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We study in detail a particular statistical method in ganetise-control analysis, labeled “genotype-
based association”, in which the two test results from agsgidominant and recessive model are
combined in one optimal output. This method differs bothrfrthe allele-based association which
artificially doubles the sample size, and the dirgéttest on 3-by-2 contingency table which may
overestimate the degree of freedom. We conclude that thgpa@tive advantage (or disadvantage)
of the genotype-based test over the allele-based testyndémgends on two parameters, the allele
frequency differencé and the Hardy-Weinberg disequilibrium coefficient difieced.. Six different
situations, called “phases”, characterized by the A test statistics in allele-based and genotype-
based test, are well separated in the phase diagram paraeeteys andd.. For two major groups of
phases, a single parametee= tan—1(5/5¢) is able to achieves an almost perfect phase separation.
We also applied the analytic result to several types of diseaodels. It is shown that for dominant
and additive models, genotype-based tests are favorechbbeler-based tests.

1. Introduction

Genetic association analysis is a major tool in mapping hudisease gen&s™11. A
simple association study is the case-control analysishiclnindividuals with and without
disease are collected (roughly the equal number of samplgrpep for an optimal design),
DNA samples extracted and genetic markers typed. The ppxaif a genetic marker is
the two-allele single-nucleotide-polymorphism (SKRj the two alleles arel anda, there
three possible genotyped:A, Aa, aa, consisting of the maternally-derived and paternally-
derived copy of an allele. The three genotype frequenciesaculated in case (disease)
and control (normal) group, and a strong contrast of the ®te sf genotype frequencies
can be used to indicate an association between that martti¢halisease.

The statistical analysis in an association study seemsdmiyge — mostly the standard
Pearson’s¢? test in categorical analysisthere are nevertheless subtle differences among
various approaches. Some people us&th8 genotype count table to carry about test with
x? distribution ofdf = 2 degrees of freedofn This method may overestimate the degree
of freedom if the Hardy-Weinberg equilibrium holds true h&tpeople use the allele-based
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test, where each person contributes two allele counts tendliele frequency is compared
in a2 x 2 allele count table. This approach artificially doubles tample sizes without a
theoretical justificatiol . A third approach, what we called “genotype-based” caserob
association analysis, remains faithful to the sample sitgle does not overestimate the
degrees of freedom.

A genotype-based analysis can be simply summarized heP&arson's? tests are
carried out on tw@® x 2 count tables: the first is constructed by combining thé and
Aa genotype counts and keeping tte genotype column, and the second by combining
the Aa andaa genotype counts. If the marker happens to be the diseaseagdnkis the
mutant allele ¢ is the wild type allele), then the first table is consisterttva dominant
disease model, whereas second a recessive disease moaelwdi? tests lead to two
p-values, and the smallest one (the more significant one)aseshas the final test result.

Genotype-based analysis has been used in practice marg/titfé, without a partic-
ular name, and without a theoretical study. In this article will take a deeper look of the
genotype-based analysis. We will show that the justificatibusing genotype-based tests
is intrinsically related to the Hardy-Weinberg disequililm, but there are more than just a
non-zero Hardy-Weinberg disequilibrium coefficient tteatmportant.

The article is organized as follows: we first show that therad advantage in using
genotype-based test if there is no Hardy-Weinberg disibqiuiin; we then examine the
situation with Hardy-Weinberg disequilibrium, and use tiwve parameters, the allele fre-
guency difference and the difference of two Hardy-Weinkgisgquilibrium coefficients,
to construct a phase diagram; the phase diagram is furtimtified by using just one pa-
rameter; our analytic result is illustrated by a real exanfpbm the study of rheumatoid
arthritis; we apply the formula to different models; and liynéuture works are discussed.

2. No advantage for genotype-based analysis if Hardy-Weirdyg equilibrium
holds true exactly

In an ideal situation, we assun®é case samples andl control samples, and thé allele
frequency in case and control groupgisandps (g1 = 1 — p1,q2 = 1 — p2). On average
(or in the asymptotic limit), the allele and genotype cowartslisted in Table 1 where the
Hardy-Weinberg equilibrium (HWE) is assumed.

