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Abstract

Realistic rendering of human facesand robust face recognition are two topics that

have wide applicability, ranging from video conferencingto entertainment to security

systems. Consequently they have received much research attention in recent years.

Many proposedtechniqueshave advancedthe state of the art: in terms of rendering,

the synthesizedfaceimagesare of such good quality as to be virtually indistinguish-

able from an actual photograph; while in terms of facerecognition, current systems

work well enough to be deployed at airports or city centers. Yet there are still a

number of de�ciencies. On the one hand, many rendering techniques are ad hoc,

lacking in theoretical justi�cation. For instance,there is no quanti�able way to know

if the renderedimage is optimal. On the other hand, face recognition systemsare

not robust enoughto deal with simultaneouschangesin illumination, headpose,etc.

Finding a unifying approach to deal with this problem appearsto be elusive. In this

dissertation, we introducean approach for renderingfacesthat is principled, statisti-

cally optimal, and that possessesseveral good theoreticalproperties. A uniquefeature

of our approach is that we regard the shape of the faceas an intermediate variable

only, and do not explicitly recover it in the renderingprocess.We alsopresent a new

approach to facerecognition that takesinto account the (limited) training data, that

is robust against illumination variation, and that has the potential for robustness

against other kinds of variation.
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Chapter 1

In tro duction

In recent years,the �elds of computer graphicsand computer vision have progressed

rapidly, aidedby low-costand powerful computers. In computer graphics,renderings

have becomemore realistic, blurring the distinction betweenwhat is real and what

is arti�cial. Indeed, the holy grail is to passthe graphics Turing test: fooling the

human observer into believing that a computer-generatedimageor video is the same

as looking at the real scene. In vision, advanced techniques allow us to recognize

and track objects, so that we can understand what a sceneis composedof. In light

of recent security concerns,this is increasingly being applied to identify and track

people,vehiclesand other human activities.

The successof graphicsand vision is not just becauseof better hardware allowing

the useof more computationally intensive algorithms, however. Thesetwo tradition-

ally separate�elds have now learnt to useeach other's techniquesto better solve their

own problems. Indeed,onemay view graphics(the production of realistic imagesfrom

a description of the objects in a scene)and vision (the inferenceof what objects are

in a scenefrom imagesof the scene)as but two sidesof the samecoin. This per-

spective is a powerful one, becauseit enablesvision problemsto be solved using an

analysis-by-synthesis approach on the one hand, and on the other hand for graphi-

cal imagesto be more realistically synthesizedafter appropriate analysis. Examples

include [Georghiadeset al., 2000,Zhao and Chellappa, 1999,Debevec et al., 1996,

Criminisi et al., 2000]. This dissertation is in a similar vein: it shows how statis-
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tical learning (a method commonly employed in vision problems) may be used for

image-basedrendering,and how, in turn, theserenderedimagesmay be usedin face

recognition (a challengingvision problem).

1.1 Overview

Let's take a bird's eye view for a moment. This dissertation dealswith two things:

image-basedrendering and face recognition. Each of theseare research �elds in its

own right. The primary goal here is to propose an approach for the former, and

the secondarygoal is to use image-basedrendering to attempt to solve the latter.

Figure 1.1 shows this.

Image-basedrendering,or moregenerally, image-basedmodeling and rendering,is

about generatingphotorealistic imagesunder novel viewing conditions using existing

images1. The novel viewing conditions might meana di�eren t viewpoint (cameraan-

gleor pose),or di�eren t lighting, or evencombining objects which werephotographed

separatelyinto the samescene.In contrast to traditional computer graphics,image-

basedrenderingbeginswith photographstakenof the objectsof interest, and proceeds

to output novel imagesof theseobjects. The assumptionbehind this processis that

the input imagesare of su�cien tly good quality (photorealistic), and the goal is to

make the output imagesto be of comparablequality. Noise in the input imagesis

thereforenot an issue:even if present, the imageis still of acceptablequality. This is

unlike imagerestoration, in which the input imagesare clearly degradedin someway

(e.g.blurred or having low contrast), and the goal is to improve the quality. The sim-

plest image-basedrenderingonecan perform is to copy oneof the input imagesand

make it the output image. This actually makessenseif the output viewing condition

is the sameas that of oneof the input images.As we shall seelater, this simple idea

is often overlooked in sophisticatedrenderingmethods.

Facerecognition,on the other hand, is about identifying a personfrom oneor more
1This de�nition is ours, but is basedon succinctly paraphrasing what various experts have said

in [Oel, 2000].
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Figure 1.1: Overview of thesis.
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imagesof his/her face. Theseimagesareassumedto beacquiredwith a normal camera

(as opposedto an infrared camera,or onethat usesother non-visibleelectromagnetic

waves). No assumptionis made about the quality of the image however. In fact, it

is a desirabletrait for a facerecognition systemto be able to deal with poor quality

images. For recognition to happen, the classi�er2 must �rst be presented with one

or more imagesof the personto be recognized,together with his/her identit y. This

is the training or learning stageof the classi�er. During actual use(the task stage),

image(s)of the personto be identi�ed (called the task images)are presented to the

classi�er, whosejob is to comparethem with those it had previously learned, and

producethe correct identit y. The di�cult y lies in the fact that the task and training

imagesof the samepersonmight be very di�eren t. For example,the headmight be

turned in the task image,or the personmay have grown a beard when he had none

before.

In our overall schemeof things (Figure 1.1), we are proposing (1) a statistically

optimal approach to render face images,and (2) that theserenderedimagesare in

turn usedto augment the training imagesfor the face recognizer. A unique feature

of our approach is that the shape of the face is regardedonly as an intermediate

variable, and not explicitly recovered in the processof rendering. The statistics we

useare �rst learnedfrom a Bootstrap Set3, whosesolepurposeis for the rendererto

learn how to render faces.It is not usedto train the classi�er at all. But why bother

augmenting the classi�er's training images?Becausedoing sowill make the classi�er

more robust when the task imagesare di�eren t from the training ones. Theseideas

will be madeclearer in the coming chapters.

1.2 Motiv ation

The motivation for this work arosewhen the author originally looked at the problem

of automatedfacerecognition. Although research in facerecognition is into its fourth
2Used synonymously with \face recognition system" and \recognizer" in this thesis.
3This is used in the senseof [Riklin and Shashua, 1999], and not in the senseof the Bootstrap

Algorithm of [Efron and Tibshirani, 1993].
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decadenow, the problem is not completelysolved [U.S. Department of Defense,2000,

Gross et al., 2001]. The best face recognition systemsto date work well when a

face to be recognizedis imaged in a near-frontal view, with �xed facial expresison

and lighting | conditions that are typically present when the systemis �rst trained.

Performancedegradesrapidly when the imaging conditions between training stage

and task stagedi�er. In other words, today's systemsare not su�cien tly robust. For

certain applications, this is not a severe handicap4, but for many others, robustness

is critical. The di�cult y lies in the following two facts:

(1) Variation problem. A person'sfacial appearanceis highly variable, being de-

pendent on many factors,such asfacial expression,incident illumination, viewing

angle,etc.

(2) Limited training data problem. In many applications, only a few training

imagesof a personare available, from which a computer system must learn to

recognizethe samepersonwhenheappearsunder(possibly)very di�eren t viewing

conditions.

Over the years, many researchers have proposed di�eren t techniques to overcome

the variation problem (1), but not the limited training data problem (2). Indeed,

most researchersassumethat, short of acquiring more training images,which may be

di�cult to do in someapplications,nothing can be doneabout the dearth of training

data. They have therefore largely ignored (2) and focusedon (1). Unfortunately,

this has not beensuccessful.One of the contributions of this dissertation is that in

overcoming (2), we can also hope to solve (1). The key idea to tackle the problem

of limited training data is to synthetically generate them from the few that were

originally given. The key idea to solve the variation problem is to synthesizetraining

imagesof each personunder all possiblevariations, and then to usethis augmented

set of original plus synthetic training imagesto build a better classi�er.
4For example, in a situation in which a face recognition system controls accessto a building,

the conditions during image acquisition can be carefully controlled to achieve optimal performance.

Furthermore, the personbeing authenticated is likely to co-operate with the system to gain entry .
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1.3 Problem Statemen t

So we now have two problemsto deal with: how to synthesizea faceunder di�eren t

viewing conditions, and how to design a classi�er that takes advantage of all the

training imagesto recognizefacesexhibiting di�eren t variations. Theseare the twin

concernsof this dissertation. Ideally, we would also like to show that our analysis-

by-synthesisapproach to facerecognition is more robust to variations than all other

existing methods. But that would be a tall order to ful�ll, and unnecessarilytedious.

We will instead pare down the problem to show the basic principles and to develop

its theory. More speci�cally, this dissertation will:

1. Introduce a new technique for image-basedrendering that is statistically opti-

mal. This will be demonstratedin the context of renderinghuman facesunder

di�eren t illuminations, when given only a few input images(as little as one

image).

2. Prove someimportant properties of the technique, e.g. that more input images

will produce better quality output (or at least, more input imageswill not

degradequality).

3. Show how it can be extendedto render facesin di�eren t poses.

4. Explain how a facerecognition system(classi�er) that is robust against illumi-

nation variation canbebuilt from the augmented setof training images(original

+ synthesized).

5. Prove that, under certain conditions, the construction of the classi�er can be

done directly from the original input image(s), without synthesizing a single

image.

The work presented here does not conclusively prove that our synthesis approach

will completelysolve the face recognition problem. But it does provide compelling

evidencethat our approach has the potential to deal with other kinds of appearance

variation, somethingno existing method can claim to do.
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1.4 Con tributions to the Field

In terms of original contributions to the �elds of computer graphics and computer

vision, this dissertation makesthe following two:

1. Proposea newapproach for image-basedrenderingthat is statistically optimal,

and that possessesseveral important theoretical properties.

2. Demonstrate a new approach to face recognition that can achieve robustness

againstillumination changes,and that hasthe potential to dealwith other kinds

of appearancevariation as well.

1.5 Road Map

The rest of this document is organizedas follows: the next chapter is a survey of the

literature in the �elds of image-basedrenderingof human faces,and facerecognition.

Chapter 3 then introducesthe theory of statistically-optimal image-basedrendering,

and provessomeimportant properties. The theory is applied to render human faces

under di�eren t illuminations. Chapter 4 elaborates on the implementation issuesof

our theory, while Chapter 5 providessomeexperimental results,aswell asextending

the basic theory to render di�eren t poses. Chapter 6 shows how a classi�er that is

robust against illumination changesmay be constructedfrom the augmented training

set. An analysisis madeto show that, under the right conditions,onecanexploit the

mathemetical structure of the synthesis procedureand of the classi�er to construct

the classi�er directly, without synthesizinga singleimage. The �nal chapter concludes

with a summary of our work, and a statement of future directions.

1.6 Notation

Before we end this chapter, a word about the notation used in this document is in

order. Scalarvariableswill be denotedusinguppercaseor lowercaseitalicized letters,

such as A; B ; x; y; � . Vectors will mean column vectors unlessotherwise indicated,

7



and will be denotedusing lowercaseboldfaceletters, such as x; � . Matrices will be

denotedusinguppercaseboldfaceletters, such asR; � . Probability density functions

(pdf) will be denotedeither by Pr(x), or p(x), if x is a scalar,and by Pr(x) or p(x)

if x is a vector. Sometimesan m � n matrix may be speci�ed as A = [aij ], in which

caseaij denoteseach scalarelement, and the indices i; j run from 1 to m, and from

1 to n respectively.
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Chapter 2

Literature Surv ey

Research in the �elds of face modeling/synthesis and face recognition span several

decades.It is thereforedi�cult to give an exhaustive review. Instead, we survey just

a few representativ esfrom each �eld to put our work in perspective, and to point to

alternative approachesto the sameproblem(s).

2.1 Rendering of Human Faces

Beginningwith the pioneeringwork of Parke[Parke,1974], many techniqueshavebeen

proposedto model, synthesizeand animate the human face [DeCarloset al., 1998,

Pighin et al., 1998, Zhang et al., 2001, Blanz and Vetter, 1999]. The applications

are just as varied: computer games,virtual reality simulation, human-computer in-

teraction, video conferencing,and facerecognition, to namea few. A good review of

renderingtechniquesmay be found in [Parke and Waters, 1996]. One way to broadly

categorizethe di�eren t techniques is by the intended application: whether it is for

computergraphics-relateduses(animation, synthesis)or for facerecognition. The key

di�erence lies in (1) the minimum number of input imagesrequired for the technique

to work, and (2) whether the technique can take advantage of more input images,if

they are available. Graphics-relatedapplications typically assumethat multiple in-

put imagesare available from which to synthesizenew ones.On the other hand face

recognition requires that any synthesis method work with as few as a single input
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image. This is becausein many face recognition scenarios,only one image of the

subject is available for training the systemor for recognition. Also, it may be argued

that graphics-relatedapplicationsdemanda high degreeof realismin the synthesized

images,whereasface recognition applications are more forgiving of small imperfec-

tions. The work presented in this thesis is motivated by facerecognition, and so we

fall into the secondcategory. Nevertheless,we hope that our technique, or at least

the principles behind it, will �nd good usewithin the graphicscommunity.

2.1.1 Surv ey

There are a number of commonelements in the methods surveyed here,as illustrated

by the paper of Pighin et. al. [Pighin et al., 1998]. The goal in this paper is to

render realistic expressionsof an individual. The basicstepsare: (1) Fitting a model

to imagesof a personin di�eren t poses. This \recovers" the shape of the face. (2)

Computing the texture map. This is the color of the face. (3) Synthesizing imagesof

the personin novel facial expressions.

In the caseof Pighin et. al., the model used is a generic 3D geometric mesh

model. Fitting is done by manually marking corresponding feature points on the

input images(�v e imagesin di�eren t posesare usedin the paper), recovering their

3D positions with respect to the model, and smoothly interpolating the other non-

feature vertices of the mesh. Note that the interpolation is really a regularization

step: sincewhat is recovered are the positions of the feature points only, the other

non-featureverticeshave ambiguouspositions. To dealwith this ambiguity, a smooth

interpolation schemeis usedto estimate their locations so that they do not deviate

too far from what a facemeshshouldbe. The authorsalsosuggestmarking additional

correspondencesto further re�ne the shape. This processis repeated for each facial

expressionof the sameperson. Then, having recovered the shape for the di�eren t

expressions,the texture map is then computed in a view-dependent manner. This

is to give greater realism to the synthesized images. Finally, new expressionsare

generatedby morphing betweenthe recoveredexpressions.

The output imagesgeneratedby Pighin's technique are very realistic: �nely tex-
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tured regions,such as facial hair, eyesand earsare renderedvery well. The authors

alsoshow how a facial expressioncan be transferred to a di�eren t person,simply by

deformingthe corresponding meshverticesof the newsubject. The main drawback of

the technique is the laborious marking of corresponding feature points. To overcome

this, the authors in [Zhanget al., 2001] adopt a slightly di�eren t method: they require

manual marking of feature points on only two input imagesof a subject. Subsequent

re�nement and alignment is donewith additional input imagesusing a model-based

bundle-adjustment technique. The other stepsare also slightly di�eren t: model �t-

ting is doneby imposinga linear model (PCA) onto the allowable deformations,and

texture extraction is done in a view-independent manner. There is greater use of

computer vision techniques(epipolar constraints, bundle-adjustment, etc.) herethan

in Pighin's method. Despite the title however, Zhang et. al. do not show any facial

animation, but only headtracking and facemodeling.

In the paper by Blanz and Vetter [Blanz and Vetter, 1999], a morphable3D model

is usedinstead. This is computed from the PCA of a set of 3D training data of real

human subjects capturedusinga laserscanner.The useof PCA constrainsthe model

�tting to produceonly \allo wable" faces(i.e. as allowed by the training set). This is

the regularization part. Both shape and texture are modeledin this way. Unlike the

two previous methods, this one works with as few as one input image, and can be

extendedto acceptmore inputs if available. A separatestep for texture mapping is

alsoperformedafter model �tting, to correct for illumination e�ects and to obtain a

more accuratetexture. The resulting imagesare of very good quality, allowing even

limited facial expressionsto be renderedrealistically.

The three methods discussedso far rely on a 3D model of the face. This is not

the only possibility, of course. The next few methods deliberately avoid using 3D

models in favor of more direct image-basedor vision-basedmethods. For instance,

the Quotient Image of [Riklin and Shashua, 1999] is basedon the fact that human

facesare fairly similar and belongto the sameobject class.An illumination-in variant

ratio is computed, called the Quotient Image. This captures the albedo di�erence

betweenthe subject and the bootstrap set. From this, the subject can be rendered
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under di�eren t illumination. The assumption,of course,is that facesare Lambertian

[Jain et al., 1995] objects, and the extent to which this is true governs how realistic

the renderingsare. A secondmethod by Shashua and collaborators [Avidan et al.,

1997] seeksto synthesize imagesunder novel posesdirectly from input imagesby

image warping. They use the trilinear tensor, a generalizationof the fundamental

matrix, which relates imagesof a scenein three di�eren t views. With this, they are

ableto renderposesthat arequite far away from thosein the input images.Of course,

where there are occludedareasin the inputs, holeswill be generatedin the output.

The model in this caseis the trilinear tensor, a portion of which is estimated from a

pair of input imagesand the remaindercomputedon the 
y , dependingon the output

pose.

Another vision-basedmethod is that of Georghiadeset. al. [Georghiadeset al.,

2000]. This usesphotometric stereoto recover the surfacenormalsof the human face

(including albedo), and rendersthe faceunder novel illumination. The model in this

caseis the Lambertian equation [Jain et al., 1995]. The authors also extend their

technique to render under novel posesby integrating the surfacenormals to obtain

the 3D depth of the face. Integrability constraints are imposedin this process.Note

that photometric stereorequiresa minimum of three input images.More inputs may

be used,sincethe surfacenormal recovery processis computedby a least-sqaures�t.

The �nal face rendering paper we will highlight is the Symmetric Shape from

Shadingmethod of [Zhao and Chellappa,1999]. This assumesthat frontal facesare

symmetric. The authorsshow that a uniquesolution for the surfacenormal is possible

in somecases,and proceedto synthesizethe faceunder frontal illumination (called

the prototype) which their face classi�er usesto recognizepeople. Becauseof the

symmetry assumption,only one input imageis necessaryto recover the surfacenor-

mals. Unfortunately, their technique producessomerather hideouslooking outputs,

making the symmetry assumption suspect. Indeed, the paper by [Liu et al., 2001]

provides strong empirical evidencethat real human facesare far from symmetric.

In fact, the degreeof asymmetry may be usedas a biometric to complement other

recognition techniques.
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Of related interest is the recent paper by Koudelka et. al. [Koudelka et al.,

2001]. This presents a method to render imagesof objects with arbitrary bidirec-

tional re
ectance distribution function (BRDF), from a �xed viewpoint, but under

any illumination. This is basedon denselysampling the plenoptic function, and per-

forming the necessaryinterpolation. Although the method is generalin that it does

not make any assumptionabout the object geometryor re
ectance properties, it does

require that many imagesof the sameobject under di�eren t single-sourcelighting be

available beforehand.We mention this paper even though it doesnot deal with ren-

dering of facesbecauseit highlights the following important and intuitiv ely obvious

point: If we could capture all the imagesof an object under all possibleilluminations,

then renderingunder a particular illumination simply meanspicking the correspond-

ing one that we had captured. The problem of course, is that we don't have all

these images,so we resort to using models and heuristics to approximately render

the output image. But now supposethe desired output il lumination is indeed present

in one of our input images. Then regardlessof whatevermodels or heuristics used,

we shoulddemandthat the output image be simply that input image under the same

il lumination. This is just a Consistencyrequirement. Unfortunately, the methods

that we have just surveyed do not appear to guarantee this, or at least, the authors

have not madethe e�ort to prove it. This brings us to the next section.

