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In this pap er, w e giv e a complete c haracterization of the existence of a galled-tree net w ork

in the form of simple su�cien t and necessary conditions. As a b y-pro duct w e obtain

as simple algorithm for constructing galled-tree net w orks. W e also in tro duce a new

necessary condition for the existence of a galled-tree net w ork similar to bi-con v exit y .

1. In tro duction

With the progress of h uman genome pro ject

7

, large amoun t of genomic data is a v ail-

able. Analysis of this data requires new metho ds incorp orating ev en ts suc h as recom-

bination, gene con v ersion, horizon tal gene transfer and mobile genetic elemen ts

8 ; 9

.

The traditional ph ylogenetic tree mo del is not su�cien t en ymore. In particular, re-

com bination attracts m uc h atten tion, b ecause of its imp ortan t role in lo cating genes

in
uencing complex genetic diseases. A fundamen tal mo del whic h incorp orates re-

com binations, ph ylogenetic net w orks, w as in tro duced b y W ang et al.

10

. With no

restrictions on lo cation of recom binations, they sho w ed that the problem of �nd-

ing a ph ylogenetic net w ork with minim um n um b er of recom binations is NP-hard.

They also prop osed a constrained ph ylogenetic net w ork mo del with v ertex-disjoin t

recom bination cycles, called a galled-tree net w ork.

Gus�eld et al.

6

presen ted a p olytime algorithm for constructing a galled-tree

net w ork. The algorithm is based on a n um b er of necessary conditions on the

existence of suc h net w orks. Some of these conditions are prop erties of so-called

\con
ict graph". More necessary conditions w ere giv en in the subsequen t pap er

5

.

Surprisingly , unlik e in case of ph ylogenetic trees, no c haracterization is kno wn for

galled-tree net w orks.
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In this pap er, w e giv e a complete c haracterization for the existence of a galled-

tree net w ork in the form of simple su�cien t and necessary conditions. In particular,

w e sho w that t w o necessary conditions observ ed b y Gus�eld et al.

6

are enough to

guaran tee the existence of a galled-tree net w ork. In our mo del w e assumed that

the ro ot of the galled-tree net w ork is lab eled b y the all-0 sequence. Note that v ery

recen tly an algorithm for constructing a galled-tree net w ork without an y assumption

on the lab el of the ro ot (ro ot-unkno wn net w ork) w as presen ted

3

. As a b y-pro duct,

w e obtained a simple algorithm for constructing galled-tree net w orks. Gus�eld et

al.

6

in tro duced an in teresting necessary condition, called bi-con v exit y , whic h they

used to design a fast algorithm for the site consistency problem for a matrix A if

there exists a galled-tree net w ork explaining A . As another b y-pro duct, w e presen t

a new necessary condition (bi-inclusiv eness) whic h implies bi-con v exit y (but not

other w a y around). Gus�eld et al.

6

conjectured that the minim um v ertex co v er of a

bi-con v ex graph can b e found in linear time. W e sho w that the co v er of a bi-inclusiv e

graph can b e found in linear time assuming w e kno w the order of v ertices sorted b y

their degrees. Otherwise w e need to add the sorting time to the complexit y .

2. Preliminaries

The input to the problem is a haplot yp e n � m matrix A with v alues in f 0 ; 1 g

(binary), where eac h ro w represen ts a haplot yp e sequence of an individual and eac h

column corresp onds to a c haracter (an SNP site in the DNA sequence). The set of

c haracters is assumed to b e the set f 1 ; : : : ; m g . F or ev ery c haracter c , the sequence

in a ro w con tains in column c the state of c haracter c for that individual. W e use

the terms \column" and \c haracter" in terc hangeably .

