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Abstract

In this paper we study the question of whether identi�able classeshave subclasses
which are identi�able under a more restrictiv e criterion. The chosen framework
is inductiv e inference, in particular the criterion of explanatory learning (Ex) of
recursive functions as intro duced by Gold in 1967. Among the more restrictiv e
criteria is �nite learning where the learner outputs, on every function to be learned,
exactly one hypothesis (which has to be correct). The topic of the present paper
are the natural variants (a) and (b) below of the classicalquestion whether a given
learning criterion like �nite learning is more restrictiv e than Ex-learning. (a) Does
every in�nite Ex-identi�able classhave an in�nite �nitely identi�able subclass?(b)
If an in�nite Ex-identi�able classS hasan in�nite �nitely identi�able subclass,does
it necessarilyfollow that someappropriate learner Ex-identi�es S aswell as �nitely
identi�es an in�nite subclassof S? Thesequestionsare also treated in the context
of ordinal mind changebounds.
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1 In tro duction

Gold [6] introduceda model of learning computablefunctions, wherea learner
receivesincreasingamounts of data about an unknown function and outputs
a sequenceof hypotheses.The learner has learnedor identi�ed the function,
if it convergesto a single explanation, that is, a program for the function
at hand. This conceptof explanatory or Ex-learning hasbeenwidely studied
[3,6,10,14];seeDe�nition 2.2 below for formal details.

An explanatory learner is often not aware of the fact whether it has already
learned the function f or whether the current hypothesis is a preliminary
one which must be revised later. It is well-known that, for various restric-
tiv e learning criteria, there is a classS which is explanatorily learnablebut
cannot be learnedaccordingto the more restrictive learning type. One might
ask, whether there are at least su�cien tly large subclassesU of S with bet-
ter learnability properties. For example,onecould imposethat the learneron
functions from U follows the criterion of �nite learning [6], wherethe learner
outputs exactly onehypothesis(which must be correct) on functions from the
class,seeDe�nition 2.3 below. In this paper we will considersimilar questions
for somecommonly usedcriteria of learning, which are at least as restrictive
as Ex. Motivation for this comesfrom various studies in mathematicswhere
onepursuesthe generalthemeof whena di�cult object can be approximated
by a simpleobject. For example,it is well known that every in�nite recursively
enumerableset hasan in�nite recursive subset.

A well-behaved learner satis�es somenatural requirements on its beha-
viour, seeDe�nition 3.1. Such a learner only outputs hypotheseswhich are
extendedby total functions from the classto be learned. Furthermore such
a learner is consistent whenever it outputs a hypothesis. It turns out that
every uniformly recursive classS can be learned by a well-behaved learner
(here S is uniformly recursive if there is an enumeration f 0; f 1; : : : such that
S = f f 0; f 1; : : :g and the function e;x ! f e(x) is recursive in both param-
eters). Theorem 4.1 shows that the converseis not true: the theorem gives
an exampleof an in�nite class,which hasa well-behaved learner,while every
intersectionof the classwith a uniformly recursive classis �nite.

It is shown that there is an in�nite uniformly recursive classwithout any
in�nite �nitely learnablesubclass.This result can be generalizedby consider-
ing con�dent learning insteadof �nite learning. While a �nite learneroutputs
at most one hypothesison any function, a con�dent learner may output un-
bounded, but �nitely many, hypothesis on any function (even nonrecursive
ones).Theorem 4.2 provides directly this generalizedresult by giving an ex-
ample of an in�nite uniformly recursive classwhich doesnot have an in�nite
intersectionwith any con�dently learnableclass.

Sublearningdealswith questionslike the following: Is there a learner M

2



which explanatorily learnsa classS and { at the sametime { �nitely learnsan
in�nite subclassU? In Theorem5.1 it is shown that there is an explanatorily
learnable classS which has an in�nite �nitely learnable subclassbut which
doesnot have a sublearner.

Ordinal counters areusedto introducea hierarchy of mind changeswithin
the conceptof con�dent learning. It turns out that ordinals which are a power
of ! , in the way de�ned in Remark 2.8, play a special role in this theory. The-
orem 4.7 states that for a recursive ordinal � = ! 
 , with 
 � 1, the following
holds: There is an in�nite class,which has a learner using � mind changes,
but no in�nite subclassof this classcan be learnedby a learnerusing � mind
changes,for � < � . For other recursive ordinals � � 2 such a classdoesnot
exist. Theorem5.4 is the versionof Theorem4.7 in the context of sublearning.

2 Preliminaries

Notation 2.1. Recursiontheoretic notation mainly follows the booksof Odi-
freddi [13,14]and Soare[16].Let IN = f 0; 1; : : :g be the setof natural numbers.
For any set A � IN, A � is the set of �nite strings over A and A1 the set of
total functions from IN to A (viewed asin�nite strings). Furthermore, setsare
often identi�ed with their characteristic functions, so we may write A(n) = 1
for n 2 A and A(n) = 0 for n 2 A. For a function f , f [n] denotesthe string
f (0)f (1)f (2) : : : f (n � 1). � denotesthe empty sequence.Strings are viewed
upon as partial functions; � �  denotesthat  extends� as a partial func-
tion. � � � denotesthat � extends� properly. � � denotesthe concatenation
of strings � and � . � am denotesthe function coinciding with � on the domain
of � , taking the valuea on the next m inputs and beingunde�ned after that in
the caseof m < 1 ; � a1 is total. Let ' be a standard acceptablenumbering,
and ' e denotethe e-th partial recursive function in this numbering.

De�nition 2.2 (Explanatory Learning) [6]. A learner is a total recursive
function mapping�nite sequencesof natural numbersto IN[ f ?g. An output of
M is called hypothesisif it is di�eren t from ?. Hypothesesare viewed upon as
indices for partial recursive functions accordingto our underlying acceptable
numbering ' .

We say that a learner M convergeson f to a hypothesise i� for all but
�nitely many n, M (f [n]) = e. A learner M Ex-learns (= Ex-identi�es) a
recursive function f if, on input f , it convergesto a hypothesis which is a
program (or code) for f . We say that M Ex-identi�es a classS of recursive
functions if and only if M Ex-identi�es each function in the class.Ex denotes
the family of classesthat are learnableby a recursive Ex learner.
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The letters \Ex" stand for \explanatory learning".
For learning, we always considernon-empty classesof total and recursive

functions. Sowe canavoid to dealwith uninteresting special caseswhich mess
up the statements and proofs of the results but do not give any insight on
learning-theory.

Note that the symbol ? standsfor the casethat the learnercannotmakeup
its mind about what hypothesisto output. The conceptof Ex-learning itself
doesnot needthis special symbol but additional requirements like boundson
the number of mind changesbelow will make useof ?, in order to avoid mind
changescausedby the lack of data which shows up later.

