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Abstract
The present work is dedicated to the study of modes of data-presentation in the
range between text and informant within the framework of inductiv e inference. In
this study, the learner alternatingly requestssequencesof positive and negative data.
We de�ne various formalizations of valid data presentations in such a scenario. We
resolve the relationships betweenthesedi�eren t formalizations, and show that oneof
theseis equivalent to learning from informant. We alsoshow a hierarchy formed (for
each of the formalizations studied) by considering the number of switches between
requestsfor positive and negative data.

1 In tro duction

Astronomersobservingthe sky with telescopescannot obtain all available information but
have to focustheir study on selectedareasand might from time to time changeto another
areaof the sky. Forty yearsafter the discovery of Uranus, it wasfound that Uranuswasnot
following the predictedorbit exactly. Taking into account the in
uence of the other known
planets, the astronomer Alexis Bouvard came up with the hypothesis that there exists
a further unknown planet which disturbs the orbit of Uranus. John Couch Adams and
Urbain JeanJosephLe Verrier both computedindependently the position of the unknown
planet. In 1846,Le Verrier communicated his results to Johann Gottfried Galle, who then
found Neptune with his telescope at the given position.

Similar to astronomy, one can also in inductive inferenceconsider the scenariothat
the learner cannot track all available data but has to focus on sometype of data and
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refereesfor useful comments. Sanjay Jain was supported in part by NUS grant number R252-000-127-112.
Frank Stephanwassupported by the Deutsche Forschungsgemeinschaft (DFG) under the Heisenberg grant
Ste 967/1{1.
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can only few times switch the focus of attention. The purposeof the present work is to
formalize such switching between the two main modes of data-presentation in inductive
inference,namelybetweenreadingpositive data which areelements of the set to be learned
or negative data which are the non-elements. There are several ways to formalize this and
it is investigatedhow theseformalizations relate to each other and how they �t into the
hierarchy of the already establishednotions of learning from positive data (text) or both,
positive and negative data (informant).

In the scenarioof learning from positive data, the learner is fed all the elements and no
non-elements of a languageL (the so called text of L), in any order, at most one element
at a time. The learner, as it is receiving the data, outputs a sequenceof grammars. The
learner is said to identify (learn, infer) L just in casethe sequenceof grammarsconverges
to a grammar for L. A classof languagesis learnableif somemachine learnseach language
in the class.This is essentially the paradigm of identi�cation in the limit (called TxtEx )
introduced by Gold [11]. Gold also consideredthe situation of learning from informant,
where the learner receivesboth positive and negative data, that is elements of the graph
of the characteristic function of L (called informant for L) as input. This leads to the
identi�cation criterion known as InfEx .

Gold [11] showed a central result that learning from text is much more restrictive than
learning from informant. Gold gave an easyexampleof a classwhich can be learnedfrom
informant but not from text: the collectionconsistingof onein�nite recursively enumerable
set together with all its �nite subsets.

The main motivation for this work is to explore the gap between these two extreme
forms of data-presentation. Previous authors have already proposedseveral methods to
investigatethis gap, someof theseare described below.

Gasarch and Pleszkoch [10] consideredallowing learnersaccessto non-recursive oracles.
However Jain and Sharma[14] showed that even the most powerful oraclesdo not permit
to learn all recursively enumerable(or evenall recursive) setsfrom texts whereasthe oracle
K allows oneto learn all recursively enumerablesetsfrom informant.

Restrictions on the texts (such as allowing only primitiv e recursive texts or ascending
texts) reducetheir non-regularity and permit to passon further information implicitly [20,
23]. For example,ascendingtexts permit to reconstruct the completenegative information
in the caseof in�nite sets, but fail to do so in the caseof �nite sets. Thus the classof
one in�nite set and all its �nite subsetsis still not learnable from ascendingtext. On
the other hand, the class of all recursively enumerable languagescan be learned from
primitiv e recursive texts. Merkle and Stephan[18] also consideredstrengtheningthe text
by permitting additional queriesto retrieve information not contained in standard texts.

Motoki [19] and later Baliga, Caseand Jain [2] added to the positive information of
the text some,but not all, negative information about the languageto be learned. They
consideredtwo notions of supplying the negative data: (a) there is a �nite set of negative
information S � L such that the learner always succeedslearning the languageL from
input S plus a text for L, and (b) there is a �nite set S � L such that the learner always
succeedslearning the languageL from a text for L plus a text for a set H disjoint to L
which contains S, that is, which satis�es S � H � L. In case(a) oneis able learn the class
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of all recursively enumerablelanguages.Thus, the notion (b) is the more interesting one.
The present work treats positive and negative data symmetrically and several of our

notions are much lesspowerful than thosenotions consideredby Baliga, Caseand Jain [2].
The most convenient way to de�ne thesenotions is to usethe idea of a minimum adequate
teacher as, for example,described by Angluin [1]. A learner requestspositive or negative
data-itemsfrom a teacher which has{ dependingon the exact formalization { to ful�ll cer-
tain requirements. Theseformalizations (and alsothe number of switchespermitted) then
de�ne the model. We considerthree formalizations (called BasicSwEx , RestartSwEx ,
NewSw Ex ) of requirements a teacher needsto satisfy. The naturalnessof this approach
is witnessedby the fact that all classesseparating the various formalizations can be de-
�ned in easytopological terms. Due to the topological nature of the separatingclasses,
theseresultshold even if the learnersarenon-computable.Out of the three formalizations,
NewSw Ex turns out to be the most natural de�nition in the gapbetweenTxtEx -learning
and learning from informant. RestartSwEx (without constraints on number of switches)
coincideswith learning from informant, whereasBasicSwEx hassomestrangeproperties.

