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Abstract—Recent research on sampling-based join size esti-
mation has focused on a promising new technique known as
correlated sampling. While several variants of this technique have
been proposed, there is a lack of a systematic study of this family
of techniques. In this paper, we first introduce a framework to
characterize its design space in terms of five parameters. Based
on this framework, we propose a new correlated sampling based
technique to address the limitations of existing techniques. Our
new technique is based on using a discrete learning method
for estimating the join size from samples. We experimentally
compare the performance of multiple variants of our new
technique and identify a hybrid variant that provides the best
estimation quality. This hybrid variant not only outperforms the
state-of-the-art correlated sampling technique, but it is also more
robust to small samples and skewed data.

Index Terms—query processing, database systems, sampling
methods

I. INTRODUCTION

Estimating query result size plays an important role in cost-

based query optimization. In particular, estimating join size

is considerably harder than estimating result size of single-

table queries. There have been two main approaches for join

estimation, namely, histogram-based approaches [2], [3], [5]–

[7], [13], [18], [22]–[24] (including sketches and wavelets

which can be viewed as compressed histograms [14], [18],

[30]) and sampling-based approaches [1], [4], [11], [28], [30].

Histogram-based approaches generally do not scale well with

the number of attributes in selection and join predicates. The

storage space grows dramatically and computation over multi-

dimensional histograms becomes very complex [19], [30].

Moreover, it is difficult to estimate the selectivity of general

selection predicates (e.g., LIKE predicates) using histograms.

Sampling-based approaches do not have scalability issues

with the number of attributes involved and they could support

various selection predicates. However, using the straightfor-

ward approach based on independent table samples often

does not have good estimation quality because it ignores

the join relationship between tables [4]. In recent years,

a new sampling-based approach for join estimation, named

correlated sampling, has been proposed [4], [28], [30]. Given

a join graph representing A ⊲⊳ B, the correlated sampling

proposed in [30] samples both A and B in an offline phase: a

random sample SA is drawn with some sampling probability

p from table A, and a subset of the tuples in the semijoin of

B with SA (i.e., B⋉SA) forms the sample SB from table B.

Correlated sampling thus ensures that each tuple from SB joins

with some tuple in SA. At runtime, given a query σc(A ⊲⊳ B)
on the join graph, the query’s join size is estimated by scaling

up the sampled join size |S′′
A ⊲⊳ S′′

B | by 1/p, where S′′
A ⊆ SA

and S′′
B ⊆ SB denote the subsets of sampled records that

satisfy the selection condition c. We refer to S′′
A and S′′

B as

filtered samples.

Several variants of correlated sampling have been developed

by both industry and academia, and they have been shown

to have good estimation quality compared to independent

sampling of base tables [4], [28]. The start-of-the-art variant

is two-level correlated sampling [4] (denoted as CS2L in

this paper) which is an unbiased estimator with the sampling

probabilities optimized to minimize estimation variance. How-

ever, our experimental results demonstrate that the estimation

variance of CS2L could still be high leading to poor estimation

quality especially when the filtered samples are small or when

the join value density (to be defined in Section III) is small.

In addition, the optimization of the sampling probabilities to

minimize the estimation variance is a complex problem that is

not amenable to a closed form solution, and CS2L provides

approximate solutions based on heavy hitters [4].

In this paper, we present a systematic study of correlated

sampling techniques and make the following contributions.

First, while there are currently three proposed variants of

correlated sampling, the design options and tradeoffs for this

new class of sampling-based techniques are not well under-

stood. To fill this gap, we present a framework to characterize

the design space of correlated sampling techniques (Section

II). Our framework, which is based on five parameters, not

only captures all the existing variants but more importantly

uncovers many other possible variants in the design space that

have yet to be explored.

Second, based on our proposed framework, we introduce a

new class of correlated sampling variants, denoted as CSDL

(Section IV). CSDL is the first approach that combines a biased

estimation method (termed discrete learning algorithm, which

is an advanced technique to learn a discrete distribution) [27]

with correlated sampling for accurate join size estimation.

