Bi-immunity over Different Size Alphabets 1 Cristian S. Calude^a, Karen Frilya Celine^b, Ziyuan Gao^b, Sanjay Jain^c, Ludwig Staiger^d, Frank Stephan^{b,c} 2 aSchool of Computer Science, The University of Auckland, Private Bag 92019, Auckland, New Zealand 3 bDepartment of Mathematics, National University of Singapore, Singapore 119076, Republic of Singapore 4 cSchool of Computing, National University of Singapore, Singapore 117417, Republic of Singapore 5 dInstitut für Informatik, Martin-Luther-Universität Halle-Wittenberg, D-06099 Halle, Germany 6

Abstract 7 In this paper we study various notions of bi-immunity over alphabets with b ≥ 2 elements and recursive 8 transformations between sequences on different alphabets which preserve them. Furthermore, we extend the 9 study from sequence bounded by a constant to sequences over the alphabet of all natural numbers, which 10 may or may not be bounded by a recursive function, and relate them to the Turing degrees in which they 11 can occur. 12 Key words: randomness, immune sequence, bi-immune sequence, immune function, bi-immune function, 13 martingale 14

1. Introduction 15 Randomness is an important resource in science, statistics, cryptography, gambling, medicine, art and 16 politics. For a long time pseudo-random number generators (PRNGs) – computer algorithms designed to 17 simulate randomness – have been the main, if not the only, sources of randomness. As early as 1951 von 18 Neumann noted [52] that: “Anyone who attempts to generate random numbers by deterministic means is, 19 of course, living in a state of sin.” This statement was not meant to stop people from using PRNGs, but 20 to caution against mistakenly believing that PRNGs produce “true“ randomness. With the development 21 of algorithmic information theory [21, 39, 23] classes of different quality of random strings/sequences have 22 been studied and von Neumann intuition was rigorously proved: mathematically there is no “true“ random 23 string/sequence [15]. 24 In many domains requiring random numbers it is crucial to have high quality randomness. This is 25 obvious in cryptography, where good randomness is vital to the security of data and communication, but is 26 equally true in other areas such as medicine, where decisions of consequence may be made based on scientific 27 and statistical studies relying essentially on randomness. Problems with the poor quality of randomness of 28 various PRNGs are well known and can have serious consequences: a classical example is the discovery in 29 2012 of a weakness in a worldwide-used encryption system which was traced to a PRNG [38]. 30 These practical requirements have driven a recent surge of interest in developing random number gener- 31 ators “better than PRNGs”, in particular, quantum random number generators (QRNGs) [17, 28]. QRNGs 32 are generally considered to be, by their very nature, “better” than classical RNGs and “should excel” pre- 33 cisely on properties of randomness where algorithmic PRNGs obviously fail: incomputability and inherent 34 unpredictability. To date only one class of QRNGs has been proved to satisfy these desiderata by Abbott, 35 Calude, Svozil [4, 5, 37]. This type of QRNGs is based on a located form [1, 3, 6, 7, 8] of the Kochen-Specker 36 Theorem [35], a result true only in Hilbert spaces of dimension at least three. These QRNGs – which locate 37 and repeatedly measure a value-indefinite quantum observable – produce more than incomputable sequences 38

Email addresses: cristian@cs.auckland.ac.nz (Cristian S. Calude), karen.celine@u.nus.edu (Karen Frilya Celine),

matgaoz@nus.edu.sg (Ziyuan Gao), sanjay@comp.nus.edu.sg (Sanjay Jain), staiger@informatik.uni-halle.de (Ludwig

Staiger), fstephan@comp.nus.edu.sg (Frank Stephan)

(over alphabets with at least three letters), more precisely, bi-immune sequences^1, that is, sequences for which 39 no algorithm can compute more than finitely many exact values. As almost all applications need quantum 40 random binary strings, there is a stringent demand of randomness-preserving algorithms transforming non- 41 binary strings into binary ones. This is the context motivating the following questions studied in this paper: 42 (a) which sequences on non-binary alphabets are immune or bi-immune?, (b) how can one algorithmically 43 transform a bi-immune sequence over a non-binary alphabet into a binary bi-immune sequence? 44 Historically, the notion of immunity grew out of attempts to solve Post’s problem [43]; it has since been 45 studied in other areas such as algorithmic randomness [31, 9], the theory of minimal index sets [50] as 46 well as the theory of numberings and Σ^0_1-dense sets [12]. Traditionally, algorithmic information theory was 47 presented for binary strings and sequences [23, 41]. In Calude [15] the theory was developed in the general 48 case of an alphabet with at least two elements, so the invariance under the change of the size of the alphabet 49 became important. Early results go back to Borel normality, which is not invariant under the change of the 50 base; in contrast, Martin-Löf randomness is invariant Calude and Jürgensen [16] and Staiger [49]. In [19] the 51 relations between four classes of real numbers, Liouville numbers, computable reals, Borel absolutely-normal 52 numbers and Martin-Löf random reals are studied. 53 In this context we investigate various generalised notions of (bi-)immunity for sequences over finite and 54 infinite alphabets, in particular sequences that do not grow too quickly in the sense that a single recursive 55 function bounds each term of such a sequence. The following questions will be studied: (c) how does the 56 Turing degree of a (bi-)immune sequence bounded by a recursive function h (or recursively bounded (bi- 57 )immune sequence) depend on h?, (d) which oracles are powerful enough to compute recursively-bounded 58 (bi-)immune sequences?, (e) what is the computational power of recursively-bounded (bi-)immune sequences 59 compared to that of the Halting Problem?, (f) are the Turing degrees of recursive-bounded bi-immune 60 sequences closed upwards? 61 2. Notation 62 For background on algorithmic randomness, we refer the reader to books of Calude, Downey and Hirschfeldt, 63 Nies [15, 23, 41]. The set of positive integers will be denoted by N; N ∪ {0} will be denoted by N_0. Consider 64 the alphabet A_b = {0, 1, . . . , b − 1}, where b ≥ 2 is an integer; the elements of A_b are to be considered 65 the digits used in natural positional representations of numbers in the interval B at base b where B is the 66 unit interval of real numbers. By A^∗_b and A^ω_b we denote the sets of (finite) strings and (infinite) sequences 67 over the alphabet A_b. Strings will be denoted by σ, x, y, u, w; the length of the string x = x_1x_2 . . . x_m, 68 x_i ∈ A_b, is denoted by |x|_b = m (the subscript b will be omitted if it is clear from the context); A^m_b is the 69 set of all strings of length m. Sequences will be denoted by w = w_1w_2 . . . ; the prefix of length m of w 70 is w ↾ m = w_1w_2 . . . w_m. Sequences can be also viewed as A_b-valued functions defined on N. Further, we 71 consider a generalised kind of sequence called an h-bounded sequence for some recursive function h; for such 72 a sequence w = w_1w_2 . . . , one has w_i < h(i) for each i ∈ N (h(0) is excluded for notational convenience). An 73 h-bounded function is any (possibly partial) function g satisfying g(i) < h(i) for each i ∈ dom(g). We denote 74 by ⪯ the prefix relation (between two strings or a string and a sequence). The complement of U ⊆ N_0 will 75 be denoted by U, that is, U = N_0 \ U. 76 Any unexplained recursion-theoretic notation can be found in the textbooks of Rogers, Soare and 77 Odifreddi [44, 48, 42]. We assume knowledge of elementary computability theory over different size al- 78 phabets [15]. 79 For any string y ∈ A^∗_b , the class of b-ary infinite sequences extending y is denoted by y · A^ω_b = {w ∈ 80 A^ω_b : y ⪯ w}; as before, the subscript b will be omitted if it is clear from the context. Extending this 81 notation, if W is any set of strings belonging to A^∗_b , then W · A^ω_b = {w ∈ A^ω_b : (∃y ∈ W )[y ⪯ w]} where · is 82 the concatenation of strings with other strings or sequences. Given alphabets A_b and A_b′ , a morphism (or 83 homomorphism) of A_b into A_b′ is a mapping μ : A^∗_b → A^∗_b′ such that μ(xy) = μ(x)μ(y) for all x, y ∈ A^∗_b . A 84 morphism μ of A^∗_b into A^∗_b′ is alphabetic if, for every a ∈ A_b, μ(a) is either a letter of A_b′ or the empty word, 85

1The weakest form of algorithmic randomness [23].

and it is non-erasing if no μ(a), a ∈ A_b, is the empty word. We extend a morphism μ : A^∗_b → A^∗_b as follows 86 in a natural way to sequences w ∈ A^∗_b : μ(w) = μ(w_1) · μ(w_2) · · · μ(w_i) · · · ∈ A^∗_b ∪ A^ω_b . 87 The value of a string w_1w_2 . . . w_n ∈ A^∗_b is the real number v_b(w_1w_2 . . . w_n) =

∑_n i=1 w_ib^{−i} ∈ R. The value 88 of the sequence w = w_1w_2 . . . ∈ A^ω_b is the real number v_b(w) =

∑_∞ i=1 w_ib^{−i} ∈ R. Clearly, v_b(w ↾ n) → v_b(w) 89 as n → ∞. 90 If v_b(w) is irrational, then v_b(w^′) = v_b(w) implies w^′ = w. Some rational numbers have two differ- 91 ent representations. Since our interest is in incomputable reals and rational numbers are far from being 92 incomputable, this issue will not cause a problem. 93 Let P denote the class of all partial-recursive functions of one argument over N_0, let P^2 denote the class 94 of all partial-functions of two arguments over N_0, and let R denote the class of all recursive functions of one 95 argument over N_0. 96 Any function ψ ∈ P^2 is called a numbering of partial-recursive functions. Set ψ_e = λi.ψ(e, i) and 97 P_ψ := {ψ_e : e ∈ N_0}. A numbering φ ∈ P^2 is said to be an acceptable numbering or Gödel numbering of all 98 partial-recursive functions if P_φ = P and for every numbering ψ ∈ P^2, there is a f ∈ R such that ψ_e = φ_{f(e)} 99 for all e ∈ N_0 (see [44]). Throughout this paper, φ denotes a fixed acceptable numbering and φ_e denotes 100 the partial-function computed by the e-th program in the numbering φ. Φ denotes a fixed Blum complexity 101 measure [13] for the numbering φ. For every e, W_e denotes the domain of φ_e. 102 Let e, i ∈ N_0; if φ_e(i) is defined then we write φ_e(i)↓ and also say that φ_e(i) converges. Otherwise, φ_e(i) 103 is said to diverge (abbr. φ_e(i)↑). 104 A martingale is a function mg : A^∗_b → R^+ ∪ {0} that satisfies for every x ∈ A^∗_b the equality ∑ a∈A_b mg(x · 105 a) = b · mg(x). For a martingale mg and a sequence w ∈ A^ω_b , the martingale mg succeeds on w if 106 sup_n mg(w ↾ n) = ∞. 107 Let D_0, D_1, D_2, . . . be a canonical indexing of all finite sets. For any two sets U and V , U is truth-table 108 reducible or tt-reducible to V , denoted U ≤_{tt} V , if for some recursive functions f and g, U(i) = g(⟨a, i⟩) 109 for all i, where a is the canonical index of D_{f(i)} ∩ V . U is bounded truth-table reducible or btt-reducible to 110 V , denoted U ≤_{btt} V , if U ≤_{tt} V and there is some number m such that |D_{f(i)}| ≤ m for all i (where f is 111 as in the definition of tt-reducibility). In the latter definitions, the role of f is to select the elements to be 112 queried, while g evaluates the value of the truth-table condition. U is tt-equivalent (resp. btt-equivalent) to 113 V if U ≤_{tt} V (resp. U ≤_{btt} V ) and V ≤_{tt} U (resp. V ≤_{btt} U). A set U has PA degree (or is PA-complete) 114 if U computes a {0, 1}-valued diagonally non-recursive (d.n.r.) function, that is, a {0, 1}-valued function 115 f such that f(e) ≠ φ_e(e) for any e such that φ_e(e) ↓. Equivalently, a set U has PA degree if one can 116 compute relative to oracle U a total extension of any partial-recursive {0, 1}-valued function, that is, for any 117 {0, 1}-valued function ψ, there is a total function g ≤_T U such that g(i) = ψ(i) whenever ψ(i) ↓; moreover, 118 g may be chosen to be {0, 1}-valued. 119 An r.e. open set is an open set generated by an r.e. set of binary strings. Regarding W_e as a subset of 120 A^∗_2, one has an enumeration W_0 · A^ω_2 , W_1 · A^ω_2 , W_2 · W^ω_2 , . . . of all r.e. open sets. A uniformly r.e. sequence 121 (G_m)_{m<ω} of open sets is given by a recursive function f such that G_m = W_{f(m)} · A^ω_2 for each m. A Martin- 122 Löf test is a uniformly r.e. sequence (G_m)_{m<ω} of open sets such that (∀m < ω)[λ(G_m) ≤ 2^{−m}]; here λ 123 denotes the uniform measure, that is, for every σ ∈ A^ω_2 , λ(σ · A^ω_2 ) = 2^{−|σ|}. A sequence w ∈ A^ω_2 fails the 124 test if w ∈ ⋂ m<ω G_m; otherwise w passes the test. w is Martin-Löf random if w passes each Martin-Löf 125 test [40]. 126 Martin-Löf randomness may be defined analogously for non-binary sequences over a finite alphabet; 127 however, this work will consider Martin-Löf randomness only for binary sequences. Thus, throughout this 128 paper, by “Martin-Löf random sequence” will always be meant “Martin-Löf random binary sequence”. 129 3. Degrees of Bi-immunity Over Different Size Finite Alphabets 130 We recall that an infinite set U ⊆ N_0 is immune (in the sense of recursion theory) if it contains no infinite 131 recursively enumerable (r.e.) subset; U is bi-immune set if both U and U are immune [44, 42]. Bi-immune 132 sets are highly non-recursive in the sense that no partial-recursive function with an infinite domain can be 133 extended to the characteristic function of such a set. The notion of algorithmic randomness is also closely 134

related to that of immunity: every Martin-Löf random sequence w, for example, is effectively bi-immune in 135 the sense that there is a recursive function that computes for every e such that W_e is contained in w^{−1}(1) 136 (resp. w^{−1}(0)) an upper bound on the size of W_e. Even stronger than the notion of immunity is that of 137 hyperimmunity: an infinite set U is hyperimmune if it is infinite and there is no recursive function f such that 138 |U ∩ {0, . . . , f(n)}| ≥ n for all n. In what follows, we generalise the notions of immunity and bi-immunity to 139 sequences. One may take a cue from how Martin-Löf randomness for binary sequences is adapted to sequences 140 over an arbitrary base b ≥ 2 by identifying a sequence w ∈ A^ω_b with the real number