2.1.2 Comparison

Let us brie
y compareand contrast our proposedrendering method with thosesur-

veyed. Our method usesa statisical model and the fact that facesbelong to the

sameobject class. This makes it similar to [Riklin and Shashua, 1999, Blanz and

Vetter, 1999]. We require a minimum of only one input image, but can work with

more if available. Only [Blanz and Vetter, 1999] has the same
exibilit y; the others

require two or more imagesat the minimum [Zhang et al., 2001,Pighin et al., 1998,

Georghiadeset al., 2000], or elsecannot take advantage of additional inputs [Riklin

and Shashua, 1999,Avidan et al., 1997,Zhaoand Chellappa,1999]. By far the great-

est di�erence betweenour method and the rest is that we formulate the output image
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directly from the input images,without explicitly recovering the 3D structure of the

face. In fact, we arguethat the conventional two-stepmethod of �rst recovering the

3D structure, and then rendering from that structure doesnot guarantee an optimal

output image,even though the individual stepsmay be optimal. We show that under

certain conditions, the two-step method can be optimal, but then it is equivalent

to our more generalone-stepapproach. Becausethe conditions for equivalenceare

fairly restrictive, it is unlikely that two-step methods are optimal in general,unless

they are designedto be so. Moreover, the techniquessurveyed tend to use ad hoc

methods for estimating various parameters(e.g. Head posein [Zhang et al., 2001].),

or for model-�tting (e.g. In [Blanz and Vetter, 1999], the dominant eigenvectorsare

estimated �rst, and then held constant in subsequent iterations while minor eigen-

vectorsare computed.). In contrast, our method adopts a more principled approach.

Our perspective is that the �nal output is an image,and thus should be formulated

directly, rather than through various intermediate steps.

Another complaint againstall the methods surveyed is this: noneof them provide

any quantitativ e measureof the goodnessof their output. All of them rely on human

judgement to assessthe realismof their renderedimages.To be sure, the human is a

good judge of quality, particularly imagesof faces,and passingthe graphicsTuring

test is thus a laudableachievement. Yet it is disconcertingto note that nothing more

quantitativ e can be said about the output image,whether or not it is optimal given

the input images.Someauthors (e.g. [Koudelka et al., 2001]) usethe imagedi�erence

(Euclidean or sum-of-squareddistance) to quantify image quality. This is a step in

the right direction, but the Euclideandistanceis not a reliablemetric, asthe following

simple thought experiment will illustrate.

Supposewe have an image A, and a copy of it, B , di�ering only in the value of

one pixel. Further supposethat this pixel value di�ers by a very large amount. To

the human observer, B will have excellent imagequality. The human eye is unlikely

to be sensitive to the di�erence of a singlepixel. Yet the Euclideandistancebetween

the two imagescan be madearbitrarily large just by changing the value of that one

pixel.
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To our knowledge,there is yet to be a quantitativ e metric that can measureim-

agequality, which is why human judgement is still the preferredassessment method.

Nevertheless,it is desirableif any rendering method can be proven to generate\op-

timal" images,for somereasonablede�nition of optimalit y. It is even better if the

rendering method is provably Consistent, that is, if the output viewing condition is

exactly present in oneof the input images,then the renderingmethod should simply

produce that input image as output. We will prove that under certain conditions,

our proposedmethod is indeedConsistent.

A summary of the paperssurveyed is given in Table 2.1.

2.2 Robust Face Recognition

Like face rendering, the task of automatic face recognition has been actively re-

searched for many years. For a relatively recent review, pleasesee[Chellappaet al.,

1995,Fromherz, 1998]. Although great strides have beenmade after three decades,

the task remainsunsolved in general. Current systemswork very well whenever the

task imageto be recognizedis capturedunder conditionssimilar to thoseof the train-

ing images. However, they are not robust enoughif there is variation betweentask

and training images[U.S. Department of Defense,2000,Grosset al., 2001]. Changes

in incident illumination, headpose,facial expression,hairstyle (including facial hair),

cosmetics(including eyewear) and age,all confoundthe best systemstoday.

2.2.1 Surv ey

As a generalrule, wemay categorizeapproachesusedto copewith variation in appear-

ance into three kinds: invariant features, canonical forms, and variation-modeling.

The �rst approach seeksto utilize features that are invariant to the changesbeing

studied. For instance,the Quotient Image[Riklin and Shashua, 1999] is (by construc-

tion) invariant to illumination and may be used to recognizefaces(assumedto be

Lambertian) whenlighting conditionschange.The secondapproach attempts to \nor-

malize" away the variation, either by clever imagetransformationsor by synthesizing
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Table 2.1: Brief Review of Face Rendering

Reference Goal Technique Remarks

[Pighin et al., 1998] Rendering facial

expression.

3D geometricmodel. Es-

timating feature points,

interpolating non-feature

points. View-dependent

texture mapping.

Multiple input im-

agesneeded.

[Zhang et al., 2001] Rendering new

poses.

3D geometric model.

Estimating feature

points, model-based

bundle-adjustment.

View-independent tex-

ture mapping.

2 or more input im-

ages.

[Blanz and Vetter, 1999] Rendering new

posesand illumi-

nations.

3D PCA model of shape

+ texture. Additional

texture mapping step.

Works with 1 or more

input images.

[Riklin and Shashua, 1999] Rendering new

illuminations.

Quotient Image: ratio of

image albedos. Lamber-

tian assumption.

Single input only.

[Avidan et al., 1997] Rendering new

poses.

Trilinear tensor. Two input images

only.

[Georghiadeset al., 2000] Rendering new

illuminations &

poses.

Photometric stereo.

Lambertian assumption.

3 or more input im-

ages.

[Koudelka et al., 2001] Rendering arbi-

trary object un-

der new illumi-

nations.

Dense sampling of

plenoptic function.

Interpolation.

Many input images

needed.
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a new image(from the given task image) in some\canonical" or \protot ypical" form.

Recognition is then performedusing this canonicalform. Examplesof this approach

include [Zhao and Chellappa, 1999, Zheng, 2000]. In [Zhao and Chellappa, 1999],

for instance,the task imageunder arbitrary illumination is re-renderedunder frontal

illumination, and then comparedagainst other frontally-illuminated prototypes.

The third approach of variation-modeling is self-explanatory: the idea is to learn,

in somesuitable subspace,the extent of the variation in that space. This usually

leadsto someparameterizationof the subspace(s).Recognitionis then performedby

choosingthe subspaceclosestto the task image,after the latter hasbeenappropriately

mapped. In e�ect, the recognition step recovers the variation (e.g. poseestimation)

as well as the identit y of the person. For example, in [Edwards et al., 1998], a

parameterizedmodel called the Activ e AppearanceModel of 2D facial variation is

learnedfrom training imagesexhibiting di�eren t poseand expressionvariations. The

task image is matched using the usual model-matching technique (i.e. by iterativ ely

adjusting the model parametersand minimizing the di�erence between the image

renderedusing the model and the given image). The parametersare then compared

against those of known individuals. A similar approach is used in [Blanz et al.,

2002], except that the model is learnedfrom 3D data. In [Georghiadeset al., 2000],

an illumination cone is constructed per person, from at least three of the training

images.This modelsthe spanof possibleillumination variations. Recognitionis then

doneby determining the coneclosestto the task image. A slightly di�eren t method,

although along similar lines, is proposedby [Graham and Allinson, 1998]. Here, the

tra jectory of a faceas poseis changedis learnedby computing a suitable subspace,

in a way reminiscent of [Nayar et al., 1996]. The unknown face is then projected

into the subspace,and the closesttra jectory determinesits identit y as well as pose.

As a �nal example, [Wiskott et al., 1997] describes a more sophisticated scheme.

Facial featuresare �rst computedat various landmarkson the face,and their relative

positionsencoded in a graph (called the Elastic Bunch Graph, or EBG). To recognize

a face,the samefeaturesat the samelandmarks are computed,along with its EBG.

A newdistancemetric is then introducedto comparetwo EBGs. The EBGs of known
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individuals are comparedwith that of the unknown face, and classi�cation is made

using the closestmatch. The construction of the EBG provides robustnessagainst

posevariation of about � 22� , according to experiments conductedby the authors.

Table 2.2 summarizesour survey.

2.2.2 Observ ations

Despitethe plethora of techniques,facerecognitionremainsa di�cult, unsolvedprob-

lem in general.While each of the above approachesworks well for the speci�c varia-

tion being studied, performancedegradesrapidly when other variations are present.

For instance, a feature invariant to illumination works well as long as poseor fa-

cial expressionremains constant, but fails to be invariant when poseor expression

is changed. This is not a problem for someapplications, such as controlling access

to a securedroom, sinceboth the training and task imagesmay be captured under

similar conditions. However, for general, unconstrained recognition, none of these

techniquesare robust enough. Moreover, it is not clear that di�eren t techniquescan

be combined to overcomeeach other's limitations. Sometechniques, by their very

nature, excludeothers. For example,the Symmetric Shape-from-Shadingmethod of

[Zhao and Chellappa,1999] relieson the approximate symmetry of a frontal face. It

is unclear how this may be combined with a technique that dependson sidepro�les,

wherethe symmetry is absent.

We can make two important observations after surveying the research literature:

(1) There does not appear to be any feature, set of features, or subspace,that is

simultaneously invariant to all the variations that a face image may exhibit. (2)

Given more training images,almost any technique will perform better. These two

factors are the major reasonswhy face recognition is not widely used in real-world

applications. The fact is that for many applications, it is usual to require the abilit y

to recognizefacesunder di�eren t variations, even when training imagesare severely

limited. Thesetwo factors alsosuggestthat a di�eren t approach is neededto succeed

at facerecognition| onethat takesinto account the lack of training imagesaswell as

the variation in appearance.As canbe seenfrom the literature surveyed here,aswell
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Table 2.2: Brief Review of Face Recognition

Reference Variation Technique Remarks

[Riklin and Shashua, 1999] Illumination Illumination-

invariant feature:

Quotient Image.

Easy to compute.

[Zhao and Chellappa, 1999] Illumination Protot ypical image

under frontal illum.

Uses Symmetric

SFS to generate

protot ype.

Protot ype images of

poor quality. Symme-

try assumption sus-

pect.

[Edwards et al., 1998] Pose & ex-

pression

Activ e Appearance

Model. Classi�ca-

tion using recovered

model parameters.

Estimation of param-

eters can be slow.

[Blanz et al., 2002] Pose & illu-

mination

3D Morphable

Model. Classi�ca-

tion using recovered

model parameters.

Classi�cation perfor-

mance dependent on

estimation accuracy.

[Georghiadeset al., 2000] Illumination Illumination cone.

Cone closest to

unknown face deter-

mines identit y.

Requires at least 3

training images.

[Graham and Allinson, 1998] Pose Trajectory in pose

subspace.

Requires many train-

ing images to prop-

erly sample tra jec-

tory.

[Wiskott et al., 1997] Pose & ex-

pression

Elastic Bunch Graph.

Novel distance met-

ric. Closestgraph de-

termines identit y.

Computationally in-

tensive. Cannot han-

dle large pose varia-

tion.
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as those in other surveys [Chellappa et al., 1995,Fromherz, 1998], most researchers

ignore the limited training data problem and focus insteadon the variation problem.

Our proposedmethod attempts to tackle both problemsat once,and although not

conclusive, we provide evidencethat ourshasthe potential to be robust againstmany

more kinds of variations than the state-of-the-art.
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Chapter 3

Theory

Having surveyed the literature, we now introduce the theory of statistically optimal

image-basedrendering. To make things concrete,we will demonstratethe theory in

the context of rendering human faces,although our approach is applicablewherever

one can obtain class-basedstatistics for the object to be rendered. We will describe

the theory in a top-down fashion,i.e. from the most generalform to the morespeci�c

case. Along the way, we will be explicit about the assumptionsmade. We feel that

in this way, the readercan better understand the trade-o�s we are making, be able

to improve upon our theory, and apply it to other areasas well.

3.1 Problem Description

Our renderingproblem is this:

Rendering Problem. Given K images, i1; : : : ; iK , of a person un-

der illuminations s1; : : : ; sK , render the samepersonunder a (possibly

di�eren t) new illumination, s0.

For simplicity, we will work with 8-bit gray-scaleimageswith integer pixel values

between 0 and 255, and consideronly the caseof a single point light source. We

assumethat the K input illuminations are all di�eren t and unknown. We want our

renderer to work with as few as K = 1 image, but be able to handle more input

21



imagesif they are available. The crucial requirement here is that the identit y of the

personmust be preserved, that is, the renderedoutput image i 0 under illumination

s0 must look like the personin the input images.Again for the sake of simplicity, we

will rely on human judgement to determinehow good the resemblanceis.1

3.2 Desirable Prop erties

We beginwith a list of desirableproperties that any image-basedrenderingtechnique

ought to have. Looking at the current state-of-the-art, we lament that many existing

techniques,although they produceimpressiveresults,do not necessarilypossessuseful

theoretical properties. For some,proving theseproperties may be too di�cult; while

for others, the authors have simply not made the e�ort to do so. As mentioned

previously, many researchers simply rely on the graphics Turing test as a measure

of how well their methods work, without anything more quantitativ e. Or elsethe

Euclideanmetric (sum of squareddi�erence) is usedto comparea synthesizedimage

with the actual one, which as we have shown in our simple thought experiment in

the previouschapter, is not a reliable measureof visual quality. Besidesquality, we

shouldalsobe concernedabout how well a techniqueworks whengiven moreor fewer

input images.If our renderingmethod canbe shown to possesstheseproperties, then

we can be more con�dent about its performance.The desirableproperties are listed

in Table 3.1.
1Can facial resemblance be quantitativ ely measured? One solution is to use a face recognition

system. But as mentioned in Chapter 2, today's systemsare not terribly robust against changesin

lighting, so this solution will not work reliably. In fact, it is a secondarygoal of this dissertation to

proposea classi�er that is illumination-robust.
2By unique we mean that the input imagesshould not be mere copiesof one another, but di�er

in somemeaningful way.
3By exact we mean that the rendered output image should have no error when compared with

an input image under the sameillumination.
4It may be argued that Consistency is not necessarilya desirable property, becauseas long as

the output image is \close enough" to the actual image to fool the human observer, no one can tell

the di�erence anyway. Quite true. However, it is common practice in image-renderingresearch to

obtain a more quantitativ e measureof image quality by computing the Euclidean distance between
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Table 3.1: Desirable Renderer Prop erties

Parsimon y The renderingtechniqueshouldbeableto work givenany

number of input images,including just a single image.

Optimalit y Its output image should be \optimal", where \optimal-

it y" may be appropriately de�ned.

Progressiv eness The technique should producebetter output when more

unique2 input imagesare given. Or at least, the output

should not worsenas more input imagesare available.

Consistency The technique should produce the exact3 output image

if the output illumination is exactly the sameas that of

oneof the input images.4

3.3 Sto chastic Mo del

We model the problem as follows: we supposethat an image of a face is generated

by a stochastic imageformation model:

i = f (N ; s) (3.1)

wherei is the image,f is the imageformation model, N capturesthe identity of the

person,and s is the illumination. The useof a stochastic, i.e. statistically random,

model allows us to abstract away details that are too complicatedto model, or things

that we simply cannot account for. This di�ers from traditional renderingtechniques

in computergraphics,in which renderingis treated asa deterministic function. Thus,

given a number of input imagesi1; : : : ; iK under unknown illuminations s1; : : : ; sK ,

we can ask for the statistically optimal output image i 0 under illumination s0. Note

that each of the imagesi j is generatedby the stochastic processf (N ; sj ). Note also

that the sameN is usedto generateeach image,becausewe want imagesof the same

the rendered image and an actual image captured by a camera. The assumption here is that the

camera's image is ideal. Consistency is just another way of saying that the Euclidean distance

should be zero whenever the desiredoutput viewing condition is present in one of the input images

(assumedto be captured by a camera).
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personunder di�eren t illumination.

What do we meanby \statistically optimal"? The most obvious interpretation is

the maximum a posteriori probability (MAP) image:

i � = argmax
i0

Pr(i0j i1; : : : ; iK ; s0) (3.2)

= argmax
i0

Z
� � �

Z
Pr( i0j i1; : : : ; iK ; s0; s1; : : : ; sK ) �

Pr(s1; : : : ; sK j i1; : : : ; iK ; s0) ds1 : : : dsK (3.3)

But it is alsocommonpractice to usethe expected image:

i � = E i0 [i0j i1; : : : ; iK ; s0] (3.4)

=
Z

i0 Pr(i0j i1; : : : ; iK ; s0) di0

As for which is the better interpretation: MAP or expected,a lot dependson the

resulting probability density function (pdf). Asking for the MAP imagemakessenseif

the pdf is unimodal, and hasa strongpeak. On the other hand, it is better to compute

the expectedimageif the pdf hasmultiple maxima, or hasa large 
at regionnear the

peak (becausethe peak may be sensitive to noise). Of course,the expected image

could occur wherethe pdf is near zero, that is, it is an imageof very low probability.

In such cases,one could argue that the MAP image, (or any MAP image in the

caseof multiple maxima) is preferrableto a near-impossibleexpectedimage. Beyond

these heuristics, it is largely a philosophical question which is better. Either way,

note that both formulation do not explicitly recover the unknown input illuminations

s1; : : : ; sK , nor the unknown identit y N . There is no needto do so becauseour �nal

result is another image. The unknown quantities are merely intermediate variables.

Our approach thus di�ers from many of thosereported in the literature [Georghiades

et al., 2000,Blanz and Vetter, 1999,Liu et al., 2000,Pighin et al., 1998] which adopt

a two-stepsolution: �rst, the 3D structure (or somepseudo-shape information) of the

face is recovered, then imagesare subsequently renderedfrom this structure. There

is no guarantee that thesetwo-stepmethods producean optimal output image,even

if each of the two steps is optimal in itself. Our approach avoids this problem by

formulating the statistically optimal output imageright from the beginning. In fact,
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we will show that the two-stepapproach can be optimal under the right conditions,

but then it is equivalent to our more generalapproach.

At this point, very little can be done with Equations (3.2) through (3.4). We

needa little more structure to the conditional pdf: Pr( i 0ji1; : : : ; iK ; s0) . To proceed

further, we assumethat the joint pdf of the input and output imagesis Gaussian,i.e.

Pr( i0; i1; : : : ; iK j s0; s1; : : : ; sK ) = Gauss(� ; � ) (3.5)

=
1

(det 2� � )1=2
exp

�
�

1
2

(z � � )> � � 1(z � � )
�

where z =

2

6
6
6
4

i0

...

iK

3

7
7
7
5

;

� =

2

6
6
6
4

� 0
...

� K

3

7
7
7
5

=

2

6
6
6
4

E(i0)
...

E(ik)

3

7
7
7
5

;

and � =

2

4
R xx R xy

R yx R yy

3

5 ;

This notation requiressomeexplanation. Each imagei j is represented as a d � 1

column vector. This may be done by a simple row-order scan of the image, for

instance. Each illumination sj is written as a 3 � 1 column vector. This usesthe

coordinate systemde�ned in Section4.1. The vector z is obtained by stacking all the

image vectors on top of each other, and the mean vector � is simply the vector of

individual expectations. Finally, the covariancematrix � is written as a partitioned

matrix, whosecomponents are computedas follows:

25



R xx = E[(i0 � � 0)( i0 � � 0)> ];

R xy = (R yx )> = E[(i0 � � 0)(y � � y)> ];

R yy = E[(y � � y)(y � � y)> ];

wherey is the lower part of z : y =

2

6
6
6
4

i1

...

iK

3

7
7
7
5

;

(3.6)

Note that each meanvector � j is a function of the corresponding illumination sj .

Hencethe overall meanand covariancematrix are alsofunctions of the illuminations:

� = � (s0; : : : ; sK ) and � = � (s0; : : : ; sK ). In other words, we are modeling the im-

agesasa stochastic processgeneratedby a family of Gaussianpdfs. This is similar to

the conceptof Wide-SenseStationarity (WSS)[Therrien, 1992]. We are lessstringent

however: in a WSSstochastic processx(n), the statistics at each n are identical, that

is, generatedby the samepdf; whereaswe require only that each x(n) be generated

by a family of (possiblydi�eren t) Gaussianpdfs. Our modeling is alsosimilar to the

Markov RandomField (MRF) [Li, 1995]. But again, we are lessstringent becausewe

do not imposeany neighborhood constraints. Note further that our assumptionof

Gaussianpdfs is an arbitrary one. We did not check empirically if this assumptionis

valid. Other pdfs may be substituted without a�ecting our approach in principle. We

choseGaussiansbecause(a) they are governed by only two parameters(mean and

covariance),making learning easy, and (b) they tend to give rise to analytical expres-

sionsthat are easilymanipulated. This allows us to prove someusefulproperties, as

we will show in Section3.6.

