On C-Degrees, H-Degrees and T-Degrees

Wolfgang Merkle Ruprecht-Karls-Universität Heidelberg

Institut für Informatik Im Neuenheimer Feld 294 69120 Heidelberg, Germany

merkle@math.uni-heidelberg.de

Frank Stephan^∗ National University of Singapore Department of Mathematics 2 Science Drive 2 Singapore 117543

fstephan@comp.nus.edu.sg

Abstract

Following a line of research that aims at relating the computation power and the initial segment complexity of a set, the work presented here investigates into the relations between Turing reducibility, defined in terms of computation power, and C-reducibility and H-reducibility, defined in terms of the complexity of initial segments.

The global structures of all C-degrees and of all H-degrees are rich and allows to embed the lattice of the powerset of the natural numbers under inclusion. In particular, there are C-degrees, as well as H-degrees, that are different from the least degree and are the meet of two other degrees, whereas on the other hand there are pairs of sets that have a meet neither in the C-degrees nor in the H-degrees; these results answer questions in a survey by Nies and Miller. There are r.e. sets that form a minimal pair for C-reducibility and Σ^0_2 sets that form a minimal pair for H-reducibility, which answers questions by Downey and Hirschfeldt. It is also shown that one usual construction for minimal Turing degrees can easily be extended to obtain that the resulting degree is also a minimal C-degree.

Furthermore, the following facts on the relation between C-degrees, H-degrees and Turing degrees hold. Every C-degree contains at most one Turing degree and this bound is sharp since there are Cdegrees that do contain a Turing degree. For the comprising class of complex sets, neither the C-de-gree nor the H-degree of such a set can contain a Turing degree, in fact, the Turing degree of any complex set contains infinitely many C-degrees. Similarly the Turing degree of any set that computes the halting problem contains infinitely many H-degrees, while the H-degree of any 2-random set R is never contained in the Turing degree of R. By the latter, H-equivalence of Martin-Löf random sets does not imply their Turing equivalence. The structure of the C-degrees contained in the Turing degree of a complex sets is rich and allows to embed any countable distributive lattice; a corresponding statement is true for the structure of H-degrees that are contained in the Turing degree of a set that computes the halting problem.

∗ Supported in part by NUS grant number R252-000-212-112.

1. Introduction

Kolmogorov complexity measures the complexity of an object (a number or a string) in term of the length of the shortest binary description of this object. For this, one identifies a strings a_0a_1 . . . a_n with the natural number that is one less than the number with binary expansion 1a_0a_1 . . . a_n, for example, λ corresponds to 0 and 00 to 3. In the following, let N denote the set of natural numbers, which is identified it with the set of binary strings in the way just mentioned. There are two types of Kolmogorov complexity, the plain complexity C and the prefix-free complexity H. Both are defined using suitable universal machines U_C and U_H with C(x) being the length of the string-equivalent of the least number p such that U_C is defined and outputs x; U_H(x) is defined in a similar fashion. These two functions are not recursive; in fact their Turing degree is the same as that of the halting problem K; but the two functions can be effectively approximated from above (for an introduction to Kolmogorov complexity and related concepts the reader is referred to Li and Vitányi [12] and to the manuscript of an upcoming monograph by Downey and Hirschfeldt [4]; recursion-theoretic background can be found in the latter reference and in the books by Odifreddi [19, 20] and by Soare [26] ).

One can analyse the complexity of a set A by looking at the functions

n → C(A(0)A(1) . . . A(n)), n → H(A(0)A(1) . . . A(n)),

which assign to each n the plain and prefix-free Kolmogorov complexity, respectively, of the initial segment of A from position 0 to n. These functions have been used to characterise several natural classes of sets:

• Schnorr [23] showed that a set is Martin-Löf random iff

H(A(0)A(1) . . . A(n)) ≥ n

for almost all n; originally Martin-Löf [13] introduced his notion of randomness based on tests, but Schnorr’s characterisation is easier and is often used as an alternative definition.

• Analogously, a set A has been called Kolmogorov random iff it satisfies

C(A(0)A(1) . . . A(n)) ≥ n − c

for some constant c and infinitely many n. Miller [14] as well as Nies, Stephan and Terwijn [18] demonstrated that these sets coincide with the 2-random sets, that is, with the sets that are Martin- Löf random relative to the halting problem K.

• A set A is called H-trivial if its initial segments have minimum prefix-free Kolmogorov complexity in the sense that H(A(0)A(1) . . . A(n)) ≤ H(n) + c for some constant c and all n. Furthermore, a set A is called low for Martin-Löf randomness if for any set X, the set X is Martin-Löf random relative to A iff X is unrelativized Martin-Löf random. A set A is called low for prefix-free complexity if H and the relativized prefix-free complexity H^A differ at most by an additive constant. Nies [17] discovered the coincidence of H-triviality with these two lowness notions. The three notions themselves date back to work of Chaitin [1, 2, 3], Solovay [27], Kučera and Terwijn [11], Muchnik [5] and Zambella [30].

• A set A is called complex if there is a computable nondecreasing and unbounded function g such that for all n g(n) ≤ C(A(0)A(1) . . . A(n)) ,

and similarly, a set A is autocomplex if there is such a function g that is not necessarily computable but is computable with oracle A [10]. The classes of autocomplex and complex sets coincide with the classes of sets which allow to compute a fixed-point free function in the oracle Turing machine model and in the weak truth-table model, respectively [10].

Given the importance of the Kolmogorov complexity of initial segments of a set, it was natural to define and investigate the following reducibilities between sets of natural numbers:

A ≤_C B ⇔ ∃c ∀n (C(A(0)A(1) . . . A(n)) ≤ C(B(0)B(1) . . . B(n)) + c); A ≤_H B ⇔ ∃c ∀n (H(A(0)A(1) . . . A(n)) ≤ H(B(0)B(1) . . . B(n)) + c).

For both of these reducibilities there are least sets, for example, the empty set; such least sets are called C-trivial and H-trivial and in both cases the least degree is called the trivial degree. Chaitin [2] already observed that the C-trivial sets are just the recursive ones, whereas Solovay [27] proved that there are nonrecursive H-trivial sets. Subsequent to the initial results of Chaitin and Solovay, these reducibilities and their degree structures became widely studied. Nevertheless, for both, the C-degrees and the Hdegrees several questions remained open.

• If A, B are Martin-Löf random, is it then true that A =_H B implies A =_T B?

• Is there a minimal pair of r.e. degrees?

• Is there a nontrivial branching degree, that is, a nonzero degree that is the meet of two other degrees?

• Does every pair of degrees have a meet?

The first question is due to Yu [29] and has also been incorporated into a list of open questions by Miller and Nies [15]. The restriction to Martin-Löf random sets is due to the fact that the implication is known to be false in general and is further motivated by the known fact that the H-degree of every Martin-Löf random set is countable.

