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Abstract. We develop a GPUs based technique to analyze bio-pathway
models consisting of systems of ordinary differential equations (ODEs).
A key component in our technique is an online procedure for verifying
whether a numerically generated trajectory of a model satisfies a prop-
erty expressed in bounded linear temporal logic. Using this procedure,
we construct a statistical model checking algorithm which exploits the
massive parallelism offered by GPUs while respecting the severe con-
straints imposed by their memory hierarchy and the hardware execution
model. To demonstrate the computational power of our method, we use
it to solve the parameter estimation problem for bio-pathway models.
With three realistic benchmarks, we show that the proposed technique
is computationally efficient and scales well with the number of GPU units
deployed. Since both the verification framework and the computational
platform are generic, our scheme can be used to solve a variety of analysis
problems for models consisting of large systems of ODEs.

Keywords: bio-pathway models, ordinary differential equations, graphics pro-
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1 Introduction

We advocate a generic platform-aware technique to study the dynamics of large
bio-pathways models. Specifically we focus on a well-established formalism, namely,
a system of ordinary differential equations (ODEs) to model the dynamics of the
pathway models. For such systems we implement an analysis method on a multi-
core platform consisting of a pool of general-purpose graphical processing units
(GPGPUs or simply GPUs).

A system of ODEs together with a (initial) set of values for the initial con-
centrations and the rate constants was formulated by Palaniappan et al. [27] as
a model of a biochemical network that takes into account cell-cell variability in
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a population. These ODEs systems will be high dimensional with no closed form
solutions. To get around this a probabilistic approximation technique accom-
panied by a statistical model checking procedure was developed by assuming a
probability distribution over the set of initial values. Since the present paper is
essentially an adaptation of this technique for an efficient GPU based implemen-
tation we shall begin with a brief description of the theoretical underpinnings of
this technique.

Variations in the initial concentrations of species and kinetic rate constants
across a cell population are typical. To cater for these variations, we assume
an initial probability distribution over the range of initial values and rate con-
stants. We then suppose that the states of the system are observed at only the
discrete time points {0, 1, 2, . . .} (with the unit of time being chosen suitably).
In fact we assume that the behavior of the system is of interest only upto a fixed
maximum time point tK . The constant K is chosen based on the application at
hand. For instance, in the parameter estimation problem the last time point for
which experimental data is available will be used to determine K. We choose
bounded linear time temporal logic (BLTL) to specify dynamical properties and
the BLTL specifications of interest are designed to respect this time bound. The
atomic propositions used in the specifications will assert that the current value
of a continuous variable lies in a given interval (with rational end points). This
will in effect discretize the value space of the variables as well. We then im-
pose the condition that the vector field associated with the ODEs systems is
C1-continuous which is a justifiable assumption in the context of biochemical
reaction networks. As a consequence one can construct a σ-algebra over TRJK ,
the set of trajectories of length K and define a probability measure over this
space. However due to the determinacy of the dynamics the probability measure
over the space of trajectories will induce a probability measure over the space of
measurable subsets of the set of initial states. Moreover the set of initial states
of the trajectories that satisfy a BLTL formula will be measurable in this σ-
algebra and hence can be assigned a probability value. As a result one has to
merely sample the initial states and the parameter values according to the given
initial distributions to carry out the sequential hypothesis testing procedure (or
any statistical model checking procedure based on BLTL specifications). As an
aside, this idea breaks down in the case of hybrid dynamics due to mode switch-
ings and one needs to develop new technical machinery to induce a probability
measure over the space of trajectories. A preliminary version of this extension is
presented in a paper in the present volume [12].

The theory sketched above is used in [27] to carry out parameter estimation
as follows. A conjunction of BLTL formulas describe the available experimental
time-course data as well as known qualitative properties. One then deploys the
statistical model checking procedure to evaluate the goodness of the current
estimates for unknown parameter values. With the help of an evolutionary search
strategy one then searches through the parameter space to obtain a good set of
parameter values. The estimated values are then validated using test data that



was not made available to the estimation procedure. A similar technique is also
applied to do sensitivity analysis [27].

For high dimensional systems with many unknown parameters, one will have
to call upon the SMC procedure many times and for each such call one will
have to generate sufficiently many trajectories to ensure the termination of the
SMC procedure. Consequently the computational cost induced by the repeated
executions of the SMC procedure can be quite high. This is the motivation for
the GPUs based implementation of the above mentioned parameter estimation
procedure developed in this paper.

Obviously one can numerically generate trajectories in parallel on a GPU.
Thus it is tempting to take for granted an easy parallel implementation and
a corresponding increase in performance. This is however not the case. The
memory hierarchy of a GPU and its single-instruction multiple-thread (SIMT)
organization of its arithmetic units constitute severe constraints. A näıve imple-
mentation will often perform no better than (and in some cases worse than!) a
sequential implementation. GPUs are however an attractive candidate since they
are available off-the-shelf and can offer performance that is comparable to the
more-expensive and less-available multi-core platforms. Furthermore, it is possi-
ble to form large pools of GPUs in a scalable and cost effective way using cloud
services. Therefore, the effort required to overcome the architectural constraints
of GPUs may well be worth it and this is the hypothesis we pursue here.

In simplified terms, the iterative parameter estimation procedure consists of:

(i) Encode the experimental data and known qualitative trends as a BLTL for-
mula ϕ (as detailed in Section 3).

(ii) Fix the required confidence level and the false positives and negatives rates
w.r.t. which one wishes to verify ϕ.

(iii) Guess a current value for each unknown parameter.
(iv) Evaluate the goodness of these estimated parameters by repeatedly gener-

ating trajectories till the statistical test associated with the SMC procedure
terminates.

