
EurographicsSymposiumonRendering(2004)
H. W. Jensen,A. Keller (Editors)

Anti-aliasing and Continuity with TrapezoidalShadow Maps

TobiasMartin andTiow-SengTan

Schoolof Computing,NationalUniversityof Singapore

Abstract
This paperproposesa new shadowmap techniquetermedtrapezoidalshadowmapsto calculatehigh quality
shadowsin real-timeapplications.To addresstheresolutionproblemof thestandard shadowmapapproach, our
techniqueapproximatestheeye's frustumasseenfromthe light with a trapezoidto warp it ontoa shadowmap.
Such a trapezoidalapproximation,which may�r st seemstraightforward, is carefullydesignedto achievethegoal
of goodshadowquality for objectsfrom near to far, and to addressthe continuityproblemthat is foundin all
existingshadowmapapproaches.Thecontinuityproblemoccurs mainlywhentheshadowmapquality changes
signi�cantly fromframeto framedueto themotionof theeyeor thelight. Thisresultsin �ic keringof shadows.On
thewhole, our proposedapproach is simpleto implementwithoutusingcomplex datastructuresandit mapswell
to graphicshardware asshownin our experimentswith large virtual scenesof hundredsof thousandsto over a
million of triangles.

Categories and Subject Descriptors (according to ACM CCS): I.3.3 [Computer Graphics]: Picture/Image
Generation–Anti-aliasing,bitmap and framebuffer operations;I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism–Color, shading,shadowing, andtexture

1. Intr oduction

Realtimeshadow generationhasbeengaininga lot of atten-
tion recentlydue to the growing supportof programmable
graphicsprocessingunits in PCs and game consoles.In
many applications,shadows areimportantbecausethey add
furtherrealismto scenesandprovide additionaldepthcues.
Finding ways to calculateshadows starteda few decades
ago; seethe survey by [WPF90]. We note that in most of
thesetechniques,thereis a tradeoff betweenshadow quality
andrenderingtime. Recentapproaches,includingour work
here,arebasedon thestandardshadow mapalgorithmorig-
inally proposedin [Wil78]. This two-passalgorithmis neat
and easyto understand.In the �rst pass,the sceneis ren-
deredfrom theviewpoint of the light with depthbuffer en-
abled.Thisbuffer is thenstoredinto animagecalledshadow
map.In thesecondpass,thesceneis renderedfrom theview-
pointof theeyeincorporatingshadow determinationfor each
pixel. A pixel is in shadow if thez-valueof its correspond-
ing surface point when transformedinto the light's view
is greaterthan its correspondingdepthvalue storedin the
shadow map.

Thestandardshadow mapalgorithmis easyto implement
and is also fast in its calculation.It is well-suited for all

kindsof geometricprimitivesaswell ascomplex andcurved
objects.Additionally, its operationscanbe mappedwell to
graphicshardwarewherethedepthbuffer andprojectivetex-
turemappingareusedto calculateshadows [SKvW� 92].

On the other hand, the approachhas two well-known
drawbacks. Its �rst drawback is the resolution problem
where it works well when the light is close to the scene
andto theviewpoint of theeye,but producesaliasesaround
shadow boundarieswhenthelight is faraway. This is caused
by low shadow mapresolution(i.e.anunder-sampling)in ar-
easwherea higherresolutionis needed.Besidesthepracti-
calscenariowhereonlyasmalltextureis availabletocapture
theshadow map,thisproblemcanalsoarisewhenthevisible
regionof theeye's frustumoccupiesonly asmallfractionin
the shadow map.Thereareapproachesthat addressthis is-
sue(see[BAS02], [FFBG01], [SD02] asdiscussedlater in
Section2). However, for real-timeinteractive applications
(with little or no restrictionon themotionof theeye, lights
andobjects),thereis no satisfactoryshadow mapapproach
that addressesthe resolutionproblemwhile alsobearingin
mindthepolygonoffsetproblemandthecontinuityproblem
discussedsubsequently.

Its seconddrawbackis thepolygonoffsetproblem. Dueto
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theimage-basednature,shadow determinationis performed
with �nite precisionwhich cancausesurfaceacneeffects.
This canbe addressedby �nding an offset which is added
to thedepthvaluesof theshadow mapto move thez-values
andhencetheshadowsslightly away from thelight [Wil78].
Additionally, in [WM94], the depthvaluesof surfacesthat
aresecondnearestto thelight sourcearesampledto address
thisproblem.