For a{N;;} (i,j = 1,2) 2-by-2 contingency table, the Pearson’s (G/E)(O for
observed count, and E for expected count) test statistic is:

Y2 _ (N11N22 — N12N21)?(N11 + Nig + Naj + Nag) (1)
(N11 4+ N12)(Na1 + Nog)(N11 + Nai)(Niz2 + Nag)

Using the table elements in Table 1, we can derive
~ (2N)4(p1g2 —p2q1)®4N 4N (p1 — p2)?

2
Xalite = N1 + pa)lar T 42) (o1 + p2)(ar + )
X2 = NY(p] + 2p1q1)g3 — (95 + 2p2g2)qi]*2N _ 2N (p1 — p2)* (1 + q2)*
N4(p? + 2p1g1 + p3 + 2p2q2)(¢F + 43) 2—-df —a3)(df +a3)
X2 _ N*(gi + 2p1q1)p3 — (63 + 2p2q2)p1)*2N 2N (q1 — ¢2)*(p1 + p2)? @

T N g + 2011 + @3+ 2p202) (P +03) (203 — p3)(p% +p3)
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Table 1. Count tables for genotype-based analysis under HWE
A a AA+ Aa aa AA AA+ Aa
allele count dominant model recessive model
case | 2Np1 2Nqi | N(pf +2p1q1) Ngi | NpI  N@piq1 +¢f)
control | 2 Np2 2 Ngs N(p% + 2p2q2) ng Np% N(2p2q2 + q%)

To further simplify the notation, let's denofe= p; — p, as the allele frequency difference,
p=(p1+ pz)/_2 as the averaged aIIeISfrequency across groups, and the averages of the
squared termg? = (p? + p3)/2 (g andq? are defined similarly). Then Eq.(2) becomes:

N§?

Xg ele — = —»

llel P-q
Xiom = 2N
(¢

2N §%p>
Xr20(3 == % (3)

p*(1—p?)

Since the genotype-based test is determined by the maxiralue amongk?  andX?Z ,
we would like to prove an inequality betweéft, . and max§3, . X2.).

rec
Towards this aim, we first compar€?, , and X2 Due to the following two in-

allele dom*
equalities:
Fo kit 2023 - (0 -w) _ (nte) o
4 - 4 4
2-7=2-2C =g+ —(e+¢®)=1-¢—-1—q)1-q)<1-¢,
we have
) —2
1> 4 (4)
2P-7 " 1—¢?

which leads taX32,,,, > X2,,.. The similar approach shows that > 5% and2p - 7 <

1 — p2, which leads O 210 > X

rec*

With the proof thatX?, ;. > max(X2 . X2.), we have shown that allele-bas&d
(p-value) is always larger (smaller) than the genotype-base¢p-value). In other words,

if HWE holds exactly true, there is no need to carry out a ggmtbased association
analysis. To certain extend, this result is not surprisingesallele-based test utlizes twice
the number of samples as the genotype-based test, everhttimuigtter has one advantage
of testing multiple (two) disease models. Clearly, the éase in sample size more than

compensates the advantage of testing multiple models, Wkéf is true.

3. Adding violation of Hardy-Weinberg equilibrium

The result in the previous section actually does not disagpthe genotype-based asso-
ciation, since HWE in real data is often violated, even ifsitniot significantly violated.
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Table 2. Count tables for genotype-based analysis under HWD

A a AA+ Aa aa AA AA+ Aa
allele count dominant model recessive model

case | 2Np1 2Naq1 | N(p? +2p1g1 —€1) N(gi+e) | N®I +e1) N@pigi+¢f —€1)
control | 2Npz 2Ngqa | N(p3 +2p2g2 —€2) N(g2+e2) | N2 +e2) N(2p2g2 +4q3 — €2)

To characterize a realistic genotype count table, one mem&npeter besides the allele fre-

quency is needed: the Hardy-Weinberg disequilibrium coieffit (HWDc)°. The HWDc

cis defined a8 € = paa — P4 = Paa — P2 = —(PAa — 2PaPA)/2 = PaaPas — Pha /4

For case and control groups, two HWDc'’s are usedndes. The three count tables under
HWD are now parameterized in Table 2.