∑_∞ i=0 w_ib^{−i−1}; these 141 definitions of Martin-Löf randomness and asymptotic Kolmogorov complexity (constructive dimension) are 142 base-invariant [16, 49]. Unfortunately, as we will show later in Propositions 21 and 23, there are reals that 143 are bi-immune in one base but not in another base; thus the concept of bi-immunity is – like the concepts 144 of Borel normality and disjunctiveness (see [20, 45, 46, 34]) – base-dependent if one directly adapts the 145 definition of bi-immune sets to sequences. 146 Further, motivated by non-binary quantum random number generators [1, 7] we study which recursive 147 transformations between sequences on different alphabets preserve bi-immunity. A specific case of interest 148 is the ternary and binary sequences: which recursive transformations between ternary and binary sequences 149 preserve bi-immunity? 150 In this paper we introduce and study a formalisation of bi-immunity for sequence over an alphabet with 151 b ≥ 2 elements. Broadly speaking, a sequence w ∈ A^ω_b is b-graph-immune (resp. b-graph-bi-immune) if 152 no algorithm that outputs only elements of A_b can generate infinitely many correct (resp. incorrect) values 153 of its elements (pairs, (i, w_i)).^2 This condition can be formalised directly by the following definition (given 154 in [11]): 155 Definition 1. A sequence w ∈ A^ω_b is b-graph-immune (resp. b-graph-bi-immune) if there exists no partial- 156 recursive function φ from N to A_b having an infinite domain dom(φ) with the property that φ(i) = w_i 157 (resp. φ(i) ≠ w_i) for all i ∈ dom(φ). 158 Note that b-graph-bi-immunity does not only imply that the complement is immune, but also that the 159 graph itself is immune, see Proposition 4 below, the reason we have called it graph-bi-immunity. Clearly, 160 graph-bi-immunity is a stronger form of incomputability. 161 Remark 2. If w ∈ A^ω_b does not contain a certain letter c ∈ A_b then the recursive function φ(i) = c witnesses 162 that w cannot be b-graph-bi-immune. 163 In case of b-graph-immunity the situation is different. Therefore, we introduce a more restrictive type of 164 b-graph-immunity, known as strong b-graph-immunity: 165 Definition 3. A sequence w ∈ A^ω_b is strongly b-graph-immune if it is b-graph-immune and for every c < b 166 there are infinitely many i with w_i = c. 167 For the next proposition, we define b-graph(w) := {b · (n − 1) + w_n : n ∈ N} ⊆ N_0. This proposition provides 168 various characterisations for the notion of b-graph-immune and b-graph-bi-immune sequences; the reader 169 should note that we will generalise these notions in Section 7 to the case where the bound b is not a constant 170 but where it is either absent (alphabet is N_0) or where the size of the alphabet depends on the index of the 171 item in the sequence. Also there a characterisation similar to the next proposition is possible. 172 Proposition 4. The following three items characterise b-graph-immunity, strong b-graph-immunity and b- 173 graph-bi-immunity, respectively. 174 (a) w is b-graph-immune if one of the following equivalent characterisations holds: 175 1. for all a ∈ A_b, w^{−1}(a) is immune or finite; 176

2The modifier ‘graph’ comes from the fact that the immunity of a sequence w is equivalent to the immunity (in the usual recursion-theoretic sense) of its associated b-graph, defined as {b · (n − 1) + w_n : n ∈ N}; see Proposition 4.

2. b-graph(w) is immune. 177 (b) w is strongly b-graph-immune if and only if for all a ∈ A_b, w^{−1}(a) is immune. 178 (c) w is b-graph-bi-immune if one of the following equivalent characterisations holds: 179 1. for all a ∈ A_b, w^{−1}(a) is bi-immune; 180 2. for all non-empty A ⊂ A_b, ⋃ a∈A w^{−1}(a) is immune; 181 3. for all non-empty A ⊂ A_b, ⋃ a∈A w^{−1}(a) is bi-immune; 182 4. b-graph(w) is bi-immune; 183 5. b-graph(w) is co-immune. 184 Proof. (a) Assume that w is not b-graph-immune. Then there is a partial-recursive function φ with infinite 185 domain such that φ(i) = w_i on the domain of φ; one can now select a value a ∈ A_b such that φ takes a 186 infinitely often and let ψ be the restriction of φ to the set of inputs which are mapped by φ to a. It follows 187 that the domain of ψ is an infinite r.e. subset of w^{−1}(a). Thus Item 1 is not satisfied. Now if Item 1 is not 188 satisfied, then some w^{−1}(a) is neither immune nor finite, hence w^{−1}(a) has an infinite recursive subset R. 189 Now {b · (n − 1) + a : n ∈ R} is an infinite recursive subset of b-graph(w). 190 Finally, if b-graph(w) is not immune, as it is infinite, it has an infinite recursive subset R. Then φ(n) = a 191 if and only if b · (n − 1) + a ∈ R defines a partial-recursive function witnessing that w is not b-graph-immune. 192 (b) This statement is only an obvious variant of the definition. 193 (c) Let w^{−1}(a) be not bi-immune. Then there is an infinite recursive subset R ⊆ {n : w_n = a}. Define 194 the partial-recursive function φ : R → A_b via φ(n) = a^′, n ∈ R, a^′ ≠ a. Thus φ witnesses that w is not 195 b-graph-bi-immune. 196 If, for all a ∈ A_b, the set w^{−1}(a) is bi-immune then its complement ⋃ a^′≠a w

−1(a^′) and all its infinite 197 subsets ⋃ a^′∈A w

−1(a^′), a /∈ A, are immune, so Item 1 implies Item 2. 198 If all sets ⋃ a∈A w^{−1}(a), ∅ ≠ A ≠ A_b, are immune, so are their complements. Hence Item 2 implies 199 Item 3. 200 Let b-graph(w) be not bi-immune. Then there is an infinite recursive subset R ⊆ N_0 such that R ⊆ 201 b-graph(w) or R ∩ b-graph(w) = ∅. Without loss of generality, let R ⊆ {b · (n − 1) + a : n ∈ N}, a ∈ A_b. 202 Consider R^′ = {n : n ∈ N ∧ b · (n − 1) + a ∈ R}. Then, in case R ⊆ b-graph(w) the set R^′ is an infinite 203 recursive subset of w^{−1}(a), and in case R ∩ b-graph(w) = ∅ the set R^′ is disjoint to w^{−1}(a). Thus, Item 3 204 implies Item 4. 205 Item 4 trivially implies Item 5. 206 Finally, let w be not b-graph-bi-immune and φ be a partial-recursive function with infinite domain 207 dom(φ) such that φ(n) ≠ w_n for n ∈ dom(φ). Then {b · (n − 1) + φ(n) : n ∈ dom(φ)} is an infinite r.e. 208 subset disjoint to b-graph(w). □ 209 Remark 5. In the binary case (that is, b = 2) Proposition 4 shows that 2-graph-immunity is equivalent 210 with the property that w^{−1}(1) and its complement w^{−1}(0) are immune, and hence bi-immune, in the sense 211 of recursion theory, i.e. they are infinite and do not contain infinite recursively enumerable (equivalently, 212 recursive) sets [44]. Furthermore, we obtain that in the binary case all variants of immunity – 2-graph- 213 bi-immunity, 2-graph-immunity and strong 2-graph-immunity – coincide. This does not hold for larger 214 alphabets. 215 Example 6. An immune sequence w ∈ A^ω_2 considered as an element of A^ω_3 is 3-graph-immune but not 216 3-graph-bi-immune since {i ∈ N : w_i = 2} = ∅. In fact, every b-graph-bi-immune w ∈ A_b as an element of 217 A_{b+1} is (b + 1)-graph-immune but neither strongly (b + 1)-graph-immune nor (b + 1)-graph-bi-immune. □ 218 It follows from Proposition 4 that every b-graph-bi-immune sequence is strongly b-graph-immune. The 219 converse does not hold for b > 2 as shown by the following Example 7. 220

Example 7. Let M_0 ⊆ N be an immune set whose complement (with respect to N) N \ M_0 is recursively 221 enumerable, let g : N → N, g(N) = N \ M_0 be an injective recursive mapping, and let M ⊆ N be a bi-immune 222 set. Set M_1 = g(M) and M_2 = g(N \ M). Then M_1 and M_2 are immune. 223 Define a sequence w = w_1w_2 · · · ∈ A^ω_3 via the preimages w^{−1}(a) = M_a, a ∈ {0, 1, 2}. Then, clearly, every 224 preimage w^{−1}(a) is immune, but as a recursively enumerable set the union w^{−1}(1) ∪ w^{−1}(2) = M_1 ∪ M_2 is 225 not immune. 226 Observe that the other combinations M_0 ∪ M_1 and M_0 ∪ M_2 are immune. Assume e.g. M^′ ⊆ M_0 ∪ M_1 227 to be recursive. Then M^′ ∩ M_1 = M^′ ∩ g(N_0) as a recursively enumerable subset of M_1 is finite. Thus 228 M^′ ∩ M_0 = M^′ \ (M^′ ∩ M_1) is recursive too, hence also finite. □ 229 Remark 8. One might also ask how b-graph-bi-immunity relates to other notions. Clearly, b-graph-bi- 230 immunity is implied but not equivalent to b-randomness. The study of b-randomness was motivated by the 231 idea that the sequence should be as near as possible to the typical outcome of a sequence drawn by a b-sided 232 coin; such a sequence is formally defined that there are no structures on which an effective martingale can 233 bet successfully [15]. 234 For example, b-random sequences contain every finite string infinitely often, thus they contain squares, 235 that is, sequences of the form uu infinitely often. For the binary alphabet, this is shared with all sequences, 236 as even every finite binary word of length 4 or more contains at least one of the following squares as a 237 subword: 00, 11, 0101, 1010. In contrast to this, Morse as well as Thue [51] constructed ternary sequences 238 which do not contain any single square. Subsequent research [26, 29, 33] asked questions like how many 239 squares a prefix of length n of a sequence can contain and Jonoska, Manea and Seki [33] conjectured that if 240 a binary word contains k 1s and n − k 0s with 2 ≤ k ≤ n/2, then there are at most (2k − 1)/(2k + 2) · n 241 distinct squares. Here two squares are distinct if they are different as strings. The value k = 1 does not 242 satisfy this conjecture as the string 0^{n−1}1 has ⌊n/2 − 1⌋ squares while (2k − 1)/(2k + 2) = 1/4. 243 One might ask how the number of squares in the prefixes of length n of a b-graph-bi-immune sequence 244 grows with n? The upper bound can be expected to be similar to the case of arbitrary words, as one can 245 take a sequence which has about n/2 squares in a prefix and then in a very thin way adjust the bits to make 246 it 2-graph-bi-immune. So one might be more interested in lower bounds which are taken by some sequence 247 instead of all sequences. The following example shows that for b = 6, one can make a sequence which is 248 6-graph-bi-immune. 249 Example 9. There is a 6-graph-bi-immune sequence without any square as a subword. This stands in 250 contrast to random sequences in which the number of squares in prefixes of length n cannot be bounded by 251 any constant. 252 To construct a square-free 6-graph-bi-immune sequence w, one first constructs, using the undecidable 253 Halting Problem as an oracle, a sequence i_1, i_2, . . . of natural numbers such that i_1 = 1 and i_{k+1} ≥ 3i_k + 9 254 and whenever φ_k has an infinite domain and is {0, 1, 2, 3, 4, 5}-valued then φ_k(i_{2k}) ↓ = φ_k(i_{2k+1}) ↓. Next 255 one defines on each interval I_k = {i_k, i_k + 1, . . . , i_{k+1} − 1} that w is chosen as follows: 256 1. w_{ik} w_{ik+1} . . . w_{ik+1−1} is a square-free word; 257 2. if k is even then the digits 0, 1, 2 are used else the digits 3, 4, 5 are used; 258 3. if k = 2e and φ_e(i_k)↓ ∈ {0, 1, 2} then w_{ik} = φ_e(i_k); 259 4. if k = 2e + 1 and φ_e(i_k)↓ ∈ {3, 4, 5} then w_{ik} = φ_e(i_k). 260 Next consider a square uu of length 2h and on positions j, j + 1, . . . , j + 2h − 1. Choose k such that the 261 interval I_{k+1} contains the upper end j + 2h − 1 of the positions of the square uu, that is, the inequalities 262 i_{k+1} ≤ j + 2h − 1 ≤ i_{k+2} − 1 hold. As for all ℓ < h, w_{j+ℓ} = w_{j+h+ℓ} and neighbouring intervals use the 263 disjoint sets {0, 1, 2} and {3, 4, 5} of digits, j + h − 1 and j + 2h − 1 must either be in the same interval or at 264 least two intervals apart. Note that the chain of inequalities i_k ≤ (i_{k+1} −9)/3 ≤ (j +2h−1−9)/3 ≤ j +h−1 265 follows from the choice of the sequence i_1, i_2, . . .; thus these inequalities postulate that j + h − 1 ∈ I_k ∪ I_{k+1}. 266

