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1 Vector Spaces

In this article, we use F to denote a field of scalars. Here, F is taken to mean
either the real field R and the complex field C. Vector spaces need to be defined
with respect to IF, but for ease of exposition this fact will often be omitted.

Let V be a set. Define an vector addition operator and a scalar multiplication
on V that are both closed on V, i.e., for all x,y € V and for all a € F, we have
x+y € V and ax € V. Together V is a vector space provided that the following
conditions are satisfied.

e forallz,yeV,z+y=y+ 2.

Forall z,y,z €V, (z+y)+z=a+ (y + 2).

There exists 0 € V such that forallz € V, 0+ x =2 =2 40.

For all z € V, there exists —z € V such that (—z) +2 =0=z+ (—=z).
e There exists 1 € F such that for all z € V, 1z = x.

e For all a,b € F and for all z € V, a(bzx) = (ab)z.

e For all a € F and for all z,y € V, a(x + y) = ax + ay.

Two examples of vector spaces are R? and C? where vector addition and scalar
multiplication are the usual operations. As a vector x = (1, 29,...,24) € F?
is essentially a function that maps an integer k € {1,2,...,d} to zx, we can
consider a vector as a function. However, in vector spaces, we are not restricted
to functions whose domain is discrete, we can also consider functions that are
continuous. When we consider the vectors in a vector as a function, we call the
vector space a function space.

Let V be a vector space. For a set of vectors S C V', we say that a vector
y is a linear combination of the vectors in S if there exists scalars a; such that
Yy = Zie g a;x;. The span of S is the set of linear combinations of the vectors
in S. Note that S is a subset of the span of S. Two vectors z and y in V are
linearly independent if y cannot be expressed as a linear combination of z. A
set S C V is said to be linearly independent if any two different vectors in S



are linearly independent. A basis of V is a set S C V of vectors that is linearly
independent and spans V. For the vector space R?, the standard basis of R is
{(1,0,0,...,0),(0,1,0,...,0),(0,0,1,...,0),...,(0,0,0,...,1)}.

A transformation is a function T : V; — V5, where V7 and V5 are vector
spaces. When V; = V5 and both are function spaces, then we call T an operator.
When V; is a function space and V5 is a scalar, we call T a functional. The
transformation 7" becomes a linear transformation when the following hold:

e Forall z,y e Vi, T(x +y) =T(z) + T(y).
e For all a € F, T(az) = aT(z).

When Vi = F™ and Vo = F”, then T(z) = Az for some matrix A. When
an operator is a linear transformation, we call it a linear operator. When a
functional is a linear transformation, we call it a linear functional.

2 More Vector Spaces

An inner product space is a vector space V equipped with a inner product. An
inner product on V is a function (-,-) : V' x V — F. An inner product over the
space V is required to satisfy the following conditions.

e Forall z,y € V, (z,y) = (y, ).

For all z,y € V and for all a € F, {(az,y) = a(z,y).

For all z,y,z € V, (x +y,2) = (z, z) + (y, 2).
e Forallz e V, (x,z) > 0.
e Forall z € V, (x,xz) =0 if and only if x = 0.

Note that the above conditions imply the following.

For all z € V, (z,z) € R.

For all z,y € V and for all a € F, (z,ay) = a{z,y).

For all z,y,z € V, (x,y + 2z) = (z,y) + (z, 2).
o If F =R, then for all z,y € V, (z,y) = (y, z).

For example, R? together with the usual vector dot product forms an inner
product space. For any inner product space, the Cauchy-Schwarz inequality
holds: |(z,y)|? < (x,2)(y,y). In an inner product space, two vectors z and y
are said to be orthogonal if (z,y) = 0. A set S C V is an orthogonal basis of V
if any two different vectors in S are orthogonal, and that S is a basis of V.

A norm on a vector space V is a function || - || : V — R satisfying the
following conditions.

e Forallz eV, |jz| > 0.



e For all z € V, ||z]| = 0 if and only if z = 0.
e Forall z € V and a € R, |ax| = |a|||z].
o Forallz,y €V, [lz +yl| < =]l + [yl

A normed vector space is a vector space where a norm is defined. A typical
example of a norm defined on a vector space is ||z|| = y/(z,y). For this norm,
the Cauchy-Schwarz inequality can be restated as |(z, )| < ||z]|||ly|l. A vector x
is called a unit vector if ||z|| = 1. Note that for any vector x where ||z| # 0, the
vector ”TT” is a unit vector. For a normed inner product space V, we say that
S is an orthonormal basis of V if every vector in S is a unit vector and S is an
orthogonal basis of V. For example, the standard basis of R is an orthonormal
basis of R.

A metric space consists of a set V and a distance function d : V xV — R
such that d is a metric on V, i.e.,

For all z,y € V, d(z,y) > 0.

For all z,y € V, d(x,y) = 0 if and only if z = y.

For all z,y € V, d(z,y) = d(y, z).

For all z,y,z € V, d(z, 2) < d(z,y) + d(y, 2).

Note that a norm induces a metric d(z,y) = ||# — y||, hence all normed vector
spaces are metric spaces.
Let V be a metric space with distance d. A sequence x1,z2, x3, ... of elements

from V is called a Cauchy sequence if for all positive real number ¢ > 0, there
exists a positive integer N > 0 such that for all m,n > N, we have d(z,, x,) < €.
The limit of this Cauchy sequence, if it exists, is defined to be limy, o0 T, A
metric space V is complete if all Cauchy sequences of V' has a limit in V. For
example, R¢ with Euclidean distance is also a complete metric set. However, the
real open set (0,00) is not complete because the limit of the Cauchy sequence

1, %, %, ... 1s 0, which is not in the set.