2 Preliminaries

Notation. Any unexplained recursion theoretic notation can be found in Roger's text-
book [21]. The symbol lN denotesthe set of natural numbers, f 0; 1; 2; 3; : : :g. Symbols ; ,
� , � , � , and � denote empty set, subset,proper subset,superset, and proper superset,
respectively. Cardinality of a set S is denotedby card(S). Domain and rangeof a partial
function  is denotedby domain( ) and range( ), respectively.

In�nite sequencesare mappingsfrom lN to lN [ f # g; �nite sequencesare mapping from
f y 2 lN : y < xg (for somex 2 lN) to lN [ f # g. In the �rst case,the length of the sequence
is 1 , whereasin the secondcaseits length is x. We denotethe length of a sequence� by
j� j. Sequencesmay take a special value# to indicate a pause(when consideredasa source
of data). Therefore the notion content is introduced to denote the set of the numbers
contained within the rangeof some�nite or in�nite sequence.The content of a sequence
� is de�ned as content( � ) = range(� ) \ lN. Furthermore, if x � j� j, then � [x] denotes
the restriction of � to the domain f y 2 lN : y < xg. We let � and � range over �nite
sequences.We denote the sequenceformed by the concatenationof � at the end of � by
� � . Furthermore, we use� x to denote the concatenationof sequence� and the sequence
of length 1, which contains the element x.

By ' we denote a �xed acceptable programming system for the partial computable
functions that are mapping lN to lN [17, 21]. By ' i we denote the partial recursive func-
tion computed by the program with number i in the ' -system. Such a program i is a
(characteristic) index for a set L if

' i (x) =
�

1; if x 2 L;
0; otherwise.

Programs for enumeration procedures(so called r.e. indices) are not consideredin the
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present work. From now on, we call the recursive subsetsof lN just languagesand only
considercharacteristic indicesand not enumeration procedures.The symbols L; H range
over languages.L denotesthe complement, lN � L, of L. The symbol L rangesover classes
of languages.

Learning theory often also considerslearning non-recursive but still recursively enu-
merablesets. In this work we restrict ourselves to the recursive casesince,for notions of
learning consideredin this paper: (i) all inclusions hold for the caseof recursive sets i�
they hold for the caseof recursively enumerable sets; (i i) recursive sets already permit
us to construct candidatesfor separationsof learning criteria { our diagonalizationproofs
usemainly the topological properties. Furthermore, recursive setshave, comparedto re-
cursively enumerablesets,the advantage that their complement alsopossessesa recursive
enumeration. This is an interesting property to have, as we are consideringpositive and
negative information in a symmetric way.

Notation from Learning Theory . The main scenarioof inductive inferenceis that a
learnerreadsmoreand moredata on an object and outputs a sequenceof hypotheseswhich
eventually convergeto the object to be learned.

De�nition 2.1 (Gold [11]) A text T for a languageL is an in�nite sequencesuch that
its content is L, that is, T contains all elements of L but noneof L. T[n] denotesthe �nite
initial sequenceof T with length n.

De�nition 2.2 (Gold [11]) A learner (or learning machine) is an algorithmic device
which computesa mapping from �nite sequencesinto lN.

We let T rangeover texts and M rangeover learning machines. M (T[n]) is interpreted as
M 's conjecture for the input languagebasedon data T[n]. We say that M convergeson
T to i , (written M (T) #= i ) i� (81 n) [M (T[n]) = i ].

There are several criteria for a learning machine to be successfulon a language.Below
we de�ne learning in the limit introducedby [11].

De�nition 2.3 (Gold [11]) (a) M TxtEx -learnsa languageL from text T i�, for some
index i for L, for almost all n, M (T[n]) = i .
(b) M TxtEx -learns a languageL (written: L 2 TxtEx (M )) just in caseM TxtEx -
learnsL from each text for L.
(c) M TxtEx -learns a classL of languages(written: L � TxtEx (M )) just in caseM
TxtEx -learnseach languagefrom L.
(d) TxtEx = fL : somelearner M TxtEx -learnsLg.

The following propositions on learning from text are useful in proving someof our results.

Prop osition 2.4 (Basedon Proposition 2.2A by Osherson,Stob and Weinstein [20]) Let
L be any in�nite languageand Pos be a �nite subsetof L. Then f H : Pos � H � L
^ card(L � H ) � 1g =2 TxtEx .
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Prop osition 2.5 (Gold [11]) Let L be any in�nite language. If L contains L and the
setsL \ f 0; 1; : : : ; ng, for in�nitely many n 2 lN, then L 62TxtEx .

We now generalizethe concept of learning and permit the learners to request explicitly
positive or negative data from a teacher in order to de�ne learning by switching between
typesof information received.

De�nition 2.6 Learning is a game between a learner M and a teacher T. Both send
alternately information in the following way: in the k-th round (for easeof notation we
start with round 0), the learner �rst sendsa requestr k 2 f + ; �g ; the teacher then answers
with an information xk ; thereafter the learner outputs a hypothesisek . There are three
typesof interactive protocolsbetweenthe learnerand the teacher; every teacher satisfying
the protocol is permitted.

