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ABSTRA CT

This paper proves that \promise classes"are so fragilely structured
that they do not robustly (i.e. with respect to all oracles) possessTuring-
hard sets even in classesfar larger than themselves. In particular, this
paper shows that FewP does not robustly possessTuring hard sets for
UP\ coUP and IP \ colP doesnot robustly possessTuring hard sets for
ZPP. It followsthat ZPP, R, coR, UP\ coUP, UP, FewP\ coFewP, FewP,
and IP \ colP do not robustly possessTuring complete sets. This both
resolves open questions of whether promise classeslacking robust down-
ward closure under Turing reductions (e.g., R, UP, FewP) might robustly
have Turing complete sets, and extends the range of classesknown not to
robustly contain many-one complete sets.

Keywords: Structural complexity theory; Polynomial-time reductions;
Complete languages.

Some of these results were reported at Logic at TVER '92|Symp osium on Logical Foun-
dations of Computer Science.

YSupported in part by a Hewlett-P ackard Corporation equipment grant and by the National
Science Foundation under grants CCR-8809174/CCR-8996198, CCR-8957604, and NSF-INT-
9116781/JSPS-ENG-207.

ZPart of the work done while the second author was at the University of Rochester and
supported in part by the National Science Foundation grant CCR-8320136 to the Univ ersity
of Rochester.



1 Intro duction

Complete languageshave long beena usefultool in complexity theory. Much of

our knowledge about NP comesfrom studying the NP-complete set SAT (see,
e.g., [28]). Most common complexity classes|NP, coNP, PSPACE, etc.|ha ve

many-one complete sets' that help us study them. Sipsernoted, however, that

some classesmay lack complete sets [35]. His paper sparked much researt

into which classesrobustly [33,19 (i.e., with respect to all oracles[4]) possess
completelanguages,and what strengths of completenesgesults (e.g., many-one

or Turing) can be obtained. The crucial property of classessuch as NP and

PSPACE that causesthem to robustly possesanany-one complete setsis the

existenceof a recursive enumeration of machines covering the languagesin the

class? Howewer sewral natural classessud asUP, R, and BPP, do not have

any obvious recursive enumeration of machines covering the class. This raises
the possibility that these classesmay not robustly possessomplete sets.

Sipser shaved that R and NP \ coNP do not robustly possessmany-one
complete languages[35]. Hartmanis and Hemadandra shoved that UP|
unambiguous polynomial time (Section 2)|do esnhot robustly possessnany-one
complete languages,and noted that if UP does have complete languagesthen
UP has complete languageswith an unusually simple form|the intersection of
SAT with a setin P [18]. In related work, Regan[30] proved that a classC that
is closeddownward under 1 and admits padding has a constructively valid
programming system [Qx]i_, over a sucien tly strong logic F if and only if C
has a complete setunder P . It is alsoknown that theseclassestend to have
dierent positive relativization [21] results than classesthat robustly possess
complete sets.

One way of strengthening the above theoremswould be to show that these
classesdo not robustly possessomplete setseven with respect to reducibilities
more exible than many-onereductions, e.g.,k-truth-table, positive truth-table,
truth-table, and ultimately Turing reductions [26]. This would shawv that the
structure of these classesdi ers markedly from that of P, NP, PSPACE, and
so on. Gurevich shoved that NP\ coNP has many-one complete languages
if and only if it has Turing complete languages([17], seealso [20]). Ambos-

2Throughout this paper, we are concerned only with polynomial-time reducibilities.

bThat is : let fTjg be any standard naming of Turing machines; there exists a recursively
enumerable set A such that (1) PSPACE = fL(T;j) : i 2 Agand (2) each T;;i 2 A, runs in
polynomial space.



Spies'selegant generalization of this states that for any class C closed under
Turing reductions, C has Turing complete sets if and only if C has many-one
complete sets [3]. In particular, it follows, from the result of Sipser[35], that
NP\ coNP doesnot robustly possessTuring complete sets[17]. Similarly, since
PBPP = BPP [39], from [18]'s proof that BPP doesnot robustly possessnany-
onecompletesetsit followsthat BPP doesnot robustly possesg uring complete
sets.

Since UP \ coUP and ZPP are closeddownward under Turing reductions
([39] for the ZPP case),Ambos-Spies'sesult mentioned yields: UP\ coUP and
ZPP have Turing complete setsif and only if they have m-complete sets.

However, Ambos-Spies'sresult does not apply to R, UP, FewP, FewP\
coFewP, or to other classesnot known to be closedunder Turing reductions.

Furthermore, the technique usedto shav that R and UP do not robustly
possesamany-one complete languageswas an indirect proof [35,18], that does
not seemto generalizeto Turing completeness.

