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Abstract

This is the supplementary material for the submission to NIPS 2007, entitled
“Cooled and Relaxed Survey Propagation for MRFs”. The purpose of this ma-
terial is to prove the update equations of Relaxed Survey Propagation (RSP) in the
main paper.

1 Introduction

In this paper, we will refer to our submission to NIPS 2007 entitled “Cooled and Relaxed Survey
Propagation for MRFs” as the “main paper”. The objective of this paper is to derive the RSP update
equations given in the main paper. In Section 2, we will derive general RSP update equations for
weighted MAX-SAT (WMS) problems. In Section 3, we show that under the settings of Section 3.1
in the main paper, the update equations can be simplified to the simple equations given in Section
3.3 in the main paper.

2 RSP for weighted MAX-SAT problems

In this section, we derive the update equations of Relaxed Survey Propagation (RSP) for a weighted
MAX-SAT (WMS) problem, W = (B, C). The variables in B are binary, but in the survey propa-
gation framework, we allow the variables to take values in {0, 1, *}. The value * is the joker state,
and variables taking the value * is free to take either O or 1, without violating any clauses.

For a € C, define u, ; (resp. sq ;) as the value of 0; € {0, 1} that violates (resp. satisfies) clause
a. Let C(«) be the set of variables in clause a.

C(5) = {aeC:jeC(a)}

Ct(j) = {aeC(j);sa; =1}

C(j) = {aeC(j);sa; =0} (1)
Co(j) = {B€C@)\{a};sa,; =554}

Cali) = {BeCl)\{a};sa; #sp5}

In the above definitions, C'(j) is the set of clauses containing o;, C (j) (resp. C~(j)) is the set of
clauses that contains o; as a positive literal (resp. negative literal). C%(j) (resp. C%(j) is the set of
clauses containing o; that agrees (resp. disagrees) with the clause o concerning the variable o;.

RSP is the sum product belief algorithm applied to the relaxed MRF defined in the main paper. The
RSP update equations can be derived in a similar manner as the SP-p algorithm in [2]. Each message
from a clause « to a variable k is a vector of length  x | P(k)|, where P (k) is the set of all possible
parents sets of the variable k. Due to symmetries in the variable and clause compatibilities, these
messages can be grouped as follows (refer to [2] for more detailed explanations):
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Similarly, the variable to clause messages Mj,_,, can be grouped as follows [2]:

z—mc = ZSQCZ(}@) Mkﬁa(sa,kv SU {a})
RZ—»O{ = ZPk,gcg(k) Mk%a (ua,lw Pk) (3)
Ry, EPkgC;(]g) Mk—>a(3a,k7 Pk) + Mk—>a(*; @)

With these definitions, the update equations are shown in Figure 1. Note that the equations in Figure
1 are similar to those for SP-p, given in [2]. The difference between SP-p and RSP is that for the
message M, satisfied clauses have weights, and violated clauses are allowed (with a penalty).

Hence in the equations 4, 5 and 6, the multiplicative factors exp(w,, ) are the weights, and the factors
exP(Ysre()) are the penalties. The equations in Figure 1 will be proportional to those for SP-p if all

the y’s are taken to infinity. In this case, the factor exp(w,,) will be a constant factor.
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Figure 1: The update equations for RSP.
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3 RSP for Markov Random Fields

In this section, we derive the update equations in the main paper, for the MRF G5 = (V, F).
Definition 1. As in Section 3.1 of the main paper, we consider RSP under the following settings:

1. Setw, =1andwy = 0.
2. For positivity clauses (3(1), let y; = 0.

3. Without lost of generality, we assume that in the original MRF G = (V, F'), single-variable
factors are defined on all variables.

Under these settings, we prove in the main paper that the joint distribution on the relaxed MREF is
approximately equal to that on the original MRF, and that RSP estimates marginals on the original
MRFE

Recall that variables in V are of the form A(; ,.) = (0(i,2,), Pi,z;))» Where X; € V are variables in
the MRF G = (V, F'), and z; are their values. By Lemma 2 in the main paper, there is a one-to-one
mapping between A(; ;) and 0(; z,).

We consider the messages M., _.(; .,y for two separate cases: (1) v = 3(i) is the positivity clause
for the variable z;, and (2) v = v is a pairwise interaction clause linking (¢, ;) and (j, z;).

Lemma 1. For each positivity clause (3(i), we have Rz‘i e —pG) =0 and Mﬂ*(i) 0.