(a) The basic switch-protocol. The teacher has two texts T+ and T� of L and L,
respectively. After receivingr k the teacher transmits Tr k (k).

(b) The restarting switch-protocol. The teacher has two texts T+ and T� of L and L,
respectively. After receiving r k the teacher computesthe current position l = cardf h :
0 � h < k ^ r h = r kg and transmits Tr k (l).

Intuitiv ely, in restarting switch-protocol, onemay considerlearner as asking the \next
item" from the selectedtext (of languageor its complement).

(c) The newtext switch-protocol. The teacher sendsan xk 2 L [ f # g, if r k = + and
xk 2 L [ f # g, if r k = � . Furthermore, if there is a k such that r h = r k , for all h � k, and
either k = 0 or r k� 1 6= r k , then the sequencexk ; xk+1 ; : : : is a text for L (if r k = +) or a
text for L (if r k = � ).

Intuitiv ely, in newtext switch-protocol, the teacher starts with a new text for L or L
every time a switch occurs.

A classL is learnableaccordingto the given protocol i� there is a learnerM such that,
for every L 2 L and for every teacher satisfying the protocol for this L, the hypothesesof
the learnerM convergeto an index e of L. The corresponding learning-criteria aredenoted
by BasicSw Ex , RestartSwEx and NewSwEx , respectively.

Note that M is a TxtEx -learner i� M always requestspositive data (r k = + for all k).
Therefore,all three notions are generalizationsof TxtEx -learning.

In the following we de�ne similar restrictions on the number of switchesas has been
donefor the number of mind changesby Caseand Smith [7] and Freivalds and Smith [8].
We considercounting number of switchesby ordinals. The learner has a counter for an
ordinal, which is downcounted at every switch. Due to the well-ordering of the ordinals,
the counter can be downcounted only �nitely often. In order to ensurethat the learner is
computable, we considerthroughout this work only recursive ordinals. In particular, we
usea �xed notation system,Ords, and a partial ordering of ordinal notations [16, 21, 22].
We use � ; � ; � and � to compareordinals according to the partial ordering mentioned
above. We do not go into the details of the notation system used,but instead refer the
readerto the methods outlined in the papers [5, 8, 15, 16, 21, 22].
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De�nition 2.7 BasicSw � Ex denotesthe variant of BasicSwEx where the requestsof
M have to convergeto somer , whenever M dealswith a teacher following basic switch-
protocol, for any given L 2 L .

For an ordinal notation � , we now de�ne the variant BasicSw � Ex of BasicSwEx .
The learner (as in De�nition 2.6) is additionally equipped with a counter. The value of
counter at the beginning of round k is denotedby 
 k . Now in addition to the properties
required for BasicSwEx -learnability, we require

(1) 
 0 = � .

(2) If r k+1 = r k , then 
 k+1 = 
 k .

(3) If r k+1 6= r k , then 
 k+1 � 
 k .

Similarly, onede�nes the four notions RestartSw � Ex , NewSw � Ex , RestartSw � Ex and
NewSw � Ex for the restart and newtext switching protocols.

Onecanconsiderthe generalizationof above notions by replacingEx by other convergence
criteria such as BC [6] or FEx [4].

Remark 2.8 The notions, BasicSwEx , RestartSwEx and NewSwEx might changea
bit if instead of arbitrary texts somerestrictive variants are used.

A fat text for a languageL, is a text in which every element of L appears in�nitely
often (and non elements of L never appear). Therefore, arbitrary long initial segments
of the text may be missingwithout losing essential information. For criteria of inference
consideredin this paper, one may considerlearning from \fat information" whereall the
texts consideredin De�nition 2.6, are fat texts. In this situation, onecan, to a certain de-
gree,compensatethe lossof information whenswitching in the basicswitch-protocol. The
notions NewSw � Ex and RestartSw � Ex do not changeif one considersfat information,
but the notion of BasicSw � Ex increasesits power and becomesequivalent to NewSw � Ex
| note that in the standard \non-fat" caseby Proposition 3.1 and Theorem 3.2 below,
the notion BasicSw � Ex is properly contained in NewSw � Ex . Similar result applies if
onereplaces� by an ordinal � in the previousstatement.

It can be shown that learning from recursive texts does not give any advantage in
TxtEx -criteria, see,for example,the textbook [13] by Jain, Osherson,Royer and Sharma.
All diagonalization results consideredin this paper, can be doneusing recursive texts.

Gold [11] showed that the classof all recursively enumerablesetscan be learnedfrom
primitive recursive text, which are generatedby a primitiv e recursive function. Thus,
the generalizedcriteria consideredin this paper coincide with learning from text, if one
considersonly primitiv e texts as input in De�nition 2.6.

Remark 2.9 Considerthe classL which contains the four subsetsof f 0; 1g. This classis
TxtEx -learnable,but not learnableby a BasicSwEx -learner which is required to make
at least oneswitch on every possibledata-sequence.

To seethis, assumethat the learner starts with requestingpositive examples.As, 01

is a valid text for languagef 0g, if the teacher answers0 on requestsfor positive examples,
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eventually the learner must switch and ask for a negative example. Supposethe switch
occurs at the n-th round. But then the learner cannot distinguish betweenthe following
two situations:

(1) teacher is giving the answers for languagef 0g, whereT+ = 01 and T� = 123 : : :;

(2) teacher is giving the answers for languagef 0; 1g, where T+ = 0n 101 and T� =
223 : : :;

the T� in the above two casesdi�er at the �rst position and the T+ di�er at the (n + 1)-th
position. As r 0 was+ and r n was� , the learner is not able to distinguish betweenthe two
cases.