De�nition 2.3 (Mind Change Bounds) [3]. We say that a learner M
makesa mind changeon f at n, if there is an m < n such that (i) M (f [n]) 6=
M (f [k]) for k = m; m + 1; : : : ; n � 1 and (i i) M (f [n]); M (f [m]) are both
di�eren t from ?.A classof recursivefunctionsS is in Exm , if there is a recursive
learner that Ex-learnsevery f 2 S by making at most m mind changeson f .
Ex0-learning without any mind changesis alsocalled �nite learning.

De�nition 2.4 (Consistency) [1,17]. A learner M is consistent on � if
either (i) M (� ) = ? or (i i) M (� ) outputs an index e such that ' e(x) #= � (x),
for all x 2 domain(� ). A learner is consistent i� it is consistent on all strings
� 2 IN� .

Note that the caseM (� ) = ? was not allowed in the original de�nition
of consistency. Indeed one could remove this caseby transforming M to a
new learner N which, on input � , outputs an index for � if M (� ) = ?, and
outputs the hypothesisM (� ) otherwise.However, in order to make it possible
that a consistent learnercan alsobe con�dent or pessimisticallyre
ectiv e (as
de�ned in De�nition 2.5) we have explicitly permitted the option that M can
output ?.

Furthermore, variants of consistencyhave beenconsidered.For example,
a learner M for a classS is consistent on S if it is only required that M is
consistent on the strings f [n] with f 2 S. There are classesS which have a
learner which is consistent on S but which do not have a consistent learner.
An exampleis the classf f : ' f (0) = f g of all self-describingfunctions.

De�nition 2.5 (Further Learning-Criteria). A learnerM is prudent [15]
if it Ex-identi�es a total extensionof ' e, for each e in its range.A learner M
is pessimistically re
ective [7,8] if M Ex-identi�es an extensionof � whenever
M (� ) 6= ?. A learner M is said to be con�dent [15] if it convergeson every
total function, even the non-recursive functions.

Exact-learningde�ned below givesa closerconnectionbetweenthe learnerand
the classto be learned,which goesbeyond the fact that the learner identi�es
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the class.

De�nition 2.6 (Exact Learning). (Osherson,Stob and Weinstein[15]) For
a criterion I which is at least as restrictive as Ex, one says that M exactly
I -identi�es a classS if and only if M I -identi�es every function f 2 S and
doesnot even Ex-identify any function f =2 S.

Note that in the present work, the term exact learning is usedas in the book
\Systems that learn" [10, De�nition 4.48]. Therefore this notion di�ers from
the one with the samename usedin the �eld of learning classesrepresented
by indexed families [18,19].In [10], the following motivation is given for the
notion of exact learning in the context of languagelearning.

The converseof the dictum that natural languagesare learnableby children
(via casualexposure) is that nonnatural languagesare not learnable.Put
di�eren tly, the natural languagesare generally taken to be the largest col-
lection of child-learnable languages.We are thus led to considerparadigms
in which learnersare required to respond successfullyto all languagesin a
given collection and to respond unsuccessfullyto all other languages.

Similar considerationsalsomotivate the notion of exact learning for functions
as consideredin this paper.

A family f 0; f 1; : : : of total functions is called uniformly recursive if the two-
place function e;x ! f e(x) is recursive. In order to simplify notation, we
say that a classS is uniformly recursive i� S = f f 0; f 1; : : :g for a uniformly
recursive family f 0; f 1; : : : of functions. The following notion Num capturesthe
subclassesof uniformly recursive classes.

De�nition 2.7. A classS of recursive functions is in Num if somesuperclass
S0 of S is a uniformly recursive class.

Remark 2.8 (Ordinals). Let < 0; < 1; : : : be an enumeration of all recursively
enumerablepartial orders. If an ordering < e is a well-ordering, it is called a
notation for ordinals. The natural numbers equipped with < e are isomorphic
to an initial segment of the classof all countable ordinals and onecan identify
every number x with that ordinal � for which f y : y < e xg and f � : � < � g
are order-isomorphicsets.

Cantor introduceda non-commutativeaddition + on the ordinals which is
invertible: if � � � , there is a unique 
 such that � + 
 = � . This di�erence

 is denoted as � � � . Halmos [9, Section 21] gives an overview on ordinal
arithmetic. If < e is a notation for ordinals having a representativ e x for � ,
then there is a notation < e0 such that whenever y represents an ordinal � + �
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with respect to < e then y represents the ordinal � with respect to < e0. The
ordering < e0 is constructedby shifting the part of the ordering strictly below
x to the top so that < e0 is still a well-ordering and x represents 0:

y < e0 z , (x � e y < e z) _ (y < e z < e x) _ (z < e x � e y)

wherex � e y standsfor x = y _ x < e y.
Furthermore, Cantor introducedthe formal powers of ! , the �rst in�nite

ordinal. Cantor showed that one can represent every non-null ordinal by a
�nite sum

� = a1! � 1 + a2! � 2 + : : : + an ! � n

where 0 � � n < : : : < � 2 < � 1 as ordinals and a1; a2; : : : ; an are non-null
natural numbers [14, page280].

This representation permits us to view the ordinals asa semimodule over
the semiringof the natural numberswith pointwiseoperations� ; 	 ; 
 . Given
ordinal � and natural number c, one can de�ne c 
 � as follows. If c = 0 or
� = 0 then c
 � is just 0. Otherwise� hasthe unique representation a1! � 1 +
a2! � 2 + : : :+ an ! � n and onede�nes c
 � = (a1c)! � 1 + (a2c)! � 2 + : : :+ (anc)! � n .
Similarly, onecan de�ne the pointwiseaddition � � � which is di�eren t from
+ as it is commutativ e but has the minimum compatibilit y � � 1 = � + 1.
Note that � 	 � , the pointwisesubtraction, can be unde�ned even in the case
that � < � : for example,! 	 1 is unde�ned.

De�nition 2.9 [4]. A classS is Ex� -identi�able for a recursive ordinal � i�
there is an Ex-learner M , a notation for ordinals < e having a notation r � for
� , and a total recursive function ord mappingIN� to IN such that the following
hold.

(a) M Ex-identi�es every f 2 S.
(b) ord(� ) � e r � .
(c) For all total f and m; n such that m < n, ord(f [n]) � e ord(f [m]).
(d) For all f 2 S and m; n such that m < n, M (f [n]) 6=?, M (f [m]) 6=?, and
M (f [n]) 6= M (f [m]): ord(f [n]) < e ord(f [m]).

Remark 2.10. Freivalds and Smith [4] postulated that (d) holds also for all
function f =2 S. The resulting concept is the same,but in the present paper
the restrictions to functions in S will be necessaryfor studying simultaneous
learners.For example,we will considerthe casewhere a learner M simulta-
neouslyEx-identi�es R and Ex� -identi�es someS � R. As this classR itself
might not be Ex� -identi�able, the existenceof such a simultaneouslearner is
only possiblein a setting wherecondition (d) is de�ned as above.