W e will assume that the edges of structures used to explain the input matrix

(p erfect ph ylogenies, galled-trees) are directed from the ro ot to lea v es. An edge

( u; v ) is a directed edge from u to v , i.e., u is closer the ro ot than v . W e will also

assume that ro ot is lab eled with the all-0 sequence. W e can also assume that no

column con tains only 0-states, as suc h columns do not a�ect solution to an y of the

considered problems. In the follo wing de�nition w e describ e t w o basic op erations

on the matrices whic h w e will use frequen tly .

De�nition 2.1. Giv en an n � m binary matrix A . Let S b e a subset of c haracters

of A . The matrix A [ S ] is the sub-matrix of A restricted to the columns in S . W e

will assume that the names of columns in A [ S ] are the same as in the original matrix

A . Let x b e a binary sequence of length j S j . By A [ S ] � x , w e denote the sub-matrix

of A [ S ] from whic h w e remo v e all ro ws whose strings are iden tical to x .

2.1. Perfe ct phylo geny

The main com binatorial to ol used in ev olutionary biology is the concept of p erfect

ph ylogen y (ph ylogenetic tree). In our considerations ph ylogenetic trees app ear in

sev eral places (construction of galls, compressed trees for galled-tree net w orks).



Septem b er 28, 2005 14:12 Pro ceedings T rim Size: 9.75in x 6.5in reconstruction05apb c-�nal

3

De�nition 2.2. (P erfect ph ylogen y) Giv en an n � m binary matrix A . A phylo ge-

netic tr e e on m c haracters is a ro oted tree ha ving eac h edge lab eled with a unique

c haracter in the set f 1 ; : : : ; m g , i.e., no t w o edges ha v e the same lab el. Giv en a ph y-

logenetic tree, w e assign to eac h v ertex a binary sequence of length m in top-do wn

fashion as follo ws: the ro ot is lab eled with the all-0 sequence; for ev ery edge ( u; v )

lab eled with a c haracter c , the lab el of v is obtained from the lab el of u b y c hanging

0 at p osition c to 1 (c hanging state of c haracter c ). W e sa y that a ph ylogenetic tree

T explains A if eac h sequence of A (con tained in a ro w) is a lab el of some v ertex in

T . If there is suc h a tree, w e sometimes sa y A has a p erfect ph ylogen y .

Note that the usual de�nition of ph ylogenetic tree T requires the sequences of A

to b e con tained in the lea v es of T . Ho w ev er, suc h a de�nition allo ws for unlab eled

edges along whic h lab els of end v ertices do not c hange. It is easy to con v ert our

ph ylogenetic tree to a standard ph ylogenetic tree. W e prefer our de�nition, as our

ph ylogenetic trees are more compact.

The follo wing is the classical c haracterization of the existence of the p erfect

ph ylogenetic tree redisco v ered in man y pap ers. Before stating the result w e need

the follo wing de�nition.

De�nition 2.3. (Con
icting c haracters) Giv en an n � m binary matrix A . Tw o

c haracters/columns c and c

0

c on
ict in A if A [ c; c

0

] con tains three ro ws with pairs

[0 ; 1] ; [1 ; 0] and [1 ; 1]. A c haracter is unc on
icte d if it do es not con
ict with an y

other c haracter.

Theorem 2.1. Given an n � m binary matrix A . Ther e exists a phylo genetic tr e e

explaining A if and only if no two char acters c on
ict in A .

Note that if w e drop the requiremen t in the de�nition of ph ylogenetic trees

to ha v e the ro ot lab eled with the all-0 sequence, the ab o v e theorem is still true,

although w e ha v e to rede�ne con
icts b et w een c haracters: c and c

0

con
ict in A if

A [ c; c

0

] con tains all 4-p ossible pairs (so-called four-gamete test ).

De�nition 2.4. Giv en a tree. If there is a directed path in the tree con taining

edges e and e

0

, w e sa y that e and e

0

are c omp ar able . T ak e the shortest suc h a path.

If e is the �rst edge on the path, w e sa y that e is an anc estor of e

0

, and e

0

is a

desc endant of e , and write e � e

0

. If there is no suc h path, w e sa y that e and e

0

are

inc omp ar able .