(v) If the outcome is yes then the current estimate is a good one. If not, guess
a new set of values using the evolutionary search strategy and iterate.

Thus it is step (iv) which is ripe for parallelization. However just generating
a numerical trajectory is not enough. One must evaluate if it satisfies ϕ which
is of course easy to do. However only a small amount of memory will be avail-
able in the vicinity of a GPU core. Hence the generated trajectories need to be
sent up through a number of levels in the memory hierarchy, each of which is
significantly slower than the previous one. This will all but eliminate the per-
formance gains obtained by generating the trajectories in parallel. Hence one
must verify whether a generated trajectory satisfies ϕ on the fly without having
to store the whole trajectory. Again this is not difficult to do though one must
minimize the amount of intermediate data (typically Boolean combinations of
the subformulas of ϕ that still need to be satisfied) to be kept track of. How-
ever the obvious online procedures will involve branching that is based on the
current requirements and this will clash with the hardware parallelism available



in GPUs. At the level of a single core, groups of parallel threads called warps
are scheduled to run the compiled code, which at each step, execute the same
machine instruction in a lock-step fashion. This is the heart of GPU’s execution
model. If two threads in a warp take different branches, the warp will have to
be executed twice, once for each branch. This so called branch divergence causes
severe performance degradation [21]. To avoid this, we construct a deterministic
automaton-based online model checking technique. This is the main technical
construction in the paper. It turns out that it is better to store the automaton
(as a look-up table) in the intermediate storage shared by the cores and hence we
also implement a standard latency hiding technique to mitigate the data transfer
delays between this shared store and the global store (using which the rest of
the parameter estimation steps are carried out) during model checking.

We have evaluated the performance of our GPU based parameter estimation
procedure on a number of bio-pathway models drawn from the biomodels data
base. Specifically we have applied our method to the EGF-NGF pathway, the
segmentation clock pathway and the thrombin-dependent MLC-phosphorylation
pathway. Our results show that one can hope to achieve significant performance
gains especially by deploying a pool of GPUs. The present implementation can be
further optimized and a similar strategy can be followed to solve the sensitivity
analysis problem. As pointed out in the concluding section we also feel that other
analysis problems concerning bio-pathways can be tackled using the approach
developed in this paper.

1.1 Related Work

The problem of efficiently generating numerical trajectories on GPUs for large
systems of ODEs has been studied in literature [22,34,25]. In our implementation,
we adopt Liu et al.’s approach that encompasses a heterogeneous group of GPU
threads where the memory-access threads and the trajectory computing threads
are separated into different warps to achieve latency hiding and hence scalability.

Efficient methods for model checking probabilistic systems have been stud-
ied [8,20,29,7,32]. The statistical model checking (SMC) approach initiated by
Younes and Simmons [33] based on the sequential probability ratio test pro-
posed by Wald [31] has turned out to be a fruitful one and is adopted here. SMC
usually involves checking whether an individual trace satisfies a given temporal
specification. When the specification is a BLTL formula, this is known as BLTL
path checking. Kuhtz and Finkbeiner show that the path checking problem can
be parallelized by unrolling the BLTL formulas into Boolean circuits [18]. Barre
et al. adopt the MapReduce framework [10] to verify a single large trace using
distributed computing [3]. However, it is not clear how these methods can be
implemented on a GPU-based platform.

On the other hand, Barnat et al. take an automata-theoretic approach to
parallel model checking of a restricted class of multi-affine ODE systems [1,2].
The ODE model dynamics is first approximated as a rectangular abstraction
automaton and a given LTL property is translated into a Büchi automaton that
represents its negation. A parallel model checker then looks for an accepting



cycle in the product automaton by symbolically exploring the state space. But
this approach tends to over-approximate the model dynamics. Oshima et al.
present a FPGA-based framework for the checking of BLTL specifications with
applications on partial differential equations [26]. Their method also involves a
Büchi automaton construction but requires a large set of trajectories to be stored
in the hardware before a property can be verified. In contrast our online method
is based on GPUs, which we believe are more accessible and scalable. Further
our focus is on ODE systems that arise in bio-pathway models.

In recent years, statistical model checking has become a building block to
solve complex problems. David et al. apply SMC using analysis of variance
(ANOVA) to find the optimal set of parameters of a network of stochastic hy-
brid automata [9]. Jha et al. show how the parameter synthesis problem for
stochastic systems can be approached using statistical model checking [16]. In
this paper, we focus on efficient parallelization techniques for traditional anal-
ysis tasks based on SMC, especially parameter estimation [5]. In particular, we
realize the approach proposed by Palaniappan et al. [27] on a GPU-based plat-
form. The key new ingredient is a novel deterministic online BLTL path checking
procedure that fits in with the requirements of the GPU platform.

The paper is organized as follows. First Section 2 introduces the ODE dy-
namics and the syntax and semantics of BLTL. Section 3 formulates the online
verification problem, and describes our automata-theoretic solution to this prob-
lem. In the subsequent Section 4, we develop the GPU based solution to the
parameter estimation problem with the online verification procedure serving as
the kernel. In the subsequent Section 5 we perform a number of performance case
studies, and in Section 6 we summarize and point to future research directions.

2 Background

2.1 ODEs and Trajectories

In the present setting, a bio-chemical network is modeled as a system of ODEs.
Assume that there are n molecular species {x1, x2, . . . , xn} involved in the net-
work. For each xi, an equation of the form dxi

dt = fi(x, Θi) describes the kinetics
of the reactions that produce and consume xi where x is the concentrations of
the molecular species taking part in the reactions. Θi consists of the rate con-
stants governing the reaction. Each xi is a real-valued function of time t ∈ R.
We assume in this section that all rate constants are known. In Section 4, it
will become clear how unknown rate constants are handled while solving the
parameter estimation problem.

