Alternating Automatic Register Machines 1 Ziyuan Gao � 2 School of Computing, National University of Singapore, Singapore 3 Sanjay Jain � 4 School of Computing, National University of Singapore, Singapore 5 Zeyong Li � 6 School of Computing, National University of Singapore, Singapore 7 Ammar Fathin Sabili � 8 School of Computing, National University of Singapore, Singapore 9 Frank Stephan � 10 School of Computing, National University of Singapore, Singapore 11 Abstract 12 This paper introduces and studies a new model of computation called an Alternating Automatic 13 Register Machine (AARM). An AARM possesses the basic features of a conventional register ma- 14 chine and an alternating Turing machine, but can carry out computations using bounded automatic 15 relations in a single step. One surprising finding is that an AARM can recognise an NP-complete 16 problem, namely 3SAT, in O(log^∗ n) steps. Furthermore, we study an even more computation- 17 ally powerful machine, called a Polynomial-Size Padded Alternating Automatic Register Machine 18 (PAARM), which allows the input to be padded with a polynomial-size string. It is shown that 19 each language in the polynomial hierarchy can be recognised by a PAARM in O(log^∗ n) steps, while 20 every language recognised by a PAARM in O(log^∗(n)) steps belongs to PSPACE. These results 21 illustrate the power of alternation when combined with computations involving automatic relations, 22 and uncover a finer gradation between known complexity classes. 23 2012 ACM Subject Classification Theory of computation → Automata extensions 24 Keywords and phrases Theory of Computation, Computational Complexity, Automatic Relation, 25 Register Machine, Nondeterministic Complexity, Alternating Complexity, Measures of Computation 26 Time 27 Funding Z. Gao, S. Jain and F. Stephan were supported in part by the Singapore Ministry of Edu- 28 cation Academic Research Fund Tier 2 grant MOE2019-T2-2-121 / R146-000-304-112; furthermore, 29 S. Jain was also supported in part by the NUS Provost Chair grant C252-000-087-001. 30 1 Introduction 31 Automatic structures generalise the notion of regularity for languages to other mathematical 32 objects such as functions, relations and groups, and were discovered independently by Hodg- 33 son [?, ?], Khoussainov and Nerode [?] as well as Blumensath and Grädel [?, ?]. One of the 34 original motivations for studying automaticity in general structures came from computable 35 structure theory, in particular the problem of classifying the isomorphism types of com- 36 putable structures and identifying isomorphism invariants. In computer science, automatic 37 structures arise in the area of infinite state model checking; for example, Regular Model 38 Checking, a symbolic framework for modelling and verifying infinite-state systems, can be 39 expressed in Existential Second-Order Logic over automatic structures [?]. Although finite- 40 state transducers are a somewhat more popular extension of ordinary finite-state automata 41 for defining relations between sets of strings, there are several advantages of working with 42 automatic relations, including the following: (1) in general, automatic relations enjoy better 43 decidability properties than finite-state transducers; for example, equivalence between ordi- 44

2 Alternating Automatic Register Machines

nary automata is decidable while this is not so for finite-state transducers; (2) automatic 45 relations are closed under first-order definability [?, ?] while finite-state transducers are not 46 closed under certain simple operations such as intersection and complementation. 47 In this paper, we introduce a model of computation, called an Alternating Automatic 48 Register Machine (AARM), that is analogous to an alternating Turing machine but may 49 incorporate bounded automatic relations^1 into each computation step. An AARM is similar 50 to a conventional register machine in that it consists of a register R containing a string over 51 a fixed alphabet at any point in time, and the contents of R may be updated in response 52 to instructions. One novel feature of an AARM is that the contents of the register can be 53 non-deterministically updated using an automatic relation. Specifically, the machine uses 54 only one type of instruction, a computational one of the form R ∈ {x : (x, R) ∈ J}, where 55 J is some automatic relation; this instruction selects some x such that (x, r) ∈ J, where r is 56 the string currently in R, and changes the contents of R to x. Each AARM also contains two 57 finite classes, denoted here as A and B, of instructions; during a computation, instructions 58 are selected alternately from A and B and executed. 59 To further explain how a computation of an AARM is carried out, we first recall the 60 notion of an alternating Turing machine as formulated by Chandra, Kozen and Stockmeyer 61 [?]. Alternation is a generalisation of non-determinism that is useful for understanding the 62 relationships between various complexity classes such as those in the polynomial hierarchy 63 (PH). As Fürer [?] observed, the computation of an alternating Turing machine can be 64 viewed as a game in which two players – Anke and Boris – make moves (not necessarily 65 strictly alternating) beginning in the start configuration of the machine with a given input 66 w. Anke moves from existential configurations (configurations with an existential state), 67 and Boris from universal configurations (configurations with a universal state) to successor 68 configurations according to the machine’s transition function. Anke wins if, after a finite 69 number of moves, an accepting configuration is reached. The input w is then accepted by 70 the machine iff Anke has a winning strategy. Our definition of an AARM computation is 71 inspired by this game-theoretic interpretation of alternating Turing machines. Given an 72 input w, which is the string in R at the start of the computation, Anke and Boris move in 73 alternating turns, with Anke moving first. During Anke’s turn, she carries out any single 74 instruction in the predefined set A, possibly changing the contents of the register. Boris 75 moves similarly during his turn, except that he carries out an instruction in B. Anke wins 76 if a configuration is reached such that Boris is no longer able to carry out any instructions 77 in B (which may occur if, for example, for each instruction R ∈ {x : (x, R) ∈ J} in B, there 78 is no x such that (x, r) ∈ J)), and w is accepted iff Anke has a winning strategy. 79 The idea of defining computing devices capable of performing single-step operations that 80 are more sophisticated than the basic operations of Turing machines is not new. For exam- 81 ple, Floyd and Knuth [?] studied addition machines, which are finite register machines that 82 can carry out addition, subtraction and comparison as primitive steps. Unlimited register 83 machines, introduced by Shepherdson and Sturgis [?], can copy the number in a register to 84 any register in a single step. Bordihn, Fernau, Holzer, Manca and Martín-Vide [?] inves- 85 tigated another kind of language generating device called an iterated sequential transducer, 86 whose complexity is usually measured by its number of states (or state complexity). More 87 recently, Kutrib, Malcher, Mereghetti and Palano [?] proposed a variant of an iterated se- 88

1 This means there is a constant bounding |y|−|x| for each pair (x, y) of strings in the relation; see Section 2. Since we only consider bounded automatic relations in this paper, such relations will occasionally be called “automatic relations”.