If the learner starts by requestingnegative data, it can be trapped similarly.

As the above remark shows, although BasicSwEx is more powerful than TxtEx , it still
has a severe restriction that information might be lost | it might happen, that a given
learner receives, due to switches,a data sequencewhich satis�es the protocol for several
possiblelanguages. This cannot occur for the criteria of NewSwEx -learning (for �nite
number of switches)and RestartSwEx -learning (for �nite or in�nite number of switches),
which from this point of view are more natural.

3 Basic Relations between the Concepts

Within this section,we investigatethe basicrelations betweenthe variouscriteria of learn-
ing by switching type of information.

Prop osition 3.1 (a) For all ordinals� , BasicSw � Ex � NewSw � Ex � RestartSw � Ex .
(b) BasicSw � Ex � NewSw � Ex � RestartSw � Ex .
(c) BasicSwEx � NewSwEx � RestartSwEx .

Pro of. We �rst show that any teacher using the newtext switch-protocol alsosatis�es the
basicswitch-protocol. Thus every learnersucceedingwith a teacher satisfying the newtext
switch-protocol alsosucceedswith every teacher using the basicswitch-protocol. It follows
that the inclusion holds for any constraints on the number of switches permitted as the
learner doesnot change.

Consider the interaction betweenthe learner and teacher for any languageL. Let r k

denote the requestof learner and xk denote the answer of the teacher in the k-th round,
where the answers by the teacher satisfy the newtext switch-protocol. To show that the
teacher also satis�es the basic switch-protocol we needto construct texts T+ (for L) and
T� (for L) such that xk = Tr k (k). This can be done by induction. Let s+ (k) and s� (k)
be the number of the k0 < k for which r k0 is positive or negative, respectively. Now one
de�nes

T+ (k) =

8
><

>:

xk if r k = +;
s� (k) if r k = � and s� (k) 2 L;
# if r k = � and s� (k) =2 L;
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T� (k) =

8
><

>:

xk if r k = � ;
s+ (k) if r k = + and s+ (k) 2 L;
# if r k = + and s+ (k) =2 L.

Note that all elements of T+ areeither # or in L sincethey areeither givenby the newtext
teacher or explicitly required to be in L. Furthermore, if almost all r k are positive, then
the newtext protocol guaranteesthat all elements of L show up and that T+ is a text for
L. If in�nitely many r k are negative then the function s� is not boundedand so there is
for every x 2 L a k such that x = s� (k) and r k = � . It follows that x goesinto the text.
Thus T+ is a text for L and similarly onecan verify that T� is a text for L.

Also, any teacherusingthe restart switch-protocol canbeusedto simulate answersusing
a newtext switch-protocol { by appropriately repeating the alreadygivenpositive/negative
elements before giving any new elements presented in the restart switch-protocol. The
proposition follows.

In the following it is shown that the hierarchy from Proposition 3.1 (c) is strict, that is,

TxtEx � BasicSwEx � NewSwEx � RestartSwEx :

Besidesthis main goal, the in
uence of restricting the number of switchesto be �nite or
even to respect an ordinal bound, is investigated.

Note that the inclusion TxtEx � BasicSw 0Ex follows directly from the de�nition.
Furthermore, the classf L � lN : card(L) � 1g, using Proposition 2.4, is not TxtEx -
learnable; however, as the classcontains only co�nite sets, it can be learned via some
learner always requestingnegative data. Thus the inclusion TxtEx � BasicSw 0Ex is
strict.

Combining �nite and co�nite setsis the basic idea to separatenewtext switching from
basicswitching using parts (a) and (c) of Theorem3.2 below. The classusedto show this
separationis quite natural:

L f in;cof in = f L : card(L) < 1 or card(L) < 1g :

Theorem 3.2 below also characterizesthe optimal number of switches neededto learn
L f in;cof in (wherepossible): onecan do it for the criteria NewSw � Ex and RestartSw � Ex
with �nitely many switches,but an ordinal bound on the number of switchesis impossible.

Theorem 3.2 (a) L f in;cof in 2 NewSw � Ex .
(b) For all ordinals � , L f in;cof in 62RestartSw � Ex .
(c) L f in;cof in 62BasicSwEx .

Pro of. (a) The machine M works in stages.At any point of time it keepstrack of elements
in L and L that it has received.

Construction.

Initially let Pos= ; , Neg= ; and go to stage0.
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Stages: If card(Pos) � card(Neg)

Then requesta positive examplex;
update Pos= Pos[ f xg � f # g;
conjecturethe �nite set Pos;

Else requestfor negative data x;
update Neg= Neg[ f xg � f # g;
conjecturethe co�nite set lN � Neg.

Go to stages + 1.

End stages.

It is straight forward to enforcethat the learner always represents each conjectured set
with the sameindex. Having this property, it is easyto verify that M NewSw � Ex -learns
L f in;cof in .

