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ABSTRACT

We consider a network of hybrid automata that observe and
control a plant whose state space is determined by a finite
set of continuous variables. We assume that at any instant,
these variables are evolving at (possibly different) constant
rates. Each automaton in the network controls—i.e. can
switch the rates of—a designated subset of the continuous
variables without having to reset their values. These mode
changes are determined by the current values of a designated
subset of the variables that the automaton can observe. We
require the variables controlled—in terms of effecting mode
changes—by different hybrid automata to be disjoint. How-
ever, the same variable may be observed by more than one
automaton.

We study the discrete time behavior of such networks of
hybrid automata. We show that the set of global control
state sequences displayed by the network is regular. More
importantly, we show that one can effectively and succinctly
represent this regular language as a product of local finite
state automata.

Categories and Subject Descriptors

F.4.0 [Theory of Computation]: Mathematical Logic and
Formal Languages— General

General Terms
Theory, Verification

Keywords

distributed hybrid automata, discrete time approximation

*Supported by the Ministry of Education Grant T208A2104.

JfSuppor‘ced by Macao FDCT under the PEARL project,
grant number 041/2007/A3.

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.

HSCC’10, April 12-15, 2010, Stockholm, Sweden.

Copyright 2010 ACM 978-1-60558-955-8/10/04 ...$10.00.

Shaofa YangT
UNU-IIST, Macao, China
ysf@iist.unu.edu

1. INTRODUCTION

We study the discrete time behavior of a network of hybrid
automata. The network models the behavior of a set of
controllers that interact with a plant in a distributed fashion.
We associate a finite set of continuous variables X with the
plant. Each controller can observe a subset of X. Based
on these observations, it can actuate—i.e. effect changes to
the rates of—a subset of X. An important feature is that
the mode changes to the continuous variables are effected
without requiring the current values of these variables to be
reset to a pre-determined range of values. We show that the
discrete time behavior of such a network of hybrid automata
can be effectively and succinctly represented as a network of
finite state automata.

In the present study, there is no explicit communication
between the hybrid automata. However, there will be infor-
mation flow between them due to the state space of the plant
acting as a shared memory. Specifically, the automaton A
will use the values of Obs .4, the variables it can observe, to
guard the transitions affecting mode changes to Ctla, the
variables it controls. For a different automaton A’ in the
network, Obs 4/ may intersect with Ctl 4. This will result
in coordination between the behaviors of the two automata.
To ensure that at every instant, a variable has a well-defined
rate governing its evolution, we require that the variables
controlled by the automata are pairwise disjoint. In gen-
eral, Obs4 will be different from Ctl4. This is so since a
controller may be able to sense (actuate) a variable without
being able to actuate (sense) it.

Figure 1 displays an example of a plant with three con-
trollers. An arc from the plant to controller 7 labelled with
z indicates that ¢ can observe the value of x. Thus, the set
of variables that controller 2 observes is {z1,z3}. An arc
from the controller ¢ labelled with an x to the plant signifies
that x is controlled by 1.

Though we do not handle it here, there is a case to be
made for letting the automata communicate with each other
externally. In practice they will share a communication plat-
form and exchange the values of the private variables they
use to compute the control functions that are being realized.
This external computational activity of the controllers and
the plant dynamics they control will strongly influence each
other. However, as we point out in the concluding section,
this is a topic worth an independent study. Hence, we shall
focus here on studying just the plant behavior determined
by the network of controllers.

We assume that at any instant, each variable is evolving
at a constant rate and that the guards associated with the
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Figure 1: A plant interacting with three controllers

transitions of the hybrid automata are rectangular. Both
these restrictions are standard, well-motivated and exten-
sively studied [13, 15, 12, 14]. However, even with these
restrictions, the continuous time behavior of a hybrid au-
tomaton will often be intractable [4, 15]. One usually im-
poses two very different types of additional restrictions to
ensure tractability. One type of restriction is to require that
the values of the continuous variables be reset to fall within
a pre-determined range of values whenever there is a mode
change affecting the rate of this variable [3]. Clearly, in the
setting where the hybrid automaton models the interactions
between a digital controller and a continuous plant, this re-
striction is untenable. Hence we follow here the second type
of restriction, namely, that the controllers interact with the
plant only at discrete time points. This is a natural restric-
tion since the controllers—almost always realized as digital
devices—will sense and actuate only at discrete time points
determined by their internal clocks.

In the presence of the discrete time assumption, one will
not require the resetting assumption. This was established
in [13] and later extended to much richer settings [1, 2]. The
basic result in this setting is that the discrete time behav-
ior of the plant-controller combine is a regular language and
one can effectively compute a finite state automaton repre-
senting this language. As a result, a variety of verification
and controller synthesis problems can be studied and solved
using classical methods.

In fact, one can exploit the techniques developed in [1, 2]
to show that in the present setting too, the discrete time
behavior of the network of hybrid automata is a regular lan-
guage and that this language can be effectively represented
as a finite state automaton. However, the size of this au-
tomaton will be exponential in the number of variables and
in the number of controllers. Hence this automaton can be
prohibitively large.

Our main result is that one can instead represent this
language succinctly as a network of finite state automata.
The overall size of this representation will be linear in the
number of variables and in the number of controllers but
exponential in the number of variables that a controller can

observe and control. We however expect this latter number
to be small relative to the total number of variables. Nat-
urally, to analyze this representation as a network of finite
state automata, one will have to deal with the state explo-
sion problem. However, a variety of techniques have been
developed by the formal verification community including
symbolic representation methods [6] and partial order veri-
fication methods [11] to cope with the state explosion prob-
lem. These can be readily deployed to analyze our succinct
representation of the discrete time behavior of the network
of hybrid automata.

