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Abstract

In their pioneering work, Mukouchi and Arik awa modeled a learning situation in which the
learner is expectedto refute texts which are not represenativ e of L, the classof languagesbeing
identi ed. Lange and Watson extended this model to considerjusti ed refutation in which the
learner is expectedto refute texts only if it contains a nite sampleunrepreserativ e of the class
L. Both the above studies were in the context of indexed families of recursive languages. We
extend this study in two directions. Firstly, we considergeneralclassesf recursively enrumerable
languages.Secondly we allow the machine to either identify or refute the unrepreserativ e texts
(respectively, texts cortaining nite unrepresertative samples). We obsene some surprising
di erences betweenour results and the results obtained for learning indexed families by Lange
and Watson.

1 Intro duction

Consider the identi cation of formal languagesfrom positive data. A text for a languageis a
sequettial presenation (in arbitrary oder) of all and only the elemeris of the language. In a widely
studied identi cation paradigm, called TxtEx -identi cation, a learning macdine is fed texts for
languages,and, as the machine is receiving the data, it outputs a (possibly in nite) sequenceof
hypotheses.A learning machine is saidto TxtEx -identify alanguagel just in case,when presened
with atext for L, the sequenceof hypothesesoutput by the machine cornvergesto a grammar for L
(formal de nitions of criteria of inferenceinformally presered in this sectionare givenin Sections2
and 3). A learning machine TxtEx -identies a class,L, of languagesif it TxtEx -identies ead
languagein L. This model of identi cation was introduced by Gold [Gol67] and has since then
beenexplored by seweral researders.

For the following, let L denote a class of languageswhich we want to identify. The model
of identi cation preseried above puts no constraint on the behaviour of the machine on texts for
languagesnot in L. However, we may want a machine to be able to detect that it cannot identify an
input text for at leasttwo reasons.Firstly, oncea machine detectsthat it cannot identify an input
text, we can usethe machine for other useful purposes.Secondly we may employ another machine
to identify the input text, so asto further enhancethe classof languagesthat can be identi ed.
These are very useful considerationsin the design of a practical learning system. Further, it is
philosophically interesting to study machines which know their limitations.

In their pioneeringwork, Mukoucdhi and Arik awa [MA93] modeledsuch a scenario. They required
that in addition to identifying all languagesin L, the machine should refute texts for languages
not in L (i.e. texts which are \unrepresertative" of L). We refer to this identi cation criterion



as TxtRef . Mukoucdhi and Arik awa shoved that TxtRef constitutes a seriousdrawbadk on the
learning capabilities of machines. For example, a machine working as above cannot identify any
in nite language! This led Lange and Watson [LW94] (seealso [MA95]) to considerjusti ed refu-
tation in which they require a machine to refute atext i someinitial segmern of the text is enough
to determine that the input text is not for a languagein L, i.e., the input text cortains a nite
sample\unrepresentativ e" of L. We call this criteria of learning TxtJRef . Langeand Watson also
considereda modi cation of justied refutation model (called TxtJIRef , for immediate justi ed
refutation) in which the machine is required to refute the input text assoon asthe initial segmen
contains an unrepresetativ e sample (formal de nitions are given in Section 3). For further mo-
tivation regarding learning with refutation and its relationship with Popper's Logic for sciertic
inference, we refer the readerto [MA93] and [LW94].

[MA93] and [LW94] were mainly concernedwith learning indexedfamilies of recursive languages,
where the hypothesis spaceis also an indexed family. In this paper, we extend the study in two
directions. Firstly, we considergeneralclassesof r.e. languages,and usethe classof all computer
programs (modeling accepting grammars) as the hypothesis space. Secondly we allow a learning
machine to either identify or refute unrepresenativ e texts (texts containing nite unrepresertativ e
samples). Note that in the models of learning with refutation consideredby [MA93] and [LW94]
described above, the machine has to refute all texts which contain samplesunrepreserativ e of
L. Thus, a machine which may identify someof thesetexts is disquali ed. ? For learning general
classesof r.e. languageswe feel that it is more reasonableto allow a machine to either identify
or refute such texts (in most applications identifying an unrepreserativ e text is not going to be a
disadvantage). This motivation hasled us to the models described in the presert paper. We refer
to thesecriteria by attaching an E (for extended)in front of the corresponding criteria considered
by [MA93, LW94].

We now highlight someimportant di erences in the structure of results obtained by us, and those
in [LW94]. In the context of learning indexed families of recursive languages,Lange and Watson
(in their model, seealso [MA95]) showed that TxtJIRef = TxtJRef (i.e. requiring machinesto
refute as soon asthe initial segmem becomesunrepresenativ e of L, is not a restriction). Similar
result was also shavn by them for learning from informants3. We shaw that requiring immediate
refutation is a restriction if we consider general classesof r.e. languages(in both our (extended)
and Lange and Watson's models of justied refutation, and for learning from texts as well as
informants). We also considera variation of our model in which \unrepresertativ e" is with respect
to what a machine identi es and not with respect to the classL. In this variation, for learning
from texts, (immediate) justied refutation model has the samepower as TxtEx | a surprising
result in the context of results in [LW94] and other results in this paper. Howewer, in the context
of learning from informants, even this variation fails to capture the power of InfEx (which is a
criteria of learning from informants; seeSection 2).