It follows that j + h − 1 ∈ I_{k+1}, as it cannot be in the neighbouring I_k. As both halves of uu use the same 267 digits, {j, j + 1, . . . , j + 2h − 1} ⊆ I_{k+1}. By construction, the sequence w is square-free within the interval 268 I_{k+1} and therefore the square uu cannot be a subword of w. Thus it follows that the full sequence w is 269 square-free. □ 270

4. Base-invariance 271 In this section, we study the question of whether (bi-)immunity for sequences over a finite alphabet is 272 preserved over different bases. The main insight is that while b-graph-immunity is indeed preserved over 273 bases of the form b^k, where k ≥ 1, the same does not hold for b-graph-(bi-)immunity and thus for strong 274 b-graph-immunity. 275 The simplest computable transformation of a sequence w ∈ A^ω_3 into a binary sequence x ∈ A^ω_2 is to 276 delete all occurrences of 2 in w; we call this transformation delete_2. The next lemma shows that delete_2 277 does not preserve graph-bi-immunity. 278 Lemma 10. (1) There exists a sequence w ∈ A^ω_3 which is not 3-graph-bi-immune such that delete_2(w) is 279 2-graph-bi-immune. 280 (2) There exists a 3-graph-bi-immune sequence w ∈ A^ω_3 such that delete_2(w) is not 2-graph-bi-immune.^3 281 Proof. For (1) we take a 2-graph-bi-immune sequence x ∈ A^ω_2 and define the ternary sequence w by w_{2i} = 282 x_i, w_{2i+1} = 2. For (2) we consider the family of all infinite r.e. subsets (N_i)_{i∈N0} of N_0 and choose from N_i 283 the first three elements n_{3i} < n_{3i+1} < n_{3i+2} larger than^4 n_{3(i−1)+2} and let M_j := {n_{3i+j} : i ∈ N_0}, j = 0, 1, 2. 284 Then every M_j ⊆ N is bi-immune as each of them contains (and does not contain) at least one element from 285 every infinite r.e. subset. Now define w as follows: 286

w_n =

0, if n ∈ M_0, 1, if n ∈ M_1, 2, otherwise.

Then the image under the mapping delete_2 is delete_2(w) = 010101 . . . . □ 287 Remark 11. Lemma 10 (2) was communicated in [10] with a different proof. 288 Next we start with the preservation of (strongly) b-graph-(bi)-immune sequences under morphisms. We 289 also provide sufficient conditions that guarantee a morphism μ : A_b → A^∗_b preserves (strong) b-graph- 290 (bi-)immunity. 291 We start with a property of morphisms of a special kind. Let π_i : {w : w ∈ A^∗_b ∧ |w| ≥ i} → A_b be the 292 projection on the ith letter, that is, π_i(w_1 · · · w_ℓ) := w_i for i ≤ ℓ. We call a morphism μ : A_b → A^ℓ_b stable if 293 for all i ≤ ℓ and for every a ∈ A_b there is an a^′ ∈ A_b such that π_i(μ(a^′)) = a, that is, the letters at a fixed 294 position i in the words μ(a), a ∈ A_b, are just a permutation of A_b. 295 Lemma 12. Let ℓ ≥ 1 and let μ : A_b → A^ℓ_b be a stable morphism. Then μ(w) is b-graph-immune (b-graph- 296 bi-immune, respectively) if and only if w is b-graph-immune (b-graph-bi-immune, respectively). 297 Proof. Assume that ⋃ a∈A w^{−1}(a), ∅ ⊂ A ⊂ A_b, contains an infinite recursive subset M ⊆ N and consider 298 A^{(1)} = {π_1(μ(a)) : a ∈ A}. Then {ℓ·(n−1)+1 : n ∈ M} ⊆ ⋃ a^′∈A^{(1)} μ(w)

−1(a^′) and {ℓ·(n−1)+1 : n ∈ M} 299 is also infinite and recursive. 300 Conversely, let M ⊆ N be an infinite recursive subset of ⋃ a^′∈A^′ μ(w)

−1(a^′), ∅ ⊂ A^′ ⊂ A_b. Then 301 there is a j ≤ ℓ such that M^′ := M ∩ {ℓ · (n − 1) + j : n ∈ N} is also infinite and recursive. Let 302 A := {a : ∃a^′(a^′ ∈ A^′ ∧ π_j (μ(a)) = a^′)}. Then for every w ∈ A^ω_b , {n : ℓ · (n − 1) + j ∈ M^′} is an infinite 303 recursive subset of ⋃ a∈A w^{−1}(a). □ 304 3A first proof for this was given in [10]. 4For completeness, set n_{−1} = −1.

Remark 13. Lemma 12 does not hold for arbitrary morphisms μ even if all letters are mapped to words 305 of the same length. Consider e.g. μ : A_2 → A^∗_2 where μ(a) := 0a. 306 Lemma 14. Let 2 ≤ b^′ ≤ b and let w ∈ A^ω_b be b-graph-bi-immune. If μ is a non-erasing alphabetic 307 morphism of A_b onto A_b′ then μ(w) ∈ A_b′ is b^′-graph-bi-immune. 308 Proof. We have μ(A_b) = A_b′ and μ(a) ∈ A_b′ for a ∈ A_b. Consider a nonempty subset A^′ ⊂ A_b′ . Then 309 A = {a : μ(a) ∈ A^′} ≠ A_b and ⋃ a^′∈A^′ μ(w)

−1(a^′) = ⋃ μ(a)∈A^′ w

−1(a). If w ∈ A^ω_b is b-graph-bi-immune, 310 according to Proposition 4, every set ⋃ a^′∈A^′ μ(w)

−1(a^′), ∅ ≠ A^′ ≠ A_b′ is immune, and therefore μ(w) is 311 b^′-graph-bi-immune. □ 312 Lemma 14 does not hold for (strongly) b-graph-immune sequences. 313 Example 15. We refer to the immune subsets M_0, M_1, M_2 ⊆ N defined in Example 7 where M_1 ∪ M_2 is 314 recursively enumerable. Define w ∈ A^ω_3 via w^{−1}(a) = M_a, a ∈ {0, 1, 2}, and μ(0) = 0, μ(1) = μ(2) = 1. 315 Then w is strongly b-graph-immune but μ(w) is not 2-graph-immune. □ 316 The preimages of alphabetic morphisms preserve b-graph-immunity of sequences but not b-graph-bi-immunity 317 even if we require that every letter occurs infinitely often in the preimage. 318 Lemma 16. Let μ be a non-erasing alphabetic morphism of A_b onto A_b′ . If μ(w) ∈ A_b′ is b^′-graph-immune 319 then w ∈ A^ω_b is also b-graph-immune. 320 Proof. Observe that μ(w)^{−1}(a^′) = ⋃ μ(a)=a^′ w

−1(a). Consequently, if μ(w)^{−1}(a^′) is immune or finite then 321 its subset w^{−1}(a) is also immune or finite. □ 322 Example 17. To show that Lemma 16 cannot be extended to b-graph-bi-immunity we refer to Example 7 323 and the sequence w defined there, and we use the morphism μ : A_3 → A_2 defined by μ(0) = μ(1) = 0 and 324 μ(2) = 1. Since μ(w)^{−1}(0) = M_0 ∪ M_1 and μ(w)^{−1}(1) = M_2 are both immune, μ(w) ∈ A^ω_2 is 2-graph-bi- 325 immune, but, as shown in Example 7 the sequence w ∈ A^ω_3 is not 3-graph-bi-immune. □ 326 As a special case essential in the design of a quantum random generator (cf. [1, 7, 8]), from Lemma 14 we 327 obtain the following: 328 Corollary 18. Consider b ≥ 3 and a non-erasing alphabetic morphism μ of A_b onto A_{b−1}. Then for every 329 b-graph-immune sequence w ∈ A^ω_b , the sequence μ(w) ∈ A_{b−1} is (b − 1)-graph-immune. 330 Next we study the preservation of b-(bi-)immunity under base change, that is, we consider sequences w ∈ A^ω_b 331 and v ∈ A^ω_b′ which are expansions of the same real number r = v_b(w) = v_b′ (v). 332 Proposition 19. Let w ∈ A^ω_b be the b-ary expansion of the real r ∈ R. If v ∈ A_bk , k ≥ 1, is the b^k-ary 333 expansion of r and for some a ∈ A_bk the subset v^{−1}(a) ⊆ N is infinite and not immune then there is an 334 a^′ ∈ A_b such that w^{−1}(a^′) ⊆ N is infinite and not immune. 335 Proof. Let v^{−1}(a) be infinite but not immune, and let M ⊆ N be an infinite and recursive set such 336 that M ⊆ v^{−1}(a). Since w is the b-ary expansion of r there is a homomorphism μ : A_bk → A^k_b satisfying 337 μ(v) = w. Let μ(a) = a_1 · · · a_k, a_i ∈ A_b. Then w^{−1}(a_1) ⊇ {k · (n − 1) + 1 : n ∈ M}, and consequently 338 w^{−1}(a_1) is infinite and not immune. □ 339 Corollary 20. Let w ∈ A^ω_b be b-graph-immune and the b-ary expansion of the real r ∈ R. If v ∈ A^ω_{bk} , k ≥ 1, 340 is the b^k-ary expansion of r then v is b^k-graph-immune. 341 Corollary 20 cannot be extended to b-graph-bi-immunity. 342 Proposition 21. For every base b there is a sequence which is b-graph-bi-immune but only b^2-graph-immune 343 in base b^2. 344

Proof. Note that when w is strongly b-graph-bi-immune, so is also v with v_{2n−1} = v_{2n} = w_n. This follows 345 from Lemma 12 since the morphism μ : A_b → A^2_b with μ(a) = aa is stable. 346 However, if we consider the real r whose b-expansion is given by v then its b^2-expansion is given by 347 n → w_n · (b + 1) which has only multiples of (b + 1) as digits, thus this sequence is not strongly b^2-graph- 348 immune. □ 349 One might also have a b-graph-bi-immune x such that the corresponding w is strongly b^2-graph-immune 350 but not b^2-graph-bi-immune. 351 Example 22. Let y = y_1y_2 · · · ∈ A^ω_2 be b-graph-bi-immune. Define x := y_1y_2 · · · ∈ A^ω_2 by 352

x_{2i−1}x_{2i} =

00, if y_i = 0 ∧ i is odd, 01, if y_i = 0 ∧ i is even, 10, if y_i = 1 ∧ i is even, 11, if y_i = 1 ∧ i is odd.

Then according to Proposition 4, the sequence x ∈ A^ω_2 is also 2-graph-bi-immune, e.g. {j ∈ N : x_j = 0} = 353 {2i − 1 ∈ N : y_i = 0} ∪ {2i ∈ N : y_i = 0 ∧ i is odd} ∪ {2i ∈ N : y_i = 1 ∧ i is even}. Let w ∈ A^ω_4 such that 354 v_2(x) = v_4(w). 355 By construction w contains at even positions only the letters 1 and 2 and at odd positions only the 356 letters 0 and 3. Thus Proposition 19 and Proposition 4 show that w is strongly 4-graph-immune but not 357 4-graph-bi-immune. □ 358 The following proposition shows that another natural algorithmic transformation fails to preserve graph-bi- 359 immunity. 360 Proposition 23. There exists a real whose base 8-expansion is strongly 8-graph-bi-immune while its base 4 361 expansion is not 4-graph-bi-immune. 362 Proof. Let c denote the mirror image of the binary complement of b, so possible pairs bc in the system of 363 base 8 are 07, 13, 25, 31, 46, 52, 64, 70 and from now on, bc is always one pair of these octal digits. Next we 364 define the stable morphism μ : A_8 → A_82 via μ(b) = bc and choose an 8-bi-immune sequence w. According 365 to Lemma 12 the image w = μ(w) is also 8-bi-immune. 366 However, the base 4 counterpart y ∈ A^ω_4 of w translates every block w_{2n}w_{2n+1} into three quaternary 367 digits where the middle digit is either 1 or 2 as this is binary 01, 10 and the pairs bc are such selected that the 368 end digit of b in binary differs from the first digit of c in binary. Thus y^{−1}(1) ∪ y^{−1}(2) contains the infinite 369 recursive subset {3(n − 1) + 2 : n ∈ N}, and according to Proposition 4 the sequence y is not 4-bi-immune. 370 □ 371 5. Blind Martingales 372 In this section we use blind martingales to study recursive transformations preserving bi-immunity. 373 A martingale is called blind if its bet on u ∈ A^∗_b only depends on the length |u| and not on the actual 374 history coded in u; furthermore, the share of the capital betted on a digit a ∈ A_b is also blindly computed, 375 but the scaling in dependence of the available capital can, of course, be done. 376 We start with the definition of the blind martingale: 377 Definition 24. A martingale over A_b is referred to as blind if there is a family (Γ_ℓ)_{ℓ∈N0} , ∅ ≠ Γ_ℓ ⊆ A_b, such 378 that, for u ∈ A^∗_b and a ∈ A_b it holds 379 mg(u · a) =