Z. Gao, S. Jain, Z. Li, A. F. Sabili, and F. Stephan 3

quential transducer that performs length-preserving transductions on left-to-right sweeps. 89 Automatic relations are more expressive than arithmetic operations such as addition or sub- 90 traction, and yet they are not too complex in that even one-tape linear-time Turing machines 91 are computationally more powerful; for instance, the function that erases all leading 0’s in 92 any given binary word can be computed by a one-tape Turing machine in linear time but it 93 is not automatic [?]. Despite the computational limits of automatic relations, we show that, 94 rather surprisingly, an NP-complete problem, namely 3SAT, can be recognised by an AARM 95 in O(log^∗ n) steps. We further introduce an even more computationally powerful version 96 of an AARM, called a Polynomial-Size Alternating Automatic Register Machine (PAARM), 97 which allows the input to be padded with a polynomial-size string at the starting configu- 98 ration. This “booster” step allows the output of an automatic relation to be polynomially 99 longer than the original input (which is not possible without the padding since the rela- 100 tion is bounded), thereby increasing the amount of information that each player can convey 101 during his or her turn. It is shown that each language in the polynomial hierarchy can be 102 recognised by a PAARM in O(log^∗ n) steps, while every language recognised by a PAARM 103 in O(log^∗ n) steps belongs to PSPACE. In addition, we establish the closure of AAL[f(n)] 104 and PAAL[f(n)] (languages recognised by AARMs and PAARMs respectively in time f(n)) 105 for any function f under the usual Boolean operations of union as well as intersection and 106 the regular operations of concatenation and Kleene star. These results not only show a 107 proof-of-concept for the use of automatic relations in models of computation, but also shed 108 new light on the relationships between known complexity classes. Due to space constraints, 109 some proofs have been deferred to the appendix. 110 2 Preliminaries 111 Let Σ denote a finite alphabet. We consider set operations including union (∪), concate- 112 nation (· · · ), Kleene star (∗), intersection (∩) and complement (¬). Let Σ^∗ denote the 113 set of all strings over Σ. A language is a set of strings. Let the empty string be de- 114 noted by ε. For a string w ∈ Σ^∗, let |w| denote the length of w and w = a_1a_2...a_{|w|} 115 where a_i ∈ Σ denotes the i-th symbol of w. Let x, y ∈ Σ^∗ such that x = x_1x_2 . . . x_m 116 and y = y_1y_2 . . . y_n. Let x^′ = x^′_1x^′_2 . . . x^′_r and y^′ = y^′_1y^′_2 . . . y^′_r where r = max(m, n), 117 x^′_i = x_i if i ≤ m else #, and y^′_i = y_i if i ≤ n else #. Then, the convolution of x and 118 y is conv(x, y) =

�_x′_1

y^′_1

�_x′_2

y^′_2 � . . .

�_x′_r

y^′_r � [?]. A relation J ⊆ X × Y is automatic iff the set 119 {conv(x, y) : (x, y) ∈ J} is regular. Likewise, a function f : X → Y is automatic iff 120 the relation {(x, y) : x ∈ domain(f) ∧ y = f(x)} is automatic [?]. An automatic relation J 121 is bounded iff ∃ constant c such that ∀(x, y) ∈ J, abs(|y| − |x|) ≤ c. On the other hand, an 122 unbounded automatic relation has no such restriction. Automatic functions and relations 123 have a particularly nice feature as shown in the following theorem. 124 ▶ Theorem 2.1 ([?, ?, ?]). Every function or relation which is first-order definable from 125 a finite number of automatic functions and relations is automatic, and the corresponding 126 automaton can be effectively computed from the given automata. 127 The next theorem gives the basic connection between bounded automatic relations and 128 Turing machine computations. 129 ▶ Theorem 2.2 ([?]). Any update by a bounded automatic relation R can be simulated by 130 a one-tape nondeterministic Turing machine in O(m) steps where m is the length of the 131 longest current register content and m is bounded by n + O(t) where t is the number of 132 Automatic Register Machine steps done after the machine reads the input of length n. 133

4 Alternating Automatic Register Machines

3 Alternating Automatic Register Machines 134 An Alternating Automatic Register Machine (AARM) consists of a register R and two finite sets A and B of instructions. A and B are not necessarily disjoint. Formally, we denote an AARM by M and represent it as a quadruple (Γ, Σ, A, B). At any point in time, the register contains a string, possibly empty, over a fixed alphabet Γ called the register alphabet. The current string in R is denoted by r. Initially, R contains an input string over Σ, an input alphabet with Σ ⊆ Γ. Strings over Σ will sometimes be called words. The contents of the register may be changed in response to an instruction. An instruction is of the form R ∈ {x : (x, R) ∈ J}, where J ⊆ Γ^∗ × Γ^∗ × Γ^∗ is a bounded automatic relation; this changes the contents of R to some x such that (x, r) ∈ J (if such an x exists). The instructions in A and B are labelled I_1, I_2, . . . , (in no particular order and not necessarily distinct). A configuration is a triple (ℓ, w, r), where I_ℓ is the current instruction’s label and w, r ∈ Γ^∗. Instructions are generally nondeterministic, that is, there may be more than one way in which the string in R is changed from a given configuration in response to an instruction. A computation history of an AARM with input w for any w ∈ Σ^∗ is a finite or infinite sequence of configurations c_1, c_2, c_3, . . .

such that the following conditions hold. Let c_i = (ℓ_i, w_i, r_i) for all i. 135 r_1 = w. c_1 is called the initial configuration of the computation history. 136 For all i, if I_{ℓi} := R ∈ {x : (x, R) ∈ J}, then (w_i, r_i) ∈ J. This means that I_{ℓi} can be 137 carried out using the current register contents, changing the contents of R to w_i. 138 Instructions executed at odd terms of the sequence belong to A, while those executed at even terms belong to B:

I_{ℓi} ∈ � A if i is odd; B if i is even.

If I_{ℓi} := R ∈ {x : (x, R) ∈ J}, then r_{i+1} = w_i. In other words, the contents of R are 139 (nondeterministically) updated according to the instruction and register contents of the 140 previous configuration. 141 Suppose i is odd (resp. even). Let r_{i+1} denote the contents of R after I_{ℓi} is carried out 142 using the register contents at the i-th term, changing R’s contents to w_i. If there is 143 some I_ℓ := R ∈ {x : (x, R) ∈ J} with {x : (x, r_{i+1}) ∈ J} nonempty such that I_ℓ ∈ B 144 (resp. I_ℓ ∈ A), then c_{i+1} is defined. In other words, the computation continues so long 145 as it is possible to execute an instruction from the appropriate set, either A or B, at the 146 current term. 147 We interpret a computation history of an AARM as a sequential game between two 148 players, Anke and Boris, where Anke moves during odd turns and Boris moves during even 149 turns. During Anke’s turn, she must pick some instruction R ∈ {x : (x, R) ∈ J} from A such 150 that {x : (x, r) ∈ J} is nonempty and select some w ∈ {x : (x, r) ∈ J}; if no such instruction 151 exists, then the game terminates. The contents of R are then changed to w at the start 152 of the next turn. The moving rules for Boris are defined analogously, except that he must 153 pick instructions only from B. Anke wins iff the game terminates after a finite number of 154 turns and she is the last player to execute an instruction; in other words, Boris is no longer 155 able to carry out an instruction in B and the length of the game (or computation history), 156 measured by the total number of turns up to and including the last turn, is odd. Boris wins 157 the game iff Anke does not win (this includes the case that Anke does not make any move). 158 The AARM accepts a word w iff Anke can move in such a way that she will always win a 159