This integration involves non-trivial techniques to enable the

estimation method (which requires a simple random sample as

input) to be applied to the samples from correlated sampling

(which may not necessarily be simple random samples). Our

work is the first to demonstrate that a correlation sampling
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Notation Meaning

data size size (byte size) of all base tables in a join graph

θ the ratio of the size of the sample synopsis for a join
graph to data size

av , bv table frequencies of a value v, i.e. number of times
v appear in table A, B

SA, SB samples drawn for table A, B

S′′
A, S′′

B filtered samples, obtained after applying query’s se-
lection predicates on SA, SB

SA(v), SB(v) sample frequencies of v, i.e. number of times v
appear in sample SA, SB

sA(v), sB(v) sentry drawn for value v in table A and B

VA, VB set of distinct join column values in tables A and B

VA,B set of distinct join column values that appear in both
tables A and B; i.e., VA,B = VA ∩ VB

V ′
A,B set of sampled join column values that appear in both

SA and SB

V ′′
A,B set of sampled join column values that appear in both

S′′
A and S′′

B
jvd join value density for a join query defined as

min{ |VA|
|A|

,
|VB |
|B|

}

TABLE I: Notation

approach in combination with a biased estimation method can

outperform traditional unbiased methods on estimation quality

due to having lower estimation variance.

Third, we extend the estimation techniques for CSDL to

handle not only two-table join queries but also two types of

multi-table join query structures, namely, chain joins and star

joins (Section V). Thus, our proposed CSDL can handle the

same class of join queries as the state-of-the-art approach.

Fourth, we perform an experimental study to compare the

estimation quality of our 10 proposed CSDL variants against

the state-of-the-art approach CS2L using both real (JOB) and

synthetic (TPC-H) benchmark datasets (Section VI). Based

on our empirical results, we have identified an important

data parameter, termed join value density (Section III), that

is crucial for distinguishing the performance of the CSDL

variants. Specifically, among our 10 CSDL variants, our ex-

perimental results have revealed two winning CSDL variants

depending on whether the join value density is low or high.

This pair of winning variants can be seen as a hybrid CSDL

approach termed CSDL-Opt. Our experiments show that

CSDL-Opt outperforms the state-of-the-art CS2L in both

benchmark datasets. Specifically, for all queries with low join

value density on JOB datasets, CS2L estimates the join size

to be zero even though the true join size ranges from 10 to

1 million. In contrast, CSDL-Opt provides good estimates

independent of the values of join value density.

II. FRAMEWORK FOR CORRELATED SAMPLING

In this section, we propose a framework to characterize the

design space of correlated sampling-based techniques for join

size estimation for two-table equijoins represented by A ⊲⊳ B.

Table I summarizes the notations used in this paper.

All sampling-based techniques for join size estimation op-

erate in two phases. In the offline sampling phase, samples

of tables A and B, denoted by SA and SB , respectively, are

created to form the sample synopsis for A ⊲⊳ B. Correlated

sampling requires that SB ⊆ B⋉SA. In the online estimation

phase, given a query σc(A ⊲⊳ B), the join size of A ⊲⊳ B
is estimated from the filtered samples, denoted by S′′

A and

S′′
B , where S′′

A ⊆ SA and S′′
B ⊆ SB denote the subsets of

sampled records that satisfy the query’s selection condition c.
For ease of presentation, we shall assume in this section that

the run-time query has no selection predicate; i.e., S′′
A = SA

and S′′
B = SB .

A. Design Space Parameters

In this section, we shall explain the five parameters that are

used in our framework with the help of a simple example of

correlated sampling.

The first three parameters in our framework (denoted by p,

q, and u) are used to specify the sampling probabilities used

in the sampling phase to create SA and SB .

Parameters p and q. The first two parameters p and q are

sampling probabilities used in the construction of SA. First,

from the set of distinct join column values in table A (denoted

by VA), we draw a sample V ⊆ VA where each value in VA is

sampled with a probability p. Next, SA is created by sampling

each tuple from table A that has a join column value in V with

a probability of q.

Parameter u. The third parameter u is a sampling probability

used in the construction of SB . Similar to the construction

of SA, SB is also created in two steps. First, we compute

the set of tuples S given by the semijoin of B and SA; i.e.,

S = B ⋉ SA
1. Tuples in S are also called joinable tuples.