The second question is a stronger form of a question by Downey and Hirschfeldt [4], who review the construction of a minimal pair of H-degrees by Csima and Montalbán [6] and argue that the construction yields sets that are Σ^0_4. Then they ask whether this bound for the complexity of the sets in the minimal pair can be improved to Σ^0_3, left-r.e. or something similar.

The third and fourth questions are part of Question 9.1 (where in addition the so-called van Lambalgen reducibility is considered) in a list of open questions by Miller and Nies [15], who remark that by results of Miller and Yu almost all pairs of sets have a join neither in the C-degrees nor in the H-degrees, whereas little is known about meets. The third question is restricted to nontrivial degrees, because the minimal pair constructed by Csima and Montalbán shows that the trivial H-degree is branching in the sense that it is equal to the meet of two nontrivial H-degrees. Since their construction works also for C-degrees, the trivial C-degree is branching, too.

In what follows, three of the four open questions stated above are answered explicitly; the second question is answered for C-degrees but remains open in the more popular case of H-degrees, however, for the case of H-degrees the complexity of the sets in a minimal pair is brought down to Σ^0_2.

Theorem 2 provides an example of two H-equivalent Martin-Löf random sets in different Turing degrees. Theorem 14 asserts that there is a minimal pair of r.e. sets for C-degrees. Theorem 20 shows that the lattice of the powerset of N can be embedded into the C-degrees and H-degrees; thus there are nonzero branching degrees. Furthermore, Theorem 21 shows that there is a pair of sets which has neither a meet in the C-degrees nor in the H-degrees.

Besides the open questions explicitly listed above, other related issues about the relations between Turing degrees on one hand and C-degrees and H-degrees on the other hand are investigated. A major result is the proof of the existence of a minimal C-degree in Theorem 17. Furthermore, it is shown that every C-degree contains at most one Turing degree and that this bound is sharp since there are C-degrees that do contain a Turing degree. For the comprising class of complex sets, neither the C-degree nor the H-degree of such a set can contain a Turing degree, in fact, the Turing degree of any complex set contains infinitely many C-degrees and the structure of the C-degrees contained in the Turing degree of a complex sets is so rich that it allows indeed to embed any countable distributive lattice; the latter assertion is also true for the structure of H-degrees that are contained in the Turing degree of any set that computes the halting problem.

Many of the results shown in the sequel exploit the close relations between C-degrees and H-degrees on one hand and the Turing degrees on the other hand that are established in Propositions 7 and 8. More precisely, these propositions assert that C- and H-reductions to sets of certain form imply Turing reductions to the set, hence some known results on Turing degrees can be translated into results on C-degrees and H-degrees.

2. A question of Yu

For any nonrecursive H-trivial set A and any recursive set B holds A =_H B, whereas A =_T B and A =_C B are both false. Yu [15, 29] asked whether at least on the Martin-Löf random sets H-equivalence would imply Turing equivalence. Theorem 2 answers this question in the negative. The proof of the theorem will use the following observation which is based on a result of Sacks [24]; the observation was made explicit by Downey, Nies, Weber and Yu [7].

Proposition 1 (Downey, Nies, Weber and Yu [7]). Let A ≤_T K be a nonrecursive set and let X ≥_T A. Then X is not 2-random, that is, X is not Martin-Löf random relative to K.

Proof. Recall that by a result of Sacks [24, Section 10, Theorem 1] the upper Turing cone of the nonrecursive set A has Lebesgue measure 0. Hence for any fixed oracle Turing machine M, the Lebesgue measure of the Σ^0_1 classes

C_n = {X : A(m) = M^X (m) for all m ≤ n}

goes to 0 when n goes to infinity. Now let b(n) be the least index such that the measure of C_{b(n)} is at most 2^{−n} ; as A ≤_T K, the mapping n → b(n) is K-recursive and the sequence C_{b(0)}, C_{b(1)}, . . . of classes is a uniformly K-r.e. sequence of classes. As each C_{b(n)} has at most measure 2^{−n} , the C_{b(n)} form a Martin-Löf test relative to K that covers all sets to which A is reducible via M. Then the set X is covered by a K-r.e. Martin-Löf test, hence X is not Martin-Löf random relative to K.

Theorem 2. Let X be any 2-random set; that is, let X be any set which is Martin-Löf random relative to K. Then there is a set Y such that X =_H Y but X ≰_T Y and Y ≰_T X.

Proof. Muchnik [5] demonstrated that there is a nonrecursive set A ≤_T K that is low for prefix-free Kolmogorov complexity, that is, for any word w the H-complexity of w with and without oracle A differ at most by an additive constant that does not depend on w. Fix such a set A and let Y = XΔA. Then up to an additive constant, the initial segments of X and Y of identical length have identical H-complexity with oracle A. Hence, up to an additive constant, these initial segments have also identical H-complexity without oracle A. So, X =_H Y .

Note that X is Martin-Löf random relative to K by choice of X. Then the set Y is also Martin-Löf random relative to K. The reason is that A ≤_T K, hence any Martin-Löf test that is recursive in K and covers Y can be transformed into a Martin-Löf test that is recursive in K and covers X by replacing any word w that is enumerated in some component of the test by wΔ(A(0) . . . A(|w| − 1)). Now, by Proposition 1, A ≰_T X and A ≰_T Y . As A ≤_T X ⊕ Y , it follows that X and Y are incomparable with respect to Turing reduction.

As the 2-random sets have measure 1, one obtains from Theorem 2 the following corollary.

Corollary 3. For almost all sets X, hence in particular for almost all Martin-Löf random sets, there is a set Y such that X =_H Y but X ≠_T Y .

3. Translating Reducibilities

Propositions 7 and 8 below assert that for sets Y of a certain special form any set that is H- or Creducible to Y is also Turing reducible to Y . While these propositions are slightly technical, they yield easily several interesting results about H-degrees and C-degrees and their relations to Turing degrees. The proofs of Propositions 7 and 8 make use of the following result of Owings [9, 21]. Recall that a tree T is a set of words that is closed under taking prefixes and that a tree has constant width k for some constant k, if for all n, the tree T contains at most k words of length n.

Fact 4. If T is a tree that has constant width and is recursively enumerable relative to a set Y , then every infinite path X on T is recursive relative to Y , that is, X ≤_T Y .

Proof. Given any infinite path X on T , let k^′ ≤ k be maximum such that there are infinitely many initial segments X that are extended by k^′ different words in T of identical length. Let τ be an initial segment of X that is so long that τ is not an initial segment of any of the finitely many other infinite pathes on T and such that τ is not extended by strictly more than k^′ words in T of identical length. Then X(n) can be computed for any n ≥ |τ| with access to oracle Y by enumerating T until one has enumerated k^′ distinct extensions of τ of identical length that all agree on the bit that corresponds to X(n).