Applying the definition ofX?2 in Eq.(1) to the count tables in Table 2 (note that the
allele counts are not affected by HWD), we have
v AN - p)
allele —
(p1 +p2)(@1 + ¢2)

X2 n = N*[(pT 4 2p1q1 — €1)(43 + €2) — (3 + 2p2q2 — €2) (g7 + €1)]*2N
o N4(p3 + 2p1g1 + 3 + 2p2ga — €1 — €2)(q7 + 45 + €1 + €2)
~ 2N[(p1 —p2)(q1 + @) — (e1 — &2))?
C2-d-d-a-e)@dtadtate)
X2 _ N*Y(g} +2p1q1 — €1)(P3 + €2) — (43 + 2p2g2 — €2)(P7 + €1)]?2N
rec, HWD —

NA(q? +2p1q1 + 43 + 2p2q2 — €1 — €2)(pT + p3 + €1 + €2)
_ 2N[(q1 — q2)(p1 +p2) — (e1 — €2)]?
- 2 2 2 2 (5)
(2—pi—p3—e1—e2)(pf +p5 + €1+ €2)
Again shorthand notations are introducéd:= €; — ez, ande = (e; + €2)/2. EQ.(5) is
rewritten as

N§?
Xgllele —
q
2N (07 — & )?
Xgom.,HWD = =

=—— (6)

From Eq.(6), itis not clear whethaf?, . is still larger thanX 3, | ywp andX 2. gwp-
Systematic scanning of the 4-parameter spacepg, €1, e2) would offer a solution, but the
result cannot be displayed on a 2-dimensional space. Indlewing, we simplify the
display of the “phase diagram” by using only two (or one) paeters.

4. Phase diagram with one and two parameters

The term “phase diagram” is borrowed from the field of stai@tphysicd?. In a typical
diagram used in statistical or chemical physics, phasgsgelid, liquid and gas) as well as
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phase boundaries (e.g. melting line) are displayed as aifumaf physical quantities such
as temperature and pressure. Phase transition occurssa pbiandaries. For our topic, a
phase indicates, for example, whether allele-based ortgeedrased test leads to a higher
X? value; or it can indicate whether or not th&’ value leads to a statistically significant
result (e.g.p-value< 0.05). The quantities chosen to mimic temperature or pressu
our topic should highlight the phase separation and phassitions.

Eq.(6) provides us a hint that the allele frequency diffeeeim two groupsy, and the
HWDc differencey., could be good quantities for phase separation. First o dlirectly
controls the magnitude ak2, so it should separate “significant phases” from “insignifi-
cant phases”. Secondly, the relative magnitude and signaoid . seems to control the
difference betwee& 2, and X3, ywp OF X2 mwp. SO it should be a good quantity to
separate “favoring-allele-based-test phase” (Wkign,,, > max(X3,,, gwp: Xeec zwn))
and “favoring-genotype-based-test phase” (W€, < max(X3,., qwp: Xree.nwp))-

We carried out the following simulation to construct the ghdiagram: 5000'replicates
of case-control datasets with 100 cases and 100 contrasither simulation, the sample
size is 1000 per group); For each replicate, the three gpaetstre randomly chosen, then
the allele frequency and Hardy-Weinberg disequilibriurafticient were determined. Fig.1
shows the simulation result parameterizedbgx-axis) and (y-axis). Six phases (labeled
I-VI) are illustrated using 6 different colors, within thed larger categories:

e Favoring genotype-based tests (crosses in Fig.1)

— |. p-values for both genotype- and allele-based testscaded5 (red)

— II. p-values for both genotype- and allele-based tests-aed5 (yellow)

— lll. p-value for genotype-based test<is0.05, that for allele-based test:is
0.05 (pink)

e Favoring allele-based tests (circles in Fig.1)

— IV. p-values for both genotype- and allele-based testscaed5 (purple)

— V. p-values for both genotype- and allele-based tests-a®ed5 (blue)

— VL. p-value for allele-based test is 0.05, that for genotype-based testsis
0.05 (green)

As can be seen from Fig.1, the two parametérandj. does a pretty good job in sep-
arating six different phases, although minor overlap betwehases occurs. The overall
performance o andé. as phase parameters is satisfactory.