In terms of related work, the control systems community
has studied in a variety of settings a continuous plant being
controlled by a network of discrete controllers (see for in-
stance [9]). An informative survey of research on networked
control systems for instance is provided in [16]. The main
objective in this line of research is to minimize the impact
of distribution and communication on the control task being
implemented; not on computing a finite state representation
of the overall discrete time behavior of the combined system.

Decentralized control has also been extensively studied in
the setting of discrete event systems with [17] being a rep-
resentative study. However, the plant model and the con-
trollers are all assumed to be finite state machines and thus
involve no continuous dynamics.

In the next section we introduce the hybrid automata net-
work model and in section 3 define its discrete time seman-
tics in terms of a transition system. In section 4 we establish
our main results. We do so in a restricted setting to avoid
notational clutter from obscuring the key ideas. In section 5
we then sketch how these restrictions can be relaxed and our
results can be extended in various ways. In the concluding
section we summarize and briefly discuss the prospects for
future research.

2. A CLASS OF DISTRIBUTED HYBRID
AUTOMATA

We associate n continuous variables X = {91:17 T2,. .. ,In}
as well as a set of locations (names) P = {p1,p2,...,Pm}
with the plant. We let p, ¢ range over P. We will assign
one controller—modeled as a hybrid automaton .A,—to each
location p.

Each automaton A, can observe a subset of X' denoted
Obs, and control a subset of X denoted Ctl,. By “control”
we mean that at suitable times, it can effect mode changes
to the variables in Ctl,. We require Ctl, N Ctl, = 0 if
p # q and Up Ctl, = X. To highlight the main ideas and
lighten the notation, we will first formulate our model with
the restriction |Ctl,| = 1 for every p. In other words, each
automaton will control exactly one continuous variable and
we let x, denote the variable controlled by the automaton
Ap.

R is the set of real numbers and Q is the set of rational
numbers. We fix rationals Bin, Bmaz With Bmin < Bmaz
and assume that the feasible values which the variables can
attain lie within the interval [Bymin, Bmaz|. By convention,
the plant will get stuck whenever the value of some con-
tinuous variable goes outside this interval. For convenience
we have assumed uniform lower and upper bounds for the
values of the variables.

For X C X, a rectangular X-guard is a conjunction of in-
equalities of the form ¢ < x < ¢’ where ¢, are rationals in



[Bimin, Bmaz] and ¢ € X. Let Grd(X) denote the collection
of guards over X. By an X-valuation, we shall mean a map-
ping from X to R. The notion of an X-valuation satisfying
an X-guard is defined in the obvious way.

A Distributed Hybrid Automaton (“dha” for short) is a
P-indexed family of hybrid automata {Ap}pcp, where each
Ap = (Sp, 53", Obsp, Tp, —p, Inity, pp) is as follows:

e S} is a finite set of control states.
e s' € S, is the initial control state.

e Obs, C X is the set of variables observed by p and x),
is the variable controlled by p. For convenience, we set
Varp, = Obs, U {zp}.

e —, C S, x Grd(Obsp) x Sy, is the transition relation
such that if (sp, ¢, s,) € —p then s, # si,.

o Init, will assign an interval [dy,;,, drq,] of initial values
to each variable being observed or controlled by p. We
require both d-,;,, and d7,,, to be rational numbers such
that Bmin < diin < drge < Bmaz. We further require
that if x € Var, N Varg then Init,(z) = Inity(zx).

e pp: Sp — Q where pp(s) is the rate of evolution of x,
when A, resides in the control state s.

Figure 2 displays a dha consisting of three automata A, ,
Ap,, Ap, following the usual graphical notations. To reduce
clutter, we have not shown all the guards.

S
A
7? 0.1<2,<0.4
S N0.2<2,<0.3
\S]

Apy Apy

Obsp, ={z1,z2}, Ctlp,=z1 Obspy={z1,23}, Ctlp,=wx2

Ap3
Obspy={z3}, Ctlpg=x3

Figure 2: A dha

We shall study the discrete time behavior of this model
and accordingly fix a unit of time at a suitable level of gran-
ularity. At time to = 0, each A, will be in its initial control
state and each variable z will have its initial value lying in
the interval [dF,;,,dn..]- Each variable z, € X will start
evolving at rate pp(ss").

Suppose at time t; the automaton A, is in the control
state sp and the valuation Vj specifies the current value of
each variable and each z, is evolving at rate pp(sp). Then
one unit of time will pass at the end of which the following
actions occur instantaneously.

e The plant will transmit the current value of the vari-
able x at time ;41 to each A, for which x € Obs,.
Each automaton A, will then do the following.

e Based on the received values of the variables in Obsp,
A, will determine if any of the guards associated with
the outgoing transitions at s, is satisfied and hence
enabled.

e If an outgoing transition is enabled then the automa-
ton A, will non-deterministically choose one of the en-
abled transitions and move to a new control state, say,
sp,. In this case, it will transmit the new rate, namely
pp(sp) to the plant. As a result, the variable z, will
now start to evolve at this transmitted rate starting
from tg41.

o A, will stay put in its current control state in case no
outgoing transition is enabled. In this case, no mode
change will be effected and z, will continue to evolve
at the rate pp(sp) starting from ¢j41.

One could permit A, to stay in its current mode even if
an outgoing transition is enabled by assigning state invari-
ants to its control states. These invariants will be boolean
combinations of atomic assertions of the forms z < ¢, = > ¢
with € Obs, and ¢, ¢’ € Q. We would then demand that
at trp+1, the automaton A, may choose to stay in s, pro-
vided the state invariant associated with s, is not violated
according to the new values of the variables in Obs, that
have been received from the plant at tx+1. Our results will
easily go through in the presence of such invariants.

