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Abstract - This paper focuses on the energy compaction properties of five different transforms: DFT, DCT,
SDFT((N+1)/2, 1/2), MDCT and DST. Energy compaction properties of these transforms are compared
experimentally. In addition to sinusoidal signals, sixteen classical and pop music pieces are used for the
experiments. The influence of different window sizes (256, 512 and 1024 samples) and different window shapes
(rectangular and sine) are investigated. The results of the experiments are presented and analyzed.
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Signal Fourier spectrum analysis is one of the major tools of signal processing. For real-life continuous signals such
as audio signals and images, it is associated with signal integral Fourier transformation. In digital signal processing,
integral Fourier transformation is approximated by Discrete Fourier Transforms implemented via Fast Fourier
Transform algorithms. On the other hand, it has been found that in image and audio coding, restoration and similar
applications other transforms such as Discrete Cosine Transform (DCT), Discrete Sine Transform (DST), and
Modified Discrete Cosine Transform (MDCT) may be more suitable than DFT [1][2]. However, it is often necessary
to establish interrelations between DFT signal spectra and those of DCT, MDCT, and DST to evaluate their
applicability for signal Fourier analysis. Based on these interrelations, the energy compaction properties of these
transforms are investigated in this paper. This work is an extension of our previous paper [3].

In most state-of-the-art audio encoders, MDCT [4] is used to compress signals in the frequency domain. In this
context, it is necessary to examine how well the transform approximates the Fourier spectrum and why the MDCT
exhibits an energy compaction property. Although MDCT fails in some special situations [5] for spectral analysis, it
is commonly used in audio coding applications.

Transform energy compaction capability means the capability of the transform to redistribute signal energy into a
small number of transform coefficients. It can be characterized by the fraction of the total number of signal
transform coefficients that carry a certain (substantial) percentage of the signal energy. The lower this fraction is for
a given energy percentage, the better the transform energy compaction capability is.

There are different approaches to studying the energy compaction property of different transforms, because the
spectral discretization interval of the transforms may be different. In the case of stationary signals, the conventional
solution is to use different time-domain window sizes so that the spectral discretization intervals of different
transforms remain the same. However, if the signal is nonstationary it may be more reasonable to use the same time-
domain window size for all transforms, because time domain windows of different sizes may contain significantly
different frequency components. In addition there are certain constraints on the window size in different
applications. In our approach, we employ interpolation and normalization to align all transform spectra in the same
coordinate for a fair comparison.
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Purely analytical evaluation of the transform energy compaction capability is problematic since it is only feasible for
limited mathematical models of signals. Another option is to evaluate the energy compaction property
experimentally with a large number of test signals. In this paper, we first study the energy compaction property of
different transforms by comparing the spectral resolution of individual sinusoids. Then we present the results of such
an evaluation for a set of 8 pieces of classical music and 8 pieces of pop music. For these signals, the energy
compaction capability of transforms is investigated with different window sizes (256, 512 and 1024 samples) and
with different window functions (rectangular and sine) over 60*44100 samples. The sampling frequency was 44.1
kHz. The results are illustrated in frequency coordinates normalized to [0-1] by the Nyquist frequency.
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Discrete representation of signal integral transforms parallels that of signals.  For a signal ( )[D  and its Fourier

spectrum ( )Iα  represented in a discrete form by means of sequences of their samples { }
N

D  and { }
U

α taken at sets of

equidistant points ( ){ }[XN ∆+  and ( ){ }IYU ∆+ , ;,2,1,0,1,2, KK −−=N  KK ,2,1,0,1,2, −−=U such that

( ) ( )( )∑ ∆+−=
N
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[XN[D[D ϕ , (1)

( ) ( )( )∑ ∆+−=
U

IU
IYUII ϕαα , (2)

where [∆ and I∆ are discretization intervals and X  and Y  are shifts (in a fraction of the corresponding

discretization interval) of sample positions from the origin of the corresponding coordinates, discrete representation
of the Fourier integral

( ) ( ) ( )G[I[L[DI ∫
∞

∞−

= πα 2exp (3)

takes the form of “Shifted Discrete Fourier Transforms” (SDFT) [2]:
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the most wide known special case of which (for zero shifts X  and Y ) is DFT:
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Other well-known transforms in digital signal processing such as DCT, MDCT and DST are also special cases of
SDFT. From derivation it can be seen that signal spectra obtained by DCT, MDCT, DST are identical to Shifted
Discrete Fourier Transform spectra of certain permutation modifications of the original signal:
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These relationships mnemonically illustrated in Fig. 1 lucidly explain the interrelations between the above
trigonometric bases and their similarity and dissimilarity.
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In this section, we compare the above trigonometric bases in terms of their energy compaction capability and their
resolution power in Fourier spectrum analysis. This property is relevant for many applications, such as signal
compression/coding.