Note that for some� � ! and someclassesS 2 Ex� , one must carefully
choose the adequatenotation for ordinals in order to construct a recursive
Ex� -learnerusingthis notation. If the notation is choseninadequately, it might
happen that the corresponding learner cannot be recursive.
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3 Well-Beha ved Learners

In this sectionwe introducethe notion of well-behaved learners.Well behaved
learners combine the properties of exact, prudent, pessimistically re
ectiv e
and consistent learners.

De�nition 3.1. A learner M is well-behaved for S i�

(a) M exactly Ex-learnsS, that is, M Ex-learnsf i� f 2 S;
(b) M is prudent, that is, for all � with M (� ) 6= ?, M Ex-learns a function
f extending ' M (� ) ;

(c) M is consistent, that is, for all � with M (� ) 6= ?, ' M (� ) extends� .

Every well-behaved learner is pessimisticallyre
ectiv e: If M (� ) is an index e,
then ' e extends� (by consistency)and somef Ex-learnedby M extends' e

(by prudence).Thus, M identi�es an extensionof � , whenever M (� ) 6=?.
If one would add the property of being pessimistically re
ectiv e to the

postulated conditions for well-behaved learners,then onecould weaken (c) in
such a way that M is only required to be consistent on S (since M , being
pessimistically re
ectiv e, will always output ? on data not belonging to any
function in S).

Remark 3.2. Every uniformly recursive classS = f f 0; f 1; : : :g has a well-
behaved learner M . This is shown by choosing M as follows: M (a0a1 : : : an )
outputs the leaste � n such that f e(m) = am , for m = 0; 1; : : : ; n, and outputs
? if such an e is not found.

On the one hand, there are Ex-learnableclassesin Num which are not uni-
formly recursive and even not prudently learnable by an exact learner. An
exampleis the classS = f c1 : c =2 K g where K is the halting problem. An
exact Ex-learner for S can be constructedas follows. On input cn , such that
n > 0 and c is not enumeratedinto K within n computation-steps,the learner
outputs a hypothesisfor c1 ; otherwisethe learner outputs the symbol ?. For
any Ex-learner M for S, the set f c : (9� ) (9x) [M (� ) is a hypothesis that
computesc on argument x]g is a recursively enumerablesupersetof K . Thus,
M cannot be an exact prudent Ex-learner for S.

On the other hand, there are classeswhich have a well-behaved learner
but which are not in Num. This result can even be strengthenedas shown in
Theorem4.1 below.

Wenow givesomeresultsrelating well-behavedlearnersand exact learners
which are in addition prudent or pessimisticallyre
ectiv e.
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Prop osition 3.3. If a prudent learner M exactly Ex0-identi�es S, then S is
uniformly recursive.

Pro of. Recall that in De�nition 2.6 it wasde�ned that the learnerM exactly
Ex0-identi�es S i� the learner M Ex0-identi�es all functions in S and does
not Ex-identify any function outside S. SinceM is alsoprudent, every index
output by M is extendedby a function in S.

Let E = f e : (9� ) [M (� ) = e ^ ' e extends� ]g. The set E is recursively
enumerable.If f 2 S then there is a pre�x � � f such that M (� ) outputs an
index e for f and this index e is in E. SoS � f ' e : e 2 Eg.

If e 2 E and � witnessese 2 E, then a function f 2 S extends ' e and
thus � . SinceM Ex0-learns f and M outputs exactly one hypothesiswhile
reading f , this hypothesisis e and thus f = ' e. Hence,f ' e : e 2 Eg � S.

Thus, S = f ' e : e 2 Eg and S is uniformly recursive.

The condition of being prudent is necessary. For example, the class f f :
' f (0) = f g of self-describingfunctions has an exact Ex0-learner which on
input f (0)f (1) : : : f (n) outputs f (0). However, this classis not in Num.

Theorem 3.4. There is a classR having an exact pessimistically re
ective
Ex1-learner but no well-behaved Ex-learner.

Pro of. Considerthe classR containing all functions f satisfying one of the
following conditions.

� f = � 01 for some� 2 f 1; 2g� ;
� f = ' e and f 2 f 1e2g � f 1; 2g1 for somee 2 IN.

R has no well-b ehaved Ex-learner. For givenwell-behavedM and number
e, construct the following function f e:

f e(x) =
�

1 if x < e or (x > e and M (f e[x]) = M (f e[x]2));
2 if x = e or (x > e and M (f e[x]) 6= M (f e[x]2)).

Assumenow that x > e and M (f e[x]) is the hypothesis ~e. By condition (c)
of the de�nition of a well-behaved Ex-learner, there is at most onea 2 f 1; 2g
such that M (f e[x]a) outputs ~e. If a = 2 then f e(x) = 1 elsef e(x) = 2. So
M (f e[x + 1]) 6= ~e. Thus M e does not converge to a hypothesis on any of
the functions f e. However, by the Fixed-Point Theorem[13, TheoremII.2.10],
there is an esuch that f e = ' e. Sincef e 2 f 1e2g�f 1; 2g1 , it followsthat f e 2 R
and M doesnot Ex-learn R. SoR doesnot have a well-behaved learner.

There is a pessimistically re
ectiv e exact Ex 1-learner N for R. On
input � , N behavesas follows. If � 2 f 1e2g � f 1; 2g� and ' e(x) #= 1 for x < e
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and ' e(e) #= 2 within j� j computation-steps,then N (� ) = e0 where

' e0(x) =
�

' e(x) if ' e(y) #2 f 1; 2g for all y � x;
" otherwise.

If � = � 0k for a k > 0 and a � 2 f 1; 2g� , then N (� ) is a canonical index for
� 01 . In all other cases,N (� ) = ?.

It is easyto verify that N Ex1-identi�es R and that all indicesoutput by
N are either for functions in R or for non-total functions. Furthermore, N
outputs a hypothesisonly on � of the form f 1; 2g� or f 1; 2g� � f 0g� all of which
are extended by functions in R. So N is an exact pessimistically re
ectiv e
learner for R.

Theorem 3.5. Every class having an exact pessimistically re
ective Ex-
learner hasalso an exactprudent learner, but the conversedoesnot hold.

Pro of. Implication. Considera classS having an exact and pessimistically
re
ectiv e Ex-learner M . The Padding Lemma [13, Proposition II.1.6] states
that, for every index e, one can e�ectiv ely �nd in�nitely many equivalent
indices(that is, indicescomputing the samefunction ' e). Thusonecanassume
without lossof generality that M never returns to an abandonedindex e (if
M needsto reconsiderthe function ' e, it can output an equivalent index not
usedearlier). Thus, if M outputs on a function f an index e in�nitely often,
then M convergeson f to e.

Now assignto every e the index e0 such that ' e0(x) = y i� there is a z > x
such that 0; 1; : : : ; z 2 dom(' e), ' e(x) = y and M (' e[z]) = e; otherwise' e0(x)
is unde�ned.

Now onetransformsthe pessimisticallyre
ectiv e learnerM into a prudent
learner N by replacing all hypothesese of M by the corresponding e0. The
new learner has the following properties.

