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Abstract

The present work is dedicated to the study of modes of data-presentation in the
range betweentext and informant within the framework of inductiv e inference. In
this study, the learner alternatingly requestssequence®f positive and negative data.
We de ne various formalizations of valid data presenations in suc a scenario. We
resolwe the relationships betweenthesedi erent formalizations, and show that one of
theseis equivalert to learning from informant. We also shaw a hierarchy formed (for
ead of the formalizations studied) by considering the number of switches between
requestsfor positive and negative data.

1 Intro duction

Astronomersobservingthe sky with telescogscannot obtain all available information but
have to focustheir study on selectedareasand might from time to time changeto another
areaof the sky. Forty yearsafter the discovery of Uranus, it wasfound that Uranuswasnot
following the predicted orbit exactly. Taking into accoun the in uence of the other known
planets, the astronomer Alexis Bouvard came up with the hypothesisthat there exists
a further unknown planet which disturbs the orbit of Uranus. John Couch Adams and
Urbain JeanJosephLe Verrier both computedindependerly the position of the unknown
planet. In 1846,Le Verrier communicated his resultsto Johann Gottfried Galle, who then
found Neptune with his telescog at the given position.

Similar to astronomy, one can also in inductive inference considerthe scenariothat
the learner cannot track all available data but hasto focus on sometype of data and
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can only few times switch the focus of attention. The purposeof the presen work is to
formalize such switching betweenthe two main modes of data-presemation in inductive
inference,namely betweenreading positive data which are elemerns of the setto be learned
or negative data which are the non-elemets. There are seweral ways to formalize this and
it is investigated how theseformalizations relate to ead other and how they t into the
hierarchy of the already establishednotions of learning from positive data (text) or both,
positive and negative data (informant).

In the scenarioof learning from positive data, the learneris fed all the elemens and no
non-elemets of a languageL (the so calledtext of L), in any order, at most one elemen
at a time. The learner, asit is receivingthe data, outputs a sequenceof grammars. The
learneris said to idertify (learn, infer) L just in casethe sequenceof grammarscorverges
to agrammarfor L. A classof languagess learnableif somemadhine learnsead language
in the class. This is essetially the paradigm of identi cation in the limit (called TxtEx )
introduced by Gold [11]. Gold also consideredthe situation of learning from informant,
wherethe learner receives both positive and negative data, that is elemerts of the graph
of the characteristic function of L (called informant for L) as input. This leadsto the
identi cation criterion known as InfEx .

Gold [1]] shaved a certral result that learning from text is much more restrictive than
learning from informant. Gold gave an easyexampleof a classwhich can be learnedfrom
informant but not from text: the collection consistingof onein nite recursively enumerable
settogether with all its nite subsets.

The main motivation for this work is to explore the gap betweenthesetwo extreme
forms of data-presemation. Previous authors have already proposedseweral methods to
investigatethis gap, someof theseare descrited below.

Gasart and Pleszloch [10] consideredallowing learnersaccesgo non-recursive oracles.
Howewer Jain and Sharma[14] shoved that even the most powerful oraclesdo not permit
to learn all recursiwely erumerable(or evenall recursiwe) setsfrom texts whereasthe oracle
K allows oneto learn all recursively enumerablesetsfrom informant.

Restrictions on the texts (sudch as allowing only primitiv e recursive texts or ascending
texts) reducetheir non-regularity and permit to passon further information implicitly [20,
23). For example,ascendingtexts permit to reconstructthe completenegative information
in the caseof in nite sets, but fail to do soin the caseof nite sets. Thus the classof
one in nite set and all its nite subsetsis still not learnable from ascendingtext. On
the other hand, the classof all recursively erumerable languagescan be learned from
primitiv e recursiwe texts. Merkle and Stephan[18] also consideredstrengtheningthe text
by permitting additional queriesto retrieve information not corntained in standard texts.

Motoki [19 and later Baliga, Caseand Jain [2] addedto the positive information of
the text some,but not all, negative information about the languageto be learned. They
consideredtwo notions of supplying the negative data: (a) there is a nite set of negative
information S L sud that the learner always succeeddearning the languageL from
input S plus a text for L, and (b) thereis a nite setS L sud that the learner always
succeeddearning the languageL from a text for L plus a text for a set H disjoint to L

which contains S, that is, which satisesS H L. In case(a) oneis ablelearn the class



of all recursively erumerablelanguages.Thus, the notion (b) is the more interesting one.
The presen work treats positive and negative data symmetrically and se\eral of our
notions are much lesspowerful than thosenotions consideredoy Baliga, Caseand Jain [2].
The most cornveniert way to de ne thesenotionsis to usethe ideaof a minimum adequate
teadher as, for example,descriked by Angluin [1]. A learner requestspositive or negative
data-itemsfrom a teacher which has{ dependingon the exactformalization { to ful Il cer-
tain requiremerts. Theseformalizations (and alsothe number of switchespermitted) then
de ne the model. We considerthree formalizations (called BasicSWEX , RestartSWEX
NewSw Ex) of requiremerns a teacher needsto satisfy. The naturalnessof this approat
is witnessedby the fact that all classesseparatingthe various formalizations can be de-
ned in easytopological terms. Due to the topological nature of the separatingclasses,
theseresultshold evenif the learnersare non-computable. Out of the three formalizations,
NewSw Ex turns out to be the most natural de nition in the gapbetweenTxtEx -learning
and learning from informant. RestartSwWEXx (without constraints on number of switches)
coincideswith learning from informant, whereasBasicSWEx hassomestrangeproperties.