The reader may well wonder: Where do theseGaussianparameterscomefrom,

sinceall we have so far are images?The answer is the Bootstrap Set. This is a set of

face imagesfrom which we will learn the various statistical parameters. Section4.2

will provide moredetails on this. Intuitiv ely, the ideabehind our approach is to learn

somethingabout facesin generalfrom a known set,and then to apply this (statistical)
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knowledgeto renderfaceswe have never seenbefore. This exploits the fact that faces

are fairly similar in general: eyes and nosesand mouths are in roughly the same

relative positions, and have roughly the sameshape and color. That is to say, faces

belongto the sameobject class,whosegeneralstructure can be learnedfrom a small

set of facesand usedto predict thoseof other facesnot yet seen.

3.4 Rendering Algorithms

Having made this assumption, we now need an expressionfor the conditional pdf

Pr( i0j i1; : : : ; iK ; s0; s1; : : : ; sK ). To do this we invoke the Gauss-Markov Theorem

[Scharf, 1991]:

Gauss-Mark ov Theorem. Let x and y be random vectors that are

jointly distributed accordingto the Gaussianpdf:

Pr

0

@

2

4
x

y

3

5

1

A = Gauss

0

@

2

4
� x

� y

3

5 ;

2

4
R xx R xy

R yx R yy

3

5

1

A (3.7)

Then the conditional distribution of x given y is:

Pr(xjy) = Gaussx (m; Cm ); (3.8)

wherethe subscript \ x " is usedto indicate the pdf variable,

and where m = � x + R xy R � 1
yy (y � � y);

Cm = R xx � R xy R � 1
yy R yx

Moreover, the \estimator" m and the \error" e
4
= x � m have the

following properties:

1. Pdf: m � Gauss(� x ; R xy R � 1
yy R yx )

2. Pdf: e � Gauss(0; Cm )

3. e is uncorrelatedwith the observation y: E[e(y � � y)] = 0
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Substituting Equation (3.8) into the �rst term of Equation (3.3), we get:

i � = argmax
i0

Z
� � �

Z
Gaussi0 (m; Cm ) �

Pr(s1; : : : ; sK j i1; : : : ; iK ; s0) ds1 : : : dsK (3.9)

In other words, we are looking for the mode of a mixture of Gaussians.The mix-

ture weights are given by Pr(s1; : : : ; sK j i1; : : : ; iK ; s0). Sinceeach sj is a continuous

variable, this mixture is in�nite. In general,there is no easyanalytic form for �nding

the mode of a Gaussianmixture , although special casesare reported in the litera-

ture [Carreira-Perpinan, 1999], However, if we assumewe cangeneratesamplesof the

illuminations s1; : : : ; sK , we may usethe following Monte Carlo procedure:

Algorithm 1. Computing the MAP image:

1. Input: imagesi1; : : : ; iK underunknown illuminations s1; : : : ; sK .

Preprocessthe imagessothat the facesarecroppedand centered.

2. Draw many sets of samples f s(p)
1 ; : : : ; s(p)

K g from the pdf

Pr(s1; : : : ; sK j i1; : : : ; iK ; s0). Section 4.4 explains how this can

be done.

3. For each sampleset, draw many samplesi t from the conditional

pdf Gaussi t (m; Cm ). Note that m and Cm are parameterizedby

the illuminations s(p)
j .

4. Collect all samplesi t and computethe histogram(with somesuit-

able bin size).

5. Output: Find the mode, i.e. the bin with the highest frequency.

If, instead, we are interested in the expected output image, then the procedure

becomes:

i � = E i0 [i0j i1; : : : ; iK ; s0]

= E f sj g[ E i0 [i0j i1; : : : ; iK ; s0; s1; : : : ; sK ] ]
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wherethe inner expectation is taken with respect to i0 with all the illuminations f sj g

held constant, and the outer expectation is taken with respect to f sj g. The �rst

expectation is readily computed: it is just the mean of the Gaussianof Equation

(3.8). Thus:

= E f sj g[mj i1; : : : ; iK ; s0] (3.10)

Again, weresort to a Monte Carlo techniqueto evaluate this expectation. The idea

here is to approximate an expectation with a �nite sum: Ex [g(x)] =
R

g(x)p(x)dx �
1

M

P M
j =1 g(x j ), whereeach x j is drawn from the pdf p(x). Hence:

Algorithm 2. Computing the expectedimage:

1. Input: imagesi1; : : : ; iK underunknown illuminations s1; : : : ; sK .

Preprocessthe imagessothat the facesarecroppedand centered.

2. Draw M sets of samples s(p)
1 ; : : : ; s(p)

K from the pdf

Pr(s1; : : : ; sK j i1; : : : ; iK ; s0). Section4.4 describesa method for

this.

3. For each sampleset, compute m j = � x + R xy R � 1
yy (y � � y) ac-

cording to Equation (3.8).

4. Output: Compute the average 1
M

P M
j =1 m j .

Both algorithms depend on the abilit y to draw setsof sampless(p)
1 ; : : : ; s(p)

K from

the pdf Pr(s1; : : : ; sK j i1; : : : ; iK ; s0). How do we do this? We postponethe discussion

of this until Section4.4, and continue instead with our theoretical development. We

have yet to show how the image formation model (Equation (3.1)) relates to the

Gaussianpdf (Equation (3.5)). Wetakethis up in the next section,and then complete

this chapter by proving the properties of our stochastic model. But �rst, a special

case.
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3.4.1 Special case (kno wn illuminations)

The two Monte Carlo procedures(Algorithms 1 and 2) are necessarybecausewe

do not know the input illuminations s1; : : : ; sK . If we happen to know these, then

Equation (3.2) becomes:

i � = argmax
i0

Pr(i0j i1; : : : ; iK ; s0; s1; : : : ; sK ) (3.11)

= argmax
i0

Gaussi0 (m; Cm ) , from Equation (3.8)

= m , sincethe mode of a Gaussianis its mean

= � x + R xy R � 1
yy (y � � y) (3.12)

Another way of seeingthis is asfollows: knowing the input illuminations s1; : : : ; sK

meansthat the pdf Pr(s1; : : : ; sK j i1; : : : ; iK ; s0) is a Dirac delta function. The integral

in Equation (3.3) now simpli�es to Equation (3.11), from which Equation (3.12)

follows.

The expectedoutput equation (Equation (3.4)) simpli�es to the sameexpression

too, since the mean of a Gaussianis also its mode. Therefore, once we know the

input illuminations, both the MAP output and expected output are one and the

same,and there is a direct analytic expressionfor the output image. We may thus

be tempted to �rst estimate the input illuminations, and then useour estimatesin

Equation (3.11) to directly compute our output, thereby avoiding the need to use

Monte Carlo simulation. But this can lead to error: Whatever estimation procedure

we useto computethe input illuminations, there is bound to be someerror associated

with it. In other words, our estimatesare themselvesrandom vectors,with their own

pdf. This meansthat Pr(s1; : : : ; sK j i1; : : : ; iK ; s0) is not a Dirac delta function and

we cannot avoid integrating Equation (3.3).
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3.5 Image Formation Mo del

Up until now we have beenworking in fairly generalterms. We demandedno other

conditionson the imageformation model, Equation 3.1,other than it generatea Gaus-

sian random vector. We will now elaborate further and show how such a Gaussian

imageformation model may be realizedin practice.

Perhapsthe simplest image formation model we can useis the augmented Lam-

bertian model [Jain et al., 1995]:

i (x) = n(x)> s + v (3.13)

which says that at pixel position x, the pixel intensity, i 2 R, is related to dot product

of the surfacenormal (including albedo) at that pixel, n 2 R 3, and the single light

source,s 2 R 3, plus an \error" term v 2 R. The purposeof this term is to capture

the deviation of an imagefrom the Lambertian model, such asshadows and specular

re
ections. Note that v = v(x; s), i.e. it is a function of both the pixel position and the

incident illumination. This makessensebecausewhereshadows or specularitiesarise

depend on the illumination. If we model n asa Gaussianrandom vector 5 with mean

� n and covarianceCn , and v alsoas a Gaussianrandom variable, independent of n,

and with mean� v and variance� 2
v , then Pr(i j s) = Gaussi (s> � n + � v ; s> Cns + � 2

v).

Collecting all the pixels into a vector, we can then write Equation 3.1 as:

i = f (N ; S) = N > s + v (3.14)

wherei is a d � 1 vector, N is a 3 � d matrix whosecolumnsare the surfacenormals

and albedo, s is a 3 � 1 vector representing the single light sourceat in�nit y, and v

is a d � 1 deviation vector.

Equation (3.14) is hard to work with, becauseit is a high dimensional vector:

typical face imagesare 100� 100 pixels, so that d = 10000. This posestwo prob-

lems: (a) covariancematrices of such large vectorswill be of sized2, which requires

approximately 800Mb of storage,and (b) estimating such a large covariancematrix
5This is really n(x), but we drop the (x) for notational convenience.
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requiresfar too many training imagesthan we can reasonablyobtain. Sofor the sake

of tractabilit y, we have to reducethe dimensionof the vectors. One way is to assume

that n(x) at pixel x is independent of n(y) for other pixels y. Likewisev(x; s) is

independent of v(y; s). This meansthat we treat Equation (3.13) at each pixel inde-

pendently of other pixels. Let's now revisit Equation (3.5) and rewrite it for every

pixel x. Let z = [i 0(x); i 1(x); : : : ; i K (x)]> . Then:6

Pr(zj s0; s1; : : : ; sK ) = Gaussz(� ; � ) (3.15)

where � = [� 0; � 1; : : : ; � K ]>

= [s>
0 � n + � v(0) ; : : : ; s>

K � n + � v(K ) ]>

and � =

2

4
r xx r xy

r yx R yy

3

5

Note that we have used � v(0) to denote the mean deviation evaluated at illumi-

nation s0. Exactly how this is computed will be the topic of Section 4.3. Likewise

� 2
v(0) denotesthe deviation varianceat illumination s0. In the next paragraph,we will

alsouse� v(j ;k) to denotethe covariancebetweenv(sj ) and v(sk), with � v(j ;j ) meaning

� 2
v(j ) . This doesnot violate our earlier independenceassumptionon v: we had said

that v(x; s) is independent of v(y; s), but we allow for correlation between v(x; sj )

and v(x; sk), i.e. independenceis only betweenpixels, but not betweenilluminations.

The components of the partitioned covariancematrix are now:

r xx = s>
0 Cns0 + � 2

v(0) ; (3.16)

r xy = (r yx )> = [aj ]; a 1 � K row vector

where aj = s>
0 Cnsj + � v(0;j ) ; for j = 1; : : : ; K

R yy = [bj k ]; a K � K matrix

where bj k = s>
j Cnsk + � v(j ;k) ; for j ; k = 1; : : : ; K

6Again, it should be z(x), but we drop the \( x)" with the understanding that this equation

applies at every pixel x.
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The expressionsfor meanand covariancein Equation (3.8) thus simplify to:

m = s>
0 � n + � v(0) + r xy R � 1

yy (y � � y); (3.17)

cm = s>
0 Cns0 + � 2

v(0) � r xy R � 1
yy r yx ;

where y = [i 1; : : : ; i K ]> ;

� y = [s>
1 � n + � v(1) ; : : : ; s>

K � n + � v(K ) ]>

Note that the covariance matrix, cm , is now a scalar variance, sincewe are dealing

with a singleouput pixel i 0. With theseexpressions,wecannow employ Algorithms 1

or 2 to render the MAP imageor expectedimage,respectively.

3.5.1 Special case (MLE)

There is actually a subtle \
a w" in our techniquesofar: nothing in our model requires

that all the input imagesto our renderingalgorithms be of the sameindividual. We

havesimply assumedthat they were,but wecouldbeperverseand giveour algorithms

input imagesof two or more di�eren t people. Our model doesnot prevent this, nor

doesit exploit the property that the imagesare of the samepersonin the event that

they are. The logical questionis therefore: can we indeedexploit this property? The

answer is \y es", but we have to re-derive the renderingequation. In doing so, it will

becomeclear why this alternative renderingmethod is considereda special case.

As before,supposewe have K input imagesof oneperson. In order to exploit this

fact, we needto �x n in our model, that is, n is no longermodeledasa randomvector

but as an unknown but �xed quantity. There is thereforeno class-basedstatistics to

speak of. Let's assumethat the input illuminations are known, and for the moment,

that n is alsoknown. Then the statistically optimal output (at each pixel) is:

i � = argmax
i 0

Pr(i 0j n; i 1; : : : ; i K ; s0; s1; : : : ; sK )
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It is not hard to seethat this leadsto somethingsimilar to Equation (3.17):

m = s>
0 n + � v(0) + r xy R � 1

yy (y � � y); (3.18)

and cm = � 2
v(0) � r xy R � 1

yy r yx ;

where y = [i 1; : : : ; i K ]> ;

� y = [s>
1 n + � v(1) ; : : : ; s>

K n + � v(K ) ]>

= S> n + � v

r xy = [� v(0;1); : : : ; � v(0;K ) ]; a 1 � K row vector

R yy = [bj k ]; a K � K matrix

bj k = � v(j ;k) ; for j ; k = 1; : : : ; K

and where S is a 3 � K matrix whosecolumns are the input illuminations. But in

reality n is unknown, which meanswe have to estimate it from the input images.

The maximum likelihood estimate (MLE) may be derived as follows: Each input

imageis formed accordingto i j = s>
j n + vj ; for j = 1; : : : ; K , and thereforeits pdf is

Gauss(s>
j n + � v(j ) ; � 2

v(j )). The joint likelihood is:

Pr(y j S; n) =
1

(det 2� R yy)1=2
exp

�
�

1
2

(y � S> n � � v)> R � 1
yy (y � S> n � � v)

�

Denoting the log likelihood by L, and ignoring terms that do not involve n, we get:

L = (y � S> n � � v)> R � 1
yy (y � S> n � � v)

Now we take derivateswith respect to n and set it to zero:

@L
@n

= � 2SR � 1
yy (y � � v) + 2SR � 1

yy S> n = 0

)
�
SR � 1

yy S>
�

n = SR � 1
yy (y � � v)

And thus, nMLE = A � 1 b (3.19)

where A
4
= SR � 1

yy S>

b
4
= SR � 1

yy (y � � v)
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Our renderingequation is thus:

i � = m = s>
0 nMLE + � v(0) + r xy R � 1

yy (y � S> nMLE � � v) (3.20)

Note that for A to be invertible, its rank must be 3. This in turn meansthat

K � 3, and that at least 3 of the illuminations sj are linearly independent. This is

the reasonthat wecall this derivation a specialcase.It requiresa minimum of 3 input

imagesunder known illuminations that are linearly independent 7. We also consider

whether using the MLE in our rendering equation makes it no longer statistically

optimal. Fortunately, the answer is \no". The rendering equation is still optimal

becauseof the following invarianceproperty of maximum likelihood estimates[Scharf,

1991]:

In variance Prop ert y of MLE. If �̂ is the MLE of � , then for any

function W (� ), the MLE of W (� ) is W (�̂ ).

Our renderingequationis simply a linear function of nMLE , and thereforeproduces

the maximum likelihood estimate of the output image.

3.6 Pro of of Prop erties

All is well and good, but does our Guassian image formation model possessthe

properties listed in Table 3.1? Let's prove them here.

Lemma 1. Both Algorithms 1 and 2, as well as the Special Caseof

Section3.4.1,are Parsimoniousand Statistically Optimal.

Proof. This is true by the construction of the algorithms.

Lemma 2. The SpecialCaseof Section3.5.1Statistically Optimal but

not Parsimonious.
7If the illuminations are unknown, one may be tempted to integrate Equation (3.20) over the

unknown illuminations, just as in Equation (3.9). But doing so may causeA to be rank-de�cient,

whenever the illuminations happen to \line up" to becomelinearly dependent.
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Proof. The optimalit y property is true by construction. As for Parsimony, we noted

in the previoussectionthat the computation of nMLE requiresat least3 input images.

Thus this Special Caseis not Parsimonious.

The other properties, however, are not so obvious. We prove them for the two

Special Cases.

Theorem 3. The SpecialCasesof Sections3.4.1and 3.5.1are Consis-

tent.

Proof. Let's prove the SpecialCaseof Section3.4.1�rst. Supposethe desiredoutput

illumination s0 is equal to oneof the input illuminations. Sincethere is no particular

order in the input images,let this be the �rst input, that is, s0 = s1. This implies

� v(0) = � v(1) ; � 2
v(0) = � 2

v(1) , and � v(0;j ) = � v(1;j ) for j = 1; : : : ; K . This alsomeansthat

in Equation (3.16), r xy is the sameas the �rst row of R yy, which in turn leads to

r xy R � 1
yy = [1; 0; : : : ; 0], a row vector with 1 in the �rst element, and 0 elsewhere.To

seethis, considerthat for any invertible matrix A , we have AA � 1 = I , the identit y

matrix. Hencethe �rst row of A multiplied by A � 1 must yield the �rst row of I ,

which is just [1; 0; : : : ; 0]. Looking at m in Equation (3.17), we get:

m = s>
0 � n + � v(0) + (r xy R � 1

yy )(y � � y)

= s>
0 � n + � v(0) + [1; 0; : : : ; 0](y � � y)

= s>
0 � n + � v(0) + (i 1 � � 1)

= s>
0 � n + � v(0) + i 1 � (s>

1 � n + � v(1) )

= i 1

In other words, the output pixel is exactlyequal to the pixel of the �rst input. Fur-

thermore, its variancecm is 0 :

cm = s>
0 Cns0 + � 2

v(0) � (r xy R � 1
yy )(r xy )>

= s>
0 Cns0 + � 2

v(0) � [1; 0; : : : ; 0](r xy )>

= s>
0 Cns0 + � 2

v(0) � (s>
0 Cns1 + � v(0;1))

= 0
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Thus the Special Caseof Section3.4.1 is Consistent. It is not hard to seethat by a

similar argument, the Special Caseof Section3.5.1 is alsoConsistent.

This is not true in the general caseof Algorithms 1 and 2, however, because

of the integral in Equation (3.3). This integral averagesthe optimal m from the

Special Case(Section 3.4.1) over the rangeof input illuminations. Unless,of course,

Pr(s1; : : : ; sK j i1; : : : ; iK ; s0) is a Dirac delta function. But that's just another way of

saying that the input illuminations are known, which is not true in general. This is

the price we pay for not knowing the input illuminations.

The �nal property to be proven is Progressiveness.This is a very nice property

becauseit assuresus that having more input imagescannot degradethe output in

the statistical sense.To show this, we �rst needan expressionfor the error between

the actual image (what the output would be if captured by a camera)and the one

produced by our algorithm. The actual image takes the form of i actual = s>
0 nactual +

v actual . So the error is " = i actual � i 0.

We will derive the error for the two Special Cases(Sections 3.4.1 and 3.5.1),

and use it to show that the Progressive property holds for only one of them. More

speci�cally, we will show that the expected error is zero while its variance goes to

zeroasK , the number of input images,goesto in�nit y. To do this, we �rst make the

assumptionthat the input and output illuminations are randomly and independently

drawn from the surfaceof a unit hemispherein front of the face.8 This is reasonable

since (1) we do not care about illumination falling behind the face; (2) we ignore

the illumination strength and consideronly its direction, which allows to usea unit

hemisphereto specify the direction of the light; and (3) without further information

about the light sources,any point on the hemisphereis equally probable. Thus the

pdf of a light sources is:
8This assumption makes it easyto compute the statistics of the illumination. There is a closed

form for its meanand covariance(seeAppendix B). In the real world, human facesare more usually

lit from the front or from above, and rarely from the bottom, except perhaps in horror movies.
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Pr(s) =

8
><

>:

1
2� ; if s is on the unit hemisphere,

0; otherwise
(3.21)

Let's begin with the Special Caseof Section3.5.1,wherewe explicitly imposethe

condition that the input imagesareall of the sameperson. As derived in that section,

the algorithm �rst computesthe maximum likelihood estimateof the surfacenormals

from the input images,and then renders the output according to Equation (3.20).

Using Lemma11, and noting that v = y � S> nMLE , we may re-write the equationas:

i 0 = m = s>
0 nMLE + vMAP

since the deviation term is nothing but the MAP estimate, given v. The error is

therefore:

" = s>
0 (nactual � nMLE ) + (vactual � vMAP ) (3.22)

Our next Lemma establishesits expectation.