It will be more realistic to assume that the controllers and
the plant have different units of time according to which they
react. There could also be delays associated with the trans-
mission of messages between the plant and the controllers.
However these complications can be factored in without af-
fecting the main results. Hence, in what follows, we will
assume a particularly simple and rigid style of operation for
the network of the plant and the controllers. In section 5,
we will describe how various extensions can be incorporated
into the model.

3. THE TRANSITION SYSTEM
SEMANTICS

Through this section, we fix a distributed hybrid automa-
ton DHA as described in the previous section with the as-
sociated notations. We note that in the way we have set up
the model, for each x € X, there exists a unique p such that
x = xp. This fact will be implicitly used in what follows.

We shall define the discrete time dynamics of DHA in
terms of a transition system T.Sppa, while often dropping
the subscript DHA. States of T'S will be termed configura-
tions. A configuration is a map £ which assigns a control
state {(p) € Sp to each p € P and a value £(z) € R to
each variable in X. Let Conf denote the collection of con-
figurations. The set of initial configurations Conf™ is given
by: € is in Conf™ iff £(p) = s)' and &(xp) € Inity(zp)



for each p. A configuration £ is feasible if for every =z,
Brin < &(z) < Bpas. Clearly, every initial configuration
is feasible.

We define the transition relation = C Conf x Conf via:
¢ = ¢’ iff the following conditions hold.

o ¢ is feasible.

e For each p, {'(zp) = &(xp) + pp(sp), where sp = £(p).

e For each p, let s, = £(p), s, = €' (p). If sp # s),, then
there exists a transition (sp,,s),) € —p such that
the Obs,-valuation V' given by V'(z) = &' (x) for each
x € Obs,, satisfies ¢.

On the other hand, if there exists no transition
(sps,8p) in —>, such that the Obsp-valuation V'
given by V'(z) = ¢ (x) for each x € Obs,, satisfies
¢ then s, = sp.

Now we define the transition system TS to be (RC,
Conf™, =—>rc) where RC, the set of reachable configura-
tions, is the least set such that Conf™ C RC. Further, if
£ € RC and ¢ = ¢’ then ¢’ € RC. Moreover, = g is the
restriction of = to RC x RC. Abusing notation, we will
often write — instead of =—rc. We note that TS will be
an infinite state system unless Init,(zp) is a singleton set for
every p.

A run of DHA is a finite sequence of configurations
&o&1 ... & such that & € Conf™ and & = &1 for 0 <
1< k.

A global control state is a map s from P to |J Sp such that
s(p) € Sp for each p. The global control state induced by the
configuration ¢ is denoted as st(§). It is the global control
state s satisfying s(p) = £(p) for each p.

The control state sequence induced by the run o =
€o&1...&k is denoted st(o) and it is the sequence
st(&o)st(€1) ... st(€k). Welet L(DHA) denote the set of con-
trol state sequences of DHA.

Based on the results in [1], it is easy to show that L(DHA)
is regular and a finite state automaton representing this lan-
guage can be effectively constructed. However, the size of
this finite state automaton in terms of its number of states,
will be exponential in the number of controllers and in the
number of variables. Our main result is that this state-
explosion problem in the representation of L(DHA) can be
avoided. We shall show that L(DHA) can be succinctly rep-
resented as the language accepted by the product of a family
of finite state automata. Further, this family can be effec-
tively constructed and its overall size will be linear in the
number of variables and the number of controllers but expo-
nential in (the maximum of) | Var,|. As pointed out earlier,
| Var,| will often be much smaller than |X| and |P|.

It is worth noting that one can also associate actions with
the transitions of A, define a language of action sequences,
show that the resulting language is regular and construct a
family of finite state automata representing this language.
Consequently, one can effectively tackle a variety of verifica-
tion and controller synthesis problems related to the discrete
time behavior of DHA.

4. THE REPRESENTATION RESULT

In this section, we establish our main result, namely, that
the behavior of a dha can be represented succinctly as the

Figure 3: Communication graph

product (parallel composition) of a family of finite state au-
tomata that operate asynchronously. We fix a distributed
hybrid automaton DHA as described above with the asso-
ciated notations. The corresponding network of finite state
automata we construct will communicate with each other in
the manner of asynchronous cellular automata ([8]). How-
ever, no prior knowledge of asynchronous cellular automata
will be assumed or needed.

In the rest of this section we let T = P U X and let 7,
1’ range over Y. There will be one finite state automaton
B, for each p and one automaton B, for each x. To show
that this family {8, } represents L(DHA), we will define B,
the product of {B,} in the standard way. B will contain a
richer set of behaviors than what is needed. Hence we will
extract from B—through a simple operation—a finite state
automaton that will accept L(DHA).

The moves of B, will depend on its current state and
on the current states of the automata in {B:}zecvar, (re-
call that Var, = Obsp U {zp}). On the other hand, the
moves of the automaton B, will depend on its current state
and on the current states of the automata in {B}}pcioc(a)
where loc(z) = {p |z € Vary}.

The flow of information between the automata in {88, } can
be conveniently represented in terms of the communication
graph of DHA denoted CGppa. As before, we will often
drop the subscript DHA. Then CG = (Y, A) where A =
{(p,z) | = 2p} U{(z,p) | * € Obsp}. Thus CG will
be bipartite with arcs going from variable nodes to location
nodes and from location nodes to variable nodes.

Figure 3 displays the communication graph of the dha in
figure 2. We have used circles to denote the variables and
boxes to denote locations merely to emphasize the bipartite
nature of the communication graph. No association with
Petri nets is intended at this stage.