Next, SB is created by sampling each tuple from S with a

probability u. Since we are looking at equijoin queries, V
contains all the join column values that appear in SB .

Note that each of SA and SB is created using a two-step

procedure that is referred to as two-level sampling [4].

Estimation Method Parameter. The fourth parameter is the

estimation method which refers to the method for deriving the

estimated join size Ĵ from the samples SA and SB . A well-

known estimation method (which is used by all the existing

correlated sampling techniques) is the scaling up technique

which, as its name implies, simply scales up the join size

of the samples by a factor defined in terms of the sampling

probabilities as follows:

Ĵ =
1

p

∑

v∈VA,B

SA(v)

q

SB(v)

u
=

1

pqu

∑

v∈VA,B

SA(v)SB(v) (1)

Here, VA,B denote the set of join column values that appear in

both A and B (i.e., VA,B = VA ∩ VB), and SA(v) and SB(v)
denote the number of times that a join value v appears in SA

and SB , respectively, (i.e., the sample frequencies of v). Thus,

Ĵ is computed by scaling up the join size of the two samples

(given by
∑

v∈VA,B
SA(v)SB(v)) by the factor 1

pqu
.

In general, it is possible to customize the sampling proba-

bilities p, q, and u to be dependent on the specific join column

1Two approaches for computing B ⋉ SA in one table scan are discussed
in our technical report [29].
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value v being considered; i.e., we use sampling probabilities

pv, qv , and uv for the join value v. Then the estimated join

size is computed as follows:

Ĵ =
∑

v∈VA,B

1

pv

SA(v)

qv

SB(v)

uv

(2)

Sentry parameter. This parameter indicates whether a tech-

nique called sentry is applied in the second-level sampling of

SA and SB . It is first introduced in [4]. If the sentry technique

is applied, it will ensure that at least one tuple is drawn for

each sampled join value. Specifically, if the sentry technique is

applied in the second-level sampling step to construct SA, then

for each join value v ∈ V , a tuple with join value v (denoted

as sA(v)) will be first drawn uniformly at random from table

A. The remaining tuples in SA will be sampled from A with

sampling probability qv . Similarly, if the sentry technique is

applied in the second-level sampling step to construct SB , then

for each distinct join value v that exists in V , a tuple with join

value v (denoted as sB(v)) will be first drawn uniformly at

random from the joinable tuples in B. The remaining tuples

in SB will be sampled from the joinable tuples with sampling

probability uv . We refer to tuples drawn using the sentry

technique (i.e., sA(v) and sB(v)) as sentries.

Having sentry avoids sampling 0 tuples for join values that

appear infrequently in one of the tables. For example, let av
and bv denote the number of times the join value v appears in

tables A and B, respectively. Assuming that for some v, av is

large and bv is small. Without sentry, we could get SB(v) = 0
and SA(v) >> 0, which causes the estimate of avbv to be
SA(v)
qv

SB(v)
uv

= 0. In contrast, with sentry, we have at least one

tuple sB(v) to join with SA. The estimate of avbv will be

(SA(v)
qv

+ 1)(SB(v)
uv

+ 1) which is larger than 0.

With the sentry technique applied, the estimated join size

is computed as follows:

Ĵ =
∑

v∈VA,B

1

pv
(
SA(v)

qv
+ 1)(

SB(v)

uv

+ 1) (3)

B. Capturing Existing Approaches

We now describe each of the three existing correlated sam-

pling techniques using our proposed five-parameter framework

for correlated sampling. A summary of their characterizations

are shown in the first three rows in Table II. The space budget

allocated for a join query’s samples is given by θ· data size,

where θ is some value less than 1 and data size denotes the

total size of the tables involved in the join query.

CS2: In the first proposed correlated sampling approach (de-

noted by CS2) [30], SA is a simple random sample from

table A with sampling probability θ, and SB = B ⋉ SA. For

the construction of SA, since all the join column values are

considered and each tuple is drawn with a probability of θ,

pv = 1 and qv = θ, for all v. For the construction of SB , since

SB is simply B ⋉ SA, uv = 1 for all v. CS2 does not apply

the sentry technique and the estimation method used is the

simple scaling-up method. Although CS2 generally has good

estimation quality, its synopsis size can be unpredictably large

if B⋉SA is large. Hence, CS2 is not practical due to its large

space requirement.