For further use in the proofs of Propositions 7 and 8, the following variant of the usual concept of an H-trivial or C-trivial set is defined.

Definition 5. Given a set I of natural numbers and a constant c, a set X is called (H,c)-trivial on I if for all i ∈ I the initial segment u of X of length i satisfies

H(u) ≤ H(|u|) + c . (1)

Furthermore, a word w is (H,c)-trivial on a set I if (1) is satisfied for any prefix u of w where |u| ∈ I; a word w is extendably (H,c)-trivial on I if there is an extension v of w that is (H,c)-trivial on I such that |v| ∈ I. Corresponding notions of being (C,c)-trivial or extendably (C,c)-trivial on I are defined similarly with the function C in place of the function H.

Proposition 6. For any infinite set I of natural numbers and for any constant c, the set of words that are extendably (H, c)-trivial on I is a tree of constant width. A similar statement holds with (C, c)-trivial in place of (H, c)-trivial.

Proof. Let I ⊆ N be infinite and c be a constant. By definition, the sets of words that are (H,c)-trivial on I and are extendably (H,c)-trivial on I, respectively, are both closed under taking prefixes. As a consequence, in case a word w is extendably (H,c)-trivial on I then for the minimum i ∈ I where |w| ≤ i, the word w is a prefix of a word v of length i such that v is (H,c)-trivial on I. But there are at most constantly many such words w^′, because by the coding theorem for prefix-free Kolmogorov complexity for any constant c there is a constant k such that for any length i there are at most k words u of length i that satisfy (1). In summary, the set of words that are extendably (H,c)-trivial on I is a tree of constant width. A corresponding statement for the set of words that are (C,c)-trivial on I follows by almost literally the same argument, now using the coding theorem for plain Kolmogorov complexity.

First one shows Proposition 7 on H-reducibility, which is slightly easier but also weaker than the corresponding result for C-reducibility given in Proposition 8. Observe that the assertion of Proposition 7 remains true with H-reducibility replaced by C-reducibility.

Proposition 7. Let Y be any subset of {2^n : n ∈ N}. Then for any set X,

X ≤_H Y implies X ≤_T Y ⊕ K .

In particular, in case Y computes the halting problem K, then

X ≤_H Y implies X ≤_T Y .

Proof. Let g be the function defined by

g(n) = 2^n + ∑ k<n 2^k · Y (2^{k+2})

and observe that the value g(n) is always between the numbers 2^n and 2^{n+1} − 1. As the values of Y (2^0) and Y (2^1) are constant, one can compute the initial segment Y (0)Y (1) . . . Y (2^{n+1}) of Y from g(n). As a consequence, for all n and up to an additive constant c_1, the initial segment of Y of length g(n) + 1 has the same complexity as g(n) itself, that is,

H(Y (0)Y (1) . . . Y (g(n))) ≤ H(g(n)) + c_1 . (2)

Now let X be any set where X ≤_H Y . Then (2) remains true when Y is replaced by X and c_1 is replaced by some appropriate constant c_2. This means that the set X is (H,c_2)-trivial on the set I = {g(n): n ∈ N}. Hence, in particular, any initial segment of X is extendably (H,c_2)-trivial on I. By Proposition 6, the set T of all words that are extendably (H,c_2)-trivial on I is a tree of constant width. Furthermore, the set T can be computed with oracle Y ⊕ K, because for given n one can compute g(n) as well as all the words u of this length such that H(u) ≤ H(|u|) + c_2. So X is on a tree of constant width that is recursive in the oracle Y ⊕ K, hence the set X itself can be computed with this oracle according to Remark 4.

While Proposition 7 remains true with C-reducibility in place of H-reducibility, for C-reducibility one obtains indeed the following improved variant where the Turing reduction does not require the additional oracle K.

Proposition 8. Let Y be a subset of {2^{2n} : n ∈ N}. Then, for any set X, it holds that X ≤_C Y implies X ≤_T Y .

Proof. Let Y be as above and assume that X ≤_C Y . In the following, the values of Y (2^{20} ) and Y (2^{21} ) are constants which need not to be computed; furthermore, it is used that Y (ℓ) = 0 whenever ℓ is not of the form 2^{2k} . Let g(n) = 2^n + ∑ k<n 2^k · Y (2^{2k+2} ) .

Note that g(n) < 2^{n+1}, hence 2^{g(n)+1} ≤ 2^{2n+1} for all n. Thus, given a number m in the interval J_n = {2^{g(n)}, . . . , 2^{g(n)+1} − 1} for some n, one can first compute g(n) as this is obtained by rounding down the logarithm of m. Then one can compute Y (2^{2t} ) for all t with t ≤ n from g(n). As C(m) ≤ g(n) up to an additive constant, there is a constant c_1 such that for all n and all m in J_n holds C(Y (0)Y (1) . . . Y (m)) < g(n) + c_1 and hence, by X ≤_C Y , for some constant c_2, C(X(0)X(1) . . . X(m)) < g(n) + c_2 . (3) Now let T be the set of all words w such that w ∈ J_n for some n and w has an extension w^′ of length equal to max J_{n+1} such that for all prefixes u of w^′ and all m, u ∈ J_m implies C(u) < g(m) + c_2 .

Then T is a tree and X is an infinite path on T . Furthermore, the tree T is recursively enumerable in Y , hence by Remark 4 in order to obtain X ≤_T Y it suffices to show that T has constant width.

For every n there are 2^{g(n)} many numbers in I_n; hence for any n there is a number i_n ∈ I_n such that for some constant c_3 holds g(n) ≤ C(i_n) + c_3 . (4) Let I = {i_n : n ∈ N} and let c_4 = c_2 + c_3. Then by inequalities (3) and (4) for all i_n, one has that C(X(0)X(1) . . . X(i_n)) < C(i_n) + c_4 (5) (that is, the set X is (C,c_4)-trivial on the set I). By construction and choice of c_4, the tree T is contained in the set of all words that are extendably (C,c_4)-trivial on I, where by Proposition 6 the latter set is a tree of constant width, hence T has constant width, too.

4. C- and H-degrees inside Turing degress

In this section, the results of Section 3 are applied in order to prove that Turing degrees can completely contain C-degrees and H-degrees. For a start, a similar result is derived on lower cones.

Proposition 9. For any set A there is a set X =_m A such that the lower C-cone of X is contained in the lower Turing cone of X, that is, such that

{Y : Y ≤_C X} ⊆ {Y : Y ≤_T X} .

For any set A that computes the halting problem there is a set X =_m A such that the lower H-cone of X is contained in the lower Turing cone of X, that is, such that

{Y : Y ≤_H X} ⊆ {Y : Y ≤_T X} .