In fact, classesud asR, UP, and FewP, have a complexstructure. Machines
for these classesmust incorporate a promise (e.g., never having more than one
accepting computation path), and thus these classeshave beenreferred to as
\promise classes"[21]. This paper shows that this promise structure precludes
sud promise classesas R, UP, and FewP from robustly possessingven Turing
complete sets; our proofs exploit the promise-induced limited combinatorial
control of probabilistic and nondeterministic machines to corrupt candidates
for Turing completeness.Indeed, the promisesare so exacting that quite large
classesdo not robustly cortain setsthat are hard for these classegor even for
subclassesof these classes).

Section 3 provesthat FewP doesnot robustly possessTuring hard sets for
UP\ coUP. Section4 provesthat IP \ colP doesnot robustly possessluring
hard setsfor ZPP.° It immediately follows from the above results that ZPP, R,
coR, UP\ coUP, UP, FewP\ coFewP, FewP, and IP \ colP do not robustly

CRecertly, Shamir [34,27] has shown that IP=PSP ACE. Thus in the real world IP = colP =
IP\ colP = PSPACE. It follows that Theorem 4.1 doesnot hold for A = ;, i.e., IP\ colP,
doeshave Turing hard languages for ZPP, R, coR and BPP. Thus Theorem 4.1 gives another
example of oracle result which doesnot hold in the real world (though some of its corollaries
may still be true in the real world). However, IP is not robustly equal to PSPACE [11].
Shamir's non-relativizing technique is not known to apply to classesother than those having to
do with interactiv e proofs (though sometimes the connection to interactiv e proofs is somewhat
disguised [9]), and in particular is not known to apply to BPP. Theorem 4.1 thus suggests
the inabilit y of a certain broad body of techniques to resolve the problem of whether, in the
real world, BPP has Turing hard sets for ZPP, R, and coR.



possessTuring complete sets.

2 Preliminaries

Let N denote the set of natural numbers. is an alphabet set, usually f 0; 1g.

denotesthe empty string. A languageis a subsetof . For two setsL;
and L,, L1 4 L, denotesthe set(L; L2)[ (L2 Lj). ; denotesthe empty
set. Mg; My;::: denotessomestandard enumeration of polynomial-time deter-
ministic (oracle) Turing machines. N1; Ny;::: denotessomestandard enumera-
tion of polynomial-time nondeterministic (oracle) Turing machines. B1;By;:::
denotes some standard enumeration of polynomial-time probabilistic (oracle)
Turing machines [13]. We assumethat the running time of machine M; (N;)
((Bj)) is bounded by deterministic (nondeterministic) ((probabilistic)) time
ri(n) = n'+i. P denotesthe classof all languagesacceptedby somepolynomial-
time deterministic Turing machine [22]. NP denotesthe classof languagesac-
ceptedby polynomial-time nondeterministic Turing machinesand coNP denotes
the classof languageswhose complemeris are in NP [22]. L(M) denotesthe
language acceptedby the machine M. L(M”) denotesthe language accepted
by the oracle machine M with the oracle A [4,22].

A denotesthe complemert of A, i.e., A. A denotesthe characteristic
function of A. jxj denotesthe length of x. A " denotesthe set of strings in
A with length at most n. h; i denotesa standard one-to-one,polynomial time
computable and polynomial time invertible pairing of natural numbers (see|[5,
31]). Similarly, h; ; i denotesa standard one-to-one, polynomial time com-
putable and polynomial time invertible encading of triples of natural nhumbers.

We now review the de nitions of various complexity classesgdiscussedn this
paper. Implicitly , the relativized version of eat of these complexity classes
is de ned by allowing the nondeterministic (probabilistic) madhine(s) of the
de nition accesgo someoracle.

De nition 2.1 [36]

(Unambiguous Polynomial Time) UP = fL : there is a nondeterministic
polynomial-time Turing machine N suchthat L = L(N); and for all x, the
computation of N (x) has at most one accepting pathg. We say that a machine
N is categorical if it hasat most one accepting path for every input.



coUP=fL : L 2 UPg.

UP captures the power of unambiguous computation; UP is the class of
problemsthat have (for someNP macine) unique withesses.That is, if there is
an NP machine N acceptingL and for every input x the computation of N (x)
has at most one accepting path (i.e., N is a categorical machine), then we say
L 2 UP.

Recerily, UP has come to play a crucial role in both cryptography and
structural complexity theory. In cryptography, Ko and Grollmann and Selman
have shavn that one-way functions® exist if and only if P 6 UP [23,16], and
one-way functions whoserange® is in P exist if and only if P 6 UP\ coUP [16].
Thus, we suspect that P 6 UP becausewe suspect that one-way functions exist.