{_b

|Γ_{|u|}| · mg(u), if a ∈ Γ|u|,

0, otherwise. 380 A blind martingale is recursive if the mapping f : N_0 → 2^{Ab} with f(ℓ) = Γ_ℓ is recursive. 381

We note that Γ_ℓ = A_b is equivalent to abstaining from betting. 382 Proposition 25. (a) A sequence w ∈ A^ω_b is b-graph-bi-immune if and only if there is no blind recursive 383 martingale succeeding on w. 384 (b) A sequence w ∈ A^ω_b is b-graph-immune if and only if there is no blind recursive martingale succeeding 385 on w with |Γ_ℓ| = 1 for infinitely many ℓ ∈ N_0. 386 Proof. (a) If w is not b-graph-bi-immune then there is a nonempty subset Γ ⊂ A_b for which ⋃ a∈Γ w^{−1}(a) 387 is infinite and not immune. Let M ⊆ ⋃ a∈Γ w^{−1}(a) be infinite and recursive. Then the martingale 388

mg(u · a) = mg(u), if |u| + 1 /∈ M, b |Γ| · mg(u), if a ∈ Γ and |u| + 1 ∈ M,

0, otherwise. 389

succeeds on w. 390 Conversely, let a blind recursive martingale succeed on w. Since A_b is finite, there is an infinite recursive 391 set M ⊆ N_0 such that for some subset A ⊂ A_b, for all ℓ ∈ M, Γ_ℓ = A. Consequently, M ⊆ ⋃ a∈A w^{−1}(a), 392 and according to Proposition 4, w is not strongly b-graph-bi-immune. 393 (b) Assume w to be not b-graph-immune. Then the subset Γ ⊂ A_b can be chosen to be a singleton, and 394 the construction is the same as in part (a). 395 Let a blind recursive martingale succeed on w with |Γ_ℓ| = 1 for infinitely many ℓ ∈ N_0. As in case 396 (a) there is an infinite recursive set M ⊆ N_0 such that for some a ∈ A_b and all ℓ ∈ M, Γ_ℓ = {a}, that is, 397 M ⊆ w^{−1}(a). Again Proposition 4 shows that w is not b-graph-immune. □ 398 6. Mappings Preserving Strong b-graph Immunity 399 For any function f : N → N, say that f preserves strong b-graph-immunity if for any strongly b-graph- 400 immune sequence w ∈ A^ω_b , the sequence v defined by v_i = w_{f(i)} for all i ∈ N is strongly b^′-graph-immune 401 for some b^′ ∈ {2, . . . , b}. 402 Theorem 26. 1. Suppose b ≥ 3. Then for all recursive functions f : N → N, f preserves strong b- 403 graph-immunity if and only if range(f) is co-finite and f^{−1}(j) := {i ∈ N : f(i) = j} is finite for all 404 j ∈ N. 405 2. Suppose b = 2. Then for all recursive functions f : N → N, f preserves strong b-graph-immunity if 406 and only if range(f) is infinite and f^{−1}(j) := {i ∈ N : f(i) = j} is finite for all j ∈ N. 407 Proof. Assertion 1. Let f be any recursive function. Suppose range(f) is co-finite and f^{−1}(j) := {i ∈ N : 408 f(i) = j} is finite for all j ∈ N. Take any strongly b-graph-immune sequence w ∈ A^ω_b . By the definition 409 of strong b-graph-immunity, range(w) = A_b and every a ∈ A_b occurs infinitely often in w. As range(f) is 410 co-finite, it follows that every a ∈ A_b occurs infinitely often in the sequence v ∈ A^ω_b given by v_i = w_{f(i)} for 411 all i ∈ N. Thus for each a ∈ A_b, v^{−1}(a) is infinite. Since f^{−1}(j) := {i ∈ N : f(i) = j} is finite for all j ∈ N, 412 it follows that if M were an infinite recursively enumerable subset of v^{−1}(a), then {f(i) : i ∈ M} would be 413 an infinite recursively enumerable subset of w^{−1}(a), contradicting the immunity of w^{−1}(a). Therefore v is 414 strongly b-graph-immune. 415 Next, suppose that range(f) is co-infinite. We first prove the statement “range(f) is co-infinite ⇒ f 416 does not preserve strong b-graph-immunity” for the case b = 3, and then explain at the end how to extend 417 the proof to the case b > 3. Consider two cases. 418 Case 1: range(f) is finite. Take any strongly b-graph-immune sequence w ∈ A^ω_b . Without loss of generality, 419 assume that {i : f(i) = f(1)} is infinite (otherwise, one may replace 1 by any i_0 ∈ N for which 420 {i : f(i) = f(i_0)} is infinite in the subsequent argument; such an i exists because range(f) is finite). 421 Then {i : f(i) = f(1)} is an infinite recursively enumerable subset of v^{−1}(v_1) = v^{−1}(w_{f(1)}), and so v 422 is not b-graph-bi-immune (in particular, v is not strongly b^′-graph-immune for any b^′ ∈ {2, . . . , b}). 423

Case 2: range(f) is infinite. 424 Consider any bi-immune set U such that N \ (range(f) ∪ U) is infinite. We will show later that such 425 a set U exists. Let s = min(range(f) ∩ U); such an s exists due to the bi-immunity of U. Now define 426 a sequence w ∈ A^ω_3 as follows. For all i ∈ N, 427

w_i =

0, if i ∈ {s} ∪ (N \ (range(f) ∪ U)), 1, if i ∈ U \ {s}, 2, if i ∈ range(f) \ U .

Let v be the sequence defined by v_i = w_{f(i)} for all i ∈ N. Then by construction, v^{−1}(0) = {j ∈ N : 428 f(j) = s}; the latter set being recursively enumerable (possibly even finite), it follows that v cannot 429 be a strongly b^′-graph-immune sequence for any b^′ ∈ {2, . . . , b}. On the other hand, w is a strongly 430 3-graph-immune sequence because: 431 • w^{−1}(0) = {s} ∪ (N \ (range(f) ∪ U)), which is infinite due to N \ (range(f) ∪ U) being infinite by 432 assumption, and {s} ∪ (N \ (range(f) ∪ U)) ⊆^∗ N \ U. Since N \ U is immune, w^{−1}(0) must also 433 be immune. 434 • w^{−1}(1) = U \ {s} is an infinite subset of U and so it is immune. 435 • w^{−1}(2) = range(f) \ U is an infinite subset of N \ U; otherwise, range(f) ⊆^∗ U, which would 436 contradict the immunity of U. Therefore, since N \ U is immune, w^{−1}(2) is also immune. 437 It remains to show that a set U as chosen above exists. Let I_0, I_1, I_2, . . . be a one-one enumeration 438 of all infinite recursively enumerable sets. For all i ∈ N, define U and pairs (s_{2i−1}, t_{2i−1}), (s_{2i}, t_{2i}) in 439 stages as follows. 440 • (s_{2i−1}, t_{2i−1}) is any pair of distinct elements belonging to I_j for the least j such that s_{2i−1} and t_{2i−1} 441 are different from any s_i′ or t_i′ with i^′ < 2i − 1, and ⋃ i^′<2i−1{si^′ } ⊂ Ij or ⋃ i^′<2i−1{si^′ } ⊂ N \ Ij . 442 Put s_{2i−1} into U. 443 • (s_{2i}, t_{2i}) is any pair of distinct elements belonging to I_j for the least j such that s_{2i} and t_{2i} are 444 different from any s_i′ or t_i′ with i^′ < 2i, and s_{2i} ∈ range(f) and t_{2i} /∈ range(f). Such j, s_{2i} and t_{2i} 445 exist because the infinitude and coinfinitude of range(f) together imply that there are infinitely 446 many infinite recursively enumerable sets that infinitely intersect both range(f) and N \ range(f). 447 Put s_{2i} into U. 448 By construction, every infinite recursively enumerable set I_j intersects both U and N \ U. Thus U is 449 bi-immune. Furthermore, N\U intersects N\range(f) infinitely often. Consequently, N\(range(f)∪U) 450 is infinite, as required. 451 To finish this part of the proof, we explain how to convert the strongly 3-graph-immune sequence w into 452 a strongly b-graph-immune one w^′ for any b > 3. In the definition of w, replace the last condition “w_i = 453 2 if i ∈ range(f) \ U” by “w^′_i = k + 2 if i ∈ (range(f) \U) ∩ V_k”, where {V_0, . . . , V_{b−3}} is a partition of 454 range(f) \U into b − 2 infinite sets. For all other values of i, w^′_i is defined to be w_i. Each V_i is an infinite 455 subset of the immune set N \ U, and is thus immune too. Therefore w^′ ∈ A^ω_b and w^{′−1}(i) is immune for all 456 i ∈ {0, . . . , b}. The same argument as before shows that the sequence v^′ with v^′_i = w^′_{f(i)} for all i ∈ N cannot 457 be strongly b^′-graph-immune for any b^′ ∈ {2, . . . , b}. 458 Finally, suppose there is some j ∈ range(f) such that f^{−1}(j) is infinite. Fix any such j. Take any 459 bi-immune set U^′. Without loss of generality, assume that j ∈ U^′ (otherwise, one may replace U^′ by N \ U^′ 460 in the subsequent argument). Let {U^′_0, . . . , U^′_{b−2}} be any partition of N \ U^′ into b − 1 infinite sets. Let 461 w ∈ A^ω_b be the sequence for which w_i = 0 if i ∈ U^′ and w_i = k + 1 if i ∈ U^′_k. The bi-immunity of U^′ implies 462 that w^{−1}(a) is immune for every a ∈ A_b, and so w is strongly b-graph-immune. If v is the sequence given 463 by v_i = w_{f(i)} for all i ∈ N, then f^{−1}(j) = {i ∈ N : f(i) = j} is an infinite recursively enumerable subset of 464 v^{−1}(0). Therefore v cannot be a strongly b^′-graph-immune sequence for any b^′ ∈ {2, . . . , b}. 465

Assertion 2. Suppose b = 2, and f is any recursive function such that range(f) is infinite and f^{−1}(j) is 466 finite for all j ∈ N. As mentioned earlier, all variants of immunity coincide over binary alphabets; thus it 467 suffices to consider 2-graph-immune sequences in the following proof. Let w ∈ A^ω_2 be any 2-graph-immune 468 sequence. By the 2-graph-immunity of w, range(f) ∩ w^{−1}(0) and range(f) ∩ w^{−1}(1) are both infinite. Thus 469 the sequence v defined by v_i = w_{f(i)} for all i ∈ N belongs to A^ω_2 , and v^{−1}(0) and v^{−1}(1) are both infinite. 470 If M were an infinite recursively enumerable subset of v^{−1}(0), then {f(i) : i ∈ M} would be contained 471 in w^{−1}(0); moreover, since f^{−1}(j) is finite for all j ∈ N, {f(i) : i ∈ M} would be an infinite recursively 472 enumerable subset of w^{−1}(0), contradicting the 2-graph-immunity of w. A similar argument shows that 473 v^{−1}(1) cannot contain any infinite recursively enumerable subset. Thus v is 2-graph-immune, as required. 474 If range(f) is finite, then the argument in Case 1 of the proof of Assertion 1 shows that f cannot be 475 2-graph-immune-preserving. Finally, if range(f) is infinite and there is some j ∈ range(f) such that f^{−1}(j) 476 is infinite, then an argument similar to that in the proof of Assertion 1 shows that f is not 2-graph-immune- 477 preserving. □ 478 Remark 27. Suppose a function f : N → N is said to be strongly b-graph-weakly-immune-preserving if for 479 any strongly b-graph-immune sequence w ∈ A^ω_b , the sequence v defined by v_i = w_{f(i)} for all i ∈ N is strongly 480 b-graph-bi-immune (in contrast to being strongly b^′-graph-immune for some b^′ ∈ {2, . . . , b}). Then any 481 one-one increasing recursive function f : N → N is strongly b-weakly-immune-preserving: for each a ∈ A_b, 482 either v^{−1}(a) = {i : w_{f(i)} = a} is finite, or {i : w_{f(i)} = a} is infinite; in the latter case, if there were an 483 infinite recursively enumerable subset M of {i : w_{f(i)} = a}, then, since f is one-one and increasing, the set 484 {f(i) : i ∈ M} would be an infinite recursively enumerable subset of w^{−1}(a), which would contradict the 485 immunity of w^{−1}(a). 486 7. Immunity and Bi-immunity for Sequences Over Infinite Alphabets 487 In this section we introduce and study various notions of (bi-)immunity for sequences over an infinite 488 alphabet. Immunity and bi-immunity for sequences over infinite alphabets are defined almost exactly as 489 they for sequences over finite alphabets: a graph-immune (resp. graph-bi-immune) sequence w is one such 490 that no algorithm (with no restriction on the output range) can generate infinitely many, and only correct 491 (resp. incorrect) values of its elements – pairs of the form (i, w_i). Graph-immunity of w is equivalent to 492 immunity, in the usual recursion-theoretic sense, of the graph of w as a subset of N×N_0; this is analogous to 493 the earlier observation (Proposition 4) that w is b-graph-immune if and only if b-graph(w) is immune as a set. 494 We also consider sequences that are strictly bounded above by a single recursive function h with h(i) ≥ 2 for 495 all i, or h-bounded sequences. Unless otherwise specified, when we refer to a h-graph-(bi-)immune sequence, 496 h is always taken to be a generic recursive function such that h(i) ≥ 2 for all i. The terms of such a 497 recursively-bounded sequence may range over an infinite alphabet, though they do not grow too quickly in 498 that they are bounded by a single recursive function. Since no h-bounded sequence is graph-bi-immune, as 499 witnessed by h itself, it is fairly natural to define immunity and bi-immunity for h-bounded sequences with 500 respect to h-bounded partial-recursive functions with an infinite domain. An interesting question, which is 501 partially addressed in this section, is whether, and if so how, the choice of the bound function h influences the 502 computational power of the class of h-graph-(bi-)immune sequences. We proceed with the formal definitions 503 of graph-(bi-)immunity. 504 Definition 28. Let h be a recursive function such that h(i) ≥ 2 for all i. An h-bounded sequence is any 505 sequence w = w_1w_2 . . . satisfying w_i < h(i) for each i ∈ N. Let w = w_1w_2 . . . be a sequence. 506 (i) w is graph-immune if for every partial-recursive function g with an infinite domain, there is an i ∈ 507 dom(g) with w_i ≠ g(i). 508 (ii) w is graph-bi-immune if for every partial-recursive function g with an infinite domain, there are 509 i, j ∈ dom(g) with w_i = g(i) and w_j ≠ g(j). 510 (iii) w is h-graph-immune if w is h-bounded and for every partial-recursive function g such that the domain 511 of g is infinite and g is h-bounded, there is an i ∈ dom(g) with w_i ≠ g(i). 512