2 Preliminaries

Notation. Any unexplained recursion theoretic notation can be found in Roger's text-
book [21]. The symbol IN denotesthe set of natural numbers, f0;1;2;3;:::9. Symbols;,

, , ,and denoteempty set, subset,proper subset, superset, and proper superset,
respectively. Cardinality of a set S is denotedby card(S). Domain and range of a partial
function is denotedby domain( ) and range( ), respectively.

In nite sequenceare mappingsfrom IN to IN[ f# g; nite sequencesre mappingfrom
fy2 IN:y< xg(for somex 2 IN) to N[ f#g. In the rst case,the length of the sequence
is 1 , whereasin the secondcaseits length is x. We denotethe length of a sequence by
j J. Sequencesay take a specialvalue# to indicate a pause(when consideredasa source
of data). Therefore the notion content is introduced to denote the set of the numbers
contained within the range of some nite or in nite sequence.The content of a sequence

is de ned as content( ) = range( )\ IN. Furthermore, if x j j, then [X] denotes
the restriction of to the domainfy 2 IN : y < xg. Welet and rangeover nite
sequencesWe denotethe sequencdormed by the concatenationof at the end of by

. Furthermore, we use x to denotethe concatenationof sequence and the sequence
of length 1, which cortains the elemen x.

By ' we denote a xed aaceptable programming system for the partial computable
functions that are mapping N to IN [17, 21]. By ' ; we denotethe partial recursive func-
tion computed by the program with number i in the ' -system. Sud a programi is a
(characteristic) index for a setL if

1, ifx2L;
0; otherwise.

Li(x) =

Programs for enumeration procedures(so called r.e. indices) are not consideredin the



presernn work. From now on, we call the recursive subsetsof IN just languagesand only

considercharacteristic indices and not enumeration procedures. The symbols L; H range

over languages.L denotesthe complemen, IN L, of L. The symbol L rangesover classes
of languages.

Learning theory often also considerslearning non-recursiwe but still recursiwely eru-
merable sets. In this work we restrict ourselesto the recursive casesince,for notions of
learning consideredin this paper: (i) all inclusionshold for the caseof recursiwe setsi
they hold for the caseof recursively enumerable sets; (ii) recursive sets already permit
us to construct candidatesfor separationsof learning criteria { our diagonalization proofs
use mainly the topological properties. Furthermore, recursive sets have, comparedto re-
cursively erumerablesets,the advantage that their complemen also possessea recursive
enumeration. This is an interesting property to have, as we are consideringpositive and
negative information in a symmetric way.

Notation from Learning Theory . The main scenarioof inductive inferenceis that a
learnerreadsmore and more data on an object and outputs a sequencef hypotheseswvhich
eventually convergeto the object to be learned.

De nition 2.1 (Gold [11]) A text T for alanguagelL is an in nite sequencesud that
its content is L, that is, T cortains all elemerts of L but noneof L. T[n] denotesthe nite
initial sequenceof T with length n.

De nition 2.2 (Gold [11]) A learner (or learning madine) is an algorithmic device
which computesa mapping from nite sequence#to IN.

We let T rangeover texts and M rangeover learning madines. M (T[n]) is interpreted as
M's conjecturefor the input languagebasedon data T[n]. We say that M corvergeson
T to i, (written M(T)#=1i)i (8! n)[M(T[n]) = i].

There are se\eral criteria for a learning madine to be successfubn a language.Below
we de ne learningin the limit introducedby [11].

De nition 2.3 (Gold [11]) (&) M TxtEx -learnsalanguagelL fromtext T i, for some
index i for L, for almostall n, M (T[n]) = i.

(b) M TxtEx -learnsa languageL (written: L 2 TxtEx (M)) just in caseM TxtEx -
learnsL from ead text for L.

(c) M TxteEx -learnsa classL of languages(written: L  TxtEx (M)) just in caseM

TxtEx -learnsead languagefrom L.

(d) TxtEx = fL : somelearnerM TxtEx -learnsLg.

The following propositions on learning from text are usefulin proving someof our results.

Prop osition 2.4 (Basedon Proposition 2.2A by Osherson,Stob and Weinstein [20]) Let
L be any in nite languageand Pos be a nite subsetof L. ThenfH : Pos H L
Ncard(L H) 1g2 TxtEx .



Prop osition 2.5 (Gold [11]) Let L be any innite language. If L contains L and the
setsL\ f0;1;:::;ng, for innitely manyn 2 N, then L 6ZTxtEx .

We now generalizethe conceptof learning and permit the learnersto requestexplicitly
positive or negative data from a teacher in order to de ne learning by switching between
typesof information receiwed.

De nition 2.6 Learning is a game between a learner M and a teacher T. Both send
alternately information in the following way: in the k-th round (for easeof notation we
start with round 0), the learner rst sendsarequestry 2 f+; g ; the teacher then answers
with an information X; thereafter the learner outputs a hypothesise,. There are three
typesof interactive protocolsbetweenthe learnerand the teadher; every teacher satisfying
the protocol is permitted.

(@) The hasic switch-potocol. The teadher has two texts T, and T of L and L,
respectively. After receivingry the teadher transmits T;, (K).

(b) The restarting switch-protocol. The teacher hastwo texts T, and T of L and L,
respectively. After receivingry the teacher computesthe current position | = cardfh :
0 h< k" ry=rggandtransmits T;, (l).

Intuitiv ely, in restarting switch-protocol, one may considerlearner as asking the \next
item" from the selectedtext (of languageor its complemen).

(c) The newtext switch-protocol. The teadher sendsan xx 2 L [ f#g, if ry, = + and
Xk 2 L[ f#g,if re = . Furthermore, if thereis a k sud that r, = r, forall h  k, and
either k = 0 or ry 1 6 ry, then the sequencexy; Xx+1;:::isatext for L (if r, = +) ora
text for L (if re= ).