Giv en an n � m binary matrix M . Let T b e a ph ylogenetic tree explaining M .

De�ne a map e : f 1 ; : : : ; m g ! E ( T ) returning the edge with lab el c as follo ws, for

ev ery c haracter c , let e ( c ) = e where e is the edge with the lab el c . Since w e assume

that M has no all-0 columns, the map is de�ned for ev ery c haracter.
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2.2. De�nitions of phylo genetic and gal le d-tr e e networks

De�nition 2.5. A phylo genetic network N on m c haracters is a directed acyclic

graph con taining exactly one v ertex (the ro ot) with no incoming edges. Eac h v ertex

other than the ro ot has either one or t w o incoming edges. If it has one incoming

edge, the edge is called a mutation e dge , otherwise it is called a r e c ombination e dge .

A v ertex x with t w o incoming edges is called a r e c ombination vertex .

Eac h in teger (c haracter) from 1 to m is assigned to exactly one m utation edge in

N and eac h m utation edge is assigned one c haracter. Eac h v ertex in N is lab eled b y

a binary sequence of length m , starting with the ro ot v ertex whic h is lab eled with

the all-0 sequence. Since N is acyclic, the v ertices in N can b e top ologically sorted

in to a list, where ev ery v ertex o ccurs in the list only after its paren t(s). Using that

list, w e can de�ne the lab els of the non-ro ot v ertices, in order of their app earance

in the list, as follo ws:

(1) F or a non-recom bination v ertex v , let e b e the m utation edge lab eled c

coming in to v . The lab el of v is obtained from the lab el of v 's paren t b y

c hanging the v alue at p osition c from 0 to 1.

(2) Eac h recom bination v ertex x is asso ciated with an in teger r

x

2 f 2 ; : : : ; m g ,

called the r e c ombination p oint for x . Lab el the t w o recom bination edges

coming to x b y P and S , resp ectiv ely . Let P ( x ) ( S ( x )) b e the sequence of

the paren t of x on the edge lab eled P ( S ). Then the lab el of x consists of

the �rst r

x

� 1 c haracters of P ( x ) , follo w ed b y the last m � r

x

+ 1 c haracters

of S ( x ). Hence P ( x ) con tributes a pre�x and S ( x ) con tributes a su�x to

x 's sequence.

Recall that, in this pap er, the sequence at the ro ot of the ph ylogenetic net w ork

is alw a ys the all-0 sequence, and all results are relativ e to that assumption. More

general ph ylogenetic net w orks with unkno wn ro ot w ere studied in a recen t pap er b y

Gus�eld

3

. Note also that there are sligh t di�erences in the de�nition of ph ylogenetic

net w orks from the original de�nition

6 ; 10

. W e assume that eac h m utation edge has

exactly one lab el. Ev ery ph ylogenetic net w ork without this assumption can b e easily

transformed to our mo del b y replacing ev ery m utation edge with m ultiple lab els b y a

sequence of edges eac h ha ving one of these lab els, and con tracting all m utation edges

without a lab el. Our assumption results in more compact ph ylogenetic net w orks,

ho w ev er w e cannot require that all sequences of an input matrix app ear at the lea v es

of the net w ork.

De�nition 2.6. Giv en an n � m binary matrix A , w e sa y that a ph ylogenetic

net w ork N with m c haracters explains A if eac h sequence of A is a lab el of some

v ertex in N .

De�nition 2.7. (Galled-tree net w ork) In a ph ylogenetic net w ork N , let v b e a

v ertex that has t w o paths out of it that meet at a recom bination v ertex x ( v is
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the lo w est common ancestor of the paren ts of x ). The t w o paths together form a

r e c ombination cycle Q . The v ertex v is called the c o alesc ent vertex . W e sa y that Q

con tains a c haracter c , if c lab els one of the m utation edges of Q .