CSO: To address the large space overhead of CS2, a sec-

ond variant of correlated sampling, denoted as CSO, was

proposed [28]. In CSO, each join column value from VA is

sampled with probability θ; thus, pv = θ. All the tuples with

these sampled join values in both A and B are included in the

synopsis; thus, qv = uv = 1 for all v. Similar to CS2, CSO

does not apply the sentry technique and the estimation method

used is the simple scaling-up method. Since the join values

are randomly sampled, the expected synopsis size for CSO is

θ · data size. Since CSO has the property that qv = uv = 1
for all v, it means that for each join column value v, either

all or none of the tuples with value v are included in the

synopsis. This phenomenon is referred to by [4] as the “all or

nothing” problem and it has been experimentally shown that

this phenomenon leads to poor estimation quality due to high

estimation variance.

CS2L: The state-of-the-art approach is the two-level correlated

sampling approach [4], which we refer to as CS2L. CS2L

introduces three key ideas. First, it incorporates the idea of

end-biased sampling by using different pv for each v, such

that join values with higher frequencies are more likely to be

sampled as they are likely to contribute more output tuples to

the join result. Second, unlike CSO which sets both qv and uv

to be 1 for all values of v, CS2L sets qv = uv < 1 to avoid the

“all or nothing” problem in CSO. The values of pv and qv are

optimized by minimizing the estimation variance. Third, CS2L

introduces the sentry technique in the second-level sampling

step to ensure that there is at least one sampled tuple for

each sampled join value. CS2L has been demonstrated to have

better estimation quality compared to CSO [4]. Similar to both

CS2 and CSO, CS2L uses the simple scaling-up technique for

its estimation method.

Unlike CS2, where the size of its sample synopsis could be

unpredictably large, both CSO and CS2L (as well as our new

approach CSDL to be discussed in Section IV) could bound

the sample synopsis size to a given allocated space budget

(i.e., θ· data size).

III. LIMITATIONS OF EXISTING TECHNIQUES

In this section, we discuss three limitations of existing corre-

lated sampling techniques. These limitations will be addressed

by our new approach to be described in Section IV.

Bias-variance tradeoff. First, all existing techniques are

based on the unbiased scaling up technique for estimating

join size. However, using an unbiased estimator does not

necessarily guarantee low estimation errors as the estimation

error comprises of both the bias and the variance [25]. More

specifically, the bias of an estimator f̂ for the ground truth

f is given by Bias[f̂(x)] = E[f̂(x)] − f(x), which has

a value of 0 if f̂ is an unbiased estimator of f . However,

the squared error of f̂ , E[((f̂(x) − f(x))2], is proportional

to (Bias[f̂(x)])2 + (V ar[f̂(x)])2 [25]; thus, an unbiased

estimator f̂ could still have a large estimation error if the

estimation variance is high.
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Framework Parameters
Approaches pv qv uv sentry estimation method

CS2 [30] pv = 1 for all v qv = θ for all v uv = 1 for all v no simple scaling

CSO [28] pv = θ for all v qv = 1 for all v uv = 1 for all v no simple scaling

CS2L [4] pv is proportional to
√
avbv same qv for all v uv = qv yes simple scaling

CSDL-Opt
jvd is
small

pv = 1 for all v qv is proportional to
√
avbv uv = qv yes discrete learning

jvd is
large

pv = θ for all v qv is proportional to
√
avbv uv = qv yes discrete learning

TABLE II: Summary of existing and new correlated sampling techniques (space budget = θ · data size)

Our experimental evaluation actually shows using the un-

biased scaling-up estimation method for join estimation pro-

duced high estimation variance resulting in high estimation

error. Indeed, there are many estimation problems where

unbiased estimators often have high estimation variance, and

biased estimators with lower variance are therefore preferred.

This is known as the bias-variance tradeoff [25]. For example,

in many machine learning problems, regularizers (e.g., L1

and L2 regularizers) are usually added to reduce estimation

variance, especially when the amount of training data is small

compared to the population. This is because an unbiased

estimator without regularizer (e.g., the least squares estimator)

often have high estimation variance on real data. With the use

of regularizers, the estimator becomes biased but has much

better estimation quality on real data due to a much lower

estimation variance [9], [26].