(iv) w is h-graph-bi-immune if w is h-bounded and for every partial-recursive function g such that the 513 domain of g is infinite and g is h-bounded, there are i, j ∈ dom(g) with w_i = g(i) and w_j ≠ g(j). 514 Remark 29. (i) Definition 28(i) is just a reformulation of the fact that {(i, w_i) : i ∈ N} is immune as 515 a subset of N × N_0. However, Definition 28(ii) does not imply that {(i, w_i) : i ∈ N} is bi-immune 516 as a subset of N × N since, for example, {(1, c) : c ≠ w_1} is already an infinite recursive subset of 517 (N × N) \ {(i, w_i) : i ∈ N}. 518 (ii) Flajolet and Steyaert introduced the concept of immunity into computational complexity theory by 519 defining an infinite set U to be immune for a complexity class C if U contains no infinite subset belong- 520 ing to C; an infinite, coinfinite set U is bi-immune for C if U and U are both immune for C [24, 25]. The 521 notion of h-graph-immunity may be formulated in a similar fashion: w is h-graph-immune if {⟨i, w_i⟩ : 522 i ∈ N} is immune for { {⟨i, φ_e(i)⟩ : i ∈ N_0} : e ∈ N_0 ∧ | dom(φ_e) | = ∞ ∧(∀i ∈ dom(φ_e))[φ_e(i) < h(i)] } . 523 The notions of graph-(bi-)immunity, h-graph-bi-immunity and strong b-graph-(bi-)immunity may be 524 defined analogously. 525 Here are some examples of graph-(bi-)immune sequences, as well as h-graph-(bi-)immune sequences. 526 Example 30. (i) If U is limit-recursive and non-recursive, then its convergence-module sequence given 527 by w^U_i := min{s^′ ≥ i : ∀s ≥ s^′ ∀j ≤ i [U_s(j) = U(j)]} is a graph-immune sequence, where for each j, 528 the uniformly recursive approximation U_s(j) converges to U(j). 529 (ii) Let φ_{e1} , φ_{e2} , . . . be an enumeration of all partial-recursive functions with infinite domain. For every i, 530 let (a_i, b_i) be a pair of elements in the domain of φ_{ei} such that {a_i, b_i} ∩ {a_j , b_j } = ∅ whenever i ≠ j. 531 Then for every sequence w such that for each i, w and φ_{ei} agree on exactly one of {a_i, b_i} (for example, 532 w_{ai} = φ_{ei} (a_i) and w_{bi} = φ_{ei} (b_i) + 1), w is graph-bi-immune. Thus there are 2^{ℵ0} graph-bi-immune 533 sequences. 534 (iii) Let h be a recursive function with h(i) ≥ 2 for all i. Let φ_{d1} , φ_{d2} , . . . be an enumeration of all partial- 535 recursive functions with infinite domain such that φ_{di} (j)↓< h(j) for each j ∈ dom(φ_{di} ). Let a_1, a_2, . . . 536 be a strictly increasing sequence such that φ_{di} (a_i) ↓ for each i. Then the sequence w defined by 537 w_{ai} = φ_{di} (a_i) for each i ∈ N and w_j = 0 for each j /∈ {a_1, a_2, . . .} is h-graph-bi-immune. □ 538 We begin by providing equivalent characterisations of (h-)graph-(bi-)immunity; these characterisations will 539 be useful later in some proofs. 540 Proposition 31. Let w = w_1w_2 . . . be a sequence. 541 (i) w is graph-immune if and only if every partial-recursive g with infinite domain satisfies that g(i) ≠ w_i 542 for infinitely many i ∈ dom(g). 543 (ii) w is graph-bi-immune if and only if every partial-recursive g with infinite domain satisfies that g(i) = 544 w_i for infinitely many i ∈ dom(g). 545 (iii) w is graph-bi-immune if and only if for every partial-recursive function g with infinite domain, there 546 is an i ∈ dom(g) such that w_i = g(i). 547 (iv) Assertions (I), (II) and (III) hold also for h-graph-(bi-)immunity, where w and g are h-bounded for 548 any recursive function h satisfying h(i) ≥ 2 for all i. 549 Proof. Assertion (I). Let g be a partial-recursive function with infinite domain. Suppose on the contrary 550 that g(i) ≠ w_i for only finitely many i ∈ dom(g). Let U = {i ∈ dom(g) : g(i) ≠ w_i}. Define f as follows 551 f(i) = { w_i, if i ∈ U,

g(i), otherwise. (1)

Since U is finite, f is partial-recursive. Moreover, f(i) = w_i for all i ∈ dom(f), where dom(f) = dom(g) 552 is infinite. This contradicts that w is graph-immune. Hence, every partial-recursive g with infinite domain 553 satisfies that g(i) ≠ w_i for infinitely many i ∈ dom(g). 554 The proof of the converse is trivial. 555 Assertion (II). We prove the contrapositive. Let g be a partial-recursive function with infinite domain 556 such that g(i) = w_i for only finitely many i ∈ dom(g). Define f as follows 557 f(i) = { |g(i) − 1| if g(i) = w_i, g(i) otherwise. (2) Since there are finitely many i such that g(i) = w_i, f is partial-recursive. Moreover, dom(f) = dom(g) is 558 infinite and f(i) ≠ w_i for all i ∈ dom(f). Thus w is not graph-bi-immune. Now, suppose that w is not 559 graph-bi-immune. Then, there is a partial-recursive function g^′ with infinite domain such that g^′(i) = w_i for 560 all i ∈ dom(g^′) or there is a a partial-recursive function g^{′′} with infinite domain such that g^{′′}(i) ≠ w_i for all 561 i ∈ dom(g^′). In the first case define ĝ as ĝ(i) = |g^′(i)−1|. Then, ĝ is partial-recursive and dom(ĝ) = dom(g^′) 562 is infinite but ĝ(i) ≠ w_i for all i ∈ dom(ĝ). 563 Thus in both cases there is a a partial-recursive function f ∈ {g^{′′}, ĝ} with infinite domain such that 564 f(i) ≠ w_i for all i ∈ dom(f), that is, w is not graph-bi-immune. 565 Assertion (III). Suppose that for every partial recursive function g with infinite domain, there is an 566 i ∈ dom(g) such that w_i = g(i). Let g be a partial recursive function. Define g^′ : i → |g(i) − 1|. Then, 567 for every partial recursive function g with infinite domain, there is a j ∈ dom(g) = dom(g^′) such that 568 w_j = g^′(j) = |g(j) − 1| ≠ g(j). So w is graph-bi-immune. 569 The proof of the converse is trivial. 570 Assertion (IV). The above proofs also apply for the h-bounded version, since if w and g are both bounded 571 by h, then so are the functions constructed in the proofs. □ 572 The following series of propositions will establish methods for constructing new h-graph-(bi-)immune se- 573 quences from given ones. In the subsequent proposition, it is shown that any recursive finite-one function 574 preserves graph-bi-immunity of each h-graph-bi-immune sequence, albeit with respect to a recursive bound 575 function that may be different from h in general. 576 Proposition 32. Assume that w is h-graph-bi-immune and f a recursive finite-one function. Then the 577 function i → w_{f(i)} is h̃-graph-bi-immune, where h̃(i) = h(f(i)) for all i. 578 Proof. First, note that since w_i < h(i) for all i, w_{f(i)} < h̃(i) for all i. Suppose that g̃ is a partial- 579 recursive function with infinite domain such that g̃(i) < h̃(i) for all i ∈ dom(g̃). Let f^′ be a partial-recursive 580 function defined such that f^′(i) is the first j ∈ dom(g̃) found that satisfies f(j) = i. Define g(i) = g̃(f^′(i)). 581 Then, g is a partial-recursive function with domain f(dom(g̃)) and g(i) = g̃(f^′(i)) < h̃(f^′(i)) = h(i) for 582 all i ∈ dom(g). Since f is finite-one and g̃ has infinite domain, dom(g) is also infinite. Then there are 583 i, j ∈ dom(g) with w_i = g(i) and w_j ≠ g(j). Then, f^′(i), f^′(j) ∈ dom(g̃) and w_{f(f} ′_{(i))} = w_i = g(i) = g̃(f^′(i)) 584 and w_{f(f} ′_{(j))} = w_j ≠ g(j) = g̃(f^′(j)). So, by Proposition 31, the function is h̃-graph-bi-immune. □ 585 Proposition 33. Assume that h, h̃ are recursive functions, w is h-graph-bi-immune and ∀i [2 ≤ h̃(i) ≤ h(i)]. 586 Let w̃_i = w_i mod h̃(i) for all i. Now w̃ is h̃-graph-bi-immune. 587 Proof. Let g be a partial-recursive function with infinite domain such that g(i) < h̃(i) for all i ∈ dom(g). 588 Since w is h-graph-bi-immune and h̃(i) ≤ h(i), by Proposition 31, g(i) = w_i for infinitely many i. Since 589 g is strictly bounded by h̃, for all i such that g(i) = w_i, we also have that w̃_i = w_i. Hence, g(i) = w̃_i for 590 infinitely many i. So, by Proposition 31, w̃ is h̃-graph-bi-immune. □ 591 Proposition 34. If w is graph-bi-immune and h is a recursive function such that h(i) ≥ 2 for all i, then 592 w̃ with w̃_i = w_i mod h(i) is h-graph-bi-immune. 593

Proof. Let g be a partial-recursive function with infinite domain such that g(i) < h(i) for all i ∈ dom(g). 594 Since w is graph-bi-immune, by Proposition 31, g(i) = w_i for infinitely many i ∈ dom(g). Since g is strictly 595 bounded by h, for all i ∈ dom(g), if g(i) = w_i, then w_i = w̃_i. Hence, g(i) = w̃_i for infinitely many i. So, by 596 Proposition 31, w̃ is h-graph-bi-immune. □ 597 Proposition 35. If there is a U-recursive sequence w and an unbounded recursive function h such that 598 h(i) ≥ 2 for all i, and w is h-graph-bi-immune then for any recursive function h̃ with ∀i [h̃(i) ≥ 2] it holds 599 that there is a w̃ ≤_T U such that w̃ is h̃-graph-bi-immune. 600 Proof. Let f(i) be the first number j found such that h(j) ≥ h̃(i) and if i > 0, j > f(i − 1). Since h 601 is unbounded, f is recursive and one-one. Then by Proposition 32, the sequence i → w_{f(i)} is h^′-graph-bi- 602 immune where h^′(i) = h(f(i)) for all i. By the definition of f, h^′(i) ≥ h̃(i) for all i. So, by Proposition 33, 603 the sequence w̃ : i → w_{f(i)} mod h̃(i) is h̃-graph-bi-immune. Moreover, since w̃ is recursive in w, w̃ ≤_T U. 604 This completes the proof. □ 605 The next theorem shows that for every many-one recursive function h, the class of h-graph-immune sequences 606 is fairly rich; in fact, every non-recursive Turing degree contains such a sequence. The proof is effective in 607 that it shows how to construct such a sequence from any given set in the non-recursive degree. 608 Theorem 36. Let h be a recursive function such that h(i) ≥ 2 for all i. If h is finite-one then every 609 non-recursive Turing degree contains an h-graph-immune sequence. 610 Proof. Let a be a non-recursive Turing degree. Let U be a set in a. Define w_i = ∑ m:2^{m+1}<h(i) 2

m · U(m) 611 where U(m) takes the value 1 if m ∈ U and 0 otherwise. 612 Let g be a partial-recursive function with infinite domain, bounded by h. Suppose that g(i) = w_i for all 613 i ∈ dom(g). Since h is finite-one, for any i there must be a j ∈ dom(g) such that h(j) > 2^{i+1}. Then, U(i) 614 is the (i + 1)-st digit counted from the right of the binary representation of g(j). So, U is Turing reducible 615 to every recursive enumeration of the graph of g. Such recursive enumerations exist and therefore then U 616 would be recursive, a contradiction. Hence, w must be h-graph-immune. 617 Clearly, w ≤_T U. Moreover, we can determine whether or not i ∈ U from w where h(j) > 2^{i+1} as shown 618 earlier. Hence, w is in a. □ 619 The next result characterises the Turing degrees containing at least one h-graph-immune sequence for any 620 recursive function h such that h takes at least one value infinitely often. 621 Theorem 37. Let h be a recursive function such that h(i) ≥ 2 for all i. If h takes some value infinitely 622 often then a Turing degree contains an h-graph-immune function if and only if it contains a bi-immune set. 623 Proof. We will use the following lemma to prove the backward direction. 624 Lemma 38. Let h, h̃ be recursive functions such that ∀i[h̃(i) ≥ h(i) ≥ 2]. If sequence w is h-graph-immune, 625 then w is h̃-graph-immune. 626 Proof. Let g be a partial-recursive function strictly bounded by h̃ with infinite domain. Suppose that g is 627 strictly bounded by h. Then, there is an i ∈ dom(g) with w_i ≠ g(i). Otherwise, there is an i ∈ dom(g) such 628 that g(i) ≥ h(i) > w_i. So, w_i ≠ g(i). □ 629 Let a be a bi-immune Turing degree. Then, there is a bi-immune set V in a. By Proposition 4, the 630 characteristic function of V is 2-graph-immune. Thus, by the above lemma, the characteristic function of V 631 is h-graph-immune. 632 Conversely, suppose that a contains an h-graph-immune sequence w. By definition, there is a c such 633 that h takes the value c infinitely often. Then, there is a one-one recursive function f such that h(f(i)) = c 634 for all i. Suppose that there is a partial-recursive function g with infinite domain, bounded by c such 635 that g(i) = w_{f(i)} for all i ∈ dom(g). Then, there is a partial-recursive function g^′ : i → g(f^{−1}(i)) where 636 g(f^{−1}(j)) = w_j for all j ∈ dom(g^′) = f(dom(g)). Since f is one-one, dom(g^′) is also infinite. This contradicts 637 that w is h-graph-immune. So, w(f) is c-graph-immune. Note that w(f) is Turing reducible to w. 638 To show that the degree of w is bi-immune, we use the following lemma. 639

