classesvasconsidered.Ilt wasshowvn that the selfreferertial classof
Wiehagen[19] in which the leastelemen of every languageis a grammar for the language
and the classof pattern languagesntroducedby Angluin [1] are equivalert in the strong
sense.A number of completeclassesvere preserted for both the reductions. It was also
shawvn that the weak and strong reductions are distinct for learning from text.

The results presened werefor the widely studied iderti cation in the limit criterion.
Thesetechniqueshave also beenapplied to other criteria of success.Additionally, the

3Actually, it canbeshavn that any collection of languageshat canbe nitely identied (i.e., identi ed
with 0 mind changes)from informants is  &fex; SINGLE.
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structure of thesereductionshasalsobeenstudied [14]. Howeer, it is felt that for these
reductionsto have an impact on the study of feasibility issuesin languageidenti cation,
their delit y hasto be improved.
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