Lemma 4. The expectederror is zero, i.e. E[" ] = 0

Proof. The random vectors in the above equation are nMLE ; vactual and vMAP , so let's

take their expectations.

E[nMLE ] = A � 1 E[b]; from Equation (3.19)

=
�
SR � 1

yy S>
� � 1

SR � 1
yy E[(y � � v)]

=
�
SR � 1

yy S>
� � 1

SR � 1
yy S> n

= n

E[vactual ] = � v(0) ; directly from our model

E[vMAP ] = � v(0) ;
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from applying the Gauss-Markov Theorem,andnoting that vactual andvMAP correspond

to x and m, respectively. Putting all thesetogether meansthat:

E[" ] = s>
0 (n � n) + (� v(0) � � v(0) ) = 0

Showing that the error-variancegoesto zerois somewhatmore involved, requiring

a few moreLemmas,but it canbedone. Wewill �rst show that nMLE and vactual � vMAP

are uncorrelated.

Lemma 5. nMLE and e
4
= vactual � vMAP are uncorrelated.

Proof. Begin by noting that accordingto the Gauss-Markov Theorem,e hasa Gaus-

sian pdf: e � Gauss(0; cm ) where cm = � 2
v(0) � r xy R � 1

yy r yx , as de�ned in Equa-

tion (3.18). Now,

E[(nMLE � n) e] = E[enMLE ] � E [e]n

= E[enMLE ]; sincen is constant and E[e] = 0

= E[eA � 1SR � 1
yy (y � � v)]; from Equation (3.19)

= A � 1SR � 1
yy E[ey]; sinceE[e]� v = 0

= A � 1SR � 1
yy E[e(S> n + v)]

= A � 1SR � 1
yy E[ev]; sincen is constant and E[e]S> n = 0

= 0

becauseby the Gauss-Markov Theorem,e and v are uncorrelated.

This meansthat the varianceof the error in Equation (3.22) is simply the sum of

two variances:

Var[" ] = Var[s>
0 (nactual � nMLE ) + (vactual � vMAP )]

= s>
0 Var[nMLE ] s0 + Var[e] (3.23)
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where we have used the expressionVar[� ] to denote the variance or covariance, as

appropriate. We have already found the variance of e. The covariance of nMLE is

straightforward from Equation (3.19):

Var[nMLE ] = Var[(SR � 1
yy S> )� 1SR � 1

yy (y � � v)]

= H Var[y ] H >

whereH = (SR � 1
yy S> )� 1SR � 1

yy

) Var[nMLE ] = HR yyH >

= (SR � 1
yy S> )� 1SR � 1

yy R yy R � 1
yy S> (SR � 1

yy S> )� 1

= (SR � 1
yy S> )� 1 (3.24)

The next Lemma shows that this covariancematrix goesto zeroas K gets large.

Lemma 6. Var[nMLE ] goesto 0 monotonically as K goesto in�nit y.

Proof. Consider the 3 � 3 matrix A
4
= SR � 1

yy S> . Let's �nd an expressionfor its

elements in terms of thoseon the right hand side. Write all the matrices as follows:

A = [aij ]; i; j = 1; 2; 3

S = [sij ]; i = 1; 2; 3; j = 1; : : : ; K

R � 1
yy = [cij ]; i; j = 1; : : : ; K

Then it is straightforward to show that:

aij =
KX

t=1

KX

r =1

ctr sit sj r ; for i; j = 1; 2; 3

Now considera11:

a11 =
KX

t=1

KX

r =1

ctr s1t s1r

� cMAX

KX

t=1

KX

r =1

s1t s1r ;
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where cMAX

4
= maxt;r ctr is the largest element in R � 1

yy . Note that the double sum is

over all possiblepairs of �rst-ro w elements of S, which can be approximated by:

a11 � cMAX K E[s2
x ]

where we consider the illumination s to be a random vector whose elements are

[sx ; sy; sz]> . Wealsousedthe Monte Carlo approximation Ex [g(x)] =
R

g(x)p(x)dx �
1
K

P K
j =1 g(x j ), whereeach x j is drawn from the pdf p(x). This approximation can be

made as preciseas possibleby choosing a large enoughK . Likewise,we can �nd a

lower bound for a11 :

cMIN K E[s2
x ] � a11 � cMAX K E[s2

x ]

By a similar reasoning,we seethat a12 may be bounded above and below by some

multiples of E[sx sy]. Continuing in this fashion for all the elements of A , we arrive

at the following bounds:9

cMIN K E[ss> ] � A � cMAX K E[ss> ]

)
cMIN K

3
I � A �

cMAX K
3

I ; from Appendix B

This shows that A is a diagonalmatrix. It's inversecan thus be boundedby:

3
cMAX K

I � A � 1 �
3

cMIN K
I

which goesto 0 monotonically as K ! 1 .

SinceVar[nMLE ] = A � 1, this completesthe proof.

Lemma 7. Var[" ] goesto 0 monotonically as K goesto in�nit y.
9When \ � " is usedto comparematrices, we mean element-wise comparison.
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Proof. Equation (3.23) states that:

Var[" ] = s>
0 Var[nMLE ] s0 + Var[e]

We have already shown in Lemma6 that Var[nMLE ] goesto 0 asK ! 1 . It remains

to show that the secondterm alsogoesto 0. To do this, let's obtain a recursive form

for the variance. Denote Var[e]K to be the variance with K inputs. Appendix A

derivesthe recursionto be:

Var[e]K = Var[e]K � 1 � �

where � =

�
� v(0;K ) � � > R � 1

yy;K � 1 r yx;K � 1
� 2

� 2
v(K ) � � > R � 1

yy;K � 1 �

Note that � � 0 becausethe numerator is non-negative, and the denominator is

another variance term: it is the variance of the K th input image given the other

K � 1 inputs. This in turn meansthat:

Var[e]K � Var[e]K � 1

i.e. moreinputs cannot increasethe variance. Of course,it is possiblefor � = 0 always,

but this is unlikely. HenceVar[e] goesto 0 monotonically as K goesto in�nit y, and

the Lemma is proved.

Note that we could alsohave arguedas follows: As K goesto in�nit y, the output

illumination s0 must beoneof the input illuminations. Let this bes1. Then r xy is just

the �rst row of R yy, sothat r xy R � 1
yy r yx = � 2

v(0) . Thus,Var[e] = � 2
v(0) � r xy R � 1

yy r yx = 0.

However, by usingthe recursive form for the variance,aswe did above, we seeexactly

how the K th input a�ects Var[e]: it doessothrough the term � . As a �nal comment,

note that Var[e] could be zeroeven for small K . This happenswhenever the output

illumination is exactly one of the input illuminations. Thereafter Var[e] remainsat

zero,even when more input imagesare given.

Finally, we have the theorem:

Theorem 8. The Special Caseof Section3.5.1 is Progressive.
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Proof. Lemmas4 and 7 taken together show that (1) on average,the imageerror is

zero,and (2) it is more likely to be zeroas more inputs are given.

What about the SpecialCaseof Section3.4.1?Is it Progressive? Unfortunately, it

isn't, and the proof isn't that long either. UsingTheorem12, to be proved in the next

section,we know that this SpecialCaseis equivalent to (1) �nding the MAP estimate

of the surfacenormal nMAP , (2) computing the MAP estimate of the deviation vMAP ,

and (3) rendering the output using i 0 = s>
0 nMAP + vMAP .

So Special Case(Section 3.4.1) di�ers from Special Case(Section 3.5.1) only in

the estimateusedfor the surfacenormal: MAP versusMLE. The MAP estimatewill

be shown in Equation (3.28) to be:

nMAP = [S� � 1
v S> + C � 1

n ]� 1[S� � 1
v (y � � v) + C � 1

n � n ]

Sinceall input imagesare of the sameperson,they take the form y = S> nactual + v,

wherenactual is the (unknown) surfacenormal of the person. Therefore,

E[nMAP ] = [S� � 1
v S> + C � 1

n ]� 1[S� � 1
v S> nactual + C � 1

n � n ] (3.25)

which is not equal to nactual in general.

Lemma 9. The Special Caseof Section3.4.1 is not Progressive.

Proof. As shown in Equation (3.25) above,

E[nMAP ] 6= nactual

Therefore, E[" ] = E[i actual � i 0]

= s>
0 (nactual � E [nMAP ]) + E[(vactual � vMAP )]

6= 0

That is, the renderedoutput imageis not expectedto beequalto the actual image.
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3.7 Optimalit y of the 2-step Approac h

We mentioned earlier in this chapter that under certain conditions, the two-step

approach commonly used in image-basedrendering can be optimal, but then it is

equivalent to our more generalapproach. We will prove this now, but in reverse:we

will show the conditions that make our method equivalent to the 2-step approach,

and then arguethat becausethe conditions for equivalenceare fairly restrictive, two-

step approaches are unlikely to be optimal unlessthey are speci�cally designedto

be so. Recall that the two-step approach is as follows. Step 1: Estimate some3D

information (shape) about the object from the given images.Step2: Usetheseshape

estimates to render the object under new viewing conditions. An example of this

approach is our earlier work [Sim and Kanade, 2001b], in which we �rst computed

the MAP estimate of the surfacenormal n(x), and then usedthis to render the face

under newillumination. In hindsight, this wasnot ideal. But it wasthis very problem

that prompted us to developa moreprincipled approach to rendering. We beginwith

two Lemmas.

Lemma 10. Let y = [i 1; : : : ; i K ]> asbefore,and let S = [ s1; : : : ; sK ],

i.e. a 3� K matrix whosecolumnsarethe K input illuminations. Then,

Pr(nj y ; S; s0) = Gaussn (nMAP ; R n )

for someconstants nMAP and R n

Proof. From Bayes' rule, we have:

Pr(nj y ; S; s0) / Pr(y j n; S; s0) � Pr(nj S; s0) (3.26)

From our image formation model (Equation (3.13)), we have y = S> n + v, where

v = [v(s1); : : : ; v(sK )]> . Thus:

Pr(y j n; S; s0) = Gaussy (S> n + � v; � v); sincen is given

Pr(nj S; s0) = Gaussn (� n ; Cn ); from our modeling assumption
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Substituting theseinto Equation (3.26) we obtain:

Pr(nj y ; S; s0) / Gaussy (S> n + � v; � v) � Gaussn (� n ; Cn )

/ A exp
�
�

1
2

B
�

whereA and B are scalarsto be determined. Looking at B :

B = [(y � S> n � � v)> � � 1
v (y � S> n � � v)] +

[(n � � n )> C � 1
n (n � � n )]

= n> S� � 1
v S> n � 2(y � � v)> � � 1

v S> n +

n> C � 1
n n � 2� >

n C � 1
n n + C

= n>
�
S� � 1

v S> + C � 1
n

�
n � (3.27)

2
�
(y � � v)> � � 1

v S> + � >
n C � 1

n

�
n + C

wherewe have expandedonly terms that involve n.

) B = n> R � 1
n n � 2n>

MAP n + C

where R � 1
n

4
= S� � 1

v S> + C � 1
n (3.28)

nMAP

4
= R n

�
S� � 1

v (y � � v) + C � 1
n � n

�

Clearly, B is quadratic in n, which meansthat the pdf is indeeda Gaussian:

Pr(nj y ; S; s0) = Gaussn (nMAP ; R n )

with nMAP and R n de�ned above. Note that nMAP is preciselythe MAP estimate of

n given the input images.

Lemma 11. The conditional deviation term alsohasa Gaussianpdf:

Pr(v(s0)j y ; S; s0) = Gaussv(s0 )(vMAP ; s2
v)

for someconstants vMAP and s2
v.
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Proof. Sincev(s0) is independent of n, we may write:

Pr(v(s0)j y ; S; s0) = Pr(v(s0)j y ; S; s0; n)

= Pr(v(s0)j v ; s0)

sincey = S> n + v. But we have modeled the deviation terms as jointly Gaussian.

That is,

Pr

0

@

2

4
v(s0)

v

3

5

1

A = Gauss

0

@

2

4
� v(0)

� v

3

5 ;

2

4
� 2

v(0) r >

r � v

3

5

1

A

wherer is the vector of covariancesbetweenv(s0) and v. Sofrom the Gauss-Markov

Theorem(3.7), the conditional is alsoGaussian:

Pr(v(s0)j v ; s0) = Gaussv(s0 )(vMAP ; s2
v)

where vMAP = � v(0) + r > � � 1
v (v � � v) (3.29)

s2
v = � 2

v(0) � r > � � 1
v r

And �nally , the theorem:

Theorem 12. Equiv alence. The Special Case algorithm of Sec-

tion 3.4.1 is equivalent to the following algorithm:

1. Compute nMAP , the MAP estimate of the surfacenormal n from

the given imagesy and the known illuminations S. This is the

shape-recovery step.

2. ComputealsovMAP , the MAP estimateof the deviation term v(s0)

from the known deviations v = y � S> nMAP . This, and the next,

are the renderingsteps.

3. The output imageis i 0 = s>
0 nMAP + vMAP .
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Proof. The Special Casealgorithm may be written as:

i 0 = E[i 0j y ; S; s0]

= E[s>
0 n + v(s0)j y ; S; s0]

= s>
0 E[nj y ; S; s0] + E[v(s0)j y ; S; s0]

= s>
0 nMAP + vMAP (3.30)

wherewe have usedLemmas10 and 11 to get the last line.

Let's examinewhat conditions enabledus to make this proof. Certainly we need

to know the input illuminations, for otherwisewe would have to integrate over the

posteriorpdf of illuminations (seeEquation (3.3)). Estimating the input illuminations

is not enough,becausethe estimatesthemselvesare random vectorshaving their own

distributions. Unlessof course,we have an absolutely foolproof estimator. We can

also seethe usefulnessof our Gaussianassumptions: (a) it enabledlinear functions

of Gaussianvariables to remain Gaussian;(b) it meant that conditional pdfs were

alsoGaussianwhenever the joint pdfs were,and (c) it allowed us to interchangethe

mode with the mean. To be sure, the Gaussianassumptionsare su�cien t but not

necessary. Someother pdf with the sameproperties would work just as well. All in

all, theseconditions are fairly restrictive, and failure to meet any of them will break

the equivalence. The lessonis thus clear: our analysissuggeststhat the traditional

two-stepapproach for image-basedrenderingis not guaranteedto producethe optimal

image,unlesscarefulanalysisis made. This is sodespitethat fact that the individual

stepsin the traditional method are optimal in themselves. The principled approach,

of course,is to formulate the rendering problem in a statistically optimal way right

from the beginning,as we have done.

3.8 Summary

Let's summarizethis chapter. We proposeda statistically optimal image-basedren-

dering technique for rendering facesunder di�eren t illuminations. The statistics are

learnedfrom a Bootstrap Set of other faces,taking advantage of the fact that faces
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Table 3.2: Algorithms and Their Prop erties

Algorithm Parsimonious Optimal Progressiv e Consisten t

Algorithm 1
p p

Algorithm 2
p p

Special Case3.4.1
p p

�
p

Special Case3.5.1 �
p p p

are fairly similar and belongto the sameobject class.We alsoestablishedsomegood

properties any renderershould possess,and showed that our Special Casealgorithm

of Section3.4.1 had all but one of them: Progressiveness.However we showed that

another Special Case(Section 3.5.1) was indeed Progressive. Table 3.2 summarizes

the variousalgorithms and their properties. Finally, we proved the equivalenceof our

method and the traditional two-stepapproach when certain conditions are satis�ed.

Becausetheseconditions are fairly restrictive, it shows that the two-stepapproach is

unlikely to be optimal unlessspeci�cally designedto be so.
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Chapter 4

Implemen tation

The previouschapter introducedour theory, but left out many details. For instance,

how is an illumination s represented? Or, how are the statistics � n and � 2
v(0) learned?

We take up theseissuesin the chapter. Someof theseissueswere �rst described in

our earlier work [Sim and Kanade, 2001b], but for the sake of completeness,we will

include them here.

4.1 Coordinate System

We de�ne a simple Cartesian coordinate systemwith the origin at the center of the

face image, with the z-axis pointing towards the viewer, Figure 4.1. The viewer is

assumedto be somewhereon the z-axis looking towards the origin. A light source

s is represented using two angles(� ; � ), denoting the azimuth and elevation angles

respectively. All anglesare measuredin degrees( � ). The azimuth (longitude) is the

left/righ t angle, i.e. the angle between the z-axis and the projection of s onto the

xz-plane. The elevation (latitude) is the up/down angle,i.e. the anglebetweens and

the xz-plane. Sincewe are only concernedwith the direction of a light source,and

not its strength, we may constrains to lie on the surfaceof a unit hemispherein front

of the face. As such, this two-parameterrepresentation is su�cien t. When used in

computations, however, s is converted to a 3 � 1 column vector, using the following

equations:
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Figure 4.1: Coordinate axesto measureillumination direction. The origin is in the center

of the face,and the viewer is somewhereon the z-axis, looking towards the origin.

sx = � cos� sin�

sy = sin�

sz = cos� cos�

s = [sx ; sy; sz]>

(4.1)

4.2 The Bo otstrap Set

Weneeda setof faceimagesfrom which to learn the variousstatistics. This is possible

becausefacesare fairly similar in generaland belongto the sameobject class.Parts

of the face(eyes,nose,mouth, etc.) for di�eren t peopleare found in roughly the same

relative positions, and have roughly the sameshape and color. By using class-based

statistics, we can guide our renderer to produce only reasonableface images. We

will call this set the Bootstrap Set1, and remark that there are at least two ways of

acquiring such a set: by taking actual photographsof human subjects under di�eren t
1Seealso Footnote 3 on page4.
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(known) illuminations, or by renderingthe imagesusing standard computer graphics

techniques. Our previouswork relied on actual photographs:we had usedthe Yale A

dataset [Georghiadeset al., 1998]. This consistsof 15 peopleunder approximately 60

illuminations. Our research group had alsoproducedits own dataset, the CMU PIE

dataset [Sim et al., 2001]. This set contains more than 60 subjects, but under fewer

illuminations. It doescapture the subjects in di�eren t poses,however, which may be

useful for pose-relatedresearch.

For the work in this dissertation,however, wehavechosento renderour Bootstrap

Set. This was doneusing the USF 3D dataset [Sudeep,2001]. This dataset consists

of about 200 peoplewith 3D (depth) data of their faces,as well as 2D photographs

captured under uniform illumination. Thesephotographsare usedas texture maps

over the 3D shape to produce the renderedimages.We arbitrarily chosea subsetof

100subjects and usedOpenGL [Woo et al., 1999] to render the facesunder di�eren t

illuminations and poses. Figure 4.2 shows a few imagesfrom our Bootstrap Set.

The main reasonthat we chose to render these faces, instead of acquiring actual

photographs, is for greater control over the viewing conditions. Our Bootstrap Set

consistsof 100 facesrenderedunder 101 illuminations, something the Yale A and

CMU PIE datasets cannot give us. In addition, for the extensionsto our theory

described in Sections5.5 and 5.6, we neededmany moresubjects from which to learn

the class-basedstatistics, and alsoBootstrap imagesunder di�eren t poses.Of course,

the quality of the renderedBootstrap facesis not asgood asactual photographs,and

this a�ects the quality of our output imagesas well. But this trade-o� is well worth

the rendering 
exibilit y gained.

4.2.1 Generating the Bo otstrap

The USF 3D datasetprovidestwo �les for each subject: onecontaining the 3D depth

information, and the other a photograph of the person. From a datasetof about 200

people,we arbitrarily selecteda subsetof 100to form our Bootstrap set. This subset

of imagesand 3D data werealreadycropped to include only the face(seeFigure 4.2).

We then performedthe following steps:
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Figure 4.2: A sampleof imagesfrom the Bootstrap Set, renderedfrom the USF 3D dataset.

The 3 personsare renderedin frontal poseunder the same4 illuminations.

Figure 4.3: A samplefrom the Yale A dataset.
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Figure 4.4: A samplefrom the CMU PIE dataset.

1. The original 3D data was given in triplets of Cylindrical coordinates (� ; h; r ).

The resolution was 512� 512. From this we generateda triangular mesh of

about 16000verticesand 8000triangles.

2. We manually marked eight points on each personand usedthem to align ev-

eryoneto a referenceface. The alignment wasdoneusing a similarit y transfor-

mation, i.e. rotation about the x; y; z axes,translation in the x; y; z directions,

and a scalefactor.