B, will track the current state of .4, and thus the current
rate of . The automaton B, will track the current value of
z. Since B; is required to be finite state, it can keep only a
bounded amount of information about the current value of x.
To facilitate this, we will quantize the feasible range of values
[Bmin, Bmaz] into finitely many sub-intervals and represent
a value of a continuous variable by the sub-interval it lies in.
It will turn out that the evolution of values of variables in
X can be represented in terms of these sub-intervals.

4.1 The quantization of the value space

We begin with the quantization of [Bmin, Bmaz). Let Q be
the least set of rational numbers given by:

(] Bmin7B7naz S Q



e Suppose Inity(x) = [dinin, dmaz]- Then dii,, dimes € Q.
e pp(s) € Q for every p and every s € Sp.

e Suppose (sp, ¢, s,) € —p and ¢ appears in ¢. Then
ce .

Now let I' be the largest rational which integrally divides
every number in €. Let Ny, and Ny, be integers such
that Bumin = Nmin - I’ and Bmaz = Nmaz - I'. We then parti-
tion R, the set of real numbers into finitely many intervals
(—Ooy Nmzn F)y [Nmzn F7 Nm'm F]y (Nmzn Fy (Nm'm + 1) F) 3
[(Nm'm + 1) F)y (Nm'm"'l) F)]y ey ((Nmaz - 1) 'F7 Nmaz F)y
[Nmaw . F7 Niaz - F]7 (Nmaz . F7 OO)

Let INT be the collection of these open intervals and
closed singleton intervals. Clearly, INT is a finite set. Now
we define the map ||| : R — INT via: ||v|| =T iff v € I.

Next suppose X C X and V is an X-valuation. Then ||V||
is the map ||V|| : X — INT given by: ||V]| (z) = ||V ()] for
each x.

We note some simple facts which will be used to show
that the above quantization is sufficiently fine to capture
the dynamics of DHA.

LEMMA 1. The following assertions hold:

(i) Suppose X C X. Let ¢ be an X-guard and V,V' be
X -valuations such that |V|| = ||V'||. Then V satisfies
e iff V' satisfies .
Further, given a collection of X-indexed intervals
{I+}zex where I, € INT, one can effectively check
whether there exists an X -valuation U such that U(z) €
I, for each x and U satisfies .

(it) Let v,v" € R with ||v]| = ||v'||. Then v € [Bmin, Bmas)
iff v' € [Bumin, Bmaz). Further, if v € [Bmin, Bmasz] and
¢ = pp(s) for some p and some s € Sy, then ||v +c|| =
[ + e

PRrOOF. First, we prove (i). Let ¢ = Azex ¢z < o < .
We fix an ¢ € X. Let |V (z) = I, and suppose I, =
(] : F7 (.7 + 1) . F) with Nmin S ] S Nmaw — 1. Since Cgc7C;
are multiples of T', it follows that ¢, < V(z) < ¢, (and
ce < V'(z) < ) iff I is contained in [cz,c,]. The same
observation can be established in a similar but simpler way
for the cases that I, is a singleton interval or lies outside
[Bimin, Bmaz]- From these arguments, it is clear that V sat-
isfies o iff V' satisfies o, and the second part of (i) also
holds.

Similarly, (ii) can be established by considering cases ac-
cording to whether ||v]| is an open interval or a singleton
interval. [

4.2 The construction of the family of local au-
tomata

We now turn to the construction of the collection of au-
tomata {B,}. We first recall that a move in DHA at ti41
consists of (i) the value of each = being updated—from the
previous value at tp—according to its rate of evolution at
time t; (ii) the controller p reading the updated values of
each x € Obsp, determining if there is to be mode change
and if so, a new control state and rate of evolution of x,.
Such a move in DHA will be simulated by the automata in
{B,} in two stages.

For explaining this and for later use it will be convenient
to define the notion of the neighbors of a node 7, denoted

Nbr(n), in the communication graph CG = (T, A). It is
given by, Nbr(n) = {n' | (n',n) € A}U{n" | (n,n") € A}.

Clearly there is some redundancy between the notions
Varp, loc(xz) and Nbr(n). We have introduced this redun-
dancy for convenience.

Each automaton B, will read—but not alter—the current
states of automata {Bg}qecnor(s)- Using this information, it
will update the quantized value of x using its current quan-
tized value and the rate of its evolution prescribed by the
current state of B, where x, = . Thus the information it
reads from the other automata in {B,}.cnpr(z) is only for
proper coordination as will become evident below.

Each B, will read—but not alter—the states of the au-
tomata {Be}senpr(p) to obtain the updated quantized val-
ues of the variables © € Obs, and determine the new control
state. Again, the state of the automaton B, is read (in case
xp ¢ Obsy) only for proper coordination.

To coordinate the moves of automata in {B,}, each state
of B, and B, will also maintain a parity bit. Initially, every
automaton will be in its initial state with parity 0. We will
require that B; can make a move only when its parity is the
same as that of B, for every p € Nbr(z). And B, will flip its
parity whenever it makes a move. On the other hand, B, will
be allowed to make a move only when its parity is different
from that of B, for every x € Nbr(p). It will also flip its
parity whenever it makes a move. As mentioned earlier, the
moves of the automata will be made asynchronously. Thus
different automata in {8, } may have made different number
of moves at any given time and hence may have different
views of how much global time has passed. We will however
show that the automata that belong to the same connected
component of the communication graph of DHA will be out
of synch by only a bounded amount.

By convention, B, gets stuck if the quantized value of =
it is maintaining falls outside [Bmin, Bmaz]- Once B, gets
stuck, any B, with p € Nbr(z) will also get stuck. As a con-
sequence, every automaton that lies in the same connected
component of the communication graph will get stuck within
a bounded amount of time.