Z. Gao, S. Jain, Z. Li, A. F. Sabili, and F. Stephan 5

game with an initial configuration (ℓ, v, w) for some I_ℓ ∈ A and v ∈ Γ^∗, regardless of how 160 Boris moves. To state this acceptance condition more formally, one could define Anke’s and 161 Boris’ strategies to be functions A and B respectively with A : (N × Γ^∗ × Γ^∗)^∗ × Γ^∗ → A × Γ^∗ 162 and B : (N × Γ^∗ × Γ^∗)^∗ × Γ^∗ → B × Γ^∗, which map each segment of a computation history 163 together with the current contents of R to a pair specifying an instruction as well as the 164 new contents of R at the start of the next round according to the moving rules given earlier. 165 The AARM accepts w iff there is an A such that for every B, there is a finite computation 166 history ⟨c_1, . . . , c_{2n+1}⟩ where 167 c_i = (ℓ_i, w_i, r_i) for each i, 168 r_1 = w, 169 A((⟨c_i : i < 2j + 1⟩, r_{2j+1})) = (I_{ℓ2j+1} , w_{2j+1}) for each j ∈ {0, . . . , n}, 170 B((⟨c_i : i < 2k⟩, r_{2k})) = (I_{ℓ2k} , w_{2k}) for each k ∈ {1, . . . , n}; 171 here ⟨c_i : i < k⟩ denotes the sequence ⟨c_1, . . . , c_{k−1}⟩, which is empty if k ≤ 1. Such an A is called a winning strategy for Anke with respect to (M, w). Given a winning strategy A for Anke with respect to (M, w) and any strategy B, the corresponding computation history of M with input w is unique and will be denoted by H(A, B, M, w). In most subsequent proofs, A and B will generally not be defined so formally. Set

L(M) := {w ∈ Σ^∗ : M accepts w};

one says that M recognises L(M). 172 ▶ Example 3.1. 1. If A and B are both empty, then every computation history of the 173 corresponding AARM is empty; thus the AARM does not accept any input. 174 2. Suppose Γ = {0, 1}. Let A consist of the single instruction I_1 := R ∈ {(x, R) ∈ J}, 175 where J ⊆ Γ^∗ × Γ^∗ is the relation containing all pairs (x, y) ⊆ ×Γ^∗ × Γ^∗ with x = y, 176 and suppose B is empty. One can construct a DFA with two states, one an accept/start 177 state and the other a non-accept state, that recognises J. The alphabet Σ of the DFA 178 consists of all pairs (x, y) with x, y ∈ {0, 1, #}, where the DFA in the accept/start state 179 remains in the same state after reading each pair (x, x) for any x ∈ Σ, but transits to 180 the non-accept state after reading any pair (x, y) with x ≠ y. When the DFA is in the 181 non-accept state, it remains so after reading any pair. Thus J is an automatic relation. 182 Since {x : (x, v) ∈ J} is nonempty for any v and B is empty, it follows that every 183 computation history with any input w always ends at the initial configuration (1, w, w). 184 The corresponding AARM thus accepts any binary word. 185 3. Suppose Γ = {0, 1,^•0,^•1, ■, ⋆}.^•i is a “marked” version of i for i ∈ {0, 1}; ■ is a special symbol indicating a rejection of the input, while ⋆ indicates an acceptance of the input. Let A consist of the instructions I_1 := R ∈ {x : (x, R) ∈ J} and I_2 := R ∈ {x : (x, R) ∈ K}. J ⊆ {0, 1,^•0,^•1}^∗ × {0, 1,^•0,^•1}^∗ is the relation containing all pairs (x, y) such that y ∈ {0,^•0}^∗ ·{1,^•1}^∗ and x is the string obtained from y by marking every other unmarked 0 starting with the first unmarked 0 as well as every other unmarked 1 starting with the first unmarked 1, while leaving other symbols unchanged. For example, �_•

0 0^•0^•1 1 0 0 0 1 1 � ∈ M,

�_• 0 0^•0^•1^•1 • 0 0^•0^•1 1 � /∈ M.

K ⊆ Γ^∗ × {^•0,^•1, ⋆}^∗ contains all pairs (x, y) such that y does not have any unmarked 186 0’s or 1’s and x = y ∘ ⋆. Let B consist of the instruction I_3 := R ∈ {x : (x, R) ∈ L}, 187 where L ⊆ Γ^∗ × {0, 1,^•0,^•1}^∗ is the relation containing all pairs (x, y) such that x = y · ■ 188

6 Alternating Automatic Register Machines

if the total number of unmarked 0’s or 1’s in y is odd and x = y otherwise. One can 189 show as before that J, K and L are automatic. Let w ∈ {0, 1}^∗ be any given input. If 0 190 occurs to the right of some 1 in w, then each computation history with input w is empty, 191 so the AARM does not accept w. If w is of the shape 0^n1^m with n ≠ m, then, after an 192 odd number of turns, the total number of unmarked 0’s or 1’s will be odd, and executing 193 I_3 from B during the next turn will result in R containing a string with the symbol ■. 194 No instructions in A can subsequently be carried out. If w is of the shape 0^n1^n, then 195 eventually all the symbols in w will be marked and I_2 can be carried out, resulting in R 196 containing a string with the symbol ⋆. No instructions in B can then be executed. The 197 corresponding AARM thus accepts the language of all binary words of the shape 0^n1^n. 198 We now show that the family of all languages recognised by some AARM coincides 199 with the family of all recursively enumerable (r.e.) languages. First, it is shown that any 200 conventional register machine can be simulated with an AARM. We use a slight variant of 201 Shepherdson and Sturgis’ [?] unlimited register machine. 202 ▶ Proposition 3.2. Consider any register machine M^′ with n registers R_1, . . . , R_n and a 203 program consisting of a sequence I_1, . . . , I_k of instructions, each taking one of the following 204 forms: 205 R^+ → I^′, which adds 1 to the contents of register R and jumps to instruction I^′; 206 R^− → I^′, I^{′′}, which subtracts 1 from the contents of register R and jumps to instruction 207 I^′ if the current number in R is positive, else jumps to instruction I^{′′}; 208 HALT, which stops any further instructions from being carried out. 209 The contents of the registers at any point in time are binary strings, each representing a 210 natural number. Then there is an AARM M such that for each binary word w, M accepts 211 w iff M^′ halts when R_1 initially contains w and R_i initially contains 0 for each i > 1. 212 It remains to show that an AARM recognises only r.e. languages. The proof of this fact 213 relies on the boundedness assumption for automatic relations used in register updates of an 214 AARM. 215 ▶ Proposition 3.3. For each AARM M, L(M) is r.e. 216 Propositions 3.2 and 3.3 together imply the desired result. 217 ▶ Theorem 3.4. The family of languages recognised by AARMs is precisely the family of 218 r.e. languages. 219 ▶ Remark. An AARM is robust enough that it can simulate computations by automatic 220 relations over any fixed number of registers. That is, the class of languages recognised by 221 AARMs does not go beyond Type-0 (the r.e. languages) in Chomsky’s hierarchy even if 222 AARMs are equipped with multiple registers. This is because if there are k registers for 223 some constant k, the overall algorithm can be simulated by a single register whose contents 224 convolute all k strings in the registers. The automatic relation performed on some register’s 225 contents can be done by a similar automatic relation on a single register’s contents, only 226 affecting the specific strings. 227 Having seen that AARMs are equivalent to conventional register machines in the sense of 228 recognising the same family of languages, it may be natural to ask whether an AARM is 229 computationally more efficient. Before addressing this question, it is necessary to formulate 230 a notion of time complexity for AARMs. 231