We now proceedformally.

1A machine working as above, cannot refute a text for any subset of a language it identi es; this along with a
result due to Gold [Gol67] (which says that no machine can TxtEx -identify an in nite language and all of its nite
subsets) shows that no machine can TxtRef -identify a classcontaining an in nite language.

2This property and the restriction to indexed families is crucially usedin proving someof the results in [LW94].

3An informant for a language L is a sequeriial presertation of the elemerts of the setf(x;1) j x 2 Lg[ f(x; 0) |
x 62L g; seeformal de nition in Section 2.



2 Preliminaries

The recursion theoretic notions not explained below are from [Rog67. N = f0;1;2;:::g is the
set of all natural numbers, and this paper considersr.e. subsetsL of N. All conventions regard-
ing range of variables apply, with or without decorations!, unless otherwise specied. We let
c;e;i; j; k;lI;m;n; p;s;t; u;v;w; x; y;z, rangeover N. ;;2; ; ; ; denoteempty set, member of,
subset, superset, proper subset, and proper supersetrespectively. max(), min(), and card() denote
the maximum, minimum, and cardinality of a set respectively, where by convertion max(;) = 0
and min(;) = 1 . h; i stands for an arbitrary, one to one, computable encading of all pairs of
natural numbers onto N. Quanti ers 8% ;9! ; and 9! denote for all but nitely many, there exist
in nitely many, and there exists a unique respectively.

R denotesthe set of total recursive functions from N to N. f and g range over total recursive
functions. E denotesthe set of all recursively enumerable (r.e.) sets. L rangesover E. L denotes
the complemert of setL (i.e. L= N L). _ denotesthe characteristic function of setL. L1 L
denotesthe symmetric dierence of L; and Ly, i.e., L1 L = (L1 L2 [ (L2 Li). L ranges
over subsetsof E. ' denotesa standard acceptable programming system (acceptable numbering)
[Rog67. ' ; denotesthe function computed by the i-th program in the programming system' .
We also call i a program or index for ' j. For a (partial) function , domain( ) and range( )
respectively denote the domain and range of partial function . We often write (x)# ( (x)") to
denote that (x) is de ned (unde ned). W; denotesthe domain of ' ;. W, is consideredas the
language enumerated by the i-th program in * system, and we say that i is a grammar or index
for W;.  denotesa standard Blum complexity measure[Blu67] for the programming system' .
Wis = fx < sj i(x)< sg.

FIN denotesthe classof nite languages,fL j card(L) < 1g . INIT denotesthe class of
initial segmerts of N, that isff x j x < Igj |l 2 Ng. L is called a single valual total language
i (8x)(9y)[h¢;yi 2 L]. svt = fL j L is a single valued total languageg. If L 2 svt, then we
say that L represerts the total function f sud that L = fhx;f (x)i j x 2 Ng. K denotesthe set
fxj' «x(x)#g. Note that K isr.e. but K is not.

A text is a mapping from N to N [ f#g. Welet T range over texts. content(T) is de ned to
be the set of natural numbersin the range of T (i.e. content(T) = range(T) f#g). T is atext
for Li content(T) = L. That meansa text for L is an in nite sequencewhoserange, except for
a possible#, is just L.

An in nite information sequen@ or informant is a mapping from N to (N f0;1g) [ f#g.
We let | range over informants. content(l) is de ned to be the set of pairs in the range of | (i.e.
content(l) = range() f#g). By PosInfo(l) we denote the setfx | (x; 1) 2 content(l)g. By
NeglInfo(l ) we denotethe setfx j (x; 0) 2 content(l)g. For this paper, we only considerinformants
I such that Posinfo(l ) and Neginfo(l ) partition the set of natural numbers.

An informant for L isaninformant | suc that Posinfo(l) = L. It is usefulto considercanonical
information sequenceor L. | is a canonical information sequencefor L i 1(x) = (X; L(X)). We
sometimesabusenotation and refer to the canonicalinformation sequencefor L by | .

; ,and rangeover nite initial segmefs of texts or informants, wherethe corntext determines
which is meart. We denotethe set of nite initial segmets of texts by SEG and set of nite initial
segmets of informants by SEQ. We de ne content( ) = range( ) f#g and, for 2 SEQ,
Posinfo( ) = fxj(x;1) 2 content( )g, and Neglnfo( ) = fx j (x; 0) 2 cortent( )g

“Decorations are subscripts, superscripts, primes and the like.



We use T (respectively, I, ) to denote that is an initial segmen of T
(respectively, 1, ). j j denotesthe length of . T[n] denotesthe initial segmem of T of length n.
Similarly, I [n] denotesthe initial segmemn of | of length n. (respectively, T, | ) denotes
the concatenationof and (respectively, concatenation of and T, concatenationof and ).
We sometimesabusenotation and say ~ w to denotethe concatenationof with the sequenceof
oneelemen w.

A learning machine (also called inductive inference machine) M is an algorithmic mapping from
initial segmers of texts (informants) to (N [ f?g). We say that M corvergeson T to i, (written:
M(T)# = i) i, for all but nitely many n, M (T[n]) = i. Convergenceon informants is de ned
similarly.