(b) Supposeby way of contradiction that M RestartSw � Ex -learnsthe classL f in;cof in .
Sinceevery �nite sequenceof data can be extendedto the oneof a set in L f in;cof in , M has
to behave correctly on all data sequencesand doesnot switch without downcounting the
ordinal. There is a minimal ordinal � which M can reach in somedowncounting process.
For this � , there is a corresponding round k, a sequenceof requestsby M and a sequence
of answers given by a teacher such that M 's ordinal counter is � after the k-th round;
let Pos be the positive data and Neg be the negative data provided by the teacher until
reaching � . As � is minimal, M does not make any further downcounting but stabilizes
to one type request,say to requestingpositive data; the caseof requestingonly negative
data is similar. Let L = Neg. If H satis�es Pos� H � L and card(L � H ) � 1 then M is
required to learn H without a further switch. SoM would essentially be a TxtEx -learner
for f H : Pos� H � L ^ card(L � H ) � 1g, a contradiction to Proposition 2.4.

(c) Suppose by way of contradiction that M BasicSwEx -learns L f in;cof in . Due to
symmetry-reasonsone can assumethat the �rst requestof M is + and assumethat the
teacher gives # as an answer. Now consider the special casethat T� is either # 1 or
y# 1 for somenumber y. The set to be learned is either lN or lN � f yg and the only
remaining relevant information is the text T+ . Thus if onecould learn L f in;cof in under the
criterion BasicSwEx , then onecould alsoTxtEx -learn the classf L � lN : card(L) � 1g,
a contradiction to Proposition 2.4.

Item (c) in Theorem 3.2 can be improved to show that even classeswhich are very easy
for NewSw Ex cannot be BasicSwEx -learned.

Corollary 3.3 NewSw 1Ex 6� BasicSwEx .

Pro of. The proof of Theorem3.2 (c) shows that the class

f L � lN : card(L) � 1 or card(L) � 1g
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is not BasicSwEx -learnable; the setswith card(L) � 1 are added for the casethat the
requestr 0 in the proof of Theorem 3.2 (c) is � . It remains an easyveri�cation that the
consideredclassis NewSw 1Ex -learnable: A machine �rst asksfor positive examplesand
outputs an index for the set consistingof the examplesseensofar, unlessit discoversthat
there are at least two elements in the language. At which point it switchesto requesting
negative examplesto �nd the at most onenegative example.

The following theorem shows the strength of restarting switch protocol by showing that
it has the same learning power as the criterion InfEx , where the learner gets the full
information on the set L to be learnedby reading its characteristic function instead of a
text for it, see[11].

Theorem 3.4 RestartSwEx = InfEx .

Pro of. Clearly, RestartSwEx � InfEx . In order to show that InfEx � RestartSwEx ,
weshow how to construct an informant for the input languageusinga teacher which follows
the restart switch-protocol. Clearly, this su�ces to provethe theorem. The learnerrequests
alternatingly, positive and negative information. This givesthe learnera text for L aswell
as for L, which allows one to construct an informant for the input languageL.

The following theoremshows that newtext switching protocolscansimulate restart switch-
ing protocols, if the number of switchesis required to be boundedby an ordinal.

Theorem 3.5 For all ordinals � , RestartSw � Ex = NewSw � Ex .

Pro of. By Proposition 3.1, it su�ces to show the inclusions

RestartSw � Ex � NewSw � Ex :

Note that for RestartSw � Ex and NewSw � Ex learning, we may assumewithout lossof
generality that the learning machine makes �nite number of switches on all inputs (i.e.,
even for inputs for languagesoutside the class,or for teachersnot following the protocol).
Furthermore, if the machine makesonly �nitely many switches,then it is easyto verify that
any teacher following the newtext switch-protocol also follows the restart switch-protocol.
Theoremfollows.

In contrast to Theorem3.5 the following theoremshowsthe advantageof restarting switch-
ing protocol, compared to newtext switching protocol if the number of switches is not
required to be �nite.

Theorem 3.6 RestartSw � Ex 6� NewSwEx .

Pro of. Let Odd denotethe set of odd numbers. Let

L 1 = f Oddg [ f Odd � f 2x + 1g : x 2 lNg;

L 2 = f Odd [ f 0gg[ f Odd [ f 0g [ f 2x + 2g : x 2 lNg;

L = L 1 [ L 2:
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It is easyto seethat L 1 can be learnedusing negative data, and L 2 can be learnedusing
positive data. Thus, a machine can RestartSw � Ex -identify L by �rst �nding (by alter-
natingly requestingpositive and negative data) whether 0 belongsto the input language
L or not. After this the machine usesjust positive data (if 0 2 L) or just negative data (if
0 62L), to identify L.

To show that L 62NewSwEx , we usethe fact that any in�nite subsetof L 1 containing
the languageOdd, cannot be learnedfrom positive data alone(Proposition 2.4) and that
any in�nite subsetof L 2 containing the languageOdd[ f 0g, cannotbelearnedfrom negative
data alone(symmetric versionof Proposition 2.4).

Supposeby way of contradiction that L 2 NewSwEx as witnessedby M . Let Even
denotethe set lN � Odd of even numbers. We then considerthe following cases.

Case 1: There exists a way of answering the requestsof M such that positive requests
are answered by elements from Odd, negative requestsare answered by elements from
Even� f 0g and M makesin�nitely many switches.

In this case,clearly M cannot distinguish betweenthe casesof input languagebeing
Odd and input languagebeing Odd [ f 0g.