As expected, the magnitude pfvalues is mainly controlled by the y-axis. Smaller
allele frequency differences (small@s) result in non-significang-values, and significant
results are located far away from the= 0 line. On the other hand, thg mainly controls
whether allele-based or genotype-based test is more sigmifi Howevery, itself is not
enough: it acts jointly withj to achieve the phase separation: for genotype-based test to
have a smallep-value than the allele-based test and both are smaller ti@&n(@d points
in Fig.1),d. tends to have the different sign as thatof

The effect of sample size on the phase diagram can be exatyresainparing Fig.1(A)
and Fig.1(B). Phases Il, I, V, VI all shrink in area simplgdause a larger sample size is
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Figure 1. The phase diagram parameterizedby= €; — ez (x-axis) andd = p1 — p2 (y-axis), wherep is
the allele frequency for ande is the Hardy-Weinberg disequilibrium coefficient, detemed by a numerical
simulation. (A) 100 samples per group with 5000 replicat0 points in the plot); (B) 1000 samples per group
with 5000 replicates. Six phases are markedp-Value for genotype-based test is smaller than that folealle
based test (and bofitvalues are smaller than 0.05) (red cross); Il. similar tout, bothp-values are larger than
0.05 (yellow cross); Ill. similar to |, but one-value is smaller than 0.05 and another larger than 0.0% (piwss);

IV. p-value for allele-based test is smaller than that for ggmetyased test (and bothvalues are smaller than
0.05) (purple circle); V. similar to IV, but both-values are larger than 0.05 (blue circle); VI. similar tdut one
p-value is smaller than 0.05 and another larger than 0.0®1gr&cle).
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Figure 2. TheX?2ratio A = X2, /max(X2.,X2 ) as afunction of the parametér= tan=1(5/5c).

The y-axis is in a logarithm scale. The same color code fosth@hases as used in Fig.1 is also used here. For
phases that favor the genotype-based test; 1; for those favoring allele-based test,> 1. (A) 100 samples
per group with 5000 replicates; (B) 1000 samples per grotip $00 replicates.

more likely to lead to @-value< 0.05 replicate. The relative location of different phases
in Fig.1 remains the same.

If we focus on the two major categories (phases I,ll,1lIl wsrphases 1V,V,VI), we
notice that the phase boundaries are radiuses. The olieartedl to the following
phase diagram by using a single paraméter= tan~'(y/x) = tan=1(5/.), i.e.,
the angle between a radius and the x-axis. To measure thé/eedalvantage (disad-
vantage) of allele-based test over genotype-based tesyseehe ratio of twaX?'s:

A = X2/ max(X2 , X3 ). Fig.2 shows\ as a function o), using the simulation

result in Fig.1 (100 samples per group and 1000 samples pepyand the same color
code for six phases.
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Table 3. Count tables of marker genotype for a SNP within #reeg
PTPN22

TT 1TC CC total pr €
case 16 245 677 938 147655  -0.004744
control 12 221 1168 1401 .087438 +0.000920
difference .060217 -.005664

Fig.2 shows nicely that within the range eBx/8 < 6 < /8 (—67.5° < 6 < 22.5°,
or —2.414 < §/4. < 0.414), the genotype-based test is favored over the allele-baséd
Overlap of phases still occurs in Fig.2, e.g., fit& slightly below—37/8 or slightly above
/8. The allele-based test is much better than the genotypeditest wherd = 7 /4 (45°,
oré = d.). On the other hand, the genotype-based test is much bedtethe allele-based
test whend = 0 (or § = 0), though the test result is not significant (phase Ill). Fiooth
Fig.1 and Fig.2, we can see thtat /4 andd = 0 line is mainly related to phase VI and
phase lll.