Curiouslylin light of the resultsin this paper and [18]|[Ko hasshawn that
the operator version of UP doeshave complete sets[23].

The following de nition is a generalization of the classUP where we allow
the nondeterministic machine to have at most polynomially many accepting
paths.

De nition 2.2 [1,2]

FewP = fL : thereis a nondeterministic polynomial-time Turing machine
N andaj suchthat L = L(N), and for all x, the computation of N (x) has at
most jxj! + j accepting pathsg.

coFewP = fL : L 2 FewPg.

We say that N2 is FewP”-likei (8x)[ the number of acceptingpaths of NA
on input x is at most jxj' + i]. Note that we are not claiming that it is easyto
determine whether N is FewP” -like. The following proposition merely re ects
the fact that in many natural enumerations eady machine in the enumeration
essetially appearsin nitely often, give or take vacuously padding the machine
with unreadable states.

Prop osition 2.3 There exists an enumemtion NJ;N?;::: of nondeterministic
Turing machinessuchthat, for all i, run time of N (on inputs of length n) is
bounded by n' + i and
FewP = fL : (9i)[L = L(N9 and (8x)[ numker of accepting paths of N on x is
ixi' + illg.
dA function f is honest if (9k)(8x)[jf (x)jk+ k  jxj]. A one-way function is a total, single-
valued, one-to-one, honest, polynomial time computable function f such that f 1 (which will

be a partial function if range(f) 6 ) is not computable in polynomial time [16].
€Range(f) = ff(i) :i2 g.




Thus we assume,without loss of generality, that our standard enumeration
is one such enumeration. Note that Proposition 2.3 holds robustly. In our
relativizations, this will allow us to, for eat possibleoracle machine, instantly
discard machine N; if we notice that N* is not FewP”-like in the relativized
world, A, we construct (rather than having to explicitly pair eac machine with
every fewnessbound).

De nition 2.4 [13]

(Random Polynomial Time) R = fL : there is a prolabilistic polynomial-
time Turing machine B suchthat L = L(B), and for all x, either B(x) hasno
accepting paths, or B(x) accepts with probability — 1=2g.

coR=fL : L 2 Rg.

Without loss of generality we can assumethat the computation tree of a
madine accepting a languagein R is a full binary tree with paths through the
tree corresponding to sequence®f coin tosses[5].

R, random polynomial time, is the complexity classthat capturesthe power
of probabilistic computation with one-sidederror. When an R machine accepts,
it is always correct; however, when it rejectsit may be incorrect. In relativized
worlds, the computational powers of random polynomial time and of unambigu-
ouspolynomial time are incomparable,and have both beenstudied in detail [29,
12,6,10]. We say that B is R*-like,i (8x)[ either BA on x has no accepting
paths or the probability that B# acceptsx is at least 1=2].

De nition 2.5 [13] ZPP = R\ coR

The classof languagesthat are in ZPP are exactly those languageswhich
can be solved in expected polynomial time [13].

De nition 2.6 [13]

(Bounded Probabilistic Polynomial Time) BPP = fL : thereis a prokabilistic
polynomial time Turing machine B suchthat, [x 2 L ) B(x) accepts with
probability 2=3] and [x 62 ) B (x) accepts with probability  1=3]g.

BPP is a complexity classthat capturesthe power of probabilistic compu-
tation with bounded two sided error.

We now discussinteractive proofs [15]. Consider a languagelL and an input
X. Supposea prover, P, is trying to corvince a polynomial-time, probabilistic,
verier V, that x indeedbelongsto L. During this process.the veri er may ask



certain questionsto the prover. We assumethat the prover P is deterministic

in the sensethat the answer provided by the prover, on any question, depends
only on x, the question asked, and the set of earlier questionsasked. However
we do not place any resourcebound on the prover. Indeed P itself may be a
non-recursive procedure. After the interaction, the veri er may acceptor reject
the input. For the verier to accept the languagel, we would like that in cases
when x belongsto L, the prover should be able to corvince the veri er, with

high probability, that x belongsto L. Howewer, if x doesnot belongto L, then

no prover should be able to cornvince the veri er, with non-negligible probabilit y,

that x 2 L.

De nition 2.7 We saythat a verier V acceptsL i:
(8x 62L)(8P)[ProV with prover P acceptsx) 1=3], and
(9P)(8x 2 L)[Pro(V with prover P acceptsx) 2=3].

Note that for a particular veri er V, there canbe at most onelL that V accepts.
We denote by L (V) the language,if any, that the verier V accepts.