Z. Gao, S. Jain, Z. Li, A. F. Sabili, and F. Stephan 7

▶ Definition 3.5 (Alternating Automatic Register Machine Complexity). Let M = (Γ, Σ, A, B) 232 be an AARM and let t ∈ N_0. For each w ∈ Σ^∗, M accepts w in time t iff Anke has a winning 233 strategy A with respect to (M, w) such that for any strategy B played by Boris, the length 234 of H(A, B, M, w) is not more than t. (As defined earlier, H(A, B, M, w) is the computation 235 history of M with input w when A and B are applied.) 236 Let f be a function mapping N_0 to the real numbers. M recognises in time f(n) iff for 237 each w ∈ L(M), M accepts w in time f(|w|). AAL[f(n)] denotes the family of languages 238 recognised by AARMs that recognise in time O(f(n)). 239 We first establish the closure of AAL[f(n)] under the usual set-theoretic Boolean operations 240 as well as the regular operations. 241 ▶ Theorem 3.6. Let ⋆ denote any one of the operations union, intersection and concatena- 242 tion. For each L_1 ∈ AAL[f(n)] and each L_2 ∈ AAL[g(n)], L_1 ⋆ L_2 ∈ AAL[max{f(n), g(n)}] 243 and L^∗_1 ∈ AAL[f(n)]. In particular, the languages in AAL[f(n)] are closed under union, 244 intersection, concatenation and Kleene star. 245 In view of the analogy between alternating Turing machines and AARMs, it is perhaps not 246 surprising that both of these types of machines make a connection between time and space 247 measures of complexity. 248 ▶ Theorem 3.7. For any f such that f(n) ≥ n, AAL[f(n)] ⊆ DSPACE[(n + f(n))f(n)]. 249 A classical result due to Hennie [?] states that any language that can be decided in o(n log n) 250 time on a single-tape Turing machine is regular; in contrast, there are non-regular languages, 251 for example {0^n1^n : n ≥ 0}, that have time complexity O(n log n). The following theorem 252 shows that an AARM-program in constantly many steps can only recognise a regular lan- 253 guage. It will be seen later in Theorem 3.10 that some AARMs can recognise a non-regular 254 language in O(log^∗ n) steps. 255 ▶ Theorem 3.8. For any constant c, all languages recognised by an AARM-program in c 256 steps are regular. 257 Surprisingly, a slight increase in the number of steps will allow an AARM-program to recog- 258 nise 3SAT, in fact using just O(log^∗ n) steps! To prove the theorem, we give the following 259 lemma, which illustrates most of the power of AARMs. 260 ▶ Lemma 3.9 (Log-Star Lemma). Let u, v ∈ Σ^∗ and n = min(|u|, |v|). Let #, $ ∉ Σ. Let 261 u^′ = #^∗u#^∗ and v^′ = #^∗v#^∗. Then both languages {u^′$v^′ : u = v} and {u^′$v^′ : u ≠ v} are 262 in AAL[log^∗ n]. 263 The Log-Star Lemma essentially states that a comparison of two substrings can be done in 264 AAL[log^∗ n]. This is done by ignoring the unnecessary symbols in the register by replacing 265 them with #’s and adding a separator ($) between the two strings. 266 Proof of Log-Star Lemma. We prove this by induction. Let P_k denote that the theorem is 267 true for all n ≤ k. For the base case, if k ≤ c for some constant c, then both languages are 268 in AAL[1] so P_k is true. For the inductive step, we will show that when P_{log k} is true then 269 P_k is true. Given input s = u^′$v^′, player Anke will try to give each symbols except $’s a 270 mark ∈ {0, 1, 2, 3} as follows: 271 1. For each # in u^′ and v^′, the mark of 3 will be given. 272

8 Alternating Automatic Register Machines

2. For the continuous symbols of u, starting from the first symbol, the following infinite marking will be given (whitespaces are for the ease of readability and not part of marking):

20 21 200 201 210 211 2000 2001 2010 2011 2100 2101 2110 2111 20000 · · ·

Namely, a series of blocks of string in ascending length-lexicographical order. Each block 273 starts with 2 followed by a binary string. Note that each block will have a size of at most 274 O(log n). 275 3. For the continuous symbols of v, the marking will be similar. 276 The marking is considered valid if all above rules are satisfied. This is the example of a valid 277 marking of S = “#foobar##$foobar##”: 278 s # f o o b a r # # $ f o o b a r # # Mark 3 2 0 2 1 2 0 3 3 $ 2 0 2 1 2 0 3 3 279 If u = v and the marking is valid, player Anke will guarantee that each symbols of u and 280 v will be marked by with exactly the same marking. However if u ≠ v and the marking 281 is valid, either the length of u and v are different or there will be at least a single block 282 which differs on at least one symbol between u and v. Therefore, player Boris can have the 283 following choices of challenges: 284 1. Challenge that player Anke did not make a valid marking, or 285 2. |u| ≠ |v|, or 286 3. the string in a specified block differs on at least one symbol between u and v. 287 Notice that u = v if and only if player Boris could not challenge player Anke. The first 288 challenge will ensure that player Anke gave a valid marking. There are three possible cases 289 of invalid marking: 290 (a) There is a # in u^′ or v^′ which is not given by a mark of 3. In this case, player Boris 291 may point out its exact position. Here, player Boris needs 1 step. 292 (b) For u and v, the first block is not marked with "20". This can also be easily pointed out 293 by player Boris. Here, player Boris needs 1 step. 294 (c) For u and v, a block is not followed by its successor. This can be pointed out by player 295 Boris by checking two things: the length of the next block should be less than or equal 296 to the length of this block plus one, and the next block indeed should be the successor 297 of this block. Also, take a note that the last block may be incomplete. 298 (i) The length case can be checked by looking at how many symbols between 2. Let 299 p and q be the length of this block and the next block respectively. In a case that 300 the next block is not the last block (not incomplete), player Boris may challenge 301 if p ≠ q and p + 1 ≠ q. This can be done by marking both blocks with 1 separated 302 by $ and the rests with dummy symbols c then do the same protocol recursively 303 on smaller instances of u and v to check 1^p = 1^q (or insert an extra symbol 1 to 304 the first block to check 1^{p+1} = 1^q). Note that by the same protocol we mean to 305 again give a valid marking for 1^p and 1^q, then check whether the last two blocks 306 for them are the same (checking only the last blocks of valid marking will not be 307 sufficient to differentiate "2021200" with "2021200201210211200" for example). As 308 player Boris may try to find the ‘short’ challenge, player Boris will find the first 309 block which has the issue and to make sure that p is at most O(log n). As q can 310 be anything, player Boris may limit the second block to be taken in at most p + 2 311

