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Gene clusters that span three or more chromosomal regietas @creasing importance, yet statistical
tests to validate such clusters are in their infancy. Ctirmpproaches either conduct several pairwise
comparisons, or consider only the number of genes that ancalt the regions. In this paper, we
provide statistical tests for clusters spanning exactigehregions based on genome models of typical
comparative genomics problems, including analysis of enresl linkage within multiple species and
identi cation of large-scale duplications. Our tests dre trst to combine evidence from genes shared
among all three regions and genes shared between pairsiaisegVe show that our tests of clusters
spanning three regions are more sensitive than existingpappes and can thus be used to identify
more diverged homologous regions.

1. Introduction

An essential task in comparative genomics is to identifyoolmsomal regions that de-
scended from a single ancestral region, either throughaeator duplication. Conserved
homologous regions can be used to nd evidence of functisakdction or shared regula-
tory regions, and to analyze the history of large-scaleidatibns and rearrangements. In
distantly related genomes, homologous genes are used &sméor identifying homol-
ogous regions. Gene content and order, although initi@iserved, will diverge through
local rearrangements, gene loss, and duplicatiofus, distantly related homologous
regions appear agene clustersdistinct chromosomal regions that share a number of ho-
mologous gene pairs, where neither gene order nor genentamfserfectly preserved.

In order to distinguish regions that arose from the samestraieegion from unrelated
regions that share homologous gene pairs, it is necessalyoie that local similarities
in gene content could not have occurred by chance. There énamging body of work
on statistical tests for this purpgse®®:10:14:1518 - However, this work focuses almost
exclusively on tests for comparisons of two regions. With tapid rate of whole genome
sequencing, analysis of gene clusters that span three @& choomosomal regions is of
increasing interest.

When comparing two regions, the number of shared homobogshpwn in Fig. 1(a))
is typically used as the measure of similarity. Howevers #gpproach cannot be directly
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Figure 1. Venn diagram representation of shared homologgridows sampled from distinct chromosomal
regions. (a) Pairwise comparison of window§; andW>, which sharex homologous genes. (b) Three-way
comparison ofWy, W2, andWs3, in which x123 homologs appear in all three windows. The variablgs
represent the number of genes that appear indhlyandW; , andx; represents the number of genes that appear
in only a single windoww; .

extended for tests of clusters spanning more than two regidihen comparing three
regions W1, W,, andWS3), there are many more quantities to consider (Fig. 1(b) th
number of homologs observed in all three regionsq), the number of homologs observed
in each pair of regionsxgz, X33 andxy3), and the number of genes observed only in a
single window &1, X2, andx3). Evidence for homology comes not only from the set of
homologs that appear all the regions being comparecdh¢s), but also from the number of
homologs that appear in only a subset of the regigpds). How best to combine evidence
from different subsets of regions remains an unsolved prabl

In this paper, we develop the rst attempt to address thisassor the problem of
clusters spanning exactly three regions. Given a set oé thirdows sampled from three
genomes, each containingonsecutive genes, we wish to determine whether the windows
share more homologous genes than expected by chance. (i¢atigns are under con-
sideration, two of the windows will be sampled from distinegions of a single genome.)
This problem, while restricted to three regions, exihitsllasic challenges that arise in the
more general problem.

Statistical tests for gene clusters in multiple regions nayseful either because the
researcher is studying more than two genomic regions oruseceomparison with addi-
tional genomes may increase con dence that a pair of regaonse from a single ancestral
region. To identify regions duplicated in a whole genomelidagion (WGD), in partic-
ular, comparisons with related genomes may be necessatlyoulgh evidence of WGD
can sometimes be found by comparing a genome with itself@oidrig for pairwise clus-
ters, in many cases duplicated regions may not be ideng dlyl direct comparison due
to reciprocal gene lossFollowing a WGD, in many cases there is no immediate selecti
advantage for retaining a gene in duplicate, so one copy &t ohaplicates is lost. As a
result, the gene content of duplicated regions is ofteroulisj

A solution to this problem is comparison with the genome ofosely related species
that diverged shortly before the whole genome duplicatiopré-duplicationspecies). If
two regions in thgost-duplicatiorspecies both have signi cant similarity to a single region
in the pre-duplication species, they are likely to be horgolss even if they share few or
no homologous genes. This strategy provides more stafigi@mver to detect duplicated
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regions and has been successfully employed to analyzecdtiphis in stf, plant$:16:17
and several yeast speciés.