Accuracy for small samples. Second, existing approaches

need relatively large samples to obtain satisfactory estimation

quality, and they do not perform well with very small samples.

While providing good estimations with very small samples

is a desirable property for sampling techniques in general,

this property is even more important for correlated sampling

techniques because correlated sampling generally requires

table samples to be created separately for each join graph to

be estimated. Therefore, the space allocated for a join graph’s

samples could be limited if there are many join graphs in a

query workload of interest. As an example, suppose that we

have a query workload consisting of 10 frequently queried join

graphs in a 100GB database. If we were to use a sampling rate

of 1% for the samples (i.e., θ = 0.01), then each join graph

would require 1GB samples with a total space requirement

of 10GB for all the sample synopsis. To reduce this storage

overhead would require using a lower sampling rate; hence,

it is important for a correlated sampling technique to provide

good estimation quality even with very small samples.

One-size-fits-all approach. Third, all the existing correlated

sampling techniques are essentially a one-size-fits-all approach

that applies a single technique to all join size estimation

problems independent of the characteristics of the tables

being joined. However, our experimental study reveals that

the accuracy of correlated sampling is affected by a data

characteristic that we termed join value density defined as

follows.

Consider the join between two tables A and B, where VA

(resp., VB) denote the set of distinct join column values in

table A (resp., B). The join value density (denoted by jvd)

between A and B (or simply join value density when the

context is clear) is defined as

jvd = min{ |VA|
|A| ,

|VB |
|B| }

where |X| denote the cardinality of a set X .

Our experimental study shows that the join value density

is an important data characteristic that affects the accuracy

of correlated sampling: sampling techniques that perform well

for joins with large jvd often do not perform well for joins

with small jvd and vice versa. Indeed, for the state-of-the-

art correlated sampling, CS2L, we have shown analytically

that the estimation variance of CS2L actually increases as jvd
becomes smaller.2 [29]

Since there is no correlated sampling technique that per-

forms well for both large and small jvd, it is therefore impor-

tant to choose an appropriate sampling technique depending

on the jvd of the join.

IV. OUR APPROACH

In this section, we present a new class of correlated sam-

pling techniques (denoted by CSDL). Our new approach

is based on applying a recently proposed discrete learning

algorithm [27] as the estimation method, which is a biased

estimator that has a low empirical estimation variance. The

algorithm can learn discrete distributions accurately for very

small samples. This addresses the first two limitations of

existing approaches discussed in Section III. To address the

third limitation of existing approaches, we design different

variants of CSDL with different sampling strategies, and iden-

tify the best variants for different data characteristics (i.e., with

different jvd) through experiments and analysis.

The rest of this section is organized as follows. We first

briefly introduce the estimation method, the discrete learning

algorithm, that is used in CSDL in Section IV-A, and then

present several variants of CSDL in Sections IV-B. Section

IV-C and Section IV-D include some analysis on the variants.

For ease of presentation, the preceding discussions focus on

two-table (many-to-many) equijoin queries A ⊲⊳ B without

any selection predicate. We discuss how to estimate for join

2Small jvd is quite common; for example, the join between sellers table
and products table has small jvd (less than 0.001) in an e-commerce database
where each seller can sell thousands of products.
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Same qv for all v Different qv for each v

Same pv
for all v

CSDL(1,θ): pv = 1, qv ≈ θ CSDL(1,diff): pv = 1, qv is proportional to
√
avbv

CSDL(θ,1): pv = θ, qv = 1 CSDL(θ,diff): pv = θ, qv is proportional to
√
avbv

CSDL(
√
θ,
√
θ): pv =

√
θ, qv ≈

√
θ CSDL(

√
θ,diff): pv =

√
θ, qv is proportional to

√
avbv

Different pv
for each v

CSDL(diff,1): pv is proportional to
√
avbv , qv = 1

CSDL(diff,diff): both pv and qv are proportional to
√
avbvCSDL(diff,θ): pv is proportional to

√
avbv , qv = θ

CSDL(diff,
√
θ): pv is proportional to

√
avbv , qv =

√
θ

TABLE III: CSDL variants classified into four categories. Detailed formulae for pv and qv is in our technical report [29].

queries with selection predicates in Section IV-E, and how

to estimate for PK-FK (i.e., primary-key-foreign-key) join

queries in Section IV-F.