� If M Ex-identi�es f by converging to the index e, then ' e = f , and M
convergeson ' e to e. Thus, by de�nition of e0, ' e0 = ' e. Thus N also
Ex-identi�es f and is an Ex-learner for S.

� If N outputs e0 on someinput and ' e0 is a total function f , then M in�nitely
often outputs e on f . By the assumptionon M , M convergeson f to e, that
is, M Ex-identi�es f . SinceM is exact, f 2 S.

� If N outputs e0 on some input and ' e0 is partial, then there is some �
extending ' e0 with M (� ) = e. It follows that there is a function f 2 S
which extends� and thus ' e0.

SoN is a prudent Ex-learner for S. Furthermore, all total functions computed
by someoutput of N are in S as shown above. It follows that N is exact.

Separation. The following class R0 witnessesthat the converse direction
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fails and the implication is proper. R0 is obtained by modifying R from Theo-
rem 3.4, by making the �rst condition more restrictive. R0 contains the func-
tions f satisfying oneof the following conditions.

� f = 1e2� 01 and 1e2� � ' e for some� 2 f 1; 2g� ;
� f = ' e and f 2 f 1e2g � f 1; 2g1 for somee 2 IN.

R 0 has no exact pessimistically re
ectiv e Ex-learner. Considerthe set
E = f e : ' e is total and f 1; 2g-valuedand extends1e2g. The set E is � 0

2 com-
plete and thus not K -recursive. But if there were a pessimistically re
ectiv e
learner M for R0, then M would satisfy the following conditions.

� If e 2 E then there is a hypothesis ~e such that, for almost all s, there is
� 2 f 1e2g � f 1; 2gs with M (� ) = ~e.

� If e =2 E then, for almost all s and all � 2 f 1e2g � f 1; 2gs, M (� ) = ?.

This would give that E is recursive in the limit, a contradiction.

There is an exact pruden t Ex 1-learner N for R 0. On input � , N behaves
as follows. If � 2 f 1e2g � f 1; 2g� and ' e(x) #= 1 for all x < e and ' e(e) #= 2
within j� j computation-steps,then N (� ) = e0 where

' e0(x) =
�

' e(x) if ' e(y) #2 f 1; 2g for all y � x;
" otherwise.

If � = � 0k for k > 0, e � 0 and � 2 f 1e2g � f 1; 2g� and if it can be veri�ed
in k computation stepsthat ' e extends� , then N (� ) is a canonicalindex for
� 01 . In all other cases,N (� ) = ?.

It is easy to verify that N is an exact Ex-learner for R0. Furthermore,
every non-total, partial function conjecturedby N is of the form ' e0 wheree0

derivesfrom somee as de�ned above. Then ' e0 is a �nite function such that
' e0 extends1e2 and is extendedby ' e001 which is in R0. It follows that N is
a prudent Ex-learner for R0.

4 Easier Learning of In�nite Subclasses

Recall the question consideredin the introduction: Does every in�nite Ex-
learnableclasshave an in�nite �nitely learnablesubclass?In this section,we
study this and similar questionsfor con�dent and well-behaved learners.

We start by giving an in�nite classlearnableby a well-behaved learner,which
doesn't have an in�nite subclassin Num.
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Theorem 4.1. There is an in�nite class S, which is Ex-identi�able by a
well-behaved learner, such that for every R in Num the intersection S \ R is
a �nite class.

Pro of. The basic idea of this proof is to construct a classS = f 	 0; 	 1; : : :g
of total functions with the following properties:

� There is an enumeration � of partial-recursive functions containing the
functions 	 0; 	 1; : : : and some�nite functions such that the uniform pre�x-
closedgraph of � is recursive. This permits to adapt the techniqueof learn-
ing by enumeration adequatelyand to guarantee properties (a) and (c) of
the de�nition of well-behaved learners.

� S is dense.Since � contains only �nite functions and the total functions
	 0; 	 1; : : :, property (b) of well-behaved learners,that is prudence,will be
satis�ed.

� 	 e dominates all total complexity measures� d with d � e. Thus every
recursive function can only dominate �nitely many 	 e and thereforeevery
uniformly recursive classcan only contain �nitely many functions from S.

Now the construction in detail: Let � 0; � 1; : : : be an enumeration of all strings.
Let � 0; � 1; : : : be the step counting functions associated with ' 0; ' 1; : : : such
that � e(x) is the number of stepsneededto compute' e(x), if ' e(x) is de�ned,
and � e(x) = 1 otherwise.Now de�ne for every e the value ae as

ae = min(f1g [ f x : � e(x) = 1 _ (9y < x) [� e(x) < � e(y)] g):

The ae's can be approximated from below; that is, there is a total recursive
mapping e;s ! ae;s such that ae = lims ae;s, and ae;s � ae;s+1 , for all e;s.
Note that onecan, without lossof generality, have that ae;s � s and thus the
approximation never takesthe value 1 . Now let

	 e(x) =

8
><

>:

� e(x) if x 2 domain(� e);
max(f 0g [ f � d(y) : d � e ^

y < min(f 1 + x; adg) g) otherwise.

We cannot recursively know the values a0; a1; : : : but can only approximate
them in the limit. Soweconsiderthe following enumerationof partial functions
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containing all the 	 e. For each tuple (b0; b1; : : : ; be) 2 (IN [ f1g ) � , let

� (b0 ;b1 ;:::;be)(x) =

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

� e(x) if x 2 domain(� e);
max(B [ f 0g) if the following conditions hold:

(i) B = f � d(y) : d � e ^
y < min(f 1 + x; bdg) g exists and
can be completely enumerated,
(i i) ad;x � bd for all d � e,
(i i i) � d(y) � � d(y + 1), for all
y < min(f 1 + x; bdg) � 1 and d � e,
(iv ) x =2 domain(� e);

" otherwise.

Note that in (i) above, B exists if bd � ad, for all d � e.
On the onehand, onecan show that the set

f (b0; b1; : : : ; be; x; y) : x < 1 ^ y < 1 ^ � (b0 ;b1 ;:::;be)(x) = yg

is recursive. Therefore,there exists a learner M which consistently learnsthe
classof all total � (b0 ;b1 ;:::;be) , whereM outputs only hypothesesfor functions of
the form � (b0 ;b1 ;:::;be) . As � (b0 ;b1 ;:::;be) is total i� a0 = b0 ^ a1 = b1 ^ : : : ^ ae = be,
it follows that the total functions in this list are exactly the functions 	 e and
so M is a consistent learner for S = f 	 0; 	 1; : : :g. In particular, M satis�es
conditions (a) and (c) in De�nition 3.1 of well-behaved learner.

Furthermore, if somebk 6= ak for k � e, then � (b0 ;b1 ;:::;be) is equalto a �nite
string � e0 and the function 	 e0 extends � e0. As all indices output by M are
indices for functions of form � (b0 ;b1 ;:::;be) , one can concludethat condition (b)
in De�nition 3.1 of well-behaved learner is alsosatis�ed.