Intuitiv ely, in newtext switch-protocol, the teacher starts with a new text for L or L
every time a switch occurs.

A classL is learnableaccordingto the given protocoli thereis alearnerM sud that,
for every L 2 L and for every teacher satisfying the protocol for this L, the hypothesesof
the learnerM corvergeto anindex e of L. The correspnding learning-criteria are denoted
by BasicSw Ex, RestartSwEx and NewSwEX , respectively.

Note that M is a TxtEx -learneri M always requestspositive data (rx = + for all k).
Therefore, all three notions are generalizationsof TxtEx -learning.

In the following we de ne similar restrictions on the number of switchesas has been
donefor the number of mind changesby Caseand Smith [7] and Freivalds and Smith [8].
We considercourting number of switchesby ordinals. The learner has a courter for an
ordinal, which is downcourted at every switch. Due to the well-ordering of the ordinals,
the courter can be downcourted only nitely often. In order to ensurethat the learneris
computable, we considerthroughout this work only recursive ordinals. In particular, we
usea xed notation system,Ords, and a partial ordering of ordinal notations [16, 21, 22].
Weuse ; ; and to compareordinals accordingto the partial ordering mertioned
above. We do not go into the details of the notation systemused, but instead refer the
readerto the methods outlined in the papers|[5, 8, 15, 16, 21, 22].



De nition 2.7 BasicSw Ex denotesthe variant of BasicSwWEx where the requestsof
M have to corvergeto somer, whenewer M dealswith a teacher following basic switch-
protocol, for any givenL 2 L.

For an ordinal notation , we now de ne the variant BasicSw Ex of BasicSwWEX .
The learner (as in De nition 2.6) is additionally equipped with a courter. The value of
courter at the beginning of round k is denotedby . Now in addition to the properties
required for BasicSWEX -learnability, we require

(1) o=
(2) If risr = ri, then g = .
(3) If resa & 1y, then i1 .

Similarly, onede nes the four notions RestartSw Ex, NewSw Ex, RestartSw Ex and
NewSw Ex for the restart and newtext switching protocols.

One can considerthe generalizationof above notions by replacingEx by other convergence
criteria sudh asBC [6] or FEx [4].

Remark 2.8 The notions, BasicSWEXx , RestartSwWEx and NewSwEx might changea
bit if instead of arbitrary texts somerestrictive variants are used.

A fat text for a languagelL, is a text in which every elemen of L appearsin nitely
often (and non elemerts of L newer appear). Therefore, arbitrary long initial segmets
of the text may be missingwithout losing essetial information. For criteria of inference
consideredin this paper, one may considerlearning from \fat information” whereall the
texts consideredn De nition 2.6, arefat texts. In this situation, onecan, to a certain de-
gree,compensatethe lossof information when switching in the basicswitch-protocol. The
notions NewSw Ex and RestartSw Ex do not changeif one considersfat information,
but the notion of BasicSw EXx increasests power and becomesquivalert to NewSw Ex
| note that in the standard \non-fat" caseby Proposition 3.1 and Theorem 3.2 below,
the notion BasicSw Ex is properly contained in NewSw Ex. Similar result applies if
onereplaces by anordinal in the previousstatemert.

It can be shavn that learning from recursive texts does not give any advantage in
TxtEx -criteria, see,for example,the textb ook [13] by Jain, OshersonRoyer and Sharma.
All diagonalizationresults consideredin this paper, can be done using recursiwe texts.

Gold [11] shaved that the classof all recursively enumerablesetscan be learnedfrom
primitive recursive text, which are generatedby a primitiv e recursive function. Thus,
the generalizedcriteria consideredin this paper coincide with learning from text, if one
considersonly primitiv e texts asinput in De nition 2.6.

Remark 2.9 Considerthe classL which cortains the four subsetsof f 0; 1g. This classis
TxtEx -learnable,but not learnable by a BasicSWEX -learner which is required to make
at least one switch on every possibledata-sequence.

To seethis, assumethat the learner starts with requestingpositive examples. As, 0!
is a valid text for languagef Og, if the teadher answers0 on requestsfor positive examples,

6



ewvertually the learner must switch and ask for a negative example. Supposethe switch
occurs at the n-th round. But then the learner cannot distinguish betweenthe following
two situations:

(1) teacher is giving the answersfor languagef Og, whereT, = 0 and T = 123::;

(2) teadher is giving the answers for languagef0;1g, where T, = 0"10' and T =
223

the T in the above two casedi er at the rst position andthe T, dier at the (n+ 1)-th
position. Asrowas+ andr, was |, the learneris not ableto distinguish betweenthe two
cases.

If the learner starts by requestingnegative data, it can be trapped similarly.

As the above remark shows, although BasicSWEXx is more powerful than TxtEx , it still

has a se\ere restriction that information might be lost | it might happen, that a given
learner receiwes, due to switches, a data sequencewhich satis es the protocol for seweral
possiblelanguages. This cannot occur for the criteria of NewSwWEX -learning (for nite

number of switches)and RestartSwWEX -learning (for nite orin nite number of switches),
which from this point of view are more natural.

3 Basic Relations between the Concepts

Within this section,we investigatethe basicrelations betweenthe various criteria of learn-
ing by switching type of information.

Prop osition 3.1 (a) Forallordinals , BasicSw Ex NewSw Ex RestartSw Ex.
(b) BasicSw Ex NewSw Ex RestartSw EX.
(c) BasicSwWEx  NewSwEx  RestartSwWEXx .