We will first describe the states of the automata in {B,}
before presenting their transition relations. A state of B,
will be of the form (I,(3), where I € INT is the quantized
interval in which the current value of z lies and 8 € {0, 1}
is a parity bit. We let W, be the set of states of B,. Thus
Wo = INT x {0,1}. The set of initial states of B, denoted
Wi is {(JJv]],0) | v € Inity(z)} with = = z,.

A state of B, will be of the form (s, 3) where s, € S, and
B € {0,1} is the parity bit. We let W), be the set of states
of B,. Thus W, = S, x {0,1}. The set of initial states of
B, denoted W,." is a singleton set and consists of (s}",0).

Clearly W, is a finite set for every n.

To define the transition relations, we will make use of the
notion of @)-states relative to the family of sets of states
{W,}. Suppose @ C Y. Then a @Q-state is a map which
assigns to every element 1 in @ a state in W,. We let Wg
be the set of Q-states. In case Q = {n} is a singleton, we
will say n-state instead of {n}-state.

The transition relation of each B, denoted ~~, is a subset
of Wa X Wiz X Wy defined as follows.

Let w = (I,8) and w' = (I',3') be z-states and z be
a Nbr(x)-state with z(p) = (sp,3p) for every p € Nbor(x).
Then (w,z,w') €~ iff the following conditions are satis-
fied:



e 3=0, foreachpand ' =1- 8.
e [ is contained in [Bmin, Bmaz]-

e There exists v € I such that v+c € I’ where ¢ = py(sq)
and x4 = x.

Following lemma 1, the above transition relation is well-
defined in the sense that the last condition does not depend
on the specific choice of v. Further, ~», can be effectively
computed.

The first condition in the definition of ~+, ensures that B,
can make a move only when its parity is the same as that of
each B, with p € Nbr(x). Further, B, flips its parity at the
end of the move. The second condition dictates the current
quantized value of z is within the value range. The last
condition ensures that the quantized value of x is updated
according to the current rate of By with z = z,.

The transition relation ~+, of B,, is the subset of
Wp X Wiy X W), defined as follows.

Let wp = (s,3) and w,, = (s', ") be p-states and z be a
Nbr(p)-state. Assume z(z) = (I, Bz) for every x in Nbr(p).
Then (wp, 2, w,,) €~ iff the following conditions are satis-
fied:

e 3+# 3, for each x and 3 =1 — 3.
e I, is contained in [Bumin, Bmas] for each x.

e Either there exists a transition (s, ¢,s’) of the hybrid
automaton B, such that ¢ is satisfied by some Nbr(p)-
valuation V' with V(x) € I, for each z, or s = 5.

Again, it is easy to argue that this transition relation is
well-defined and can be effectively computed. The last con-
dition asserts that the current control state of 5, is updated
according to the (quantized) values of variables that p ob-
serves. This completes the construction of the family of
automata {B,}.

4.3 The product of the family of local
automata

We now wish to define the product (parallel composi-
tion) of {B,}. The resulting finite state automaton will
be denoted as B. It is important to note that B is being
constructed only to establish that {B,} captures the be-
havior L(DHA). However, verification problems concerning
L(DHA) are intended to be addressed in terms of {5,}.

In each transition of B, one component n will make a
move while all other components stay put. Anticipating
later developments, it will be convenient to associate action
labels with the transitions of B. Accordingly, we define ¥, =
INT x {x} x INT for each x. A letter (I,x,I') in 3, will
be used to label a transition of B in which B, makes a move
and changes its interval from I to I’. For each p, we define
¥, = Sp X {p} x Sp. The letter (s,p,s’) € T, will be used
to record a move of B in which B, moves from control state
stos’. Weset ¥ =J,y Xy and let e, ¢’ range over X.

We now define B = (W, W™ <) where:
e W is the set of Y-states.

o W is the set of initial states and is given by: w € wn
iff w(n) € W, for every n € T.

e — C W x X x W is the transition relation and is the
least set which satisfies the following.

(i) Suppose (w,uq,w’) is a transition of B, with
Q = Nbr(z). Let z,2" € W such that z(z) = w,
2(p) = uq(p) for each p € Nbr(z), 2'(z) = w',
and moreover z(n) = z'(n) for each n € T with
n # x. Let w = (I,08), w' = (I',8). Then
(z,€,2") € — where e = (I,z,I').

(ii) Suppose (w, ug,w") is a transition of B, with Q =
Nor(p). Let z, 2" € W such that z(p) = w, 2(z) =
ug(x) for each x € Nbr(p), 2’ (p) = w’, and more-
over z(n) = z'(n) for each n € T with n # p.
Let w = (s,8), w' = (s',3). Then (z,e,2') € —
where e = (s,p, s').

Thus B is a finite state automaton which captures the
global asynchronous interleaved behavior of {B,}. The
reader familiar with asynchronous cellular automata [8] will
notice the similarity in terms of the way in which the com-
ponents of {B,} interact with each other.

Our goal is to show that B captures in a natural way
L(DHA), the control state sequence language of DHA. To
start with, we will assume that the communication graph of
DHA is connected (but not necessarily strongly connected)
in the usual graph-theoretic sense. Later we will argue how
the main result can be lifted to the general case.

We will first define the behavior of B in terms of its firing
sequences. We will then identify the subset of complete firing
sequences. Every complete firing sequence will induce in a
canonical way a control state sequence of DHA. We will
then argue that this set of control sequences extracted from
the complete firing sequences of B is precisely L(DHA).

FSp C X* will denote the set of firing sequences of B. As
usual we will often drop the subscript B. This set is defined
inductively as follows. In doing so, we will also inductively
define an extended version of <. By abuse of notation this
extgnsion will also be denoted as <. We will also often write
w — u instead of (w, e, u) € —.

e The null sequence € is in F'S. And w < w for each
we W™,

e Suppose ¢ € FS and w™ < u where w™ € W™, If
u <> 2. Then oe € FS and w™ &5 2.