De nition 2.8 [15]
IP=fL : (9V)[V acceptsL]g.
colP=fL : L 2IPg.

We say that VA is IP#-likei there existsalanguagel such that VA accepts

Note that a machine may be FewP-like (R-lik e, IP-lik €) with respectto some
oracleswhile not being FewP-like (R-lik e, IP-lik €) with respect to other oracles;
these are properties of machine/oracle pairs.

Welet Vp; Vi, ::: be astandard enumeration of all polynomial time veri ers.
We assumethat the runtime of veri er V;, on inputs of length n, is bounded by
n'+i.

It follows immediately from the de nitions that (8A)[R* BPPA IPA\
colP?].

For badkground, we rst de ne Turing reductions and completenessin the
real (unrelativized) world.

De nition 2.9  (see[26,5))

1Ly PLyifLy2Pte,



2. L is [-hard for Cif every setin C Turing reducesto L (i.e., (8S 2
O[S % L]). In addition if L 2 Cthen we saythat L is -complete for
C

If we wish to discuss Turing completenessin relativized worlds, we must
addressthe key question: are the Turing reductions allowed accesgo the oracle?
De nitions 2.10.2and 2.10.3answer this question\y es" and \no," respectively.
For the following de nition C standsfor one of R, UP, or FewP.

De nition  2.10
1. Ly %A LyifLy2 P2 A,

2. Lis P%-hard for C* if (85 2 C)[S ™” L]. In addition if L 2 C*

then we say that L is  ?*-completefor C*.

3. Lis ®-hardfor C* if (852 C*)[S & L]. In addition if L 2 C* then
wesaythat L is §-completefor C*.

We suggestthat De nition 2.10.2above is the natural notion of relativized
Turing completeness. Adopting it, we prove that there exist oraclesA and B
such that ZPPA, RA, IPA\ colP” haveno P*-completesetsand UP®, FewP?
have no .‘};B -complete sets. However, for purposesof completenesgesults, the
di erent notions of relativized Turing reductions stand or fall together.

Lemma 2.11

1. For any oracle A, and classC: [FewP* has ?*-hard setsfor Cif and
only if it has }§-hard setsfor C.

2. For any oracle A, and classC: [UP* has % *-hard setsfor Cif and only
if it has £ -hard setsfor C].

3. For any oracle A, and classC: [R” has % *-hard setsfor Cif and only
if it has ¥ -hard setsfor C].

4. For any oracle A, and classC: [IP*\ colP* has ?*-hard setsfor Cif

and only if it has %-hard setsfor C].

This is true sinceif B is % ”-hard for Cthen B Ais R -hard for C.

The di erence between De nitions 2.10.2 and 2.10.3is essetially the dif-
ferencebetween\full" (2.10.2) and \partial* (2.10.3) relativization discussedn
[25] and [32, Section 9.3]. [25] describes how this distinction has had a crucial
e ect on recen researt asking whether all NP-complete setsare polynomially



isomorphic [24,14,19]. However, Lemma 2.11 indicates that in our study of
Turing completenesswe neednot be concernedwith this distinction.

3 Robust Completeness and Classes of Limited
Am biguit y

This section shaws that FewP does not robustly possessTuring hard sets for
UP\ coUP. It followsimmediately that there is an oracle A such that UP* and

FewP* lack complete setswith respectto "*, aswell as with respect to all
reductions less exible than $;A, such astruth-table reductions [26], bounded

truth-table reductions [26], etc.

Theorem 3.1 Thereis arecursive oracle A suchthat FewP”* containsno 5 -

hard languagesfor UP* \ coUP".

Corollary 3.2 There is a recursive oracle A such that UP* \ coUP*, UP*,
FewP* \ coFewP", and FewP" contain no "* -complete languages.

Pro of of Theorem 3.1: We wish to construct A suc that for no L 2 FewP”
is UPA\ coUP* P, which suces by Lemma2.11. Each L in FewP” is, by
de nition, acceptedby a nondeterministic machine N, which has its number
of accepting paths on any input bounded by n' + i (seeProposition 2.3). Our
goal is to show that for ead i, either:

1. NA hasmore than jxj' + i accepting paths on someinput x, or
2. (9C)[L; 2 UPA\ coUP” and £ 62PL(NM)].

The secondcondition says that someUP”\ coUP* languagedoesnot Turing
reduceto L(NA).