Proof. For given A, let X = {2^{2n} : n ∈ A}; then A and X are m-equivalent and the first assertion follows by Proposition 8. Similarly, the second assertion follows from Proposition 7.

The following Theorem 10 states that the Turing degree of any set that computes the halting problem contains a C-degree and a H-degree completely. By using different and somewhat more involved methods, this result will be extended in two directions by Theorems 22 and 23 in Section 9. There it is shown that, first, one can embed any countable distributive lattice into the C-degrees or H-degrees contained in the Turing degree of any set that computes the halting problem. Second, such embeddings into Cdegrees are possible for all sets that are complex, a notion introduced by Kjos-Hanssen, Merkle and Stephan [10], which is considerably more general than computing the halting problem.

Theorem 10. Every Turing degree above the Turing degree of the halting problem contains a set X such that the C-degree and the H-degree of X are both contained in the Turing degree of X.

Proof. Let A ≥_T K. Define inductively a function g such that g(0) = 1 and g(n + 1) = 2^{16g(n)}. Furthermore, let f(n) be the least natural number x with

g(n) < x , 3g(n) < C(x) and 3g(n) < H(x) .

It is easy to see that f(n) < g(n + 1) and f ≤_T A. Now define the set

X = {2^{2f(2n+A(n))} : n ∈ N}

where A(n) = 0 if n /∈ A and A(n) = 1 if n ∈ A. Let n be a sufficiently large natural number and b ∈ {0, 1}. Then X has an element between 2^{2g(2n+b)} and 2^{2g(2n+b+1)} iff A(n) = b. In the case that this element exists, it is 2^{2f(2n+b)} and one can compute f(2n + b) from the initial segment of X up to 2^{2g(2n+b+1)} ; hence the Kolmogorov complexity of this initial segment is at least 2g(2n + b). In the case that this element does not exist, one knows that all elements of X are of the form 2^{2f(k)} for k < 2n and one get that the Kolmogorov complexity of X up to the bound is much below 2g(2n + b). This argument works for both types of Kolmogorov complexity. Hence, if Y is C-equivalent to A then one has for all sufficiently large n that

• C(Y (0)Y (1)...Y (2^{2g(n+1)} )) < 2g(n) iff n ∈ A;

• C(Y (0)Y (1) . . . Y (2^{2g(n+2)} )) < 2g(n + 1) iff n /∈ A.

Similarly, if Y is H-equivalent to A, one has for all sufficiently large n that

• H(Y (0)Y (1)...Y (2^{2g(n+1)} )) < 2g(n) iff n ∈ A;

• H(Y (0)Y (1) . . . Y (2^{2g(n+2)} )) < 2g(n + 1) iff n /∈ A.

As the C-complexity and H-complexity of strings can be approximated from above, one can see which case holds and gets that A ≤_T Y .

On the other hand, if Y ≤_C X then Y ≤_T X by Proposition 8 and Y ≤_T A by choice of X. If Y ≤_H X then Y ≤_T X ⊕ K by Proposition 7. As A ≥_T K and A ≥_T X, this gives Y ≤_T A. Hence all sets in the C-degree and the H-degree of X are inside the Turing degree of A.

5. Turing degrees inside C- and H-degress

The previous section showed that there are C-degrees and H-degrees which are completely contained in a Turing degree. In this section, the investigation is continued in the reverse direction, that is, it is asked how many Turing degrees can be completely contained in a C-degree or a H-degree. For a start, it is shown in Proposition 11 and Theorem 12 that for complex sets the answer is 0, while the answer is at most 1 for C-degrees in general. In this connection, note again that in Section 9 it will be shown that the Turing degree of any complex set contains infinitely many C-degrees and that any Turing degree above the Turing degree of the halting problem contains infinitely many H-degrees.

Proposition 11. Neither the C-degree nor the H-degree of a complex set contain any Turing degree completely.

Proof. Let a complex set A be given. Recall that A is complex iff there is an increasing recursive function h such that C(A(0)A(1) . . . A(h(n))) > n for all n [10]. Fix such a function h. Let B be any set which is C-equivalent or H-equivalent to A and let

D = {h(4n) : n ∈ B} .

It is easy to see that the following statements hold for almost all n:

C(B(0)B(1) . . . B(h(4n))) > 3n; H(B(0)B(1) . . . B(h(4n))) > 3n; C(D(0)D(1) . . . D(h(4n))) < 2n; H(D(0)D(1) . . . D(h(4n))) < 2n.

Hence the sets B and D are neither C-equivalent nor H-equivalent, however the sets B and D are Turing equivalent.

Theorem 12. Every C-degree contains at most one Turing degree.

Proof. Assume that the Turing degrees of sets A and B are both contained in the same C-degree and consider the sets {2^{2n} : n ∈ A} and {2^{2n} : n ∈ B}. The two latter sets are Turing equivalent to A and B, respectively, and are C-equivalent. By the latter and Proposition 8, these sets are Turing equivalent to each other, hence A =_T B. As a consequence, every C-degree contains at most one Turing degree.

Note that Theorem 12 does not extend to H-reducibility as the least H-degree contains all H-trivial sets and thus contains countably infinitely many Turing degrees.

The next result mainly establishes that in Theorem 12 the upper bound 1 for the number of Turing degrees contained in a C-degree is sharp.

Theorem 13. There are uncountably many sets X such that the Turing degree of X is contained in both, the C-degree of X and the H-degree of X.

More precisely, there is a partial-recursive {0, 1}-valued function ψ such that the co-domain {a_0, a_1, a_2, . . .} of ψ is infinite and every set X of hyperimmune-free Turing degree such that the characteristic function of X extends ψ satisfies that its Turing degree is a subset of both its C-degree and its H-degree.

Proof. With a priority construction, one can satisfy for each e and each n ≥ e and each x ≤ a_n the following condition: Whenever (the characteristic function of X) satisfies that φ^X_e (x) terminates in exactly s steps relative to X then s ≤ a_{s+1}. This is achieved by making ψ(x) = Z(x) for all x = a_n + 1, a_n + 2, . . . , s whenever e, n, x, Z are found to violate the above constraint at stage s and no requirement of higher priority needs attention. The resulting function ψ has no recursive extension as there is for every recursive function f an index e such that φ^Z_e (x) terminates with use s iff Z(s) ≠ f(s) and ψ_s is undefined on more than x places below s. Then some requirement belonging to e will ensure that ψ differs from f somewhere on its domain. Stephan and Yu [25, Proposition 11] present a similar construction in more detail.

Now assume that Y =_T X. It follows that Y =_{tt} X. Let f be a joint recursive bound function for both translations (from X to Y and from Y to X).

Given n, let m be the maximal natural number with f(m) ≤ n. If n is sufficiently large, there is at most one undefined place of ψ between m and n + f(n), thus one can get X(0)X(1) . . . X(m) from Y (0)Y (1) . . . Y (n) via the truth-table reduction and all but at most one value of X(m + 1), X(m + 2), . . . , X(n) from ψ.