The �rst contribution of this paperis a new approachof
calculatingshadows usingtrapezoidalshadow mapswhich
are derived from trapezoidalapproximationsof the eye's
frustaasseenfrom thelight. It addressestheresolutionprob-
lem of the standardshadow mapapproachto result in en-
hancedshadow mapresolutionfor both staticanddynamic
objectsfrom nearto farandwith noconstraintontherelative
positionsandmotionsof theeye andthe light. At thesame
time,it doesnotworsenthepolygonoffsetproblemasit uses
theprogrammablegraphicspipelineto con�ne theproblem
to be asmanageableasthat in standardshadow maps.The
approachis ef�cient asonly the eight cornersof the eye's
frustumplusthecentersof thenearandthefar plane,rather
than the scene,are neededto computea good trapezoidal
approximation.It thusscaleswell to large scenes.Figure1
showsanexampleof ourapproach.

light's post-perspective space trapezoidal space

(a) (b)

Figure 1: (a) Theshadowmapof the scenewith 225 reg-
ularly spacedplant modelsis computeddirectly from the
light's view. As the light is far away, shadowaliasing ap-
pearsin theview of theeye. (b) Theshadowmapis computed
fromthelight's view after applyingtrapezoidaltransforma-
tion to focusontheregion(of only15plantmodels)which is
potentiallyvisible to theeye. Asa result,high quality shad-
owsareobtained.

The secondcontribution of this paperis the recognition
anda treatmentof thecontinuityproblemwheretheshadow
mapquality changessigni�cantly from frameto framere-
sulting in the �ick ering of shadows. This occursin all ex-
isting shadow mapapproachesthat generateshadow maps

of signi�cantly differentquality for smalldifferencesin the
viewsof theeyeor thelight. Ourapproachcomputesatrape-
zoidalapproximationsothatthereis acontinuouschangein
theshapeandsizeof trapezoidfrom frameto framein order
to control the transitionin the shadow mapresolution.See
Figure2 for anillustration.

Frame i Frame i + 1
Bounding Box Approximation

Trapezoidal Approximation

(a)

(b)

Figure 2: (a) Flickering of shadowsfrom one frame to
the next generated by a boundingbox approximation.(b)
A smoothshadowtransitiongeneratedwith the useof our
trapezoidalapproximation.In each of the four pictures,the
post-perspectivespaceof thelight is on thetop left, thegen-
eratedshadowmapon the top right, and the shadowof a
plant (asin thesceneof Figure1) on thebottom.

Thepaperis organizedasfollows:Section2 presentspre-
vious work; Section3 discussesour reasonsin choosing
trapezoidto approximatetheeye's frustumasseenfrom the
light; Section4 addressesthepolygonoffsetproblem;Sec-
tion 5 describesthe continuity problem;Section6 details
the computationof our trapezoidalapproximation;Section
7 shows our results;andSection8 concludesthepaperwith
possiblefutureworksandlimitationsof ourapproach.With-
out lossof generality, ourdescriptionassumesthatthereis a
singlelight in thesceneandtheeye's frustumis completely
within the light's frustum.It is straightforward to applyour
approachto multiple lights(asusedin Figure7); Section6.4
discussestheextensionof our approachto thegeneralcase
of eyeandlight.

2. PreviousWork

In the following, we review works thataremostrelevant to
oursin improving standardshadow maps.

Theadaptive shadow mapapproach[FFBG01] addresses
theresolutionproblemby usingahierarchicalgrid structure
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insteadof thestandard“�at” shadow map.A greatimprove-
mentto theshadow quality is gained,but it is currentlynot
possibleto mapthis approachto graphicshardware.There-
fore, this approachis slow andnot suitablefor real-timeap-
plications.

The perspective shadow map approach(PSM) [SD02]
tacklesthe problemof insuf�cient shadow map resolution
in regionsnearto the eye by a non-uniformparameteriza-
tion: A single(perspective)shadow mapis generatedto pro-
vide high resolutionfor objectsnearbyand low resolution
for objectsfar away. To achieve this, the shadow map is
calculatedin thepost-perspective spaceof theeye.This ap-
proachfundamentallyimprovesshadow quality for somere-
strictedcases(dependingon therelativepositionsof theeye
and the light) but meetsa numberof technicaldif�culties
thathinderits applicationsto interactive anddynamicenvi-
ronments.First, the implementationof PSM is rathernon-
trivial with many tradeoffs to consider. For instance,it needs
a robust implementationof a 3D convex hull algorithmto-
getherwith union and intersectionoperations.Second,the
polygonoffset problemis worsenedasdepthvaluesin the
post-perspective spaceof the eye aredistributeddifferently
for variouscon�gurationsbetweentheeye andthelight. As
a result,a constantpolygonoffset may not be suf�cient to
avoid surfaceacneeffectswhile maintaininggoodshadow
quality.