A. Discrete learning algorithm

This section briefly introduces the estimation method that

is used in our proposed CSDL. The method is based on a

recently proposed discrete learning method (which we refer

to as DL) [27] that is designed to accurately learn discrete

distributions for very small samples.

Recall that in the offline phase of correlated sampling for

the join A ⊲⊳ B, we first draw a sample SA from table A
and then draw a sample SB from B⋉SA. These two samples

are used during the online phase to estimate the join size for

queries involving A ⊲⊳ B. Our CSDL approach applies DL to

estimate the distribution of join column values in table A from

SA during the online phase3.

The intuition for DL is that, when a distribution is known,

we can easily estimate how a sample would be like given

the distribution; however, when a sample is known but the

distribution is unknown, we should estimate the distribution

such that the expected sample statistics from the distribution

is as close as possible to our known sample.

The detailed algorithm of DL is discussed in Appendix A.

A key step in DL is the construction of a linear program

to minimize the difference between Fi and the expected Fi

(i.e., E[Fi]), where the sample fingerprint Fi is the number of

domain values that appear i times in the sample. Here, E[Fi] is

the sample statistics calculated from the estimated distribution,

and Fi is the statistics of the given sample.

In DL, the input sample is assumed to be a simple random

sample, which enables E[Fi] to be computed using Equa-

tion (9) shown in Appendix A. This brings a challenge to

applying discrete learning to correlated samples, especially

when the sampling probabilities for each join value is different.

This is because when we do correlated sampling with different

sampling probabilities, the sample is not a simple random

sample which means that Equation (9) is not applicable to

compute E[Fi].
Our approach addresses this challenge by constructing a

virtual sample based on the real sample, where the virtual

sample has the same E[Fi] as that in a simple random sample,

and E[Fi] can be calculated using Equation (9).

3In the general case where there is a selection predicate on A in the runtime
query (i.e., σc(A) ⊲⊳ B), the algorithm is applied to estimate the distribution
of the join values in σc(A); we defer the discussion of the general case to
Section IV-E.

We will discuss how the virtual sample is constructed

to satisfy Equation (9) in Section IV-B3, and explain the

advantage of using the virtual sample compared to directly

using a simple random sample (given that they have the same

expected fingerprints) in Section IV-C.

B. CSDL Variants

In this section, we present 10 variants of our proposed

CSDL technique which are summarized in Table III. They all

use the discrete learning algorithm as the estimation method

and apply the sentry technique for the second-level sampling

step. To avoid having unpredictably large sample synopsis, all

the variants have uv = qv; the details are discussed in our

technical report [29]. Note that all the existing approaches in

Table II also have uv = qv except for CS2 which has the

unpredictable space problem because of this.

The CSDL variants therefore differ in the options for the

remaining two parameters, namely, pv and qv . The options for

these two sampling probability parameters can be classified

into four cases: same pv and qv for all v (Section IV-B1);

different pv for each v, and same qv for all v (Section IV-B2);

same pv for all v, and different qv for each v (Section IV-B3);

and different pv and qv for each v (Section IV-B4). Based

on this classification in terms of pv and qv , we have chosen

to examine 10 variants of CSDL in this paper that represent

diverse instantiations of the parameter space.

Given that our CSDL variants differ only in pv and qv ,

we use CSDL(pv ,qv) to refer to a specific CSDL variant. In

the following, we explain how our approach works for each

of the four cases; in particular, we explain how the discrete

learning algorithm [27] is adapted as the estimation method

for correlated sampling.

1) Case 1: Same pv & Same qv: For this case, we consider

three options for pv: 1 (the maximum value), θ (the minimum

value to fully utilize the space budget), and
√
θ (a value

between the minimum and maximum values). Given a space

budget and pv , qv can be uniquely derived such that the sample

size is within the space budget; the detailed derivation is given

in our technical report [29].

