CS1102: Data Structure and Algorithms


Tutorial 10 Graphs

Week of 14/04/08

1. (BFS & DFS)

a) Run the Breadth-First traversal and Depth-First traversal of the below graph from node a.

b) What is the running time complexity of your algorithm if you use Adjacency Matrix? What if you use Adjacency List?


Solution:


a) BFS : (one possible solution) a, b, c, d, h, e, g, j, i   

         DFS : (one possible solution) a, b, d, h, g, j, i, c, e


b) Adj. Matrix O(V2)

          Adj. List     O(V+E)

2. You are the great programmer of the social networking website ‘Frenzterz’ which is quite popular among the youths nowadays. Through the site they can find friends, friends of friends, friends of friends of friends, and so on. 

Let us define that user B is in the level-k friends of user A if and only if 

1. There exist a sequence of user X={ x0, x1, x2, x3, ..., xk} with size k+1, where A is  x0, B is xk , and for 0 ≤ i ≤ k-1, Xi is a friend of Xi+1 and vice versa
2. There exist no other sequence of users Y with size less than k+1 which satisfies condition 1.

Youths always love to compare each other’s popularity. Suppose two youths Hugo and Max are 5 friends apart (that is to say, Max is Hugo’s level-6 friend and vice versa).  

Based on the level-k friend definition above, the popularity of two person who are at level-k of each other can be compared based on the comparison of the total friends they have up to level k. The (might-not-be-so-true) logic is that, the person with more (possibly, indirect) friends is more popular.

Given two user A and B, you are to design a method relativePopularity(A, B) which, 

a) First, find in which level k is B from A (or vice versa)

b) Next, return the ratio of the total friends of A up to level k against B’s. When the ratio is equal to 1.0 means they are equally popular, less than 1.0 means A is less popular, and greater than 1.0 means A is more popular. 

     What will be the running time of your method?

(Hint: Think of how you can enumerate all level-k friends of a particular user. The direct friends of a user is defined as his/her level-1 friends.)

Solution:

From any user A, we can use BFS to enumerate his/her friends of each level. Hence given two users A and B, we can use BFS to check in which level B is from A (which will be the same level A is from B). Say the level is k. 

Then we can count the total friends of A up to level k using BFS and do similarly for user B. Lastly, we can compute the ratio between the two numbers. 

The running time is bounded by the running time of BFS, which is O(V+E) assuming adjacency list implementation.

3.  (Topological sorting & Dijkstra’s algorithm)

a) Write the topological order of the vertices for the graph given below.

b) What is the complexity of topological sorting?

c) Trace Dijkstra’s shortest  path algorithm in the above graph with a as the source.




Solution:

a) a, b, c, d,  (f, h), e, (g, i) – pair in bracket can appear in any order

b) O(V+E) – which is linear to the size of the graph

c) The steps of the Dijkstra’s algorithms are depicted below

	Step
	Vertex added
	Processed Vertex Set S
	Shortest distance from source node a

	
	
	
	a
	b
	  c
	d
	e
	f
	g
	h
	i

	1
	a
	[a]
	0
	2
	4
	6
	∞
	∞
	∞
	∞
	∞

	2
	b
	[a,b]
	0
	2
	3
	6
	∞
	∞
	∞
	∞
	∞

	3
	c
	[a,b,c]
	0
	2
	3
	4
	5
	∞
	∞
	∞
	∞

	4
	d
	[a,b,c,d]
	0
	2
	3
	4
	5
	7
	∞
	8
	∞

	5
	e
	[a,b,c,d,e]
	0
	2
	3
	4
	5
	7
	10
	8
	8

	6
	f
	[a,b,c,d,e,f]
	0
	2
	3
	4
	5
	7
	9
	8
	8

	7
	h
	[a,b,c,d,e,f,h]
	0
	2
	3
	4
	5
	7
	9
	8
	8

	8
	i
	[a,b,c,d,e,f,h,i]
	0
	2
	3
	4
	5
	7
	9
	8
	8


	9
	g
	[a,b,c,d,e,f,h,i,g]
	0
	2
	3
	4
	5
	7
	9
	8
	8


* The bold numbers are the newly updated distances using the relaxation procedure in the Dijkstra’s algorithm.

4. A spanning tree T of a connected, undirected graph G with vertices V and edges E is a tree which contains all the vertices in V and some (possibly, all) of the edges in E. In the case of weighted edges, a minimum spanning tree of G would be the spanning tree of G with the least total of edge weight.

(Hint : basically we are to find the subset of the edge set E of G such that they connect all of the vertices in G and their total weight is minimum among all possible such subset).

a) Find the minimum spanning tree of the graph below.


Solution :










b) Give the pseudocode of finding such a minimum spanning tree.

(Hint : the running of this algorithm looks very similar to Dijkstra’s algorithm. We grow a tree from some arbitrary vertex and try to keep the total weight minimum each time we add another vertex which is not in the tree . Nevertheless, the set of edges shortest path chosen by Dijkstra’s algorithm might not be the same as the set returned in the minimum spanning tree. See the following for a clearer illustration)







Solution: 

The pseudocode is as follows


1
Given an input graph G(V,E), pick an arbitrary vertex  r ( V to be the 


root of the spanning tree T(VT,ET).


2
Add  r  to  VT


3
for each  x ( Adjacent(r)


4

insert edge (r,x) into min-heap H based on its weight Wrx


5
while  VT ≠ V


6

Remove the edge (u,v) with the minimum weight, Wuv , from H 


7

if  u ( VT  and v ( VT

8


Add  v  into  VT  and  (u,v) and its weight Wuv  into  ET


9


for each  x ( Adjacent(v) and x ( VT 


10



add (v,x) and its weight Wvx  into H





11
 return  (VT,ET)

Note : In this algorithm, we never need to update the weights of the edges, unlike the frequent distance updating by the relax function in Dijkstra’s algorithm.
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Given a graph G





Minimum total edge weight = 8
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On the other hand, the minimum spanning tree algorithm can start from any vertex. Moreover, there could be more than one minimum spanning tree.





Dijkstra’s algorithm have to start from a source, say node A. The algorithm will keep the edges that is involved in the shortest path form A to all other nodes.
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