The most common strategy for testing signi cance of mudtipkgions is to conduct
multiple pairwise comparisons (reviewed by Simillien all?). If region W, is signi -
cantly similar toW,, andW, is signi cantly similar to regionWs, then homology between
all three regions is inferred, evenMf; andW; share few genes. This approach allows the
use of existing statistical methods, which are designeddonparing two regions. How-
ever, this strategy is conservative as it will only identifyhree-way cluster if at least two
of the three pairwise comparisons are independently sigmt. Furthermore, it does not
explicitly recognize the additional signi cance of genbatoccur in all three regions.

In a second approach, once a signi cantly similar pair ofoeg is identi ed, the genes
in these regions are merged to approximate their commorstaateegiof?. Then ad-
ditional pairwise comparisons are conducted with thisrirefié ancestral segment as the
search query. This approach still allows the use of pairwiaéstical tests, but is more
powerful than the above approach, since the second steeosithe genes that occur in
W, as well as those that occurWd, when searching for a third homologous region. How-
ever, it still requires that at least one pair of regions deipendently signi cant. Moreover,
when comparing with a third regiolys, it does not consider the additional signi cance of
genes that appear W, andW,, compared to genes that appear in only one of the regions.

The previous two approaches use sequential pairwise cigopar Another model has
been proposed that allows fsimultaneousomparison of multiple regiods However this
model only considerg;,3, the number of genes that are conserved in all regions. This
approach is also conservative as it does not consider geatesdcur in only a subset of
the regions (the; %). Thus, current approaches account for either the genesdhar in
all three regions, or those that occur in pairs of regionspbtiboth.

In this paper, we develop the rst statistical tests thatsider both the quantities; »3
andxj simultaneously. We obtain expressions for the probabitiyder the null hy-
pothesis of random gene order—that the number of shared geatleast as large as the
number observed. These expressions are derived for genadelsthat are appropri-
ate for two common types of comparative genomics probletsarfalyses of conserved
linkage of genes in three regions from three genomes, and€B}i cation of segments
duplicated by a whole genome duplication, via comparisah e genome of a related,
pre-duplication species. We show through simulations thattests for comparing three
regions are more sensitive than existing approaches, aredtha potential to detect more
diverged homologous regions.

2. Statistical tests for three regions

The signi cance of a cluster depends not only on propertfahe® windows (Fig. 1), but
also on the properties of the genomes (Fig. 2). The relevagepties of the genomes
are the total number of genes in each genome anddhe content overlap- the fraction
of genes shared among the three genomes. Depending on wbicbital questions are
being investigated, the processes of gene loss differ, magjaropriate model of gene con-
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Figure 2. Gene content overlap models. The set of genes lingeamme is represented as a circle. (a) Identical
gene content model: all genes are shared between all thneengs. (b) Shared gene content modeks genes
are shared between all three genomes. The remaining gensimgletons. (c) Pre/post duplication mod8yre

is the union of two ancestral, duplicated genomes embeddaiht. n1;> genes appear twice Bpost (0Nce in
each embedded genome) and onc€jie . These are the genes that are retained in duplicatg. genes appear
once inGpre and once iMGpost . These are the genes that were preferentially logt; genes appear once in
Gpost but do not appear iGpre . These are the genes retained in singletoB jgst but lost inGpre .

tent overlap will also differ. Here, we develop statistitedts for three different models of
gene content overlap. The rst two models are designed forgarisons of three genomes,
while the third is for detection of duplicated regions by qmarison with a pre-duplication
genome. For each model we give analytical expressionsifee ttatistical tests, and com-
pute cluster probabilities for typical parameter valuagsgidlathematica. We investigate
the impact of different gene content overlap models andredtere test statistics on cluster
signi cance, and compare the sensitivity of our tests wihthttof existing approaches.

