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1 Intro duction

Gold [6] introduceda model of learning computablefunctions, wherea learner
receivesincreasingamourts of data about an unknown function and outputs
a sequenceof hypotheses.The learner haslearnedor identi ed the function,
if it corvergesto a single explanation, that is, a program for the function
at hand. This conceptof explanatory or Ex-learning has beenwidely studied
[3,6,10,14];seeDe nition 2.2 below for formal details.

An explanatory learner is often not aware of the fact whether it has already
learned the function f or whether the current hypothesisis a preliminary
one which must be revised later. It is well-known that, for various restric-
tive learning criteria, there is a classS which is explanatorily learnable but
cannot be learnedaccordingto the more restrictive learning type. One might
ask, whether there are at least su cien tly large subclassedJ of S with bet-
ter learnability properties. For example,one could imposethat the learneron
functions from U follows the criterion of nite learning [6], wherethe learner
outputs exactly one hypothesis(which must be correct) on functions from the
class,seeDe nition 2.3 below. In this paper we will considersimilar questions
for somecommonly usedcriteria of learning, which are at least as restrictive
as Ex. Motivation for this comesfrom various studiesin mathematics where
one pursuesthe generaltheme of whena di cult object can be approximated
by a simpleobject. For example,it is well known that every in nite recursiwely
enumerableset hasan in nite recursive subset.

A well-behaved learner satis es somenatural requiremens on its beha-
viour, seeDe nition 3.1. Sud a learner only outputs hypotheseswhich are
extendedby total functions from the classto be learned. Furthermore sud
a learner is consistenh whene\er it outputs a hypothesis. It turns out that
ewvery uniformly recursive classS can be learned by a well-behaved learner
(here S is uniformly recursiwe if there is an erumeration fo; f;::: sud that
S = ffy;f1;:::9 and the function e;x ! f¢(x) is recursiwe in both param-
eters). Theorem 4.1 shows that the corverseis not true: the theorem gives
an exampleof an in nite class,which hasa well-behaved learner, while every
intersection of the classwith a uniformly recursive classis nite.

It is shawvn that there is an in nite uniformly recursive classwithout any
in nite nitely learnablesubclass.This result can be generalizedby consider-
ing con dent learning instead of nite learning. While a nite learneroutputs
at most one hypothesison any function, a con dent learner may output un-
bounded, but nitely many, hypothesison any function (even nonrecursive
ones). Theorem 4.2 provides directly this generalizedresult by giving an ex-
ample of an in nite uniformly recursive classwhich doesnot have an in nite
intersectionwith any con dently learnableclass.

Sublearningdealswith questionslike the following: Is there a learner M



which explanatorily learnsa classS and{ at the sametime { nitely learnsan
in nite subclassU? In Theorem5.1it is shavn that there is an explanatorily
learnable classS which has an in nite nitely learnable subclassbut which
doesnot have a sublearner.

Ordinal courters are usedto introducea hierarchy of mind changeswithin
the conceptof con dent learning. It turns out that ordinals which are a power
of !, in the way de ned in Remark 2.8, play a specialrole in this theory. The-
orem 4.7 statesthat for a recursive ordinal =1 |, with 1, the following
holds: There is an in nite class,which has a learnerusing mind changes
but noin nite subclassof this classcan be learnedby a learnerusing mind
changes,for < . For other recursive ordinals 2 such a classdoes not
exist. Theoremb5.4is the versionof Theorem4.7in the cortext of sublearning.

2 Preliminaries

Notation 2.1. Recursiontheoretic notation mainly followsthe books of Odi-
freddi [13,14]and Soare[16].Let IN = f0; 1;:::g bethe setof natural numbers.
For any setA IN, A is the setof nite strings over A and A! the set of
total functionsfrom IN to A (viewed asin nite strings). Furthermore, setsare
often identi ed with their characteristic functions, sowe may write A(n) = 1
forn 2 A and A(n) = 0 for n 2 A. For a function f, f [n] denotesthe string
fOf(Q)f(2):::f(n 1). denotesthe empty sequenceStrings are viewed
upon as partial functions; denotesthat extends asa partial func-
tion. denotesthat extends properly. denotesthe concatenation
of strings and . a™ denotesthe function coincidingwith  on the domain
of , taking the valuea onthe next m inputs and beingunde ned after that in
the caseof m< 1 ; a! istotal. Let' be a standard acceptablenumbering,
and' . denotethe e-th partial recursive function in this numbering.

De nition 2.2 (Explanatory Learning) [6]. A learner is atotal recursive
function mapping nite sequencesf natural numbersto IN[ f?g. An output of
M is called hypothesisif it is di erent from ?. Hypothesesare viewed upon as
indicesfor partial recursive functions accordingto our underlying acceptable
numbering ' .

We sgy that a learner M convelgeson f to a hypothesise i for all but
nitely many n, M(f[n]) = e. A learner M Ex-learns (= Ex-identies) a
recursive function f if, on input f, it corvergesto a hypothesiswhich is a
program (or code) for f . We say that M Ex-identi es a classS of recursive
functions if and only if M Ex-identi es ead function in the class.Ex denotes
the family of classedhat are learnableby a recursiwe Ex learner.



The letters \Ex" stand for \explanatory learning".

For learning, we always considernon-empty classef total and recursive
functions. Sowe can avoid to dealwith uninteresting special casesvhich mess
up the statemeris and proofs of the results but do not give any insight on
learning-theory

Note that the synmbol ? standsfor the casethat the learnercannotmake up
its mind about what hypothesisto output. The conceptof Ex-learning itself
doesnot needthis special symbol but additional requiremerts like boundson
the number of mind changesbelown will make useof ?, in order to avoid mind
changescausedby the lack of data which shows up later.

De nition 2.3 (Mind Change Bounds) [3]. We sa that a learner M
makesa mind changeonf at n, if thereisanm < n sudc that (i) M (f [n]) 6
M(f[K]) for k = m;m+ 1;:::;n 1 and (ii) M (f [n]); M (f [m]) are both
di erent from ?. A classof recursive functions S isin Ex,,, if thereis arecursiwe
learnerthat Ex-learnsevery f 2 S by making at most m mind changeson f .
Exp-learning without any mind changesis also called nite learning.

De nition 2.4 (Consistency) [1,17] A learner M is consistenton if
either (i) M ( ) = ?or (ii) M ( ) outputs an index e such that ' ¢(X)#=(x),
for all x 2 domain( ). A learneris consistenti it is consiste on all strings
2 1IN .

