
CS1102: Data Structure and Algorithms


Tutorial 5 Sorting
Week of 10/3/08

1. MergeSort has the following recursive structure.

1.
public static void proc(int[]A, int i, int j) {

2.
   if(i < j) {

3.
      int m = (i + j) / 2;

4.
      proc(A, i , m);

5.
      proc(A, m+1, j);

6.
      merge(A, i, m, j);

7.
   }

8.
}

Suppose line 6 is removed, what is the time complexity of the program?
(Exam Question Nov 2003 Q9)

Answer:
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The time complexity is O(n). 
The reason is that even though there are log(n) levels, at each level we have to call the proc method more times, until at the last level, we have to call proc n times. To write this mathematically
T(n) 
= 1 + 2T(n/2)
    
= 1 + 2 (1 + 2T(n/4) )
 
= 1 + 2 + 4 ( 1 + 2T(n/8) )
= 1 + 2 + 22 + … + 2logn T(1)
= 1 + 2 + 22 + … + 2logn

since T(1) = 1

= 2n – 1 

= O(n)
2. Which of these sorting algorithms would you use to sort the following data stored in an array: (a) Merge Sort; (b) Quick Sort with first element pivot; (c) Insertion Sort; (d) Selection Sort; (e) Bubble Sort (version 2); and (f) Radix Sort? Explain your answer.

i. 1,000,000 distinct integers from 0 to 999,999 in reverse order.

ii. 1,000,000 distinct real numbers from 0.0 to 1.0 in random order.

iii. 1,000,000 distinct integers from 0 to 999,999 with only one element out of place, i.e. the array is sorted without this element.
iv. 1,000,000 distinct real numbers from 0.0 to 1.0, where all the elements are at most 5 places away from their proper position.
Answer:
i) Radix Sort is best, if space is not a factor.

(Also requires that the number of digits is fixed)

a. Merge Sort: always O(n log n)

b. Quick Sort: O(n2) – this is the worst case for Quick Sort

c. Insertion Sort: O(n2) – also worst case

d. Selection Sort: always O(n2)

e. Bubble Sort: O(n2) – also worst case

f. Radix Sort: 6n operations, or O(6n) = O(n).

ii) Quick Sort is best, but Merge Sort is also good if space is not a factor.

a. Merge Sort: always O(n log n)

b. Quick Sort: O(n log n) in average case

c. Insertion Sort: O(n2)

d. Selection Sort: always O(n2)

e. Bubble Sort: O(n2)

f. Radix Sort: not appropriate for real numbers.

iii) Insertion Sort performs best. If element is before its proper place with respect to the “bubbling” direction then Bubble Sort v2 is also a good choice;

a. Mergesort: always O(n log n)

b. Quick Sort: O(n2) – close to the worst case
c. Insertion Sort: O(n) – only O(n + d) comparisons and shifts are needed, where d is the distance between the current position and its proper position of the misplacing element.  
d. Selection Sort: always O(n2)

e. Bubble Sort: “before its proper place” – O(n) 



 “after its proper place” – O(n2)
f. Radix Sort: 6n operations, or O(6n) = O(n).

iv) Insertion Sort is best. Bubble Sort is almost as good.

a. Merge Sort: always O(n log n) ≈ 1,000,000 x 20 = 20,000,000 operations.

b. Quick Sort: O(n2) – close to worst case
c. Insertion Sort: At most 5 shifts in each iteration, so O(5n) = O(n).

d. Selection Sort: always O(n2).

e. Bubble Sort: Each element shifts at most 5 times plus one final iteration to make sure no more bubbling, so O(5n+n) = O(6n) = O(n).
f. Radix Sort: Not appropriate for real numbers.

3. Given an unsorted array of integers, implement an efficient algorithm to determine whether there exists two elements in the array whose sum is equal to a given integer x. The most straightforward algorithm is the brute force method, in which you use a double for loop to check each pair of elements in the array and see whether their sum is equal to the given integer x, the time complexity is therefore O(n2). Now, can you do it in O(nlogn)? Write your implementation and analyze the time complexity of your algorithm. 
Answer:
An O(nlogn) algorithm is as follows:

1) First sort the array using either quick sort or merge sort;

2) Keep two pointers i and j starting from two ends of the array;

3) Move the left pointer i forward if the previous sum is smaller than x, or move the right pointer j backward if the previous sum is larger than x.

4) Stop when such two elements are found and return true, or stop when i is equal to j and return false.

The time complexity of this algorithm is O(nlogn) + O(n) = O(nlogn). 

	  public static boolean sumFound(int [] arr, int x)

  {

    QuickSort(arr, 0, arr.length-1);

    int i = 0, j = arr.length-1;

    while(i < j)

    {

      if(arr[i] + arr[j] == x)

        return true;

      else if(arr[i] + arr[j] < x)

        i++;

      else

        j--;

    }

    return false;

  }


4. This question will refer to the QuickSort algorithm stated in your lecture notes.
(a) Implement the QuickSort algorithm by using two indices i and j as shown in the diagram below to iterate through the subarray during each recursive call to find the partition index.
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	void QuickSort(int[]A, int start, int end)

{

}


(b) Since QuickSort has a time complexity of O(n2) in the worst case, and O(nlogn) in the best/average case, while merge sort has a time complexity of O(nlogn) under all cases, explain why we still use QuickSort instead of MergeSort.
Answer:
	void QuickSort(int[]A, int start, int end)

{
   if(start < end)

   {
    int pivot = A[start];

    int i = start+1; 
    int j = end;

    while(true)

    {

      while(i<end && A[i]<=pivot) //increment i till A[i] > pivot or till the end of the array
        i++;

      while(j>start && A[j]>=pivot) //decrement j till A[j] < pivot or till the beginning of the array
        j--;

      if(i<j)

        swap(A, i, j); //swap A[i] and A[j] so that after swapping, 
                         A[i]<pivot<=A[j]
      else break;
}

swap(A, j, start); //j is the partition index, move pivot to     position j, which is its final position so that all the elements on the left of the pivot are smaller than the pivot and all those on the right are greater or equal to the pivot
QuickSort (A, start, j-1);

   QuickSort (A, j+1, end);
   }
}


First, for Quick Sort, we can store the pivot in registers and therefore avoid frequent reads and writes from the memory during comparison; while for Merge Sort, each time we are comparing two different elements which cannot be stored in registers at all times, therefore frequent reads and writes are inevitable. 

Second, Merge Sort using array needs to create an additional array to store the output during each iteration, which takes time as well as space. In addition, when too many arrays are created, there may not be large enough contiguous memory spaces to store those new arrays at one place. The garbage collection process has to reclaim spaces occupied by those inaccessible arrays and thus will be time consuming. 
Finally, for Quick Sort, in theory, when randomized pivots are chosen, there will be some good choices and some bad choices, and eventually in the entire recursive tree, this balances out.






























































































































































































































































































































































































































































































