2.1. Identical gene content model

We model a genom&; as an ordered set &f; genesG; =1;2;:::N;. We ignore chro-
mosome breaks and physical distance between genes, amieagsnes do not overlap. In
this, the simplest model, each genome containdentical genesi.e.,n=N;=N2= N3
(Fig. 2(a)). Each gene in genor@g has exactly one homolog each@ andGy.

In order to determine the signi cance of gene clusters, wgiire test statistics that
capture the essential properties of the clusters of intedesthe pairwise case, given a
pair of chromosomal regions containixgobserved homologs, signi cance is typically
demonstrated by showing thB{(X  x) is small under the null hypothesis, whefeis
a random variable representing the number of homologs dhmtveen the two regions.
This probability can be computed using a combinatorial appi, counting the number of
ways the two windows can be lled with genes, such that thesrslat leask genes, and
normalizing by the number of ways of lling the windows withbrestrictions.

We illustrate this approach for the simpler case of a pagwisister, then present an-
alytical expressions for the probabilities of three-regausters under the null hypoth-
esis. Given two windowsW; andW, of sizer; andr,, sampled from two genomes
containingn identical genes, the number of ways the windows can shaetlyx genes is

% 1 x 1, % - The rstbinomialis the number of ways of choosing thehared genes,
and the remaining two binomials give the number of ways obslmy two sets of genes to
Il the remainder of each window, such that the sets are disjdVe normalize by the total
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number of ways of choosing genes to Il two windows of sizeandr is rnl r”Z . Thus,
the probability that these windows shaweactlyx genes i3

n n x n rp n
PZ(X - X) = X fln X nfz X - X;r 1n X;I’nz X ' (1)
ra r2 r rp
where we de né
P
n n Yt T n! _
R PR i1 j=1 ij+1 Y PY RN ( B R PR Py 1
Thus, the probability that two windows shaatleastx genes is
X
Pg(x X) = PZ(X = h) (2)

h=x

We use an analogous approach and notation for computingrthalipilities for com-
parisons of three regions. In addition, we de Re& ( X123; X12; X13; X23) and useX = %
as shorthand foX 123 = X123, X 12 = X12, X13 = X13, andX 3 = X»3. As above, we rst
derive an expression for the probability of observing elyagtgenes, then sum over this
expression to nd the probability of observing at least aswnshared genes.

In the above pairwise comparison, we counted the number ys teeform three differ-
ent sets: tha shared genes, the x genes unique t#V/;, and ther, X genes unique to
W,. Computing the probability of three windows containixactlythe observed number
of shared genes is a direct extension of the two-window prablexcept there are seven
sets to be selected (Fig. 1(b)) instead of three sets:

PaX == e
ri rp rs ! ! ! ! ! !

The probability of observingt leastx shared genes is obtained by summing over all
possible values oX 103 andXj; ,

023 X2 Xis ), Cal
P3(X %)= P3(X = v); (4)
V123 = X123 V12 = X12 V13 = X13 V23 = X23

whereuioz = min( ry;ra;ra), U2 = MiN(rq;r2)  Viss, Uiz = Min(ry Viz;ra) Vigs,
Ugz=min(rz Viz;rz Viz) Vizz, andv=(Vi23;Vi2; Vi3] Vo3). In the worst case, eval-
uating this expression tak€r*) time. In practice, the computation time is substantially
reduced, because the summand decreases exponentiallysaand thex;; % increase.
Only the smallest values will contribute to the nal probilitlyj and most of the terms can
be disregarded.