Let 0 = £17 1 (9K)[(n = (pi)%) ~ (9y)[iyi = n * 1y 2 Allg, wherep; is the
ith prime.
Let requiremert Ry i be
Rej 2 (90x 2 £ (9 x 2 LM} ™M)

In the construction below we will ensurethat for ead i either:
Req 1 NA hasmore than jxj' + i accepting paths on someinput x, or
Req 2 (8K)[card(fy : y 2 A% jyj = ()" + 1g) = 1]~ (8])[ requiremert Ry;; i
is satis ed ].



Note that this is su cien t to ensurethat A satis es the required properties.
If Req 2 is satis ed, then clearly [; 62PL(N{) Also the rst clauseof Req
2 makessurethat for ead n = pk, there exists exactly one string y, of length
n + 1, which belongsto A; thus for CP = f1" : (9K)[(n = (p)¥) ~ (9Y)[jyj =
n ~ Oy 2 Allg, where p; is the ith prime, we have

(@) Ci 2 UPA,

(b) £02 UPA,

(€) CP[ i = f1" : (9K)[n = (pi)*]g, and
d Ci\ (o= ;.

Thus we have ; 2 UPA \ coUP”.

For eadh h; ji, we will seekto nd a way of extending the oracle so as to
make N/ non-FewP"-like. Failing this, we will argue that we can choose our
oracle in sudh a way as to determine the answers to all oracle queries made
by Mj, and still have the exibilit y to diagonalize against ;. This stepis a
combinatorial argumert that machines with few accepting paths that do not
trivially acceptmust reject on an overwhelming number of oracle extensions.

In stage h;ji, we either make N/ non-FewP”-like by adding strings of
length (pi)¥ + 1, for somek, to A or without violating the rst clausein Req
2, satisfy requiremert Ry;; ;.

Let Ay, i denotethe set of strings determinedto bein A constructed before
stageh;; ji. ny; i denotesthe length, sud that for ead string of length at most
Nrij i » membership question (in A) has beendecided beforestggeh’; ji.

Let Ao = ; andng = 0 (welet 62A). Wewill have A= i Anji. Go
to stageO.

Stage h;ji:
1. Ifi=0orj=0o0r

if NA has already beenmade non-FewP”" -like, then set

Atijivr = Aniji & Nhijivr = Nhij i,
and go to stageh;ji + 1.

2. Let n= (p;)' besolarge that:

() n>ny,and

(i) 2" > [ry(m] [ri(ry(m)] [ri(rj(n)) + 1] [ri(r; (n)) + 2]=2.

(Recall that rj(n) = nl + j, the run time of the | machine.)



Let B=f0™ : nyj; <m ri(rj(n))* m6 n+ 1g.

AAh\;j i [ S[ B
|

4. |If there existsa setS  f0;1g"*! such that N is non-FewP” -

like on somestring of length at most r; (n) then
let Anijiv1 = Aniji [ S[ B & npjiva = ri(rj(n)),
and goto stagehi;ji + 1.
5. Else

Run machine Mj on 1" using oracle set L(NiA““i e

).

6. If M; acceptsin step 5 above then let z;jzj = n be sud that M; on input
1" using oracle set L (N, " 1121 %9y siill accepts. (We will argue below
that such a z indeed exists.) Let

Atiji+1 = Angji [ B[ f0zg & npjivr = ri(rj(n)),
and goto stageh;ji + 1.
(Note that here 1" 62(;; thus Ry;; ; is satis ed).
7. Else (the computation in step 5 rejects)

Let z, jzj = n be a string such that M; on input 1" using oracle set
L(NA BT 129y ol vejects. (We will argue below that such a z in-
deedexists.)

Let

Aniji+1 = Angi [ B[ f1zg & ngj 41 = ri(rj(n)) and

goto stageh;ji + 1.

(Note that here 1" 2 [ L(MJ-L(N‘A)). Thus requiremert Ry ; has been
satis ed).

End stageh; ji

Note that if we never nd a way of making N2 non-FewP”-like, then [; 2
UP” \ coUP* (becausethe above procedure puts exactly one string at eac
length important to [';) and (8] )[requiremert Rpi;j i is satis ed] (note that, the
de nition of B in step 3, ensuresthat, for lengths that are not usedin the
diagonalization in steps5{7, the rst clausein Req 2 is satis ed). Thus the
requiremert Req 2 is satised. On the other hand, if we do nd a way of
making N non-FewP” -like, then Req 1 is satis ed (even though we do not
need(’; to bein UP*\ coUP" in this case,our construction leaves(; nite in
this caseand thusin UP” \ coUP*). Thus we have met requiremerts that are
su cien t to ensurethat FewP* hasno % *-hard languagesfor UP* \ coUP*.