Pro of. We rst show that any teadher using the newtext switch-protocol alsosatis es the
basicswitch-protocol. Thus every learnersucceedingvith a teacher satisfying the newtext
switch-protocol alsosucceedsvith every teacher using the basicswitch-protocol. It follows
that the inclusion holds for any constraints on the number of switches permitted as the
learner doesnot change.

Considerthe interaction betweenthe learner and teacher for any languageL. Let ry
denotethe requestof learner and xx denotethe answer of the teacher in the k-th round,
where the answers by the teader satisfy the newtext switch-protocol. To show that the
teadher also satis es the basic switch-protocol we needto construct texts T, (for L) and
T (for L) sudh that x, = T, (k). This can be done by induction. Let s. (k) and s (k)
be the number of the k° < k for which ro is positive or negative, respectively. Now one
de nes

8
2 Xk ifrk=+;

T.(k) = >s(k) ifre= ands (k) 2 L;
T # ifre= ands (k) 2L;
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8
2 Xk ifre=

T (k) = _se(k) if re = + ands, (k) 2 L;
i :: if ry =+ ands, (k) 2L.

Note that all elemerts of T, areeither# orin L sincethey are either given by the newtext
teadher or explicitly requiredto be in L. Furthermore, if almost all r are positive, then
the newtext protocol guararteesthat all elemens of L shav up and that T. is a text for
L. If innitely many ry are negative then the function s is not boundedand sothere is
foreveryx 2 L ak sudhthat x = s (k) andry = . It followsthat x goesinto the text.
Thus T, is atext for L and similarly onecan verify that T is a text for L.

Also, any teadcher usingthe restart switch-protocol canbe usedto simulate answersusing
a newtext switch-protocol { by appropriately repeating the already given positive/negative
elemerts before giving any new elemens presened in the restart switch-protocol. The
proposition follows. |

In the following it is shown that the hierarchy from Proposition 3.1 (c) is strict, that is,
TXtEX BasicSWEXx NewSwEXx RestartSwWEXx

Besidesthis main goal, the in uence of restricting the number of switchesto be nite or
even to respect an ordinal bound, is investigated.

Note that the inclusion TxtEX BasicSw (Ex follows directly from the de nition.
Furthermore, the classfL IN : card(L) 1g, using Proposition 2.4, is not TXtEx -
learnable; howewer, as the classcontains only co nite sets, it can be learned via some
learner always requesting negative data. Thus the inclusion TxtEx BasicSw gEXx is
strict.

Combining nite and co nite setsis the basicideato separatenewtext switching from
basic switching using parts (a) and (c) of Theorem 3.2 below. The classusedto shaw this
separationis quite natural:

Lincofin = fL : card(L) < 1 orcard(L) < 19 :

Theorem 3.2 belowv also characterizesthe optimal number of switches neededto learn
Ltincof in (Wherepossible):onecando it for the criteria NewSw Ex and RestartSw Ex
with nitely many switches,but an ordinal bound on the number of switchesis impossible.

Theorem 3.2 (&) Ltincof in 2 NewSw EX.
(b) For all ordinals , Lfin.cof in 62RestartSw EX.
(€) Lfin:cof in 62BasiCSWEX .

Pro of. (a) The machineM worksin stages.At any point of time it keepstrack of elemerts
in L and L that it hasreceiwed.

Construction.

Initially let Pos= ;, Neg= ; and goto stageO.



Stages: If card(Pos card(Neg

Then requesta positive examplex;
update Pos= Pos[ fxg f#g;
conjecturethe nite setPos

Else requestfor negative data x;
update Neg= Neg[ fxg f#g;
conjecturethe co nite setiN Neg.

Goto stages+ 1.
End stages.

It is straight forward to enforcethat the learner always represems ead conjectured set
with the sameindex. Having this property, it is easyto verify that M NewSw Ex-learns
Lf in;cof in -

(b) Supposeby way of cortradiction that M RestartSw Ex-learnsthe classL ¢ in:cof in -
Sinceewery nite sequencef data can be extendedto the oneof a setin Lyin.cof in, M has
to behave correctly on all data sequencesnd doesnot switch without downcourting the
ordinal. Thereis a minimal ordinal which M canread in somedowncourting process.
For this , thereis a correspnding round k, a sequencef requestsby M and a sequence
of answers given by a teacher suc that M's ordinal courter is  after the k-th round;
let Pos be the positive data and Neg be the negative data provided by the teacher until
reaching . As is minimal, M doesnot make any further downcourting but stabilizes
to onetype request,say to requestingpositive data; the caseof requestingonly negative
data is similar. Let L = Neg. If H satsesPos H L andcard(L H) 1thenM is
requiredto learn H without a further switch. SoM would essetially be a TxtEx -learner
forfH:Pos H L~card(L H) 1g, acortradiction to Proposition 2.4.

(c) Suppose by way of cortradiction that M BasicCSWEX -learns Ly in.cof in- Due to
symmetry-reasonsone can assumethat the rst requestof M is + and assumethat the
teacher gives# as an answer. Now considerthe special casethat T is either #* or
y#1 for somenumber y. The setto be learnedis either N or N fyg and the only
remaining relevant information is the text T.. Thusif onecouldlearn L i,.cof in Under the
criterion BasicSWEX , then onecould alsoTxtEx -learnthe classfL IN : card(L) 1g,
a cortradiction to Proposition 2.4. [

Item (c) in Theorem 3.2 can be improved to show that ewven classeswhich are very easy
for NewSw Ex cannot be BasicSwWEX -learned.