It might seem natural to use the probability of observingdghactnumber of shared
homologs directly to test cluster signi cance. Howeverclsian approach is risky. As
shown in Fig. 3(a), for small values gf , P (X = %) underestimateB(X  x) by several

2Note that this is a non-standard use of the multinomial fatatince we do not require that= iy + iz + :::iy.
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Figure 3. (a) A comparison ¢t (X %) with P (X = %) for n=5000, r =100, x123 =0, andX12 = X13 =

X23 = h, ash ranges from zero to seven. (b) A comparisorP@iX 123  X123) with P(X %) for n =5000,
r =100, X12 = X13 = X23 =3, asx123 ranges from zero to four.(c) A comparison{X  (h; 0;0;0)) and
P(X  (0;h;h;h)), showing the impact af 123 andx; % on cluster signi cance, when =5000, r =100.

orders of magnitude. For example, given the parametergir8a), when the three regions
shareno genes X123 = Xj =0), the exact test reports a probability signi cantly lesarh
one! This test will lead to false positives. However,xgs increases, the probabilities
converge. This suggests that, for suf ciently large valags;; , the exact probability may
be used as a fast approximation.

In order to assess the additional sensitivity gained byripa@ting genes that are shared
between only two of three regions into the statistical tes&,compare®? (X %) with
P (X123 X123), the probability of observing at leagt,; homologs shared between
all three windows. To ensure that all three windows shexactlyxi,3 genes with no
restrictions on thex;; Os, it is necessary to selegt,, X13 andx»3 so that they have no
homologs in common. Otherwis¥,;23 would be greater than rather than equakies.
This can be achieved using the following expression for thalmer of windows that share
exactlyxi,3 genes:

r1XX123

_ _ r n rp N X123 X12
a(X 123 = X123) =

- (5)
X120 123, X122 X123 Xi12 3 X2z
where the second term ensures tWat and W, share exactlyi, genes, and the third
term ensures that exacthyi,s genes are shared in all three windows. We then obtain the
probability of observingt leastx;,3 genes in common by summing ovgas follows:
n 1 n 1 §das
P(X12s  X123) = (X123 = K): (6)
r2 3
K= X123
We analyzed the impact of considering thg%, by comparing Eq. 6 with Eq. 4
(Fig. 3(b)). P (X123 X123) is consistently two orders of magnitude greater than
P (X %). This is because a test based only»aps fails to capture evidence of ho-
mology from genes that occur in only a subset of the winddves, the x; %), and will
severely underestimate cluster signi cance. For examgileen a signi cance threshold
of = :01and the parameters used in Fig. 3(b), a cluster with= X313 = X3 =3 and
X123 =1 would not be considered signi cant using a test based g alone, even though
such a cluster is unlikely to arise by chance.
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To further understand the relative importancexefzs andx;; , we analyzed how much
more a gene shared by all three windows contributes to signice than a gene shared by
only two windows. Consider a cluster in whithgenes are shared by all three windows
(i.e., x123 = h;x; =0), compared to a cluster where there ardistinct genes shared
between eachair of windows {.e.,x123=0;x;; = h). Notice that in both cases, each pair
of windows sharef genes. However, in the rst case each region only conthisbared
genes, whereas in the second case each region sPtargsnes with the other regions.
Although the total number of shared genes is larger in thersgéscenario, Fig. 3(c) shows
thatthe rst scenario is always much more signi cant. Evesmzall increase int1,3 results
in a large increase in signi cance—much more so than an asg®f an equivalent number
of homologous matches between pairs of regions.