To capture the cell-to-cell variability regarding the initial states, we define
for each variable xi an interval [Liniti , U initi ] with Liniti < U initi . The actual
value of the initial concentration of xi is assumed to fall in this interval. We set
INIT =

∏
i[L

init
i , U init

i ]. In what follows, we let v to range over Rn.
We represent our system of ODEs in the vector form, dx

dt = F (x, Θ) with
Fi(x, Θ) := fi. In the setting of bio-chemical networks, the expressions in fi will



model kinetic laws such as mass-action and Michaelis-Menten’s [17]. Moreover,
the concentration levels of the various species will be bounded and the behavior
of the system will be of interest only up to a finite time horizon. Hence we
assume in this paper that fi is Lipschitz-continuous for each i . As a result, for
each v ∈ INIT the system of ODEs will have a unique solution Xv(t) [15]. We
are also guaranteed that Xv(t) is a C0-function (i.e., continuous function) [15]
and hence measurable.

For convenience, we define the flow Φ : R+ × V → V for arbitrary initial
vectors v as Xv(t). Intuitively, Φ(t,v) is the state reached under the ODE dy-
namics if the system starts at v at time 0. We work with Φt : V → V where
Φt(v) = Φ(t,v) for every t and every v ∈ V. Again, Φt is guaranteed to be a
C0-function (in fact 1− to− 1) and Φ−1t will also be a C0-function.

In our applications, given the nature of the experimental data, the states of
the system will be observed only at discrete time points and only within a finite
time horizon. Hence by choosing a suitable unit of time we will assume that the
states of the systems are observed at the time points 0, 1, . . .. A trajectory is
a finite sequence τ = v0v1 . . .vk such that v0 ∈ INIT and Φ1(vj) = vj+1 for
0 ≤ j < k. We let TRJ denote the set of finite trajectories which model the
dynamics of the ODEs system.

2.2 Time-bounded Linear Temporal Logic

In order to encode the dynamical properties of TRJ , we will use formulas in
bounded time linear temporal logic (BLTL). An atomic proposition is of the
form (xi ≥ v) or (xi ≤ v) with v ∈ R. The proposition (xi ≥ v) is interpreted as
“the current concentration level of xi is greater than or equal to v”. A finite set
of atomic propositions, AP , is assumed to be given for a bio-pathway model.

A BLTL formula is defined as follows. First, every atomic proposition, as
well as the Boolean constants true and false, is a BLTL formula. If ψ1 and ψ2

are BLTL formulas, ¬ψ and ψ1 ∨ ψ2 are BLTL formulas. Also, if ψ is a BLTL
formula, so is Xψ. Finally, if ψ1 and ψ2 are BLTL formulas, and t is a positive
integer then ψ1U

≤tψ2 is a BLTL formula. The derived propositional connectives
∧,⊃, etc. and the temporal operators G≤t and F≤t are defined in the usual way.

Let τ = v0v1 . . .vk be a trajectory and 0 ≤ j ≤ k. The semantic relation
τ, j |= ψ is defined as follows.

– τ, j |= (xi ≥ v) iff vj(i) ≥ v. The clause τ, j |= (xi ≤ v) is defined similarly.
– ¬ and ∨ are interpreted in the usual way.
– τ, j |= Xψ iff j < k and τ, j + 1 |= ψ.
– τ, j |= ψ1U

≤tψ2 iff there exists t′ such that t′ ≤ t and j + t′ ≤ k and
τ, j + t′ |= ψ2. Further, τ, j + t′′ |= ψ1 for every 0 ≤ t′′ < t′.

We say that τ is a model of ψ if τ, 0 |= ψ.
The rationale of choosing BLTL instead of a more sophisticated logic is two-

fold. First, relevant properties of bio-pathway models, especially in the context of
parameter estimation and sensitivity analysis are linear time properties defined



over a bounded time horizon. Second, BLTL has enough expressive power to
characterize properties relating to bio-pathway models while being a very simple
temporal logic to work with. Hence we choose BLTL over other commonly-used
formalisms, such as continuous stochastic logic and metric temporal logic.

3 Online Model Checking Procedure

The problem of BLTL path checking involves determining whether a BLTL for-
mula is satisfied by a trajectory. According to the BLTL semantics, it is easy to
see that the truth value of a BLTL formula can be decided by trajectories with
finite length. Online BLTL path checking requires only the current valuation of
the atomic propositions as input. At each step, it evaluates the BLTL formula
under the current valuation and generates a new formula that represents the
“obligation” in the following step. The procedure terminates when the formula
under consideration becomes either true or false, indicating a satisfaction or
falsification of the original formula.

Such an algorithm can be easily implemented on CPUs. On the other hand,
to achieve a good performance on GPUs one must address the problem of branch
divergence, which occurs when two GPU threads choose different code segments
under the evaluation of a condition as illustrated in the following example.

Example 1 (Branch Divergence). Consider BLTL formula φ = F≤8G≤5p, where
p is an atomic proposition. Expanding φ, we get φ =

(
p ∧XG≤4p

)
∨XF≤7G≤5p.

Notice that if the current valuation is σ1 = {p 7→ false}, φ is reduced to φ1 =
F≤7G≤5p; if it is σ2 = {p 7→ true}, φ is reduced to φ2 = G≤4p ∨ F≤7G≤5p.