We needto arguethat a z (for steps6 and 7) can indeed be selected. Let
n; B beasin stageh; ji (in which the construction readesstep 6 (7)). Weclaim
that there is a string z, jzj = n, sud that the computation of M; on input 1"
using oracle set, L(NiA“‘”' 1l ®) queriesexactly the samestrings, getting exactly

the sameanswers, as doesthe computation of M; on input 1" using oracle set,
A i[ BIf 0zg

L(N; ) (L(NiA‘“‘j LBl lzg)). To seethat this is the case, suppose
that the computation of M; on input 1" using oracle set L(NiA“i‘j '[8y queries
Strings X1; X2; 11 Xk that arein L(NiA““i 1 ®), and queriesstrings y1;yz::::: Ym
that are not in L(NiA'“?j L B). For1l r Kk, reseneall strings, of length n+ 1,

" LB oninput x,, for A (there

areat mostk [ri(r; (n))] such strings). Fory suchthat jyj r;(n), letS, = fw :
NlAhi;j i[BIf wg
|

which are queried by the accepting path of NiA

acceptsy” jwj = n+_1g. Wereseneall stringsin Sy,;1 r m
for A (by Corollary 3.3below card( ; , ,,Sy,) m [ri(rj(n))] [ri(rj(n))+ 1]
[ri(rj(n)) + 2]=2). Since2" > rj(n) [ri(r; (N)] [ri(r;(n)) + 1] [ri(r; (n)) + 2]=2,
not all strings of form 0f 0; 1g" and 1f 0; 1g" areresenedfor A. Thusappropriate
Z exists.

We now bound the size of Sy as de ned above. In Corollary 3.3 below we
arguethat sizeof S, is bounded, if, N2 could not be made non-FewP”-like in
step 4 of the above construction. This Corollary usesa conbinatorial lemma
(Lemma 3.4) proved below.

Corollary 3.3 For y suchthat jyj rj(n) and NiAh“j B rejects y,
card(Sy)  [ri(rj (n)] [ri(rj(n)) + 1] [ri(rj(n)) + 272

Pro of of Corollary 3.3: Let m = card(Sy) and r;r°= r;i(r; (n)) + 1. Also let

in the (lexicographically least) accepting path of NiA“"j (LBl Cro

(y). Note that
Ck 2 Dy (since NiA““i 8 (y) has no accepting paths). Clearly conditions (a)
and (c) of Lemma 3.4 below are satis ed. To shaw that (b) is satis ed suppose,
by way of cortradiction, that there exists a subsetT of f1; 2; :::; mg of sizer®
sud that (8k% k%2 T)[k°6 k%) Cyo 62Dw]. Now, for ead k;k°2 T, k°6 k,
since Cyo 62Dy, the lexicographically least accepting path of NiA““" [BLC (y) is
an accepting path for N/ 1T BI Ceeo: K"2T9(yy. Moreover each of these paths
are distinct (since Cx 2 Dk Dyo, for distinct k;k%. Thus N;, on input v,
with oracle Ay [ B[ fCx : k2 Tg hasat least r accepting paths. This is
a contradiction to the fact that N; could not be made non-FewP"-like. Thus

C; D satisfy the conditions of Lemma 3.4, and hencecard(Sy)  [ri(r;(n))]



[ri(rj(n)) + 1] [ri(rj(n)) + 2]=2. 2
2 (Theorem 3.1)

Lemma 3.4 Letr;r%begiven. LetC,;1 k m, bestringsandD;1 Kk
m, be setsof strings. If Cy; Dy satisfy a),b) andc) thenm  (r® 1) r(r+ 1)=2.
a) (8k;N)[k& 1) Cik 6 C,
b) (8T 1,2 :::; mg: card(T) = rO[(9k®% k2 T)[k°6 k% Cyo 2 Dyod]].
¢) (8k)[Cardinality of Dy is at mostr 1]

in the lemmag. We prove by induction onn that P(n;n% (n® 1) n(n+ 1)=2.
Clearly, P(1;n% = n® 1. SupposeP(n;n% (n® 1) n(n+ 1)=2. We prove
that P(n+ 1;,n% (n°® 1)(n+ 1)(n+ 2)=2. Let C;D be such that conditions
of the lemma are satis ed with r = n+ 1;r%= n% Now considera maximal set
T f1;2 :::; mg, sud that, [(8k%k®2 T : k%6 k%[Cyo 62Dod]]. Clearly,
card(T) n% 1.