Lemma 39. Let w^c be a c-graph-immune sequence. Then, there is a sequence reducible to w^c which is 640 2-graph-immune. 641 Proof. Suppose that w^c is c-graph-bi-immune. Then, by Proposition 33, the sequence i → w^c_i mod 2 is 642 2-graph-bi-immune and so 2-graph-immune. This sequence is Turing reducible to w^c. 643 Otherwise, suppose that there exists a partial-recursive function g with infinite domain and bounded 644 by c such that g(i) ≠ w^c_i for all i ∈ dom(g). There exists an a such that g^{−1}(a) is infinite. Without 645 loss of generality, assume that a = c − 1. Now we can find a one-one recursive function f such that 646 g^′(i) = g(f(i)) = c − 1 for all i. Then, w^{c−1}_i = w^c_{f(i)} ≠ g(f(i)) = c − 1 for all i. By the c-graph-immunity of 647 w^c, w^{c−1} is thus (c − 1)-graph-immune. Moreover, w^{c−1} ≤_T w^c. 648 By iterating this process repeatedly, we can find a sequence w^2 which is 2-graph-immune and Turing 649 reducible to w^c. □ 650 Hence, by the lemma, there is a sequence reducible to w which is 2-graph-immune and thus is a characteristic 651 sequence of a bi-immune set. By the upward closure of bi-immune degrees (as shown in [30]), the degree a 652 containing w is also bi-immune. □ 653 The following theorem shows that for any unbounded recursive function h with h(i) ≥ 2 for all i, Martin-Löf 654 random sequences of hyperimmune-free degree cannot compute any h-graph-bi-immune sequence. 655 Theorem 40. Let h be a recursive unbounded function which is always at least 2. Then no Martin-Löf 656 random sequence v which has a hyperimmune-free degree can compute an h-graph-bi-immune sequence w. 657 Proof. Recall from [39] that v is Martin-Löf random if and only if the prefix-free Kolmogorov complexity 658 H satisfies the inequality H(v_1v_2 . . . v_n) ≥ n for all sufficiently large n. 659 Now assume that v has hyperimmune-free Turing degree and w ≤_T v. Then w is truth-table reducible 660 to v (see, for example, [42, Proposition VI.6.18]). Furthermore, there is a recursive function f such that f is 661 strictly ascending and h(f(n)) > n^3, as h is unbounded. Furthermore one can for the truth-table reduction 662 choose a use-function which is recursive and one-one; here a use-function is a function which bounds all the 663 queries of the truth-table reduction. 664 Now let g be a partial-recursive function with the recursive domain {f(0), f(1), . . .} such that g(f(n)) 665 is that value m below h(f(n)) for which the number of tuples of length use(f(n)) mapped by the truth- 666 table reduction to m is the smallest among all possible values. So there are at most 2^{use(f(n))}/n^3 many 667 strings mapped to g(f(n)) by the truth-table reduction and the prefix of v up to use(f(n)) must be among 668 these strings for those n where w_{f(n)} = g(f(n)) and there exist infinitely many of those in the case that w 669 is h-graph-bi-immune. So one can describe the string v_1v_2 . . . v_{use(f(n))} in a prefix-free way by H(n) bits 670 giving n in a prefix-free way and then compute from n the value use(f(n)) and the right choice among the 671 2^{use(f(n))}/n^3 possibilities can be selected with a binary number of length use(f(n)) − 3 log(n) plus constant 672 bits. 673 The length of this binary number can also be computed from n. Thus there is a prefix-free code using 674 H(n) + use(f(n)) − 3 log(n) + d bits where d is a constant to describe v_1v_2 . . . v_{use(f(n))} infinitely often; 675 as H(n) ≤ 2 log(n) + d^′ where d^′ is some constant for almost all n, there are infinitely many n where 676 H(v_1v_2 . . . v_{use(f(n))}) ≤ use(f(n)) + d^{′′} − log(n) for some constant d^{′′} and so, for binary sequences v of 677 hyperimmune-free degree, either v is not Martin-Löf random or there is no h-graph-bi-immune sequence 678 Turing reducible to v. □ 679 Remark 41. There are Martin-Löf random sequences that have hyperimmune-free degree, so Theorem 40 is 680 not vacuously true. By the characterisation of Martin-Löf randomness via prefix-free Kolmogorov complexity, 681 for any fixed b, if v^b := {v : (∀n)[H(v ↾ n) > n − b]}, then every member of v^b is Martin-Löf random. 682 Furthermore, v^b is a Π^0_1-class since it is closed and the corresponding tree T_vb = {x : (x · A^ω_2 ) ∩ v^b ≠ ∅} is 683 co-r.e. It is known (see, for example, [41, Theorem 1.8.42]) that every non-empty Π^0_1 class has a member 684 that is recursively dominated. 685 The fact that there exist Martin-Löf random sequences with hyperimmune-free degree also implies that 686 the condition in Theorem 40 that the function h be unbounded cannot be lifted: otherwise, taking h(i) = 2 687

for all i, any Martin-Löf random sequence with hyperimmune-free degree would automatically be h-graph- 688 bi-immune. 689 Remark 42. Kučera [36] and Gács [27] independently showed that any sequence is weak truth-table re- 690 ducible to some Martin-Löf random sequence. In particular, an h-graph-bi-immune sequence is always weak 691 truth-table reducible to a Martin-Löf random sequence. Thus the condition in Theorem 40 that v be of 692 hyperimmune-free degree is essential. 693 In contrast to Theorem 40, the next result shows that for any PA-complete set U, there is a sequence 694 w ≤_T U for which w is h-graph-bi-immune. 695 Theorem 43. Let h be a recursive function with h(i) ≥ 2 for all i. Let U be a PA-complete set. Then there 696 is a sequence w ≡_T U such that w is h-graph-bi-immune. 697 Proof. The proof is based on the fact that PA-complete sets can compute an infinite branch in a finitely 698 branching infinite co-r.e. tree [42, Theorem V.5.35]. The tree will at input i branch with all functions which 699 on input i take one of the values ?, 0, 1, . . . , h(i) − 1. Furthermore, let the interval I_ℓ = {3ℓ, 3ℓ + 1, 3ℓ + 2} 700 and fix a recursive enumeration ψ_0, ψ_1, . . . of all partial-recursive functions with recursive domains; here ψ_e 701 can either code an undefined place with ? or remain undefined from some point i onwards. The specific 702 domain of ψ_e are those i where ψ_e(i) outputs a natural number (and not ?). 703 Now a string σ satisfies the requirement E(e) if and only if there is an i ∈ dom(σ) such that ψ_e(i) 704 mod h(i) = σ(i) and ψ_e(i) ≠?. A string σ gets cancelled if either there is a requirement E(e) for which there 705 are at least e + 1 intervals I_ℓ completely covered by the domain of σ and which intersect the specific domain 706 of ψ_e but E(e) is not satisfied or if there is an interval I_ℓ completely inside the domain of σ on which σ 707 does not take at least twice the value ?. The cut-off branches of the tree T are all those which extend some 708 cancelled string σ. 709 Note that one can, using the oracle for the Halting Problem K, construct an infinite branch of this tree 710 such that no prefix σ gets cancelled: The algorithm is to find in each I_ℓ the smallest e such that on one 711 i ∈ I_ℓ, ψ_e(i) is defined and the prefix σ up to the beginning of I_ℓ does not satisfy the requirement E(e). 712 Let s_k be the smallest such i ∈ I_ℓ. Then one lets σ(s_k) = ψ_e(s_k) mod h(i) and σ(j) =? for the two other 713 members j of I_ℓ. 714 Note that this priority algorithm blocks the requirement E(e) on at most e many intervals where ψ_e is 715 defined on some member of I_ℓ; on the first such interval where the requirement is not blocked, a coincidence 716 with ψ_e is put and therefore the requirement is satisfied before the requirement can cancel the branch 717 constructed. Furthermore, it is made sure that always at least two values in I_ℓ are assigned a ?. 718 Note that the tree T of all σ which never get cancelled and never have a prefix which gets cancelled is 719 a co-r.e. tree which has an infinite branch and which is finitely branching, due to the bound function h. As 720 argued two paragraphs ago, this tree T has infinite branches and since T is co-r.e., the class of all infinite 721 branches of T is a Π^0_1 class and consequently U allows to compute one such branch w̃. Now on any interval 722 I_ℓ and i ∈ I_ℓ, if w̃_i =? then w_i = U(ℓ) else w_i = w̃_i. The so constructed w is Turing equivalent to U, as 723 U(ℓ) is the majority-value of w on I_ℓ. 724 Now consider a partial-recursive function g with infinite domain which is bounded by h. This g extends 725 some ψ_e which has an infinite recursive domain; that ψ_e coincides with w on some i ∈ dom(ψ_e). Thus g 726 agrees with w at least once. Thus w is h-graph-bi-immune. □ 727 The notion of a diagonally non-recursive (d.n.r.) function, that is, a function f such that f(e) ≠ φ_e(e) 728 whenever φ_e(e)↓, arises quite naturally in the study of Martin-Löf randomness. For example, every Martin- 729 Löf random set weak truth-table computes a d.n.r. function [36]. The following observation follows from the 730 definition of h-graph-bi-immunity together with the fact that there are infinitely many recursive functions 731 f such that f(i) < h(i) for all i. 732 Proposition 44. Let h be a recursive function with h(i) ≥ 2 for all i. Then no h-graph-bi-immune sequence 733 is d.n.r. 734