Now we initiate two GPU threads to check whether φ is satisfied for two
different trajectories. Naively, we implement each thread as if σ1 then check φ1
else check φ2. Branch divergence happens when the two trajectories take different
valuations. Since GPU stream processors require that each GPU thread executes
identical instructions, the two threads will process both φ1 and φ2 and simply
discard the unrelated part, resulting in a 50% loss of performance. ut

3.1 Automaton-based BLTL Path Checking

To better utilize the parallelism of GPUs, we introduce an automaton-based
BLTL path checking algorithm. Given a BLTL formula ψ, it is well-known that
there exists a positive integer K that depends only on ψ such that for any tra-
jectory τ whose length is greater than K, one needs to examine only a prefix of
length K to determine whether τ is a model of ψ [4]. The online procedure we
shall construct examines τ as it is being generated (through numerical simula-
tion) in a lock-step fashion. Instead of generating a trajectory of length K at
once, it incrementally simulates the ODE model and checks whether the current
trajectory satisfies the formula ψ.

It is convenient to focus on the sequence of truth values of the atomic propo-
sitions induced by a trajectory. Let us call such a sequence AP-sequence. Given



a trajectory τ = v0v1 . . .vk, its induced AP-sequence is denoted as τap, which
is the sequence P0P1 . . . Pk where for 0 ≤ i ≤ k:

(xj ./ v) ∈ Pi iff vi(j) ./ v , ./∈ {≤,≥} .
We now wish to construct a deterministic automaton for ψ that accepts

(rejects) an AP-sequence iff it is (not) a model of ψ.
As the first step, we replace the time constants mentioned in ψ by symbolic

variables and manipulate these variables separately. To this end, we define the
formula sym(ψ) inductively as follows.

– sym(ψ) = ψ if ψ is an atomic proposition;
– sym(¬ψ) = ¬sym(ψ) and sym(ψ1 ∨ ψ2) = sym(ψ1) ∨ sym(ψ2);
– sym(Xψ) = Xsym(ψ);
– sym(ψ1U

≤tψ2) = sym(ψ1)U≤xαsym(ψ2) where α = ψ1U
≤tψ2.

Thus the subscript assigned to the symbolic variable is the sub-formula in which
the time constant appears. Often for convenience we will index these variables by
integers rather than concrete formulas. Thus sym(F≤8p∨G≤3q) will be typically
represented as F≤x1p∨G≤x2q. We refer to sym(ψ) as a symbolic BLTL formula.

For a BLTL formula ψ, we now define the automaton Aψ = 〈Sψ, 2APψ ,→
, sin,F〉, where Sψ is the set of states, APψ is the set of atomic propositions
that appear in ψ, →⊆ Sψ × 2APψ × Sψ is the transition relation (to be defined
below) , sin ∈ Sψ is the initial state and F ⊆ Sψ are the final states.

Let φin = sym(ψ) and CL be the least set of formulas that contains the
sub-formulas of sym(ψ) and satisfies:

If ψ1U
≤xψ2 is in CL then Xψ1U

≤xψ2 is also in CL.
We let BC denote the Boolean combinations of formulas in CL. A state of

the automaton is a triple of the form (φ, Y, V ), where φ ∈ BC, Y is the set of
variables that appear in φ, and V is a valuation that assigns a positive integer
to every variable in Y . We define sin = (φin, Yin, Vin), where Yin is the set of the
symbolic variables that appear in φin, and Vin assigns to each variable in Yin
the corresponding value in ψ. More precisely, if xα is in Yin and α = ψ1U

≤tψ2

then Vin(xα) = t. F = {(true, ∅, ∅), (false, ∅, ∅)}.
Next we define the the transition relation→ ofA. Let (φ, Y, V ) and (φ′, Y ′, V ′)

be states and P ⊆ APψ be a set of atomic propositions. Then (φ, Y, V )
P−→

(φ′, Y ′, V ′) is a transition iff the following conditions are satisfied.

– Suppose φ = p is an atomic proposition. If p ∈ P , then φ′ = true; otherwise,
φ′ = false. In either case Y ′ = V ′ = ∅.

– Suppose φ = ¬ϕ, and there exists a transition (ϕ, Y, V )
P−→ (ϕ′, Y ′′, V ′′).

Then φ′ = ¬ϕ′, Y ′ = Y ′′ and V ′ = V ′′.

– Suppose φ = φ1 ∨ φ2, and there exist transitions (φ1, Y1, V1)
P−→ (φ′1, Y

′
1 , V

′
1)

and (φ2, Y2, V2)
P−→ (φ′2, Y

′
2 , V

′
2). Then φ′ = φ′1 ∨ φ′2, Y ′ = Y ′1 ∪ Y ′2 , and

V ′(xi) = V ′i (xi) for xi ∈ Xi, i ∈ {1, 2}.
– Suppose φ = Xϕ. Then φ′ = ϕ and Y ′ = Y and V ′ = V .

– Suppose φ = φ1U
≤xαφ2, and there exist transitions (φ1, Y1, V1)

P−→ (φ′1, Y
′
1 , V

′
1)

and (φ2, X2, V2)
P−→ (φ′2, Y

′
2 , V

′
2). Then φ′ = φ′2 ∨ (φ′1 ∧ Xϕ) where ϕ = φ2



if V (xα) = 1. Furthermore Y ′ = Y ′1 ∪ Y ′2 and V ′ restricted to Y ′1 is V ′1 and
V ′ restricted to Y ′2 is V ′2 . If V (xα) > 1 then ϕ = φ1U

≤xαφ2. Furthermore
Y ′ = Y ′1 ∪ Y ′2 ∪ {xα} while V ′ restricted to Y ′1 is V ′1 and V ′ restricted to Y ′2
is V ′2 . In addition V ′(xα) = V (xα)− 1.

The set of states Sψ is given inductively:

sin ∈ Sψ. Suppose s ∈ Sψ and s
P−→ s′. Then s′ ∈ Sψ.