Thework of [BAS02] addressesthepolygonoffsetprob-
lem with thelineardistribution of depthvalues.In addition,
it addressestheresolutionproblemby usingthesmallestbox
to boundobjectsin theeye's frustumasseenfrom thelight.
Wearguein thenext sectionthatthisparameterizationis not
necessarilyideal.

Therecentwork termedshadow silhouettemaps[SCH03]
attempts to combine the strengthsof shadow volumes
[Cro77] and shadow maps.It, however, also inherits the
weaknessesof bothtechniques.Its reportedframeratesdoes
notseemto begoodfor interactiveapplicationswith moder-
atesizesof over tensof thousandstriangles.

3. Incr easingShadow Map Resolution

A shadow mapcanbeviewedsimply to consistof two por-
tions: one within and the other outsidethe eye's frustum.
It is clear that only the former is useful in the determina-
tion of whetherpixels arein shadow. Thus,to increasethe
shadow map resolutionin oneway is to minimize the en-
tries,collectively termedaswastage, occupiedby thelatter.
In otherwords,a goodway to addressthe resolutionprob-
lemis to betterutilize theshadow mapfor theareawithin the
eye's frustumasseenfrom thelight, denotedasE; Figure3,
left. Thisrequiresthecalculationof anadditionalnormaliza-
tion matrix N to transformthepost-perspective spaceof the
light to anN-spacein general;seeFigure3, right, whereN
refersto the trapezoidalspaceandtheboundingbox space,

respectively. Then,theshadow mapis constructedfrom this
N-space.With this,weneedaminormodi�cation to thestan-
dardshadow mapalgorithm:duringshadow determination,
a pixel is transformedinto theN-space,ratherthaninto the
post-perspectivespaceof thelight, for thedepthcomparison.
Exceptfor thecalculationof N which maybecomputation-
ally expensive for someapproaches,the shadow mapgen-
erationandshadow determinationstill mapwell to graphics
hardware.

Naïvely, thetightertheboundof theapproximationto the
areaof interest,thebettertheresolutionof theshadow map.
Thesmallestsuchareais the2D convex hull C of E. How-
ever, it is notclearhow to transformef�ciently C (which is a
polygonof upto six edges)to someN-spacewhile minimiz-
ing wastage.The next naturalchoiceis to usethe smallest
boundingboxB of C for thepurpose(Figure3, middle,bot-
tom). A variantof this ideais presentedby [BAS02] where
C is theconvex hull of thosepixelsin E occupiedby objects
in thescene.This approachtradestheslow processof read-
ing backpixelsfrom theframebuffer for thehighutilization
of theshadow mapmemory. Ontheotherhand,suchbound-
ing boxapproximationmaynotalwaysresultin minimizing
wastage,asshown in Figure3, right.

post-perspective space
light's

trapezoidal space

bounding box space

bounding box

trapezoid

Figure 3: An example of the trapezoidalapproximation
(middle, top) andthesmallestboundingboxapproximation
(middle, bottom)of theeye's frustumasseenfromthe light
(left). Thewastage in theshadowmapgeneratedby thefor-
mer is much smaller than that by the latter in this case
(right).

In view of this, the next plausiblechoiceis thento con-
sidera generalquadrilateralQ to approximateC. Low and
Ilie [LI03] show a heuristicto computeQ deriving from the
edgesof the convex hull of C andhaving the smallestarea
boundingC. Sucha Q is an approximationof the smallest
areaquadrilateralboundingC. Thepaperindicatesbut does
notexplicitly presentanddemonstrateasolutionto theconti-
nuity problem.It doesnot seemstraightforwardto adaptthe
substantialcalculation(from computervision) of Low and
Ilie to mapspeci�c regionsin Q to a speci�c portionof the
shadow mapto controlthecontinuouschangein theshadow
map resolutionfrom frame to frame. In contrast,our pro-
posedtrapezoidalapproximationof C discussednext uses
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simplecalculations,andit hasa powerful controlto address
thecontinuityproblem.

A trapezoidis recognizedto bethemostsimilar shapeto
E. Ourwork shows thatthetwo parallellinescontainingthe
topandthebaseedgeof atrapezoidform asurprisinglypow-
erful mechanismto controltheshadow mapresolutionfrom
frame to frame.This successfullyaddressesthe continuity
problem(seeSection6.1). Equally importantand interest-
ing for our choiceof trapezoidareits two sideedgesin ad-
dressinganotherkindof “implicit” wastagenotmentionedin
theabove discussion.Suchwastageis theover-samplingof
nearobjectsin theshadow mapwherea lowersamplingrate
would suf�ce. We developanef�cient mechanismto decide
on the two sideedgesto spreadthe availableresolutionto
objectswithin a speci�ed focusregion (seeSection6.2). In
comparison,the transformationusedin thesmallestbound-
ing box doesnot have such�e xibility in stretchinga shape.
As aresult,thesmallestboundingboxhasadeterioratingef-
fect on the shadow mapresolutionwhenthe depthof view
increases.