We now presert the basic models of identi cation from texts and informants.

De nition 1 [Gol67, CL82]

(@ M TxtEx -identies text T i (9i j W; = content(T))[M (T)# = i].

(b) M TxtEx -identies L (written: L 2 TxtEx (M)) i M TxtEx -identies ead text T for
L.

(c) M TxtEx -identies L i M TxteEx -identies each L 2 L.

(d) TxtEx = fL j(9M)[M TxtEx -identies L]g.

De nition 2 [Gol67]

(@) M TxtFin -identies textT i (9i j W; = content(T))(9n)[(8m < n)[M (T[m]) =?] ~ (8m
n[M (T[m]) = i]].

(b) M TxtFin -identies L (written: L 2 TxtFin (M)) i M TxtFin -identies ead text T for
L.

(c) M TxtFin -identies Li M TxtFin -identies each L 2 L.

(d) TxtFin = fL j(9M)[M TxtFin -identies L]g.

Intuitiv ely, for nite identi cation, M outputs just one grammar, which must be correct.

De nition 3 [Gol67, CL82]

(@) M InfEx -identies informant | i (9i j W; = PosInfo(l ))[M (1 )# = i].

(b) M InfEx -identies L (written: L 2 InfEx (M)) i M InfEX -identies ead informant | for
L.

(c) M InfEx -identies L i M InfEx -identies eadh L 2 L.

(d) InfEx = fL j(9M)[M InfEX -identies L]g.

De nition 4 [Gol67]

(@) M InfFin -identies informant | i (9i j W; = PosInfo(l ))(9n)[(8m < n)[M (I[m]) =
717 (8m - n)[M (I [m]) = i]].

(b) M InfFin -identies L (written: L 2 InfFin (M)) i M InfFin -identies ead informant |
for L.

(¢) M InfFin -identies L i M InfFin -identies eadh L 2 L.

(d) InfFin = fL j (9M)[M InfFin -identies L]g.

The next two de nitions introducereliable identi cation. A reliable machine divergeson texts
(informants) it does not identify. Though a reliable machine does not refute a text (informant)
it doesnot identify, it at least doesn't give false hope by converging to a wrong hypothesis. This



was probably the rst constraint imposedon macine's behaviour on languagesoutside the class
being identi ed. We give two variations of reliable identi cation basedon whether the machine is
expected to diverge on every text which is for a languagenot in L, or just on texts it does not
identify .

For the rest of the paper, for criteria of inference,J, we will only de ne what it meansfor a
machine to J-identify a classof languagesL. The identi cation classJ is then implicitly de ned
asJ = fL j(9M)[M J-identies L]g.

De nition 5 [Min76]
(@ M TxtRel -identies L i
(a.1) M TxtEx -identies L and
(a.2) (8T j content(T) 62L)[M (T)"].
(b) M InfRel identies L i
(b.1) M InfEx -identies L and
(b.2) (8l j PosInfo(l) 62L)[M (1)"].
(c) M ETxtRel -identies L i
(c.1) M TxteEx -identies L and
(c.2) (8T j M doesnot TxtEx -identify T)[M (T)"].
(d) M EInfRel identies L i
(d.1) M InfEX -identies L and
(d.2) (81 j M doesnot InfEx -identify 1)[M (1)"].

The following propositions are some known facts about the identi cation criteria discussed
above, which we will be using in this paper. First two propositions are based on results due to
Gold [Gol67].

Prop osition 6 Suppsel is any in nite r.e. language,and M a learning machine. Let be such
that content( ) L. Then there existsan r.e. L° content( ) L% L suchthat M does not
TXtEx -identify L°

Prop osition 7 SupmselL is any in nite r.e. language,and M a learning machine. Let be such
that Posinfo( ) L. Then there existsan r.e. L% Posinfo( ) L% L suchthat M does not
InfEx -identify L°

Prop osition 8 [Gol67, Sha98] TxtFin InfFin TXtEX InfEX .

3 Learning with Refutation

In this sectionweintro ducethe refutation modelsfor learning. For learning with refutation we allow
learning machinesto output a special refutation symbol denoted?. We assumethat if M( ) =7,
then, for all , M ( ) =7?. Intuitiv ely output of ? denotesthat M is declaring the input to be
\unrepresentativ e". In the following de nitions we considerthe di erent criteria mentioned in the
introduction. It is usefulto dene Cons| =f (9L 2 L)[content( ) L]o.

The following de nition intro duceslearning with refutation for generalclassesf r.e. languages.

De nition 9 [MA93] M TxtRef identies L i
(a) M TxtEx -identies L and
(b) (8T j cortent(T) 62 )M (T)#="72].



If M (T)#="7?, then we often say that M refutesthe text T. The following de nitions introduce
identi cation with justied refutation for generalclassesof r.e. languages.Below JRef stands for
justied refutation, and JIRef standsfor justied immediate refutation.

De nition 10 [LW94] M TxtJRef identies L i
(a) M TxtEx -identies L and
(b) (8T j content(T) 62 and (9 T) 62Zons DM (T)#=7].