Note that the caseM ( ) = ? was not allowed in the original de nition
of consistency Indeed one could remove this caseby transforming M to a
new learner N which, on input , outputs an index for if M( ) = ?, and
outputs the hypothesisM ( ) otherwise.Howewer, in orderto make it possible
that a consister learnercan alsobe con dent or pessimisticallyre ectiv e (as
de ned in De nition 2.5) we have explicitly permitted the option that M can
output ?.

Furthermore, variants of consistencyhave beenconsidered.For example,
a learner M for a classS is consistenton S if it is only required that M is
consisten on the strings f [n] with f 2 S. There are classesS which have a
learner which is consisteth on S but which do not have a consisten learner.
An exampleis the classff :' ¢ = f g of all self-describingfunctions.

De nition 2.5 (Further Learning-Criteria). A learnerM is prudent[15]
if it Ex-identi es atotal extensionof ' ¢, for ead e in its range.A learner M
is pessimistially re ective [7,8]if M Ex-identi es an extensionof wheneer
M( ) 6 ?. A learner M is said to be condent [15]if it corvergeson every
total function, even the non-recursiw functions.

Exact-learningde ned below givesa closerconnectionbetweenthe learnerand
the classto be learned, which goesbeyond the fact that the learneriderti es



the class.

De nition 2.6 (Exact Learning). (Osherson,Stob and Weinstein[15]) For
a criterion |1 which is at least as restrictive as Ex, one says that M exactly
| -identi es a classS if and only if M | -iderti es ewery function f 2 S and
doesnot even Ex-idertify any function f 2 S.

Note that in the presen work, the term exactlearning is usedasin the book
\Systems that learn" [10, De nition 4.48]. Thereforethis notion di ers from
the one with the samenameusedin the eld of learning classesepreseted
by indexed families [18,19].In [10], the following motivation is given for the
notion of exact learning in the cortext of languagelearning.

The corverseof the dictum that natural languagesare learnableby children
(via casualexposure)is that nonnatural languagesare not learnable. Put
di erently, the natural languagesare generallytaken to be the largest col-
lection of child-learnable languagesWe are thus led to considerparadigms
in which learnersare required to respond successfullyto all languagesn a
given collection and to respond unsuccessfullyto all other languages.

Similar considerationsalsomotivate the notion of exactlearning for functions
asconsideredin this paper.

A family fo;fq;::: of total functions is called uniformly recursiveif the two-
place function e;x ! fg(x) is recursive. In order to simplify notation, we
say that a classS is uniformly recursivei S = ffq;f;:::g for a uniformly
recursive family fo;f1;::: of functions. The following notion Num capturesthe
subclassesof uniformly recursive classes.

De nition 2.7. A classS of recursiwe functionsis in Num if somesuperclass
S%of S is a uniformly recursive class.

Remark 2.8 (Ordinals). Let <y;<g;::: beanenumeration of all recursiwely
enumerable partial orders.If an ordering <. is a well-ordering, it is called a
notation for ordinals. The natural numbers equipped with <, are isomorphic
to aninitial segmen of the classof all courtable ordinals and one canidertify
every number x with that ordinal for whichfy :y <. xgandf : < g
are order-isomorphicsets.
Cantor introduceda non-commutativeaddition + on the ordinals which is
invertible: if , thereis aunique sudthat + = . This dierence
is denoted as . Halmos [9, Section 21] gives an overview on ordinal
arithmetic. If <. is a notation for ordinals having a represemative x for
then there is a notation <« sud that whene\er y represeis an ordinal +



with respect to <, then y represems the ordinal  with respectto <. The
ordering < 0 is constructed by shifting the part of the ordering strictly below
X to the top sothat < is still a well-orderingand x represeits O:

Y<e0Z, (X e¥<eZ)_(Y<eZ<eX)_(Z<eX eY)

wherex cy standsforx =y X <gYV.

Furthermore, Cantor introducedthe formal powersof ! , the rst in nite
ordinal. Cantor showved that one can represem every non-null ordinal by a
nite sum

=z ! *+al 2+ i+ a,! "
where 0 hn < i< o< jasordinals and a;;ay;:::;a, are non-null
natural numbers[14, page280].

This represemation permits usto view the ordinals asa semimalule over
the semiring of the natural numberswith pointwiseoperations ; ; . Given
ordinal and natural number ¢, one can de ne ¢ asfollows. If c= 0 or

= Othenc is just 0. Otherwise hasthe uniquerepresemation a;! *+
a! 2+:::+a,! mandonedenesc = (a;¢)! '+ (axc)! 2+:::+(a0)! .
Similarly, one can de ne the pointwise addition which is di erent from
+ asit is comnutativ e but hasthe minimum compatibility 1=+ 1.
Note that , the pointwise subtraction, can be unde ned evenin the case
that < :for example,! 1isunde ned.

De nition 2.9 [4]. A classS is Ex -identi able for a recursive ordinal i
there is an Ex-learner M, a notation for ordinals <. having a notation r for

, and a total recursive function ord mappingIN to IN sud that the following
hold.

(@) M Ex-identies everyf 2 S.

(b) ord( ) er .

(c) For all total f and m; n such that m < n, ord(f [n]) e ord(f [m]).

(d) Forall f 2 S and m;n such that m < n, M(f [n]) 6?, M (f [m]) 6?, and
M (f [n]) & M (f [m]): ord(f [n]) <e ord(f [m]).

Remark 2.10. Freivalds and Smith [4] postulated that (d) holds alsofor all
function f 2 S. The resulting conceptis the same,but in the presen paper
the restrictions to functions in S will be necessaryfor studying simultaneous
learners.For example,we will considerthe casewherea learner M simulta-
neouslyEx-identies R and Ex -identies someS R. As this classR itself
might not be Ex -iderti able, the existenceof suth a simultaneouslearneris
only possiblein a setting where condition (d) is de ned as above.

Note that for some I and someclassesS 2 Ex , onemust carefully
choosethe adequatenotation for ordinals in order to construct a recursive
Ex -learnerusingthis notation. If the notation is choseninadequately it might
happen that the correspnding learner cannot be recursie.



3 Well-Beha ved Learners

In this sectionwe introducethe notion of well-behaved learners.Well behaved
learners combine the properties of exact, prudent, pessimistically re ective
and consisten learners.