The restof this sectionformalizesthe useof trapezoidal
approximationin our approach.Considera vertex v in the
object space.Then, the vertex of v in the post-perspective
spaceL of the light is vL = PL � CL � W � v wherePL andCL
aretheprojectionandcameramatricesof thelight andW is
theworld matrix of thevertex. Theeightcornerverticesof
E areobtainedfrom thosecornerverticesof theeye's frus-
tum in the object spacemultiplied by PL � CL � C� 1

E where
C� 1

E is theinversecameramatrixof theeye.We treatE asa
�attened2D objecton thefront faceof thelight's unit cube.
We usea trapezoidT to approximate(andcontain)E; see
Figure3, middle, top. Thenormalizationmatrix NT is con-
structedsuchthatthefour cornersof T (ascomputedin Sec-
tion 6) aremappedto a unit square.By applyingNT to L ,
we transformthesceneto thetrapezoidalspaceT . We call
vT = NT � vL avertex in T , NT atrapezoidaltransformation,
andthe shadow mapderived from T a trapezoidalshadow
map.

4. Handling PolygonOffset Problem

The intent of NT is to transformonly the x andy valuesof
thoseverticesof objectswithin T. Thistransformation,how-
ever, alsoaffectsthez valueof eachvertex dependingon its
x andy values.As such,a goodoffset for eachvertex de-
pendson its x andy values,andthustheusualsingleoffset
for all vertices(asin thestandardshadow mapapproach)is
notadequateto remedysurfaceacneeffects.

Thisproblemcanbesolvedwith theideaof transforming
only thex;y andw valuesof eachvertex by NT to T , while
maintainingthez valuein L . In this way, thepolygonoffset
problemis notworsenedandcanbehandledasin thecaseof
a standardshadow map.As discussedin thenext two para-
graphs,this can be ef�ciently mappedto currentgraphics
hardwaresupportingaprogrammablefragmentstage.

In the�rst pass(shadow mapgeneration),thevertex stage
transformseachvertex v to vT = (xT ;yT ;zT ;wT ) andassigns
vL = (xL;yL;zL;wL) asits texturecoordinate.Notethat tex-
turecoordinatesover a triangleareobtainedby linearly in-
terpolatingthevL=wT valuesof theverticesof the triangle.
Next, thefragmentstagereplacesthedepthof thefragment
with zL=wL andaddsto it anoffset.In effect,wehavesetthe
z valueof thevertex in T aszL with thenecessarypolygon
offset.

In the secondpass(shadow determination),the vertex
stagetransformseachvertex to the post-perspective space
of theeyeastheoutputvertex. It alsocomputes,for thever-
tex, two texture coordinatesvL = (xL;yL;zL;wL) andvT =
(xT ;yT ;zT ;wT ). Then, the fragmentstageprocesseseach
fragmentto determineshadow by comparingzL=wL to the
valuein theshadow mapindexedby (xT=wT ;yT=wT ).

Wehave two notes.First,asimplerandmoreef�cient ap-
proach(to implementthe idea of maintainingthe z value
in L ) to only keepvT as (xT ;yT ; zL�wT

wL
;wT ) in the vertex

stage(in both passes)doesnot alwayswork. This problem
is prominentin caseswhere,for example,the eye or light
frustacontainlargetriangles.Thereasonis thatsuchz is not
correctlyinterpolatedovereachtriangleasz is no longerex-
pressibleas someaf�ne mappingof verticesin the world
space.Second,the above vertex and fragmentstagesdo
slightly morework thanthatneededin thestandardshadow
map.Our experiencewith themfor over 100K trianglesre-
mainhighly interactive.

5. The Continuity Problem

As mentioned,thecontinuityproblemis a consequenceof a
signi�cant changein theshadow mapqualityfromoneframe
to thenext, resultingin �ick eringof shadows.For thesmall-
estboundingboxapproach,theshadow mapqualitychanges
if thereis asuddenchangein theapproximationof theeye's
frustumasseenfrom thelight. Figure2(a)showsfrom frame
i to framei + 1 thattheorientationof theapproximationof E
with thesmallestboundingboxis changed.As aresult,there
is a drasticchangeto theresolutionin differentpartsof the
shadow map.In general,theproblemcanoftenoccurwhen
E transitsfrom oneshapeto anotherdifferentshape(where
thenumberof sideplanesof theeye's frustumvisible from
the light's view is different).Additionally, the problemex-
ists in [BAS02] asthesmallestboundingbox, enclosingall
thosepixels in E occupiedby objectsin thescene,changes
drasticallywhensomevisibleobjectis addedor removed.