Intuitiv ely, in the above de nition, M is required to refute a text T only if T contains a nite
samplewhich is unrepresenativ e of L. Following de nition additionally requiresthat M refutes an
initial segmen of T assoon asit contains an unrepresertativ e sample.

De nition 11 [LW94] M TxtJIRef identies L i
(& M TxtEx -identies L and
(b) (8T j content(T) 62)(8 Tj) 62ZXons )[M()="?]

We now presert the above criteria for learning from informants. It is useful to de ne the
following analogueof Cons. ICons | = f j (9L 2 L)[PosInfo{ ) L ~ Neginfo( ) L]g.

De nition 12
(@) [MA93] M InfRef identies L i
(a.1) M InfEx -identies L and
(a.2) (81 j PosInfo(l) 62.)[M (1)#="7?].
(b) [LW94] M InfJRef identies L i
(b.1) M InfEX -identies L and
(b.2) (8l j PosInfo(l) 62 and (9 [)[ 62Cons (DM (1)#="7].
(c) [LW94] M InfJIRef identies L i
(c.1) M InfEx -identies L and
(c.2) (81 j PosInfo(l) 62.)(8 I j 62Cons  )[M( )=7?].

We now presert our extendedde nition for learning with refutation. Intuitiv ely, we extend the
above de nitions of [MA93, LW94] by allowing a machine to identify an unrepresettativ e text.

The following de nition is a modi cation of the corresponding de nition in [MA93]. E in the
beginning of criteria of inference,such as ETxtRef , standsfor extended.

Denition 13 M ETxtRef identies L i
(& M TxtEx -identies L and
(b) (8T j M doesnot TxtEx -identify T)[M (T)#="?].

Intuitiv ely, in the above de nition we require the machine to refute the input text, only if it
doesnot TxtEx -identify it.

The following de nitions on identi cation by justied refutation are modi cations of corre-
sponding de nitions consideredby [LW94].

Denition 14 M ETxtJRef identies L i
(a) M TxtEx -identies L and
(b) (8T j M doesnot TxtEx -identify T and (9 T)[ 62ons )M (T) =7?].



Intuitiv ely, in the above de nition, M is required to refute a text T only if M does not identify
T, and T contains a nite samplewhich is unrepresenativ e of L. In the following de nition, we
additionally requirethat M refute an initial segmen of T assoon asit contains an unrepresenativ e
sample.

Denition 15 M ETxtJIRef identies L i
(&) M TxtEx -identies L and
(b) (8T j M doesnot TxtEx -identify T)(8 Tj) 62Xons )[M()="?]

We now presert the above criteria for learning from informants.

De nition 16
(@ M EInfRef identies L i
(a.1) M InfEx -identies L and
(a.2) (81 j M doesnot InfEx -identify 1)[M (1)#="7].
(b) M EInfJRef identies L i
(b.1) M InfEX -identies L and
(b.2) (81 j M doesnot InfEx -identify 1 and (9 I)[ 62Cons (DM (1)#="72].
(c) M EInfJIRef identies L i
(c.1) M InfEx -identies L and
(c.2) (81 | M doesnot InfEx -identify 1)(8 I j 62Cons  )[M( )="?].

4 Results

We next consider the relationship between di erent identi cation criteria de ned in this paper.
The results presened give a complete relationship betweenall the criteria of inferenceintroduced
in this paper.

4.1 Containmen t Results

The following containments follow immediately from the de nitions.

Prop osition 17 TxtRef TxtRel TXtEX .
TxtRef TxtIRef TXtEX .
TxtJIRef TxtIRef TxtEX .
InfRef InfRel InfEX .
InfRef InfJRef INfEX .
InfJIRef InfJRef InfEx .
TxtRef InfRef InfEX .
TxtRel InfRel InfEX .

Prop osition 18 ETxtRef ETxtRel TXtEX .
ETxtRef ETxtIRef TXtEX .
ETxtJIRef ETxtIRef TxtEX .
EInfRef EInfRel InfEX .
EInfRef EInfJRef InfEX .
EInfJIRef EInfJRef InfEx .
ETxtRef EInfRef INfEX .
ETxtRel EInfRel InfEX .



Prop osition 19 (a) TxtJIRef = ETxtJIRef
(b) InfJIRef = EInfJIRef

Pr oof. (a) It suces to shav ETxtJIRef TxtJIRef . SupposeM ETxtJIRef -identies L.
Claim 20 For all suchthat 62Cons_, M( ) ="7.

Pr oof. (of Claim) Supposeby way of contradiction that thereisa sud that 62Cons_ and
M( ) 6?. Let T be an extension of sud that M does not TxtEx -identify T. Note that
by Proposition 6 there exists such a T. But then by de nition of ETxtJIRef , M( ) =?. A
contradiction. Thus claim holds. 2

It immediately follows from the claim that M also TxtJIRef -identies L.

Part (b) can be proved in a manner similar to part (a). |

Theorem 21 SupmseX isasetnotin ,. LetL = ffigji 2 Xg. SupmpseJ 2 f TxtRef ,
TxtRel , TxtJRef , InfRef , InfRel , InfJRef g. Then L 2 EJ but L 62].