A ph ylogenetic net w ork is called a gal le d-tr e e network if no t w o recom bination

cycles share an edge. A recom bination cycle of a galled-tree net w ork is sometimes

referred to as a gal l .

Note that in the original de�nition of galled-tree net w ork

6 ; 10

it is required that

recom bination cycles do not share v ertices. It is easy to see that our mo di�cation

is only a minor di�erence (one can b e transformed to the other easily) in tro duced

for tec hnical reasons.

3. Characterization of the existence of a galled-tree net w ork

In this section w e will giv e a complete c haracterization of the existence of a galled-

tree net w ork explaining a giv en matrix A . W e will sho w that t w o conditions

(Lemma 4 and Theorem 10) in Gus�eld et al.

6

) are also su�cien t.

De�nition 3.1. Giv en an n � m binary matrix A . The c on
ict gr aph G

A

has the

v ertex set f 1 ; : : : ; m g and for ev ery t w o c haracters c and c

0

, ( c; c

0

) is an (undirected)

edge of G

A

if they con
ict.

Our c haracterization of galled-tree net w orks is presen ted in the follo wing theo-

rem.

Theorem 3.1. Given an n � m binary matrix A . Ther e exists a gal le d-tr e e network

explaining A if and only if every nontrivial c omp onent (having at le ast two vertic es)

K of the c on
ict gr aph G

A

satis�es the fol lowing c onditions:

(1) K is bip artite with p artitions L and R such that al l char acters in L ar e

smal ler than al l char acters in R ; and

(2) ther e exists a se quenc e x 6= 0

j K j

such that A [ K ] � x has no c on
icting

char acters.

In the rest of this section w e will pro v e sev eral results whic h will imply the

theorem. Throughout the rest of the pap er, let A b e a giv en n � m binary matrix.

The follo wing crucial result sho ws that if the condition (2) of Theorem 3.1 is

satis�ed then A [ K ] � x can b e explained b y a tree with t w o edge-disjoin t branc hes.

Lemma 3.1. If a c omp onent K of G

A

is bip artite with p artitions L and R , and

A [ K ] � x has no c on
icting char acters for some x 6= 0

j K j

, then any phylo genetic

tr e e T explaining A [ K ] � x has at most two br anches. F or i = 0 ; 1 , let L

i

( R

i

) b e

the set of al l c 2 L ( c 2 R ) such that x [ c ] = i . One p ossible br anch c ontains al l

e dges lab ele d with char acters in L

1

[ R

0

, and the other c ontains al l e dges lab ele d
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with char acters in R

1

[ L

0

. If T has two br anches then they do not shar e any e dge

(r e c al l that we assume that a phylo genetic tr e e has al l e dges lab ele d by char acters).

a

In the follo wing theorem w e will sho w that if a comp onen t of the con
ict graph

G

A

satis�es b oth conditions of Theorem 3.1 then there is a gall explaining A [ K ].

Theorem 3.2. If a c omp onent K of G

A

is bip artite with p artitions L and R , A [ K ] �

x has no c on
icting char acters for some x 6= 0

j K j

and al l vertic es in L ar e smal ler

than al l vertic es in R , then A [ K ] c an b e explaine d by a gal le d tr e e c ontaining one

r e c ombination cycle (gal l) r o ote d in the no de with lab el 0

j K j

and having x as a lab el

of the r e c ombination vertex.

Pro of. By Lemma 3.1, there is a ph ylogenetic tree T explaining A [ K ] � x with at

most t w o branc hes. Let B

P

b e the branc h con taining edges lab eled with c haracters

in L

1

[ R

0

, and B

S

the branc h con taining edges lab eled with c haracters in R

1

[

L

0

. If one of these t w o sets is empt y then one of the branc hes is empt y as w ell.