DFT, DCT, DST and MDCT all have different spectral discretization intervals. For an N-samples long real sequence
the independent DFT bins represent frequencies  2,...,0,2 1N1N = . The frequency ordinate is normalized to the

Nyquist frequency for simplicity. DCT bins represent frequencies 1,...,0, −= 1N1N , DST bins represent

frequencies ( ) ( ) 1,...,0,11 −=++ 1N1N , and MDCT bins represent frequencies ( ) 12,...,0,12 −=+ 1N1N . For

MDCT we assume N to be even since MDCT is a Lapped Orthogonal Transform (LOT). The discretization interval
I∆  of DFT is the basis of all comparisons described in this paper. Note that the discretization intervals of DFT and

MDCT are twice as long as that of DCT and DST.

7UDQVIRUP�5HVROXWLRQ�3RZHU�ZLWK�6LQXVRLGV

The transform resolution power in signal spectral estimation characterizes the sharpness of spectral peaks of
sinusoidal signals. It can be evaluated numerically as the width, in proportion to the discretization interval, of the
spectral peak within which a given (substantial) percentage of the energy of a sinusoidal signal is contained. From
sampling theory it follows that the width of the spectral peaks in the signal discrete spectrum is, in general,
proportional to the discretization interval in the frequency domain. However, the proportionality is different for
different discrete trigonometric transforms discussed in previous section.

Evaluation of transform spectral resolution power requires testing the spectral peak width of sinusoidal signals
having arbitrary frequencies within the frequency range defined by the signal discretization rate. Although the
evaluation can be carried out analytically in principle, the same results can be obtained by numerical simulation of
the transforms. As initial numerical simulations, sine test signals with frequencies uniformly distributed within the
corresponding frequency discretization interval were selected and the results of spectrum estimation for each central
frequency were published in [3]. Those results were averaged in such a way that the spectra within a discretization
interval were added and the resulting spectrum was used to measure the resolution power. 100 realizations were
used for each spectral discretization interval.
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In this paper, we have chosen an improved method to estimate the resolution power. Instead of adding the 100
spectra together, we measure the individual spectral width of the 100 realizations, and then average them within
each frequency discretization interval. In addition, we have tested cosine signals and cosine signals with random
phase shifts. Some new results are reported in this paper.

The principle of our method is illustrated in Fig. 2 and Fig. 3 using only 18 time domain samples for clarification.
The dashed lines in Fig. 2 represent the actual spectral lines of a sinusoid )2sin( IWπ  whose frequency changes within

one frequency discretization interval I∆ . DFT and DCT spectra (black and white respectively in Fig. 2) of

2/II
U

∆− , 4/II
U

∆− , 
U
I , 4/II

U
∆+ , 2/II

U
∆+  are illustrated in (a)-(e), where 

U
I  corresponds to one DFT

sampling point. In order to have the same spectral discretization interval, DFT is interpolated by a factor of 2 using
the lowpass interpolation algorithm described in [6]� Obviously these two spectra are different representations of the
same sinusoid. For more precision, both DFT and DCT spectra are further interpolated by a factor of 5 in Fig. 3.
Then we set the energy threshold at 50% and measure the normalized width of each spectrum and then take the
averaged value within each frequency discretization interval I∆ .

By increasing the realization from 5 to 25, the development of the DFT spectral shape of a cosine signal with a
frequency changing from 2/II

U
∆−  to 2/II

U
∆+  is illustrated in Fig. 4. Similarly, the development of the DCT

spectral shapes of the same cosine signal is illustrated in Fig. 5-7, MDCT spectral shapes in Fig. 9-11. Interestingly,
the pattern of the DFT spectral shapes within each I∆  remains the same in all frequency regions, while the patterns

of DCT and MDCT spectral shapes within each I∆  change with frequency.

The averaged frequency resolutions of the transforms are illustrated in Fig. 12-16 using sine, cosine and cosine with
a random phase shift respectively. On average in the whole frequency range [0-1] with rectangular window as in
Fig. 12, 14, 15, the frequency resolutions are I∆6635.0  for DFT, I∆7171.0  for MDCT, I∆525.0  for DCT and

I∆5286.0  for DST.  However, applying sine window has changed the frequency resolution landscape as illustrated

in Fig. 13, 16.