Pr oof. It is easyto construct a machine which identi es all texts for empty or singleton languages
and refutes/div ergeson all texts for languagescontaining at least 2 elemerns. Thus, we have that
L2EJ.

Now, supposeby way of cortradiction that M J-identies L. Then,i2 X i (9 jconent( )=
fig)(8 | A content( ) = figM( )= M() » M( )2 N]. A cortradiction to the fact
that X isnotin o. |

Theorem 22 SupmseJ 2 f TxtRef , TxtRel , TxtJRef , InfRef , InfRel , InfJRef g. Then,
J EJ.

Pr oof. J EJ follows immediately from de nition. Proper containment follows from Theo-
rem 21. i

4.2 Separation Results

We now proceedto show the separation results. The next two theorems show the advantages of
nite identi cation over reliable identi cation and identi cation with refutation. For the proof of
rst theorem, we needthe following proposition, which follows immediately from de nitions.

Prop osition 23 Suppsel is suchthat:

(@ L 2 EInfJRef , and

(b) For all Ly;L,2 L, either L1\ Lo =; or L1 = Lo.
Then L 2 EInfRef (and thusin EInfRel ).

Let M g; M ¢;:::, denote a recursive enumeration of all machines.

Theorem 24 TxtFin (EInfRel [ EInfJRef )6 ;.



Pr oof. For ead i, we will de ne below a nonempty languagelL; with the following properties:

(@ Li fhi;nijn2Ng;

(b) either M ; is not reliable, or L; 62AnfEx (M ;).

(c) a grammar for L; can be obtained e ectively in i.

Wetake L = fL; ji 2 Ng. Clearly, L 2 TxtFin (since a grammar for L; can be found
e ectiv ely from i). Further, (using clause (b) above) we have that L 62EInfRel . It thus follows
from Proposition 23 that L 62EInfJRef .

We will de ne L; in stagesbelow. Let L denoteL; de ned beforestages. Let L? = fhi; Oig.
Let x° = h; 1i. Go to stageO.

Stages

1. Suppose, |7 is the canonical information sequencefor L? and |5 is the canonical information
sequenceor L7 [ fx3g.
2. Seart for n > x® such that either M;(13[n]) 8 M;(I7[x%]) or Mi(15[n]) 8 M ;(I3[x3]).
If and when sudch an n is found proceedto step 3.
3. Let n be asfound in step 2. If M;(15[n]) 6 M;(I15[x5]), then let L?** = L$[ fxSg; otherwise
let Lt = L?.
Let xS*1 2 fhi; zi j z 2 Ng be such that x5*1 > n.
Go to stages+ 1.

End stages

It is easyto verify that L; can be enumerated e ectiv ely in i. Fix i. We considertwo casesin
the de nition of L;.

Casel: There exist in nitely many stages.

In this caseM ; on canonicalinformant for L; makesin nitely many mind changes.

Case?2: Stages starts but doesnot end.

In this caseM ; cornvergesto the samegrammar for both L; and L; [ fx®g (which are distinct
languages). Thus M is not reliable.

The above casesshaw that L is not EInfRel -identied by M. |

Theorem 25 TxtFin ETxtJRef 6 ;.

Pr oof. The proof of this theorem is similar to that of Theorem 24. For ead i, we will de ne
below a nonempty languagel; with the following properties:

(@ L; fhi;nijn2Ng;

(b) a grammar for L; can be obtained e ectiv ely in i.

WetakeL = fL;j ji 2 Ng. Clearly, L 2 TxtFin (since a grammar for L; can be found
e ectiv ely from i). Further, we will have that M; doesnot ETxtJRef -identify L.

We will de ne L; in stagesbelow. Let L denoteL; de ned beforestages. Let L? = fhi; Oig.
Let o be sud that cortent( o) = L°. Go to stageO.

Stages

1. Let T, T5 be texts extending s, for L[ fhi; 2s+ 1lig and L7 [ fhi; 2s+ 2ig respectively.
2. Seart for n > j ¢j such that either M ;(T7[n]) 8 Mi( s), or Mi(TS[n]) 8 Mi( s), or M(T{[n])
=?,0r Mi(T3[n]) =72.



If and when such an n is found proceedto step 3.
3. Let n be as found in step 2. If M(T§[n]) 6 M( s) or M{(T§[n]) =2, then let L?* =
L?[ f2s+ 1g, and = T§[n]. Otherwise, let L>** = L$[ f2s+ 2g,and = T3[n].
Let s+1 bean extensionof sud that content( s+1) = Lis"l.
Go to stages+ 1.

End stages

It is easyto verify that L; can be enumerated e ectively in i. Fix i. We considertwo casesin
the de nition of L;.

Casel: There e>g5,t in nitely many stages.

In this caseT = ¢ sisatext for L;. However M ; either makesin nitely many mind changes
onT, orrefutesT.

Case?2: Stages starts but doesnot end.

In this casenote that (i) content(T;) and cortent(T5) are both nite, (ii) for large enoughn,
T7[n] and T3[n] are not in Cons, (iii) M; doesnot refute the texts T and T3, and (iv) M; fails
to TxtEx -identify at leastoneof T{ and T5 (since M ; corvergesto the samegrammar on both of
them). Thus, M; doesnot ETxtJRef -identify L.