De nition 3.1. A learnerM is well-behavedfor S i

(@) M exactly Ex-learnsS, that is, M Ex-learnsf i f 2 S;

(b) M is prudent, that is, for all with M( ) 6 ?, M Ex-learnsa function
f extending' v ( ),

(c) M is consisten, that is, for all with M( ) 6 ?,' () extends .

Every well-behaved learneris pessimisticallyre ective: If M ( ) is anindex e,
then' . extends (by consistency)and somef Ex-learnedby M extends'
(by prudence).Thus, M identi es an extensionof , whenewer M ( ) 6?.

If one would add the property of being pessimistically re ective to the
postulated conditions for well-behaved learners,then one could wealen (c) in
such a way that M is only required to be consisteth on S (since M, being
pessimistically re ectiv e, will always output ? on data not belongingto any
function in S).

Remark 3.2. Every uniformly recursive classS = ffg;f1;:::9 has a well-
behaved learner M. This is shaovn by choosingM as follows: M (apa; :::ay)
outputs the leaste n sud that f¢(m) = a,,, form = 0;1;:::;n, and outputs
?if sud an e is not found.

On the one hand, there are Ex-learnable classesn Num which are not uni-
formly recursive and even not pruderntly learnable by an exact learner. An
exampleis the classS = fc! : ¢ 2 Kg whereK is the halting problem. An
exact Ex-learner for S can be constructed as follows. On input ¢", sud that
n > 0and cis not enumeratedinto K within n computation-steps,the learner
outputs a hypothesisfor ¢! ; otherwisethe learner outputs the symbol ?. For
any Ex-learner M for S, the setfc : (9 )(9x)[M( ) is a hypothesis that
computesc on argumert x]g is a recursively erumerablesupersetof K. Thus,
M cannot be an exact prudent Ex-learnerfor S.

On the other hand, there are classeswhich have a well-behaved learner
but which are not in Num. This result can even be strengthenedas shown in
Theorem4.1 below.

We now give someresultsrelating well-behaved learnersand exactlearners
which are in addition prudent or pessimisticallyre ectiv e.



Prop osition 3.3. If a prudentlearner M exactly Exqo-identies S, then S is
uniformly recursive.

Pro of. Recallthat in De nition 2.6it wasde ned that the learnerM exactly
Exo-iderties S i the learner M EXp-identies all functions in S and does
not Ex-identify any function outside S. SinceM is also prudent, ewvery index
output by M is extendedby a function in S.

LetE =fe: (9 )IM( )= e”' . extends ]g. The setE is recursiwely
erumerable.If f 2 S then thereis a pre x f suc that M ( ) outputs an
index e for f and this indexeisin E. SoS f'.:e2 Eqg.

If e2 E and witnessese 2 E, then a function f 2 S extends' . and
thus . SinceM Exq-learnsf and M outputs exactly one hypothesiswhile
readingf , this hypothesisis eandthusf ="' .. Hence,f' .:e2 Eg S.

Thus,S=1f'.:e2 EgandS is uniformly recursive. |

The condition of being prudert is necessary For example, the classff
't = fg of self-describingfunctions has an exact Exq-learner which on
input f (0)f (1) :::f (n) outputs f (0). Howeer, this classis not in Num.

Theorem 3.4. There is a classR having an exact pessimistially re ective
Ex;-learner but no wel-behavel Ex-learner.

Pro of. Considerthe classR cortaining all functions f satisfying one of the
following conditions.

f
f

0* forsome 2f1;29;
"eandf 2 f1°2g f1;2g' for somee 2 IN.

R has no well-b ehaved Ex-learner. For givenwell-behavedM and number
e, construct the following function f¢:

; _ 1 ifx<eor(x>eandM  (fe[X]) = M (fe[x]2));
o(X) = 2 ifx=eor(x>eandM (fe¢x]) 6 M (f[x]2)).

Assumenow that x > e and M (f¢[x]) is the hypothesise. By condition (c)
of the de nition of a well-behaved Ex-learner, there is at mostonea 2 f 1; 2g
sudh that M (fe[x]a) outputs e. If a = 2 then fo(x) = 1 elsef¢(x) = 2. So
M (fe[x + 1]) 6 e Thus M, does not corvergeto a hypothesison any of
the functions f .. Howewer, by the Fixed-Point Theorem[13, Theorem11.2.10],
thereisanesud that fo = ' .. Sincef, 2 1829 f1;2g' , it followsthat f 2 R
and M doesnot Ex-learn R. SoR doesnot have a well-behaved learner.

There is a pessimistically reectiv e exact Exi-learner N for R. On
input , N behavesasfollows.If 2 f1°2g f1;2g and' ((x)#= 1forx< e



and' o(e)#= 2 within j j computation-steps,then N( ) = e’ where

' (X) = "e(x) if'e(y)#2fl2gforally  x;
¢ ! otherwise.

If = O<forak>0anda 2 f1;2g,then N( ) is acanonicalindex for
0! . In all other casesN( ) = 2.
It is easyto verify that N Ex;-identies R and that all indicesoutput by
N are either for functions in R or for non-total functions. Furthermore, N
outputs a hypothesisonly on oftheformfl1;2g orfl1;2g fOg all of which
are extended by functions in R. So N is an exact pessimistically re ective
learnerfor R. 1

Theorem 3.5. Every class having an exact pessimistially re ective Ex-
learner hasalso an exact prudent learner, but the conversedoes not hold.

Pro of. Implication.  Considera classS having an exact and pessimistically
re ective Ex-learner M. The Padding Lemma [13, Proposition 11.1.6] states
that, for every index e, one can e ectively nd innitely many equivalert
indices(that is, indicescomputing the samefunction' ). Thusonecanassume
without lossof generality that M newver returns to an abandonedindex e (if
M needsto reconsiderthe function ' ¢, it canoutput an equivalert index not
usedearlier). Thus, if M outputs on a function f an index e in nitely often,
then M corvergeson f to e

Now assignto ewvery e the index e”sudh that ' o(X) = yi thereisaz> x
sudhthat 0;1;:::;z22 dom(' ¢), ' «(X) = yandM (' ¢[z]) = e otherwise’ ¢o(X)
is unde ned.

Now onetransformsthe pessimisticallyre ectiv elearnerM into a prudert
learner N by replacing all hypothesese of M by the corresmpnding €% The
new learner hasthe following properties.