Corollary 3.3 NewSw ;Ex 6 BasicSWEX .
Pro of. The proof of Theorem 3.2 (c) shows that the class

fL IN:card(L) 1orcard(L) 1g



is not BasicSWEX -learnable;the setswith card(L) 1 are addedfor the casethat the
requestry in the proof of Theorem 3.2 (c) is . It remainsan easyveri cation that the
consideredclassis NewSw ;Ex -learnable: A madine rst asksfor positive examplesand
outputs an index for the set consistingof the examplesseensofar, unlessit discoversthat
there are at leasttwo elemens in the language. At which point it switchesto requesting
negative examplesto nd the at most one negative example. |

The following theorem shows the strength of restarting switch protocol by shawing that
it has the samelearning power as the criterion InfEx , where the learner gets the full
information on the setL to be learnedby readingits characteristic function instead of a
text for it, see[11]].

Theorem 3.4 RestartSWEx = InfEx .

Pro of. Clearly, RestartSWEXx INfEX . In orderto shaw that InfEx RestartSwEx

we show how to constructaninformant for the input languageusinga teacher which follows
the restart switch-protocol. Clearly, this su ces to provethe theorem. The learnerrequests
alternatingly, positive and negative information. This givesthe learnera text for L aswell

asfor L, which allows oneto construct an informant for the input languageL. |

The following theoremshaws that newtext switching protocolscan simulate restart switch-
ing protocols, if the number of switchesis requiredto be boundedby an ordinal.

Theorem 3.5 For all ordinals , RestartSw Ex = NewSw EXx.
Pro of. By Proposition 3.1, it su ces to show the inclusions
RestartSw Ex NewSw EXx:

Note that for RestartSw Ex and NewSw Ex learning, we may assumewithout lossof
generality that the learning maciine makes nite number of switcheson all inputs (i.e.,
even for inputs for languagesoutside the class,or for teachersnot following the protocol).
Furthermore, if the madine makesonly nitely many switches,then it is easyto verify that
any teader following the newtext switch-protocol alsofollows the restart switch-protocol.
Theoremfollows. |

In cortrast to Theorem3.5the following theoremshaws the advantage of restarting switch-
ing protocol, comparedto newtext switching protocol if the number of switchesis not
requiredto be nite.

Theorem 3.6 RestartSw Ex 6 NewSwEx .

Pro of. Let Odd denotethe set of odd numbers. Let

L; = fOddg[ fOdd f2x+ 1g: x 2 INg;
L, = fOdd[ fOgg[ fOdd[ fOg[ f2x+ 29 : x 2 INg;
L = L[ Ly

10



It is easyto seethat L, can be learnedusing negative data, and L, can be learnedusing
positive data. Thus, a madine can RestartSw Ex-identify L by rst nding (by alter-
natingly requestingpositive and negative data) whether O belongsto the input language
L or not. After this the madine usesjust positive data (if 02 L) or just negative data (if
062), to identify L.

To show that L 62NewSwEX , we usethe fact that any in nite subsetof L ; containing
the languageOdd, cannot be learnedfrom positive data alone (Proposition 2.4) and that
any in nite subsetof L , cortaining the languageOdd| f Og, cannotbelearnedfrom negative
data alone (symmetric versionof Proposition 2.4).

Supposeby way of cortradiction that L 2 NewSwEx aswitnessedby M. Let Even
denotethe setiN  Odd of even numbers. We then considerthe following cases.

Casel. There exists a way of answering the requestsof M sud that positive requests
are answered by elemerts from Odd, negative requestsare answered by elemerts from
Even f0gand M makesin nitely many switches.

In this case,clearly M cannot distinguish betweenthe casesof input languagebeing
Odd and input languagebeing Odd [ fOg.

Case2: Not casel. Let xq; X1;:::;Xx be aninitial sequenceof answerssud that
fori k,if ry = +, then x; 2 Odd,
fori  k,ifri= ,thenx; 2 Even f0g,

if the teadher is consisteh with Odd and Odd[ f0g, then M doesnot make a further
switch, that is, the following two conditions hold:

{ if reyr = + and the teadher takesits future examplesxy+y; Xk+2;::: from the
setOdd, thenr; = ryq forall j > k;

{ ifrs1 = andthe teadher takesits future examplesxy+1 ; Xk+2 ;- & : from the set
Even fO0g, thenrj = ry,q forallj > k.

sequencef answers as neededfor casel, by in nitely often extendinga given sequenceo
force a switch by the learner| leadingto in nitely many switchesby the learner.

Case2a rys1 = +.
In this case,M hasto learnthe setOdd and every setOdd f2x+ 1g, where2x + 12

Case?2b rys1 =
This is similar to Case2a. M needsto learn the set Odd and every set Odd|[ fO0;2xg,

version of Proposition 2.4. [

The previous result completesthe proof that all inclusions of the hierarchy TxtEx
BasicSWEXx NewSwEx RestartSw Ex are proper.
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4 Counting the Num ber of Switc hes

Theorem 4.1 and Corollary 4.2 belonv shav a hierarchy basedon the number of switches
allowed to the learner.

Theorem 4.1 For , NewSw EXx 6 RestartSw EXx.

Proof. Extend to Ords[ f 1g by letting 1 , for every 2 Ords. Thereis a
computablefunction od from IN to Ords[ f 1g sud that

for every there arein nitely many x 2 IN sud that od(x) = ;
there arein nitely many x 2 IN sud that od(x) = 1,
the setf(x;y) : od(x) od(y)g is recursie.
A setF = fX1;Xp;::1;Xkg N is -admissiblei
0< X1 < X< 110 < Xys
od(xy) od(xz) :::  od(Xk) 1.