3. Then we wrote an OpenGL program to render each face under di�eren t il-

luminations. While OpenGL could produce specular re
ections and attached

shadows (shadows due to light falling obliquely on the surface), it could not

handlecast shadows (shadows causedby a part of the faceoccluding the light).

For added realism, we incorporated a simple shadow routine to produce cast

shadows. This was done using the Shadow Bu�er technique [Watt and Watt,

1992]. We alsoaddeda small amount of ambient light to the scene.

4. For each of the 100subjects, we generated100� 100-pixelimagesunder illumi-

nations ranging from � 90� to +90� in stepsof 20� in both azimuth and elevation
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angles.We alsorenderedunder a frontal illumination of (0� ; 0� ). This produced

101 imagesin total per person.

5. Up to now, the renderingwasdonein RGB color. Wethen converted the images

to 8-bit, 0{255 gray scaleformat.

4.3 Learning the Statistics

Our stochastic model usesthe statistics of the surfacenormal n(x) and the deviation

term v(x; s) (SeeEquation (3.13)). These statistics are learned for every pixel x.

The maximum likelihood estimates for these values are just the sample mean and

samplecovariance,computable from the Bootstrap images.More precisely, let B be

a d� m matrix whosecolumnsare the d-dimensionalimagestakenunder illumination

directions f sj gm
j =1 . Let N be a 3� d matrix whosecolumnsare the vectorsf n(x)gd

x=1 .

Also, let S be a 3 � m matrix of the illuminations, and let V be a d � m matrix

of the deviation terms. Then for each personin the Bootstrap Set, we compute the

least-squaressolution2 for N and V as follows:

B = N > S + V

) N = (SS> )� 1SB>

and V = B � N > S

(4.2)

From this we computethe samplemeanvector � n
3 and samplecovariancematrix

Cn . Sincev(s) is a scalar, we compute the samplemean � v(s) and samplevariance

� 2
v(s) . We also compute the correlation coe�cien t � v(j ;k) between v(sj ) and v(sk),

where� v(j ;k)
4
= � v(j ;k)=(� v(j ) � v(k)).

2Since we have the 3D mesh from which to render the face, we could in principle compute the

surface normals directly from the mesh. However, in practice we found that OpenGL limits our

number precision to 8 bits, causing somesigni�cant round-o� errors when computing the surface

normals.
3As in Chapter 3, this should be � n (x), but we will drop the \( x)" for notational clarit y.
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Figure 4.5: Displaying jv(s)j as illumination is varied from right to left. Brighter pixels

denote greater deviation from true Lambertian. Notice how shadows and specularities are

captured by the deviation term.

To get a sensefor the these quantities, we can display them as a face image.

Refer to Figures 4.7, 4.5 and 4.6. Figure 4.7 displays the surfacenormals as little

arrows on a rectangular array, each positioned over its corresponding pixel. Such a

display is called a needlemap. Although this is a downsampledversion of the full

needlemap, it is clear that the arrows indicate the local curvature of the face. In

fact, the surfacenormal is precisely the derivative of the 3D shape [Jain et al., 1995],

and onemay integrate thesenormals to get back the 3D shape. Figure 4.6 attempts

to show the variation of n at each pixel x acrossall the bootstrap faces. This is

displayed as the trace of the covariancematrix Cn : the larger the trace, the greater

n varies and the brighter the pixel in the �gure. One can seethat the chin, the

eyebrows and parts of the foreheadexhibit the greatestvariation. This in turn means

that face shape di�ers the most in theseregions. Figure 4.5 displays the deviation

term as illumination is varied from right to left. What is shown is actually jv(s)j:

brighter pixels correspond to greater absolutedeviation (i.e. greater deviation from

a perfectly Lambertian surface). We can seethat the deviation term does indeed

capture shadows and specularitieson the face. Notice how theseregionsmove as the

incident illumination is changed.
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Figure 4.6: Displaying the trace of the covariance of n. Colors range from black (denoting

small covariance) to red to yellow to white (denoting large covariance).
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Figure 4.7: Needlemap showing surfacenormals as little arrows. This is a down-

sampledversionof the full needlemap. Each surfacenormal is perpendicular to the

surfacepatch.
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4.4 Dra wing Samples

In Algorithms 1 and 2, we assumedwe could draw sampless(p)
1 ; : : : ; s(p)

K from the

posterior pdf Pr(s1; : : : ; sK j i1; : : : ; iK ; s0). We explain how this may be done in this

section.

First, we assumeconditional independenceamong the input illuminations, that

is, each sj is independent of someother sk whengiven input imagei j . In other words,

inferenceabout sj shouldbe madeonly using imagei j . This assumptionallowsuseto

draw each sj from only its corresponding imagei j . But how do we actually go about

drawing samplesfrom Pr(sj j i j )? We could usea number of Monte Carlo techniques,

such asRejectionSamplingor Markov Chain Monte Carlo (MCMC) [MacKay, 1996].

In fact, we initially tried Rejection Sampling,but found it too slow. Other methods

such as MCMC are more sophisticated,but not necessarilyfaster. Instead, we will

use a simple trick: assumewe have a way of estimating the unknown illumination

from an image. This is just the source-from-shadingproblem [Zhengand Chellappa,

1991,Zhanget al., 1999], and there are well-known algorithms to do this [Zhengand

Chellappa, 1991,Zhang et al., 1999]. We present a simple one in the next section.

For now, let ŝ(i) denote the estimated illumination in image i, and further suppose

that this estimator has an averageerror of �̂ and an error covariance matrix of �̂ .

Then a quick and easyway is to assumethat the error is distributed as a Gaussian

pdf, allowing us to generatethe samplesas follows:

Gausss(ŝ(i) + �̂ ; �̂ ) (4.3)

This, together with our conditional independenceassumption, gives us an easy

way to generatethe samplesfrom the posterior pdf. The astute reader would have

noticed a sleight of hand here: we have simply postponed the problem to one of

drawing samplesfrom a Gaussianpdf. Fortunately, there are standard algorithms

to do this in the literature [Kalos and Whitlo ck, 1986]. For our implementation, we

simply usedthe Matlab function mvnrnd.
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4.5 Estimating the Illumination

Estimating the unknown illumination is a well-studied problem [Zhang et al., 1999,

Zhengand Chellappa,1991], sinceit is part of the shape-from-shadingproblem. This

turns out to be easier than recovering the shape. For our purposes,we use the

simple method of kernel regression[Atkesonet al., 1996]. We note that since the

Bootstrap Set is labeled with known illumination, we can recover s by viewing it as

a continuous-valued classi�cation problem. More precisely, we �rst store all the J

Bootstrap images,f aB
j gJ

j =1 , along with their labeled illumination, f sB
j gJ

j =1 . Given a

new image, i , we estimate its illumination ŝ using simple kernel regression:

ŝ =
JX

j =1

wj sB
j =(

JX

j =1

wj )

wherewj = exp[�
1
2

(D(i; aB
j )=� B

j )2]

and D(i; aB
j ) = k i � aB

j k2 , the L 2 norm

(4.4)

We use Gaussiankernelsof widths � B
j , which control the extent of in
uence of

the Bootstrap imagesaB
j . These values are pre-computed so that approximately

ten percent of the Bootstrap imageslie within 1 � � B
j at each aB

j . Basically, kernel

regressionis a smooth interpolation method in which Bootstrap imagesnear i get

weighted more than thosefarther away. What happensif i = aB
j for somej ? Kernel

regressionwill still interpolate and producean illumination that is closeto, but not

exactly equal to, sB
j . This is becausealthough weight wj = 1, the other weights wk6= j

will not be zero,sothat there is still somecontribution from other Bootstrap images.

In our previous work [Sim and Kanade, 2001b], we had insisted on setting wk6= j

to zero whenever this concident input condition happened. But on hindsight, this

causedthe resulting interpolation to be discontinuous, rather than smooth. Kernel

regressioninterpolates at every point in the spaceof images,including those points

where we have Bootstrap images,becauseit allows for the fact they may be noisy.

Sincewe tolerate a small amount of noisein our input images,this is an acceptable

interpolation method.
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To learn what the averageerror and error covarianceare, we useEquation (4.4)

on a test set. We estimatethe illuminations of the imagesof the test set and compare

them against their actual values. The test set is taken from the CMU PIE dataset

[Sim et al., 2001] and consistsof about 1400imagesin di�eren t (known) illuminations.

We computed the averageerror of our estimator and error covarianceto be:

�̂ = [0:0571� 0:0559� 0:0035]> ;

�̂ =

2

6
6
6
4

0:3879 0:3168 � 0:0031

0:3168 0:2934 � 0:0019

� 0:0031 � 0:0019 0:0049

3

7
7
7
5

4.6 Computing the Statistics of v(s)

The �nal puzzle in our technique is to determine the parametersof the Gaussian

pdf of Equation (3.15). We have described in Section4.3 how to learn the statistics

of v(sj ) (i.e. � v(j ) ; � 2
v(j ) and � v(j ;k)) at the known illuminations sB

j . We needa way

to compute thesesamestatistics for any new illumination s. Again, we use kernel

regression.The mean and variance at s are smoothly interpolated from the known

valuesat f sB
j gJ

j =1 . The kernel regressionequation is now:

� v(s) =
JX

j =1

wj � v(j )=W

� 2
v(s) =

JX

j =1

wj � 2
v(j )=W

wherewj = exp[�
1
2

(k s � sB
j k2)=� B

j )2]

W =
JX

j =1

wj

(4.5)

We also needa way to interpolate from the known correlation coe�cien ts � v(j ;k)

to obtain a new correlation coe�cien t � v(p;q) between illuminations sp and sq (one

or both of which may be di�eren t from the Bootstrap Set). To do this, we need
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a slight modi�cation. We view the problem now as interpolating the (unknown)

function g(t ) : R 6 ! R , where g(t pq) = � v(p;q) and t pq is the concatenation of

sp and sq: t pq
4
= [s>

p ; s>
q ]> . We will now use kernel regressionto interpolate g(t ).

Note that because� v(p;q) = � v(q;p) , we can actually obtain two estimatesg(t pq) and

g(t qp). By averagingthesetwo values,we obtain a better (smaller variance)estimate.

Note also that we have chosento learn and interpolate the correlation coe�cien ts

f � v(j ;k)g instead of covariancesf � j kg becauseour kernel regressionmethod preserves

the property j� v(j ;k) j � 1. This makes the interpolated value a valid correlation

coe�cien t. Mathematically,

� = (� v(p;q) + � v(q;p))=2

� v(p;q) =
X

wj k � v(j ;k)=(
X

wj k)

� v(q;p) =
X

! j k � v(j ;k)=(
X

! j k)

wherewj k = exp[�
1
2

(k t pq � t j k k2 =� j k)2]

! j k = exp[�
1
2

(k t qp � t j k k2 =� j k)2]

(4.6)
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Chapter 5

Rendering Results

In this chapter we present the results of our rendering method, and point out an

interesting feature. We will then extend our theory in two ways: rendering multiple

pixels at a time, and renderingdi�eren t poses.The basictheory for theseextensions

remainsunchanged,and thereforethe nicepropertiesarestill intact. This shows that

our method is generalenoughfor di�eren t renderingscenarios.

5.1 MAP versus Exp ected Image

Recall that in Chapter 3, we had proposedtwo algorithms for rendering under the

generalcaseof unknown input illuminations. This aroseout of two di�eren t interpre-

tations of the phrase\statistically optimal": MAP output or expectedoutput. Let's

seehow they fare when given the sameinput.

Figure 5.1 shows the results. The MAP output image (a) looks pixelated: pixel

valuesdo not changesmoothly, causingthe imageto look noisy. By comparison,the

expected output image (c) looks more reasonable. To understand this, we need to

look at the histogram in Algorithm 1. Figure 5.2 shows two views of the histogram

at the pixel marked in red: a zoomed-out view and a close-upview. Although the

histogram looks like it has a single peak in the zoomed-out view, the close-upview

shows that the histogram is noisy and not a smooth curve. This makes it hard to

pick the maximum value(mode) sincea di�eren t pixel valuemay be slightly higher in
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(a) (b) (c)

Figure 5.1: (a) MAP image is noisy. (b) Low-pass �ltered MAP image is smoother. (c)

Expected image is smoothest.

frequencyon the next Monte Carlo simulation. Neighboring pixel valuesare therefore

likely to di�er signi�cantly, giving the imagea noisy quality. We can ameloriate this

somewhatmodifying the algorithm so that it is less sensitive to the Monte Carlo

simulation.

A simple way to do this is to apply a smoothing operator to the data points after

putting them into the histogram bins. There are many choicesfor the smoothing

operator. For convenience,we chosea fourth-order Butterworth low-pass�lter [Op-

penheim et al., 1999], with a normalized cut-o� frequency1 of 0.08. The red curve

in Figure 5.2(b) plots the �ltered versionof the histogram. Note that it is smoother

than the original, and that it doesnot quite have the shape of a Gaussian. This is

not surprising as a mixture of Gaussiansis not necessarilyanother Gaussian. Note

alsothat there is a small right shift in the red curve, causedby the Butterworth �lter.

Sincethe shift is constant, it can be eliminated beforepicking the modal value. In

summary, oneneedsto apply an appropriate smoothing operator to the MAP image

to reduce the noise causedby Monte Carlo simulation. For the rest of this docu-

ment, we will compute only the expected output image, mainly becauseit is faster

(it requiresfewer Monte Carlo iterations).
1Normalized frequencyvaluesare between0 and 1.
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Figure 5.2: (a) Location of pixel marked in red. (b) Histogram (blue dots) at the red pixel.

The red curve is the low-pass �ltered version of the histogram. (c) Close-up view of the

histogram near the modal value.
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(a) (b)

Figure 5.3: (a) Input image under near-frontal illumination. (b) Output images under

di�eren t illuminations (top row), and actual imagesunder the sameilluminations (bottom

row).

5.2 Single Input

We have claimed that our method is Parsimonious. Let's seehow well it performs

when given the minimum of input: a single image. Figures 5.3 and 5.4 show the

output underdi�eren t illuminations whengivena singleinput image. For comparison,

the actual imagesare also shown. It is obvious that the input image in Figure 5.3

producesbetter results than that in Figure 5.4. Intuitiv ely, this makessense,because

in the �rst casewe have an input image that is relatively well-lit: the (unknown)

input illumination appearsto be near-frontal, so that no areaof the input face is in

shadow. Our algorithm is thus able to reproducethe facefairly well.

In the secondcase,the (unknown) input illumination is coming from the side,

causinglarge portions of the faceto be in shadow. The renderedimageslook alright

if the output illumination is closeto that of the input illumination (sothat roughly the

sameregionsof the faceareshadowed), but look terrible whenthe output illumination

is far from the input illumination. Again, this is intuitiv ely clear: our algorithm has

no information to work with in the shadowed regions, and therefore does a poor

job rendering them. We shall have more to say about this phenomenonin the next

section,but for now we note that the quality of the output doesdependon the input:
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(a) (b)

Figure 5.4: (a) Input image lit from the side. (b) Output imagesunder the sameillumi-

nations as in Figure 5.3. Notice that the side of the face in shadow is re-renderedwith an

averageface, resulting in a mixed identit y.

an input image that is well-lit gives better results than one with many shadowed

regions.

5.3 Hallucination

To better understand what our algorithm is doing, let us give it a single, all-black

input, i.e. one in which all pixel valuesare 0, and ask it to render the \face" under

frontal illumination. Figure 5.5 shows the result (a), aswell asthe averageBootstrap

face (b). The surprising thing is this: our algorithm appears to have hallucinated2

the averageface!

Let's seewhat is going on. Assumingthat the input illumination is known to be

s1 = 0, the Special Casealgorithm (Section3.4.1) applies. Equation (3.12) (together

with Equation (3.17)) simplify to:

i 0 = s>
0 � n + � v(0) +

 
s>

0 Cns1 + � v(0;1)

s>
1 Cns1 + � 2

v(1)

!

(i 1 � s>
1 � n � � v(1) )

= s>
0 � n + � v(0) �

� v(0;1)

� 2
v(0)

� v(1)

2Term borrowed from [Baker and Kanade, 2000]. Our algorithm is similar to that in [Baker and

Kanade, 2000] in that both are using class-basedstatistics.
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(a) (b)

Figure 5.5: (a) Frontally-lit output imagefrom an all-black input. (b) Averageof Bootstrap

facesunder frontal illumination. They appear to be the same,other than that (a) is cropped.

Indeed, the mean squared error between the two in the cropped region is about 0.18 (all

imagesare 8-bit gray-scalewith pixel valuesranging from 0 to 255). The cropping is done

as a preprocessingstep to extract and center the face,and not an artifact of our algorithm.

sinces1 = 0 and i 1 = 0. Comparing this with Equation (3.30), we seethat:

= s>
0 � n|{z}

+ � v(0) �
� v(0;1)

� 2
v(0)

� v(1)

| {z }

nMAP vMAP

This meansthat the Special Casealgorithm rendereda face using the average

surface normal � n and an average deviation term, i.e. we get a face that is the

averageof the Bootstrap Set. Even if we do not know the input illumination, as long

asthe illumination estimator (Section4.5) is reasonablyaccurate,the samplesdrawn

will be near s = 0, and Algorithm 2 will still producea facethat is closeto average.

Intuitiv ely, this makes sense:we are simply asking our algorithm to render a face

given a blank (and black) input, and based on what the algorithm has learned about

faces from the Bootstrap Set. The algorithm respondswith the averageface. That's

reasonablebehavior.

Wecannow understandthe casewhenthe input imagehaslargeregionsin shadow:

sincethere is no information in thoseregions(becausethe pixel valuesare 0 or close
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Figure 5.6: The �rst two are input images,and the third is the output imageunder frontal

illumination. Note that input imageshave opposite halves in shadow. Note also that the

output illumination is far away from those in the inputs, yet the algorithm is able to render

the facecorrectly.

to 0), our algorithm makes a reasonableguessfrom the Bootstrap Set and renders

the averagefacein thoseregions. Of course,this causesthe identit y of the rendered

faceto be mixed. But sinceour algorithm hasnothing elseto work on | it considers

one input pixel at a time and renders the output also one pixel at a time | this

behavior is expected, although not ideal. The question immediately arises: what if

our algorithm works with groupsof pixels at a time, instead of singlepixels? Will it

overcomethis mixed identit y problem? We will considerthis in our extensionto the

basic theory in Section5.5

5.4 Multiple Inputs

Let's seehow multiple inputs can help improve the quality of the output. Figures5.6

and 5.7 are examplesof this. Notice that in Figure 5.6, the two input imagesare

shadowed on opposite halves of the face. The output was renderedunder frontal

illumination, and the algorithm was able to combine the information in both inputs

to render the facecorrectly, i.e. the identit y of the personis not altered. This shows

that multiple inputs do improve imagequality, and help overcomethe hallucination

problem.

Figure 5.7 wasgeneratedfrom 21 input images| all the imagesavailable for the

subject in the PIE dataset. This presented no problem for our algorithm becausethe
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imagewasrenderedonepixel at a time, and the largestmatrix, R yy, wasjust 21� 21

in size. The output illuminations varied in azimuth from � 90� to +90� in stepsof

20� . This created the sequenceof imagesshown in the bottom row of the �gure. If

theseimagesare shown rapidly in succession,it shouldgive the illusion that the light

sourceis beingmoved from left to right. We have in fact createdsuch an animatedgif

�le. It may be viewed at this URL: http://www.cs.cmu.edu/~tsim/thesis.html .

The image sequencefor this gif �le was created as follows: (1) First the Yale-A

dataset (Section 4.2) was usedas the Bootstrap Set. This produced more realistic

renderingsbecausethe Bootstrap imageswere acquired using a real camera,rather

than synthetically rendered.Specular re
ections and shadows are more pronounced,

and texture more accurately learned. (2) The output illumination was varied in

azimuth from � 90� to +90� in stepsof 10� , giving a much smoother transition between

images. (3) Only 4 input imageswere used,even though 21 were available, for the

sake of speed.3 Notice that the renderingsexhibit subtle texture e�ects: the cheeks

of the subject are prominent enoughto cast a shadow asthe illumination is changed.

Such e�ects are di�cult to reproduce using traditional texture mapping techniques.