Thecontinuityproblemoccursin theperspective shadow
mapapproach[SD02] asit reliesontheconvex hull of all ob-
jectsthatcancastshadows.This convex hull andtheresult-
ingshadow qualitycanchangesuddenly. In onecase,thisoc-
curswhenobjectsmove into or out of thelight's frustumin
a dynamicenvironment.In anothercase,it canbeobserved
whenthe algorithmvirtually movesthe positionof the eye
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to avoid, for example,theinvertedorderof objectsdueto the
perspective projection.Thecontinuityproblemcanoccurin
our trapezoidalapproximationof E, too.However, we show
in the next sectionthat thereexists an ef�cient and effec-
tive way to control thechangesin trapezoidsto addressthe
problem.

6. Constructing TrapezoidalApproximation

Our aim is to constructa trapezoidto approximateE with
theconstraintthateachsuchconsecutive approximationre-
sults in a smoothtransitionof the shadow mapresolution.
Our strategy is to rely on a smoothtransitionin the shape
andsizeof trapezoidto result in a smoothtransitionof the
shadow mapresolution.Section6.1 discussesthecomputa-
tion to obtainthebaseandthetop line. Fromthese,thebase
andthe top edgeof the trapezoidarede�ned whenthe two
sidelinesarecomputedasdiscussedin Section6.2.Section
6.3analysesthecoverageof thefocusregion in theshadow
map,andSection6.4extendsourapproachto handlescenar-
ios wherenot all theeight verticesof theeye's frustumare
insidethelight's frustum.

6.1. Baseand Top Lines

Thisstepis to �nd two parallellinesin L to containthebase
and the top edgeof the requiredtrapezoid.The aim is to
choosethe parallel lines suchthat thereis a smoothtransi-
tion whenthe eye moves(relative to the light) from frame
to frame.We �rst presentthealgorithmandthendiscussits
rationale.

Step1 Transform the eye's frustum into the post-
perspectivespaceL of thelight to obtainE.

Step2 Computethecenterline l , which passesthroughthe
centersof thenearandthefarplaneof E.

Step3 Calculatethe2D convex hull of E (with at mostsix
verticeson its boundary).

Step4 Calculatethe top line lt that is orthogonalto l and
touchestheboundaryof theconvex hull of E. lt intersects
l at a point closerto thecenterof thenearplanethanthat
of thefarplaneof E.

Step5 Calculatethe baseline lb which is parallel to (and
different from) the top line lt (i.e., orthogonalto l too)
andtouchestheboundaryof theconvex hull of E.

Theabove algorithmis suchthatthecenterline l governs
thechoicesof lt andlb, with theexceptionfor thecasewhen
the centersof the far and nearplanes(almost)are coinci-
dent.The algorithmhandlesthat separatelyto result in the
smallestboxboundingthefarplaneasthedesiredtrapezoid.

Imaginethe eye's frustumis drawn within a spherewith
thecenterof thesphereat theeye's positionandthe radius
equalto the distancefrom the eye to eachcornerof the far
plane.Supposetheeye's locationdoesnot change.Pitching
andheadingof the eye from oneframeto the next canbe

encodedasa point (which is the intersectionof l with the
sphere)on thesphereto anothernearbypoint,while rolling
of theeyedoesnotchangetheencodedpointbut resultsin a
rotationof theeye's frustumalongl . More importantly, with
a smootheye motion from frameto frame,the four corners
of thefarplaneof theeye's frustumlying on thespherealso
have a smoothtransitionon thesphere.As thepositionsof l
andthementionedfour cornersuniquelydeterminelb, it also
transitssmoothlyfrom frameto frame.Similarly, lt transits
smoothlyfrom frameto frame,too.

Next, supposethe eye's locationdoeschangerelative to
thelight from oneframeto thenext but maintainsits orien-
tation. In this case,it is only a matterof scalingE andthe
lb andlt computedareparallelto thepreviousones.In other
words,both lb andlt again transitsmoothlyfrom frameto
frameunderasmoothtranslationof theeye's frustum.