The sample size per group does not affect the phase bounefargdn the two major
categories, though it does affect phases within a majogoage This observation can be
understood theoretically by the formula&®’s in Eq.(6): the relative magnitude between
XZere @NAXE, . wwp OF X2 wp IS independent oN as it is canceled out.

allele

5. lllustration by a real dataset

The genotype counts of a missense SNP in gene PTPN22 in Rbmdmfrthri-
tis samples and in control samples are listed in Table 3 (awndp the “discovery”
dataset and the “single sib” option in the “replication” @kt in Ref. 3). Our for-
mula predicts tha) = tan~1(0.147655 — 0.087438)/(—0.004744 — 0.000920) =
tan~=1(—0.060217/0.005664) = 95.37°. This @ line is marked both in Fig.1 and
Fig.2, and is right at the phase boundary. Our calculaticedipts that the allele-
based test and genotype-based test should lead to sinslatrelndeed, X2, ,.=41.10,

X3om awp=42.26, X2 1wp=3.43, and the difference between the allele-based and
genotype-based tests is very small.

6. Hardy-Weinberg disequilibrium in the patient population given a disease
model

In the population of patients (case group), a SNP markerinvite disease gene or in
linkage disequilibrium with the disease usually violates Hardy-Weinberg equilibrium.
This fact has been used in the proposal of using HWD in caselearto map the disease
gené. The HWD coefficient in the case group can be calculated ifdisease model is
given'®, which is reproduced here. Assuming the penetranceifér Aa, aa genotypes

20ne difference however is that the theoretical calculadrased on equal number of samples in case and control
group. In our example, the sample size in two groups is $jiglifferent.
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t0 b€ faa, faa, fan, the disease prevalencess = faap? + faa2p1q1 + faag?, and the
genotype frequencies for the case group are (using the Bingesem):

2 2
AA Aa2P1q1 as
PAA aff = f pl, = 7']0 acb1d —fddql . (7)

K PAa,aff = K 3 Paa,aff = K
The HWD coefficient for the case group is tAén

2
PAaaf 2
€1 = PAA,aff * Paa,aff — A47 il = (1%) (fAA.faa - flia)v (8)

and the HWD coefficient for the control group is assumed todve &, = 0).

If the disease model is multiplicative, i.€faa/faa = faa/faa, there is no HWD in
the case group, so HWD can not be used to map the disease géhe’. W 0 — 0 = 0,
from the result in Sec. 2, the allele-based test is favored the genotype-based test. For
dominant modelsfaa = fan = F, ande; « F(f.. — F). Since we usually assume low
phenocopy rate, i.ef.. ~ 0, the HWDce; o< —F? is negative. If the mutant alleld
is enriched in case samples£ p; — p2 > 0), with thed. < 0 in dominant models, we
conclude that genotype-based test is favored over allededtests. For recessive models,
faa = faa = 0, €1 x 0, so the allele-based test is better. For additive modals,=
fan + A, faa = faa + 24, whereA is the contribution to the penetrance by adding one
copy of the mutant allele. The is equal tor; o (faa +24) faa — (faa +A)2 = —AZ < 0.
Thus genotype-based test is favored for additive diseaskelo

7. Discussion and future works

The main point of this article is that genotype-based test take advantage of certain
Hardy-Weinberg disequilibrium in case samples to overctimeedvantage of larger sam-
ple sizes in allele-based tests. Another advantage of thetgee-based test is that it tests
two models and picks the best one. This multiple testing tbgltorrected by multiplying
the p-value by a factor of 2 (Bonferroni corrections), which wast done in this article.
Whether correcting multiple testing or not is always undebaté* 215, but its effect on
our problem is probably to shift the phase boundary slightly

The X? test statistic calculation in this article was all carried assuming equal num-
ber of samples in case and control group. Changing this gssemto unequal number of
samples per group is not difficult, but its effect on the casn has not been examined.

Here we are addressing the type-I error of the testpthialue, which is determined by
the X2 test statistic. For type-Il error under alternative hygsils, usually a non-central
x? distribution could be uséd. However, other alternatives to non-centyaldistribution
to calculate type-II error and the power have been proposed
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