The empty setis also -admissible.By de nition noin nite setis -admissible(also note
that the secondcondition postulatesa descendingchain of ordinals which is always nite).
Let the classL be de ned by

Le = fx:card(fO;1;:::;xg\ F) is oddg;
L = fLg:Fis -admissible:

Note that the setL. is just ;. Intuitively, for F = fXj;X5;X3;:::;X«0, where0 < Xx; <
X, < i < Xk, one can considerthe set of natural numbers to be divided into blocks
Bi=fx2IN:Xx XxX<X+9, fori k, wherewetakexo,= 0andXxx+; = 1 . The odd
blocks Byi+1 belongto Le and even blocks B, belongto Lg.

Now we shaw that the classL witnessesthe separation.

Claim. L 2 NewSw EXx.

Pro of of Claim. The madine M hasvariablesn for the number of switches done so
far, E for the nite setof examplesseenafter the last switch, m, for the maximal elemen
seenso far and , the value of the ordinal-courter after n switches. The initialization
beforestageOisE = ;,n=0,mg=0and o= ; MaXygnasY denotesthe maximum
elemern of a non-empty nite setY of ordinals with respect to their ordering. Intuitiv ely,
for F = fX1;X5;:::;Xkg, the aim of the algorithm below is to evertually have m, X 1
(without downcourting the ordinal courter below ordinal 0). It will be shown later that
m, and data of type opposite that of m,, is enoughto identify the languageLr. Go to
stageO.

12



Construction.  Stages (what is donewhenthe s-th examplex is read).

(1) If nis even, requesta positive examplex;
If nis odd, requesta negative examplex.

2) f x2f#;0;1;:::;mygand X = fy x:0 od(y) ng IS not empty

Then switch the data type by doing the following:
ResetE = ;;
Updaten = n+ 1;
Let m, = x and , = MaXyginais fOd(y) 1y 2 Xg;

Elselet E=E[ fxg f#g.

(3) IFE 6 f0;1;:::;myqQ,
then let a be the least exampleoutside the setf0;1;:::; m,g which had shovn up
after the n-th switch
elselet a= m,.

(4) If nisevwenand a= m, then conjectureE;
If nisewnanda> m, then conjectureE [ fa;a+ 1;:::q;
If n is odd and a = m, then conjectureE;
If n is odd and a> m, then conjectureE \ f0;1;:::;ag.

(5) Goto stages+ 1

It is clearthat the ordinal is downcourted at every switch of the data presenation. Thus
the ordinal bound on the number of mind changesis satis ed.

Assumethat F is -admissible,k = card(F) and F = fXq;X5;:::;Xk0, and the input
languageis L. Let B; = fxX 2 IN : X; X< X410, fori  k, wherewe take xo = 0 and
Xker = 1.

Below let n denotethe limiting value of n in the above algorithm. At ewery switch, M
downcourts the ordinal from through 1; 5;:::t0 n andthus keepsthe ordinal bound.

di erent block B;'s. Note that the valuesm, with odd h are positive and the valuesmy,
with even h are negative examples;my = 0 and thus my 2 L by de nition. Thus, by
de nition of L it followsthat m;  Xi;;m,  X,;:::;mp  Xnp. By induction, one can
easilyverify that , od(xy), forh=1;2;:::;n.

After making the n-th switch, mp hasthe opposite type of information than the ex-
amplesseenfrom then on.

Xk ~ mp andthus ewery y, sud that the type of information of y is opposite to the one
of mp, will eventually belongto E. If n is eventhen Lg = E (in the limit) and the
algorithm is correct. If n is odd then L = E (in the limit) and the algorithm is correct
again.

If somex > mp arrives after the last switch, then one knows that M abstains from
switching dueto the fact that whenewer an examplex > mp arrivesthen, at step2, X = ;.

13



Since n  od(xn) od(xn+1)andxnp+1 X, for any x > mp which arrivesatfter the last
switch, we must have that od(xn+1) = 1, andthusk = n + 1. Thus, the least example
a> mp to shov up satisesa Xxgx. Furthermore, every x a satises Lg(x) = Lg(a)
and it is su cient to know which of the x a arein Lg and which arenot in Lg. This is
determinedin the limit and thus the setsconjecturedby M are correct.

It is straight forward to ensurethat M always outputs the sameindex for the sameset
and thus doesnot only semarically but alsosyntactically corvergeto anindexof Lg. []

Claim. If a RestartSw Ex-learner M starts with requestinga negative example rst,
then M cannot RestartSw Ex-learn the whole classL .

Pro of of Claim. Let data of type n be negative data if n is even and positive data if
n is odd. So, for this claim, data of type n is what M requestsafter n switches. In the
following, a setF is constructedsud that M doesnot RestartSw Ex-learn Lg.

Construction of F. The inductive construction starts with F = ;, n = card(F) and M
requestingexamplesof type n. There is a nite sequence ¢ ;::: , de ned inductively
sud that one of the following casesapplies:

Switch: For some |, consisting of examplesof type n for Ly, M requestsexamplesof
type n after having received o 1::: , 1 ,forall properprex of ,, but requests
exampleof type n + 1 after having received ¢ 1::: 1 1 n.

LS: For some , consistingof examplesof typen for Lg, ¢ 1::: , is alocking-sequence
for Lr in the following sense

for every prex of ,, M requestsfor exampleof type n after having received
0 1. n 1 ,and

for every extension of |, consistingof examplesof typen for Ly, M requests
for exampleof type n after having received ¢ 1::: , 1 , and

for all extensions of ,, consistingof examplesof type n for L, M conjec-
tures L asits output after having received ¢ 1::: n 1 .

Fail: Thereisatext T of data of typen for L sud that for all T, M, onthe sequence
0o 1::" n 1 ,requestsfor exampleof type n. FurthermoreM on ,::: , ;T does
not corvergeto a grammar for L.