6.2. SideLines

Beforedescribingthecomputationof thesideedges,we�rst
analyzetheeffectof transformingagiventrapezoidin Figure
4(a)by its NT to T . NotethatNT hastheeffectof stretching
the top edgeinto a unit length.In this case,the top edgeis
relatively shortcomparedto thebaseedge,andthereforethe
stretchingresultsin pushingall theshown trianglestowards
thebottomof theunit squareasin Figure4(b). This means
that the region nearto the top edge(i.e., closeto the near
plane)eventuallyoccupiesa majorpartof theshadow map.
This resultsin anover-samplingin theshadow mapfor ob-
jectsvery nearto theeye while sacri�cing resolutionof the
otherobjects(suchasthesecondto thefourth trianglefrom
thetop).This is thekind of wastagedueto over-samplingas
mentionedin Section3.

80% line

0%

(a) (b) (c)trapezoidal
approximation inL

trapezoidal space trapezoidal space
due to the 80% rule

Figure 4: For the trapezoidin (a), its correspondingT is
shownin (b). In this case, we obtain an over-samplingfor
a small region of E. (c) For a different trapezoidcomputed
with the80%rule (havingthesametop andbaselines), its
trapezoidaltransformationmapsthefocusregion(theupper
part of the trapezoid)to within the �r st 80%in theshadow
map.

Conversely, a small part of the shadow mapis occupied
by nearobjectswhena “f at” trapezoid(having top andbase
edgesof almostequal length) is transformedby its trape-
zoidal transformation.As our approachaimsto achieve ef-
fectiveuseof availableshadow mapmemoryby “important”
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objectsin theeye's frustum,we have designedour �rst ver-
sionof thealgorithmto computethesidelinesandthusthe
requiredtrapezoidasfollows.

Assumethe eye is more interestedin objectsand their
shadowswithin the�rst d distancefrom thenearplane.That
is, theregionof focus,or simply thefocusregion, of theeye
is the eye's frustum truncatedat d distancefrom the near
plane.Let p be a point of d distanceaway from the near
planewith its correspondingpoint pL lying on l in L ; see
Figure5. Let thedistanceof pL from thetop line bed0. We
designa trapezoidto containE, sothatNT mapspL to some
point on theline of 80%or whatwe referto asthe80%line
in T (seeFigure4(c)).Suchanapproachis termedthe80%
rule.

To dothis,weformulateaperspectiveprojectionproblem
to computethepositionof a point q on l with q asthecen-
ter of projectionto mappL to a point on the80%line y = x
(i.e. x = � 0:6), andthebaseandthetop line to y = � 1 and
y = + 1, respectively. Let l bethedistancebetweenthebase
andthetopline.Then,thedistanceof q from thetopline,de-
notedash, is computedthroughthefollowing 1D homoge-
nousperspectiveprojection:

0

@
� (l + 2h)

l
2(l + h)h

l

1 0

1

A �

0

@
d0+ h

1

1

A =

0

@
x̃

w

1

A ;

and x =
x̃
w

: So, h =
ld 0+ ld 0x

l � 2d0� lx
.

Next, two linespassingthroughq andtouchingtheconvex
hull of E areconstructedto be thesidelinescontainingthe
sideedgesof therequiredtrapezoid.

map to

l

l

E

q

h

l

d

b

lt

pL

y= -1
map to

y= x
map to

y=+1

Figure5: A 1D homogenousperspectiveprojectionproblem
to computeq.

For somesituations(suchasE of a duelingfrustacase),
the 80% rule can also result in a signi�cant wastageof

shadow mapmemory. We thusmodify theabove algorithm
to an iterative process.Supposethe shadow map is a map
with x horizontallines of entries.(In our experiments,x is
1024 or 2048.) In the �rst iteration, pL is mappedto the
80% line (or 0:8x), andin eachsubsequentiteration, pL is
mappedto anentryoneline beforethatof thelastiterationto
computeq. With eachcomputedq, wehaveacorresponding
trapezoidandits trapezoidaltransformationNT computedas
before.Fromall the iterations,we adoptthe trapezoidwith
its NT that transformsthe focusregion to cover the largest
area(thoughothermetricsarepossible)in theshadow map.
Note that the above computationis not expensive as it in-
volvessimplearithmeticandonly a small numberof itera-
tions. In fact, for a given up vectorof the eye anda given
anglebetweentheeye'sandthelight's line of sight,thebest
x to wherepL is mappedis independentof thesceneandcan
thusbe pre-computed.Therefore,all thesebestx (andthus
h) canbe storedin a tablewith the parameterof the angle
betweentheeye's andthelight's line of sight,for eachpos-
sible up vectorof the eye. Thus,a simpletablelookup can
alsoreplacetheabove iterativeprocess.