The missing value can be given non-uniformly in order to verify that X ≤_C Y and X ≤_H Y . Furthermore, one can get X(n + 1), X(n + 2), . . . , X(f(n)) from ψ plus one bit for the either missing or last defined value; so given X(0)X(1) . . . X(n) one can extend with constantly much additional information to X(0)X(1) . . . X(f(n)) and compute from this string Y (0)Y (1) . . . Y (n). Thus Y ≤_C X and Y ≤_H X.

6. Minimal Pairs

Recall that two sets form a minimal pair for a given reducibility, if neither of the two sets is contained in the least degree, while any set that is reducible to both sets is contained in the least degree. For example, sets A and B form a minimal pair for C-reducibility if neither A nor B is C-trivial and for any set X holds that X ≤_C A and X ≤_C B implies X ≤_C ∅ .

Theorem 14. There are two recursively enumerable sets that form a minimal pair for C-reducibility.

Proof. Let A and B be recursively enumerable sets that form a minimal pair with respect to Turing reducibility [20, Theorem X.6.5]. Then the sets

X = {2^{2n} : n ∈ A} and Y = {2^{2n} : n ∈ B} are recursively enumerable. By Proposition 8, every set that is C-reducible to both sets is Turing reducible to both sets, hence is recursive. Consequently, the sets X and Y form a minimal pair for C-re-ducibility.

The existence of an recursively enumerable minimal pair for C-reducibility improves on a result of Csima and Montalbán [6] who showed the existence of minimal pairs for H-reducibility and C-reducibility. Downey and Hirschfeldt [4] analyse the construction of a minimal pair of H-degrees by Csima and Montalbán [6] and argue that this construction yields sets that are Σ^0_4. Then they ask whether this bound for the complexity of the sets in the minimal pair can be improved to Σ^0_3, left-r.e. or something similar. Theorem 16 below asserts that for H-reducibility there is a minimal pair of Σ^0_2-sets, whereas it is it is still open whether there is a minimal pair of r.e. sets.

In the proof of Theorem 16 the following proposition will be used. Note that the proposition could be shown for C in place of H by roughly the same proof. Note further that every set which is hypersimple relative to K is a Σ^0_2-set.

Proposition 15. Assume that the set Y is not H-trivial and that Y ≤_H X for some set X. Then there is a function f ≤_T Y ⊕ K

such that for every n, the set X has at least one element between n and f(n).

Proof. Let Y ≤_H X and let c be a constant such that

H(Y (0)Y (1)...Y (n)) ≤ H(X(0)X(1)...X(n))+c

for all n. Now let f(n) be the least number m > n such that for all finite sets D ⊆ {0, 1, . . . , n} holds

H(Y (0)Y (1)...Y (m)) > H(D(0)D(1)...D(m))+c

Such a number m exists as all finite sets D satisfy Y ≰_H D. It is easy to see that the function f can be computed with oracle Y ⊕ K. As Y ≤_H X with the given constant c, one knows that X differs below m from all subsets of {0, 1, . . . , n}. Thus there is an element x of X with x ∈ {n+1, n+2, . . . , f(n)}.

Theorem 16. There is a minimal pair of H-degrees. This minimal pair can be given as a pair of any two sets which are hypersimple relative to K and form a minimal pair in the Turing degrees relative to K.

Proof. Let X_0, X_1 be the complements of two K-hypersimple sets which form a minimal pair for computations relative to K; each of them has the same H-degree as its complement. Without loss of generality, X_0 and X_1 are both subsets of {2^0, 2^1, 2^2, . . .}. Now consider any set Y which is H-reducible to both, X_0 and X_1. It follows from Proposition 7 that Y ≤_T X_a ⊕ K for a = 0, 1. Due to the minimal pair property, Y ≤_T K. If Y would not be H-trivial then X_0, X_1 would not be hyperimmune relative to K by Proposition 15. Thus Y must be H-trivial and X_0, X_1 form a minimal pair for H-reducibility. The complements of X_0 and X_1 are Σ^0_2-sets which also represent the H-degrees of this minimal pair.

7. Minimal C-Degrees

In this section it is shown that one can modify the construction of a set of minimal and hyperimmune-free Turing degree such that the resulting set has also a minimal C-degree. Indeed, its C-degree and Turing degree coincide.

Theorem 17. There are minimal C-degrees.

Proof. The construction is done by producing a descending sequence of perfect recursive trees starting with T_0 being the tree whose infinite branches are exactly the subsets of {2^{2n} : n ∈ N}. Let Q_e be a perfect recursive subtree of T_e such that one of the following three conditions holds:

• For all infinite branches A of Q_e, φ^A_e is recursive.

• For all infinite branches A of Q_e, φ^A_e is partial.

• Q_e is e-splitting, that is, for all infinite branches A, B of Q_e, φ^A_e , φ^B_e are total and if x = min{z :

A(z) ≠ B(z)} then there is an y with φ^A_e (y) ≠ φ^B_e (y) such that all further infinite branches D which coincide with A, B below x also coincide with one of these two sets up to the use of the computation φ^D_e (y).

Furthermore, if φ_e is partial then let T_{e+1} = Q_e else choose T_{e+1} such that the following requirements are all satisfied:

• T_{e+1} ⊆ Q_e and T_{e+1} is a perfect recursive tree;

• φ_e is not an infinite branch of T_{e+1};

• for all x there is at most one branching node σ on T_{e+1} with x ≤ |σ| ≤ φ_e(x).

This completes the inductive definition of the sequence T_0, T_1, . . .; let A be an infinite branch of ⋂ e T_e.

The set A exists since T_0 ⊇ T_1 ⊇ T_2 ⊇ . . . and the set of infinite branches of each tree is a nonempty compact subset of {0, 1}^∞.

Following the arguments given by Odifreddi [19, Section V.5] there is always a subtree Q_e of T_e of the desired property. Furthermore, it is clear that T_{e+1} can be made from Q_e by thinning out the branching nodes. The resulting set A has minimal and hyperimmune-free Turing degree [19, Section V.5].

As A ⊆ {2^{2n} : n ∈ N} every set which is C-reducible to A is also Turing-reducible to A. Furthermore, every set B which is Turing reducible to A is in fact Turing reducible to A with a recursive use φ_e as A has hyperimmune-free Turing degree. Without loss of generality φ_e is monotonically increasing. Consider the tree T_{e+1}. For any x, B(0)B(1) . . . B(x) can be computed from A(0)A(1) . . . A(φ_e(x)). As there is only one branching node of T_{e+1} between x and φ_e(x), there are at most two strings σ, τ on T_{e+1} of length φ_e(x) + 1 which extend A(0)A(1) . . . A(x). Hence it follows that C(B(0)B(1) . . . B(x)) ≤ C(A(0)A(1) . . . A(x)) + c for some constant c and all x.