Case2: Not case1. Let x0; x1; : : : ; xk be an initial sequenceof answerssuch that

� for i � k, if r i = +, then x i 2 Odd,

� for i � k, if r i = � , then x i 2 Even� f 0g,

� if the teacher is consistent with Odd and Odd[ f 0g, then M doesnot make a further
switch, that is, the following two conditions hold:

{ if r k+1 = + and the teacher takes its future examplesxk+1 ; xk+2 ; : : : from the
set Odd, then r j = r k+1 for all j > k;

{ if r k+1 = � and the teacher takesits future examplesxk+1 ; xk+2 ;: : : from the set
Even� f 0g, then r j = r k+1 for all j > k.

Note that there exists such k, x0; x1; : : : ; xk , sinceotherwiseone can construct an in�nite
sequenceof answersasneededfor case1, by in�nitely often extendinga given sequenceto
forcea switch by the learner | leading to in�nitely many switchesby the learner.

Case2a: r k+1 = +.
In this case,M hasto learn the set Odd and every set Odd � f 2x + 1g, where2x + 1 =2

f x0; x1; : : : ; xkg, from positive data. This is impossibleby Proposition 2.4.

Case2b: r k+1 = � .
This is similar to Case2a. M needsto learn the set Odd and every set Odd [ f 0; 2xg,

where2x =2 f 0; x0; x1; : : : ; xkg, from negative data. Again this is impossibleby symmetric
versionof Proposition 2.4.

The previous result completesthe proof that all inclusions of the hierarchy TxtEx �
BasicSwEx � NewSwEx � RestartSw Ex are proper.
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4 Coun ting the Num ber of Switc hes

Theorem 4.1 and Corollary 4.2 below show a hierarchy basedon the number of switches
allowed to the learner.

Theorem 4.1 For � � � , NewSw � Ex 6� RestartSw � Ex .

Pro of. Extend � to Ords [ f� 1g by letting � 1 � 
 , for every 
 2 Ords. There is a
computablefunction od from lN to Ords [ f� 1g such that

� for every 
 � � there are in�nitely many x 2 lN such that od(x) = 
 ;

� there are in�nitely many x 2 lN such that od(x) = � 1;

� the set f (x; y) : od(x) � od(y)g is recursive.

A set F = f x1; x2; : : : ; xkg � lN is � -admissiblei�

� 0 < x1 < x2 < : : : < xk ;

� � � od(x1) � od(x2) � : : : � od(xk) � � 1.

The empty set is also � -admissible.By de�nition no in�nite set is � -admissible(also note
that the secondcondition postulatesa descendingchain of ordinals which is always �nite).
Let the classL be de�ned by

LF = f x : card(f 0; 1; : : : ; xg \ F ) is oddg;

L � = f LF : F is � -admissibleg:

Note that the set L ; is just ; . Intuitiv ely, for F = f x1; x2; x3; : : : ; xkg, where 0 < x1 <
x2 < : : : < xk , one can consider the set of natural numbers to be divided into blocks:
B i = f x 2 lN : x i � x < x i +1 g, for i � k, wherewe take x0 = 0 and xk+1 = 1 . The odd
blocks B2i+1 belongto LF and even blocks B2i belongto LF .

Now we show that the classL � witnessesthe separation.

Claim. L � 2 NewSw � Ex .

Pro of of Claim. The machine M has variables n for the number of switchesdone so
far, E for the �nite set of examplesseenafter the last switch, mn for the maximal element
seenso far and 
 n the value of the ordinal-counter after n switches. The initialization
beforestage0 is E = ; , n = 0, m0 = 0 and 
 0 = � ; maxordinal s Y denotesthe maximum
element of a non-empty �nite set Y of ordinals with respect to their ordering. Intuitiv ely,
for F = f x1; x2; : : : ; xkg, the aim of the algorithm below is to eventually have mn � xk� 1

(without downcounting the ordinal counter below ordinal 0). It will be shown later that
mn and data of type opposite that of mn , is enoughto identify the languageL F . Go to
stage0.

12



Construction. Stages (what is donewhen the s-th examplex is read).

(1) If n is even, requesta positive examplex;
If n is odd, requesta negative examplex.

(2) If x =2 f # ; 0; 1; : : : ; mng and X = f y � x : 0 � od(y) � 
 ng is not empty

Then switch the data type by doing the following:
ResetE = ; ;
Update n = n + 1;
Let mn = x and 
 n = maxordinal s f od(y) : y 2 X g;

Else let E = E [ f xg � f # g.

(3) If E 6� f 0; 1; : : : ; mng,
then let a be the least exampleoutside the set f 0; 1; : : : ; mng which had shown up
after the n-th switch
elselet a = mn .

(4) If n is even and a = mn then conjectureE;
If n is even and a > mn then conjectureE [ f a;a + 1; : : :g;
If n is odd and a = mn then conjectureE;
If n is odd and a > mn then conjectureE \ f 0; 1; : : : ; ag.

(5) Go to stages + 1

It is clear that the ordinal is downcounted at every switch of the data presentation. Thus
the ordinal bound on the number of mind changesis satis�ed.

Assumethat F is � -admissible,k = card(F ) and F = f x1; x2; : : : ; xkg, and the input
languageis L F . Let B i = f x 2 lN : x i � x < x i +1 g, for i � k, wherewe take x0 = 0 and
xk+1 = 1 .