We recall that the Boolean algebra of r.e. sets does not contain any bi-immune set: this follows from an 735 argument by induction, using the fact that the difference between two r.e. sets cannot be bi-immune. A 736 similar observation extends to h-graph-bi-immune sequences, as the next proposition shows. 737 Proposition 45. If h is a recursive function satisfying h(i) ≥ 2 for all i, then the Boolean algebra of r.e. 738 sets does not contain the graph of any h-graph-bi-immune sequence. 739 Proof. Consider any Boolean combination C_w of r.e. sets equal to the graph of some sequence w such that 740 w_i < h(i) for all i; without loss of generality, assume C_w := ⋃ 1≤i≤ℓ Ui \ Vi, where, for all i, Ui and Vi are 741 r.e. sets for which U_i \ V_i ⊆ {⟨i, j⟩ : j < h(i)}. Assume further that for each i, there are infinitely many i^′ 742 such that for some j, ⟨i^′, j⟩ ∈ U_i \ V_i; this assumption will be lifted at the end of the proof. It will be shown 743 by induction that for each k ≤ ℓ, there is a partial-recursive function g with infinite domain and g(i) < h(i) 744 for each i ∈ dom(g) such that (i) graph(g) ⊆ ⋃ i≤k U_i \ V_i or (ii) graph(g) ⊆ {⟨i, j⟩ : j < h(i)} \ ⋃ i≤k U_i \ V_i. 745 The induction statement holds for k = 0 (the empty union); now assume it holds for some k, and let g be 746 a partial-recursive function with infinite domain such that (i) or (ii) holds. If (i) holds, then graph(g) ⊆ 747 ⋃ i≤k U_i \ V_i ∪ (U_{k+1} \ V_{k+1}) = ⋃ i≤k+1 Ui \ Vi, so the induction statement for k + 1 automatically follows. 748 Suppose (ii) holds. Consider two cases. 749 Case 1: graph(g) ⊆^∗ {⟨i, j⟩ : j < h(i)} \ (U_{k+1} ∪ V_{k+1}). Then there is a partial-recursive function g^′ and a 750 finite set F with graph(g^′) = graph(g) \ F and graph(g^′) ⊆ {⟨i, j⟩ : j < h(i)} \ ⋃ i≤k+1 Ui \ Vi, so the 751 induction statement (for some partial-recursive g^′ satisfying (ii)) holds for k + 1. 752 Case 2: Not Case 1. Then graph(g) ∩ (U_{k+1} ∪ V_{k+1}) is infinite. If graph(g) ∩ V_{k+1} is also infinite, then one 753 could enumerate an infinite subgraph graph(g^′) of graph(g) ∩ V_{k+1} for some partial-recursive function 754 g^′; therefore graph(g^′) ⊆ {⟨i, j⟩ : j < h(i)}\ ⋃ i≤k+1 Ui \Vi, and again the induction statement (for some 755 partial-recursive g^′ satisfying condition (ii)) holds for k + 1. Suppose graph(g) ∩ V_{k+1} is finite. Then 756 graph(g)∩(U_{k+1} ∪V_{k+1}) = (graph(g)∩(U_{k+1} \V_{k+1}))∪(graph(g)∩V_{k+1}) =^∗ graph(g)∩(U_{k+1} \V_{k+1}).^5 757 It follows that graph(g)∩(U_{k+1} \V_{k+1}) is an infinite r.e. set equal to the graph of some partial-recursive 758 function g^′ with g^′(i) < h(i) for all i, so the induction statement (for some partial-recursive g^′ satisfying 759 condition (i)) holds for k + 1. 760 This completes the proof by induction. To conclude the proof of the original statement, take the union of 761 C_w and the graph of any function f with finite domain such that f(i) < h(i) for all i, and consider the case 762 that {⟨i, j⟩ : j < h(i)} \ C_w contains the graph of some partial-recursive function g with infinite domain 763 and g(i) < h(i) for all i (if, instead, C_w contains such a function g, then there is nothing more to prove). 764 Then {⟨i, j⟩ : j < h(i)} \ (C_w ∪ graph(f)) ⊆^∗ {⟨i, j⟩ : j < h(i)} \ C_w, so {⟨i, j⟩ : j < h(i)} \ (C_w ∪ graph(f)) 765 contains the graph of some partial-recursive function g^′ with infinite domain and g^′(i) < h(i) for all i, as 766 required. □ 767 In the next series of results, we compare the computational power of h-graph-bi-immune sequences to that of 768 the Halting Problem K by studying various types of reducibilities between them. The following proposition 769 shows that K is truth-table equivalent to some h- graph-bi-immune sequence. Since, as mentioned earlier, 770 every set is weak truth-table reducible to some Martin-Löf random set, and, as shown by Calude and 771 Nies [18], no Martin-Löf random set truth-table computes K, it follows that an h-bi-immune sequence may 772 not be truth-table reducible to any Martin-Löf random set. 773 Proposition 46. Suppose h is a recursive function such that h(i) ≥ 2 for all i. Then there is an h-graph-bi- 774 immune sequence w such that w ≡_{tt} K. In particular, no Martin-Löf random sequence v satisfies w ≤_{tt} v. 775 Proof. We construct a sequence w satisfying two requirements for each s: (1) φ_s(s)↓ if and only if exactly 776 one of {w_{2s+1}, w_{2s+2}} equals 0; (2) if dom(φ_s) is infinite and φ_s(i) < h(i) for all i, then there is some j 777 satisfying w_j = φ_s(j). Requirement (1) codes K into the values of w, while Requirement (2) ensures that 778

5For any sets U and V , we write U =^∗ V to mean that U is a finite variant of V , that is, (U \ V ) ∪ (V \ U) is finite.

no h-bounded partial-recursive function g with infinite domain satisfies g(i) ≠ w_i for all i ∈ dom(g) (this 779 would in turn ensure that w is h-graph-bi-immune). 780 In detail: at stage s, the following steps are carried out in sequence using oracle K: 781 1. Search for the least e ≤ s such that φ_e has not yet been diagonalised against and φ_e(2s+1)↓< h(2s+1) 782 or φ_e(2s + 2)↓< h(2s + 2). If such an e exists, go to Step 2. If no such e exists, go to Step 3. 783 2. Let s^′ be the minimum of {2s + 1, 2s + 2} such that φ_e(s^′)↓ and set w_s′ = φ_e(s^′). Let s^{′′} be the unique element of {2s + 1, 2s + 2} \ {s^′}, and define

w_s′′ = { 1, if (w_s′ = 0 ∧ φ_s(s)↓) ∨ (w_s′ ≠ 0 ∧ φ_s(s)↑), 0, otherwise.

3. If φ_s(s)↓, set w_{2s+1} = 0 and w_{2s+2} = 1. If φ_s(s)↑, set w_{2s+1} = w_{2s+2} = 0. 784 By construction, φ_s(s) ↓ if and only if exactly one of {w_{2s+1}, w_{2s+2}} equals 0. Thus K is btt-reducible to w. To see that w ≤_{tt} K, let g and f be recursive functions such that for all e, s and j,

φ_e(s)↓< h(s) ⇔ g(e, s) ∈ K, φ_e(s)↓= j ⇔ f(e, s, j) ∈ K.

Given any number 2s + 1, the tt-reduction from w to K makes queries to the given oracle for elements in 785 {g(e, t) : e ≤ s ∧ t ≤ 2s + 2} ∪ {f(e, t, z) : e ≤ s ∧ t ∈ {2s + 1, 2s + 2} ∧ z < max{h(j) : j ≤ 2s + 2}} ∪ {s}. 786 The reduction then determines w_{2s+1} based on the answers to these queries. First, based on the answers to 787 queries for elements in {g(e, t) : e ≤ s∧t ≤ 2s+2}, one may determine whether there is a least e ≤ s such that 788 φ_e has not yet been diagonalised against up to stage s and φ_e(2s + 1)↓< h(2s + 1) or φ_e(2s + 2)↓< h(2s + 2); 789 moreover, if such a least e exists, then its value may be determined. If no such e exists, then w_{2s+1} = 0. If 790 such an e exists, then the answers to queries for elements in {g(e, 2s + 1), g(e, 2s + 2), s} ∪ {f(e, t, z) : t ∈ 791 {2s + 1, 2s + 2} ∧ z < max{h(j) : j ≤ 2s + 2}} allow one to determine the least s^′ ∈ {2s + 1, 2s + 2} such that 792 φ_e(s^′) ↓, as well as the value of φ_e(s^′) and whether φ_s(s) ↓; it follows from Step 2 of the earlier algorithm 793 that this information may be used to determine w_{2s+1}. We note that this procedure for determining w_{2s+1} 794 is recursive for any oracle (not just K). A similar tt-reduction applies to any even number. □ 795 Remark 47. Although, as shown in the proof of Proposition 45, K is btt-reducible to some h-graph- 796 bi-immune sequence, in general no h-graph-bi-immune sequence is btt-reducible to K. This follows from 797 Proposition 45 and the fact that a set is btt-reducible to K if and only if it is in the Boolean algebra 798 generated by the r.e. sets [42, Proposition III.8.7]. More generally, we observe in the next proposition that 799 no h-graph-bi-immune sequence is bounded Turing reducible to any r.e. set. 800 Any tt-reduction from an h-graph-(bi-)immune sequence w to an r.e. set cannot be positive; in other 801 words, the tt-condition in any such reduction must contain negation. For otherwise, one could recursively 802 enumerate infinitely many pairs (i, j) for which the tt-condition is true (which implies that j = w_i), thereby 803 contradicting the h-graph-(bi-)immunity of w. 804 If U is a non-recursive r.e. set, then any tt-reduction from U to an h-graph-(bi-)immune sequence 805 w cannot be conjunctive, that is, the tt-condition is not a conjunction of positive formulas. For other- 806 wise, given a one-one recursive enumeration x_0, x_1, x_2, . . . of U, one obtains a corresponding enumeration 807 D_{g(x0)}, D_{g(x1)}, D_{g(x2)}, . . . (for some recursive function g) of queried sets such that D_{g(xi)} ⊆ graph(w) for all 808 i. Furthermore, ⋃ i∈N_0 Dg(xi) is infinite; otherwise, {g(xi) : i ∈ N0} would be finite and one could then deter- 809 mine recursively whether x_i ∈ U for each i via the relation x_i ∈ U ⇔ D_{g(i)} ⊆ graph(w). Thus there would 810 be an infinite one-one recursive enumeration of a subset of graph(w), contradicting the h-(bi-)immunity of w. 811 Similarly, if U is a non-recursive r.e. set, then any tt-reduction from U to an h-graph-(bi-)immune sequence 812 cannot be disjunctive, that is, the tt-condition is not a disjunction of positive formulas. 813 We recall that a function f is bounded Turing reducible to a set U (f ≤_{bT} U) if there is a Turing functional 814 Φ_e and a constant c such that f = Φ^U_e and for all i, Φ_e on input i makes at most c queries to the oracle U. 815

Proposition 48. No graph-immune sequence and no h-graph-immune sequence is bounded Turing reducible 816 to an r.e. set. 817 Proof. Assume that w ≤_{bT} U for an r.e. set U with constant c. Now one can for each i define the 818 computation-track of i as the oracle answers given by U while computing w_i followed by a 2. These finite 819 strings have at most length c + 1. Furthermore, one can define similar strings for approximations U_s to U 820 and observe that those computation-tracks which converge in s states converge from below lexicographically 821 to the computation track for U at i. Let σ be the lexicographically maximal computation track taken by 822 infinitely many i, let X be the set of these i. There are only finitely many i in a further set Y where some 823 approximation has a computation track which takes the value σ as at those i ∈ Y the computation track 824 is larger. For that reason, the set X is recursively enumerable as the set of all i /∈ Y where at some s the 825 computation track σ is taken. For the i ∈ X one can compute w_i by supplying the oracle answers of U 826 according to the bits in σ and will eventually obtain the correct value of w. Thus there is a partial-recursive 827 function with the infinite domain X which coincide with w on its domain. Thus w is not graph-immune 828 and also not h-graph-immune for any h. □ 829 In the next proposition, we observe that the bi-immune-free Turing degrees exclude not only traditional bi- 830 immune sets, but also h-graph-bi-immune sequences and graph-bi-immune sequences. This contrasts with 831 Theorem 36, where it was shown that every non-recursive Turing degree contains an h-graph-immune set 832 whenever h is a many-one recursive function. 833 Proposition 49. Let h be a recursive function such that h(i) ≥ 2 for all i. The bi-immune-free Turing 834 degrees do not contain any h-graph-bi-immune sequence and also no graph-bi-immune sequence. 835 Proof. Let U be a set of bi-immune-free Turing degree. Assume that w ≤_T U is graph-bi-immune or 836 h-graph-bi-immune for a suitable h; now w̃ given by ∀i [w̃_i = w_i mod 2] is 2-graph-bi-immune and thus 837 the characteristic function of a bi-immune set. However, U does not Turing compute any bi-immune set. 838 Therefore such an w cannot exist. □ 839 It is known (see, for example, [41, Proposition 4.3.11]) that the Martin-Löf random Turing degrees are 840 not closed upwards; the following proposition shows, in contrast, that the degrees of h-graph-bi-immune 841 sequences are closed upwards. 842 Proposition 50. Let h be recursive such that h(i) ≥ 2 for all i. If w is an h-graph-bi-immune sequence 843 and v is a binary sequence in a hyperimmune-free Turing degree which can compute w then there is a further 844 h-graph-bi-immune sequence within the same Turing degree as v. 845 Proof. Let B be the set of all binary strings x which are a prefix of the sequence v_1v_2v_3 . . . (written x ⪯ v) 846 and assume that there is a recursive set R of strings which contains infinitely many members of B and also 847 infinitely many non-members of B. In the case that for each x /∈ B, the set R contains only finitely many 848 strings extending x, then one can compute B in the limit, as for each string of length n, one guesses always 849 that the string of length n with the most extensions found so far in R is the member of B; this algorithm 850 converges for all n to v_1v_2 . . . v_n. However, the only binary sequences of hyperimmune-free Turing degree 851 which are limit recursive are the recursive sequences (see, for example, [41, Proposition 1.5.12]) and those 852 do not compute an h-graph-bi-immune sequences; hence this case does not occur. Thus there is an x /∈ B 853 such that infinitely many extensions of x are in R; all these are not in B and R has the infinite recursive 854 subset {y ∈ R : x ⪯ y} not containing a member of B. This fact will be used in the construction of w̃ – the 855 sequence with the same Turing degree as v and is h-graph-bi-immune. 856 One makes a recursive bijection from binary strings to the natural numbers following the length-lexico- 857 graphic ordering, so the empty string gives 0, the string 0 gives 1, the string 1 gives 2 and the string 00 gives 858 3. Let num(x) be the natural number assigned to x. Now one defines 859 w̃_i = { v_n, if i = num(v_1v_2 . . . v_{n−1}), w_i, if i = num(y) for some y ⪯̸ v, that is, if i /∈ num(B).