Thus B ≤_T A ⇔ B ≤_C A for all sets B. As the recursive sets form the trivial (= least) C-degree, it remains to show that the Turing degree of A is indeed exactly one C-degree.

Now assume that B = φ^A_e is not recursive; assume without loss of generality that the use of φ^D_e (z) for all z is at least z and is monotonically increasing. Note that B =_T A as A has minimal Turing degree. The tree Q_e is e-splitting. Given B(0)B(1) . . . B(x), consider any infinite branches D, E of

Q_e such that φ^D_e (z) = φ^E_e (z) = B(z) whenever the corresponding use is at most x. Assume that y = min({z : D(z) ≠ A(z)}) ≤ x. Then, by the property of Q_e being e-splitting, the set E coincides with either D or A up to x. Hence there are at most two strings of length x+1 on Q_e which are consistent with B(0)B(1) . . . B(x) with respect to φ_e and therefore one can conclude that A ≤_C B.

Remark 18. Lacombe [19, Exercise V.5.12] showed that there are uncountably many minimal degrees and Odifreddi’s proof ot this would directly generalise to Theorem 17. Furthermore, one can show that all sets in the Turing degree of A are also H-equivalent although there are also H-equivalent sets outside this Turing degree, namely A ⊕ B =_H A and A ⊕ B >_T B for any nonrecursive and H-trivial set B. Hence one gets the following result: There are uncountably many sets A such that the Turing degree of A coincides with the C-degree of A and is contained in the H-degree of A. This result slightly improves Theorem 13. It is still open whether there are minimal H-degrees.

8. Existence and Nonexistence of Meets

In the following it is shown that the lattice of the powerset of N with operations union and intersection can be embedded into the C-degrees and into the H-degrees, from which then the existence of nontrivial branching degrees is immediate. The proof of this embedding result exploits Proposition 19, which is a straightforward modification of a result by Reimann and Stephan [22] and asserts that given any function with growth rate sufficiently near to 1/2, one can construct noneffectively a set whose initial segment complexity agrees up to a constant with the given function.

Proposition 19. There is a constant c such that for every function f from N to the rational numbers Q where for all x, y holds

f(x) + y/2 − y/c ≤ f(x + y) ≤ f(x) + y/2 + y/c ,

there are a constant c^′ and sets X and Y such that C(X(0)X(1) . . . X(n)), H(Y (0)Y (1) . . . Y (n)) and f(n) differ by at most c^′ for all n.

Theorem 20. The lattice of the power set of N can be embedded into the C-degrees and the H-degrees. In particular, there are nonzero branching degrees.

Proof. Partition N into intervals I_{x,y} of length 2y for all x, y ∈ N. Now, for any set A ⊆ N, let on I_{x,y} the function f^A(n) take the value n/2 if x /∈ A and n/2 + m/c if x ∈ A and m is the distance of n to the boundary of I_{x,y} and c is the constant from Proposition 19. It is easy to see that f^{A∪B} is the pointwise maximum of f^A and f^B, f^{A∩B} is the pointwise minimum of f^A and f^B. As one can by Proposition 19 build sets X^A and Y^A whose C-complexity and H-complexity follows up to a constant the function f^A, respectively, one gets that the embeddings A → X^A and A → Y^A from the subsets of N into the C-degrees and H-degrees, respectively, preserve meets and joins.

As the set {0, 1} is the meet of the sets {0, 1, 2} and {0, 1, 3}, one has that the image X^{{0,1}} is a nonzero branching degree which is the meet of the images X^{{0,1,2}} and X^{{0,1,3}} in the C-degrees. The same holds for Y^{{0,1}}, Y^{{0,1,2}} and Y^{{0,1,3}} in the H-degrees.

The embeddings asserted in Theorem 20 witness in particular the embeddability of all countable distributive lattices into the C-degrees and into the H-degrees, however least elements are not preserved by these embeddings.

In the H-degrees the join of any pair of left-r.e. sets exists and coincides with the addition of the sets when viewed as expansions of reals, however joins fails to exist for pairs of H-degrees in general. In fact, Miller and Yu [16] showed that if sets X and Y are relative Martin-Löf random to each other, then the two sets do not have a common upper bound in the H-degrees. The situation for meets was much less clear for both, C-degrees and H-degrees. While the embeddability of all countable distributive lattice witness the existence of meets (and also of joins), Theorem 21 asserts that for a pair of sets in general their meet exists neither in the C-degrees nor in the H-degrees. Together these results answer corresponding questions by Nies and Miller [15, Question 9.1].

Theorem 21 can be viewed as a translation to the setting of C-degrees and H-degrees of the following fact on the upper semilattice of Turing degrees. There are countable nonprincipal ideals in the Turing degrees, and such ideals are generated by an ascending chain A_0, A_1, A_2, . . . of sets. These ideals have an exact pair, that is, for any such ideal there are two sets Z_0 and Z_1 such that a set Y is Turing reducible to some A_k iff it is Turing reducible to both, Z_0 and Z_1. As a consequence, the Turing degrees of Z_0 and Z_1 do not have a meet.

Theorem 21. There is a pair X_0 and X_1 of sets which does not have a meet neither in the C-degrees nor in the H-degrees.

Proof. Odifreddi [19, Section V.4] constructs for a given non-principal Turing ideal A_0, A_1, A_2, . . . an exact pair Z_0, Z_1 by defining finite variants B_n of A_n such that

• Z_0 = {⟨x, y⟩ : x ∈ A_y},

• Z_1 = {⟨x, y⟩ : x ∈ B_y},

• if Y ≤_T Z_0 and Y ≤_T Z_1 then Y ≤_T A_0 ⊕ A_1 ⊕ . . . ⊕ A_n for some n,

where ⟨., .⟩ is the usual effective pairing function. In particular, Z_0 and Z_1 do not have a meet in the Turing degrees. One can easily choose the A_n such that A_n ≥_T K for all n. Then also Z_0, Z_1 ≥_T K.

There is a K-recursive function f and a recursive partition of the natural numbers into intervals I_0, I_1, I_2, . . . such that

• f(n) ∈ I_n and f(n) is a power of 2 for all n;

• for every set E ⊆ N, for F = {f(x) : x ∈ E} and for every x /∈ E: C(F (0)F (1) . . . F (max(I_x))) ≤ min(I_x) and H(F (0)F (1) . . . F (max(I_x))) ≤ min(I_x).

• for every set E ⊆ N, for F = {f(x) : x ∈ E} and for every x ∈ E: C(F (0)F (1) . . . F (max(I_x))) ≥ 3 min(I_x) and H(F (0)F (1) . . . F (max(I_x))) ≥ 3 min(I_x).