Z. Gao, S. Jain, Z. Li, A. F. Sabili, and F. Stephan 9

symbols. As the size is decreasing to its log in the recursive call and P_{log k} is true, 312 then player Boris needs O(1 + log^∗(log k)) = O(log^∗ k) steps here. 313 (ii) The successor case can be checked by the following observation. A successor of a 314 binary string can be calculated by finding the last 0 symbol and flipping all digits 315 from that position to the ending while maintaining the previous digits. As an 316 illustration, the successor of "101100111" will be "101101000" where the symbols 317 are separated in 3 parts: the prefix which is the same, the last 0 digit, which is 318 underlined, becoming 1; and all 1 digits on suffix becoming 0. Player Boris then 319 may challenge the first part not to be equal or the last part not to be the same 320 length or not all 0’s by providing the position of the last 0 on the first block (and the 321 last 1 on the second block, if any) – so player Boris cannot cheat as player Anke will 322 verify there is no 0 after that position (or no 1 on the second block). Checking the 323 equality of two strings will be done recursively, also similarly applied for checking 324 the length. Notice a corner case of all 1’s that has a successor of 1 followed by 325 0’s with the same length, which can be handled separately. Also notice that the 326 second block may be incomplete if it is the last block. As the size is decreasing 327 to its log and P_{log k} is true, then player Boris needs O(1 + log^∗(log k)) = O(log^∗ k) 328 steps. 329 For the second challenge, player Boris can do exactly the same thing as checking the length 330 of two consecutive blocks: checking whether the last two blocks of u and v is equal. Again, 331 player Boris may limit it for a ‘short’ challenge so the checking size is decreasing to its log. 332 Therefore, player Boris needs O(log^∗ k) steps. For the third challenge, player Boris will 333 specify the two blocks on u and v which are the same but differs on at least one symbol 334 between u and v. Again, the same protocol will apply and the size is decreasing to its log. 335 In particular, after the size of the block is small enough, i.e. n = 1, the checking will be done 336 in constant step. Since P_{log k} is true thus player Boris needs O(1 + log^∗(log k)) = O(log^∗ k) 337 steps. Compiling them, hence P_k is true and the induction follows. ◀ 338 We now state the main result of this section. 339 ▶ Theorem 3.10. There is an NP-complete problem in AAL[log^∗ n]. 340 Proof. Consider a unary encoding of 3SAT where a variable x_i is represented by 0^i. We 341 use s_l ∈ {+, −} to represent whether the l-th literal is positive or negative. A clause 342 (x_i ∨ ¬x_j ∨ ¬x_k) is represented by 0^i + |0^j − |0^k− and different clauses are connected by 343 &. A valid assignment is almost the same as the formula other than s_l is convoluted by 344 the assignment a_l ∈ {T, F }. i.e. we are giving assignment to each literal convoluted with 345 its sign. We will show that 3SAT ∈ AAL[log^∗ n]. Given a 3SAT, player Anke will first 346 nondeterministically assign the truth values of each literal and make sure that each clause has 347 at least one satisfying literal in one step. Player Boris then needs to challenge player Anke on 348 whether there are two literals which denote the same variable but have a different truth value. 349 Player Boris will keep both literals and mark other symbols with some dummy symbols. It 350 is now player Anke’s job to prove that those two literals are not the same variables. By the 351 Log-Star Lemma, it needs O(log^∗ n) steps. Hence, 3SAT ∈ AAL[log^∗ n]. ◀ 352 ▶ Remark. Here, the bound O(log^∗ n) means that either player Anke or Boris can enforce this 353 bound without changing from "winning" to "losing" when playing optimally. Furthermore, 354 say if one wants that every run of the alternating protocol has the length of f(n) – regardless 355 what the players do – then f(n) is at least Ω(log n). 356

10 Alternating Automatic Register Machines

The Log-Star Lemma is indeed powerful. In fact, in the next section we will show that 357 a “booster” step, which pads the input with a string of length polynomial in the input 358 size at the start of a computation, will allow AARM-programs to recognise a much larger 359 complexity class. 360 4 Polynomial-Size Padded Alternating Automatic Register Machine 361 AARMs are constrained by the use of bounded automatic relations during each computa- 362 tion step. This is a real limitation: it can be shown that for any f(n) = Ω(log log n), the 363 class of languages recognised in time O(f(n)) by alternating automatic register machines 364 that use unbounded automatic relations contain DSPACE � 2^{2O(f(n))} � [?], and so by Theo- 365 rem 3.7 and the space hierarchy theorem, this class properly contains AAL[f(n)]. In this 366 section, we study the effect of allowing a polynomial-size padding to the input of an Alter- 367 nating Automatic Register Machine on its time complexity; this new model of computation 368 will be called a Polynomial-Size Padded Bounded Alternating Automatic Register Machine 369 (PAARM). The additional feature of a polynomial-size padding will sometimes be referred 370 to informally as a “booster” step of the PAARM. Intuitively, padding the input before the 371 start of a computation allows a larger amount of information to be packed into the register’s 372 contents during a computation history. We show two contrasting results: on the one hand, 373 even a booster step does not allow an PAARM with time complexity O(1) to recognise 374 non-regular languages; on the other hand, the class of languages recognised by PAARMs in 375 time O(log^∗ n) encompasses the whole polynomial hierarchy. 376 Formally, a Polynomial-Size Padded Bounded Alternating Automatic Register Machine 377 (PAARM) M is represented as a quintuple (Γ, Σ, A, B, p), where Γ is the register alphabet, 378 Σ the input alphabet, A and B are two finite sets of instructions and p is a polynomial. As 379 with an AARM, the register R initially contains an input string over Σ, and R’s contents 380 may be changed in response to an instruction, which is of the form R ∈ {x : (x, R) ∈ J}, 381 where J ⊆ Γ^∗ × Γ^∗ × Γ^∗ is a bounded automatic relation. A computation history of a 382 PAARM with input w for any w ∈ Σ^∗ is defined in the same way that was done for an 383 AARM, except that the initial configuration is (ℓ, x, wv) for some I_ℓ ∈ A, some x, v ∈ Γ^∗ 384 such that |v| ≤ p(|w|), and if I_ℓ := R ∈ {x : (x, R) ∈ J}, then (x, wv) ∈ J. Anke’s and 385 Boris’ strategies, denoted by A and B respectively, are defined as before. For any u ∈ Γ^∗, 386 a winning strategy for Anke with respect to (M, u) is also defined as before. Given any 387 w ∈ Σ^∗, M accepts w iff there is some v ∈ Γ^∗ with |v| ≤ p(|w|) such that Anke has a winning 388 strategy with respect to (M, wv). 389 ▶ Definition 4.1 (Polynomial-Size Padded Bounded Alternating Automatic Register Machine 390 Complexity). Let M = (Γ, Σ, A, B, p) be a PAARM and let t ∈ N_0. For each w ∈ Σ^∗, M 391 accepts w in time t iff there is some v ∈ Γ^∗ with |v| ≤ p(|w|) such that Anke has a winning 392 strategy A with respect to (M, wv) and for any strategy B played by Boris, the length of 393 H(A, B, M, wv) is not more than t. 394 Let f be a function mapping N_0 to the real numbers. M recognises in time f(n) iff for 395 each w ∈ L(M), M accepts w in time f(|w|). PAAL[f(n)] denotes the family of languages 396 recognised by PAARMs that recognise in time O(f(n)). 397 ▶ Remark. Note that a PAARM-program can trivially simulate an AARM-program by ignor- 398 ing the generated padding; thus AAL[f(n)] ⊆ PAAL[f(n)]. On the other hand, to simulate 399 a booster step, an AARM-program needs O(p(n)) steps as each bounded automatic relation 400 step can only increase the length by a constant. 401