F urthermore, the v ertex lab eled 0

j K j

is the only v ertex shared b y B

P

and B

S

. No w,

w e will add a recom bination v ertex z in to T . Let y

P

( y

S

) b e the last v ertex on the

branc h B

P

( B

S

). Add t w o recom bination edges ( y

P

; z ) lab eled P and ( y

S

; z ) lab eled

S , cf. Figure 1. Set the recom bination p oin t r

z

to an y c haracter in f p + 1 ; : : : ; q g ,

where p is the maxim um c haracter in L and q is the minim um c haracter in R . W e

will sho w that the lab el of recom bination v ertex z is x , i.e., the gall explains the

matrix A [ K ].

0jK j

yP yS

z

BP BSL 1
[

R
0

R
1 [

L
0

P S

Figure 1. Construction of recom bination cycle using t w o branc hes B

P

and B

S

of the ph ylogenetic

tree for A [ K ] � x .

The lab el of z is formed b y concatenating the �rst r

z

� 1 c haracters of P ( z )

(see De�nition 2.5) with the last j K j � r

z

+ 1 c haracters of S

z

. The lab el P ( z )

(resp ectiv ely , S ( z )) has 0 (resp ectiv ely , 1) in ev ery p osition c 2 R

1

[ L

0

and 1

(resp ectiv ely , 0) in ev ery p osition c 2 L

1

[ R

0

. The lab el of z at p osition c 2 L

0

comes from P ( z ), hence it has v alue 0. Similar argumen ts sho w that the lab el of z

agrees with x also on all remaining p ositions, as required.

a

Due to the space limitation the pro of will app ear in the journal v ersion.
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In the follo wing w e de�ne a compressed matrix whic h will b e used to build

a ph ylogenetic net w ork. Note that the compressed matrix is similar to the pass-

through matrix

4

. Ho w ev er, the pass-through matrix do es not con tain columns for

comp onen ts of the con
ict graph whic h are singletons.

De�nition 3.2. Let K

1

; : : : ; K

k

b e the comp onen ts of the con
ict graph G

A

.

The c ompr esse d matrix C

A

is the n � k binary matrix with columns lab eled b y

K

1

; : : : ; K

k

. It has 1 in ro w i 2 f 1 ; : : : ; n g and column K

j

, j 2 f 1 ; : : : ; k g , if and

only if the ro w i in A [ K

j

] con tains at least one 1.

Lemma 3.2. The c ompr esse d matrix C

A

has no c on
icting char acters.

b

It follo ws that the compressed matrix C

A

can b e explained b y a ph ylogenetic

tree. W e will use this tree to construct the galled-tree net w ork explaining A . Recall

that a ph ylogenetic tree with a �xed ro ot is unique up to order of edges lab eled

with c haracters ha ving iden tical columns in the input matrix. F rom all ph ylogenetic

trees explaining C

A

w e w an t to pic k one satisfying the follo wing condition:

De�nition 3.3. A ph ylogenetic tree T explaining C

A

is called sorte d if for ev ery

t w o iden tical columns K

j

and K

j

0

suc h that comp onen t K

j

is a singleton and

comp onen t K

j

0

has at least t w o v ertices in the con
ict graph, e ( K

j

) � e ( K

j

0

).

F ollo wing lemma sho ws that sequences in ro ws of A b eha v e nicely with resp ect

to edges in a sorted ph ylogenetic tree T explaining the compressed matrix C

A

.

Lemma 3.3. L et T b e a sorte d phylo genetic tr e e explaining the c ompr esse d matrix

C

A

. Assume that e ( K

j

) � e ( K

j

0

) in T for some c omp onents K

j

and K

j

0

in G

A

.

Consider al l r ows c ontaining a 1 in A [ K

j

0

] , i.e., having 1 in C

A

[ K

j

0

] . Then al l

se quenc es in these r ows in A [ K

j

] ar e identic al and di�er ent fr om the al l- 0 se quenc e.

b

The follo wing algorithm constructs a galled-tree net w ork N

A

from a sorted ph y-

logenetic tree for C

A

.

u

v
K j

w1 w2 w3

K j 2
K j 1 K j 3

u

v2

v1 v3

w1

w2

w3

QjK j 1

K j 2

K j 3

Figure 2. Replacing an edge lab eled K

j

with a gall Q

j

.

b

Due to the space limitation the pro ofs will app ear in the journal v ersion.
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Algorithm 3.1.