We now explain how we adapt the discrete learning algo-

rithm (Section IV-A) to estimate the join size for CSDL. Note

that the following discussion applies for any values chosen

for pv and qv (and not only for the specific values being

considered for the setting in this section). We first consider

the simpler case where pv = 1, and then discuss the more

general case where pv ≤ 1.
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First, consider the case where pv = 1 for all v. Given a

space budget θ · data size, if we set pv = 1, then qv ≈ θ.

Note that qv is not exactly θ due to the use of sentry technique

in CSDL; details are shown in our technical report [29]. Here

we are essentially drawing a simple random sample SA from

A with sampling probability qv = θ. Then we sample the

joinable tuples in the second table B with sampling probability

uv = qv = θ to obtain SB .

In the estimation phase, since the sample SA is a simple

random sample, the sample will satisfy the discrete learning

algorithm’s input requirement (i.e., Equation (9) discussed in

Section IV-A). We first apply the discrete learning algorithm

to estimate the join column distribution of A. Then we obtain

a mapping between the join column values and their estimated

distribution probabilities in table A (excluding sentries). If the

probability of a value v is xv and |A| = N , then the table

frequency of v is estimated as av = xv · N + 1. Since SB

is also sampled with sentries, for each value v, its frequency

in B is estimated as bv = SB(v)
uv

+ 1. Putting these together,

when pv = 1, the join size is estimated as

Ĵ =
∑

v∈VA,B

avbv =
∑

v∈VA,B

(xvN + 1)(
SB(v)

uv

+ 1) (4)

We now discuss the general case where pv ≤ 1. In this

case, only join values sampled in the first-level sampling are

considered in the second-level sampling. We denote the set of

sampled join values as V ′
A,B .

Let N ′ denote the total number of tuples in A with sampled

join values; i.e., N ′ =
∑

v∈V ′

A,B
av . Thus, if pv ≤ 1, the join

size is estimated as

Ĵ =
∑

v∈V ′

A,B

1

pv
(xvN

′ + 1)(
SB(v)

uv

+ 1) (5)

Note that N ′ is computed during the sampling phase and is

stored together with samples SA and SB .

2) Case 2: Different pv & Same qv: For this case, we

also consider three variants with qv ∈ {1, θ, and
√
θ} as

summarized in Table III. Note that for the CSDL variants

discussed in this paper, the heuristic that guides our selection

of different pv (or qv) values is that pv should be proportional

to
√
avbv . The rationale for this is so that the contribution of v

to the join cardinality is proportional to avbv . If our approach

was using only one-level sampling, then we would have set the

sampling probability to be proportional to avbv . However, as

our approach is using two-level sampling with two sampling

probabilities pv and qv , we set each of pv and qv to be

proportional to
√
avbv . The details of the derivation are in our

technical report [29]. Note that although CS2L chooses values

for pv to minimize the variance of their unbiased estimation,

their optimal pv is also roughly proportional to
√
avbv [4].

The sampling and estimation steps for this case are similar

to those for Case 1 discussed in Section IV-B1 except that pv
can be different for each v. The join size is also estimated

using Equation (5).

3) Case 3: Same pv & Different qv: For this case, we

consider three variants with pv ∈ {1, θ,
√
θ} as summarized

in Table III. The sampling and estimation steps are similar

to those discussed for Cases 1 and 2 but with one important

change in the estimation phase. Instead of using SA as input

sample of the discrete learning algorithm, we construct a

virtual sample, denoted by SA2, that is related to SA as

follows: SA2(v) = SA(v) · t, where t is a function of qv , to be

explained next. Then we use SA2 instead of SA in the discrete

learning algorithm. Next, we will explain why constructing

SA2 is necessary.

Let us denote the sample we draw using same pv = p
and different qv as SA, and denote the sample we draw in

Section IV-B1 using same pv = p and same qv = q as

SA1. Note that SA and SA1 are using the same pv = p,

and the respective qv and q are calculated based on the

same space budget. As we discussed in Section IV-B1, we

could apply the discrete learning algorithm to SA1, based on

Equation (9). However, Equation (9) no longer holds for SA

as Lemma 1 shows. The high level intuition is that Equation

(9) is essentially using the Poisson distribution to approximate

the binomial distribution of the sample fingerprint Fi. Fi

follows the binomial distribution if the sample is a simple

random sample. However, if each domain value is drawn

using different probabilities, Fi no longer follows the binomial

distribution and thus cannot be approximated by the Poisson

distribution as in Equation (9).