If M Ex-iderties f by corvergingto the index e, then' o = f, and M
corvergeson ' . to e. Thus, by de nition of €% ' w0 = ' Thus N also
Ex-identies f and is an Ex-learnerfor S.

If N outputs €’ on someinput and'  is atotal function f , then M in nitely
often outputs eonf . By the assumptionon M, M corvergesonf to e, that
is, M Ex-identi es f. SinceM is exact,f 2 S.

If N outputs €° on someinput and ' « is partial, then there is some
extending ' « with M ( ) = e. It follows that there is a function f 2 S
which extends andthus' .

SoN is a prudert Ex-learnerfor S. Furthermore, all total functions computed
by someoutput of N arein S asshawvn above. It follows that N is exact.

Separation.  The following class R® witnessesthat the corverse direction



fails and the implication is proper. R%is obtained by modifying R from Theo-
rem 3.4, by making the rst condition more restrictive. R° cortains the func-
tions f satisfying one of the following conditions.

f
f

1¢2 O' and 12 ' o for some 2 f1;2g9;
"eandf 2 f1°2g f1;2g' for somee2 IN.

R%has no exact pessimistically re ectiv e Ex-learner. Considerthe set
E =fe:' cistotal andf 1;2g-valued and extends1®2g. The setE is 9 com-
plete and thus not K -recursive. But if there were a pessimisticallyre ective
learnerM for R® then M would satisfy the following conditions.

If e 2 E then there is a hypothesise sud that, for almost all s, there is
2 £1°2g f1;,2g° with M( ) = e
If e2 E then, for almostall sandall 2 f1°2g f1,20°5, M( )= 7.

This would give that E is recursiwe in the limit, a cortradiction.

There is an exact prudent Ex;-learner N for R% Oninput , N behaves
asfollows.If 2 f1°2g f1;29 and' «(x)#= 1forall x < eand’' ¢(e)#= 2
within j j computation-steps,then N( ) = e’ where

' (X)) = "o(X) if ' e(y)#2 fL2gforally x;
¢ ! otherwise.

If = Ofork>0,e Oand 2 f1°2g f1;2g and if it can be veried
in kK computation stepsthat ' . extends , then N ( ) is a canonicalindex for
0! . In all other casesN( ) = 2.

It is easyto verify that N is an exact Ex-learner for R% Furthermore,
every non-total, partial function conjecturedby N is of the form ' « where€’
derivesfrom somee asde ned above. Then' « is a nite function sud that
' o extends1®2 and is extendedby ' «0' which is in RC It followsthat N is
a prudert Ex-learnerfor R% |

4 Easier Learning of Innite Subclasses

Recall the question consideredin the introduction: Does ewery in nite Ex-
learnableclasshave an in nite nitely learnablesubclass?In this section,we
study this and similar questionsfor con dent and well-behaved learners.

We start by giving an in nite classlearnableby a well-behaved learner, which
doesn't have an in nite subclassin Num.

10



Theorem 4.1. There is an innite class S, which is Ex-identi able by a
well-behavel learner, suchthat for every R in Num the intersection S\ R is
a nite class.

Pro of. The basicidea of this proof is to constructaclassS=f ¢, 1;:::g
of total functions with the following properties:

There is an erumeration  of partial-recursive functions cortaining the
functions o; 1;:::andsome nite functionssud that the uniform pre x-
closedgraph of isrecursive. This permits to adapt the technique of learn-
ing by enumeration adequatelyand to guarartee properties (a) and (c) of
the de nition of well-behaved learners.
S is dense.Since contains only nite functions and the total functions
o; 1,.::, property (b) of well-behaved learners,that is prudence,will be
satis ed.
e dominates all total complexity measures 4 with d e Thus ewery
recursive function can only dominate nitely many . and thereforeevery
uniformly recursive classcan only cortain nitely many functions from S.

Now the constructionin detail: Let o; 1;::: beanenumeration of all strings.
Let o; 1;::: bethe stepcourting functions assaiated with ' o;" 1;::: sud
that ¢(x) isthe number of stepsneededto compute' ¢(x), if ' ¢(x) is de ned,
and ¢(x) = 1 otherwise.Now de ne for ewvery e the value a. as

g =min(flg [ fx: oX)=1 _(Oy<x)[ e(X) < e(¥)]9):

The a.'s can be approximated from below; that is, there is a total recursive
mapping e;s !  ags sud that a, = limgsaes, and a.s  a:s+1, for all e;s.
Note that onecan, without lossof generality, have that a..s s and thusthe
approximation newer takesthe value 1 . Now let

8
2 (%) if x 2 domain( ¢);

o(x) = _ max(fog[ f q4(y):d en
' y < min(f1+ x;a40) g) otherwise.

We cannot recursively know the valuesag; a;;::: but can only appraximate
them in the limit. Sowe considerthe following enumeration of partial functions

11



containing all the .. For ead tuple (kp;by;:::;k) 2 (IN[ flg ) , let
8 ) if x 2 domain( ):
max(B [ fOg) if the following conditions hold:
(B =1 4(y):d e”
y < min(f 1+ x; byg) g existsand
_ can be completely enumerated,
(i) (X) = (i) agx hyforalld e
(i) a(y)  a(y+ 1), for all
y<min(fl+ x;byg) landd e
(iv) x 2 domain( );
o otherwise.

Note that in (i) above, B existsif by ag, foralld e
On the one hand, one can show that the set

fllosby il X y) ix <1 Ay< 1 A ibne)(X) = Y0

is recursive. Therefore,there existsa learnerM which consistetly learnsthe
classof all total  (py:1,::::0), WhereM outputs only hypothesedor functions of
the form (b)) AS (i) ISTOtAl T @9 = M ag = ™ 1iiM @ = b,
it followsthat the total functions in this list are exactly the functions . and
soM is a consisten learnerfor S = f 4; 1;:::0. In particular, M satis es
conditions (a) and (c) in De nition 3.1 of well-behared learner.

Furthermore, if someh 6 a fork e then (y. .-, iSequalto a nite
string 0 and the function o extends . As all indicesoutput by M are
indicesfor functions of form (4, .b,:::::.), ONE Ccan concludethat condition (b)
in De nition 3.1 of well-behared learneris also satis ed.