The above casesshow that L is not ETxtJRef -identied by M;. Sincei was arbitrary, it
follows that L 62ETxtIJRef . |

The following theorem shows the advantages of identi cation with refutation over nite identi-
cation.

Theorem 26 (TxtRef \ TxtJIRef \ InfJIRef ) InfFin 6 ;.

Proof. LetL = fL jcard(L) 2g. It iseasyto verify that L withessesthe separation. |

The following theorem shows the advantages of justi ed refutation and reliable identi cation
over the casewhen the learning machine hasto refute all unidenti ed texts (informants).

Theorem 27 (TxtRel \ TxtJIRef \ InfJIRef ) InfRef 6 ;.

Pr oof. It is easyto verify that FIN witnessesthe separation. |

The following theorem shows the disadvantagesof immediate refutation. Note that for learning
indexedfamilies of recursive languagesLangeand Watson have shown that TxtJRef = TxtJIRef
and InfJRef = InfJIRef , and thusthe following result doesnot hold for learning indexed families
of recursive languages.

Theorem 28 (a) TxtRef EInfJIRef 6 ;.
(b) TxtRef ETxtJIRef 6 ;.

Proof. Let L = ffigj i 62Kg. It is easyto verify that L 2 TxtRef . We show that L 62
ETxtJIRef . A similar proof also shows that L 62EInfJIRef . Supposeby way of contradiction
that M ETxtJIRef -identies L. Then the following claim shows that K is r.e., a contradiction.
Thus L 62ETxtJIRef

Claim 29 i2K , (9 jconent( )= fig[M( )#67?].
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Pr oof. Supposei 2 K. Then, sinceM TxtEx -identies fig2 L, there must exista sud that
content( ) = figand M ( )#6?. On the other hand supposeby way of cortradiction that i 62K,
and issuch that content( )= figandM ( )#67. Let T be an extensionof suc that M does
not TxtEx -identify T (there exists such a T by Proposition 6). But then, since 62Cons |, by
de nition of ETxtJIRef , M ( ) must be equalto ?; a contradiction. This provesthe claim, and
completesthe proof of the theorem. |

In the context of learnability of indexed families, Lange and Watson (in their model of learn-
ing with refutation) had showvn that immediate refutation is not a restriction, i.e. TxtJRef =
TxtJIRef and InfJRef = InfJIRef . The following corollary shows that immediate refutation is
a restriction in the context of learning generalclassesof r.e. languages!Note that this restriction
holds for both extended and unextended models of justi ed refutation (for general classesof r.e.
languages).

Corollary 30 (a) InfJIRef InfJRef .
(b) TxtJIRef TxtIRef
(c) EInflIRef EInfJRef .
(d) ETxtJIRef ETxtIRef

The following theorem shaws the advantagesof justi ed refutation over reliable identi cation.
Theorem 31 (TxtJIRef \ InfJIRef ) EInfRel 6 ;.

Proof. Forf 2 R, let Ly = fhx;yi jf(x) = yg LetL = fL¢ j 't = fg[ fLjL 2
FIN ~ (9%;y;zjy6 z)[h;yi 2L ™ Ix;zi 2 L]g. It is easyto verify that L 2 TxtEx (and thus
INfEx ). Since,ICons | = SEQ, it followsthat L 2 TxtJIRef \ InfJIRef . Essetially the proof
in [CINM94] to show that ff j' ¢ = fgcannot beidentied by a reliable machine (for function
learning) translates to show that L 62EInfRel . |

The following theorem shows the advantages of reliable identi cation over justied refutation.

Theorem 32 (a) TxtRel ETxtJRef 6 ;.
(b) TxtRel EInfJRef 6 ;.

Proof. (a) LetL; = fhi;xi jx2 Ng. Let X;=f 2 SEGj; content() L; ~ Mi()=72g.
Note that X; is recursively enumerable (a grammar for which can be found e ectiv ely in i).

Let L = fcontent( )j (9)[ 2 Xilg.

It is easyto verify that L 2 TxtRel . Supposeby way of contradiction that M ; witnessesthat
L 2 ETxtJRef . We considertwo cases,

Casel: X; is not empty.

In this caselet 2 X;. Let T be a text for content( ) that extends . Now cortent(T) 2 L,
but M refutesT.

Case2: X; is empty.

In this case,L doesnot corntain any subsetof L;. Let L be a nonempty subsetof L; such that
M doesnot TxtEx -identify L (by Proposition 6 there must exist such anL). Let T be atext for
L. Now M doesnot TxtEx -identify T, nor doesit refute T. Howewer, for all initial segmers
of T such that content( )6 ;, 62Cons,.

From the above casesijt followsthat M ; doesnot ETxtJRef -identify L. ThusL 62ETxtJRef

11



(b) Let L; be asde ned in part (a).

Let Xi=f 2 SEQj; Posinfol ) Li » Mi()="7g.

Let L = fPosInfo( )j (91)[ 2 Xilo.

It can now be proved in a manner similar to part (a) that L 2 TxtRel EInfJRef . |

The following theorem shows the advantagesof having an informant over texts.
Theorem 33 (InfRef \ InfJIRef ) TxtEx 6 ;.