6.3. FocusRegionin the Shadow Maps

To understandour 80% rule, we generatea plot (asshown
in Figure6) of the total areacoveredby thefocusregion in
theshadow mapby varyingtheangle(representedasa data
point on thexy-plane)betweentheeye's andthelight's line
of sightwhile keepingtheup vectorconstant.We have also
experimentedwith a seriesof the samekind of plots with
different up vectors.We observe that consecutive plots of
slightly differentup vectorsaresurfacesof very closeval-
ues.Theseplots indicate that there is a smoothtransition
on theareaoccupiedby thefocusregion (thoughonecould
possiblyattemptto prove it formally). This is a strongin-
dicationthatour approachaddressesthecontinuityproblem
well. Fromourexperience,wenotedthatthe80%rule is ef-
fective.Nevertheless,onecanadjustthispercentageaccord-
ing to theneedof theapplication.

6.4. GeneralCaseof Eyeand Light

The above discussionassumesthat the eye's frustum lies
completelywithin thelight's frustum,suchasin anoutdoor
scenewherethesunis themainlight source.If this is not the
case,onenaïve adaptationis to enlarge the light's view to
includetheeye's frustum.This is not aneffective useof the
shadow map.Also, this canbe delicateto handleandmay
not always be feasible:thereare situationswherethe ver-
ticesof theeye's frustumlie behindor on theplanepassing
throughthe centerof projectionof the light andparallel to
thenearplaneof thelight. Suchverticeshave invertedorder
or aremappedto in�nity in L . Instead,the next two para-
graphsdiscussa simpleextensionwithout suchundesirable
situations.

Speci�cally, it suf�ces to only transformthe portion of
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Figure 6: A plot of theareasoccupiedby the focusregions
in theshadowmapwith a constantupvectorof theeyewhile
varying the anglebetweenthe eye's and the light's line of
sight.Thefocusregionsoccupysmall areasfor thedueling
frustacase, but largeareaswhen,for example, onesideface
of E is visiblein thelight's view.

the eye's frustum that is inside the light's frustum to L .
The remainingportion which is not inside the light's frus-
tum is clearlynot illuminatedandhencecannothave shad-
ows. Therefore,our approachonly needsto processthe in-
tersectionI betweenthe light's frustumandthe eye's frus-
tum(with nomorethan16intersectionsasits vertices).This
convenientlyavoids the above problemdueto the perspec-
tive transformation.Our algorithm is also adaptedaccord-
ingly to take careof thefollowing issueswhile maintaining
agoodcontrolof thecontinuityproblem.

First,theline l passingthroughthecentersof thenearand
thefar planeof theeye's frustummayno longerbethecen-
ter line for thecomputationof thebaseandthetop line. One
approachis to computethecenterpointeof theverticesof I ,
andusetheline passingthroughthepositionof theeye and
e to bethenew centerline l for thecomputation.Second,a
new focusregionhasto bede�ned,becausethefocusregion
maynotbecompletelywithin I . Oneapproachis to geomet-
rically pushthe nearandthe far planeof the eye (closerto
eachother)to tightly boundI in theworld spaceto obtain f 0

asthedistancebetweenthoseplanes.Let f be thedistance
betweenthe original far and nearplanesof the eye in the
world space.Then,thenew focusregion lies within thenew
nearplaneandits parallelplane,wherethedistancebetween
theplanesis (d� f 0=f ). Notethatd is thedistanceoriginally
chosento setthefocusregion (asde�ned in Section6.2).

With the above, our approachis now suitedfor a wider
rangeof applications:nearto far lights,andbothindoorand
outdoorscenes.The accompanying video (availableat our
project webpage:www.comp.nus.edu.sg/� tants/tsm.html)
shows an animationof suchcaseswith two lights illumi-
natinga fantasycharacter(Figure7). Thevideoshows that
our approachcanachieve high shadow quality for theclose

Figure7: Ontheleft, thecharacteris lit bytwonearbylights
as viewedfrom outsidethe lights' frusta. On the right, the
characteris lit bya nearbylight (left shadow)anda far light
(right shadow).

light situationsuitablefor thestandardshadow mapaswell
asfor the transitionto the far light situationunfavorableto
thestandardshadow map.

7. Implementation and Results

We have implementedthe proposedtrapezoidalshadow
mapsusingGNU C++ andOpenGLunderLinux environ-
ment on an Intel Pentium4 1.8GHz CPU with a nVidia
GeForceFX5900ultragraphicscontroller. WeuseARB ver-
tex/fragmentprogramsto addressthe polygonoffset prob-
lem. The shadow mapsare renderedinto a pbuffer using
GLX_SGIX_pbuffer. Note that our approachusesvarious
geometricyet simpleoperationssuchasconvex hulls, line
operationsetc. in 2D. Robustnessissuesareeasyto handle
in our2D cases.Thestandardshadow maps(SSM)[Wil78],
a versionof thesmallestboundingbox approximation(BB)
(see [BAS02]), and the perspective shadow maps(PSM)
[SD02] are implementedfor purposesof comparison.De-
tailsof ourPSMimplementationareprovidedin ourproject
webpage(see[Koz04] for possibleimprovementsto PSM,
andalso[WSP04]).