Input: An n � m binary matrix A satisfying assumptions of Theorem 3.2.

(1) Construct a sorted ph ylogenetic tree T of C

A

and for ev ery comp onen t K

j

,

j 2 f 1 ; : : : ; k g , of G

A

, construct the gall Q

j

explaining A [ K

j

].

(2) In top-do wn fashion pro cess ev ery edge ( u; v ) lab eled K

j

. If K

j

is a singleton,

i.e., K

j

= f c g , replace the lab el of ( u; v ) b y c . Otherwise, replace the edge

with a gall Q

j

for K

j

as follo ws (cf. Figure 2):

2.1 Remo v e edge ( u; v ).

2.2 Iden tify the coalescen t no de of the gall Q

j

with u .

2.3 F or ev ery edge ( v ; w ) lab eled K

j

0

, consider an y ro w r con taining 1 in

C

A

[ K

j

0

]. Let s b e the sequence in A [ K

j

] in ro w r . By Lemma 3.3,

s 6= 0

j K

j

j

. Since Q

j

explains A [ K

j

], it con tains a v ertex v

0

6= u lab eled

s . Remo v e the edge ( v ; w ), add the edge ( v

0

; w ) and lab el it K

j

0

.

2.4 Remo v e v ertex v .

(3) T o obtain a prop er lab eling of v ertices in N

A

, compute new lab els of length

m using the pro cedure describ ed in the de�nition of galled-trees.

The follo wing lemma sho ws that the algorithm pro duces essen tially unique an-

sw er. More precisely ,

Lemma 3.4. After c onstructing a sorte d phylo genetic tr e e T of C

A

and gal ls Q

j

's

for every c omp onent K

j

of G

A

in Step 1 of A lgorithm 3.1, the r emaining c on-

struction of the algorithm pr o duc es unique r esult (the r esulting gal le d-tr e e network

dep ends only on sele ction of T and Q

j

's).

Pro of. The only c hoice w e ha v e in the remaining steps of the algorithm is in

Step 2.3 when w e can c ho ose an y ro w r con taining 1 in C

A

[ K

j

0

]. The selection of

v ertex v

0

to whic h w e attac h w dep ends on the sequence s in ro w r of the matrix

A [ K

j

]. Ho w ev er, b y Lemma 3.3, for ev ery ro w r

0

con taining 1 in C

A

[ K

j

0

], the

sequence in ro w r

0

of the matrix A [ K

j

] is also s .

The question of ho w man y di�eren t galls are there for a matrix A [ K

j

] w as studied

b y Gus�eld et al.

6

. It w as sho wn that there are at most three di�eren t galls, and if

there are enough c haracters in K

j

, there is only one gall explaining A [ K

j

]. Also note

that the ph ylogenetic tree T is unique up to arrangemen t of c haracters with iden tical

columns on edges. F or our purp oses, the fact that Step 2.3 can b e p erformed only

in one unique w a y is su�cien t to sho w that N

A

explains A .

Theorem 3.3. Assume that every non-trivial (with at le ast two vertic es) c omp onent

K of G

A

is bip artite with p artitions L and R , A [ K ] � x has no c on
icting char acters

for some x 6= 0

j K j

and al l vertic es in L ar e smal ler than al l vertic es in R . Then the

gal le d-tr e e network N

A

c onstructe d ab ove explains A .

c

c

Due to the space limitation the pro of will app ear in the journal v ersion.
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It is kno wn that the n um b er of galls in an y galled-tree net w ork explaining A is

at least the n um b er of non-trivial comp onen ts in the con
ict graph G

A

6

. Since the

galled-tree net w ork constructed b y Algorithm 3.1 has exactly this n um b er of galls,

the constructed net w ork is optimal.