On the other hand, if f 0; f 1; : : : is a recursive enumeration of total func-
tions, then the function g given by

g(x) = f 0(x) + f 1(x) + : : : + f x (x) + 1

dominatesall thesefunctions and there is a total and ascendingfunction � e

dominating g. It follows that the functions 	 e; 	 e+1 ; : : : are di�eren t from
all functions f 0; f 1; : : : and so the intersection of S and any classin Num is
�nite.

An essential ingredient of the above proof is that onecannot bound the num-
ber of mind changesmade by the well-behaved learner. In the extreme case
that onedoesnot permit any mind changes,Proposition 3.3 givesa di�eren t
outcome.

Recall from De�nition 2.5 that a learnerM is con�dent i� M always converges
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on input function, that is,

(8f ) (81 n) [M (f [n + 1]) = M (f [n])]:

Soa con�dent learnerconvergeson every input function, even if this function
is not recursive and therefore cannot be learned at all. Note that any class
which can learnedwith a bound (whether constant bound or ordinal bound)
on the number of mind changescan alsobe learnedby a con�dent learner.

The next result shows that somein�nite learnableclassesdo not have in�nite
con�dently learnablesubclasses.

Theorem 4.2. There is an in�nite uniformly recursiveclassGEN suchthat
intersection of GEN with any con�dently learnableclassis �nite.

Pro of. Recall that a 1-genericset G hasthe following property: for every re-
cursivesetU of stringsthere is a k such that either the string G(0)G(1) : : : G(k)
itself is in U or no extensionof G(0)G(1) : : : G(k) is in U. One can chooseG
such that G is Turing reducible to K [14, Section XI.2]. Therefore, there is
a recursive enumeration f 0; f 1; : : : of f 0; 1g-valued recursive functions point-
wise converging to (the characteristic function of) the set G. Let GEN =
f f 0; f 1; : : :g for thesefunctions. As G is not recursive and di�ers from every
function f k , the set GEN is in�nite.

Now considerany classS having a con�dent learnerM . By con�dence,M
convergeson G. Thus there existsa � � G such that M (� ) = M (� ) whenever
� � � � G. As G is 1-genericand as G does not contain any string of the
recursive set f � : � � � ^ M (� ) 6= M (� )g, there is a � satisfying: � � � � G
and M (� ) = M (� ) for all � � � . Furthermore, using the nonrecursiveness
of G, one may assumethat � is so long that the hypothesisM (� ) does not
computean extensionof � .

As the functions f k approximate the setG and � � G, almostall f k extend
� . Thus the set f f k : � 6� f kg is �nite and also contains all functions in the
intersectionof S and f f 0; f 1; : : :g. The theoremfollows.

As all uniformly recursive classeshave a well-behaved learner, the following
corollary is immediate.

Corollary 4.3. There is an in�nite classR havinga well-behaved Ex-learner
suchthat R \ S is �nite for every con�dently learnableclassS.

Theorem 4.4. If an in�nite classS hasa con�dent and well-behaved learner,
then S hasan in�nite uniformly recursivesubclassU which is Ex0-identi�able.
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Pro of. Let M be a con�dent and well-behaved learner for S such that M (� )
outputs a hypothesisfor the everywhereunde�ned function. Now considerthe
tree T � IN� , with root � , de�ned as follows. A node � of T hasassuccessors
all the nodes� � � such that M outputs at � for the �rst time a hypothesis
di�eren t from M (� ); that is, (i) M (� ) =2 f M (� ); ?g and (i i) M (� ) 2 f M (� ); ?g
for all � with � � � � � . An invariant of this construction is that M never
outputs ? on the nodesof T. The tree T is well-foundedasM convergeson all
functions, that is, the tree doesnot have in�nite branches.By K•onig'sLemma,
T would be �nite if T is �nitely branching. As S is in�nite, T must be in�nite.
So there is a node � 2 T having in�nitely many successorsand there is a
recursive enumeration � 0; � 1; : : : producing them. The subclassU is generated
from these� k as follows.

The function f k is the limit of strings � l , where� 0 = � k and � l+1 is the �rst
string found (in somestandard search) such that � l � � l+1 and M (� l+1 ) 6= ?.

To see that all f k are total, assumeby way of contradiction that for
somef k , the processterminates at some� l . Then it would hold that (8� �
� l ) [M (� ) = ?] and M would not Ex-identify any extension of � l . However
M (� l ), by condition (c) in De�nition 3.1, computesa partial function extend-
ing � l and, by condition (b), sometotal extensionof ' M (� l ) (which is also a
total extensionof � l ) is in S. A contradiction. Thus each f k is total.

The de�nition of f k ensuresthat M outputs on f k in�nitely often a hy-
pothesis.As M is con�dent, M convergeson f k to a hypothesise. The con-
sistency condition (c) from De�nition 3.1 implies that ' e extends in�nitely
many � � f k and so' e = f k . As ' e is total, ' e 2 S and thus f f 0; f 1; : : :g � S.

An exact Ex0-learner for f f 0; f 1; : : :g can be built as follows: on input � ,
the learner outputs a hypothesisek for f k whenever � k � � � f k for somek.
Otherwise the learner outputs ?.

We now consider results that deal with the question when Ex� -identi�able
classeshave in�nite Ex� -identi�able subclassesfor � < � . For this, we need
the following two results from Freivalds and Smith [4].

Freivalds and Smith [4, Theorem6] showed that classesof step functions like
the onesbelow separatethe various levels of the hierarchy for learning with
an ordinal bound on the number of mind changes.

Prop osition 4.5 [4]. For every ordinal � represented by an elementr � with
respect to a suitablenotation < e of ordinals, de�ne the classDEC�;e to be the
set of all decreasing functions f : IN ! IN with f (0) � e r � and (8x) [f (x +
1) � e f (x)]. Then DEC�;e is Ex� -identi�able. However,there is no � < � such
that some,evennot necessarily recursive, learner M Ex� -identi�es DEC�;e .

Pro of. DEC�;e contains only functions which are decreasingwith respect to
a well-ordering.Sothey can properly decreaseonly �nitely often and are thus
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eventually constant. So the classDEC�;e consistsof recursive functions.
DEC�;e has an Ex� -learner M de�ned as follows. On input � , M (� ) = ?

and the ordinal is initialized asr � . On input y0y1 : : : yn with r � � y0 � e y1 � e

: : : � e yn let m be the minimal number with ym = yn . Then M outputs the
canonical index for y0y1 : : : ym (ym )1 and the value of the ordinal counter is
ym . In particular for m > 1, the counter is counted down i� m = n. On all
other inputs, M outputs ? and doesnot changeits ordinal counter.

Now we show that there is no Ex� -learner for DEC�;e as follows. Suppose
by way of contradiction that there existssuch a learnerN with ordinal counter
ord usingsomenotation < e0. De�ne that y < 0 z if the ordinal represented by y
with respect to < e is below that represented by z with respect to < e0, similarly
de�ne y = 0 z and y � 0 z.