Now let X_a = {f(x) : x ∈ Z_a ⊕ Z_a}

for a = 0, 1. It is now shown that X_0 and X_1 do not have a meet neither in the C-degrees nor in the H-degrees. For every n, one can consider the set

F_n = {f(2⟨x, n⟩) : x ∈ A_n} ∪ {f(2⟨x, n⟩ + 1) : x /∈ A_n} which is the intersection of X_0 with the recursive set R_n = ⋃ x(I_{2⟨x,n⟩} ∪ I_{2⟨x,n⟩+1}). It is also a finite variant of X_1 ∩ R_n. Hence F_n ≤_C X_a and F_n ≤_H X_a for a = 0, 1.

Assume now by contradiction that Y would be the meet of X_0 and X_1 in the C-degrees. Then F_n ≤_C Y for all n. If x ∈ A_n and x is sufficiently large then

• f(2⟨x, n⟩) ∈ F_n;

• C(F_n(0)F_n(1) . . . F_n(max(I_{2⟨x,n⟩}))) ≥ 3 min(I_{2⟨x,n⟩}); • C(Y (0)Y (1) . . . Y (max(I_{2⟨x,n⟩}))) > 2 min(I_{2⟨x,n⟩}); • f(2⟨x, n⟩ + 1) /∈ X_0;

• C(X_0(0)X_0(1) . . . X_0(max(I_{2⟨x,n⟩+1}))) ≤ min(I_{2⟨x,n⟩+1}); • C(Y (0)Y (1) . . . Y (max(I_{2⟨x,n⟩+1}))) < 2 min(I_{2⟨x,n⟩+1}).

Furthermore, if x /∈ A_n and x is sufficiently large then

• f(2⟨x, n⟩ + 1) ∈ F_n;

• C(F_n(0)F_n(1) . . . F_n(max(I_{2⟨x,n⟩+1}))) ≥ 3 min(I_{2⟨x,n⟩+1}); • C(Y (0)Y (1) . . . Y (max(I_{2⟨x,n⟩+1}))) > 2 min(I_{2⟨x,n⟩+1}); • f(2⟨x, n⟩) /∈ X_0;

• C(X_0(0)X_0(1) . . . X_0(max(I_{2⟨x,n⟩}))) ≤ min(I_{2⟨x,n⟩}); • C(Y (0)Y (1) . . . Y (max(I_{2⟨x,n⟩}))) < 2 min(I_{2⟨x,n⟩}).

So it follows for all n that A_n ≤_T Y and K ≤_T Y . Furthermore, by the choice of X_0, X_1 as sets of powers of 2, it follows that Y ≤_T X_0 and Y ≤_T X_1. So Y ≤_T Z_0 and Y ≤_T Z_1 in contradiction to the construction given by Odifreddi [19, Section V.4]. In the same way one can show that there is also no meet Y for X_0 and X_1 in the H-degrees.

9. Lattices of C-degrees and H-degrees inside a Turing degree

In this section, a lattice embedding into the C-degrees inside a single Turing degree of some set A is constructed such that each C-degrees in the range of the mapping is completely contained in the Turing degree of A. The embedding preservers meets and joins with respect to the structure of all degrees, not just with respect to the degrees in the range of the embedding or in the given Turing degree. A similar result holds for lattice embedding into the H-degrees that are contained in a Turing degree is. Note that the first embedding results in the following theorem actually holds for the truth-table degree of A. Theorem 22. If a set A is complex, then any countable distributive lattice can be embedded into the C-degrees that are contained in the Turing degree of A.

Proof. Let A be any complex set. One can assume that whenever the set A or its complement is r.e. in a set Y then A is actually recursive in Y , because otherwise one can replace A by the join of A with the complement of A, where this join is in the Turing degree of A and has the assumed property. Fix a recursive order h that is a lower bound for the C-complexity of the initial segments of A, that is, for all n holds h(n) ≤ C(A(0) . . . A(n − 1)) . (6)

Let S = {2^{2n} : n ∈ N}. Partition the natural number into consecutive intervals I_1, I_2, . . . such that

|I_j| + j ≤ h(|I_{j+1} ∩ S|) . (7)

Let A_S be the set such that for all j the initial segment of A of length |I_{j+1} ∩ S| is coded in the natural way at the places in the intersection of I_j and S, that is, for all j and all m ∈ I_j, let A_S(m) = 0 in case m /∈ S and otherwise, let

A_S(m) = A(|I_j ∩ S ∩ {0, . . . , m − 1}|) .

Then define a mapping f from sets to sets where bit X(i) is coded into the restriction of f(X) to the interval I_j as follows

f(X) ∩ I_j = { A_S ∩ I_j if X(i) = 1 , ∅ if X(i) = 0 .

As usual, let =^∗ and ⊆^∗ denote equality and inclusion of sets up to finitely many places, that is, X_0 ⊆^∗ X_1 holds if X_1 − X_0 is finite, X_0 =^∗ X_1 holds if X_0 ⊆^∗ X_1 and X_1 ⊆^∗ X_0. Recall that the relation ⊆^∗ induces a partial ordering < on the equivalence classes of the recursive sets with respect to =^∗ and that the equivalence classes of the recursive sets under the relation < is the (up to isomorphism a unique) countable atomless Boolean algebra [8]. Recall further that any countable distributive lattice can be embedded as a lattice into the countable atomless Boolean algebra [8]. Since lattice embeddings are closed under composition, it suffices to show that the mapping

X → f(N ⊕ A ⊕ X)

is a lattice embedding of the equivalence classes under =^∗ of the recursive sets under ⊆^∗ into the Turing degree of A.

First, let X be a recursive set and assume that Y is C-equivalent to f(N ⊕ A ⊕ X). By construction, the complement of A is r.e. in Y , hence A ≤_T Y by choice of A. On the other hand, one has

Y ≤_T f(N ⊕ A ⊕ X) ≤_T N ⊕ A ⊕ X ≤_T A

by f(N ⊕ A ⊕ X) ⊆ S, by the definition of f and because X is recursive. As a consequence, for any recursive set X, the C-degree of f(N ⊕ A ⊕ X) is contained in the Turing degree of A.

Next it is argued that all recursive sets X_0 and X_1 satisfy

X_0 ⊆^∗ X_1 iff f(N ⊕ A ⊕ X_0) ≤_C f(N ⊕ A ⊕ X_1) . (8)

Indeed, in case X_0 ⊆^∗ X_1, then knowing a program that decides X_0, for any m one can compute the initial segment of f(N ⊕ A ⊕ X_0) of length m from the initial segment of f(N ⊕ A ⊕ X_1) of the same length, hence f(N ⊕ A ⊕ X_0) is C-reducible to f(N ⊕ A ⊕ X_1). Conversely, in case X_0 ⊈^∗ X_1, then by construction there are infinitely many intervals I_j such that the C-complexity of the restrictions of f(N ⊕ A ⊕ X_0) to the first j intervals exceeds the C-complexity of the restrictions of f(N ⊕ A ⊕ X_1) to the first j intervals by more than j − c_1 for some constant c_1, hence f(N ⊕ A ⊕ X_0) is not C-reducible to f(N ⊕ A ⊕ X_1).