Z. Gao, S. Jain, Z. Li, A. F. Sabili, and F. Stephan 11

▶ Theorem 4.2. Let ⋆ denote any one of the operations union, intersection and concatena- 402 tion. For each L_1 ∈ PAAL[f(n)] and each L_2 ∈ AAL[g(n)], L_1 ⋆L_2 ∈ AAL[max{f(n), g(n)}] 403 and L^∗_1 ∈ PAAL[f(n)]. In particular, the languages in PAAL[f(n)] are closed under union, 404 intersection, concatenation and Kleene star. 405 ▶ Theorem 4.3. For any constant c, all languages recognised by a PAARM-program in c 406 steps are regular. 407 However, slightly increasing the number of steps to O(log^∗ n) steps now will allow PAARMs 408 to recognise a much larger complexity class! 409 ▶ Theorem 4.4. P H ⊆ PAAL[log^∗ n] ⊆ PSPACE. 410 To help with the proof, we first extend the Log-Star Lemma as follows. 411 ▶ Lemma 4.5. Checking the validity of a Turing Machine step can be done in AAL[log^∗ n] 412 steps, where n is the shortest length of the two successive steps. 413 Proof of Theorem 4.4. Note that P H can be defined with alternating Turing machines 414 [?]. We define Σ^P_k to be the class of languages recognised by alternating Turing Machine 415 in polynomial time where the machine alternates between existential and universal states k 416 times starting with existential state. We also define Π^P_k similarly but starting with universal 417 state. P H then defined as the union of all Σ^P_k and Π^P_k for all k ≥ 0. We now show 418 Σ^P_k ∪ Π^P_k ⊆ PAAL[log^∗ n] for some fixed constant k. As the alternating Turing Machine 419 runs in polynomial time on each alternation,the full computation in one single alternation 420 can be captured non-deterministically in p(n) Turing Machine steps for some polynomial 421 p. In a PAARM-program, Anke first invokes a booster step to have a string of length at 422 least p(n). After that, Boris and Anke will alternately guess the p(n) full computation of 423 the algorithm in their respective alternation: Boris guesses the first p(n) computations (the 424 first alternation), Alice then guesses the next p(n) computations on top of it (the second 425 alternation), etc. In addition, they also mark the position of the read head and symbol 426 it looks upon in each step. Ideally, the PAARM-program will take k alternating steps to 427 complete the overall algorithm. Recall that the machine can have multiple variables as long 428 as it is constant. Thus, we could store the k computations in k variables: v_1, v_2, · · · , v_k. 429 Now each player can have the following choices of challenges to what the other player did: 430 1. Copied some symbol wrongly from the input i.e. in v_1. 431 2. Two successive Turing Machine steps in the computation are not valid (at some v_i). 432 3. The last Turing Machine step on some computation (at some v_i) does not follow-up with 433 the first Turing Machine step on the next computation (at v_{i+1}). 434 The first challenge can be checked in constantly many steps and the other challenges can be 435 done in O(log^∗ n) steps by Lemma 4.5. In particular, the third challenge needs an additional 436 alternating step to convolute v_i and v_{i+1}, then compare the first Turing Machine step of 437 v_{i+1} and the last Turing Machine step of v_i. Thus, Σ^P_k ∪ Π^P_k ⊆ PAAL[log^∗ n] for some 438 fixed constant k, therefore P H ⊆ PAAL[log^∗ n]. By Theorem 2.2, PAAL[log^∗ n] can be 439 simulated by an alternating Turing Machine in O(p(n)) steps for some polynomial p; thus it 440 is contained in AP . As AP = PSPACE [?], we finally have PAAL[log^∗ n] ⊆ PSPACE. ◀ 441 In addition, we also get the following corollary about polynomial-time Turing reducibility. 442 We recall that a polynomial-time Turing reduction from problem A to problem B is an 443 algorithm to solve A in a polynomial number of steps by making a polynomial number of 444 calls to an oracle solving B. 445

12 Alternating Automatic Register Machines

▶ Corollary 4.6. PAAL[log^∗ n] is closed under polynomial-time Turing reducibility. 446 Proof. After Anke invokes the booster step, Boris will guess the accepting computation 447 together with all of the oracle answers. Anke then can challenge Boris on either the validity 448 of the computation (without challenging the oracle) or challenge one of the oracle answers. 449 Both challenges can be done in the same fashion as in Theorem 4.4 but the latter needs one 450 additional step to initiate the challenge of the oracle algorithm. ◀ 451 5 Further Discussion 452 We conclude by examining the implications of this work for the open problem of whether 453 PH = PSPACE and discussing several possible variations of AARMs and PAARMs. 454 PH^?= PSPACE. It was shown in Theorem 4.4 that P H ⊆ PAAL[log^∗ n] ⊆ PSPACE. This 455 result suggests a potential approach to proving P H ≠ PSPACE: one would have to show 456 that P H is properly contained in PAAL[log^∗ n] or that PAAL[log^∗ n] is properly contained 457 in PSPACE. 458 PAARM-Programs with Limited Alternation. One might be interested in PAARM- 459 programs for which the number of alternations is constant but a player can do more than one 460 automatic function step in a single turn. In particular, we can show that if, after the booster 461 step the number of alternation is just two, then every language L in NLOGSPACE can be 462 recognised in O(log log n) steps. After Anke convolutes the padding, Boris will run the 463 nondeterministic logspace computation where he always guesses what would be the correct 464 input symbols read at a certain pointer value (for points on the input) and performs the 465 computation and in all these things, outputs a logspace sized protocol of every step copied 466 to Anke. Now it is up to Anke alone to verify the computation, which if can be challenged 467 then can be done in O(log log n) deterministic steps. The idea is to choose (guess) the two 468 symbols from two successive logspace computation steps which contradict a Turing machine 469 computation (that is, there are errors in the Turing machine computation). After that, Anke 470 verifies that the positions of the error symbols are indeed correct by marking off every other 471 symbol in each logspace sized protocol. The marking off of steps is repeated until all symbols 472 except the errors in the logspace sized protocols are marked off, while maintaining the same 473 parities of the errors’ positions. It is easy to see that Anke needs O(log log n) marking off 474 steps in total, and another additional step to confirm the error. 475 Bounded Automatic Relations vs Transducers. Instead of bounded automatic rela- 476 tions, one can also use transducers as basic operations. We define an Alternating Transducer 477 Register Machine (ATL) and a Polynomial-Size Padded Alternating Transducer Register 478 Machine (PATL) similarly to an AARM and a PAARM respectively. When using bounded 479 automatic relations, the “bottleneck” of the computational power, as shown in this paper, 480 lies in the string comparison, which needs O(log^∗ n) steps by the Log-Star Lemma and its ex- 481 tension. This, however, does not apply when transducers are used as the string comparison 482 can be done in constantly many transducer steps. Thus, we can show that not only an NP- 483 complete problem is recognised by ATL in constantly many steps but also PH is contained 484 in PATL in constantly many steps. Moreover, compared to bounded automatic relations, 485 which can only increase the length of a given input by a constant in a single automatic step, 486 transducers can increase its length up to k times for some constant k. Therefore, the booster 487 step in a PATL can be simulated by an ATL in O(log n) steps; thus P H ⊆ AT L[log n]. For 488 this reason, we believe that transducers are too powerful to be used as basic operations and 489