It is easy to show that this automaton has the required properties. Moreover
its number of states is bounded by ` + Σx∈XinVin(x) where ` is the number of
appearances of the X operator in ψ.

s1 : F≤kG≤`0p

s2 : G≤`p ∨ F≤kG≤`0p

sin

false

true

p
k := k − 1
` := `0 − 1

¬p
k := k − 1

¬p
k := k − 1

p
k := k − 1 , ` := `− 1

¬p
k := k − 1

p
k := k − 1
` := `− 1

k = k0 , ` = `0

k < 0

` < 0

Fig. 1. Automaton for the BLTL formula F≤k0G≤`0p with k0 = 8 and `0 = 5.

Example 2. Consider the BLTL formula ψ = F≤k0G≤`0p, where k0 = 8 and
`0 = 5 are constants. Fig 1 shows a fragment of the automaton Aψ. To avoid
clutter we have not explicitly shown the symbolic variables and their valuations.
The dashed arcs indicate that the input states will transit to the corresponding
final states given proper valuations of atomic propositions. ut

4 Parameter Estimation

Often times the values of many of the rate constants appearing in the ODEs
and the initial concentrations of the species will be unknown. One will have to
learn them using limited experimental data. Solving this parameter estimation
problem is the crucial first step towards the analysis of ODEs based bio-pathway
models. Here we derive a parallel extension of the method developed by Pala-
niappan et al [27]. This will lead to a GPU implementation of a solution to this
crucial problem.

For convenience, we shall assume –as done in the previous section– all the
initial concentrations are known but that their nominal values can vary over
a cell population. The parameter estimation procedure searches through the
value space of the unknown parameters to determine the “best” combination of
values that can explain the given data and predict new behaviors [24]. The key



step in this procedure is to determine the fitness-to-data of the current set of
parameter values. We use BLTL to encode both experimental time series data
and known qualitative trends concerning the dynamics of the pathway. We then
develop a parallel statistical model checking procedure (SMC) to determine the
goodness of the given set of parameter values, while taking into account that
these values can fluctuate across the population of cells that the data is based
on. This procedure will numerically generate trajectories in parallel and use our
online model checking method to determine if the current trajectory satisfies the
given specification. Subsequently, we use a global optimization strategy known
as SRES [28] to choose a new set of candidate parameter values according to the
SMC based score assigned to the current set.

4.1 Statistical Model Checking

Consider an ODE-based model of a pathway and the associated notations devel-
oped in the previous section. In addition, let Θ = {θ1, θ2, . . . , θm} be the set of
all rate constants. To capture cell-to-cell variability we assume that the range of
values for each θj is [Lj , U j ] for 1 ≤ j ≤ m. We shall present the SMC procedure
while assuming that all the rate constants -as interval values- are known. They
are to be viewed as the current guess of the values of the unknown parameters.

An implicit assumption is that the value of a rate constant, when fixed ini-
tially, does not change during the time evolution of the dynamics, although
this value can be different for different cells. To verify whether the ODE sys-
tem satisfies a property Pr≥rψ, where ψ is a BLTL formula and r ∈ [0,1),
we use a statistical model checking procedure based on Younes and Simmons’
method [33]. Assume that we are given a distribution (usually uniform) over
INIT and Πj [L

j , U j ]. Then the notion Pr≥rψ standing for “the probability of
a trajectory chosen randomly according to the given distribution over INIT and
Πj [L

j , U j ] satisfying the formula ψ is ≥ r”- can be precisely defined [27].
Accordingly, we test the alternative pair of hypotheses : H0 : p ≥ r + δ

and H1 : p ≤ r − δ where p is the standard probability measure of the set of
trajectories that meet the specification ψ and δ is the user defined indifference
region. α and β signify the type-I error and type-II error bounds respectively.
We use Wald’s Sequential Probability Ratio Test (SPRT) [31] for the sequential
hypothesis test. In SPRT, random samples are drawn iteratively and we update
the SPRT ratio, qm at the end of each round

qm =
[r − δ](

∑m
i=1 yi)[1− [r − δ]](m−

∑m
i=1 yi)

[r + δ]
(
∑m
i=1 yi)[1− [r + δ]]

(m−
∑m
i=1 yi)

.

The variables y1, y2 . . . signify a sequence of Bernoulli random variables which
correspond to the set of trajectories with an assigned value of 1 if a trajectory k
satisfies the property ψ or 0, if it does not satisfy. When sufficient samples are
drawn, the test terminates. Otherwise, the test proceeds to draw more samples
until the statistical guarantee defined by the error bounds and the indifference
region are met. We define our stopping criterion as follows: We accept the null



hypothesis H0 if qm ≥ Â and accept the alternate hypothesis H1 if qm ≤ B̂. Oth-
erwise, we update qm and sample a new random trajectory. For the thresholds
of the sequential hypothesis test, we set Â = 1−β

α and B̂ = β
1−α .

4.2 The GPU Implementation

In this section, we first describe the design of our online method that overcomes
the stringent memory restrictions imposed by the GPU platform to evaluate
large number of trajectories as they are numerically generated. We then discuss
how the SMC procedure is implemented in our setting using latency hiding.

Our online approach uses the automaton constructed in Section 3, which elim-
inates the need for handling different formulas explicitly. Recall that running an
automaton A is equivalent to evaluating the corresponding BLTL formula under
a series of valuations at different time points until a final state is reached. To
efficiently implement this on GPU, branch divergence should be avoided as much
as possible. Our solution is to index states, variables and the atomic propositions
as defined in Section 3, and encode the transitions and the operations on the
valuations into an array AT . This array represents transitions and operations
on the valuations, in which each row corresponds to an input state, and each
column to an atomic proposition. Each element of the array consists of an out-
put state and the operations on the valuations associated to the transition. Each
GPU thread has access to AT which is pre-computed and stored in the shared
memory. A step in the run of the automaton is performed by all threads of a
warp executing in lock-step updating the state and the variables according to
AT . Note that dummy self-loops for the terminal states are added so that once
one of them is reached, the automaton stays there forever. This avoids explicit
checking for termination, which induces branch divergence.