We construct a counterexamplef to N being an Ex� -learner for DEC�;e .
In this construction, we use that without loss of generality, N updates its
ordinal only if necessary, that is, N outputs a new hypothesison somef 2
DEC�;e and there had alreadybeena previoushypothesis.We now de�ne the
diagonalizing f inductively. Let f (0) = y0 for somey0 with r � < e y0 � e r � ,
where r � represents the ordinal � . Assumethat f [x] is de�ned and x > 0. If
there is a b such that

(i) For every y; z such that y < z � x and N (f [y]); N (f [z]) are neither equal
nor ?: ord(f [z]) < e0 ord(f [y]);

(i i) b = 0 ord(f [x]) and b< e f (x � 1);
(i i i) ' N (f [x]) extendsf [x] but doesnot extend (f [x])b;

then let f (x) = b elselet f (x) = f (x � 1).
It is easyto seethat the resulting function f is total and in DEC�;e . Now

we look at the behaviour of N on f assumingthat N satis�es (i) on f .
Note that the above construction has the following invariant: the ordinal

represented by ord(f [x]) (in < e0 notation) is not greater than the ordinal
represented by f (x) (in < e notation).

Let y be the leastnumber with f (z) = f (y) for all z > y and x be the least
number with N (f [x]) being the �nal hypothesisof N . Let b be the number
with b = 0 ord(f [x]).

If y = 0 then N (f [x]) is not a hypothesis for the function (y0)1 since
otherwise(i), (i i) and (i i i) would be satis�ed as y0 > 0 ord(f [x]).

If y > 0 and x � y then N (f [x]) = N (f [y]) and ' N (f [x]) doesnot extend
f [y + 1], so N doesnot learn f .

If x > y > 0 then ord(f [x]) < e0 ord(f [y]). It follows,using invariant stated
above, that b < e f (x). As f (x) 6= b, (i i i) must be violated and whenever
' N (f [x]) extendsf [x], it alsoextendsf [x]b and is thus di�eren t from f .

This case-distinctionis completeand in all cases,N doesnot Ex� -learn f .
Thus N is not Ex� -identi�able.

FreivaldsandSmith [4, Theorem10]showedthat
S

� Ex� is closedunderunion,
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where the number of mind changesneededto show the closurecan go up. If
one does not require the new learner to be recursive, one can get very tight
bounds.Recall the de�nitions of � and 
 from Remark 2.8.

Prop osition 4.6 [4]. Given classesS1; S2; : : : ; Sn suchthat each Sm is Ex� m -
identi�able and given ordinal � = � 1 � � 2 � : : : � � n � (n 	 1), there is a (not
necessarily recursive) Ex� -learner N for the union S1 [ S2 [ : : : [ Sn .

Pro of. Assumethat learnersM 1; M 2; : : : ; M n for S1; S2; : : : ; Sn with mind
changebounds� 1; � 2; : : : ; � n aregiven.The newlearnerN starts with hypoth-
esis? and mind changecounter � 1 � � 2 � : : : � � n � (n 	 1). Furthermore, N has
variables
 1; : : : ; 
 n such that each 
 m is initialized as� m � 1. On input � = � a
with � 2 IN� and a 2 IN, N checks whether there is an m 2 f 1; 2; : : : ; ng such
that the following holds.

� The previoushypothesisN (� ) is either ? or inconsistent with the data seen
so far;

� em = M m (� ) computesa total function ' em extending � , and the ordinal
counter of M m (after seeing� ) is strictly below the value of 
 m at � .

If so,we let N (� ) = em and 
 m is updated to the value of the ordinal counter
of M m after seeing� . The other 
 m0 remain unchanged.The ordinal counter
of N is set to the updated value of the expression
 1 � 
 2 � : : : � 
 n .

Otherwise,N (� ) = N (� ) and the ordinal counter of N remainsunchanged.
The variables
 1; : : : ; 
 n also remain unchanged.

The veri�cation is basedon the following facts. The ordinal counter is
initialized as 
 1 � 
 2 � : : : � 
 n 	 1. Whenever N outputs a new hypothesis,
the value of 
 1 � 
 2 � : : : � 
 n strictly decreasesand is then copied into the
ordinal counter of N . Whenever N makesa mind change,its ordinal counter
is counted down. On every input f 2 S1 [ S2 [ : : : [ Sn , N convergesto an
index e of a total function. SinceN is not required to be recursive, it doesnot
matter how N represents the ordinals.

If N convergeson f to an e such that ' e 6= f then it holds for every
m that either M m does not Ex-identify f or m never quali�es in the search
condition of N after M m has converged to an index em of f . In this latter
case,the ordinal counter of M m and the variable 
 m must have the samevalue
after M m hasconvergedto em . SinceN never took the value em and since
 m

was initialized as � m � 1 while the counter of M m was initialized as � m , this
can only happen becauseM m did not count down its ordinal at somemind
change.That is, M m doesnot Ex� m -identify f . It follows that f =2 Sm . Thus,
N is a (not necessarilyrecursive) Ex-learner for S1 [ S2 [ : : : [ Sn with the
ordinal bound � 1 � � 2 � : : : � � n � (n 	 1) on the number of mind changes.

We now give the promisedresult dealingwith the questionwhenEx� -identi�-
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able classeshave in�nite Ex� -identi�able subclassesfor � < � .

Theorem 4.7. Fix a notation < e of ordinals used for all ordinal-learners
considered belowsuchthat � is recursiveand 	 is partial-r ecursive.Let � � 2
be a recursiveordinal and considerall recursivelearners, including thosewhich
are not exact. If � = ! 
 for an ordinal 


Then there is an in�nite exactlyEx� -identi�able classS� suchthat for every
� < � , S� doesnot havean in�nite Ex� -identi�able subclass,

Else there is a � < � suchthat every in�nite exactlyEx� -identi�able classS
hasan in�nite exactlyEx� -identi�able subclass.

If onedoesnot want to �x a notation of ordinals with the aboveproperty, then
the sametheorem holds,but the learners considered may no longer be exact.

Note that the case� = 1 = ! 0 is omitted asit is too sensitive to the de�nition
of ordinal counters: if one would count hypothesesinstead of mind changes
and de�ne that exactly the empty classcan be learned with 0 hypotheses,
then onecould omit the condition \ � � 2" in Theorem4.7.

Pro of. Then-Case. Let e be such that < e is a notation for ordinals having
a representativ e for � . Now oneconstructsS� � DEC�;e as follows.

Let M 1; M 2; : : : be a list of all partial-recursive learnersequipped with an
ordinal mind changecounter, usingthe notation givenby < e, such that the ini-
tial valueof the counter, � k , is strictly below � . Let Uk be the classof functions
which at leastoneof the machinesM 1; M 2; : : : ; M k inferswithout violating the
mind changebound. There is a, not necessarilyrecursive, learnerNk identify-
ing Uk exactly with mind changebound � 1 � � 2 � : : : � � k � (k 	 1). Note that
� 1 � � 2 � : : : � � k � k � � . Thus there is a function f k = � a1 2 DEC�;e such
that f k(0) represents the ordinal � 1 � � 2 � : : : � � k � k with respect to < e and
f k is not learned by Nk . In particular, f k is not in Uk . Since� is recursive,
the mapping k ! f k(0) is recursive, hasa recursive rangeand is one-one.