Bi-immunity 21 One can reconstruct v recursively from w̃ as v_n = w̃_{num(v1v2...vn−1)}, so v ≤_T w̃. Now consider any partial- 860 recursive function g̃ such that the domain of g̃ is infinite and, for all i ∈ dom(g̃), g̃(i) < h(i) and g̃(i) ≠ w̃_i. 861 The domain of g̃ has an infinite recursive subset R which, as explained above, can be chosen to be disjoint 862 from num(B). Now one defines, for all i ∈ R, g(i) = g̃(i); for all other x, g(i) is undefined. It follows 863 that g(i) < h(i) and g(i) ≠ w_i for all i ∈ R. Thus if g̃ witnesses that w̃ is not h-graph-bi-immune then g 864 witnesses that w is not h-graph-bi-immune, in contradiction to the choice. Hence w̃ is h-graph-bi-immune. 865 It was already mentioned that v ≤_T w̃. It can also be seen that w̃ ≤_T v ⊕w and, as w ≤_T v, w̃ ≡_T v. Here 866 w ⊕ v denotes the join of two binary sequences w and v, defined to be the sequence w_1v_1w_2v_2w_3v_3 . . . as 867 usually done in recursion theory. □ 868 8. Conclusions 869 The motivation of this study came from the necessity to find an algorithm to transform an infinite ternary 870 graph-bi-immune sequence into a binary graph-bi-immune sequence. This problem has arisen in the design 871 of a QRNG based on measuring a value-indefinite quantum observable [1, 3, 6, 7]. Each ternary sequence 872 generated by such a QRNG is graph-bi-immnune, which shows that the quality of randomness generated 873 is provable higher than the quality of randomness generated by software. Preserving graph-bi-immunity in 874 algorithmic transformations of infinite ternary graph-bi-immune sequences into a binary sequence turned to 875 be a non-trivial problem: to solve it we had to better understand the notion of graph-bi-immunity on non- 876 binary alphabets, the scope of this paper. Corollary 18 has been used in the design of the QRNG by Agüero 877 and Calude in [8] whose protocol is based on measuring a located form [1, 3, 6, 7, 8] of the Kochen-Specker 878 Theorem, a result true only in Hilbert spaces of dimension at least three. Such a QRNG – which locates and 879 repeatedly measures a value-indefinite quantum observable – always, not only with probability Lebesgue one 880 – produces graph-bi-immune sequences, that is, sequences for which no algorithm can compute more than 881 finitely many exact values. In fact, no algorithm can compute any exact value of any sequence generated 882 by the QRNG [8]. As almost all applications need quantum random binary strings, there is a stringent 883 demand of randomness-preserving algorithms transforming non-binary strings into binary ones. 884 In this paper we have studied various notions of b-graph-bi-immunity over alphabets with b ≥ 2 elements 885 and recursive transformations between sequences on different alphabets which preserve them. Furthermore, 886 we have extended the study from sequence bounded by a constant to sequences over the infinite alphabet 887 N_0 which may or may not be bounded by a recursive function, and related them to the Turing degrees in 888 which they can occur. 889 Finally we mention a few open questions. What is the computational power of algorithms using various 890 bi-immune sequences as oracles [2]? In particular, can the Halting Problem be solved with such an algorithm? 891 A weaker question is to replace the Halting Problem with the lesser principle of omniscience [14]: given a 892 recursive binary sequence (x_n) containing at most one 1, decide whether x_{2n} = 0 for each n ≥ 1 or else 893 x_{2n+1} = 0 for each n ≥ 1. 894 Acknowledgement 895 Calude’s work was supported in part by The U.S. Office of Naval Research Global under Grant N62909-19-1- 896 2038. F. Stephan and S. Jain were supported in part by Singapore Ministry of Education Academic Research 897 Fund Tier 2 MOE2019-T2-2-121 / R146-000-304-112. Additionally, S. Jain was supported in part by NUS 898 grant C252-000-087-001. We thank the anonymous referees of this journal for several helpful comments. 899 References 900 [1] A. A. Abbott, C. S. Calude, J. Conder, and K. Svozil. Strong Kochen-Specker theorem and incomputability of quantum 901 randomness. Physical Review A, 86(062109), Dec 2012. 902 [2] A. A. Abbott, C. S. Calude, and K. Svozil. A quantum random oracle. In S. B. Cooper and J. van Leeuwen, editors, Alan 903 Turing: His Work and Impact, pages 206–209. Elsevier Science, 2013. 904

Bi-immunity 22

[3] A. A. Abbott, C. S. Calude, and K. Svozil. Value-indefinite observables are almost everywhere. Physical Review A, 905 89(032109), 2013. 906 [4] A. A. Abbott, C. S. Calude, and K. Svozil. A quantum random number generator certified by value indefiniteness. 907 Mathematical Structures in Computer Science, 24:e240303, 6 2014. 908 [5] A. A. Abbott, C. S. Calude, and K. Svozil. A non-probabilistic model of relativised predictability in physics. Information, 909 6(4):773–789, 2015. 910 [6] A. A. Abbott, C. S. Calude, and K. Svozil. On the unpredictability of individual quantum measurement outcomes. In 911 L. D. Beklemishev, A. Blass, N. Dershowitz, B. Finkbeiner, and W. Schulte, editors, Fields of Logic and Computation II 912 - Essays Dedicated to Yuri Gurevich on the Occasion of His 75th Birthday, volume 9300 of Lecture Notes in Computer 913 Science, pages 69–86. Springer, 2015. 914 [7] A. A. Abbott, C. S. Calude, and K. Svozil. A variant of the Kochen-Specker theorem localising value indefiniteness. 915 Journal of Mathematical Physics, 56, 102201, http://dx.doi.org/10.1063/1.4931658, Oct 2015. 916 [8] J.M. Agüero, C. S. Calude. A new quantum random number generator certified by value indefiniteness. Theoretical 917 Computer Science 862 (2021), 3–13. https://tinyurl.com/jb57e5c. 918 [9] A. A. Beros, M. Khan and B. Kjos-Hanssen. Effective bi-immunity and randomness. In: A. Day, M. Fellows, N. Greenberg, 919 B. Khoussainov, A. Melnikov, F. Rosamond, editors, Computability and Complexity - Essays Dedicated to Rodney G. 920 Downey on the Occasion of His 60th Birthday, volume 10010 of Lecture Notes in Computer Science, pages 633–643. 921 Springer, 2016. 922 [10] L. Bienvenu. Email to C. Calude, 18 November 2018. 923 [11] L. Bienvenu, A. R. Day, and R. Hölzl. From bi-immunity to absolute undecidability. Journal of Symbolic Logic, 78(4):1218– 924 1228, 12 2013. 925 [12] S. D. Birns and B. Kjos-Hanssen On the degrees of constructively immune sets. Manuscript, 2021. 926 [13] M. Blum. A machine-independent theory of the complexity of recursive functions. Journal of the ACM, 14:322–336, 1967. 927 [14] D. Bridges and F. Richman. Varieties of Constructive Mathematics. Cambridge University Press, Cambridge, 1987. 928 [15] C. S. Calude. Information and Randomness—An Algorithmic Perspective. Springer, Berlin, second edition, 2002. 929 [16] C. Calude, H. Jürgensen, Randomness as an invariant for number representations. In: Results and Trends in Theoretical 930 Computer Science (H. Maurer, J. Karhumäki, G. Rozenberg, Eds.), Lecture Notes in Comput. Sci., Vol. 812, Springer- 931 Verlag, Berlin, 1994, 44–66. 932 [17] C. S. Calude and G. Longo. Classical, quantum and biological randomness as relative. Natural Computing, 2015. http: 933

//dx.doi.org/10.1007/s11047-015-9533-2.

934 [18] C. S. Calude and A. Nies. Chaitin numbers and strong reducibilities. In Proceedings of the First Japan-New Zealand 935 Workshop on Logic in Computer Science (Auckland, 1997), Volume 3, pages 1162–1166 (electronic). 936 [19] C. S. Calude, L. Staiger. Liouville numbers, Borel normality and algorithmic randomness, Theory of Computing Systems, 937 62: 1573–1585, 2018. 938 [20] J. W. S. Cassels. On a problem of Steinhaus about normal numbers. Colloquium Mathematicae, 7:95–101, 1959. 939 [21] G. J. Chaitin. Algorithmic information theory. IBM Journal of Research and Development, 21:350–359, 496, 1977. 940 [22] R. G. Downey and E. J. Griffiths. Schnorr Randomness. Journal of Symbolic Logic, 69(2):533–544, 2004. 941 [23] R. G. Downey and D. R. Hirschfeldt. Algorithmic randomness and complexity. Theory and Applications of Computability. 942 Springer, New York, 2010. 943 [24] P. Flajolet and J. M. Steyaert. On sets having only hard subsets. Automata, Languages, and Programming, Lecture Notes 944 in Computer Science 14, Springer-Verlag, 1974, 446–457. 945 [25] P. Flajolet and J. M. Steyaert. Une généralisation de la notion d’ensemble immune. R. A. I. R.O. - Informatique Théorique 946 et Applications 8:37–48, 1974. 947 [26] A. Fraenkel and J. Simpson. How many squares can a string contain. Journal of Combinatorial Theory, Series A 948 82(1):112–120, 1998. 949 [27] P. Gács. Every sequence is reducible to a random one. Information and Control, 70:186–192. 950 [28] M. Herrero-Collantes and J. C. Garcia-Escartin. Quantum random number generators. Reviews of Modern Physics, 951 89:015004, Feb 2017. 952 [29] L. Ilie. A simple proof that a word of length n has at most 2n distinct squares. Journal of Combinatorial Theory, Series 953 A 112(1):163–164, 2005. 954 [30] C. G. Jockusch, Jr. Upward closure of bi-immune degrees. Zeitschrift für mathematische Logik und Grundlagen der 955 Mathematik, 18(16–18):285–287, 1972. 956 [31] C. G. Jockusch, Jr and A. E. M. Lewis. Diagonally non-computable functions and bi-immunity. Journal of Symbolic Logic, 957 78(3):977–988, 2013. 958 [32] C. G. Jockusch, Jr. A reducibility arising from the Boone groups. Mathematica Scandinavica, 31(2):262–266, 1972. 959 [33] N. Jonoska, F. Manea and S. Seki. A stronger square conjecture on binary words. Fortieth International Conference on 960 Current Trends in Theory and Practice of Informatics – SOFSEM 2014, Nový Smokovec, Slovakia, Proceedings. Springer 961 LNCS 8327:339–350, 2014. 962 [34] P. Hertling. Disjunctive ω-words and real numbers. Journal of Universal Computer Science 2(7):549–568, 1996. 963 [35] S. B. Kochen and E. Specker. The problem of hidden variables in quantum mechanics. Journal of Mathematics and 964 Mechanics (now Indiana University Mathematics Journal), 17(1):59–87, 1967. 965 [36] A. Kučera. Measure, Π^0_1-classes and complete extensions of PA. In Recursion theory week (Oberwolfach, 1984), Volume 966 1141 of Lecture Notes in Mathematics, pages 245–259. Springer, Berlin. 967 [37] A. Kulikov, M. Jerger, A. Potočnik, A. Wallraff, and A. Fedorov. Realization of a quantum random generator certified 968 with the Kochen-Specker theorem. Physical Review Letters, 119:240501, Dec 2017. 969

Bi-immunity 23

[38] A. K. Lenstra, J. P. Hughes, M. Augier, J. W. Bos, T. Kleinjung, and C. Wachter. Ron was wrong, Whit is right. Santa 970 Barbara: IACR:17, https://eprint.iacr.org/2012/064.pdf, 2012. 971 [39] M. Li and P. M. B. Vitányi. An Introduction to Kolmogorov Complexity and Its Applications. Springer Verlag, New York, 972 NY, 4 edition, 2019. 973 [40] P. Martin-Löf. The definition of random sequences. Information and Control, 9:602–619, 1966. 974 [41] A. Nies. Computability and Randomness, volume 51 of Oxford Logic Guides. Oxford University Press, Oxford, 2009. 975 [42] P. Odifreddi. Classical Recursion Theory: The Theory of Functions and Sets of Natural Numbers, Volume 1. Volume 976 125 of Studies in logic and the foundations of mathematics. Elsevier, North-Holland, Amsterdam, 1989. 977 [43] E. L.Post. Recursively enumerable sets of positive integers and their decision problems. Bulletin of the American Mathe- 978 matical Society, 50:284–316, 1944. 979 [44] H. Rogers, Jr. Theory of Recursive Functions and Effective Computability. MacGraw-Hill, New York, 1967. 980 [45] W. M. Schmidt. On normal numbers. Pacific Journal of Mathematics, 10:661–672, 1960. 981 [46] W. M. Schmidt. Über die Normalität von Zahlen zu verschiedenen Basen. Acta Arithmetica, 7:299–309, 1961/1962. 982 [47] C. P. Schnorr. Zuf fälligkeit und Wahrscheinlichkeit. Eine algorithmische Begründung der Wahrscheinlichkeitstheorie. 983 Springer-Verlag, Berlin. Lecture Notes in Mathematics, Vol. 218. 984 [48] R. Soare. Recursively Enumerable Sets and Degrees. A Study of Computable Functions and Computably Generated Sets. 985 Springer-Verlag, Heidelberg, 1987. 986 [49] L. Staiger. The Kolmogorov complexity of real numbers, Theoretical Computer Science, 284:455–466, 2002. 987 [50] F. Stephan and J. Teutsch. Immunity and hyperimmunity for sets of minimal indices. Notre Dame Journal of Formal 988 Logic, 49(2):107–125, 2008. 989 [51] A. Thue. Probleme über Veränderungen von Zeichenreihen nach gegebenen Regeln. Norske Videnskabers Selskabs Skrifter, 990 I, Mathematisch-Naturwissenschaftliche Klasse (Kristiania), 10, 34 pages, 1914. 991 [52] J. von Neumann. Various techniques used in connection with random digits. National Bureau of Standards Applied Math 992 Series, 12:36–38, 1951. Reprinted in John von Neumann, Collected Works, (Vol. V), A. H. Traub, editor, MacMillan, New 993 York, 1963, p. 768–770. 994