
CS1102: Data Structure and Algorithms


Tutorial 7 AVL Trees
Week of 24/3/08

1. AVL Tree basics

(a) Draw the AVL tree after performing each of the following operations consecutively on an initially empty binary search tree:  insert 8, insert 6, insert 12, insert 3, insert 10, insert 9, delete 12, delete 8, insert 7, insert 8.
(b) If you delete an item from an AVL tree and then insert it back into the tree, will you always get back the original AVL tree? Justify your answer.
Answer:

(a) After we insert 8, 6, 12, 3, 10, 9, the tree is as below:
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AVL tree violation occurs at node 12, case 1 (insert outside case)

Do a rotate right at node 12, and obtain the AVL tree as below:
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Continue to delete 12, we get the AVL tree as below:
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Continue to delete 8, the AVL tree is as below:
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Continue to insert 7 and 8, we get

[image: image5.png]



AVL tree violation occurs at node 9 (insert inside case). Need double rotations. We first rotate left at node 6, and get 
[image: image6.png]



Then rotate right at node 9.

[image: image7.png]



This is the final AVL tree.

(b) No. We give an example to illustrate this:
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We can see that (i) and (iii) are different. 

2. AVL Tree rotations:
(a) Given the following AVL tree, if node 83 is deleted, how many rotations are needed to obtain an AVL tree again? Draw the tree after each rotation.
[image: image9.emf] 

(b) An AVL tree may become unbalanced when a node is deleted. In general, how many sub-trees will be re-balanced in the worst case when an item is deleted from an AVL tree? Explain your answer.

(c) An AVL tree may become unbalanced when a node is inserted. In general, what is the maximum number of rotations that must be performed to rebalance the tree due to an insertion? Explain your answer.

(Exam Question Nov 2005 Q3)

Answer:

(a)  Step 1: 83 is removed, insert outside violation at 95, so rotate left at 95


[image: image10]



Step 2: Equivalent to insert inside violation at 67, so we need to first rotate left at 34

[image: image11]
Step 3: Then rotate right at 67

[image: image12]
(b) In the worst case, we may have to re-balance the sub-trees from the shortest unbalanced sub-tree containing the deleted node to the whole tree itself. For example, it is the case when we try to remove node 3 from the following tree.

After deleting node 3, we need to re-balance at node 6; and this may propagate the re-balancing to be at node 60 and node 160. Thus in the worst case, number of re-balanced sub-trees = minimum level value of leaf nodes - 1. 
(c) In the lecture notes, we have defined the difference in the heights of the left and right subtrees of a node as |Hl – Hr|.  When a subtree of an AVL tree is unbalanced after an insertion, the height difference at the violation node will be 2, which means that the original height difference is 1. If the insertion is of the insert inside case, 2 rotations are needed to bring back the height difference to either 0 or 1. On the other hand, if the insertion is of the insert outside case, only 1 rotation is needed to bring back the new height difference to 0 or 1. Therefore, the maximum number of rotations after an insertion is 2.
3. Construct minimal AVL trees of height 1, 2, 3, 4, and 5. What is the number of nodes in a minimal AVL tree of height 6? How many different shapes of a minimal AVL tree of height h can have?

Answer:

Let n(h) be the number of nodes in a minimal AVL tree with height h.

	n(1) = 1
	
[image: image13.wmf]

	n(2) = 2
	
[image: image14.wmf]

	n(h) = 1 + n(h-1) + n(h-2)
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	n(3) = 1 + n(2) + n(1)

       = 1 + 2 + 1 = 4
	
[image: image16.wmf]

	n(4) = 1 + n(3) + n(2)

       = 1 + 4 + 2 = 7
	
[image: image17.wmf]

	n(5) = 1 + n(4) + n(3)

       = 1 + 7 + 4 = 12
	
[image: image18.wmf]

	n(6) = 1 + n(5) + n(4)

       = 1 + 12 + 7 = 20
	…


Let ns(h) be the number of different shapes of a minimal AVL tree of height h.

	ns(0) = 1
	

	ns(1) = 1
	
[image: image19.wmf]

	ns(2) = 2 * ns(1) * ns(0)

         = 2 * 1 * 1 = 2
	
[image: image20.wmf]    
[image: image21.wmf]

	ns(3) = 2 * ns(2) * ns(1)

         = 2 * 2 * 1 = 4
	
[image: image22.wmf]    
[image: image23.wmf]

[image: image24.wmf]    
[image: image25.wmf]

	ns(4) = 2 * ns(3) * ns(2)

         = 2 * 4 * 2 = 8
	…

	ns(h) = 2 * ns(h-1) * ns(h-2)
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4. Given an AVL tree with n integer items and two integers a and b, where a and b can be any integers with a <= b,
(a) Implement an algorithm to count the number of nodes in the range [a, b].
(b) What is the time complexity of your algorithm? Explain your answer.
	int rangeCount(TreeNode curr, int a, int b)

{

}


Answer:
(a) The idea is to make use of the recursive property of binary search trees. There are three cases to consider, whether the curr node is in the range [a, b], on the left side of the range [a, b] or on the right side of the range [a, b]. Only subtrees that possibly contain the nodes will be processed under each of the three cases. 
	int rangeCount(TreeNode curr, int a, int b)

{

      // Base case


if(curr == null)



return 0;

      // Recursive case

      // If b is less than curr, prune the right subtree and search in the // left subtree


else if(curr.value > b)



return rangeCount(curr.left, a, b);

      // If a is greater than curr, prune the left subtree and search in  // the right subtree


else if(curr.value < a)



return rangeCount(curr.right, a, b);

      // If curr is within the range [a, b], increase count by 1 and search // in both the left subtree and the right subtree


else if(curr.value >= a && curr.value <= b)

return rangeCount(curr.left, a, b) + rangeCount(curr.right, a, b) + 1; 

}


The complexity is similar to the in-order traversal of the tree but skipping the left or the right sub-trees when they do not contain any answers. So in the worst case, if the range covers all the nodes in the tree, we need to traverse all the n nodes to get the answer. The worst time complexity is therefore O(n). On the other hand, if the range is small, which only covers few elements in a small subtree at the bottom of the tree, the time complexity will be O(h) = O(logn) , where h is the height of the tree. This is because only a single path is traversed to reach the small subtree at the bottom, and many higher level subtrees have been pruned along the way. The following figure illustrates the situation:
[image: image28.jpg]



where the blue nodes are within the range [a, b], we only need to traverse the path indicated by the red nodes in order to compute the count. 
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