7.1. FantasyWorld

Our �rst experimentis on a fantasyworld with over 100K
triangles,and usesa shadow map size of 1024x1024.All
objectscancastshadows wherethe only light sourceis set
at a far distancefrom the scene.Figure8 (asshown in the
color plates)shows snapshotsof our scenerenderedby the
variousapproaches.Theobjectsin thesceneincludeastatic
tree,threemushrooms,a pergola,dynamicobjectsinclusive
of adragonanda few characters,anda lotus.

The accompanying video contains �ythroughs of the
sceneby the various approaches.All the approachesrun
smoothlywith an averageof 28 framesper secondwithout
any specialculling and optimization.With SSM, shadows
of static objectsdo not �ick er while shadows of dynamic
objectsoften�ick er. With BB, the�ick eringoccursfor both
staticanddynamicobjects.Thequalityof theshadowsis not
goodin general,andthe�ythrough experienceis notaccept-
able.With PSM,it producesbettershadow quality thanthat
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of BB for its favorablecases.It, however, convergesto the
SSMfor thoseunfavorablecasessuchaswhentheposition
of the eye needsto be moved backso that all objectscast-
ing shadows into theeye's frustumareincludedin thenew
“virtual” eye's frustum.With TSM, theanimationis smooth
with only occasional�ick eringof shadows. Theexperience
of the�ythrough is verypleasant.

7.2. Urban Model

Our secondexperimentis on anurbanmodelwith approxi-
mately1.4million trianglesfrom 79objectsof buildings,ve-
hiclesetc.wheretheonly light sourceis setat a far distance
from the scene.We usea shadow mapsize of 2048x2048
pixels with the eye having a large depthof view to testthe
qualityof shadowsof objectsfrom nearto far. Suchasetting
is unfavorableto BB (asmentionedin Section3), andcom-
parisonwith BB is thusnotnecessaryandnotshown here.

Theaccompanying videoshows �ythroughs of thescene
andcomparisonsbetweenPSM andTSM. SeealsoFigure
9 (as shown in the color plates)for comparisonsof shad-
owsbetweenPSMandTSM. Weobserve thatbothfaraway
andnearbyshadows generatedby TSM areof betterqual-
ity than thoseby PSM. Our programfor this sceneuses
ARB_occlusion_queryfor a simpleocclusionculling in the
shadow mapgenerationstep.On theaverage,TSM renders
only about56 objectsduringtheshadow mapgeneration.In
contrast,SSM hasto renderall of the 79 objects,andBB
andPSM about61 and72 objectson the average,respec-
tively. The frameratesfor all approachesaresmall due to
the largenumberof trianglesin thescenewhile thereis no
sophisticatedoptimizationin our implementation.

8. Concluding Remarksand Limitations

Weproposethenovel trapezoidalshadow mapsfor real-time
interactiveapplications.Our implementationshows thatit is
practicalandmapswell to graphicshardware.We notethat
our approachis only oneway to addressthe resolutionand
thecontinuityproblem.It is a reasonableheuristicto gener-
ateshadow mapsof goodresolution,but theissueson over-
andunder-samplingremainfor varioussituationssuchasin
theduelingfrustacasewherethetrapezoidalapproximation
doesnot have any particularadvantageover otherapprox-
imations.The possibility to computean optimal resolution
by usingonly oneshadow mapremainsan openquestion.
Also, theapproachaddressesthecontinuityproblemdueto
the motionsof the eye andthe light but not that of objects
perse.Nevertheless,we take comfortin a goodoverall con-
trol of theshadow mapresolutionandits smoothtransition,
sothatshadowsblendwell into thesceneswithoutattracting
special(undesirable)attention!
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(a) (b) (c)
Figure8: FantasyWorld. (a) showsanoverview of thesceneusingSSM.(b) and(c) arecomparisonsof shadowsgeneratedby
BB(left), PSM(center),andTSM(right). (b) A knightriding ona dragonandcarryinga lance. (c) Topview of shadowsof tree
brancheson theterrain andononeof thethreemushrooms.

(a) (b) (c)
Figure 9: Urban Model.Theeye hasa large depthof view. (a) showsan overview of the sceneusingTSM.(b) and (c) are
comparisonsof shadowsgeneratedbyPSM(left) andTSM(right). (b) Shadowsof a truck andstreetlampsfromnearto far. (c)
A zoomfroma distantpositionto theshadowsof a car port on theMercedes.
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