On the other hand, if fq;f4;::: is a recursive enrumeration of total func-
tions, then the function g given by

g(x) = fo(x) + fo(x) + 111+ fu(x) + 1

dominatesall thesefunctions and there is a total and ascendingfunction
dominating g. It follows that the functions ., e+1;::: are dierent from
all functions fo;f;::: and so the intersection of S and any classin Num is
nite. 1

An essetial ingrediert of the above proof is that one cannot bound the num-
ber of mind changesmade by the well-behaved learner. In the extreme case
that onedoesnot permit any mind changes,Proposition 3.3 givesa di erent
outcome.

Recallfrom De nition 2.5that alearnerM iscondent i M always converges
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on input function, that is,
(8f) (8" n)M(f[n+ 1]) = M (f [n])]:

Soa con dent learner corvergeson every input function, evenif this function
is not recursive and therefore cannot be learned at all. Note that any class
which can learnedwith a bound (whether constart bound or ordinal bound)
on the number of mind changescan also be learnedby a con dent learner.

The next result shows that somein nite learnableclassesio not have in nite
con dently learnablesubclasses.

Theorem 4.2. Thereis an in nite uniformly recursive classGEN suchthat
intersection of GEN with any con dently learnable classis nite.

Pro of. Recallthat a 1-genericset G hasthe following property: for every re-
cursivesetU of stringsthereis ak sud that either the string G(0)G(1) :: : G(k)
itself is in U or no extensionof G(0)G(1) ::: G(k) is in U. One can chooseG
such that G is Turing reducibleto K [14, Section XI.2]. Therefore, there is
a recursive erumeration fg;f4;::: of f0; 1g-valued recursive functions point-
wise corverging to (the characteristic function of) the set G. Let GEN =
ffo;f1;:::9 for thesefunctions. As G is not recursive and di ers from ewery
function f, the set GEN is in nite.
Now considerany classS having a con dent learnerM . By con dence,M
convergeson G. Thusthere existsa G suchthat M( ) = M( ) whenewer
G. As G is 1-genericand as G does not cortain any string of the
recursive setf AM()6 M( )g, thereisa satisfying: G
and M( ) = M( ) for all . Furthermore, using the nonrecursiveness
of G, one may assumethat is solong that the hypothesisM ( ) doesnot
compute an extensionof
As the functionsf approximate the setG and G, almostall f extend
. Thusthe setff, : 6 fygis nite and also cortains all functions in the
intersectionof S and ffq;f;:::9. The theoremfollows. |

As all uniformly recursive classeshave a well-behaved learner, the following
corollary is immediate.

Corollary 4.3. Thereis anin nite classR havinga wel-behave Ex-learner
suchthat R\ S is nite for everycon dently learnable classS.

Theorem 4.4. If anin nite classS hasa con dent and well-behavel learner,
then S hasan in nite uniformly recursive sultlassU whichis Exg-identi able.
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Pro of. Let M be a con dent and well-behared learnerfor S suc that M ( )
outputs a hypothesisfor the everywhereunde ned function. Now considerthe
treeT IN , with root , de ned asfollows. A node of T hasassuccessors

all the nodes sud that M outputs at for the rst time a hypothesis
dierent fromM( );thatis,(i)M( ) 2fM( );?2gand(iilM( )2 fM( );?g
for all  with . An invariant of this construction is that M newer

outputs ? on the nodesof T. The tree T is well-foundedasM corvergeson all
functions, that is, the tree doesnot havein nite branches.By Konig'sLemma,
T would be nite if T is nitely branching. As S isin nite, T must bein nite.
Sothereis anode 2 T having innitely many successorand there is a
recursive erumeration o; 1;::: producing them. The subclassU is generated
from these , asfollows.

The function f is the limit of strings |, where o= ¢ and ., isthe rst
string found (in somestandard seard) sud that +1 and M ( 41) 6 2.

To seethat all fy are total, assumeby way of cortradiction that for
somefy, the processterminates at some . Then it would hold that (8

DIM() =?]and M would not Ex-identify any extensionof ;. Howewer
M ( ), by condition (c) in De nition 3.1, computesa partial function extend-
ing | and, by condition (b), sometotal extensionof ' y(,) (which is alsoa
total extensionof ) isin S. A cortradiction. Thus ead f is total.

The de nition of fy ensuresthat M outputs on fi in nitely often a hy-
pothesis.As M is con dent, M corvergeson f to a hypothesise. The con-
sistency condition (c) from De nition 3.1 implies that ' . extendsin nitely
many frandso' ¢ = fy. As' ¢istotal, ' ¢ 2 Sandthusffg;fq;:::g S.

An exact Exq-learnerfor ffq;fq;:::g canbe built asfollows: on input
the learner outputs a hypothesise, for fy whenewer ¢ f for somek.
Otherwisethe learneroutputs ?. |

We now considerresults that deal with the question when Ex -identi able
classeshave in nite Ex -identi able subclassedor < . For this, we need
the following two results from Freivalds and Smith [4].

Freivalds and Smith [4, Theorem 6] shaved that classeof step functions like
the onesbelow separatethe various levels of the hierarchy for learning with
an ordinal bound on the number of mind changes.

Prop osition 4.5 [4]. For everyordinal represente by an elementr with
respect to a suitablenotation <. of ordinals, de ne the classDEC .. to be the
set of all decreasing functionsf : IN! IN with f(0) .r and (8x)[f(x +
1) f(x)]. ThenDEC . is Ex -identi able. However,thereisno < such
that some, evennot necessarily recursive, learner M Ex -identies DEC . .

Pro of. DEC . cortains only functions which are decreasingwith respect to
a well-ordering. Sothey can properly decreaseonly nitely often and are thus
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ewvertually constart. Sothe classDEC .. consistsof recursive functions.

DEC. hasan Ex -learnerM de ned asfollows. Oninput ,M( ) =7

and the ordinal is initialized asr . On input ygy; :::y, with r Yo eV1 e

e Yn let m be the minimal number with y,, = y,. Then M outputs the
canonicalindex for yoy: :::ym(ym)® and the value of the ordinal courter is
Ym. In particular for m > 1, the courter is courted downi m = n. On all
other inputs, M outputs ? and doesnot changeits ordinal courter.

Now we show that thereis no Ex -learnerfor DEC .. asfollows. Suppose
by way of cortradiction that there existssud alearnerN with ordinal courter
ord using somenotation < . De ne that y <°z if the ordinal represeted by y
with respectto <. is below that represeted by z with respectto < .o, similarly
deney=%andy °z.