From (6) (8) it can be seen that the phase of 
N

D  has a direct impact on the DCT and DST coefficients. If 
N

D  is in

phase with the basis function, the frequency resolution of the transform is optimal. Conversely, a phase shift of 
2

π

corresponds to the most sub-optimal frequency resolution. This is verified by the experiments. To explain the
frequency-dependent resolution power of DCT, we take the DCT basis function from (6) and change the expression
to:
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The second term in the right hand side bracket is the phase of the basis function 
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This phase shift of the basis functions explains the frequency dependent resolution power of DCT in Fig 12, 14.

Similarly, we take the DST basis function from (8) and change the expression to:
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ππϕ (12)

If N is big (512 in our experiments), the range of the phase is between 0 and π . This explains the DST frequency
dependent resolution power in Fig. 12, 14. Fig 13 illustrates the effect of the window function.

The basis function of DFT is an exponential function, which can be split into sine and cosine basis functions. The
sine and cosine basis functions complement each other in the resolution power. This explains why DFT frequency
resolution is not sensitive to the phase of the signal as illustrated in Fig. 12-16.

From Fig. 2 to 14 the sinusoids used are all of fixed phase. Fig. 15 and 16 show the frequency resolution of
sinusoids having random phase shifts. Because of the special properties of the MDCT [5], it is difficult to explain its
frequency dependent resolution analytically, and therefore it is omitted in this paper.

7UDQVIRUP�(QHUJ\�&RPSDFWLRQ�ZLWK�5HDO�OLIH�$XGLR�6LJQDOV

This section discusses the transform energy compaction property with real-life audio signals. 16 pieces of pop and
classic music signals were used in the experiment. Fig. 17 shows the energy compaction property with 8 pieces of
pop music signals. The window size is 256-1024 samples for all transforms. Rectangular and sine windows are used.
The length of the audio signals are 60*44100 samples and the sampling frequency is 44.1 kHz.

Fig. 18 shows a zoomed version of the comparison, but with a window length of 256 samples. In general, the DCT
performs better than other transforms, and the DST performs poorest. This is not very consistent in comparison with
the frequency resolution of sinusoidal test signals.

Fig 19 shows the comparison when a sine window is applied. This shows the effect of the window function. As in
Fig. 19 the energy compaction property gets more unified with the sine window. Similar comparison with classic
music signals is shown in Fig. 20 and 21.

We have also taken the conventional approach to compare the energy compaction property with different time
domain windows. The results are shown in Fig 22 - 23. Interestingly, DCT with a window length of 512 performs
better than MDCT with a window length of 1024, if rectangular windows are used. However, when keeping the
window size unchanged and applying a sine window to both DCT and MDCT or to MDCT only, the energy
compaction performance of MDCT is better than DCT. This comparison has been considered to be useful in audio
coding applications. Fig. 24 and 25 show the comparison for the case that DCT has a rectangular window length of
512 and MDCT has a sine window length of 1024. However, the different time window may contain significantly
different frequency components as noted earlier.

,9�� &21&/86,21

All above-mentioned transforms can be used for signal Fourier analysis.

The transforms exhibit different Fourier spectrum analysis resolution power and energy compaction property; the
resolution power is not uniform over the entire frequency range for DCT, DST and MDCT using sine and cosine test
signals. The averaged resolution power of DFT is uniform within the whole frequency range. On average, over the
whole frequency range, DCT and DST have the best resolution power, and MDCT has the poorest resolution power
using rectangular window. All these transforms have almost the same resolution power when a sine window is used.

For real-life audio signals, DCT, MDCT and DST exhibit, on average, over large signal sequences, effectively
similar energy compaction capabilities. More then 90% energy is concentrated within 10% of the normalized
frequency scale for most of the test signals for all transforms concerned. The energy compaction property of
different transforms gets more unified with increased window size.