Furthermore, one can �nd a program for one such f k 62Uk , e�ectiv ely
in the limit, from k. To seethis, note that such a function f k = � a1 satis-
�es the following for l = 1; 2; : : : ; k: There exist e;h; x (depending on l) such
that either (i) M l (� ah) is unde�ned or (i i) M l (� ah) hasalready madea mind
changewithout counting down its ordinal or (i i i) the learner M l convergesto
the wrong index e (that is e = M l (� ah), M l doesnot changeits mind on � a1

beyond � ah and, for somex, ' e(x) 6= (� a1 )(x)). For each l, the above condi-
tions on the k; � ; a;h; e;x are K -recursive. Thus, from k, onecan compute in
the limit onesuch (� ; a), and thus a program for onesuch f k .

We now show that the classS� = f f 1; f 2; : : :g can be exactly Ex� -identi-
�ed. Given an Ex� -learner M for DEC�;e , one de�nes an exact identi�er N
as follows: If M (� ) = ? or � = � , then N (� ) = ?. ElseN computesthe k such

17



that f k(0) = � (0). If such a k doesnot exist, then N (� ) = ? aswell. If the k is
found, then N considersa uniform approximation f k;s to f k and outputs the
following modi�cation e0 of the index e = M (� ): ' e0(x) = ' e(x) i� there is
s � x such that ' e(y) #= f k;s(y) for all y � x. If there is no such s, then ' e0(x)
is unde�ned. The convergencebehaviour of M and N is the same.However,
N convergesto an index of f i� M also does and f 2 S� | otherwise, N
convergesto an index of a partial function or to ?.

If one doesnot require exact learning, and considersthe extensionmen-
tioned in the theorem:onecan usethe learner M for the whole classDEC�;e

instead of N and can therefore select the functions f k 2 DEC�;e � Uk arbi-
trarily . This in particular permits to deal with a nonrecursive � and the case
that representation for the ordinal counter of the M k might dependon each k.

Else-Case. The ordinal � can be represented as c! 
 + � for someordinal 

with c > 0 and ! 
 > � . If � = 0, then let � = (c � 1)! 
 ; elselet � = c! 
 .
Note that in both possiblede�nitions it holds that � < � � � + � (when
� = (c � 1)! 
 , we implicitly have c > 1 by the condition that � 6= ! 
 ). Let
M be an Ex� -learner for a given classS and ord be its ordinal counter. Let
U be the set of all f 2 S such that ord(f [x]) � � for all x. Now considerthe
following two subcases.

Subcase U �nite. We de�ne the following Ex� -learner N for the whole
classS and the associated ordinal counter ord0 as follows:

� If ord(� ) � e � , then ord0(� ) = � . Furthermore, if exactly onefunction in U
is consistent with the input � , then N outputs an index for this function;
otherwiseN outputs ?.

� If ord(� ) < e � , then ord0(� ) = ord(� ) and N (� ) = M (� ).

It is easyto seethat N Ex� -identi�es all the functions in U, aswell asall the
functions in S on which the ordinal counter of M eventually goes below � .
Thus N (exactly) Ex� -identi�es the whole classS.

Subcase U in�nite. In this casewede�ne the learnerN with ordinal counter
ord0 as follows.

� If ord(� ) � � then N (� ) = M (� ) and ord0(� ) = ord(� ) 	 � ;
� If ord(� ) < � then N (� ) = ? and ord0(� ) = 0.

Note that dueto the special form of � , � 	 � is de�ned for all � with � � � � � .
It is easyto seethat N exactly Ex� -identi�es U.

It remainsto considerthe casewhereonedoesnot require that the learner
is exact and one wants to deal with orders not having recursive operations
� ; 	 . In this case,onetakesthe original learnerM for S which of coursealso
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Ex-identi�es the subclassU � S. But oneadjusts the mind changecounter to
the following ord0. Let r � be the representativ e of � with respect to < e and
let < e0 be such that whenever r 0 represents � + � with respect to < e, then r 0

represents � with respect to < e0. The ordinal counter ord0 is de�ned asfollows.
If ord(� ) � e r � then ord(� ) represents someordinal � + � with respect to

< e. Now ord0(� ) = ord(� ) and represents the ordinal � with respect to < e0.
Otherwise ord(� ) < e r � and the data is from a function not in U. Then

let ord0(� ) = r � (note that r � represents 0 with respect to < e0).
As a consequence,M is an Ex� -learner for the in�nite classU using the

properties that ord0 starts with an ordinal lessthan or equalto � with respect
to the notation < e0 and that the Ex-learning capabilities remains the same.
Furthermore, as long as the data is from functions in U, each mind changeis
accompaniedby counting down the ordinal.

This completesthe proof for the second(Else) part of the theorem.

Note that, in the above Theorem, in Then case,onecannot have that S� has
a well-behaved Ex� -learner. Otherwise, by Theorem 4.4, S� would have an
in�nite Ex0-identi�able subclass.

5 Sublearners

The main question consideredin this section is the following: Given an Ex-
identi�able classS satisfying someadditional constraints, is there an in�nite
subclassU and an Ex-learner M for S such that M Ex� -identi�es U? One
additional constraint is that S has an in�nite Ex0-identi�able subclass.As
con�dently identi�able classesare Ex� -identi�able for some� , Theorem 4.2
has been adapted into this section as follows. There is a classS = GEN [
f g0; g1; : : :g, where GEN is from Theorem 4.2, such that f g0; g1; : : :g is Ex0-
identi�able, S is Ex-identi�able and no Ex-learner M for S is at the same
time an Ex� -learner for an in�nite subclassof S.

Theorem 5.1. There existsan in�nite classS suchthat

(a) S is exactlyEx-identi�able;
(b) S contains an in�nite exactlyEx0-identi�able subclass;
(c) For any learner M which Ex-identi�es S and for any � , M does not
Ex� -identify an in�nite subclassof S.

Pro of. Let G and f 0; f 1; : : : be as in the proof of Theorem4.2. Furthermore,
let gk = f k(0)f k(1) : : : f k(k)21 , that is, gk coincideswith f k on 0; 1; : : : ; k and
takesthe constant 2 from then on. Let S = f f 0; g0; f 1; g1; f 2; g2; : : :g. The class
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S is clearly a uniformly recursive class.Thus S is exactly Ex-identi�able. Fur-
thermorethe subclassf g0; g1; : : :g is exactly Ex0-identi�able sincethe function
gk is the unique onein this enumeration wherek + 1 is the �rst element to be
mapped to 2.