We construct a courterexamplef to N beingan Ex -learnerfor DEC . .
In this construction, we use that without loss of generality, N updates its
ordinal only if necessarythat is, N outputs a new hypothesison somef 2
DEC . andthere had already beena previoushypothesis.We now de ne the
diagonalizingf inductively. Let f (0) = yo for someyy, with r <g vy et ,
wherer represets the ordinal . Assumethat f [x] is de ned and x > O. If
there is a b sud that

(i) Foreweryy;zsudh that y< z  x and N (f [y]); N (f [z]) are neither equal
nor ?: ord(f [z]) < e ord(f [y]);

(ii) b=Cord(f [x]) and b<f(x 1);

(i) ' n (g extendsf [x] but doesnot extend (f [x])b;

thenlet f (x) = belselet f(x) = f(x 1).

It is easyto seethat the resulting function f is total andin DEC .. . Now
we look at the behaviour of N on f assumingthat N satis es (i) onf.

Note that the above construction has the following invariant: the ordinal
represeted by ord(f [x]) (in <e notation) is not greater than the ordinal
represeted by f (x) (in <. notation).

Let y bethe leastnumber with f (z) = f (y) for all z > y and x be the least
number with N (f [x]) being the nal hypothesisof N. Let b be the number
with b=Cord(f [x]).

If y = 0 then N(f[x]) is not a hypothesisfor the function (yo)* since
otherwise (i), (ii) and (iii) would be satis ed asyy >°ord(f [X]).

If y>0andx ythenN(f[x]) = N(f[y]) and"' n(x) doesnot extend
f[y+ 1], soN doesnot learnf.

If x > y > 0then ord(f [X]) <eo ord(f [y]). It follows, usinginvariant stated
above, that b <. f(x). As f(x) 6 b (iii) must be violated and whene\er
' N extendsf [x], it alsoextendsf [x]b and is thus di erent from f .

This case-distinctionis completeand in all casesN doesnot Ex -learnf .
Thus N is not Ex -iderti able. 1

. . S . .
Freivaldsand Smith [4, Theorem10]shovedthat =~ Ex isclosedunderunion,
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wherethe number of mind changesneededto shav the closurecan go up. If
one doesnot require the new learnerto be recursive, one can get very tight
bounds. Recallthe de nitions of and from Remark2.8.

Prop osition 4.6 [4]. GivenclassesS;;S;;:::; Sy suchthat each Sy, is Ex
identi able and givenordinal = ; , ::: , (n 1) thereisa (not
necessarily recursive) Ex -learner N for the union S;[ S;[ :::[ Sh.

varlables 1;:.7; n Sudthat eadh , isinitializedas , 1.Oninput = a
with 2 IN anda?2 IN, N chekswhetherthereisanm 2 f1;2;:::;ng suc
that the following holds.

The previoushypothesisN ( ) is either ? or inconsisten with the data seen
sofar;

eén = Mp( ) computesa total function ' ., extending , and the ordinal
courter of My, (after seeing ) is strictly below the value of ,, at

If so,welet N( )= e, and ,, is updated to the value of the ordinal courter
of M, after seeing . The other 0 remainunchanged.The ordinal courter

of N is setto the updated value of the expression ; 5 il ne
Otherwise,N( ) = N( ) andthe ordinal courter of N remainsunchanged.
The variables 1;:::; , alsoremain unchanged
The veri cation is basedon the following facts. The ordinal courter is
initialized as 4 5 il n 1. Whenewr N outputs a new hypothesis,
the value of ; P n Strictly decreasesnd is then copiedinto the

ordinal courter of N. Whenewr N makesa mind change,its ordinal courter
is courted down. On every input f 2 S;[ S;[ :::[ Sy, N corvergesto an
index e of a total function. SinceN is not requiredto be recursiw, it doesnot
matter how N represeis the ordinals.

If N corvergeson f to an e sud that ' ¢ 6 f then it holds for ewery
m that either M, doesnot Ex-identify f or m newer quali es in the seart
condition of N after M, has corvergedto an index e, of f. In this latter
casethe ordinal courter of M, and the variable ,, must have the samevalue
after M, hasconvergedto e,. SinceN newer took the value e,, and since |,
was initialized as ,, 1 while the counter of M, was initialized as ,, this
can only happen becauseM, did not court down its ordinal at somemind
change.That is, M, doesnot Ex _ -identify f. It followsthat f Z S;,. Thus,
N is a (not necessarilyrecursiwe) Ex-learnerfor S; [ S;[ :::[ S, with the
ordinal bound ; o, ::: n (n 1) onthe number of mind changes. 1

We now give the promisedresult dealingwith the questionwhenEx -iderti -

16



able classeshave in nite Ex -identi able subclassedor <

Theorem 4.7. Fix a notation <. of ordinals usa for all ordinal-learners
considerd belowsuchthat s recursiveand is partial-r ecursive. Let 2
be a recursive ordinal and considerall recursivelearners, including thosewhich
are not exact.If =1 for an ordinal

Then there is an in nite exactlyEx -identi able classS suchthat for every
< , S dcesnot havean in nite Ex -identi able sulzlass,
Elsethereisa < suchthat everyin nite exactlyEx -identi able classS
hasan in nite exactly Ex -identi able sulrlass.

If onedoesnot wantto x a notation of ordinals with the alove property, then
the sametheorem holds, but the learners consideied may no longer be exact.

Note that the case = 1= ! °is omitted asit is too sensitive to the de nition
of ordinal courters: if one would count hypothesesinstead of mind changes
and de ne that exactly the empty classcan be learned with 0 hypotheses,
then one could omit the condition \ 2" in Theorem4.7.

Pro of. Then-Case. Let ebe suc that <. is a notation for ordinals having
a represemative for . Now oneconstructsS  DEC. asfollows.

Let M1;M,;::: bealist of all partial-recursive learnersequipped with an
ordinal mind changecourter, usingthe notation givenby <, sud that the ini-
tial valueof the courter, , isstrictly belov . Let Uy bethe classof functions

mind changebound. There is a, not necessarilyrecursiwe, learner Ny identify-
ing Ug exactly with mind changebound ; >, ::: ¢ (k 1). Notethat
12 ok k . Thusthereis afunction f, = a! 2 DEC, sud
that f¢(O) represems the ordinal ; , ::: k Kk with respectto <, and
f is not learnedby Ny. In particular, fy is not in Ux. Since s recursiwe,
the mappingk ! f(0) is recursiwe, has a recursive rangeand is one-one.