From now on, we let #(o,n) denote the number of times
letters in 3, appear in the firing sequence o. This represents
the total number of times the automaton 3, has moved dur-
ing the execution of o.

Next we define the firing sequence o to be complete iff
#(o,n) = #(o,7n’) for every n,n' € Y. Thus o is complete
iff every automaton 5, has made equal number of moves
during the execution of o.

Using the definitions of {B,} and B it is tedious but
straightforward to establish the following result:

PROPOSITION 2. (i) Let o be a firing sequence and
@ € Nbr(p). Then #(0,p) < #(0,x) <1+ #(0,p).

(i) There exists a non-negative integer K which depends
only on the communication graph CG such that for
every firing sequence o and every n, ' in YT, #(o,n) —

#(o,n') < K.

The second part of the proposition needs the assumption
that the communication graph is connected. The proof of
the proposition merely exploits the fact that a parity of an



automaton in {B,} can flip twice only if all its neighboring
automata have flipped their parities at least once. As we
will explain in section 4.5, one can also augment the com-
munication graph suitably to obtain a live and safe marked
graph [7] and use basic results of marked graphs to establish
proposition 2. Note that the last part of the proposition
bounds the amount by which the automata in {B,} can get
away from each other in terms of the number of moves they
can make.

We can now extract a control state sequence from a com-
plete firing sequence. To this end, let o be a complete firing
sequence and m = #(o,n) for some 7. By the definition of a
complete firing sequence, m does not depend on the choice
of n. We now define sgps1...sm to be the control state se-
quence induced by o where the global control states so, s1,

.., Sm are obtained as follows.
For each p and for each j € {0,1,...,m} fix a prefix Tf of

P
o such that #(7],p) = j. Let 25 < 2% for each sequence
where z;" € W™, Then for 0 < j < m, s; is the global
control state given by: s;(p) = 27 (p).

According to our definition there is a great deal of choice
when it comes to fixing the prefixes Tf . Using the definition
of B, it is easy to argue however that all the different choices
will lead to the same control state sequence. We let L(B)
denote the set of control state sequences induced by the set
of complete firing sequences of B. Our main result is that
L(DHA) = L(B).

For proving the main result, it will be convenient to intro-
duce a Mazurkiewicz trace alphabet ([8]) and group firing se-
quences into equivalence classes induced by the
Mazurkiewicz trace alphabet. A Mazurkiewicz trace alpha-
bet is a pair (O, le) where O is a finite alphabet and Ie C
© x O is an irreflexive and symmetric relation. We call Ie
the independence relation. The relation Dg = © X © — Ig is
called the dependence relation. Clearly, Dg is reflexive and
symmetric.

Recall CGpra = (YT, A). We first observe that there is a
natural dependence relation Dy, C ¥ X X by: el Dsx e2 iff
one of the following holds:

(1) el =e2.
(ii) Let el = (I,z,I"), €2 = (s,p,s’). Then (z,p) € A or
(p,z) € A.
(iii) Let el = (s,p,s’), €2 = (I,z,I'). Then (p,z) € A or
(z,p) € A.

We set the independence relation Is, to be be ¥ x ¥ — Ds.
Thus (X, Ix) is a Mazurkiewicz trace alphabet which induces
the equivalence relation ~ C X* x X*, where = is the least
equivalence relation satisfying:

Suppose oee’o’, oe’ed’ are in ©* such that e I ¢’. Then
oee'o’ = geleo’.

As usual, we let [o]~ denote the ~-equivalence class con-
taining o and often drop the subscript ~. Again, using our
definitions and basic Mazurkiewicz trace theory, one can eas-
ily establish the following facts.

ProprosITION 3.
Then [o] C FS.

(i) Suppose o is a firing sequence.

(ii) Suppose o and o' are firing sequences and o =~ o’.

Then the control state sequence induced by o is the

same as that induced by o’'. Further, o is complete iff
o’ is complete.

(iii) Let o be a complete firing sequence and #(o,eq) = m
for some n with m > 0. Recall that X = {z1,x2,...,
Zn}, P = {p1,p2,...,pn}. Then there exists & € [o]
such that 6 can be expressed as 6 = T1T2...Tm, where
each Tj is of the form eg €xy ... €x,Ep €py - - - Ep, With
e, € X, for each 1.

4.4 The main result

At last, we can prove our main result.

THEOREM 4. Let DHA, B be as described above. Then
L(DHA) = L(B) and L(DHA) is regular.

PrOOF. First, we show that L(DHA) C L(B). Let
$081...8% € L(DHA) be a control state sequence induced
by the run o = &1 ...& of DHA. We shall construct a
complete firing sequence 7 of B which simulates the run o.
The control state sequence induced by 7 will be 081 ... Sk.

The proof proceeds by induction on k. The base case k = 0
is clear. Note that for each = we also have that ||€o(z)|| is

equal to the first component of w™ (z) for some w™ € W™,

A )
where for 7 = ¢, we also have w*" — w"™. So assume in-

ductively that there is a complete firing sequence 7 such
that the control state sequence induced by o = &oé1 ... &k
is identical to the control state sequence induced by 7 and
that ||&k(x)|| is equal to the first component of w(z) for ev-

ery « where w™ < w for some w™ € W™, Now suppose
& = &k4+1. In each B, we choose the transition that
will update the current quantized value of x using the cur-
rent rate of x obtained from B, with = z,. Suppose this
move takes B, from (I,3) to (I',4’). Then by lemma 1
and the induction hypothesis, we will have ||x41] (z) = I'.
Thus we can extend 7 via 7/ = T€z, €xy - .- €z, (recall that
X = {z1,22,...,2n}), such that e, € X, for each z. And

for some suitable u, we have w™ <, w with the property
that the first component of u(z) will agree with ||€x41(2)]|
for every x. It is also easy to show that 7’ is indeed a firing
sequence.

