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1. Examples for recursive operators. Which of the following operators are
recursive? Justity your answer.

Ψ1(f)(x) = µy > x(f(y) = 0);

Ψ2(f)(x) = K(x);

Ψ3(f)(x) = f(f(f(x)));

Ψ4(f)(x) =

{

f(x) + 1 if f(x) is defined;
0 otherwise;

Ψ5(f)(x) =

{

x2 + f 2(x) if f(x) is defined;
↑ otherwise.

2. Operators and Turing reducibility. Prove the following statement: If A ≤T B

then there is a recursive operator such that A = Φ(B). Does the converse also hold:
If Φ is a recursive operator and A = Φ(B), is then A ≤T B?

3. First Recursion Theorem. The first recursion theorem says that for every
operator Ψ there is a computable function f with Ψ(f) = f . Determine fixed points
f for the following operators with

Ψ6(f)(x) =

{

f(x) + 1 if f(x) is defined;
↑ otherwise;

Ψ7(f)(x) = f(x + 1);

Ψ8(f)(x) =
{

f(x − 2) + f(x − 1) if x ≥ 2;
1 if x < 2.

4. Construction. Construct an operator where the least fixed-point is the function
mapping every even number to 0 and being undefined on odd numbers.
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