Furthermore, one can nd a program for one sudh fy 62U, e ectively
in the limit, from k. To seethis, note that sud a function f, = a' satis-
es the following for | = 1;2;:::;k: There exist e;h;x (dependingon |) suc
that either (i) M;( a") is unde ned or (ii) M,( a") hasalready madea mind
changewithout courting down its ordinal or (iii) the learner M, corvergesto
the wrong index e (that ise= M;( a"), M, doesnot changeits mind on a!
beyond a" and, for somex, ' ¢«(x) 6 ( a! )(x)). For ead I, the above condi-
tions on the k; ;a;h;e;x are K -recursiwe. Thus, from k, one can computein
the limit onesud ( ;a), and thus a program for one sud fy.

We now shaw that the classS = ffq;f,;:::g can be exactly Ex -identi-
ed. Givenan Ex -learnerM for DEC .., onede nes an exactidentier N
asfollows:If M( )=7?or = ,thenN( )= "7?.ElseN computesthe k sud
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that f(0) = (0). If such a k doesnot exist,then N( ) = ?aswell. If the k is
found, then N considersa uniform approximation f.s to f and outputs the
following modi cation €° of the indexe = M( ): ' «(X) = ' o(X) i thereis
S xsudthat ' ¢(y)#= frs(y) forally x.If thereisnosud s, then' «o(x)
is unde ned. The convergencebehaviour of M and N is the same.Howe\er,
N corvergesto an index of f i M alsodoesandf 2 S | otherwise,N
convergesto an index of a partial function or to ?.

If one doesnot require exact learning, and considersthe extensionmen-
tioned in the theorem: one can usethe learnerM for the wholeclassDEC
instead of N and can therefore selectthe functionsfy 2 DEC.. Uy arbi-
trarily . This in particular permits to dealwith a nonrecursive  and the case
that represemation for the ordinal courter of the M might depend on ead k.

Else-Case. The ordinal canberepreseted asc! + for someordinal
with ¢c> O0and! > .If = 0,thenlet = (c 1) ;elselet = c!
Note that in both possiblede nitions it holds that < +  (when

= (¢ 1) , weimplicitly have c > 1 by the conditionthat 6 ! ). Let
M be an Ex -learnerfor a given classS and ord be its ordinal courter. Let
U bethe setof all f 2 S sud that ord(f [X]) for all x. Now considerthe
following two subcases.

Subcase U nite.  We de ne the following Ex -learner N for the whole
classS and the assiated ordinal courter ord® as follows:

If ord( ) « ,thenord{ )= . Furthermore,if exactly onefunction in U
is consisten with the input , then N outputs an index for this function;
otherwiseN outputs ?.

If ord( ) <. ,thenord{ )= ord( )andN( )= M( ).

It is easyto seethat N Ex -identi es all the functionsin U, aswell asall the
functions in S on which the ordinal courter of M ewventually goes below
Thus N (exactly) Ex -identi es the whole classsS.

SubcaseU innite. In this casewede ne the learnerN with ordinal courter
ord® asfollows.

If ord( ) thenN( )= M( )andord( )=ord( ) ;
If ord( )< thenN( )=7?andord{ )= 0.

Note that dueto the specialform of |, isde ned for all with
It is easyto seethat N exactly Ex -iderties U.
It remainsto considerthe casewhereonedoesnot requirethat the learner
is exact and one wants to deal with orders not having recursive operations
;. In this case,onetakesthe original learnerM for S which of coursealso
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Ex-identi es the subclassU S. But oneadjuststhe mind changecourter to
the following ord® Let r be the represetative of with respectto <. and
let < be sudh that whenewer rrepresets + with respectto <., then r°
represems with respectto <. The ordinal courter ord®is de ned asfollows.

If ord( ) er thenord( ) represems someordinal + with respectto
<. Now ordY ) = ord( ) and represets the ordinal with respect to < e.

Otherwiseord( ) <e r and the data is from a function not in U. Then
let ord{ ) = r (notethat r represeis O with respect to < ).

As a consequenceM is an Ex -learner for the in nite classU using the
propertiesthat ord®starts with an ordinal lessthan or equalto  with respect
to the notation < and that the Ex-learning capabilities remainsthe same.
Furthermore, aslong asthe data is from functions in U, ead mind changeis
accompaniedby courting down the ordinal.

This completesthe proof for the second(Else) part of the theorem. |

Note that, in the above Theorem,in Then case,one cannot havethat S has
a well-behaved Ex -learner. Otherwise, by Theorem 4.4, S would have an
in nite EXp-idernti able subclass.

5 Sublearners

The main question consideredin this sectionis the following: Given an Ex-
identi able classS satisfying someadditional constrairts, is there an in nite
subclassU and an Ex-learner M for S sudc that M EXx -idernties U? One
additional constrairt is that S has an in nite EXg-identi able subclass. As
con dently iderti able classesare Ex -iderti able for some , Theorem 4.2
has beenadapted into this section as follows. There is a classS = GEN |
fQo;01;:::9, where GEN is from Theorem 4.2, such that fgo; 01;:::9 IS EXo-
iderti able, S is Ex-identi able and no Ex-learner M for S is at the same
time an Ex -learnerfor anin nite subclassof S.

Theorem 5.1. There existsan in nite classS suchthat

(a) S is exactly Ex-identi able;

(b) S contains an in nite exactly Exq-identi able sulxlass;

(c) For any learner M which Ex-identies S and for any , M does not
Ex -identify an in nite sulzlassof S.

Pro of. Let G andfg;fy;::: beasin the proof of Theorem4.2. Furthermore,
let ge = 1 (0)f (1) :::f (k)2 , that is, g¢ coincideswith f, on0;1;:::;k and
takesthe constart 2 fromthenon.Let S = ffq;go;f1;0:;f2; %;:::0. The class
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S is clearly a uniformly recursive class.Thus S is exactly Ex-iderti able. Fur-
thermorethe subclassf go; 01;: : :g is exactly Exq-iderti able sincethe function
Ok is the unique onein this erumeration wherek + 1is the rst elemern to be
mapped to 2.