Finally, the meet and join of recursive sets X_0 and X_1 are

X_{meet} = X_0 ∩ X_1 and X_{join} = X_0 ∪ X_1 ,

respectively. By (8), the set f(N ⊕ A ⊕ X_{meet}) is a lower bound for f(N ⊕ A ⊕ X_0) and f(N ⊕ A ⊕ X_1); similarly, the set f(N ⊕ A ⊕ X_{join}) is an upper bound for f(N ⊕ A ⊕ X_0) and f(N ⊕ A ⊕ X_1). So it suffices to show that these sets are in fact greatest lower and least upper bounds, which follows because by construction for any m and up to an additive constant , the C-complexities of the length m prefixes of f(N ⊕ A ⊕ X_{meet}) and of f(N ⊕ A ⊕ X_{join}) is equal to the minimum and the maximum, respectively, of the C-complexities of the length m prefix of f(N ⊕ A ⊕ X_0) and of f(N ⊕ A ⊕ X_1).

Theorem 23. If a set A computes the halting problem, then any countable distributive lattice can be embedded into the H-degrees that are contained in the Turing degree of A.

Proof. Any set A that computes the halting problem is complex; the concept complex remains the same if in its definition one replaces C-complexity by H-complexity [10]. Accordingly the proof of the theorem can be done along the lines of the proof of Theorem 22, where however, now Proposition 7 is used instead of Proposition 8. This way one gets only that Y ≤_T A ⊕ K. For that reason, A ≥_T K had been required, so that the halting problem can be omitted in the former reduction and one obtains Y ≤_T A. References

[1] Gregory J. Chaitin. A theory of program size formally identical to information theory. Journal of the Association for Computing Machinery 22:329–340, 1975.

[2] Gregory J. Chaitin. Information-theoretic characterizations of recursive infinite strings. Theoretical Computer Science 2:45–48, 1976.

[3] Gregory J. Chaitin. Algorithmic information theory, IBM Journal of Research and Development 21:350–359,496, 1977.

[4] Rodney G. Downey and Denis R. Hirschfeldt. Algorithmic Randomness and Complexity. Manuscript, 2006.

[5] Richard Beigel, Harry Buhrman, Peter Fejer, Lance Fortnow, Piotr Grabowski, Luc Longpre, Andrej Muchnik, Frank Stephan and Leen Torenvliet. Enumerations of the Kolmogorov function. Journal of Symbolic Logic 71:501–528, 2006.

[6] Barbara Csima and Antonio Montalbán. A minimal pair of K-degrees. Proceedings of the American Mathematical Society 134:1499–1502, 2006.

[7] Rod Downey, André Nies, Rebecca Weber and Liang Yu. Lowness and Π^0_2 nullsets. The Journal of Symbolic Logic 71:1044–1052, 2006.

[8] Sergei S. Goncharov. Countable Boolean Algebras and Decidability. Siberian School of Algebra and Logic. Consultants Bureau, New York, London and Moscow, 1997.

[9] Susanne Kaufmann and Martin Kummer. On a quantitative notion of uniformity. Fundamentae Informatica 25:59–78, 1996.

[10] Bjørn Kjos-Hanssen, Wolfgang Merkle and Frank Stephan. Kolmogorov Complexity and the Recursion Theorem. In proceedings of Twenty-Third Annual Symposium on Theoretical Aspects of Computer Science (STACS 2006), Lecture Notes in Computer Science 3884:149–161, Springer, 2006.

[11] Antonín Kučera and Sebastiaan A. Terwijn. Lowness for the class of random sets. Journal of Symbolic Logic 64:1396–1402, 1999.

[12] Ming Li and Paul Vitányi. An Introduction to Kolmogorov Complexity and Its Applications, second edition, Springer, 1997.

[13] Per Martin-Löf. The definition of random sequences. Information and Control 9:602–619, 1966.

[14] Joseph S. Miller. Every 2-random real is Kolmogorov random. Journal of Symbolic Logic 69:907– 913, 2004.

[15] Joseph S. Miller and André Nies. Randomness and computability: open questions. Bulletin of Symbolic Logic 12:390–409, 2006.

[16] Joseph S. Miller and Liang Yu. On initial segment complexity and degrees of randomness. Transaction of the American Mathematical Society, to appear.

[17] André Nies. Lowness properties of reals and randomness. Advances in Mathematics 197:274–305, 2005.

[18] André Nies, Frank Stephan and Sebastian A. Terwijn. Randomness, relativization and Turing degrees. Journal of Symbolic Logic 70:515–535, 2005.

[19] Piergiorgio Odifreddi. Classical Recursion Theory. Volume I. North-Holland, Amsterdam, 1989.

[20] Piergiorgio Odifreddi. Classical Recursion Theory. Volume II. Elsevier, Amsterdam, 1999.

[21] James C. Owings, Jr. A cardinality version of Beigel’s Nonspeedup Theorem. Journal of Symbolic Logic 54:761–767, 1989.

[22] Jan Reimann and Frank Stephan. Hierarchies of randomness tests. Mathematical Logic in Asia.

Proceedings of the Ninth Asian Logic Conference, Novosibirsk, Russia 16 - 19 August 2005, pages 215–232, 2006.

[23] Claus-Peter Schnorr. Zufälligkeit und Wahrscheinlichkeit. Lecture Notes in Mathematics 218, Springer, 1971 (in German).

[24] Gerald E. Sacks. Degrees of Unsolvability. Annals of Mathematics Studies 55, Princeton University Press, 1963.

[25] Frank Stephan and Liang Yu. Lowness for weakly 1-generic and Kurtz-random. In proceedings of Theory and Applications of Models of Computation: Third International Conference (TAMC 2006), Lecture Notes in Computer Science 3959:756-764, Springer, 2006.

[26] Robert I. Soare. Recursively Enumerable Sets and Degrees. Springer, 1987. [27] Robert Solovay. Draft of paper (or series of papers) on Chaitin’s work. Unpublished notes, 1975, 215 pages.

[28] Liang Yu, Decheng Ding and Rodney Downey. The Kolmogorov complexity of random reals.

Annals of Pure and Applied Logic 129:163–180, 2004.

[29] Liang Yu. Some questions. Manuscript, 2006, http://math.nju.edu.cn/~yuliang/. [30] Domenico Zambella. On sequences with simple initial segments. Technical Report ILLC Technical Report ML 1990-05, University of Amsterdam, 1990.