In fact, our method is more akin to the view-dependent texture mapping technique

[Pighin et al., 1998] in which the texture to be renderedis a weighted sum of textures

at di�eren t viewpoints, with the closestviewpoint contributing the largestweight. In

this sense,ours may be called il lumination-dependent texture mapping.

5.5 Extension: Rendering Multiple Pixels

Recall the mixed identit y problem in Figure 5.4: regionsof the input image which

are shadowed are re-renderedusing an averageface, instead of the input face. This

is the samephenomenonasthe hallucination e�ect (Figure 5.5). While hallucinating

an averageface when given an all-black input is reasonablebehavior, rendering a
3Using the Yale dataset meant that the image size was 90 � 75 = 6750, much larger than the

� 2500 pixels in the cropped imagesof the synthesized dataset. This meant that renderings took

almost 3 times as long. Since the largest matrix R yy is K � K in size, where K is the number of

input images,reducing K is therefore one way of speedingup the algorithm.
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(a)

(b)

Figure 5.7: (a) The 21 input images. (b) Output imagesrenderedunder illuminations that

varied in azimuth from � 90� to +90 � in stepsof 20� .
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mixed-identit y face is not. The problem lies in the fact that our algorithm renders

one pixel at a time, as a result of our independenceassumptions. When the input

pixel is black (has a value of 0), there is not much information to go by exceptwhat

is learnedfrom the Bootstrap Set. We canrelax our independenceassumptiona little

and allow for multiple pixels to be renderedat a time. We can partition the image

into non-overlapping groupsof pixels and render each group independently. Within

each group, we allow for dependence betweenpixels, but still assumeindependence

betweengroups. Note that all groupsdo not necessarilycontain the samenumber of

pixels; the only requirement is for the groupsto partition the whole image,i.e. every

pixel belongsto exactly one group. By doing so, we hope that our algorithm has

more information to useand thereby overcomethe mixed identit y problem.

In terms of our stochastic model, we needto derive the joint Gaussianpdf (Equa-

tion (3.5)). For simplicity, assumeK = 1. Extending the theory for K > 1 is straight-

forward. Let the imagebepartitioned into regionsR1; : : : ; RT , and assumeall regions

haver pixels,although they canbedi�eren t in practice. For each region,Rk , form the

output and input vectors: i0
4
= [i 0(xk1); : : : ; i 0(xkr )]> and i1

4
= [i 1(xk1); : : : ; i 1(xkr )]> ,

respectively, and where xk1; : : : ; xkr , denote pixel locations from region Rk . The

imageformation model for the output imagei0 is then:

i0 = ~S0 n r + v0

The vectors in the above are simply stacked versionsof thosein Equation (3.13).

That is, de�ne n r to be the surfacenormal vectorsat the pixelsxk1; : : : ; xkr , arranged

on top of each other:

n r
4
=

2

6
6
6
4

n(xk1)
...

n(xkr )

3

7
7
7
5

; a 3r � 1 column vector

Then � n r
is its mean (size 3r � 1) and Cn r is its covariance matrix (size 3r � 3r ).

Also de�ne v 0 to be the r � 1 vector of deviations of the output imageat the same
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pixels: v 0 = [v(xk1; s0); : : : ; v(xkr ; s0)]> . Then � v0
is its mean(sizer � 1) and Cv0 is

its covariancematrix (sizer � r ). In order for the multiplication to work out correctly,

we alsohave to stack the illumination vector s0 in a special way:

~S0
4
=

2

6
6
6
6
6
6
4

s>
0 0> : : : : : : :

0> s>
0 0> : : :

: : : : : : : : : : : : : : : :

0> : : : : : : : s>
0

3

7
7
7
7
7
7
5

The �rst row beginswith s0 written asa row and followed by zeros.Each subsequent

row is then a shifted version of the previous row. Note that the matrix ~S0 has size

r � 3r . Thesede�nitions apply for each region, Rk , and those for i1; v1 and ~S1 are

similar. We then have the following joint pdf:

Pr( i0; i1j s0; s1) = Gauss(i0 ;i1 )(� ; � )

where � =

2

4
� 0

� 1

3

5

� 0 = ~S0 � n r
+ � v0

� 1 = ~S1 � n r
+ � v1

and � =

2

4
~S0Cn r

~S
>
0 + Cv0

~S0Cn r
~S

>
1 + Cv01

~S1Cn r
~S

>
0 + Cv10

~S1Cn r
~S

>
1 + Cv1

3

5

with Cv01 = Cv10 = E[(v 0 � � v0
)(v1 � � v1

)> ]

(5.1)

Again, we invoke the Gauss-Markov Theorem(Equation (3.8)) to get:

Pr( i0j i1; s0; s1) = Gaussi0 (m; Cm )

where m = � v0
+

�
~S0Cn r

~S
>
1 + Cv01

� �
~S1Cn r

~S
>
1 + Cv0

� � 1 �
i1 � � v1

�

Cm =
�

~S0Cn r
~S

>
0 + Cv0

�
�

�
~S0Cn r

~S
>
1 + Cv01

� �
~S1Cn r

~S
>
1 + Cv0

� � 1 �
~S1Cn r

~S
>
0 + Cv10

�

(5.2)
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We can now useeither Algorithm 1 or Algorithm 2 with theseequations,or even

the SpecialCasealgorithm of Section3.4.1(if it applies), to renderthe output image.

5.5.1 Partitioning the image

Of course,we still needto considerhow to partition the image,i.e. how to choosethe

r pixels for each region. Ideally, we want to do this in such a way that the conditional

pdf in Equation (5.2) is as sharply peaked as possible. This will give us the most

probable output image. Becausethe conditional pdf is Gaussian,this is equivalent

to making detCm as small as possible. Unfortunately, this could depend on the

illuminations s0 and s1. Furthermore, given a pair of input and output illuminations,

there doesnot appear to be an easyanalytical way to choosethe pixels. We would

have to search for them. If we incorporated a search routine into Algorithms 1 or

2, our algorithms would run too slowly. What we needtherefore is a way to choose

the regionsin advance, regardlessof what the illuminations are. This suggeststhe

following heuristics:

1. Choosethe r pixels randomly, i.e. partition the image into random groups of

pixels.

2. Group pixels together that are highly correlated.

At �rst glance,the �rst heuristic appearscounter-intuitiv e: a random grouping of

pixels could end up increasingdetCm . It could alsodecreasedetCm , but we have no

guarantee of that. However, recall that our motivation for rendering multiple pixels

at a time wasto overcomethe mixed identit y problem. If we randomly groupedpixels

together, the pixels chosenare not likely to be neighbors in the image,but from near

and far. This makes it unlikely that all the pixels in a region will be shadowed at

the sametime. Then thosepixels that are not shadowed can help to rendercorrectly

thosethat are. So this heuristic is not too ridiculous after all.

The secondheuristic is alsoappealing: grouping pixels by correlation meansthat

we are using pixels that are highly predictive of one another during the rendering
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process.More speci�cally, supposethe samepixel is repeatedr times in a region, so

that the pixels are highly correlated. Then the auto-covariancesC n r ; Cv0 and Cv1

will be singular. The cross-covarianceC v01 is likely to be singular or closeto singular

also. While this does not guarantee that detCm is small, we are at least reducing

the rank of the component matrices. Furthermore, in grouping by correlation, we

are allowing our algorithm to learn from the data which pixels are relevant. This

is preferrable to enforcing neighborhood constraints (e.g. Markov Random Field)

or symmetry constraints (the method of [Zhao and Chellappa, 1999]). Here's our

algorithm to group pixels by correlation:

Algorithm 3. Grouping pixels by correlation.

1. Inputs: Bootstrap imagesB, an ordering of pixel locations: X =

f x1; : : : ; xdg, and r , the number of pixels in each region.

2. Let currPixel = x1 and k = 1.

3. Compute the correlation betweencurrPixel and all pixels in X .

The correlation is computedusing the Bootstrap B.

4. Let Rk = the set of pixels with the r largest absolutecorrelation

computed in step 3.

5. X = X � Rk

6. k = k + 1

7. currPixel = �rst element in X

8. If X 6= ; , goto step 3.

9. Output: regionsR1; R2; : : : .

We can make somecomments about our algorithm: (1) It is a greedyalgorithm:

at each iteration it picks the pixels most correlatedwith the current pixel. However,

there is no guarantee that the regionsso produced will be optimal. Computing the
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optimal groupingsis combinatorially prohibitiv e, so this greedyalgorithm is just an

approximation. (2) Sincecorrelation is between� 1, step4 guaranteesthat currPixel

is always included in Rk , and removed from X in step 5. The also meansthat our

algorithm is guaranteed to terminate, in at most d iterations. (3) For e�ciency , we

can pre-computethe correlationsbetweenall pixels and store them in a lookup table.

Step 3 is then skipped, and step 4 is just a table lookup. However, we needto mark

thosepixels in the table that have beenremoved from X , so that we do not include

them again in subsequent iterations. (4) We can changer at every iteration. There

is no reasonto keepa �xed constant r . In fact, in the �nal iteration, there may be

fewer than r pixels to choosefrom anyway.

5.5.2 Results

Let's seehow our multiple-pixel renderingmethod performs. First, let's examinethe

output of our grouping-by-correlation algorithm. Figure 5.8showssomeof the regions

producedby our algorithm for r = 10. As canbe seen,the regionsare not necessarily

contiguous. While many pixels in the sameregion are neighbors, someare from far

away. This is good becauseit meansthat it is unlikely for all pixels in a region to be

shadowed at the sametime.

Figure 5.9 shows the new algorithm at work: the single input image is the one

that stumped our earlier algorithms (see Figure 5.4), and the output images are

renderedunder frontal lighting, and for di�eren t valuesof r . The regionsare grouped

by correlation (Algorithm 3). It is clear that image quality drops as r increases:

the output gets more and more pixelated. Furthermore, the mixed identit y problem

remainsunsolved by this technique. Worse,for larger r , even the sideof the facethat

was lit in the input imagestarts to loseits identit y in the output.

The situation is no di�eren t if we grouped pixels randomly. Figure 5.10 shows

this. In fact, it appearsthat the pixelated quality is present even for r = 2. What is

going on? We suspect oneor more of the following may be the cause:

1. Our pixel-grouping heuristic is wrong. Grouping pixels by correlation only,
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Figure 5.8: Figure showing �v e of the regions produced by Algorithm 3, for r =

10. Pixels belonging to the same region are marked in its own color and symbol:

red
 ; greenC; blue� ; yellow � ; magenta ?.

regardlessof the input andoutput illuminations, doesnot guaranteethat detC m

in Equation (5.2) is small.

2. Algorithm 3 doesnot generatethe optimal regions. Becauseit usesthe greedy

strategy to group pixels, insteadof performinga thorough search, our algorithm

may not group pixels optimally.

3. We do not have enough data in the Bootstrap Set to correctly estimate the

various covariancematrices. Our estimation method (Section4.3) is Maximum

Likelihood, i.e. the estimator is the sample covariance matrix. From Equa-

tion (5.2), we seethat the largest covariance matrix is C n r , of size 3r � 3r .

Becauseit is a symmetric matrix, the actual number of terms to be estimated

is 3r (3r + 1)=2. Sinceour Bootstrap Set has N subjects, we have only N ob-

servations of the surfacenormalsn r . To learn a full-rank covariancematrix, we

needa minimum of N � 3r + 1 observations. This constraint is easily satis�ed

even for our largest value of r = 30, as we have N = 100. But this does not
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mean that our estimate is accurate. Statisticians have shown that Maximum

Likelihood can be unstable when the number of observations is small relative

to the number of the parametersto be estimated. The computed covariance

matrix tends to underestimatesmall eigenvalues,and overestimatelarge ones.

See[Danielsand Kass,2001] for example.

Of the three possible causeslisted above, we think the third one is the most

probablegiven our results. Looking again at Figure 5.9, we seethat the noisy image

quality manifests itself from r = 5, and gets progressively worse as r increases. If

we believe the heuristic that one requires at least 10 times as much data as the

number of parameters to be estimated, then we need N � 10 � 3r (3r + 1)=2, or

45r 2 + 15r � N � 0. For N = 100,this means� 5
3 � r � 4

3. In other words, we do not

have su�cien t data even for r = 2! This is bad newsindeed. It suggeststhat (1) a

much larger Bootstrap Set is necessary, or (2) a di�eren t estimator for the covariance

matrices should be used,or (3) a di�eren t approach is needed.

5.6 Extension: Rendering Di�eren t Poses

In this section,we consideranother extensionto the basictheory presented in Chap-

ter 3. We will show how to render facesin di�eren t posesaswell. This is easilydone

with a small modi�cation to Equation (3.13):

i (x; � ) = n(x; � )> s + v(x; s; � ) (5.3)

wherewe have addeda new parameter, � , to model the pose. Like illumination, we

will supposethat poseis speci�ed as a point on the unit hemispherein front of the

face, so that � is a 3 � 1 column vector. We assumethat pose is independent of

illumination.

Note that the surfacenormals now depend on the pose,which it should sinceat

di�eren t viewing angles,a di�eren t part of the facemay be visible at pixel x. This

way of modeling the facenaturally takescareof self-occlusion. The pixel location x
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(a) r = 1 (b) r = 2 (c) r = 5 (d) r = 10

(e) r = 15 (f ) r = 20 (g) r = 30 (h) Input

Figure 5.9: Multiple-pixel rendering results for di�eren t valuesof r . The input image (h)

is the sameas that in Figure 5.4, all the output images(a)-(g) are renderedunder frontal

lighting, and pixel grouping is by correlation using Algorithm 3. We note that imagequality

drops as r increases,but the mixed identit y problem remains.

(a) r = 2 (b) r = 5 (c) r = 10 (d) r = 20

Figure 5.10: Imagesrenderedusing random grouping instead of correlation grouping. The

same input image of Figure 5.9 is used. The noisy quality is more pronounced, even for

r = 2.
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Figure 5.11: Synthetic Bootstrap imagesrenderedunder di�eren t poses.

is regardedas a window through which we view a surfacepatch on the face. Instead

of keepingtrack of where the patch has moved to when poseis changed,we simply

ask what new surfacepatch is visible at the samepixel.

The Bootstrap Set needsto be expanded,of course. We simply render images

under di�eren t poses,in addition to di�eren t illuminations. Figure 5.11 shows this.

Learning is done in much the sameway as in Section4.3, but we now have to learn

a di�eren t n for each � . We still retain the Gaussianassumptions,so that n �

Gaussn ( � n (� ); Cn (� ) ) and v � Gaussv( � v(� ); � 2
v(� ) ). Interpolating the Gaussian

meansand covariancesis performedusingkernel regressionasin Section4.6,but now

we alsohave to compute � n and Cn for each new � .

Our imageformation model is still Gaussian,so the nice properties in Section3.6

are still valid. However, the MAP imageof Equation 3.2 now becomes:
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i � = argmax
i0

Pr(i0j i1; : : : ; iK ; s0)

= argmax
i0

Z
� � �

Z
Pr( i0j i1; : : : ; iK ; s0; s1; : : : ; sK ; � 1; : : : ; � K ) �

Pr(s1; : : : ; sK j i1; : : : ; iK ; s0) �

Pr( � 1; : : : ; � K j i1; : : : ; iK ; s0) ds1 : : : dsK d� 1 : : : d� K

(5.4)

wherewealsohaveto integrateover the unknown posesin the input images.Likewise,

the expectedimageof Equation (3.4) is now:

i � = E i0 [i0j i1; : : : ; iK ; s0]

= E f � t g[ E f sj g[ E i0 [i0j i1; : : : ; iK ; s0; s1; : : : ; sK ; � 1; : : : ; � K ; ] ] ]
(5.5)

The conditional pdf of the output imagegiven the input imagesis still given by

Equations(3.15), (3.16) and (3.17), but the terms � n r
and Cn r now dependon � and

needto be re-computedevery time the posechanges.It should also be obvious how

Algorithms 1 and 2 should be modi�ed to alsodraw samplesfrom the posterior pose

distributions: Pr(� 1; : : : ; � K j i1; : : : ; iK ; s0).

5.6.1 Results

For our pose-renderingexperiments, we kept things simple and assumedthat illumi-

nation is known and �xed, and only poseis changing. Speci�cally, for the Bootstrap

Set, we generated45 headposesfor each of the 100subjects. The posesrangedin az-

imuth from full left pro�le to full right pro�le, and in elevations of � 10� ; 0� and +20� .

For each pose,each subject wasrenderedunder 4 di�eren t illuminations. This is only

for the purposeof learning the surfacenormals. We assumethe illumination is �xed

at the front of the face otherwise. Finally, we gave as input to our pose-rendering

algorithm the imagesin Figure 5.12. They areof the samepersonin 3 di�eren t poses.

This personis not in the Bootstrap Set, but rather from the remainder of the USF

dataset. As such we could render him under any posethat we desired. The output

imagesare shown in Figure 5.13, where we have tried to render the personunder a
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(a) 30� left (b) 30� right (c) frontal

Figure 5.12: Input imagesof one person under 3 di�eren t poses. This individual is not

from the Bootstrap Set, but rather from the remainder of the USF dataset. As such, we

could under him under any desiredpose.

few di�eren t poses.It is obvious that imagequality is not good: there is signi�cant

ghosting in someof the images,and the identit y of the subject is somewhat lost.

Nevertheless,the facesare renderedin approximately the desiredposes.

Why is the imagequality poor? We think it is due to the rather sparsesampling

of our Bootstrap Set: we generatedposesabout every 15� apart. Becauseeach

Pr(n(x; � )) now has to model the changedue to di�eren t individuals as well as due

to di�eren t poses,weneedto generateposesclosertogethersothat wecanbetter learn

how n varieswith pose. Of course,it could be the casethat the inter-posevariation

of n is greater than the inter-personvariation, in which casea closersamplingof the

Bootstrap Set will not help much. We will then not be able to avoid synthesizing

output pixels from posesother than the one intended.

5.7 Summary

Let's recapitulate our theory and its extensions.From the generalstochastic model

of Section3.3 we derived two algorithms to render statistically optimal imageswhen

the input illuminations are unknown, and a Special Casealgorithm (Section 3.4.1)

for when they are. Of course,any time oneof the K illuminations is known, we can

usethe Special Casealgorithm (Section 3.4.1) for it and the more generalalgorithm

for the remaining unknown illuminations.
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(a) 90� left (b) 45� left (c) frontal

(d) 45� right (b) 90� right

Figure 5.13: Output imagesunder 5 di�eren t poses. It is clear that image quality is not

good: there is signi�cant ghosting in someof the images,and the identit y of the subject is

somewhat lost. Nevertheless,the facesare renderedin approximately the desiredposes.
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Table 5.1: Summary of Di�eren t Algorithms
Number of input images

K = 1 K > 1 K = 1 K > 1

Number of r out = r in = 1 Eq. (3.17) Eq. (3.17) Eq. (3.17) Eq. (3.17)

pixels w/ � dependence w/ � dependence

rendered r out = r in > 1 Eq. (5.2) extensible extensible extensible

together r out 6= r in extensible extensible extensible extensible

� = frontal � = non-frontal

Pose

Wethen madethings concreteby introducing the augmented Lambertian equation

as the imageformation model, and showed how imagesmay be renderedwhen given

one or more input images. This was done one pixel at a time, however. We also

provedthat the SpecialCasealgorithm (Section3.4.1)possesseda number of desirable

properties. In addition, we derivedyet anotherSpecialCasealgorithm (Section3.5.1)

to exploit the fact that the input imagesare all from the sameperson. We showed

that, in particular, this algorithm is Progressive. In Sections5.5and 5.6,we extended

our algorithm to render multiple pixels at a time, instead of the previous pixel-

by-pixel method, as well as to render under di�eren t poses. Thus there are three

di�eren t \dimensions" to our algorithms: the number of input images,the number of

pixels renderedat a time, and whether poseis frontal or not. This is summarizedin

Table 5.1.

The table shows the possiblecombinations of number of input imagesK , versus

the pose� , versusnumber of pixels renderedtogether r out ; r in . The latter requires

some explanation: we had used r to denote the number of pixels simultaneously

renderedin Section5.5. This meant that r output pixels are renderedbasedon the

corresponding r pixels in the input image. But there is no reasonto restrict this:

we could render any number r out of output pixels basedon any number r in of input

pixels. All that is required is to alter the de�nitions of i 0 to include only r out pixels,

and i1 to include only r in pixels. The rest of the mathematical derivation remains

unchanged,except for the sizesof the various vectors and covariance matrices. In
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fact, we did attmept to render an image using r out = 1 and r in = 5, hoping to see

someimprovement. Unfortunately, the result is similar to that in Figure 5.9: noisy.