Example 3. For the fragment of the automaton Aψ defined in Fig 1, the array

AT =

σ1 σ2


sin s1, a01 s2, a02
s1 s1, a11 s2, a12
s2 s1, a21 s2, a22
> >, {} >, {}
⊥ ⊥, {} ⊥, {}

encodes the automaton, where σ1 = {p 7→ false} and σ2 = {p 7→ true}, and aij
updates the set of time variables for the jth transition out of the ith state.

Our code generation scheme for the multi-thread based numerical simulation
of an ODEs system is similar to the method developed by Hagiescu et al. [13].
During simulation, we generate a number of blocks of trajectories in parallel
where the blocks are distributed across a number of GPU cores. At each time
step, for each trajectory, we update the current state of the constructed deter-
ministic automaton. We also periodically check if all the trajectories in a given



block have hit a final state in the automaton. When this is the case we update
this state information for all the trajectories in the block to the global memory.

If threads from other warps are also scheduled for such long latency global
memory accesses, the memory access delay due to control flow divergence will
impact performance. To get around this, we use a latency hiding technique where
by the global memory accesses are pre-fetched by threads in a separate warp at
the same time as when the other threads carry out the numerical integration.

At the global memory level we first pick the terminal state of a trajectory
belonging to a block uniformly at random and use it to update the current
SPRT score. When the SMC procedure reaches a decision we stop the concurrent
numerical integration.

4.3 Parameter Estimation

As the first step, we describe how experimental data can be encoded as BLTL
formulas. To do so we first mildly extend the syntax of BLTL with the formulas
of type ψ1U

tψ2 with the semantics: ψ1 will hold exactly up to t time units from
now at which point ψ2 will hold. The construction of the automaton presented
in Section 3 can be easily extended to handle this case. Assume, without loss of
generality, thatO ⊆ {x1, x2, . . . , xk} is the set of variables for which experimental
data is available, and which has been allotted as training data to be used for
parameter estimation. Assume Ti = {τ i1, τ i2, . . . , τ iTi} are the time points at which

the concentration level of xi has been measured and reported as [`it, u
i
t] for each

t ∈ Ti. The interval [`it, u
i
t] is chosen to reflect the noisiness, the limited precision

and the cell-population based nature of the experimental data. For each t ∈ Ti,
we define the formula ψti = F t(i, `it, uit). Then ψiexp =

∧
t∈Ti ψ

t
i . We then set

ψexp =
∧
i∈O ψ

i
exp. In case the species xi has been measured under multiple

experimental conditions, the encoding scheme is extended in the obvious way.
Often qualitative dynamic trends will be available – typically from the lit-

erature – for some of the molecular species in the pathway. For instance, we
may know that a species shows transient activation, in which its level rises in
the early time points, and later falls back to initial levels. Similarly, a species
may be known to show oscillatory behavior with certain characteristics. Such
information can be described as BLTL formulas that we term to be trend for-
mulas. We let ψqlty to be the conjunction of all the trend formulas. We assume
Θu = {θ1, θ2, . . . , θK} as the set of unknown parameters. For convenience we
will assume that the other parameter values are known and that their nom-
inal values do not fluctuate across the cell population. We will also assume
nominal values for the initial concentrations and the range of their fluctuations
of the form [Liniti , U initi ] for each variable xi. Again, for convenience, we fix a
constant δ′′ so that if the current estimate of the values of the unknown pa-
rameters is w ∈

∏
1≤j≤K [Lj , U j ] then this value will fluctuate in the range

[w(j)− δ′′,w(j) + δ′′]. Setting Ljinit,w = w(j)− δ′′ and U jinit,w = w(j) + δ′′ we

define INITw = (
∏
i[L

init
i , U initi ])× (

∏
j [L

j
init,wU

j
init,w]). The set of trajectories

TRJw is defined accordingly.



To estimate the quality of w, we run our parallel SMC procedure –using
INITw– to verify P≥r(ψexp∧ψqlty). Depending on the outcome of the test for the
various conjuncts in the specification, we assign a score to w using an objective
function detailed below. This evaluation is done at the global memory level.
We then iterate this scheme for various values of w generated using a suitable
search strategy. For each such w we launch a fresh instance of the parallel SMC
procedure on the GPU network. Using a cloud service, one can launch as many
parallel sets of SMC procedures as there are GPU instances available.

The objective function is formed as follows. Let J iexp (= Ti) be the number

of conjuncts in ψiexp, and Jqlty the number of conjuncts in ψqlty. Let J i,+exp(w)

be the number of formulas of the form ψti (a conjunct in ψiexp) such that the
statistical test for P≥r(ψ

t
i) accepts the null hypothesis (that is, P≥r(ψ

t
i) holds)

with the strength (αJ , β), where J =
∑
i∈O J

i
exp + Jqlty. Similarly, let J+

qlty(w)
be the number of conjuncts in ψqlty of the form ψ`,qlty that pass the statistical
test P≥r(ψ`,qlty) with the strength (αJ , β). Then G(w) is computed via:

G(w) = J+
qlty(w) +

∑
i∈O

J i,+exp
J iexp

(1)

Thus the goodness to fit of w is measured by how well it agrees with the
qualitative properties as well as the number of experimental data points with
which there is acceptable agreement. To avoid over-training the model, we do
not insist that every qualitative property and every data point must fit well with
the dynamics predicted by w.