Next we consider B), for some p and note that the change
from &k (p) to &x+1(p), if any, can be mimicked by a suit-
able move in B,. Suppose this move takes B, from (s, )
to (s’,8"), then again, using the definitions, lemma 1 and
the induction hypothesis one can ensure that the chosen
move is such that &11(p) = s’. We now extend 7' to
7" =17'ep €p, ... €p, (recall that P = {p1,p2,...,pn}), such
that e, € ¥, for each p. Further we can find a suitable

z € W such that w™ < z such that &1 (p) agrees with the
first component of z(p) for every p. It is now easy to verify
that 7" is a complete firing sequence and that the control
state sequence it induces is identical to the one induced by

&k+1-

To show inclusion in the other direction, let ¢ be a com-
plete firing sequence of B. To start with, in view of proposi-

tion 3, assume that o is of the form o = ez, ... €z, €p; ... €p,

such that e, € X, for each 7. Assume further that w™ < w
where w™ € W™ and w € W. Then by repeating the argu-
ments developed in the first half of this proof, we can find
an initial configuration £, and a configuration £; such that

the following conditions hold:



o ||&o(x)|| = I§ for every x where w™(z) = (I§,0) for
every .

e ||&i(x)|| = IT for every x where w(z) = (IT, 1) for every
x.

e For each p, the first component of w(p) agrees with

&1(p).

By repeated applications of the last part of the previous
proposition we now have the required inclusion. []

Lastly, we argue that L(DHA) is regular. This already fol-
lows from results of [1]. One can also construct a finite state
automaton that runs alongside B and checks whether the fir-
ing sequence that has been generated so far is complete. Due
to the bound K established in proposition 2, only a finite
amount of information will have to be maintained to check
this and hence indeed the required finite state automaton
can be constructed. This establishes that the language of
complete firing sequences is regular and hence L(B) is also
regular.

We note that the global control states can be augmented
with the current finitely quantized values of the variables.
The resulting languages of augmented global control states
and hence its projection to just to the quantized values com-
ponents will be regular. Consequently one can also reason—
in terms of intervals of values—about the quantitative be-
havior of the plant.

We conclude by observing that the case where the com-
munication graph is not connected can be easily dealt with.
Clearly, the behavior of B can be decomposed into behaviors
of automata in each connected component. In particular,
every action label arising from a connected component will
be independent of every action label belonging to any other
connected component. Using this observation and with some
notational complications, it is easy to once again establish
the main result.

4.5 The marked graph connection

A potentially useful fact is that the communication graph
CG = (T, A) can be viewed as the underlying directed graph
of a marked graph [7].

We recall that in a marked graph, a node can fire iff all
its input edges carry at least one token. When a node fires,
one token is removed from each of its input edges and one
token is added to each of its output edges and this will lead
to a new marking. The reachable markings are the ones
that are reached, starting from the initial marking through
repeated node firings. Thus in the present setting both the
variable nodes and location nodes can fire when enabled.
Further, the initial marking is the one which places exactly
one token on edges of the form (p,zp). All other edges are
left unmarked.

By augmenting A with all the complementary arcs (i.e.
add the arc (n,7’) if (n,n) is in A) and augmenting the ini-
tial marking suitably, one can obtain a live and safe marked
graph [7]. By “live”, we mean that for every node, start-
ing from any reachable marking, we can reach a marking at
which the node becomes enabled. By “safe” we mean that at
any reachable marking an arc will carry at most one token.

Following these ideas, the connected graph shown in fig-
ure 3 will give rise to the live and safe marked graph shown
in figure 4. The dotted arcs are the “complement” arcs that
have been added to the communication graph. The (safe)

initial marking is indicated by the tokens (darkened circles)
placed on some of the arcs. The key point is that a firing of
the node 7 in this marked graph will correspond to a tran-
sition in B caused by a move of the automaton B,. In this
sense, the firing sequences of this marked graph will be an
abstraction of the firing sequences of B.

Live and safe marked graphs have a rich and well-
understood theory which can be exploited to study in ab-
stract terms the behavior of B. For instance, we note that
at the initial marking of the marked graph shown in figure 4,
every variable node is enabled. Further, if (,n’) is an arc
in this marked graph then the firings of n and " will have
to alternate. One can also use the acyclic path carrying a
maximal number of tokens, namely the path pszspzxrapizi,
to determine that K = 3 for this system where K is the
constant asserted in Proposition 2.

More generally, this marked graph representation of the
communication graph can be exploited to develop partial or-
der based reduction methods including finite unfoldings [10]
to efficiently verify the behavior of B.

Figure 4: Marked graph representation

S. EXTENSIONS

Clearly the restriction that Ctl, is a singleton for each p
can be easily dropped. Each pp(s) will now be a vector of
rationals with one component for each variable in Ctl,. We
now turn to more interesting extensions.

5.1 Multi-Time Units and Communication
Delays

We may associate with the plant a period T'pien: and with
each controller p a period T}, where Tpiant, 1p are positive
rationals. We also fix a lower bound 6,,;, and an upper
bound 6,4 for the transmission times between each con-
troller and the plant, where @, < @maz are positive ratio-
nals. It will become clear in the sequel that one can also
associate separate lower and upper bounds for each trans-
mission link; from the plant to a controller, and from a con-
troller to the plant.