Table5.1 is to be understood asfollows: the di�eren t entries show which equation

is the oneto be usedfor renderingunder thosecombinations which de�ne that entry.

For instance,to �nd out which equation to usewhen renderinga singleoutput pixel

at a time, basedon a single input pixel and a single input image,and under frontal

pose, look for the entry under r out = r in = 1; K = 1; � = frontal. That entry

shows \Eq. (3.17)". The rest of the entries marked \extensible" indicate that this

combination of K ; r out ; r in ; � may be derived by extending our basic theory.

As an example, considerK > 1; r out = r in = r > 1; � = frontal. The central

equation is Equation (5.1), but the terms are now:

Pr( i0; i1; : : : ; iK j s0; s1; : : : ; sK ) = Gauss(� ; � )

where � = [� >
0 ; � >

1 ; : : : ; � >
K ]

� j = ~Sj � n r
+ � vj

; for j = 0; : : : ; K

and � =

2

4
R xx R xy

R yx R yy

3

5

where R xx = ~S0Cn r
~S

>
0 + Cv0

R xy = R >
yx = [A j ]; an r � rK matrix

A j = ~S0Cn r
~S

>
j + Cv0j ; for j = 1; : : : ; K

R yy = [B ij ]; an rK � rK matrix

B ij = ~Si Cn r
~S

>
j + Cvij ; for i; j = 1; : : : ; K

(5.6)

The above looks intimidating, but the central point of Table 5.1 is the follow-

ing: Starting with a very generalstochastic model (Section 3.3), and requiring only

Gaussianassumptions,we can de�ne appropriate equationsto handle any rendering

combination of K ; r out ; r in ; � . We have derived the equationsfor a few of thesecombi-

nations in this dissertation(thoseentries of the table markedwith equationnumbers),

but in showing the derivation process,we trust that the readercan �ll in the other

entries.
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Chapter 6

Application: Face Recognition

We now turn to the secondgoal of this dissertation: that of robust face recogni-

tion. Recall from Chapter 1 the two basic problems in robust face recognition: (1)

the variation problem, and (2) the limited training data problem. Researchers have

largely focusedon solving (1) while ignoring (2). The secondgoal of this dissertation

is to show that solving the limited training data problem gives us a way to tackle

the variation problem. The previouschapterspresented a principled and statistically

optimal method to render a faceunder di�eren t illuminations. We will now usethis

to designa facerecognition systemthat can achieve robustnessagainst illumination.

This is doneby synthesizing(rendering) many more imagesunder di�eren t illumina-

tions, from the original few that were given, and then using this augmented set of

training images(original + synthetic) to construct a classifer.

The material for this chapter is largely taken from our earlier paper [Sim and

Kanade, 2001a]. We include it here for completeness,and make some additional

comments aswell. We begin by noting that, from our literature survey in Chapter 2,

having more training imageswith which to train a facerecognizerwill almost always

improve its performance, regardlessof what technique the classi�er actually uses.

It is the dearth of training imagesthat cripples many a classi�er. Here, however,

we are particularly interested in using the synthesizedtraining imagesto designan

exemplar-basedclassi�er. By \exemplar-based" we mean a technique that usesthe

training data directly in its classi�cation procedure,with only minimal pre-processing
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of the data. This is in contrast to feature-basedtechniques,which seeksto compute

and extract the best features for the task at hand, and which usesthe features to

make a classi�cation decision. Of course,what constitutes \minimal processing"is

also subjective. We will interpret it in this way: a processor transformation is

\minimal" if the original data may be fairly well reconstructedfrom its transformed

version. Examples of this include geometric transformations, Fourier and wavelet

transforms.

Why exemplar-basedinsteadof feature-based?Becauseof the lessonslearnedfrom

other researchers. As mentioned in our literature survey, attempts to �nd invariant

features have proven di�cult. Also, our previous work [Sim et al., 2000] and that

of [Brunelli and Poggio, 1993] strongly suggestthat the unprocessedface images

themselves contain enoughinformation for accurateclassi�cation. By using images

directly, or at least,with only minimal processing,our method is thusexemplar-based.

An advantage of using imagesis that it is the natural unifying approach to handle

all kinds of appearancevariation: from illumination to facial expressionto pose,etc.

The imageitself capturesall the di�eren t kinds of variation.

6.1 Exemplar-based classi�ers

The simplest exemplar-basedmethod is to use the training imagesin a k-nearest-

neighbor search. In [Sukthankar and Stockton, 2001], for example,all imagesare �rst

reducedto 16 � 16 resolution from about 10000pixels and single-nearest-neighbor

search (k = 1) with an L 0 semi-norm1 is used. This greatly reduced the storage

required, and has the added bene�t of reducing noiseas well. In general,however,

storage spaceand classi�cation time in k-nearest-neighbor methods are points of
1The L 0 semi-norm is implemented as:

k x kL 0

4
=

X

j x (p) j> �
p2 pixels

1

for somenoise threshold � . It counts the number of pixels whoseabsolute value is greater than � .

It is a semi-norm becauseit doesnot possessthe triangle inequality property required of a norm.
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concern,and have to be addressedif they are to be applied in large-scaleproblems.

We can improve things somewhatby reducing the dimensionality of the problem. A

standard way to do this is via Principal Components Analysis (PCA) [Duda et al.,

2000].

From the set of d-dimensionaltraining vectors f xgM
j =1 , we compute a d � k pro-

jection matrix W and a d � 1 meanvector m. We then project all the training data

into a lower-dimensionalPCA subspaceusing y = W > (x � m). The bene�t is that

often, k � d, allowing us to greatly reducethe dimensionality while preservingthe

information in the original images. We can then work with the set f yg instead of

f xg, since they are just compressedversionsof the original. The problem is that

given the sizeof our images,and the fact that we are synthesizing thousandsmore,

the usual way of computing W from the Singular Value Decomposition (SVD) of

f xg becomesintractable. The time and spacecomplexity are O(M 3) and O(M 2) re-

spectively. Instead, we needa way to compute W incrementally, as new imagesare

synthesized.

We usethe method of [Chandrasekaran et al., 1997]. The idea is to incrementally

update the SVD (and hencethe PCA subspace)asmore imagesare added. Further-

more,not every additional imagewill a�ect the SVD; only thosethat aresigni�cantly

outside the PCA subspaceneedto be considered,others can be safely ignored since

they are well represented in the subspace.Using this technique and requiring that

the reconstructionerror to be no more than 1%, we found that the PCA subspaceso

computedspansonly 40 dimensions,much smaller than the 10000dimensionsof our

original images.

Despite this, working in this reducedsubspacestill requiresa substantial amount

of memory. The main culprit is the fact that we are synthesizing so many images.

One way to overcomethis is to embed the exemplars in their own subspace,one

for each personto be recognized.This is readily doneby computing individual PCA

subspaces(W p,mp) for each personp. This is di�eren t from the global PCA subspace

W described above, which is computedfrom all the exemplars,regardlessof identit y.

Recognition is now performedusing reconstructionerror, as follows:
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1. Given an faceto be classi�ed x, project it into each individual subspaceusing

yp = W >
p (x � mp).

2. Reconstructthe imagexp = W pyp + mp, and computethe reconstructionerror

k ep k2= k x � xp k2.

3. Pick the subspacethat has the smallestk ep k2.

The memory requirements for this individual eigenspaceapproach is linear in the

number of classes,and doesnot depend on number of synthetic exemplarsgenerated.

Recognition speed is also fast: linear in the number of classes,and independent of

the number of exemplars.In terms of pattern recognition theory, each k ep k2 is just

a quadratic discrimination function [Duda et al., 2000].

6.2 Analysis

An important and natural question to ask is this: instead of synthesizing all these

training imagesand then designinga classi�er from them, canweexploit the structure

of the renderingprocedureto moredirectly producean equivalent classi�er? If wecan

do so,wewill havecompletelyavoidedthe synthesisstepand its concomitant problems

described in the previoussection. We shall attempt to do this for the individual PCA

approach. We begin by assumingthat the Special Caseof Section3.4.1 applies, i.e.

that weknow the input illumination. Then Theorem12tells us that our output image

under illumination s0 is renderedusing: i = N >
MAP s0 + v MAP .

To aid our analysis,we assumethat the output illumination s0 is moved around

on a unit hemispherein front of the facewith constant probability. That is, its pdf

is given by Equation (3.21). To compute the individual PCA, we needthe meanand

eigenvectors of the covariance matrix of all the imagesI = f ig. These imagesare

renderedby varying the output illumination s0. Appendix B derives the mean and

covariancematrix to be:
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� I = E [i] = N >
MAP E [s0] + E [v MAP ]

� I = N >
MAP E

�
s0s>

0

�
N MAP + N >

MAP E
�
s0v>

MAP

�
+

E
�
v MAP s>

0

�
N MAP + E

�
v MAP v>

MAP

�
� � I � >

I

where E [s0] =
�
0; 0;

1
2

� >

E
�
s0s>

0

�
=

2

6
6
6
4

1
3 0 0

0 1
3 0

0 0 1
3

3

7
7
7
5

(6.1)

Observe that all expectation terms are constant of the matrix of surfacenormals

N MAP . They do not changefor di�eren t people,and can thereforebe pre-computed.

Thus, to determinethe individual eigenspacefor each person,we simply compute� I

by the aboveequations,and then solve for its eigenvectors. However, there areseveral

problemswith this approach. Aside from the two expectations computed as shown,

the others are too di�cult to obtain analytically as they involve fairly complicated

functions of random variables(seeAppendix B). We can obtain numerical estimates

for them using simulation or Monte Carlo techniques, but even this is problematic

becauseof the hugesizesof the matricesinvolved. For instance,the term E[v MAP v>
MAP ]

is a d� d matrix, which for our imagesof dimensionality d = 10000requiresabout 1 Gb

of memory. Assumingwe can overcomethis problem (e.g. by reducingthe sizeof the

images),wewould still likea way to quickly computethe eigenvectors. Unfortunately,

there is no obvious relationship betweenthe eigenvectors of the individual terms in

Equation (6.1) and those of � I . Neither is there an easyway to compute the next

set of eigenvectorswhen N MAP changesfor di�eren t people.

If we knew the rank of � I , or even an upper bound on the rank, we can speedup

our eigenvectorcalculations. Assumingthat the upper bound, L, is much smallerthan

d, there are methods to computethe L dominant eigenvectorsquickly, in O(Ld) time

instead of the usual O(d3) time for standard eigenvector algorithms. SeeARPACK

[Lehoucqet al., 1998] for example. Looking at the above equation, it is tempting,

but wrong, to concludethat � I has a rank of at most 5 becauseit is a sum of �v e
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terms containing rank-1 outer products of vectors. The reasonis that the expectation

operator E[�] can a�ect the rank of its argument. A casein point is E[s0s>
0 ], which

has beencomputed above to be of rank 3, even though s0s>
0 has rank 1. Thus the

�rst three terms of � I each has rank � 3, the fourth term has rank � d, while the

last term has rank 1. We can of coursenumerically estimate E[v MAP v>
MAP ] and its

rank, r , barring memory requirements. Then an upper bound on the rank of � I is

L = r + 10. If L � d, we can now resort to ARPACK to compute the eigenvectors;

otherwiseit doesnot appear that we can do much better.

What happens if we do not know the input illuminations? Our analysis above

requiresthat we be able perform two steps: �rst, recover the surfacenormals N MAP ,

and then computethe covariancematrix � I . The SpecialCaseof known illuminations

leadsnaturally to this two-stepapproach, but otherwiseit is hard to justify it.

6.3 Recognition Exp erimen ts

Let's seehow our supposed illumination-robust classi�er performs. In our experi-

ments, we built three simpleexemplar-basedclassi�ersand comparedthem. The �rst

classi�er performssinglenearest-neighbor search directly in imagespace.We call this

1NN. The secondclassi�er searchesfor the nearestexemplarin the global PCA sub-

space(dimensionality 40). We denotethis as globalPCA. Finally, the third classi�er

computesindividual PCA subspacesfrom the exemplars(dimensionality between35

and 45), and classi�es using the smallest reconstruction error. Call this indivPCA .

All PCA subspaceswerecomputed to have an averagereconstructionerror of 1%.

For our recognition experiments, we useda subsetof ten peoplefrom the CMU

PIE dataset [Sim et al., 2001]. These personsare distinct from those in the Yale

dataset and our Bootstrap Set (seeFigure 4.4). Each person has 21 imagestaken

under di�eren t illumination (di�eren t from those in the Bootstrap Set). All images

were pre-processedusing a similarit y transformation and cropped to align them to

a Bootstrap referenceface. For each person, one image was arbitrarily selectedas

the training image,and from this 900 additional exemplarswere synthesized. These
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synthetic imageswerecreatedunder illumination directions that rangefrom � 90� to

+90� in both azimuth and elevation angleson a hemisphericalsurfacein front of the

face. The remaining 20 imagesper personwereusedto test the classi�ers. Note that

becauseour imagesare large (d = 10000),we cannot bypasssynthesizing imagesto

compute � I directly using Equation (6.1).

The resultsareasfollows: 39%recognitionaccuracyfor both 1NN and globalPCA,

and 95% accuracyfor indivPCA. We postulate that the 1NN and globalPCA clas-

si�ers are distracted by \noise": many facesunder extreme illumination look alike

becauselarge regionsare shadowed. We further speculate that the 40 eigenfacesin

the globalPCA subspacecapture mostly illumination variation, rather than identit y.

The eigenfacesbeyond these 40 (which have been excluded from globalPCA) are

probably more discriminating. As for indivPCA , we are pleasedto seethat it is a

viable classi�er. For this method to work, large numbers of training imagesmust be

available for each personto be recognized.This is required in the computation of the

individual PCA subspaces,otherwise the computed subspaceswill not be accurate.

Sincetraining imagesare often scarcein facerecognition applications, this technique

is not commonlyused. By using our approach of synthesizingexemplarsfrom even a

singletraining image,we can overcomethis limitation.

6.4 Discussion

The results of our simple experiments are encouraging,although far from de�nitiv e.

Becauseour experimental datasetsare small and our setup is simple,and becausewe

have not comparedour method with other illumination-robust techniquesreported in

the literature, we cannot conclusively claim that our classi�er is illumination-robust.

We can only say that it exhibits toleranceto illumination variation when given only

a single training image. Our synthesis-cum-classi�cationtechnique can certainly be

usedto augment any classi�er that performspoorly becauseof a lack of training data.

A number of other noteworthy points should be mentioned here.

Firstly, whereasother classi�cation algorithms focus on features | �nding dis-
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criminating and invariant features, and extracting them from images| we focus

on synthesizing training imagesand designingan exemplar-basedclassi�er that is

feature-free.2 As we have noted in our literature survey, �nding discriminating fea-

tures that are truly invariant to all typesof appearancevariation is very hard, if not

impossible. Even if these features are found, it is time-consumingand error-prone

to locate them on a faceimage,extract and processthem for recognition. By avoid-

ing featuresin our classi�er, we alsoavoid theseproblems. To be sure,our synthesis

method doesrequiresomefeatures| locating threepoints on the facefor imagealign-

ment to a referenceface| but this is con�ned to the synthesisstage. The classi�er

itself is feature-free.In general,we expect the model-building and synthesisstageto

require features. But as long as the resulting classi�er doesnot explicitly depend on

features,we will not be boggeddown by feature-processingduring recognition.

Secondly, our method neednot be fully automatic. Note that there is no reasonfor

our model-basedsynthesisnot to require manual intervention from a human expert.

As long as our classi�er works automatically, the learning stage can use as much

manual help as possibleto create realistic images. For example, in Figure 5.4, we

could have manually corrected the de�ciency of our algorithm and improved the

quality of the synthetic imagesbeforeusing them in our classi�er. Doing sowill only

help indivPCA learn a more accurateeigenspace.Other classi�cation schemestry to

make both the learning and recognition stagefully automatic, but we feel that this

is unnecessarilyburdensome.

Thirdly , our approach has the potential to handle appearancevariations other

than ilumination, simply by synthesizing imagesthat exhibit those variations. For

example, to simultaneously cope with pose, illumination and expressionchanges,

synthesizetraining imagesunder many di�eren t combinations of lighting, poseand

expression.The exemplar-basedclassi�er will learn them all, regardlessof variation.3

2Although we have not stated it explicitly , it should be obvious that any exemplar-basedclas-

si�er does not rely on features directly. Rather, the exemplars themselves provide the information

necessaryto discriminate one pattern from another.
3We have already shown an example of synthesizing novel posesusing our statistically optimal

rendering method. We could incorporate it to built a classi�er that is robust against illumination
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Of course,we have yet to demonstrate this, but the idea is logical and waiting to

be explored. We can even imagine synthesizing mustaches,beards,and eye glasses.

Obviously, the number of synthetic imageswill grow combinatorially with the kinds of

variations to be synthesized. This imposessomeconstraints on the exemplar-based

classi�er: (1) it must be able to learn incrementally, as more training imagesare

rendered;and (2) its storagerequirements and classi�cation time must not increase

asquickly asthe number of exemplars.Classi�ers such as1NN and globalPCA clearly

will not work, whereasindivPCA is a good candidate.

Finally, we should point out that our approach is applicable to other non-face

objects as well. In fact, our approach should be seriouslyconsideredfor recognizing

non-rigid, deformableobjects, where �nding suitable featureshas proven to be di�-

cult. As long asclass-basedmodelscan be built to synthesizeimagesof theseobjects

realistically, we can combine them with an appropriate exemplar-basedclassi�er to

do the job.

and pose.
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Chapter 7

Conclusion

We concludethis dissertation with a review of wherewe have beenand a proposalof

wherewe should go.

7.1 Concluding remarks

We beganour journey with facerecognition. From reviewing the research literature

and from our own experiences,we concluded that we had to addressthe limited

training data problem as well as the variation problem. Far too many researchers

had focusedonly on solving the variation problem with all sorts of techniques,but

with no unifying solution for a robust facerecognition system. Yet through all their

experiments, there was a subtle but overlooked fact: more training data typically

resultedin moreaccurateclassi�ers,whatever techniquesthe classi�ersactually used.

This promptedusto look into facerenderingasa techniquefor robust facerecognition.

We then turned to the face rendering literature, and found many papers that

reported impressive results: the synthesizedimageslooked very real indeed. Turing

himselfwould havebeenfooled. Nonethelessthere wasa gnawing feelingthat many of

thesemethods are ad hoc, lacking a theoretical basis. This prompted us to formulate

a principled and optimal approach for face rendering, with provably good proper-

ties. A unique feature of this formulation is that the shape of the face is regarded

as only an intermediate variable, and not explicitly recovered. In this dissertation,
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we demonstratedjust such an approach. We introducedour theory in a very general

form and gave two algorithms for it. We then proceededto show that under certain

conditions and assumptions,our rendering technique possessesseveral desirablethe-

oretical properties, including the equivalenceof our (more general)method with the

traditional ad hoc, two-stepapproach.

For practical implementation however, we suggestedthe additional assumptionof

pixel independenceto make the computation tractable: our image is renderedone

pixel at a time. This produced good output imagesin general,but also causedthe

hallucination e�ect and the mixed-identit y problem. We then relaxedour assumption

a little to rendergroupsof pixels at a time. Unfortunately, our resultswerenot good.

We suspect it is due to a lack of training data. We alsoextendedthe basictheory to

render facesin di�eren t poses,but againour resultsweredisappointing. Nevertheless

we feel that we can overcometheseproblems within the samestatistically optimal

framework that we have proposed.

Coming back to face recognition, we realized that our synthesis approach has

opened up new avenues for designingclassi�ers. We could now considerclassi�ers

that werenever beforepossibledue to a lack of training data. This, togetherwith the

fact that simpleexemplar-basedclassi�ersare surprisingly accurate,led us to suggest

the individual PCA classi�er for face recognition. For a pictorial summary of our

dissertation, we direct the readerto Figure 1.1 on page3.

