
CS1102: Data Structure and Algorithms


Tutorial 8 Heaps

Week of 31/3/08

1. Show the result of inserting 12, 10, 1, 14, 6, 5, 8, 15, 3, 9, 7, 4, 11, 13, and 2, one at a time, in an initially empty heap. Then show the result by using the heap construction algorithm instead.
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2. Given the following heap class definition:

//MAX-HEAP

class BinaryHeap {


private static final int DEFAULT_CAPACITY = 100;


int currentSize;  //the number of elements in the heap


int capacity;
       //The current capacity


Comparable[] array;  //stores the heap elements


public BinaryHeap() { //constructor

        
currentSize = 0;



capacity = DEFAULT_CAPACITY;





array = new Comparable[ DEFAULT_CAPACITY ];

    
}

     private void bubbleUp(int pos){

       ....


}


private void bubbleDown(int pos){

        ...

     }

   ....

}

Write two more methods in the JAVA code template as follows

(You are given the implementation on bubbleUp(p) and bubbleDown(p) which bubble up and down respectively at position p)

(a) updateKey(p, v), which changes the value of the key at position p to v. 

(b) delete(p), which deletes the key at position p of the heap

Answer:

public void updateKey( int p, Comparable newVal ){

    //p is beyond the first and last element

     if (p>(currentSize-1)||p<0) 

         throw new NoSuchElementException();

     //p is updated with a larger value, bubble up

     if (newVal.compareTo(array[p]) > 0){

array[p] = newVal;

bubbleUp(p);

} 

//p is updated with a smaller value, bubble down

else if (newVal.compareTo(array[p]) < 0) {


    array[p] = newVal;

         bubbleDown(p);


}

}

public void delete( int p ) 

{

     //Get the last element and overwrite at position p


Comparable x = array[--currentSize];


updateKey(p,x);



}

3. In some sports, the grading of performance of the athletes is based on the

penalty points awarded against them. At the end of the competition, the one who has the least penalty points wins the game. Suggest how you can use a heap to allow the organizer to provide constant update of the standing of the athletes. In particular, you want to support the following operations:

a) findBest(), which returns the athlete with the least penalty points. What is the complexity?

b) addPenalty(String AthleteName, int penalty), which adds the new penalty points to Athlete’s record. Assume that the names are unique. What is the complexity of your algorithm?

Answer:

Using a MinHeap to store the records using the penalty points as key.

findBest() is basically findMin() with O(1) complexity.

(Note that deletion is not needed, hence we do not need to spend O(log n)).

The method update(String AthleteName, double points) first sequentially searches through the array to find the position p of the athlete in the Heap in O(n) time and then applies the updateKey(p,v) as in question 2(a) with complexity O(lg n) but modified appropriately for Min Heap instead of Max Heap. In total is O(n)+O(lg n) = O(n).

A better way would be to use the Treap data structure that is described in the next question where the key would be the athlete’s name and the priority would be the penalty points. Although the worst case is still in O(n), in practice the addPenalty operation would be in O(log n).

4. A treap is a binary tree where each node has a key and a priority. The keys follow a binary search tree property and the priorities follow the heap property. See the example below
Hint: Note that the treap is actually a BST but with an added constraint of maintaining the heap priorities. One possible way to rearrange a BST while maintaining its property is through rotation as in the AVL tree.

a) Is a treap a heap?
Answer: No! Because the other requirement for a heap is that it is a complete binary tree!


b) You are given a set of n pairs (k,p) and you are asked to find a corresponding treap. For instance, if n = 4 and the pairs are (5,9) (7,4) (8,6) (1,2) then a correct answer is  given in the picture above. How many such treaps are possible in general? Justify your answer briefly.


Answer: There can only be a unique treap. This is because the root must always be the node with the highest priority to fulfill the heap property. To fulfill the BST property, the left child must have a smaller key then the root, while the right child must have a bigger key then the root. Each of these children must also fulfill the heap property and thus are unique.

c) Give an efficient algorithm that inserts a node into a treap. We assume that the treap has n nodes and height h. Give the running time of your algorithm using the BIG-O notation. You method should return the root node of the treap. 

TreeNode insert(TreeNode root, TreeNode t)

{


//’root’ is the root node of the treap

    // ‘t’ is the new node to insert

    // Base case


if(root == null)



return t;


//Insert based on the BST property


if(t.key >= root.key)



root.right = insert(root.right, t);


else




root.left = insert(root.left, t);


//At this point the BST property has   

    //been fulfilled. But we must also 

    //maintain the heap property. One way to 
//do this is to use the AVL tree rotation, 

    //since it can maintain the BST 

    //property while correcting the heap 

    //property violations

    //Note that because of the recursion, 

    //the rotation will start from the leaf 

    //level


if(root.priority < root.left.priority)



root=rotateRight(root);


if(root.priority < root.right.priority)



root=rotateLeft(root);


return root;

}


The running time for the BST insertion


=O(h)


Rotations all the way back to the root 

O(1).O(h)
=O(h) 


Total time 







=O(h)


Best case h = O(lg n), Worst case h = O(n)

d) Draw a treap whose 6 nodes have labels (k = 2, p = 5), (k = 5, p = 2), 

(k = 5, p = 1), (k = 4, p = 7), (k = 9, p = 4), (k = 8, p = 3) using the algorithm in (c).

Answer: 

Inserting (k = 2, p = 5), (k = 5, p = 2), (k = 5, p = 1) is just usual BST insertion. No heap property violation.



Now we insert (k = 4, p = 7)
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First, just insert the elements  one by one, creating a complete binary tree, ignoring the heap property 





Then, starting from the last internal node, 8, up to the root, bubble down.
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Next internal node, 5. Bubble down.





Next internal node, 6. Choose the max value of the children (which is 9). Bubble down.
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Final treap :