Alsoforall k2 f1;2;:::;mg T, either
(1) C isin Do for somek®in T or

(2) Cyo is in Dy for somek®in T

Let TO=fk : k2f1,2 :::;mg TA:(9k°2 T)[Ck 2 Dyo]g. Since,there
are atmost n card(T) elemens, k2 f1; 2; :::; mg T, for which there exists
ak®2 T sud that Cy 2 Do, cardinality of T?is atleastm (n+ 1) card(T).

and D’ = D;; fCy : k2 Tg. It is easyto seethat D is a proper subset of
Dj, . Note that C°and D now satisfy the inductiv e hypothesiswith r = n, and
r®= n°% From the above analysiswe have, m (n+ 1) card(T) + card(T9
(n+1) (n° D+PM;N%Y (° 1)(n+ 1)(n+ 2)=2. The lemma follows. 2

An anonymous refereehas pointed out that Corollary 3.3 also follows from
the following claim, which givesa slightly weaker bound than that of Lemma 3.4
but is easierto prove.

Lemma 3.4 are given. Then for someconstantc, m  crr9r® 1).



Proof of Theorem 3.1 can easily be extendedto prove that Few [8], a general-
ization of FewP, doesnot robustly possesTuring hard languagesfor UP\ coUP
(seealso[37]).

4 Robust Completeness and Probabilistic Classes

In this section we prove that IP \ colP doesnot robustly possessTuring hard
setsfor ZPP. It immediately follows that there exist relativized worlds in which
ZPP, R, IP\ colP and BPP do not have Turing complete sets.

Theorem 4.1 There is a recursive oracle A such that IPA \ colP? does not
contain any %” -hard setsfor ZPP".

Corollary 4.2 Thereis arecursiveoracle A suchthat ZPP*, R*, coR", NP\
piA

coNP* and IP* \ colP* contain no % -complete languages.

Pro of of Theorem 4.1: We wish to construct A such that for noL 2 IPA\
colP? is ZPP* P! (this suces by Lemma2.11). For each L 2 IP*\ colP”
there exist V, and V;, such that VA is IP”-like, VA is IP”-like, L = L(V/) and
L = L(VA). Our goalis to shaw that for ead i; j, either:

W Y —
1. [V* is not IPA-like " "V is not IPA-like " [L(V*) & L(V/*)]] OR
2. (90 2 zZPPA)[L; 62P- (V"))

Let 5 = £1" : (9K)[(n = (p)X) ~ (9y)[jyj = n ~ 1y 2 A]]g, wherep; is the ith
prime.
Let requiremert Ry, ;. «i be
. L(v*)
R j kit (X)[x2LCi (§ x2L(M, ).
For b2 f0;1g let bdenote1 b. In the construction below we will ensure
that for ead i;j either:
A A i WA A i W A L(VAY
Req 3 [[Vi® isnot IP”-like]  [V/* isnot IP”-like]  [L(V"*) 6 L(V")]] OR
Req 4
[(8k)(9b 2 fO;1g)[card(fy : by 2 A" jyj = (pi)Xg) = 0~ card(fy : by 2
AN jyj= (pi)kg) > 2P)" 1] and (8K)[ requiremert Ry ; is satis ed ]].
Note that this is su cien t to ensurethat A satis es the required properties.
For eadh hi; j; ki, wewill seekto nd a way of extending the oracleto make
either VA non-IP*-like or V/* non-IP?-like or L(V/*) 6 L(V/*). Failing this, we



will arguethat Ry i i can be satis ed. This step is a combinatorial argumert
exploiting the IP*-like properties of VA and V]-A.

In stagehi; j; ki, we either:
satisfy Req 3 by adding strings of length (p;)' + 1, for somel, to A or
without violating the rst clauseof Req 4 , satisfy requiremert Ry;. j. ;.

Let Ay ;. «i denotethe setA constructed beforestageh; j; ki. Let ny;y i de-
note the length, such that for ead string of length at most ny;jy i, membership
question (in A) has beendecidedbefore stageh; j; ki.

Let Ag = ; and ng = O (welet 62A). We will have A = Shi; i ki A ki -
Go to stageO.

Stage h; j; ki:
1. Ifi=0orj=0ork=20o0r
if VA has already been made non-1P*-like or V# has already been made
non-1P* -like or for somex it is already known that x 62 (V/A) 4 L(V,*)
then let
Aniik i+1 = Anijik i & Mgk i+1 = Nhisjik i
and goto stageh j; ki + 1.
2. Otherwise, let n = (p;)' be solarge that:
(i) n>nyjx i, and
(i) 20> 6 [r(n)] [ri(rk(n)) + rj(re(n))l.
Let B = f0f0;1g™ : npjx i M < ri(re(n)) + rj(re(n)) » m & ng.