Now considerany Ex-learnerM for S equipped with an ordinal courter.
As M learnsall functions fy, it follows from the proof of Theorem 4.2 that
M makeson the characteristic function of G in nitely many mind changes.
Thus there is a number | sud that M hasmadea mind changeon the input
G(0)G(1) :::G(I) without courting down the ordinal. Sincealmost all func-
tions f and g« extend the string G(0)G(1) ::: G(I), M can Ex -idertify only
nitely many functionsin S. |

Theorem 5.2. For everyin nite classS havinga con dent and well-behavel
learner M, there is a classU and a learner N suchthat

U S, Uisinnite and U is uniformly recursive;
N is an Ex;-learner for U;
N is a con dent and wel-behavel learner for S.

Pro of. This is a generalizationof the proof of Theorem4.4. In the proof of
Theorem 4.4, we de ned strings and o; 1;::: and functions fo;f4;::: 2 S
with the following properties.

(i) The 's arerecursiwely enumerableand pairwise incomparable.
(it) For any k, kandM ( ) 2fM( );?g. Furthermore, for all k and all
with KM()2fM(); 7.
(iti) For all k, fx extends y and belongsto S. Furthermore, thereis a program
px for f which can be obtained e ectiv ely from k.
(iv) For all , if and M( ) 2 fM( );?g, then there exists a k sud
that K

We now de ne our learner N as follows.

8
> ? if X

N()= S P for the unique k with f\, if thereis sud ak;
“ M(); otherwise.

We arguethat the secondclauseabove can be recursively decided.Note that
the  are the placesafter where M outputs its rst hypothesis not in
fM( );?9. Also the  andfy have both an e ective erumeration. Thus, we
can determine e ectively from , whether there existsa k (and nd sud a
k if it exists) suc that , and then usethis k to chedk whether the
data seenso far is consistemh with f. It is now easyto verify that N Ex;-
identies ead fy | N only outputs M ( ) and then px on fy; it is easyto
assignthe correspnding ordinal courter to N. Furthermore, if the input is
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incomparableto any fy, then N follows M. Thus, N inherits the property of
being a well-behaved and con dent learnerfor S from M. 1

Note that, in the above theorem, we are not able to achieve Exq instead of
Ex,, asshawn by following example.

Example 5.3. Considerthe classS = f0! g[ f0"10" : h 2 INg.

There is a well behaved Ex;-learner for S;
No learnerwhich Ex-identi es S, can Exg-idertify anin nite subclassof S.

The existenceof the well-behared Ex;-learneris easyto verify. On the other
hand, any Ex-learner for S hasto identify 0' and outputs an index for it
on input of the form Ok for somek. Then it can Exq-idertify only the nite

We now considerthe question: Does there exist a classR which is Ex -
identi able, R contains anin nite nitely learnablesubclass,but no learner
can simultaneously Ex-identify R and Ex -identify an in nite subsetof Ex
for <

The answer to the above questiondependson

Theorem 5.4. Fix a notation <. of ordinals usa for all ordinal-learners
considered below such that operation  is recursive and  partial-r ecursive.
Let 2 be a recursive ordinal and consider all recursive learners, including
thosewhich are not exact.If =1! for an ordinal

Then there is an in nite exactly Ex -identi able classR suchthat (i) R
contains an in nite EXo-identi able sulzlassand (ii) for all < , there
doesnot existan Ex-learner M for R which Ex -subl@rns an in nite sub-
classof R usingthe notation <.

Elsethereisa < suchthat everyin nite exactlyEx -identi able classS
has an exact Ex-learner M for S which Ex -sublarns an in nite sulrlass
of S.

If onedcesnot wantto x a notation of ordinals with the alove property, then
the sametheorem holds, but the learners consideied may no longer be exact.

Pro of. Then-Case. Assumethat =! for some . The setR isde ned
asthe union of two setsf f 1;f,;:::gandfg;; o;:::g wherethe functionsfy are
exactly asin Theorem4.7. For ead function f, thereisanumbera, 2 sucd

without courting down the ordinal, then this happens before seeingall the
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data f[ax]. Without lossof generality supposeO also represetts the ordinal
0. The function g is takento be f[a, + 1]0' .

R is clearly in nite. Furthermore, R DEC. and onecancompute
the characteristic function of g« from the one of f usingthe oracleK . Thus
onecanadapt the Ex -learnerfrom Theorem4.7to an Ex -learnerN for R .

One can construct an exact Exq learner for fgy; gi;:::9 asfollows. If the
input is not of form 0" for some 2 (IN fO0g)* then M outputs ?. Other-
wise, M computesthe k sud that g«(0) = (0). If such a k doesnot exist,
then N( ) = ?aswell. If the k is found, N considersa uniform appraximation
Os to g and outputs the following modi cation €° of the index e for 0 :
"(X) = "e(X) i thereiss X sud that ' ¢(y) #= as(y) forally x. If
there is no sud s, then ' «(x) is unde ned. It is now easyto verify that M is
an exact Exg-learnerfor fgo; g1;:::0.

If M is an Ex-learnerfor R , then My is total and convergeson all func-
tions f| to its correctindex. By the constructionin Theorem4.7, My then fails
for all f, with |  k to court down the ordinal at somemind change.Thus M
doesnot Ex  -learn the functions f;; g with | k. Thus no in nite subclass
of R is Ex -sublearnedfor any <

Else-Case. This proof di ers from the onein Theorem4.7 only at oneplace:
in the subcasethat U is in nite and exact learnersare desired, one de nes
that N = M but changesord to ord® as donethere. The reasonfor it is that
this time N must be an exact Ex-learnerfor S while in Theorem4.7 N must
be an exactlearnerfor U. All other parts of the proof remain unchanged. |

Remark 5.5. The negative results madeuseof the fact that the subclasshas
to be in nite. Indeed, dropping this constraint destroys all negative results.
Givenany nite subclassU S and any Ex-learnerM for S, one can trans-
form M into an Ex-learnerN for S, sud that N is alsoan Exg-learnerfor U:
There is a number n sudh that M has corvergedon every f 2 U to the nal

index for f by the time it hasseenf [n]. In particular, M (f [m+ 1]) = M (f [m])
foralm nandf 2 U. The newlearnerN given by

_ 7 ifjj<n;
NO= oMoy o

hasthe desiredproperties:N Ex-identi es the samefunctionsasM but onthe
functionsf 2 U, N only outputs the symbol ? before outputting the correct
hypothesisM (f [n]).
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