Ob viously , b y Theorem 3.2, Algorithm 3.1 cannot fail to construct a galled-tree

net w ork N

A

, and b y the ab o v e theorem, the constructed net w ork explains A . Hence,

w e ha v e the follo wing corollary .

Corollary 3.1. If every non-trivial c omp onent K of G

A

is bip artite with p artitions

L and R , A [ K ] � x has no c on
icting char acters for some x 6= 0

j K j

and al l vertic es

in L ar e smal ler than al l vertic es in R , then ther e exists a gal le d-tr e e network

explaining A .

Com bining the ab o v e corollary with the results of Gus�eld et al.

6

, Theorem 3.1

follo ws.

3.1. Bi-inclusiveness

Gus�eld et al.

6

in tro duced an in teresting necessary condition for the existence of a

galled-tree net w ork, called bi-c onvexity .

De�nition 3.4. A bipartite graph K with partitions L and R is called c onvex for

R if the v ertices in R can b e ordered so that, for eac h v ertex i 2 L , N ( i ) forms a

closed in terv al in R . That is, i is adjacen t to j and j

0

> j in R if and only if i is

adjacen t to all v ertices in the set f j; : : : ; j

0

g . A bipartite graph is called bi-c onvex

if sets L and R can b e ordered so that it is sim ultaneously con v ex for L and con v ex

for R .

They used bi-con v exit y to design a fast algorithm for the site c onsistency pr oblem

for a matrix A if there is a galled-tree net w ork explaining A . The site consistency

problem for a matrix A is to �nd a minim um n um b er of columns whose remo v al from

A results in a p erfect ph ylogen y . The problem w as in tro duced and sho wn to b e NP-

complete

1

. The problem reduces to �nding a minim um v ertex co v er in the con
ict

graph G

A

. F or bipartite graphs, the v ertex co v er can b e found in p olynomial time

and for bi-con v ex graphs in O ( m

2

) time (recall that m is the n um b er of v ertices in

the con
ict graph)

2

. It w as conjectured b y Gus�eld et al.

6

that to �nd a minim um

v ertex co v er of a bi-con v ex graph can b e done in linear time. W e presen t a new

necessary condition, bi-inclusiveness , whic h is stronger than bi-con v exit y (it implies

bi-con v exit y but not other w a y round) and observ e that the minim um v ertex co v er

of a bi-inclusiv e graph can b e found in linear time.

De�nition 3.5. W e sa y that a collection of sets forms a c hain, if there is an order

S

1

; : : : ; S

k

of sets suc h that S

1

� S

2

� � � � � S

k

. A bipartite graph K with

partitions L and R is bi-inclusive if the sets N ( i

1

) ; : : : ; N ( i

k

) form a c hain, where

N ( x ) denotes the neigh b orho o d of x .
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Note that it is easy to c hec k that the sw apping of partitions do es not c hange

the prop ert y whether K is bi-inclusiv e or not.

The next theorem sho ws that if a matrix A satis�es su�cien t and necessary

conditions of Theorem 3.1, i.e., A can b e explained b y a galled-tree net w ork, then

ev ery comp onen t of the con
ict graph G

A

is bi-inclusiv e.

Theorem 3.4. Given an n � m binary matrix A . If a c omp onent K of G

A

is

bip artite and A [ K ] � x has no c on
icting char acters for some x 6= 0

j K j

, then K is

bi-inclusive.

d

Since bi-inclusiv e graphs are c hordal bipartite graphs, a minim um v ertex co v er

of a bi-inclusiv e graph can b e found in linear time giv en some additional information

on the graph

2

. Hence w e ha v e the follo wing.

Observ ation 3.1. A minim um v ertex co v er in a bi-inclusiv e graph can b e found

in O ( m log m ) time and in linear time ( O ( m )) if the c hain order of v ertices in one

partition is giv en.
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