9�� $&.12:/('*(0(17
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Fig. 1. Signal and its corresponding representations of DFT, DCT, MDCT and DST
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Fig. 2. DFT (black) and DCT (white) power spectra comparison using a sine signal whose frequency (indicated as
the dashed lines) changes within one DFT discretisation interval I∆ . DFT spectrum is interpolated by factor 2 to

have the same spectral discretization interval as DCT. The negative values of DFT power spectra are caused by
interpolations.
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Fig. 3. DFT and DCT power spectra comparison using a sine signal whose frequency (indicated as the dashed lines)
changes within one DFT discretisation interval I∆ . Both DFT and DCT spectra are further interpolated by factor 5

from Fig.2.
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Fig. 5. DCT power spectra of a cosine signal whose frequency changes within I∆  in low frequency range. Note that

I∆  is twice as long as DCT discretization interval. The dashed lines correspond to the DCT spectral sampling

points.
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Fig. 6. DCT power spectra of a cosine signal whose frequency (around half of the Nyquist frequency) changes
within I∆ .
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Fig. 7. DCT power spectra of a cosine signal whose frequency (slightly below the Nyquist frequency) changes
within I∆ . This figure clearly shows a rather poor frequency resolution due to the phase shift of the DCT basis

function.
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Fig. 9. MDCT power spectra of a cosine signal whose frequency (in the low frequency range) changes within I∆ .
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Fig. 10. MDCT power spectra of a cosine signal whose frequency (around half of the Nyquist frequency) changes
within I∆ .
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Fig. 11. MDCT power spectra of a cosine signal whose frequency (slightly below the Nyquist frequency) changes
within I∆ .
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Fig. 12. Comparison of spectral resolutions (spectral peak width) of DFT, DCT, MDCT and DST using sine signals
of 512 samples (rectangular window) as a function of signal frequency. The normalized power spectral threshold is
0.5, which corresponds to 50% energy within the spectral peak width.
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Fig. 13. Comparison of spectral resolutions of DFT, DCT, MDCT and DST using sine signals of 512 samples (sine
window) as a function of signal frequency.
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Fig. 14. Comparison of spectral resolutions (spectral peak width) of DFT, DCT, MDCT and DST using cosine
signals of 512 samples (rectangular window) as a function of signal frequency.
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Fig. 15. Comparison of spectral resolutions (spectral peak width) of DFT, DCT, MDCT and DST using cosine
signals with random phase shifts (rectangular window length = 512 samples) as a function of signal frequency.
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Fig. 16. Comparison of spectral resolutions (spectral peak width) of DFT, DCT, MDCT and DST using cosine
signals with random phase shifts (sine window length = 512 samples) as a function of signal frequency.
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Fig. 17. Comparison of energy compaction property of DFT (star), 
2

1
,

2

1+16')7  (circle), DCT (diamond), MDCT

(triangle) and DST (square) using 8 pieces of pop music with a rectangular window size = 1024 samples. In this
scale, it is impossible to distinguish the difference between different transforms.
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Fig. 18. Comparison of energy compaction property of DFT (star), 
2

1
,

2

1+16')7  (circle), DCT (diamond), MDCT

(triangle) and DST (square) using 8 pieces of pop music with a rectangular window size = 256 samples. This is a
zoomed version for better illustration.
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Fig. 19. Comparison of energy compaction property of DFT (star), 
2

1
,

2

1+16')7  (circle), DCT (diamond), MDCT

(triangle) and DST (square) using 8 pieces of pop music with a sine window size = 256 samples. The sine window
clearly reduces the difference between different transforms.
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Fig. 20. Comparison of energy compaction property of DFT (star), 
2

1
,

2

1+16')7  (circle), DCT (diamond), MDCT

(triangle) and DST (square) using 8 pieces of classic music with a rectangular window size = 1024 samples
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Fig. 21. Comparison of energy compaction property of DFT (star), 
2

1
,

2

1+16')7  (circle), DCT (diamond), MDCT

(triangle) and DST (square) using 8 pieces of classic music with a sine window size = 1024 samples
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Fig. 22. Comparison of energy compaction property using 8 pieces of pop music with a rectangular window size of
512 samples for DCT (solid lines) and a rectangular window size of 1024 samples for MDCT (dashed lines).
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Fig. 23. Comparison of energy compaction property using 8 pieces of pop music with a sine window size of 512
samples for DCT (solid lines) and a sine window size of 1024 samples for MDCT (dashed lines).
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Fig. 24. Comparison of energy compaction property using 8 pieces of pop music with a rectangular window size of
512 samples for DCT (solid lines) and a sine window size of 1024 samples for MDCT (dashed lines).
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Fig. 25. Comparison of energy compaction property using 8 pieces of classic music with a rectangular window size
of 512 samples for DCT (solid lines) and a sine window size of 1024 samples for MDCT (dashed lines).