Note that the above casesare not mutually exclusive. Now the construction of F is
cortinued asfollows, basedon rst casewhich applies:

Switch: After having seen o 1::: ,, M downcourts the ordinal to a new value °
Let X,+1 be sud that

od(Xp+1) = ©
Xn+1 > yforally2 F[ content( o 1::: n)[ fOg

and add x,.+; to F. Cortinue the construction with the next inductive step.

14



LS: Choosea number X,,;+1 sud that

od(Xp+1) = 1
Xns1 > yforally2 F[ cortent( o 1::: ) [ fOg

and completethe construction by adding x,+1 to F.
Fail: Leave F untouched and completethe construction.

End construction

Verication.  Note that in the inductive processadding a number x,.; to F never makes
any previously examplesinvalid, thereforeit is legalto do thesemodi cations during the
construction. Furthermore, in the casethat it is not possibleto satisfy the case\Switch"
in the construction at somestagen, one hasthat after having seenthe example-sequence

o 1.:: n 1 (whichisthe empty sequencen the casen = 0) M requestsonly data of type
n aslong asit seesexamplesconsistert with L. Therefore using the locking sequence
argumen asintroducedby Blum and Blum [3], seealso[9, 20, either (i) thereis a nite
sequence ,, of examplesof type n for L such that o ;::: , is alocking sequenceor
Le, that is, case\LS" holdsor (ii) case\Fail" holds. Soit is possibleto do the inductive
de nition in ewery step.

As the sequenceod(x;); 0d(xz);::: is a falling sequenceof ordinals, it must be nite
and therefore the construction evertually endsin the cases\LS" or \Fail". In the case
\Fail" it is clearthat the F constructedgivesan L not learnedby M.

If caseLS holds, then let F°= F  fxp,10. Notethat all y  X,.; are examplesof
type n for Lo, and L and Lrodonot dier onany z 2 f0;1;:::;Xn+1  1g. Thusthe
information provided to M is consisteth with both L and Lgo. It followsthat, given any
text T oftypen for L, M corvergeson ¢ ;::: ,T to anindex of Lo and thus doesnot
learn L. []

The rst claim shovsthat L is RestartSw Ex-learnablewhile the secondclaim shows
that sud a learner cannot start by requestinga negative example rst. Therefore,if M

would be a RestartSw  Ex -learnerfor L and , then M hasto start with requesting
a positive example. However, then one could considera new RestartSw  Ex -learner M °
which rst requestsa negative example(without lossof generality assumedo be #), and
then switchesto positive data, downcourts the ordinal from to , and from then on
copycats the behaviour of M with an empty prehistory. It would then follow that M can
RestartSw Ex-learnLg i the newlearnerM °RestartSw Ex-learnsL ¢ and starts with

requestinga negative example. Howewer this corntradicts the secondClaim above. Thusno
sudh M can exists, and the assertionthat L withessesNewSw EXx 6 RestartSw EXx,
for all is completed. [

Corollary 4.2 Supmse . Then BasicSw Ex 6 RestartSw Ex, in particular:
(a) BasicSw Ex 6 BasicSw EX.

(b) NewSw Ex 6 NewSw Ex.

(c) RestartSw Ex 6 RestartSw EX.
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Pro of. The main ideais to usethe cylindri cation L% of the classL from Theorem4.1
in order to shaw that

LY 2 BasicSw Ex RestartSw Ex:

Then (a), (b) and (c) follow immediately.

Let h; i code pairs of natural numbers bijectively into natural numbers: hx;yi =
Gy ByH) 4 x. The cylindri cation of a setL is then dened by LY = fhx;yi : x 2
L;y2 Ngand L% = fLY : L 2 L g, whereL isasde ned in Theorem4.1.

Note that any text for LY (L") is essetially a fat text for L (L). Therefore the
fact L 2 NewSw Ex implies that L®' 2 BasicSw Ex by using Remark 2.8. On the
other hand, LY 62RestartSw Ex sinceL 62RestartSw Ex and by using Remark 2.8
again. |

5 Conclusion

The starting point of the presen work was the fact that there is a large gap betweenthe
data-presemation by a text and by an informant: a text givesonly positive data while
an informant gives complete information on the set to be learned. So notions of data
preseration betweenthesetwo extreme caseswere proposedand the relations between
them were investigated. The underlying idea of these notions is that the learner may
switch betweenreceivingpositive and negative data, but theseswitchesare either nite in
number or may causethe lossof information.

For example,the BasicSWEX -learnercanat every stageonly follow oneof the texts T.
and T of positive and negative information on the setL to be learnedand might therefore
missimportant information on the other side.

The results of the presen work resole all the relationshipsbetweendi erent switching
criteria proposedin this paper. In particular it was establishedthat the inclusion

TxtEX BasicSwWEXx NewSwEX RestartSwEx

is everywhere proper. Furthermore, the notion RestartSwWEX coincideswith learning
from informant. When we considerrestricting the number of switchesto meet an ordinal
bound, RestartSw Ex coincideswith NewSw Ex. The hierarchy inducedby measuring
the number of switcheswith recursive ordinals is proper.

In summary, the notion NewSwEx andits variant by bounding the number of switches
turned out to be the most natural de nition in the gap between TxtEx -learning and
learning from informant. The notion of BasicSWEX -learning is betweenTxtEx -learning
and learning from informant, but has somestrangeside-e ects: requiring someminimum
number of switches may be more harmful than requiring no switches, as pointed out in
Remark2.9. On the other hand, RestartSw Ex coincideswith other notions, asmertioned
above.