Below let n denotethe limiting value of n in the above algorithm. At every switch, M
downcounts the ordinal from � through 
 1; 
 2; : : : to 
 n and thus keepsthe ordinal bound.
The valuesm0; m1; : : : ; mn satisfy the condition that L F (mh) 6= LF (mh+1 ), and belongto
di�eren t block B i 's. Note that the valuesmh with odd h are positive and the valuesmh

with even h are negative examples;m0 = 0 and thus m0 =2 LF by de�nition. Thus, by
de�nition of LF it follows that m1 � x1; m2 � x2; : : : ; mn � xn. By induction, one can
easily verify that 
 h � od(xh), for h = 1; 2; : : : ; n.

After making the n-th switch, mn has the opposite type of information than the ex-
amplesseenfrom then on.

Thus if no information x > mn arrives after n-th switch, it follows that x0; x1; : : : ;
xk � mn and thus every y, such that the type of information of y is opposite to the one
of mn, will eventually belong to E. If n is even then L F = E (in the limit) and the
algorithm is correct. If n is odd then L F = E (in the limit) and the algorithm is correct
again.

If somex > mn arrives after the last switch, then one knows that M abstains from
switching dueto the fact that whenever an examplex > mn arrivesthen, at step2, X = ; .
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Since
 n � od(xn) � od(xn+1 ) and xn+1 � x, for any x > mn which arrivesafter the last
switch, we must have that od(xn+1 ) = � 1, and thus k = n + 1. Thus, the least example
a > mn to show up satis�es a � xk . Furthermore, every x � a satis�es L F (x) = LF (a)
and it is su�cien t to know which of the x � a are in L F and which are not in L F . This is
determinedin the limit and thus the setsconjecturedby M are correct.

It is straight forward to ensurethat M always outputs the sameindex for the sameset
and thus doesnot only semantically but alsosyntactically convergeto an index of L F .

Claim. If a RestartSw � Ex -learner M starts with requestinga negative example�rst,
then M cannot RestartSw � Ex -learn the whole classL � .

Pro of of Claim. Let data of type n be negative data if n is even and positive data if
n is odd. So, for this claim, data of type n is what M requestsafter n switches. In the
following, a set F is constructedsuch that M doesnot RestartSw � Ex -learn LF .

Construction of F. The inductive construction starts with F = ; , n = card(F ) and M
requestingexamplesof type n. There is a �nite sequence� 0� 1 : : : � n de�ned inductively
such that oneof the following casesapplies:

Switch: For some� n consisting of examplesof type n for L F , M requestsexamplesof
type n after having received � 0� 1 : : : � n� 1� , for all proper pre�x � of � n , but requests
exampleof type n + 1 after having received � 0� 1 : : : � n� 1� n .

LS: For some� n consistingof examplesof type n for L F , � 0� 1 : : : � n is a locking-sequence
for LF in the following sense

� for every pre�x � of � n , M requestsfor exampleof type n after having received
� 0� 1 : : : � n� 1� , and

� for every extension� of � n , consistingof examplesof type n for L F , M requests
for exampleof type n after having received � 0� 1 : : : � n� 1� , and

� for all extensions� of � n , consistingof examplesof type n for L F , M conjec-
tures LF as its output after having received � 0� 1 : : : � n� 1� .

Fail: There is a text T of data of type n for L F such that for all � � T, M , on the sequence
� 0� 1 : : : � n� 1� , requestsfor exampleof type n. Furthermore M on � 0 : : : � n� 1T does
not convergeto a grammar for L F .

Note that the above casesare not mutually exclusive. Now the construction of F is
continued as follows, basedon �rst casewhich applies:

Switch: After having seen� 0� 1 : : : � n , M downcounts the ordinal to a new value 
 0 � 
 .
Let xn+1 be such that

� od(xn+1 ) = 
 0;

� xn+1 > y for all y 2 F [ content( � 0� 1 : : : � n ) [ f 0g

and add xn+1 to F . Continue the construction with the next inductive step.
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LS: Choosea number xn+1 such that

� od(xn+1 ) = � 1;

� xn+1 > y for all y 2 F [ content( � 0� 1 : : : � n ) [ f 0g

and completethe construction by adding xn+1 to F .

Fail: Leave F untouched and completethe construction.

End construction

Veri�cation. Note that in the inductive process,adding a number xn+1 to F never makes
any previously examplesinvalid, therefore it is legal to do thesemodi�cations during the
construction. Furthermore, in the casethat it is not possibleto satisfy the case\Switch"
in the construction at somestagen, onehas that after having seenthe example-sequence
� 0� 1 : : : � n� 1 (which is the empty sequencein the casen = 0) M requestsonly data of type
n as long as it seesexamplesconsistent with L F . Therefore using the locking sequence
argument as introducedby Blum and Blum [3], seealso [9, 20], either (i) there is a �nite
sequence� n of examplesof type n for L F such that � 0� 1 : : : � n is a locking sequencefor
LF , that is, case\LS" holds or (i i) case\F ail" holds. So it is possibleto do the inductive
de�nition in every step.

As the sequenceod(x1); od(x2); : : : is a falling sequenceof ordinals, it must be �nite
and therefore the construction eventually ends in the cases\LS" or \F ail". In the case
\F ail" it is clear that the F constructedgivesan L F not learnedby M .