4. If thereexistsasetS f0;1g"*! such that [\/iA““i xi[BLS or\/jAh”j kilBLS jg
non-IP”-like on somestring of length at most ry (n)], or [ for somestring
of length at most ry(n), x 62(L(\/iA““i kilBISy L(\/J-A““i «iLBIS)H then

let Apk i+1 = Anigik i [ ST B, & N i+1 = ri(re(n)) + rj(re(n)),
and goto stageh; j; ki + 1.
(s

Ahij ki
5. Elseif MkL(Vi ) accepts1” then let S be a maximal subsetof Of 0; 1g"

Apij 4 [BLS
sud that MkL(Vi ) still accepts1”.
(We will argue below that card(S) > 2"=2)
Let Ak i+1 = Anik i [ ST B & N i+1 = ri(re(n)) + rj (re(n)),
and go to stageh; j; ki + 1.

(Note that hererequiremert Ry ; is satis ed.)



Anij kil BLS
6. Else,let S be a maximal subsetof 1f 0; 1g" such that Mi';(Vi )(1“)

still rejects.
(We will argue below that card(S) > 2"=2)
Let Ak i+1 = Anigk i [ ST B & N i+1 = Ti(re(n)) + rj (re(n)),
and goto stagehi j; ki + 1.

(Note that hererequiremert Ry i is satis ed.)

End stageh; j; ki.

We claim that for steps5 and 6, card(S) 2" ! is not possible. We prove
this for step 5 (the proof for step 6 is similar). Let T be the set of questions
asked by M with the oracleAyj i [ B[ S. Let P; bethe prover corresponding
to \/iA““j xi[BLS Anig wi[BL ® which
make the veri ers accepttheir respective languages. Now, since S is maximal,
for eadh string w in 0f 0; 19" S, there exists a string, wq 2 T, sud that, wqy 2
Ly« EB0Sy g wy 2 Loy« EBEST WOy 1 s i wg 2 Ly« TBES)
then \/iA““j «1BLS with prover P; must query w with probability — 1=3 (since
probability of acceptanceof wq by Vi changesfrom 2=3to 1=3 whenw is
addedto the oracle). Similarly, if wq 2 L(V*" *'LB0®) then vAni #11BLS ity
prover P; must query w with probability — 1=3 (since probability of acceptance
of wq by V; changesfrom 2=3to 1=3 whenw is addedto the oracle). Since,
Vi (respectively Vj) queries at most ri(ri(n)) strings (respectively r; (ri(n))
strings) in ead path, V; (on input wg) can query at most 3r;(ri(n)) strings
(respectively V; can query at most 3r; (r(n)) strings) with probability — 1=3.
Thus there can be at most card(T) 3 [ri(rx(n)) + rj(rk(n))] strings suc as
w. Thus2" card(S) 3 r(n) [ri(rk(n)) + rj(re(n))], which along with the
conditions for n in step 2, implies card(S) > 2"=2.

and P; be the prover corresponding to V,

Now note that if we never nd a way of satisfying Req 3 (in step 4) then
(i 2 zPP” (becauseof the number of strings placed into the oracle by the
construction, at steps5 and 6 and in B at ead stage, at ead length important
to [j) and (8j)[requiremert Rhijk i is satised]. Thus the requiremert Req
4 s satis ed. Thus we have met requiremerts that are su cien t to ensurethe
theorem. 2



Class(Q) C doesnot robustly possess| Cdoesnot robustly possess
many-one complete sets Turing complete sets

NP\ coNP [35] [17]

IP\ colP Corollary 4.2 Corollary 4.2
BPP [18] [18] plus [3]

R [35] Corollary 4.2
coR [35] Corollary 4.2
ZPP Corollary 4.2 Corollary 4.2
FewP Corollary 3.2 Corollary 3.2
FewP\ coFewP Corollary 3.2 Corollary 3.2

upP [18] Corollary 3.2
coUP [18] Corollary 3.2
UP\ coUP Corollary 3.2 Corollary 3.2

Table 1: Results on Robust Completeness

5 Conclusion

This paper shaved that many promise classesdo not robustly possessTuring
completesets,and, indeed, even much bigger classesdo not contain hard setsfor
promise classes. Our proofs exploit the conbinatorial limitations of machines
that attempt to be FewP-like or IP-lik e. Table 1 summarizesthe results of this
and earlier papers on complete sets for promise classes. It remains an open
problem at presen whether there exist relativized worlds in which R or UP or
FewP have Turing complete languagesbut not many-one complete languages;
our intuition is that such worlds exist. Relatedly, Watanabe and Tang [38] have
shown that if certain conditions hold then m-complete setsand T-complete sets
di er in PSPACE. Also, there is a relativized world in which the booleanhierar-
chy contains boundedtruth-table complete setsbut not k-truth-table complete
sets[7].
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