3 Hilbert Spaces

A Banach space is a complete normed vector space. A Hilbert space is a Banach
space that is also an inner product space. It generalizes Euclidean spaces to
infinite dimensions. For example, R? with inner product defined as the dot
product is a Hilbert space. An example of infinite-dimension Hilbert space is
Lo, the set of functions f : R — R such that f is square integrable (ffooo |f(x)|?dx

is finite), with (f,g) = [~ f(z)g(z)dz. Because a Hilbert space is both a inner
product space as well as a normed product space, any Hilbert space will have
an orthonormal basis.

A continuous linear functional f : V — F is a linear functional that also
satisfies the property that whenever O C F is an open set, we have f~1(O) C V



is also an open set. A functional f is said to be bounded if there exists a constant
M > 0 such that for all z € V, |f(z)| < M||f||. Note that a bounded functional
is also continuous. The Riesz representation theorem states that if f: H — F
is a continuous linear functional mapping from a Hilbert space H to a scalar,
then for all x € H, there exists a unique y € H such that f(z) = (z,y). In
reproducing kernel Hilbert spaces, we will study the case when H is a Hilbert
function space.

4 Kernels

Let X C R? be an attribute space and let H be a feature space. A mapping
® : X — H is known as a feature map. A function K : X x X — R satisfying
K(z,z") = (®(z),®(2')) for all z,2’ € X is called a kernel. Typically, H
is assumed or defined to be a high-dimension or infinite-dimension Euclidean
space, but it is not necessary so. Some properties of kernels are as follows.

e If Kj and K, are kernels, then K defined by K(z,2') = Ki(z,2') +
Ko(x,2') is also a kernel.

e If K is a kernel and « > 0 is a real number, then K defined by K (z,2’) =
aKy(z,x') is also a kernel.

e If K; and K are kernels, then K defined by K (z,2") = Ki(x,2')Ka(x, z")
is also a kernel.

The Mercer’s theorem gives a way to determine whether an arbitrary symmetric
function K : X x X — Ris akernel. Let z1,...,znx be a collection of elements of
X, and let K be the Gram matrix defined by K;; = K(z;,x;). Then the theorem
states that K can be expressed as an inner product if any Gram matrix K
formed by any collection of elements of X is a positive semi-definite matrix, i.e.,
a matrix whose eigenvalues are non-negative. This is equivalent to saying that K
is positive semi-definite, i.e., for all f, we have [ [ f(z)K(z,2’)f(2')dzds’ > 0.

5 Reproducing Kernel Hilbert Spaces

Let H be a Hilbert function space over X, i.e., a Hilbert space which consists of
functions mapping from X to R. For an element x € X, a Dirac functional is a
function 6, € H such that for all f € H, we have 6,(f) = f(z). H is a repro-
ducing kernel Hilbert space if all Dirac functionals in H are bounded. Thus, in
a reproducing kernel Hilbert space H, the Riesz representation theorem applies,
and hence we have d,(f) = f(x) = (f, K;) for some unique K, € H. Then,
the reproducing kernel for the reproducing kernel Hilbert space H is defined
as K : X x X — R with K(x,2') = K,(2'). The reproducing property of this
kernel is such that (f, K(-,2')) = f(2'), and hence K (z,2') = (K (x,-), K(2',")).
It can be shown that all reproducing kernels are positive semi-definite.



Note that for a given kernel, its feature map and feature space cannot be
uniquely defined. However, one can construct a reproducing kernel Hilbert
space that acts as the canonical feature space for the kernel, as well as the
canonical feature map. Put another way, any positive semi-definite kernel is a
reproducing kernel of some reproducing kernel Hilbert space. We now consider
akernel K : X x X — R. Let S = {K(z,-)|x € X}, and let V to be the span
of S. Then let H be the union of V' and the limits of all Cauchy sequences
in V. Let f and g be elements of H defined by f = >, 0;K(x;,-) and g =
Zj B;K(xj,-). Then we can define an inner product between f and g, by
(f,9) = 2222, qi3i{K (zi,), K(z;,-)). Thus we have defined a Hilbert space
H, and we see that (K (z,-), K(2,-)) = K(z,2’), and hence H is a reproducing
kernel Hilbert space of K. Using H as the feature space, we can define a feature
map ®(z) = K(z,-) which satisfies (®(z), ®(2')) = K(z,2). It can be proven
that H is the only reproducing kernel Hilbert space of K.

It has been noted that the feature space and feature map of a kernel is not
unique. However, any feature space of a kernel will be isomorphic to the repro-
ducing kernel Hilbert space of the kernel. Here we give another construction
of the feature map. For a linear operator T, if a function f and a scalar A
satisfies T'(f) = Af, then f is an eigenfunction of T and A is an eigenvalue of T'.
For a kernel K, we can find an eigenfunction ¢ and an eigenvalue A satisfying
(K(z,-),¢) = Mg, or [ K(x,2")p(z")dx’ = Ap(z'). Aslong as K is positive semi-

definite, we can find an infinite sequence of eigenfunctions ¢, ¢o, ... and eigen-
values A1, Az, ... of K, where {¢1, ¢o,...} form an orthonormal basis of Ly and
A1 > Ao > ... >0, such that K(z,2') = > 2, Nigi(x)¢i(2’). We can then define

o0

an inner product on Lo: for f,g € Lo, (f,9) = > .24 W\# Henceforth,

we define another feature map for K to be ®(x) = (v A1¢1(z), VA202(2),...),
which satisfies (®(z), ®(2')) = > ooy VANidi(2)VAigi(a") = K (x,2') as desired.
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