A transmission of a value of variable from the plant at
instant k - Tpian: Will reach a controller at some time in the
interval [k Tpiant +Omin, k- Tpiant +Omaz]. Similarly, a trans-
mission of rate update from a controller at instant k- T}, will
arrive at the plant at some time in the interval [k - Tp + Omin,
k ° Tp + emaz]-



Let A be the largest rational which integrally divides every
rational in {Tpiant, Omin, Omaz } U{Tp | p € P}.

Then the dynamics of the plant and the controllers can
be captured by a transition system of which each move will
consist of letting A time units pass, updating the variables,
updating the modes of the controllers and updating the mes-
sages in transit between the plant and each controller. In
particular, for each transmission of value v, in transit from
the plant to a controller, we will not keep track of the ex-
act amount of time ¢ that v, has been in transit, but only
which A-size interval [m - A, (m+1)-A) this time ¢ lies in.
Similar remarks apply to transmission of rate update from
a controller to the plant.

To construct a distributed representation of the control
state sequences of the plant and the controllers, we build
a family of finite state automata as in section 4. However,
each automaton B, will now simulate moves of controller p
at every A time unit. Similarly for each automaton Bp.

The quantization of [Bmin, Bmaz| will have to be changed
as follows. We will now define €2 to be the least set of ratio-
nals which satisfies the following conditions:

® Biiin, Bmaz are in .
e pp(s)- A € Q for every p and every s € Sp.

e Suppose (sp, ¢, s,) € —p and ¢ appears in ¢. Then
ce .

Thus we need to quantize using p,(s)-A instead of setting
A = 1. In addition, each automaton B, will keep track of
quantized values of values of x that are in transit from the
plant to the controller. We note that at any instant, there
will be at most [@maz /T Piant | such values in transit between
the plant and each controller. Similarly, each automaton
B, will additionally keep track of (boundedly many) rate
updates in transit from controller p to the plant. It is not
difficult to extend the proofs of theorem 4 to this general
setting.

5.2 Laziness

We can allow laziness of the plant in observing values of
variables and in updating rates of variables. We fix positive
rationals 898,050, 0%  6U.  where 625, < 0%, 0 <
0k, with the following interpretation. Fach value of x
sent out by the plant at instant k - T'pjon: is the value that
held at some instant in [k - Tpignt — 59 k- Tpiant — 5;’nbm]
Each rate update p that the plant applies to variable x at
instant k - Tpian: Kicks in at some instant in [k - Tpiant + O,
k- TPlant + 5%0@1]

The dynamics of the plant and the cog_t\rollers can be de-
fined in terms of a transition system TS, similar to the
earlier setting of different periods of the controller and the
plant, with time being gllantized into units of A as defined
earlier. Each move of TS corresponds to the passage of A
time units.

On the other hand, to construct the distributed represen-
tations By, Bp, we shall first quantize time as well as the
value range of variables at a finer level of granularity. Let A
be the largest rational which integrally divides every rational
in the finite set {Zplam,‘9mm,9maz,570757“570,?@1,5;?5”, okt U
{T, | p € P}. Let I be the largest rational which integrally
divides every rational in the finite set { Bmin, Bmaz }U{pp(s)-

A | p € P,s € Sp} UC where C is the collection of ratio-
nals which appear in guards of the transitions of the hybrid
automata {Ap}. As before, we then quantize [Bmin, Bmaz]
into finitely many sub-intervals of size L.

The constructions of B, B, are similar as in the setting of
the plant and the controllers having different periods. Each
B, will keep track of the quantized interval in which the
value of z lies. Each move of B, and B, will simulate the
change of information of the plant, the controllers and mes-
sages in transit, due to passage of A time units.

5.3 Finite Precision

We have assumed that variables can be measured with
perfect precision and guards are rectangular. Following the
techniques in [2], our results can also be extended to above
generalized settings whereby variables are assumed be mea-
sured with finite precision and guards are allowed to be con-
sisting of polynomial constraints that are to be evaluated
against the measured values of variables. The key observa-
tion is that the finite precision condition allows one to trans-
form polynomial guards (in fact any effectively computable
guards) into rectangular guards on the actual values of vari-
ables.

6. CONCLUSION

We have formulated here a model consisting of a network
of hybrid automata to study the behavior of a family of
distributed controllers interacting with a plant. We have
shown that the discrete time behavior of our model in terms
of the control state sequences is not only regular but that
it can be succinctly represented as a network of finite state
automata. We have also described how our main result can
be extended in a number of interesting ways.

At present we have not considered differential inclusions.
More precisely, the case where the rate of a continuous vari-
able is specified as % € [e, '] for rational constants ¢, ¢. It
is likely that the main result will go through but the details
need to be worked out. It is also not clear if we can allow
exponential rates induced by simple differential equations of
the form % = c-z(t). An intriguing possibility is that in
the restricted case where each hybrid automaton controls
just one variable, the main result might go through. How-
ever, a good deal of coordination can still be achieved with
the help of the guards and hence we do not wish to venture
a conjecture at present.

As discussed earlier, an important extension would be to
design mechanisms for the controllers to communicate with
each other. Some obvious means would be to synchronize on
common actions or to fix a message alphabet and use point-
to-point bounded buffers to communicate asynchronously. A
more elaborate approach will be to assign tasks to the con-
trollers which can compute functions based on the values
received from the plant as well as internal variables and ex-
change with each other the results of these computations,
say, through a shared bus. Since the computations and
communications will both be resource-bounded there will
be complex interplays between the continuous behavior of
the plant and the discrete behavior of the controllers. For
instance, worst case execution times of the tasks and end-
to-end delays in the communications between the controllers
will impact on the trajectories that the plant will be allowed



to exhibit. We feel it will be particularly interesting to study

this interplay in a Time-Triggered Architecture setting [5].
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