Proof. INIT [ fNg witnessesthe separation. |

5 A Variation of Extended Justied Refutation Criteria

In the de nitions for (extended) criteria of learning with justi ed refutation, we required the ma-
chinesto either identify or (immediately) refute any text (informant) which did not cortain a nite
sample represenativ e of the class, L, being learned. For example, in ETxtJRef -identi cation
we required that the macdhine either identify or refute every text which starts with an initial seg-
ment not in Cons . Alternativ ely, we could place sud a restriction only for texts which are not
represenativ e of what the machine identi es (note that this gives more freedomto the machine).
In other words, in the de nitions for ETxtJRef ;ETxtJIRef ;EInfJRef ;EInfJIRef , we could
have takenfT[n]jn 2 N and M TxtEx -identies Tg, instead of Cons_ andfl[n]jn 2 N and
M InfEx -identies |g, instead of ICons (. Let these new classesformed be called ETxtJRef ©
EInfJRef O ETxtJIRef © EInflJIRef ° Note that a similar change does not e ect the classes
ETxtRef , ETxtRel , EInfRef , EInfRel .

An easyto show interesting property of the classesETxtJRef © EInfJRef ¢ ETxtJIRef ©
EInfJIRef Ois that they are closedunder subset operation (i.e., if L 2 ETxtJRef © then every
LO L isin ETxtJRef 9. Note that ETxtJIRef , ETxtJRef , EInflJIRef , EInfJRef are not
closedunder subsetoperation | this follows immediately from Theorem 32 and the fact that FIN
belongsto eadt of theseinferencecriteria.

We now show aresult that ETxtJIRef %and ETxtJRef O©obtain the full power of TxtEx ! This
is a surprising result given the results in [LW94] and this paper (ETxtJRef and EInfJRef do not
even contain TxtFin , asshown in Theorem 24 and Theorem 25).

Theorem 34 (a) TxtEx = ETxtJRef %= ETxtJIRef °©
(b) EInfJRef %= EInfJIRef ©

Pr oof. For part (a), it is enoughto showv that TxtEx ETxtJIRef © Consider any class
L 2 TxtEx . If N 2 L, then it immediately follows that L 2 ETxtJIRef 0(since Cons | = SEG).
If N 62L, then let L= L [ INIT . It wasshown by Fulk [Ful90] that, if L 2 TxtEx and L does
not cortain N, then L%as de ned above is in TxtEx . SinceL?corntains a superset of every nite

set, it follows that L92 ETxtJIRef ©(since Cons o= SEG). Part (a) now follows using the fact
that ETxtJIRef Cis closedunder subsetoperation.

(b) It is su cien t to show that EInfJRef © EInflIRef © SupposeM EInfJRef Zidenties L.
We construct an M ®which EInflJIRef Zidenties L. Let g denote a recursive function sud that,
for all nite setsS, Wys) = S. On any input I[n], M O behaves as follows. If M (1[n]) 62, then
M Y1 [n]) = M (I[n]) (this ensuresthat M © InfEx -identies L). If M (I[n]) =2, then let m be the
smallest number such that M (I1[m]) =2 . If PosInfo(l [n]) = Posinfo(l [m]), then M {1 [n]) outputs
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g(PosInfo(l [n])). Otherwise M {1 [n]) outputs ?. We claim that for every , either MY ) =?
or there exists an extension| of sud that M % InfEx -identies |. SosupposeM{ ) 6?. We
considerthe following cases.

Casel: M( ) 67.

If M InfEx -identies someextensionof |, then clearly M ° doestoo. So supposethat M does
not InfEx -identify any extensionof . This implies that M refutes every informant which begins
with . Let | be an informant, extending , for Posinfo( ). Let n be the least number suc that
M (I [n]) =?. Note that I [n] must be an extensionof . It now follows from the de nition of M °
that M %InfEx -identies 1.

Case2: M( ) =".

Let bethe smallestpre x of suchthat MY )=2. It follows from the de nition of M °that
Posinfo( ) = Posinfo( ). Let |, extending , be an informant for Posinfo( ). It follows from the
de nition of M °that M q1) is a grammar for PosInfo( ) = PoslInfo(l).

From the above cases,it follows that M °EInflJIRef Zidenties L. |

However, unlike the casefor texts, EInfJRef © is not equalto InfEx .
Theorem 35 TxtEx  EInfJRef 96 ;.

Pr oof. First we prove the following lemma. Note that if M EInfJRef Zidenties L, then for eath
nite information sequence , it must satisfy either (a) or (b) in the statemert of lemma.

Lemma 36 Supmse M is such that for all nite information sequenes , at least one of the
following two properties is satis ed:

(@) M InfEx -identies someinformant extending , or

(b) M refutesall in nite information sequene@s| extending
Then, for every nite information sequen® , onecan nd (e ectively in and M) a grammar
g( ;M) suchthat Wy .vy PoslInfo( ), and either

(c) There existsa extending suchthat M( )=7?, or

(d) M divergeson someinformant for Wy ..