The search strategy to evolve candidate parameters will use the values G(w)
to traverse the parameter value space. Global search methods such as Genetic Al-
gorithms (GA) [11], and Stochastic Ranking Evolutionary Strategy (SRES) [28]
are computationally more intensive than local methods, but are much better at
avoiding local minima. In practice, one usually maintains a population of param-
eter value vectors in each round, and a round is usually called a generation. We
use the SRES strategy in our work since it is known to perform well in the con-
text of pathway models [24]. The particular choice of search algorithm, however,
is orthogonal to our proposed method.

5 Experimental Evaluation

We applied our scheme to three models - EGF-NGF, segmentation clock, and
thrombin dependent MLC phosphorylation pathway taken from the Bio-Models
database [19]. The GPU implementation was based on CUDA 5.0 run-time and
tested on four Nvidia Tesla K20m GPUs with 4.8GB global memory, clocked
at 706 MHz each. We compare the performance of our algorithm with that
of a CPU based implementation on a PC with 3.4Ghz Intel Core i7 processor
with 8 GB of memory. The model checker and the numerical solver for the CPU
implementation were written in C++. The numerical solver uses the SUNDIALS
CVODES package [14] for numerical integration. For the cloud implementation,



we ported our single node implementation to 25 Amazon Web Service (AWS)
cloud g2.8xlarge GPU nodes. Each node has two Intel Xeon E5-2670 CPU of
8 cores and four Nvidia GK104 GPUs with 60GB host memory and 4GB global
memory on each GPU device. The nodes are connected by the AWS Enhanced
Networking and communicate using CUDA-aware OpenMPI. The Nvidia GK104
GPUs have 1,536 cores clocked at 797 MHz each with 4 GB global memory and
a memory bandwidth of 160 GB/s. We first verified a few properties on each
of the three pathway models. Using our parallelized SMC framework, we then
performed parameter estimation of these models.

5.1 Case Studies

Thrombin dependent MLC-phosphorylation pathway Two proteins -
actin and myosin coordinate the contraction of muscular tissues. Contraction
of endothelial cells is caused by Myosin Light Chain (MLC) phosphorylation-
dependent actin-myosin interactions. Thrombin is one agonist which can stimu-
late this MLC phosphorylation. We simulated the model for 1,000 seconds and
the sequential hypothesis test was done every 20 time points. For this pathway,
the Runge-Kutta-Chebyshev [30] and the Runge-Kutta-Fehlberg solvers were
used for numerically integrating the set of stiff ODEs on the GPU.

Sustained response of phosphorylated MLC : Starting from a low value, the con-
centration of phosphorylated MLC (MLC∗) reaches a high value and shows
sustained activation. This property was verified to be false. It is reported [23]
that transient phosphorylation of MLC is regulated by MLC kinase.

Our online procedure achieves significant speedup compared to an offline
GPU based model checker which would first simulate a sufficiently large number
of trajectories, store them in the global memory and then finally transfer the
data to the host to carry out the model checking procedure on the CPU. On
a single GPU setting, we achieved approximately 4.6X speedup to verify the
hypothesis that phosphorylated MLC does not show sustained activation.

P≥0.9(([MLC∗ ≤ 1]) ∧ F≤5(G≤20([MLC∗ ≥ 3])))

EGF-NGF Pathway The EGF-NGF signaling pathway [6] captures the dif-
ferential response of the neuro-endocrine cell line PC12 to two growth hormones,
EGF and NGF. EGF induces cell proliferation while NGF stimulates cell differ-
entiation. This specific behavior is attributed to a downstream signalling cascade
mediated by Erk. Simulation time was set to 61 minutes assumed to be observ-
able at every minute.

Transient ERK activation: We checked whether starting from a low value, the
concentration of activated Erk reaches a high value and then begins to fall. This
behavior was confirmed. m denotes million in the following encoding:

P≥0.9([0 ≤ Erk∗ ≤ 0.22m] ∧ F≤10([0.48m ≤ Erk∗ ≤
0.56m]) ∧ F≤20(G≤30([0.22m ≤ Erk∗ ≤ 0.48m])))



Bio-pathway model |x| |Θ| |Θu| T |λ| |G|
EGF-NGF 32 48 20 61 200 100

Segmentation clock 16 75 39 200 200 300

Thrombin 105 197 100 1000 100 500
Table 1. Parameter estimation setup and model specifications

Segmentation clock pathway Somite formation in vertebrate embryos is con-
trolled by a biological clock - the segmentation clock network - which periodically
activates the segmentation genes. This segmentation clock pathway is said to be
driven by coupled oscillations in the Notch, Wnt and FGF signalling pathways.
The ODEs system was assumed to be observable at every 5 minutes and the
total simulation time was set to 200 minutes.

Oscillations: We formulated the oscillations observed in the concentration profile
of Dusp6-mRNA as a BLTL property and verified the property to be true.

P≥0.9([Dusp6−mRNA ≤ 1] ∧ (F≤10([Dusp6−mRNA ≥
5.5] ∧ F≤10([Dusp6−mRNA ≤ 1] ∧ F≤10([Dusp6−mRNA ≥ 5.5])))))

5.2 Parameter Estimation

To determine the best suitable parameters, for each model we assumed a number
of kinetic rate parameters to be unknown. We first synthesized experimental time
series data for a limited number of species measured at specific time points and
divided them into training and test data. To generate these data points, we
simulated a large number of random trajectories on the GPU by sampling initial
concentration from a ±5 % range around the nominal values of each species. We
also encoded the dynamic trends of a few species as properties in BLTL. Later,
for each BLTL property, its respective symbolic automaton was constructed. We
allowed 0.5% parameter variability around the current estimate of parameters in
each iteration of the search procedure. Table 1 presents the models’ specifications
and SRES parameters. For each model, we have listed the number of variables
(|x|), the number of kinetic parameters (|Θ|), the number of unknown parameters
(|Θu|), simulation time points (T), total number of individuals (|λ|) and the
number of generations (|G|). Fig 2, 3, 4 show the fit to data of the simulation
profiles with the estimated parameters for both training and testing data.