Z. Gao, S. Jain, Z. Li, A. F. Sabili, and F. Stephan 13

that the use of bounded automatic relations as basic operations gives a more appropriate 490 model of computation. 491 Appendix 492 This appendix contains the proofs not presented in the main part. 493 5.1 Proof of Proposition 3.2 494 Proof. For any natural number k, let string(k) denote the binary representation of k. Let M be an AARM with register R^′ and instruction sets A and B. Let Γ = {0, 1, #, ⋆}. R will simulate the current instruction being read by M^′ as well as the current contents of R_1, . . . , R_n; each of these simulated items will be separated with the symbol #. Suppose R_1 initially contains w and R_i initially contains 0 for each i > 1. We may assume without loss of generality that w ≠ ε and R initially contains the string

string(1)#w#0# . . . #0,

which contains n occurrences of #. For each I_i, A will contain a corresponding instruction 495 I^′_i defined according to the following case distinction: 496 I_i := R^+_j → I_k: Let J be the relation consisting of all pairs (x, y) such that y is of the form 497 string(i)#string(i_1)#string(i_2)# . . . #string(i_n) and x equals string(k)#string(i_1)# . . . #string(i_j + 498 1)# . . . #string(i_n). Set I^′_i := R^′ ∈ {x : (x, R^′) ∈ J}. This instruction simulates, when 499 running M^′, the addition of 1 to R_j and the jump from I_i to I_k. 500 I_i := R^−_j → I_k, I_ℓ: Let K be the relation consisting of all pairs (x, y) such that y is of the 501 form string(i)#string(i_1)#string(i_2)# . . . #string(i_n); if y is of this form, then i_j = 0 502 implies x equals string(ℓ)#string(i_1)# . . . #string(i_n), that is, only the first segment is 503 changed and it becomes string(ℓ), and i_j > 0 implies x equals string(k)#string(i_1)# . . . 504 string(i_j − 1)# . . . #string(i_n), that is, the first segment is changed to string(ℓ) and the 505 (j + 1)-st segment is changed to string(i_j − 1). Set I^′_i := R^′ ∈ {x : (x, R^′) ∈ K}. If 506 R_j currently contains a positive number, then I^′_i simulates the subtraction of 1 from the 507 number currently in R_j and the jump from I_i to I_k; otherwise, I^′_i simulates the jump 508 from I_i to I_ℓ. 509 I_i := HALT: Let L be the relation consisting of all pairs (x, y) such that y is of the form 510 string(i)#string(i_1)#string(i_2)# . . . #string(i_n) and x equals ⋆^{|y|}. Set I^′_i := R^′ ∈ {x : 511 (x, R^′) ∈ L}. I^′_i changes the contents of R^′ to a nonempty string over {⋆}, signalling 512 that M^′ has halted. 513 B consists of the single instruction R^′ ∈ {x : (x, R^′) ∈ N}, where N ⊆ Γ^∗ × (Γ \ {⋆})^∗ 514 is the relation consisting of all pairs (x, y) such that x = y. Suppose M^′ eventually halts 515 when R_1 initially contains w and R_i contains 0 for each i > 1. Anke carries out instruction 516 I^′_i whenever I_i applies to M^′, starting with i = 1. Boris can only carry out one instruction, 517 which leaves the contents of R^′ unchanged. M^′ halts only when some I_i := HALT is applied; 518 Anke then applies I^′_i, which changes the contents of R^′ to a nonempty string over {⋆}. Since 519 Boris cannot execute any instruction when R^′ contains a string with an occurrence of ⋆, the 520 game will always end with Anke. On the other hand, if M^′ never halts, then the contents of 521 R^′ will never change to a string containing ⋆ and so Boris can always keep the game going. 522 Thus M accepts w iff M^′ halts. ◀ 523

14 Alternating Automatic Register Machines

5.2 Proof of Proposition 3.3 524 Proof. Suppose w is given as an input to M. The family of all computation histories of M 525 with input w may be viewed as a tree τ consisting of a root node (0, ε, ε) and all possible 526 configurations (each represented as a node) of such a computation history. Each maximal 527 path in τ starting with the root node is a concatenation of the root node and a computation 528 history of M with input w. Owing to the boundedness of all automatic relations used in 529 the instructions of M, τ is finitely branching. Suppose Anke has a winning strategy with 530 respect to (M, w). Consider the subtree τ^′ of all computation histories prepended with the 531 root node (0, ε, ε) such that Anke always moves according to a fixed winning strategy. If τ^′ 532 were infinite, then by König’s lemma, τ^′ would have an infinite branch and Boris would win 533 the game represented by this branch, contradicting the assumption that Anke is applying 534 a winning strategy. Thus there is some d such that all computation histories when Anke 535 is applying a winning strategy have length at most d. An algorithm can guess the value of 536 d and, by Theorem 2.1, determine recursively that Boris can no longer make a valid move 537 when the length of the game has reached d no matter how he plays, and accept w. On 538 the other hand, if Anke does not have a winning strategy, then no such d exists and so the 539 algorithm would never accept w. Such an algorithm would therefore recognise the set of all 540 words for which Anke has a winning strategy. ◀ 541 5.3 Proof of Theorem 3.6 542 Proof. Suppose L_1 ∈ AAL[f(n)] and L_2 ∈ AAL[g(n)]. Let M_1 = (Γ, Σ, A, B) and M_2 = 543 (Γ^′, Σ, A^′, B^′) be AARMs such that L_1 = L(M_1), L_2 = L(M_2) and M_1 and M_2 recognise 544 in times f(n) and g(n) respectively. We provide the formal details for constructing an 545 AARM M_3 = (Γ^{′′}, Σ, A^{′′}, B^{′′}) recognising L_1 ∪L_2 in time max{f(n), g(n)}, and give informal 546 descriptions of the AARMs for the other operations. 547 The components of M_3 are defined as follows. Suppose ⊞ /∈ Γ ∪ Γ^′ and ♦ /∈ Γ ∪ Γ^′. 548 (i) Γ^{′′} = Γ ∪ Γ^′ ∪ {⊞, ♦}. 549 (ii) Let J (resp. J^′) be the relation consisting of all pairs (⊞x, x) (resp. (♦x, x) with x ∈ Σ^∗ 550 and put R ∈ {x : (x, R) ∈ J} (resp. R ∈ {x : (x, R) ∈ J^′}) into A^{′′}. 551 (iii) Let K (resp. K^′) be the relation consisting of all pairs (⊞x, x) (resp. (♦x, x)) with 552 x ∈ ⊞·Σ^∗ (resp. x ∈ ♦·Σ^∗) and put R ∈ {x : (x, R) ∈ K} (resp. R ∈ {x : (x, R) ∈ K^′}) 553 into B^{′′}. 554 (iv) For every instruction R ∈ {x : (x, R) ∈ L} in A (resp. B), let L^′ be the relation 555 such that (⊞ ⊞ x, ⊞ ⊞ y) ∈ L^′ ⇔ (x, y) ∈ L, and put R ∈ {x : (x, R) ∈ L^′} into A^{′′} 556 (resp. B^{′′}). 557 (v) For every instruction R ∈ {x : (x, R) ∈ L} in A^′ (resp. B^′), let L^′ be the relation such 558 that (♦♦x, ♦♦y) ∈ L^′ ⇔ (x, y) ∈ L, and put R ∈ {x : (x, R) ∈ L^′} into A^{′′} (resp. B^{′′}). 559 Given any w ∈ L_1 ∪ L_2, a winning strategy for Anke with respect to (M_3, w) is as follows. 560 At the start of the game, Anke determines whether w ∈ L_1 or w ∈ L_2 (if w ∈ L_1∩L_2, then 561 Anke can just follow the subsequent steps for the case w ∈ L_1). Assume w ∈ L_1. The first 562 move of Anke is to change the contents of R from w to ⊞w using one of the instructions 563 defined in (ii). During the second turn, the only move Boris can make is to change the 564 current contents of R by prepending it with ⊞, using one of the instructions defined in 565 (iii). The third turn starts with ⊞ ⊞ w in R. Anke then adapts a winning strategy with 566 respect to (M_1, w), using the instructions defined in (iv); the only difference between the 567