— (i) —
Proof. For positivity clauses, the set C’g(i)(i7 x;) is the set of all the interaction clauses linked to
(i,2;), and the set C’g(i)(i, x;) is the empty set. (Refer to Figure 1(b) of the main paper for an
illustration in a simple case). Among the interaction clauses, there is the single-variable clause
V(i,z;) Of the variable o(; ;) (condition (3) in Definition 1), for which

M —tiay = exp(wy)
My ay = XP(Usre(ri )
;u,zi)—’(i»wi) 0
From equation 9, since Cg(i)(i’ ;) = 0 and Mi(i,mﬂ(i,mi) =0, we have Rzﬂi,aii)"ﬂ(i) = 0. From

equation 6, this implies M E( O

D)= (iyai)
On the other hand, for the interaction clauses, M:H( i30) # 0 in general. The update equations in
the main paper are proved in the following theorem:

Theorem 1. Let 3(i) be the positivity clauses of variables (i,x;), and « be the interaction clause
linking (i, x;) and (j,x;). Define

i — Mo~ Giwo)
i)—(i,z; MS3 .. .
()= (4,2:)
1% Loy = ng_}(i’m)
a— (i,z;) M§—>(i,m) + M;ﬁ(i,zi)

The update equations in Figure 1 can be rewritten using the messages |, and v.
BB —(iz) = Z H Va(iye)) T exp(—w;) (13)
zi#x; a€N(1,27)\B(1)

1B()—(iyz;) T €XP(—Ysrc(a) — Wa) H'yEN(j,zj)\{B(j),a} Vy—(j,z5)

Vo = (14)
KB(G)—(G.es) T HvGN(j,zj)\{ﬁ(j),oz} Vy—(j,25)
Bliw)(0) o ()= (i) (15)
Bliz)(1) 11 Va—(j,as) (16)
Q€N (j,2;)\B()
Biazy(x) = 0 (17)



Proof. Let’s work out the update equations for the interaction clauses first. For an interaction clause
« linking variables (i, x;) and (j, z;), the set C5(j,x;) are all the other interaction clauses linked
to (j, z;), and the set C%(j,z;) contains the single positivity clause, 3(j). For a clause ~y, denote

Mj:(j’xj) = M»jﬂ(j,xj) + Mf;ﬂ(j’xj), we have (from equations 7, 8, 9, and Lemma 1,
Riuyma = Mig_gay I Mgy
YECS (4,x;)
?j,rj)ﬁa - Mg(j>~(j,mj) H %(m;)
v€CE (4,x5)
Rijap—a = Mij_gay 11 Mgy

Y€CE (4:7;5)
Following equations 4, 5 and 6, the messages from « to (¢, v) can be written as follows

(i) = €XP(Wa) (Rﬂ{tmnw + R?j,wj)—»a>

= exp(wa) | M3 () H MGy F M5y —Gay) H MINZI
L YECE (,x5) YECE (Gyxs)
M(Z—)(le) = exp(wa)R?j7xj)—>a +exp(7ysrc(a))R,(uj7xj)—>o¢

= exp(wa) | M5y L] Moty | + &P(=tsret) | M=y L] Miiioy)
v€Cs (Jz;) v€CE (4,75)

Hence,
u
, _ Mo
a— (i) T Sx
MD(*)(Z‘,CEi)

exp(Wa ) () —(j,z;) T EXP(—Ysre(a)) H’yecg(j,xj) Vy—(j.a;)
exp(wa)([Lecs (o) Vs + HBG—Gsz)

18(7)— () F €XP(—Ysrc(a) = Wa) [1yecs (j,ay) Va— i)
18—y + 1ecs Giay) Vr—tias)

For the positivity clauses, the set C%(j, z;) are all the interaction clauses linked to (j, x;), and the
set C% (4, x;) is the empty set. By Lemma 1 and equations 7 and 8,

Riwompny = 11 Migan
yeCU(i,x;)
Riwnpw = 1] MZaan
VGCZ(WM)
Riiwy—piy = 0,
From equations 4 and 5, taking into account the assumption that y; = 0 for positivity clauses,
Moy —iwy = o) [ Riian s
952?517
My miiwy = o) D | Bianopw 11 Rlan-sw | + 11 Blap-sn
R?. .
(i,2})—B(3)
HB(i)— (i) Su T exp(—wi)

Z H Vo (ie!) T eXp(—w;)

@ #a; veC (i,al) —{B(5)}



To express the beliefs in terms of the p and v messages, we apply equations 10 to 12 for the case
where CT(7) is the singleton (3(i), and C~(4) is the set of all interaction clauses linked to the
variable 7. It is easy to see that in this case, the equations 10 to 12 are proportional to the equations
15to 17. O

We found empirically that the asynchronous schedule of message updates affect convergence to a
large extent. A good schedule for message updates is to update all the v-messages first (by updating
the groups of v-messages belonging to each factor a € F together), and then updating the p-
messages together. This schedule seems to work better than the schedule defined by residual belief
propagation [1] on the relaxed MRF.
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