5.3 Performance

First, Fig 5 illustrates the speed-up of our parallel implementation against a
serial implementation for the EGF-NGF and the segmentation clock –non stiff
ODEs based– bio-pathway models. For the CPU based implementation, it can be
seen that for verifying properties with a high degree of confidence r ≥ 0.9, α =
β = δ = 0.01, it took 17.3 hours. On the other hand, the parallel implementation
took just 40 minutes for predicting the best parameter set for the EGF-NGF
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Fig. 2. Parameter estimation of the thrombin pathway. (a) training data (b) test data
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Fig. 3. Parameter estimation of the EGF-NGF pathway. (a) training data (b) test data

model on a 4-GPU node for a range of SPRT parameters, a 24.6× speed-up.
Fig 6 shows the time taken for the SRES search for every combination of the
desired probability of satisfaction of the properties, type-I and type-II error
bounds, indifference-region for the thrombin pathway. Note that for the GPU
implementation, the underlying stiff solver is based on an explicit Runge-Kutta
method while the CPU based implementation uses a highly optimized CVDense
stiff solver from the SUNDIALS CVODES package. In this setting, the GPU
based implementation was able to achieve approximately 5x performance over a
serial implementation which would run for an excruciatingly long time of 23.2
days for the strongest set of SPRT parameters.

Next, Table 2 shows the performance of our parameter estimation exer-
cise on a range of parallel architectures. The SPRT parameters were set to
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Fig. 4. Parameter estimation of the segmentation clock pathway. (a) training data (b)
test data
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Fig. 5. Parameter estimation performance vs SPRT parameters for EGF-NGF and
segmentation clock models. (a) properties with probability ≥ 0.8 (b) probability ≥ 0.9
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Fig. 6. Parameter estimation performance vs SPRT parameters for thrombin model.
(a) properties with probability ≥ 0.8 (b) probability ≥ 0.9

α = β = δ = 0.01 and r = 0.9. For every generation in our single node par-
allel implementation, we divided the total number of individuals across 4 GPUs
equally. For the cloud based implementation, the set of individuals were divided
across 100 GPU instances in 25 machines with 4 GPUs per node.

For the 4-GPU server implementation, we achieved a maximum speed up of
24.6x over the serial implementation for the EGF-NGF pathway. Furthermore,
on the cloud, for the same pathway, we were able to estimate the best parameters
in 3 minutes. For the segmentation clock pathway, the 4-GPU implementation
based SRES search took 4 hours, a speed-up of approximately 11.9x over the
CPU implementation. Finally, if one were to compute the best suitable parame-
ters for the thrombin model, it would take around 23.2 days using a CPU based
implementation! Even a single-GPU node based implementation would take ap-
proximately 4.7 days. The cloud based implementation on the other hand would
be able to estimate the parameters in about 5 hours. Note that this is an ap-
proximate estimate of the time taken for the thrombin model and we did not
actually run the estimation procedure due to the prohibitive computational cost.



Biopathway model CPU [hr] 1-GPU node [hr] 4-GPU node [hr] 100-GPU cloud [hr] 4-GPU node over CPU
EGF-NGF 17.22 2.8 0.69 0.05 24.6x

Segmentation clock 47.5 16.12 4.01 0.45 11.9x
Thrombin - - 111.1 5 5x

Table 2. Performance of our scheme across different architectures

Bio-pathway model 40-GPUs Time[s] 80-GPUs over 40-GPUs 100-GPUs over 40-GPUs
EGF-NGF 445.28 1.62x 2.36x

Segmentation clock 3864.74 1.74x 2.35x

Table 3. Strong scaling performance of the cloud based implementation

Finally, Table 3 presents the strong scaling performance of our parameter es-
timation method applied on the EGF-NGF and the segmentation clock pathway
models on the cloud. Our method achieves near perfect strong scaling when all
the individuals in each round of the SRES procedure are launched on unique
instances on the cloud.

6 Conclusion

In this paper we proposed a technique for studying the dynamics of large bio-
pathways models that utilizes the power of commodity graphics processors. In
particular, starting with a bio-pathway model consisting of a system of ordinary
differential equations, we have a parallel, online procedure for checking if the
trajectories of this model satisfy a bounded linear temporal logic formula. Our
procedure works around various architectural constraints of the graphics pro-
cessor execution model to achieve significant performance both on local systems
as well as in the cloud. We believe that this opens the door for studying large
bio-pathway models in a scalable and cost-effective manner.

We have used the parameter estimation problem to illustrate the applicabil-
ity of our method which consists of a parallel SMC procedure whose core is a
deterministic online model checking procedure that determines if the trajectory
under construction satisfies a given BLTL formula. Many analysis questions can
be tackled by assuming a distribution over the set of initial values of the concen-
trations and parameter values which will then induce a probability to the set of
trajectories satisfying a given BLTL formula. For instance, sensitivity analysis of
a model can be carried out in this fashion as shown in [27] and we are currently
constructing a GPU based implementation using the framework presented here.

In model reconstruction (i.e. constructing a dynamic model to explain the
currently available data and hypotheses) one usually ends up with a population
of models with different structures. One can apply our scheme to evaluate the
maximal likelihood estimates over this population using our online model check-
ing method. Indeed with sufficient GPU units available one can evaluate the
quality of a large number of these models in parallel using our method. One can
also explore the parameter landscape to identify regions most likely to induce
the desired pathway responses to chosen stimuli. Our future work will involve
exploring such issues in the context of model learning.
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