Pr oof. SupposeM is given such that for eat nite information sequence , either (a) or (b)
holds. Let be sud that (c) fails. Then, we claim that, for eadr extending , there exists a
00%xtending sud that M( ) 6 M( % To seethis, considerany extending . Let %and
%pe two extensionsof sud that Posinfo{ 9\ Neginfo( %6 ; (i.e. %and %Oare inconsistert
with ead other). Now, since (b) is not true for = %or = 9 we have from (a) that M
InfEx -identi es someinformant extending °aswell assomeinformant extending °° Thus, there
existsa %%xtending such that M( ) 6 M ( °% Hence,for every extending , there exists a
00@xtending sud that M () 6 M ( °% This is what our construction of g will utilize. We give
below a description of Wy .y (note that g can be de ned using s-m-n theorem).

Wy( )

1. Let o=
Enumerate PosiInfo( ) into Wy ).
Go to stageO.

2. Stages
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Seard for extending s sudhthat M( ) 6 M ( s).

Let s+1 bean extensionof sud that Posinfo( s+1)[ Neginfo( s+1) fxjx sg.
Enumerate PosInfo( s+1) in Wy :m).

Go to stages+ 1.

End stages
End

Note that if M isasgivenin the lemmaand is sud that (c) fails, then,gasedon analysisabove,
there will be in nitely many stagesin the construction of Wy .\yy. Thus, ; ; is an informant for
Wy .m) on which M makesin nitely many mind changes. This provesthe lemma. 2

We now proceedwith the proof of the theorem.

Let ; denotea nite information sequencegobtained e ectiv ely from i) suc that Posinfo( ;) =
fi + 1g and Neginfo( ;) = fxjx ig.

LetS=1f | ; N Mi()=7g.

LetL = fWy ,m,)JSi=:g[ fPosInfo( )j 2 Sig.

It is easyto verify that L 2 TxtEx . Howewer, if S; is not empty, then M; refutes 2 S,
even though Posinfo( ) 2 L. If S; is empty, then either M; does not behave properly (i.e. Mj,
for some , fails to satisfy both conditions (a) and (b) in the statement of Lemma 36) or does not
InfEx -identify Wy ,.m;) 2 L.

It follows that L 62EInfJRef © |

Corollary 37 TxtJIRef EInfJRef 06 :.

Pr oof. Note that no languagein the classL de ned in the proof of Theorem 35 contains 0.
Thus, L[ fNg2 TxtEx . Howewer, L [ fNg 62EInfJRef © using proof identical to the proof of
Theorem 35. i

The following theorem, however, shaws that EInfJRef ©contains InfRel .
Theorem 38 InfRel  EInfJIRef ©

Pr oof. Note that InfRel is closedunder nite union. Also FIN 2 InfRel . Now supposeL 2

InfRel . Thus (L[ FIN) 2 InfRel InfEx . It follows that (L [ FIN ) 2 EInfJIRef © (since
ICons | pn = SEQ). Now, EInfJIRef Ois closedunder subsetoperation, and thus it follows that
L 2 EInfJIRef © |

6 Conclusions

Mukouchi and Arikawa modeled a learning situation in which the learner is expected to refute
texts which are not represerativ e of L, the classof languagesbeing identi ed. Lange and Watson
extendedthis model to considerjusti ed refutation in which the learneris expectedto refute texts
only if it contains a nite sample unrepresenativ e of the classL. Both the above studies were in
the context of indexed families of recursive languages.In this paper we extendedthis study in two
directions. Firstly, we consideredgeneral classesof recursively enumerable languages. Secondly
we allowed the machine to either identify or refute the unrepresenativ e texts (respectively, texts
cortaining nite unrepresenativ e samples). We obsened somesurprising di erences between our
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results and the results obtained for learning indexed families by Lange and Watson. For example,
in the context of learning indexed families of recursive languages,Lange and Watson (in their
model) shoved that TxtJIRef = TxtJRef (i.e. requiring machinesto refute assoon asthe initial

segmei becomesunrepresertativ e of L, is not a restriction). Similar result wasalsoshown by them
for learning from informants. We showed that requiring immediate refutation is a restriction if we
considergeneralclassesof r.e. languages(in both our (extended) and Lange and Watson's models
of justied refutation, and for learning from texts as well as informants). We also considereda
variation of our model in which \unrepresentativ " is with respect to what a machine identi es

and not with respect to the classL. In this variation, for learning from texts, (immediate) justi ed

refutation model has the samepower as TxtEx | a surprising result in the context of results in
[LW94] and other results in this paper. However, in the context of learning from informants, even
this variation fails to capture the power of InfEx .

It would be usefulto nd interesting characterizations of the di erent inferenceclassesstudied
in this paper. An anonymous refereesuggestedthe following problems. When we do not require
immediate refutation (as in TxtJRef ) the delay in refuting the text may be arbitrarily large.
It would be interesting to study any hierarchy that can be formed by \quantifying” the delay.
Note that if one just considersthe number of excessdata points needed before refuting, then
the hierarchy collapses| exceptfor the (unboundedbut nite) case. As extensionsof criteria
consideredin this paper, one could considerthe situation when a machine approximately identi es
[KY95, KY97, Muk94] a text T in the caseswhen it doesn't identify or refute a text.
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