2.2. Shared gene content model

In contrast to the assumptions of the identical gene comtenel, in most cases, a genome
will have singletongenes that do not have a detectable homolog in related gendtogy
does this difference affect cluster signi cance? In theretlayene content model, we as-
sume the genomes share a common set;9f  N; homologs (Fig. 2(b)). In addition,
each genom&; containsn; = N; nip3 singleton genes. Homology between gene pairs
that have no homolog in the third genome is disregarded, suith genes being treated as
singletons. This models the situation that would resulbiffologs were identi ed accord-
ing to the triangle method used in CO&s

To compute the probability of observing exact#tyshared genes, we must count the
number of ways of choosing theshared genes, as well as the genes that are unique to each
window (X1, X2, andxs). As in the case of identical gene content, the shared genss m
be selected from the;,3 genes common to the three genomes. Howevertlyenes that
are unique to each windoW,; can be selected either from the remaining common genes,
or from the singletons of that genomg ). In the former case, care must be taken to ensure
that a gene is only assigned to one window. As a result, twditiaddl summations are
required, since the number of ways to choosexthgenes unique tdV; depends on how
many genes from the;23 common genes were used to W; andW,. The probability is:

1 1 1

Ps(X = %) = N1 N2 N3 N123
r2 ra X123; X12; X13; X23 e
Xt X2 npg s Ny ny N3 s i | |
=0 =0 I X1 I Xz X3

wheres = X123 + X12 + X13 + X23 is the total number of shared gené% (X %), the
probability of observingt leastas many shared genes under this model, can be computed
from Eq. 7 by summing ove?s (X = %), similar to Eq. 4.

We use this expression to study how cluster signi cance ddp@n the extent of gene
content overlap among the genomes. As the proportion ofedimygenes in the genomes
increases fron®:3 to 0:9, the probability of observing a cluster drops fré@nd1 to 10 >
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Figure 4. (a) The effect of singleton genes on cluster sicamice. The x-axis shows the proportion of singletons
in each genomel( ni23=N). The y-axis shows the probabilitys (X (2;1;1;1)), whenN = N3 =

N2 = N3 =5000, andr =100. (b) The effect of reciprocal loss on cluster signi cancecomparing pre- and
post-duplication genomes, when.» = 450;n1.1 = 3600;n0;1 = 500;r =50, andxi2 = x13 = h, ash
ranges from 0 to 5. (c) Comparing pairwise probabilitieg, ghoduct of two pairwise probabilities, and three-way
probabilities, whemN =5000, r =100, x123 =0, andx12 = X13 = X23 = h.

(Fig. 4(a)). This is because as fewer homologs are shareabatthe genomes, it is more
surprising to nd them clustered together. This shows thpanance of considering the
extent of gene content overlap among the genomes when énglgluster signi cance.

2.3. Pre/Post Duplication Model

We propose a third genome overlap model speci cally for gnalg duplications. Let
Gpost be a genome that has undergone a WGD @pd be a genome that diverged prior
to the WGD (Fig. 2(c)). Leh;; be the number of genes that appetimes inGpre andj
times inGpost, Wherei  1;j 2. This model only recognizes paralogs that arose through
WGD, ignoring lineage speci ¢ duplications. Thus, it asssthat each gene Byt has
at most one paralog and that genesSige have no paralogs;e.,n2.0 = Nz.1= Ny,2=0.
Furthermore, this model assumes that every gene that appéee in the post-duplication
genome also has a homolog in the pre-duplication genomeno.2 =0. This assumption
is based on the rationale that genes retained in duplicatéuactionally important and,
hence, are retained @, as well. This assumption is supported by empirical obsemat
For example, in post-WGD yeast species over 95% of geneseetan duplicate are also
present in each pre-WGD yeast gendm@imilarly, in this model every gene @pre has
at least one homolog iGyost (N1;0 =0). We use the convention the; is the window
sampled fronGyre , andW, andWs; are sampled fron®pos: -

To compute the probability of observirexactlyx shared homologs under the null
hypothesis, we make the additional assumption that at nmestopy of a duplicated gene
appears in a given window. Given this condition,

N1 Npre X123 X23 Npre S Npost N2 S X1
Pp (X = %) = X123; X23 X12; X13 X1 X2; X3 i
b min§<r2;r3) . ’
Npre Ni:.2 Npre + No;x | Npre +Noy 12
I i=0 | ro 1 r3 |1

whereNpre = Ny;2+ N1.g @andNpest = 2N1:2+ N1+ No:a. Pp (X %), the probability of
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observingat leastx shared homologs under the null hypothesis, is then obtaaddfore
by summing ovePp (X = %).