Perhapsmoreimportantly, we showed that, under certain conditions,we could ex-

ploit the mathematical structure of the synthesisalgorithm and that of the classi�er

to better construct the classi�er. In our case,we could bypasssynthesizingadditional

imagesaltogether and insteadobtain the �nal classi�er more directly from the initial

training images. From the perspective of machine learning, being able to generate

our own training data implies that we have full control over its statistics. This elimi-

nates the needto assumea probability distribution for the training data (something

commonly donein machine learning) and allows for the designof classi�ers that can

exploit the training data pdf. To be sure, this idea of synthesizing additional train-

ing data to boost classi�cation accuracyis not new. Supplementary training images
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wereusedin [Baluja, 1998,Sch•olkopf et al., 1996] for automatic digit recognition, in

[Pomerleau,1992] for autonomousnavigation, in [Mahalanobiset al., 2000] for target

recognition using Synthetic Aperture Radar (SAR) images,and also in our earlier

work on face recognition [Sim et al., 2000]. However, in these cases,the synthetic

imageswere fairly easily generated. For instance, in [Mahalanobiset al., 2000], the

image-synthesismodel wasknown a priori from external knowledgeof how the target

objects scattered radar. And in the caseof [Sim et al., 2000], the synthetic images

weresimple geometricperturbations (pixel-level translations, rotations and scalings)

of the original images. By comparison,our synthesis model is more sophisticated:

it learns the necessarystatistics from a Bootstrap Set. Thus, another contribution

of our dissertation is the use of a non-trivial synthesis model to generatesynthetic

training data. Which leadsnaturally to the next section.

7.2 Revised List of Con tributions

In terms of original contributions to the �elds of computergraphics,computervision,

and pattern recognition, this dissertation makesthe following:

1. Proposea newapproach for image-basedrenderingthat is statistically optimal,

and that possessesseveral important theoretical properties.

2. Demonstrate a new approach to face recognition that can achieve robustness

againstillumination changes,and that hasthe potential to dealwith other kinds

of appearancevariation as well.

3. Further develop the idea of generatingsynthetic training data to improve clas-

si�cation performance. The useof a learnedstatistical synthesis model allows

one to exploit the statistics of the training data to designbetter classi�ers.
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7.3 Future Directions

No research is ever completeif it doesnot generatemore questionsthan it answers.

Sohere is a partial list of future endeavors:

1. Solving the mixed-identit y problem. We noted this problem in Section5.3 and

tried to solve it by renderingseveral pixelsat onein Section5.5. Our resultscan

clearly be improved. However, we would like to stay within our framework. As

suggestedin that samesection,perhapsoneway is to usea di�eren t estimatefor

the covariancematrix insteadof maximum likelihood, onethat is better behaved

whentraining data is limited. Another ideais to usea multi-resolution pyramid,

similar to the method of [Baker and Kanade,2000].

2. Improving poserendering. As is obvious from the results of Section 5.6, we

could improve on this. One idea is to generatemoreclosely-spacedposesin the

Bootstrap Set. But it may be a good idea �rst to investigateif the variation of

the surfacenormals n is greater for posethan for individuals. If this is indeed

the case,then a di�eren t technique may be required.

3. Pose-, illumination- and expression-robustface recognition. This is a logical

step of what we have beenproposing. We should extend our rendering theory

to synthesizefacial expressions,and combine this with illumination and poseto

designa classi�er that can handle all three typesof variations.

4. Other classi�er designs. Now that we can overcomethe limited training data

problem, we have a wider range of clasi�ers to choosefrom. We could go for

the jugular and construct the Bayesianclassi�er [Duda et al., 2000]: synthesize

enoughtraining data to directly estimate the class-conditionalpdf. This way

we can claim a theoretically ideal classi�er. However, this might be a problem

becauseof the high dimensionality of the images. One way around this is to

usea Mixture of Gaussiansto approximate the pdf. Where possible,we should

exploit the math to �nd a shortcut and avoid synthesizingall the training data.
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App endix A

Recursiv e Form for cm

Let's derive a recursive formula for cm , the variance of the Gaussianpdf of Equa-

tion (3.17). This will allow us to take a sequential approach, i.e. update cm as more

input imagesare available. We will needthe following theorem [Scharf, 1991].

Partitioned Matrix In verse Theorem. The inverse of the parti-

tioned covariancematrix

R t =

2

4
R t � 1 r t

r >
t r tt

3

5

is the matrix

R � 1
t =

2

4
R � 1

t � 1 0

0> 0

3

5 +
1

 t

�
� R � 1

t � 1 r t

1

�
�

� r >
t R � 1

t � 1 j 1
�

where 
 t = r tt � r >
t R � 1

t � 1 r t

(A.1)

Let cm;K denote the variance when the number of input imagesis K , and let the

covariancematrix R yy;K in Equation (3.18) be partitioned as follows:

R yy;K =

2

4
R yy;K � 1 �

� > � 2
v(K )

3

5
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Then its inverseis

R � 1
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Also in Equation (3.18), let r yx;K be partitioned as:

r yx;K =
�

r yx;K � 1

� v(0;K )

�

Thus, R � 1
yy;K r yx;K =

"
R � 1

yy;K � 1 r yx;K � 1

0

#

+

 
� v(0;K ) � � > R � 1

yy;K � 1 r yx;K � 1




!

| {z }
�

"
� R � 1

yy;K � 1 �

1

#

And hence,
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Finally, from Equation (3.18),
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This is the form we want. It shows how the variancecm is updated as the K th

input imagebecomesavailable: the �rst term is the variancecomputed with K � 1

98



input images,while the secondterm is the adjustment due to the K th input. Note

that the denominator in the secondterm has a particularly nice interpretation: it is

the varianceof the K th imagegiven the other K � 1 images(c.f. Equation (3.8)). It

is thus non-negative.
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App endix B

Deriv ation of � I and � I

We �rst compute E[s0] and E[s0s>
0 ]. Considers0 to be a point moving randomly on

the surfaceof a unit hemisphere. We assumethat the pdf of s0 is uniform for all

points on this surface. Let this be p. Then:
R

C p dC = 1, where C is the surface

of the hemisphere.Using Sphericalcoordinates,with � and � denoting azimuth and

elevation angles,respectively, and noting that the elemental area on the surfaceis

cos� d� d� , this may be written as:

� =2Z

� � =2

� =2Z

� � =2

pcos� d� d� = 1

) p

0

B
@

� =2Z

� � =2

1: d�

1

C
A

0

B
@

� =2Z

� � =2

cos� d�

1

C
A = 1

) p(� )(2) = 1;

so that p =
1

2�

Now, let s0 = [x; y; z]> in Cartesian coordinates. Then: E[s0] = [E[x]; E[y]; E [z]]> .

We convert into Spherical coordinates using x = � sin� cos� ; y = sin� and z =

cos� cos� . So that,
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E[x] = p

� =2Z

� � =2
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Note that the secondcos� term comesfrom the elemental area of the hemisphere.

Similarly, we may compute E[y] = 0, and E[z] = 1
2 . Hence,E[s0] = [0; 0; 1

2]> . As for

E[s0s>
0 ], we get:

E[s0s>
0 ] = E
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4
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We compute the expectation of each element of the matrix as before,by converting

into Sphericalcoordinates. This results in:

E[s0s>
0 ] =

2

6
6
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4

1
3 0 0

0 1
3 0

0 0 1
3

3

7
7
7
5

Proceedingon, we have � I = E[I ] = E[N >
MAP s0 + v MAP ] = N >

MAP E[s0] + E[v MAP ].

From Equation (3.29) in Section3.7, each element of v MAP is computedas follows:

vMAP = � v(0) + r > � � 1
v (v � � v)
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Note that � v(0) ; r and � v are computedusing kernel regression(seeSection4.6). Be-

causeof this, theseterms arerandomvariables,sincethey arefunctionsof the random

vector s0. Recall that � v and � v are the mean and covarianceof the deviations at

the input illuminations S. Theseare constant becausewe have assumedthat S is

known. Thus,

E[vMAP ] = E[� v(0) ] + E[r ]> � � 1
v (v � � v)

And �nally ,

� I = E[ii > ] � � I � >
I
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I

102



Bibliograph y

[Atkesonet al., 1996] C.G. Atkeson,A.W. Moore, and S. Schaal. Locally Weighted

Learning. Arti�cial Intel ligence Review, 1996.

[Avidan et al., 1997] S. Avidan, T. Evgeniou, A. Shashua, and T. Poggio. Image-

basedView Synthesis by Combining Trilinear Tensorsand Learning Techniques.

Technical Report AI-TR-1603, Hebrew University and M.I.T., Cambridge, MA,

1997.

[Baker and Kanade,2000] S. Baker and T. Kanade. Hallucinating Faces. In Pro-

ceedings of the IEEE International Conference on Automatic Face and Gesture

Recognition, 2000.

[Baluja, 1998] S. Baluja. Making templatesrotationally invariant: An application to

rotated digit recognition. In Advances in Neural Information ProcessingSystems,

1998.

[Blanz and Vetter, 1999] V. Blanz and T. Vetter. A Morphable Model for the Syn-

thesisof 3D Faces.In ACM SIGGraph, Computer Graphics, 1999.

[Blanz et al., 2002] V. Blanz, S. Romdhani, and T. Vetter. FaceIdenti�cation across

Di�eren t Posesand Illuminations with a 3D Morphable Model. In Proceedings of

the IEEE International Conference on Automatic Face and Gesture Recognition,

May 2002.

[Brunelli and Poggio,1993] R. Brunelli and T. Poggio. Face recognition: Features

versustemplates. IEEE Transactionson Pattern Analysis and Machine Intel li-

gence, 15(10), 1993.

103



[Carreira-Perpinan, 1999] M. Carreira-Perpinan. Mode-�nding for Mixtures of Gaus-

sian Distributions. Technical Report CS-99-03,Dept. of Computer Science,Univ.

of She�eld, UK, Mar. 1999.

[Chandrasekaran et al., 1997] S. Chandrasekaran, B. Manjunath, Y. Wang,

J. Winkeler, and H. Zhang. An EigenspaceUpdate Algorithm for Image Anal-

ysis. In Computer Vision, Graphics,and Image Processing, 1997.

[Chellappaet al., 1995] R. Chellappa, C. Wilson, and S. Sirohey. Human and ma-

chine recognition of faces:A survey. Proceedings of the IEEE, 83(5), 1995.

[Criminisi et al., 2000] Antonio Criminisi, Ian D. Reid, and Andrew Zisserman.Sin-

gle View Metrology. International Journal of Computer Vision, 40(2):123{148,

2000.

[Danielsand Kass,2001] M. Daniels and R. Kass. ShrinkageEstimators for Covari-

anceMatrices. Technical Report Report #723, Dept. of Statstics, CarnegieMellon

University, Pittsburgh, Pennsylvania, May 2001.

[Debevec et al., 1996] Paul E. Debevec,Camillo J. Taylor, and Jitendra Malik. Mod-

eling and Rendering Architecture from Photographs: A Hybrid Geometry- and

Image-BasedApproach. Computer Graphics, 30(Annual ConferenceSeries):11{20,

1996.

[DeCarloset al., 1998] D. DeCarlos,D. Metaxes,and M. Stone. An Anthropometric

FaceModel usingVariational Techniques.In ACM SIGGraph, ComputerGraphics,

pages67{74, 1998.

[Duda et al., 2000] R. Duda, P. Hart, and D. Stork. Pattern Classi�cation, 2nd edi-

tion. John Wiley and Sons,2000.

[Edwards et al., 1998] G.J. Edwards,T.F. Cootes,and C.J. Taylor. FaceRecognition

Using Activ e AppearanceModels. In European Conference on Computer Vision,

1998.

[Efron and Tibshirani, 1993] B. Efron and R. Tibshirani. An Intr oduction to the

Bootstrap. Chapmanand Hall, 1993.

[Fromherz,1998] T. Fromherz.Facerecognition: A summaryof 1995{1997.Technical

Report ICSI TR-98-027,International Computer ScienceInstitute, Berkeley, 1998.

104



[Georghiadeset al., 1998] A.S. Georghiades,D.J. Kriegman, and P.N. Belhumeur.

Illumination Conesfor Recognitionunder Variable Lighting: Faces.In Proceedings

of the IEEE Conference on ComputerVision and Pattern Recognition, pages52{59,

1998.

[Georghiadeset al., 2000] A.S. Georghiades,P.N. Belhumeur, and D.J. Kriegman.

From Few to Many: Generative Models for RecognitionUnder Variable Poseand

Illumination. In Proceedings of the IEEE International Conference on Automatic

Face and Gesture Recognition, 2000.

[Graham and Allinson, 1998] D.B. Graham and N.M. Allinson. Face Recognition

from Unfamiliar Views: SubspaceMethods and PoseDependency. In Proceedings

of the IEEE International Conference on Automatic Face and Gesture Recognition,

1998.

[Grosset al., 2001] R. Gross,J. Shi, and J. Cohn. Quo Vadis FaceRecognition? In

3rd Workshopon Empirical Evaluation Methods in Computer Vision, 2001.

[Jain et al., 1995] R. Jain, Kasturi R., and B. Schunck. Machine Vision. McGraw

Hill, 1995.

[Kalos and Whitlo ck, 1986] M. Kalos and P. Whitlo ck. Monte Carlo Methods, Vol-

ume 1. John Wiley, 1986.

[Koudelka et al., 2001] M. Koudelka, P. Belhumeur, S. Magda, and D. Kriegman.

Image-basedModeling and Renderingof Surfaceswith Arbitrary BRDFs. In Pro-

ceedings of the IEEE Conference on Computer Vision and Pattern Recognition,

2001.

[Lehoucqet al., 1998] R.B. Lehoucq,D.C. Sorensen,and C. Yang. ARPACK Users'

Guide: Solution of Large-Scale Eigenvalue Problems with Implicitly Restarted

Arnoldi Methods. SIAM Publications, Philadelphia, 1998.

[Li, 1995] S.Z. Li. Markov Random Field Modeling in Computer Vision. Springer-

Verlag, 1995.

[Liu et al., 2000] Z. Liu, Z. Zhang,C. Jacobs,and M. Cohen.Rapid Modeling of Ani-

mated FacesFrom Video. Technical Report MSR-TR-2000-11,Microsoft Research,

Microsoft Corporation, Redmond,WA, Feb. 2000.

105



[Liu et al., 2001] Yanxi Liu, R.L. Weaver, Karen Schmidt, N. Serban, and Je�rey

Cohn. Facial Asymmetry: A New Biometric. Technical Report CMU-RI-TR-01-

23, Robotics Institute, CarnegieMellon University, Pittsburgh, PA, August 2001.

[MacKay, 1996] D. MacKay. Introduction to Monte Carlo Methods, 1996. A review

paper to appear in the proceedingsof a 1996Erice summerschool, ed. M.Jordan.

[Mahalanobiset al., 2000] A. Mahalanobis, L. Ortiz, B.V.K. Vijaya Kumar, and

A. Ezekiel. ATR PerformanceUsing Xpatch (synthetic) Training Data. Inter-

national Society for Optical Engineering, 4053:340{343,April 2000.

[Nayar et al., 1996] S. Nayar, H. Murase,and S. Nene. Parametric AppearanceRep-

resentation, February 1996. Early Visual Learning. Oxford University Press.

[Oel, 2000] P. Oel. IBMR-Focus, 2000. http://i31www.ira.uka.de/~oel/

ibmr- focus .

[Oppenheimet al., 1999] A. Oppenheim, R. Schafer, and J. Buck. Discrete-Time

Signal Processing(2nd Edition) . Prentice Hall, 1999.

[Parke and Waters, 1996] F. Parke and K. Waters. Computer Facial Animation. A

K Peters,1996.

[Parke, 1974] Frederic Parke. A Parametric Model of Human Faces. PhD thesis,

University of Utah, 1974. UTEC-CSc-75-047.

[Pighin et al., 1998] Fr�ed�eric Pighin, JamieHecker, Dani Lischinski, Richard Szeliski,

and David H. Salesin.SynthesizingRealisticFacial ExpressionsFrom Photographs.

Computer Graphics, 32(Annual ConferenceSeries):75{84,1998.

[Pomerleau,1992] D. Pomerleau.Neural Network Perception for Mobile Robot Guid-

ance. PhD thesis,CarnegieMellon University, February 1992.

[Riklin and Shashua, 1999] T. Riklin and A. Shashua. The Quotient Image: Class

BasedRecognitionand SynthesisUnder Varying Illumination Conditions. In Pro-

ceedings of the IEEE Conference on Computer Vision and Pattern Recognition,

pagesI I:566{571, 1999.

[Scharf, 1991] Louis Scharf. Statistical SignalProcessing:Detection, Estimation, and

Time SeriesAnalysis. Addison-Wesley, 1991.

106



[Sch•olkopf et al., 1996] B. Sch•olkopf, C. Burgess,and V. Vapnik. Incorporating in-

variancesin support vector learning machines. In Arti�cial Neural Networks |

ICANN'96 , 1996.

[Sim and Kanade,2001a] T. Sim and T. Kanade. Combining Modelsand Exemplars

for FaceRecognition: An Illuminating Example. In Workshopon Models vs. Ex-

emplars in Computer Vision, 2001.

[Sim and Kanade,2001b] T. Sim and T. Kanade. Illuminating the Face. Technical

Report CMU-RI-TR-01-31, Robotics Institute, CarnegieMellon University, Pitts-

burgh, PA, 2001.

[Sim et al., 2000] T. Sim, R. Sukthankar, M. Mullin, and S. Baluja. Memory-based

Face Recognition for Visitor Identi�cation. In Proceedings of the IEEE Interna-

tional Conference on Automatic Face and Gesture Recognition, 2000.

[Sim et al., 2001] T. Sim, S. Baker, and M. Bsat. The CMU Pose,Illumination, and

Expression(PIE) Databaseof Human Faces.Technical Report CMU-RI-TR-01-02,

Robotics Institute, CarnegieMellon University, Pittsburgh, PA, January 2001.

[Sudeep,2001] S. Sudeep. Human ID Project at University of South Florida, 2001.

http://marathon.csee.usf.edu/HumanID/index.html .

[Sukthankar and Stockton, 2001] R. Sukthankar and R. Stockton. Argus: The Digi-

tal Doorman. IEEE Intel ligent Systems, 16(2), 2001.

[Therrien, 1992] Charles Therrien. Discrete Random Signals and Statistical Signal

Processing. Prentice-Hall, 1992.

[U.S. Department of Defense,2000] U.S. Department of Defense. Facial Recogni-

tion Vendor Test, 2000.http://www.dodcounterdrug.com/facialrecognition/

FRVT2000/frvt2000.htm.

[Watt and Watt, 1992] A. Watt and M. Watt. Advanced Animation and Rendering

Techniques: Theory and Practice. Addison-Wesley, 1992.

[Wiskott et al., 1997] L. Wiskott, J.M. Fellous,N. Kruger, and C. von der Malsburg.

FaceRecognitionby Elastic Bunch Graph Matching. IEEE Transactionson Pattern

Analysis and Machine Intel ligence, 19(7), July 1997.

107



[Woo et al., 1999] M. Woo, J. Neider, T. Davis, and D. Shreiner. OpenGL(R) Pro-

gramming Guide: The O�cial Guide to Learning OpenGL, Version 1.2. Addison-

Wesley, 1999.

[Zhang et al., 1999] R. Zhang,P.S.Tsai, J.E. Cryer, and M. Shah.Shape from Shad-

ing: A Survey. IEEE Transactionson Pattern Analysis and Machine Intel ligence,

21(8), August 1999.

[Zhang et al., 2001] Z. Zhang, Z. Liu, D. Adler, M. Cohen,E. Hanson,and Y. Shan.

Robust and Rapid Generation of Animated Facesfrom Video Images: a Model-

basedModeling Approach. Technical Report MSR-TR-2001-101,Microsoft Re-

search, Microsoft Corporation, Redmond,WA, 2001.

[Zhao and Chellappa,1999] W. Zhaoand R. Chellappa.Robust FaceRecognitionus-

ing Symmetric Shape-from-Shading.Technical Report CARTR -919,1999.,Center

for Automation Research, University of Maryland, CollegePark, MD, 1999.

[Zhengand Chellappa,1991] Q. Zhengand R. Chellappa. Estimation of Illuminant

Direction, Albedo,and Shape from Shading. IEEE Transactionson Pattern Anal-

ysis and Machine Intel ligence, 13(7), July 1991.

[Zheng,2000] L. Zheng. A New Model-basedLighting Normalization Algorithm and

its Application in FaceRecognition. Master's thesis,National University of Singa-

pore, 2000.

108