Note that thesecriteria di er from learning from negative open text as consideredby
Baliga, Caseand Jain [2], this is notion (b) from the introduction. Learningfrom openneg-
ative text is weaker than learning from informant and thus di erent from RestartSWEx .
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On the other hand, the classL¢i.cof in @and the classL from Theorem 3.6 are both learn-
able from negative open text and so separatethis notion from the other switching criteria
mertioned in this paper.

There is an application of learning by switching type of information to the eld of
learning algebraicsubstructuresof vector spaces.Harizanos and Stephan[12] investigated
whenit is possibleto learn the classL of all recursively enumerablesubspace®f the space
V1 =V. HereV; is the standard recursive vector spaceover the rationals with courtably
in nite dimensionand V is a given recursiwely erumerable subspaceof V; . The space
V; =V is called k-thin i thereis a subspaceV 2 L sud that V=W is k-dimensionaland,
for every U 2 L, U is an in nite dimensionalsubspaceof V; =V.i W  U. While L
is TxtBC -learnablei V; =V is nite dimensional,L is NewSwBC -learnablei either
L is already TxtBC -learnable or V; =V is 0-thin or 1-thin. InfBC -learning is much
more powerful; it coversthe caseof all k-thin spaces,but there is no e ectiv e algebraic
characterization of the spacesvherelL is learnable. SoNewSwBC -learningturned out to
be the only notion where learnability of the classof recursively enumerable subspacesas
an interesting and non-trivial algebraiccharacterization.

References

[1] Dana Angluin. Learning regular setsfrom queriesand courter-examples.Information
and Computation, 75:87{106,1987.

[2] GaneshBaliga, John Caseand Sanjay Jain. Languagelearning with somenegative
information. Journal of Computer and SystemScienes 51(5):273{285,1995.

[3] LenoreBlum and Manuel Blum. Toward a mathematicaltheory of inductive inference.
Information and Control, 28:125{155,1975.

[4] John Case. The power of vacillation in languagelearning. SIAM Journal on Comput-
ing, 28(6):1941{1969,1999.

[5] John Case, Sanjay Jain and Mandayam Sura. Not-so-nearly-minimal-sizeprogram
inference. In K. Jantke and S. Lange, editors, Algorithmic Learning for Knowledge-
Basal Systems volume 961 of Lecture Notesin Arti cial Intelligene, pages77{96.
Springer-\erlag, 1995.

[6] John Caseand C. Lynes. Machine inductive inferenceand languageidenti cation. In
M. Nielsenand E. M. Schmidt, editors, Proceedingsof the 9th International Colloquium
on Automata, Languagesand Programming, volume 1400f Lecture Notesin Computer
Scien®, pages107{115.Springer-\erlag, 1982.

[7] John Caseand Carl Smith. Comparisonof identi cation criteria for machine inductive
inference. Theoretical Computer Sciene, 25:193{220,1983.

17



[8] Rusins Freivalds and Carl Smith. On the role of procrastination in madine learning.
Information and Computation, 107:237{271,1993.

[9] Mark Fulk. Prudenceand other conditions on formal languagelearning. Information
and Computation, 85:1{11, 1990.

[10] William Gasard and Mark Pleszloch. Learning via queriesto an oracle.In R. Rivest,
D. Haussler,and M. Warmuth, editors, Proceadings of the Second Annual Workshop
on Computational Learning Theory, pages214{229.Morgan Kaufmann, 1989.

[11] E. Mark Gold. Languageiderti cation in the limit. Information and Control, 10:447{
474,1967.

[12] Valertina Harizanos and Frank Stephan. On the Learnability of Vector Spaces.
Forsdhungskerichte Mathematische Logik 55/2002, Mathematical Institute, Univer-
sity of Heidelberg, 2002.

[13] Sanjay Jain, Daniel Osherson,JamesRoyer and Arun Sharma. Systemsthat Learn:
An Introduction to Learning Theory. MIT Press,Cambridge, Mass., secondedition,
1999.

[14] Sanjay Jain and Arun Sharma. On the non-existenceof maximal inferencedegreedor
languageidenti cation. Information ProcessinglLetters, 47:81{88,1993.

[15] Sanjay Jain, Wolfram Menzeland Frank Stephan. Classeswith easily learnable sub-
classes.In Algorithmic Learning Theory: Thirteenth International Conference (ALT
2002, 2002. To appear.

[16] StephenKleene. Notations for ordinal numbers. The Journal of Symlwlic Logic,
3:150{155,1938.

[17] Micheal Machtey and Paul Young. An Introduction to the Generl Theory of Algo-
rithms. North Holland, New York, 1978.

[18] Wolfgang Merkle and Frank Stephan. Refuting learning revisited. In Algorithmic
Learning Theory: Twelfth International Conferene (ALT 2001), volume 22250f Lec-
ture Notesin Arti cial Intelligene, pages299{314.Springer-\erlag, 2001.

[19] Tatsuya Motoki. Inductive inferencefrom all positive and somenegative data. Infor-
mation ProcessingLetters, 39(4):177{182,1991.

[20] Daniel Osherson,Michael Stob and Scott Weinstein. Systemsthat Learn: An In-
troduction to Learning Theory for Cognitive and Computer Scientists MIT Press,
1986.

[21] Hartley Rogers.Theory of Recursive Functions and E e ctive Computability. McGraw-
Hill, 1967. Reprinted, MIT Press1987.

18



[22] Gerald E. Sads. Higher Recursion Theory. Springer-\erlag, 1990.

[23] Rolf Wiehagen. Identi cation of formal languages.In Mathematical Foundations of
Computer Sciene, volume 53 of Lecture Notesin Computer Scien®, pages571{579.
Springer-\erlag, 1977.

19