If caseLS holds, then let F 0 = F � f xn+1 g. Note that all y � xn+1 are examplesof
type n for LF 0, and LF and LF 0 do not di�er on any z 2 f 0; 1; : : : ; xn+1 � 1g. Thus the
information provided to M is consistent with both L F and LF 0. It follows that, given any
text T of type n for L F , M convergeson � 0� 1 : : : � nT to an index of L F 0 and thus doesnot
learn LF .

The �rst claim shows that L � is RestartSw � Ex -learnablewhile the secondclaim shows
that such a learner cannot start by requestinga negative example�rst. Therefore, if M
would be a RestartSw � Ex -learnerfor L F and � � � , then M hasto start with requesting
a positive example. However, then one could considera new RestartSw � Ex -learner M 0

which �rst requestsa negative example(without lossof generality assumedto be #), and
then switches to positive data, downcounts the ordinal from � to � , and from then on
copycats the behaviour of M with an empty prehistory. It would then follow that M can
RestartSw � Ex -learnL F i� the newlearnerM 0RestartSw � Ex -learnsL F and starts with
requestinga negative example. However this contradicts the secondClaim above. Thus no
such M can exists, and the assertionthat L F witnessesNewSw � Ex 6� RestartSw � Ex ,
for all � � � is completed.

Corollary 4.2 Suppose� � � . Then BasicSw � Ex 6� RestartSw � Ex , in particular:
(a) BasicSw � Ex 6� BasicSw � Ex .
(b) NewSw � Ex 6� NewSw � Ex .
(c) RestartSw � Ex 6� RestartSw � Ex .
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Pro of. The main idea is to usethe cylindri�cation L cyl
� of the classL � from Theorem4.1

in order to show that

L cyl
� 2 BasicSw � Ex � RestartSw � Ex :

Then (a), (b) and (c) follow immediately.
Let h�; �i code pairs of natural numbers bijectively into natural numbers: hx; yi =

(x+ y)�(x+ y+1)
2 + x. The cylindri�cation of a set L is then de�ned by L cyl = fhx; yi : x 2

L; y 2 lNg and L cyl
� = f L cyl : L 2 L � g, whereL � is as de�ned in Theorem4.1.

Note that any text for L cyl (L cyl ) is essentially a fat text for L (L). Therefore the
fact L � 2 NewSw � Ex implies that L cyl

� 2 BasicSw � Ex by using Remark 2.8. On the
other hand, L cyl

� 62RestartSw � Ex sinceL � 62RestartSw � Ex and by using Remark 2.8
again.

5 Conclusion

The starting point of the present work was the fact that there is a large gap betweenthe
data-presentation by a text and by an informant: a text gives only positive data while
an informant gives complete information on the set to be learned. So notions of data
presentation between these two extreme caseswere proposedand the relations between
them were investigated. The underlying idea of these notions is that the learner may
switch betweenreceivingpositive and negative data, but theseswitchesare either �nite in
number or may causethe lossof information.

For example,the BasicSwEx -learnercanat every stageonly follow oneof the texts T+

and T� of positive and negative information on the set L to be learnedand might therefore
miss important information on the other side.

The resultsof the present work resolve all the relationshipsbetweendi�eren t switching
criteria proposedin this paper. In particular it was establishedthat the inclusion

TxtEx � BasicSwEx � NewSwEx � RestartSwEx

is everywhere proper. Furthermore, the notion RestartSwEx coincideswith learning
from informant. When we considerrestricting the number of switchesto meet an ordinal
bound, RestartSw � Ex coincideswith NewSw � Ex . The hierarchy inducedby measuring
the number of switcheswith recursive ordinals is proper.

In summary, the notion NewSwEx and its variant by bounding the number of switches
turned out to be the most natural de�nition in the gap between TxtEx -learning and
learning from informant. The notion of BasicSwEx -learning is betweenTxtEx -learning
and learning from informant, but has somestrangeside-e�ects: requiring someminimum
number of switches may be more harmful than requiring no switches, as pointed out in
Remark2.9. On the other hand, RestartSw Ex coincideswith other notions,asmentioned
above.

Note that thesecriteria di�er from learning from negative open text as consideredby
Baliga, Caseand Jain [2], this is notion (b) from the introduction. Learning from openneg-
ative text is weaker than learning from informant and thus di�eren t from RestartSwEx .
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On the other hand, the classL f in;cof in and the classL from Theorem 3.6 are both learn-
able from negative open text and soseparatethis notion from the other switching criteria
mentioned in this paper.

There is an application of learning by switching type of information to the �eld of
learning algebraicsubstructuresof vector spaces.Harizanov and Stephan[12] investigated
when it is possibleto learn the classL of all recursively enumerablesubspacesof the space
V1 =V. Here V1 is the standard recursive vector spaceover the rationals with countably
in�nite dimension and V is a given recursively enumerable subspaceof V1 . The space
V1 =V is called k-thin i� there is a subspaceW 2 L such that V=W is k-dimensionaland,
for every U 2 L , U is an in�nite dimensional subspaceof V1 =V i� W � U. While L
is TxtBC -learnable i� V1 =V is �nite dimensional, L is NewSwBC -learnable i� either
L is already TxtBC -learnable or V1 =V is 0-thin or 1-thin. InfBC -learning is much
more powerful; it covers the caseof all k-thin spaces,but there is no e�ectiv e algebraic
characterization of the spaceswhereL is learnable. SoNewSwBC -learning turned out to
be the only notion wherelearnability of the classof recursively enumerablesubspaceshas
an interesting and non-trivial algebraiccharacterization.
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