We calculatedPp (X %) with parameter values based on a recent study of pre- and
post-duplication yeast specit€s. In our simulationsN post = 5000 andny., =450, con-
sistent with the observation that only 16% of genesSircerevisiaare duplicate genes
that arose during the WGD. Since the number of genes that dwae in Gpost is small,
even small values of;,3 andxz3 will have a large impact on cluster signi cance. Fig 4(b)
compares the signi cance of clusters for three reciproealggloss scenarios: when no
genes are shared between the two regions selected from #talyyalication genome
(x123 = 0; %23 =0), when a single gene is shared{z = 0; X23 = 1), and when a single
gene is shared among all three regiong{=1; x23=0). The shape of the three curves is
similar, but the probabilities drop by an order of magnitérden one to the next. Even the
addition of a single gene retained in duplicate has a largeanhon cluster signi cance!
This is particularly noteworthy because current methodspare the pre-duplication re-
gion independently with each of the post-duplication ragi@nd thus ignore the values of
X23 andx 23878111617 Oyr results show that these current methods could fail teatle
clearly signi cant clusters, thus resulting in a substahtiecrease in sensitivity.

3. Discussion

We have presented three different models of gene contenapvend proposed novel sta-
tistical tests for evaluating the signi cance of gene afustspanning three regions. Our
tests are the rstto combine evidence from genes shared galbthree regions and genes
shared only between pairs of regions.

How do our three-way tests compare to current approacheswves in Sec. 1? Unlike
tests that consider onlyio3, our tests also consides %, and thus can detect signi cant
clusters even wherjos is small (Fig. 3(b)). Our tests also have advantages oveectr
approaches based on pairwise statistical tests alone.eTdm®moaches construct multi-
region clusters by merging pairwise clusters. Howeves thethod does not explicitly
consider the number of genes shared among all three regangesults (Fig. 3(c)) show
that even a few genes conserved in all three regions draatigtincreases the statistical
signi cance of gene clusters. This effect is particulatipag when the shared gene content
of the genomes is small (Fig. 4(a)). Thus, unlike pairwisgsteour approach can detect
related regions where each pair of regions share only a feesjee.,x; % are small), but
where a few genes are also shared among all the regiens {3 is non-zero but small).

Even whenx;,3 = 0, we gain sensitivity over pairwise approaches. This is bsea
the pairwise approach requires two of the three pairwigs teshe independently signi -
cant, whereas our approach considers the three regionlyjdiigure 4(c) illustrates this
difference, for a scenario in whialm= 5000 andr = 100. In this case, given a signi -
cance threshold of =0:01, for apair of regions to be signi cantly similarf,(X  x)),
they must share at least seven genes. Thus, to nd a threeslwster with the pairwise
approachW; must share seven genes each With andW3. In contrast, using our test
P3(X  x), acluster is signi cant when each pair of regions shareg tmir genes, even
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when none of these genes appear in all three regions.

Since the comparison of two windows; andW, is independent of the comparison of
W; andW3, one could try using thproduct of two pairwise probabilitieas an approxima-
tion of the joint probability of all three windows. This ampimation, though closer to the
three-way probabilities, still underestimates the medtjion signi cance (Fig. 4(c)). This
is because the product of pairwise probabilities fails tosider the genes shared between
the third pair of windows\(V, andWs3), and also does not give more weight to the genes
that are shared among all the windows. Thus, we argue thatipaitests are not always
suf cient and multi-region tests will be able to identify medistantly related homolo-
gous regions. Here, we have presented initial results gndinection, yet many important
problems remain. A more general test would take all parailofgsaccount. In addition,
to investigate hypotheses of multiple WGDs within the saimedge, tests for more than
three regions sampled from the same genome are required.
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