Z. Gao, S. Jain, Z. Li, A. F. Sabili, and F. Stephan 15

current strategy and that for (M_1, w) is that the current one applies to the register’s 568 contents prepended with ⊞⊞. From the third turn onwards, Anke and Boris can only 569 apply instructions defined in (iv) and so the game would proceed as in a computation 570 history of M_1 with input w (except that the register’s contents are prepended with ⊞⊞). 571 In the case that w ∈ L_2, Anke proceeds similarly, except that the third turn starts with 572 ♦♦w in R and she would adapt a winning strategy with respect to (M_2, w). In either 573 case, the length of the game is O(max{f(|w|), g(|w|)}) + 2 = O(max{f(|w|), g(|w|)}). 574 Suppose w /∈ L_1 ∪L_2. If R contains ⊞⊞w (resp. ♦♦w) at the start of the third turn, then 575 the game would proceed in a way similar to that of a computation history of M_1(resp. M_2) 576 with input w, that is, either it terminates with Boris making the last move or it never 577 terminates. Therefore L(M_3) = L_1 ∪ L_2 and M_3 recognises in time O(max{f(n), g(n)}). 578 For L_1 ∩L_2, a technique similar to that in (i) can be applied. A^{′′} will have an instruction 579 allowing Anke to skip the first turn and B^{′′} will have an instruction allowing Boris in 580 the second turn to “pick” L_1 or L_2 (say by prepending the input with a special symbol). 581 If Boris picks L_1, then the remainder of the game would proceed as in a computation 582 history of M_1 with input w; otherwise, it proceeds as in a computation history of M_2 583 with input w. 584 For L_1 · L_2, Anke would first mark a splitting point (using convolution) in the input, 585 then Boris will pick which side he wants to verify. 586 For L^∗_1, Anke would first mark all splitting points, then Boris will pick a single string he 587 wants to verify. 588 ◀ 589 5.4 Proof of Theorem 3.7 590 Proof. Given an AARM M, there is a constant c such that each register update by an 591 automatic relation used to define an instruction of M increases the length of the register’s 592 contents by at most c. Thus, after O(f(n)) steps, the length of the register’s contents is 593 O(n + f(n)). By Theorem 2.2, each computation of an automatic relation with an input of 594 length O(n + f(n)) can be simulated by a nondeterministic Turing machine in O(n + f(n)) 595 steps; this machine can then be converted to a deterministic space O(n + f(n)) Turing 596 machine. If M accepts an input w, then there are O(f(n)) register updates by automatic 597 relations when Anke applies a winning strategy, and so there is a deterministic Turing 598 machine simulating M’s computation with input w using space O((n + f(n))f(n)). ◀ 599 5.5 Proof of Theorem 3.8 600 Proof. Let P_k be the class of languages decided by a k-step AARM-program where the last 601 (k-th) step answers either ‘accept’ or ‘reject’. This last step can be verified by one automatic 602 update as for every nondeterministic finite automata there exists an equivalent Deterministic 603 Finite Automaton (DFA) with exponentially larger size. We will show that languages in P_k 604 are regular by induction over constant k. Base case: k = 1. For any language L ∈ P_1, 605 the DFA that verifies the last and only step of the AARM-program is exactly a DFA that 606 recognises L. Hence, L is regular. Inductive step: Assume all languages in P_{k−1} are regular, 607 consider any language L ∈ P_k. Let y_{k−1} be the string generated in the (k −1)-th step, either 608 by Anke or Boris which is then verified in the k-th step by a DFA. Now a Nondeterministic 609 Finite Automaton can guess the string y_{k−1} and then verify with the DFA from the k-th step 610 whether to answer ‘accept’ or ‘reject’. This whole process can be replaced by another DFA 611

16 Alternating Automatic Register Machines

of an exponential-larger size that answers ‘accept’ or ‘reject’ by processing the convolution 612 of the input and strings generated from the first step to the (k − 2)-th step. Notice that the 613 program now consists of k − 1 steps and the last step is done by a DFA. Hence, we have 614 shown that L ∈ P_{k−1} and is therefore regular. ◀ 615 5.6 Proof of Theorem 4.3 616 Proof. Let L be any regular language. We show that the language A = {conv(x, y) : x ∈ 617 L, y ∈ 0^∗} is also a regular language by DFA construction. We construct a DFA recognizing 618 A from a DFA recognizing L: for each transition of a symbol x, we add transitions of symbols 619 �_x 0 � , �_x # � , �_# 0 � ; and for each state there is an additional self-transition

�_# 0 � . Conversely, the 620 language B = {x : ∃k∀y |y| ≥ k, y ∈ 0^∗, (x, y) ∈ A} is also regular. Therefore, by following 621 the induction in Theorem 3.8, no matter how long the padding Anke adds on a booster step 622 is, the languages accepted in constantly many rounds must be regular. ◀ 623 5.7 Proof of Lemma 4.5 624 Proof. Let the input be the two configurations of the Turing Machine, where the second 625 configuration supposedly be the successive step of the first one and separated by a separator 626 symbol. Each configuration consists of the content of the machine, the marker of the position 627 of the tape head convoluted by the symbol it looks upon, and additional information about 628 the state and the transitions including the symbol replacing the old one and the movement 629 of the tape head. Now there are two things that need to be checked: 630 1. The configuration is "copied" correctly from the previous step. Note that a valid Turing 631 Machine transition will change only the cell on the tape head and/or both of its neighbour; 632 thus "copied" here means the rest of the tape content should be the same. 633 2. The local Turing step is correct. 634 For the first checking, the player who wants to verify, e.g. Anke, will give the infinite valid 635 marking as used in the Log-Star Lemma. In addition, Anke also marks the position of the 636 old tape head on the second configuration. Boris can then challenge the following: 637 (a) The Log-Star Lemma marking is not valid. 638 (b) The old tape head position is not marked correctly (in the intended position) on the 639 second configuration. 640 (c) The string in a specified block differs, but not the symbols around the tape head. 641 (d) The difference length of the configuration is not bounded by constant. 642 Challenge (a) can be done in O(log^∗ n) steps following from Log-Star Lemma. Challenge 643 (b) can also be done in O(log^∗ n) steps where both players reduce the block to focus on 644 that position, and finally check whether it is on the same position or not. Challenge (c) can 645 also be done in O(log^∗ n) steps following from Log-Star Lemma. Note that if Boris falsely 646 challenges that the different symbol is around the tape head, Anke can counter-challenge 647 by pointing out that at least one of its neighbours is a tape head. For challenge (d), note 648 that a valid Turing Machine transition will only increase the length by at most one. Thus, 649 Boris can pinpoint the last character of the shorter configuration and also its pair on another 650 configuration, then check whether the longer one is only increased by up to one in length. 651 This again can be done in O(log^∗ n) steps. 652 For the second checking about the correctness of the Turing step, it can be done in a 653 constant number of checks as a finite automaton can check the computation whether the 654

Z. Gao, S. Jain, Z. Li, A. F. Sabili, and F. Stephan 17

Turing steps are locally correct, that is, each state is the successor state of the previous steps 655 head position and the symbol to the left or right of the new head position is the symbol 656 following from the transition to replace the old symbol and so on. Therefore, all-in-all the 657 validity of a Turing Machine step can be checked in AAL[log^∗ n] steps. ◀ 658