Now considerany Ex-learner M for S equipped with an ordinal counter.
As M learns all functions f k , it follows from the proof of Theorem 4.2 that
M makes on the characteristic function of G in�nitely many mind changes.
Thus there is a number l such that M hasmadea mind changeon the input
G(0)G(1) : : : G(l) without counting down the ordinal. Sincealmost all func-
tions f k and gk extend the string G(0)G(1) : : : G(l), M can Ex� -identify only
�nitely many functions in S.

Theorem 5.2. For everyin�nite classS havinga con�dent and well-behaved
learner M , there is a classU and a learner N suchthat

� U � S, U is in�nite and U is uniformly recursive;
� N is an Ex1-learner for U;
� N is a con�dent and well-behaved learner for S.

Pro of. This is a generalizationof the proof of Theorem 4.4. In the proof of
Theorem 4.4, we de�ned strings � and � 0; � 1; : : : and functions f 0; f 1; : : : 2 S
with the following properties.

(i) The � k 's are recursively enumerableand pairwise incomparable.
(i i) For any k, � � � k and M (� k) =2 f M (� ); ?g. Furthermore, for all k and all
� with � � � � � k , M (� ) 2 f M (� ); ?g.

(i i i) For all k, f k extends� k andbelongsto S. Furthermore, there is a program
pk for f k which can be obtained e�ectiv ely from k.

(iv ) For all � , if � � � and M (� ) =2 f M (� ); ?g, then there exists a k such
that � k � � .

We now de�ne our learner N as follows.

N (� ) =

8
><

>:

?; if � � � ;
pk ; for the unique k with � k � � � f k , if there is such a k;
M (� ); otherwise.

We arguethat the secondclauseabove can be recursively decided.Note that
the � k are the places after � where M outputs its �rst hypothesis not in
f M (� ); ?g. Also the � k and f k have both an e�ectiv e enumeration. Thus, we
can determine e�ectiv ely from � , whether there exists a k (and �nd such a
k if it exists) such that � k � � , and then use this k to check whether the
data seenso far is consistent with f k . It is now easyto verify that N Ex1-
identi�es each f k | N only outputs M (� ) and then pk on f k ; it is easyto
assignthe corresponding ordinal counter to N . Furthermore, if the input is
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incomparableto any f k , then N follows M . Thus, N inherits the property of
being a well-behaved and con�dent learner for S from M .

Note that, in the above theorem, we are not able to achieve Ex0 instead of
Ex1, as shown by following example.

Example 5.3. Considerthe classS = f 01 g [ f 0h101 : h 2 INg.

� There is a well behaved Ex1-learner for S;
� No learnerwhich Ex-identi�es S, can Ex0-identify an in�nite subclassof S.

The existenceof the well-behaved Ex1-learner is easyto verify. On the other
hand, any Ex-learner for S has to identify 01 and outputs an index for it
on input of the form 0k for somek. Then it can Ex0-identify only the �nite
subclassf 01 ; 101 ; 0101 ; : : : ; 0k� 1101 g.

We now consider the question: Does there exist a class R� which is Ex� -
identi�able, R� contains an in�nite �nitely learnablesubclass,but no learner
can simultaneouslyEx-identify R� and Ex� -identify an in�nite subsetof Ex� ,
for � < � .

The answer to the above questiondependson � .

Theorem 5.4. Fix a notation < e of ordinals used for all ordinal-learners
considered below such that operation � is recursive and 	 partial-r ecursive.
Let � � 2 be a recursive ordinal and consider all recursive learners, including
thosewhich are not exact. If � = ! 
 for an ordinal 


Then there is an in�nite exactly Ex� -identi�able classR� such that (i) R�

contains an in�nite Ex0-identi�able subclassand (i i) for all � < � , there
doesnot exist an Ex-learner M for R� which Ex� -sublearns an in�nite sub-
classof R� using the notation < e.

Else there is a � < � suchthat every in�nite exactlyEx� -identi�able classS
has an exact Ex-learner M for S which Ex� -sublearns an in�nite subclass
of S.

If onedoesnot want to �x a notation of ordinals with the aboveproperty, then
the sametheorem holds,but the learners considered may no longer be exact.

Pro of. Then-Case. Assumethat � = ! 
 for some
 . The set R� is de�ned
asthe union of two setsf f 1; f 2; : : :g and f g1; g2; : : :g wherethe functions f k are
exactly asin Theorem4.7.For each function f k , there is a number ak � 2 such
that for all M 2 f M 1; M 2; : : : ; M kg, whenever M makesa mind changeon f k

without counting down the ordinal, then this happens before seeingall the
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data f k [ak ]. Without lossof generality suppose0 also represents the ordinal
0. The function gk is taken to be f k [ak + 1]01 .

R� is clearly in�nite. Furthermore, R� � DEC�;e and one can compute
the characteristic function of gk from the one of f k using the oracleK . Thus
onecan adapt the Ex� -learner from Theorem4.7 to an Ex� -learnerN for R� .

One can construct an exact Ex0 learner for f g0; g1; : : :g as follows. If the
input is not of form � 0r for some� 2 (IN � f 0g)+ then M outputs ?. Other-
wise, M computesthe k such that gk(0) = � (0). If such a k does not exist,
then N (� ) = ? aswell. If the k is found, N considersa uniform approximation
gk;s to gk and outputs the following modi�cation e0 of the index e for � 01 :
' e0(x) = ' e(x) i� there is s � x such that ' e(y) #= gk;s(y) for all y � x. If
there is no such s, then ' e0(x) is unde�ned. It is now easyto verify that M is
an exact Ex0-learner for f g0; g1; : : :g.

If M k is an Ex-learner for R� , then M k is total and convergeson all func-
tions f l to its correct index. By the construction in Theorem4.7,M k then fails
for all f l with l � k to count down the ordinal at somemind change.Thus M k

doesnot Ex� k -learn the functions f l ; gl with l � k. Thus no in�nite subclass
of R� is Ex� -sublearnedfor any � < � .

Else-Case. This proof di�ers from the onein Theorem4.7 only at oneplace:
in the subcasethat U is in�nite and exact learnersare desired,one de�nes
that N = M but changesord to ord0 as done there. The reasonfor it is that
this time N must be an exact Ex-learner for S while in Theorem4.7 N must
be an exact learner for U. All other parts of the proof remain unchanged.

Remark 5.5. The negative resultsmadeuseof the fact that the subclasshas
to be in�nite. Indeed, dropping this constraint destroys all negative results.
Given any �nite subclassU � S and any Ex-learner M for S, onecan trans-
form M into an Ex-learnerN for S, such that N is alsoan Ex0-learner for U:
There is a number n such that M has convergedon every f 2 U to the �nal
index for f by the time it hasseenf [n]. In particular, M (f [m+ 1]) = M (f [m])
for all m � n and f 2 U. The new learner N given by

N (� ) =
�

? if j� j < n;
M (� ) if j� j � n;

hasthe desiredproperties:N Ex-identi�es the samefunctions asM but on the
functions f 2 U, N only outputs the symbol ? beforeoutputting the correct
hypothesisM (f [n]).
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