Lemma 1. Let Fi and Gi be the number of values that

appear i times in SA and SA1, respectively. E[Fi] 6= E[Gi] =∑
x∈X poi(nx, i) · rx.

Proof. By definition of Fi and Gi, we have Fi = |{v|SA(v) =
i}|, Gi = |{v|SA1(v) = i}|. Because when we draw SA, each

tuple with join value v is drawn with probability qv , and when

we draw SA1, each tuple with value v is drawn with probability

q (same for all v), we have E[SA(v)] = avqv , E[SA1(v)] =
avq. Since qv 6= q in general, E[SA(v)] 6= E[SA1(v)] for each

v. Thus, in general, E[Fi] 6= E[Gi].

Therefore, we cannot directly use SA as input sample to the

discrete learning algorithm. Instead, we construct SA2 from

SA at estimation time by letting

SA2(v) = SA(v)
q

qv
(6)

Then it can be easily shown that E[SA2(v)] = E[SA1(v)].
Thus, we have E[Hi] = E[Gi] =

∑
x∈X poi(nx, i) ·rx, where

Hi is the number of values that appear i times in SA2. We

could then use SA2 in the discrete learning algorithm.

We will discuss the advantage of Case 3 using SA2 com-

pared to Case 1 using the simple random sample SA1, given

that SA2 and SA1 have the same expected fingerprint, in

Section IV-C.

4) Case 4: Different pv & Different qv: The sampling and

estimation phases for this case are similar to the discussion in

Section IV-B3. We denote the sample we draw using different

pv and qv for each v as SA, and denote the sample we draw
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in Section IV-B2 using different pv and same q as SA1. We

construct SA2 with the property that SA2(v) = SA(v)
q
qv

, and

use SA2 in the discrete learning algorithm. Finally, we use

Equation (5) to estimate the join size.

C. Discussion on Case 3 and Case 4

Note that in Case 3, the input sample to the discrete learning

algorithm is the virtual sample SA2, not the originally drawn

sample SA. SA2 is constructed such that it has the same

expected sample fingerprint as the simple random sample SA1

in Case 1. As a result, the Case 3 input SA2 and Case 1

input SA1 have the same expected fingerprint. Then a natural

question to ask is, what is the difference between Case 3 and

Case 1?

The difference is that the Case 3 virtual sample SA2(v)
has lower variance for frequent join values than the Case 1

sample SA1(v) does, and thus frequencies of these values can

be estimated more accurately. Same logic applies to Case 4

and Case 2 where the Case 4 virtual sample has the same

expected fingerprint as in Case 2.

Indeed, the point of Case 3 using different qv for different

v is to allocate more synopsis space to values with high

frequencies in the table, because they are likely to contribute

more to the join size. We show in Lemma 2 that if we use

higher sampling probability for a value v when drawing SA,

the variance of constructed SA2(v) will be smaller than that

of SA1(v).

Lemma 2. V ar[SA2(v)] < V ar[SA1(v)] when qv > q.

Proof. By variance of binomial distribution, V ar[SA1(v)] =
avq(1 − q), V ar[SA(v)] = avqv(1 − qv). Then V ar[SA2(v)]

= V ar[SA(v)
q
qv
] = q2

q2v
V ar[SA(v)] = q2

q2v
avqv(1 − qv) =

avq
q
qv
(1− qv) = avq(

q
qv

− q). Since q
qv

< 1, V ar[SA2(v)] <
V ar[SA1(v)].

D. Best Performing Variants

The variants we introduced in Section IV-B are using

different sampling strategies. As we discussed in Section

III, data with different characteristics (especially join value

density jvd) need different sampling strategies. To find out

which variants are the best, we conduct experiments on the

Join Order Benchmark (JOB), where queries have large or

small jvd. As we will show in Section VI, for queries with

small jvd, the best variants are CSDL(1,θ) from Case 1

and CSDL(1,diff) from Case 3. CSDL(1,diff) from Case 3 is

slightly better in terms of empirical variance. For queries with

large jvd, each case has some variant performing quite well

(CSDL(θ,1), CSDL(diff,1), CSDL(θ,diff), CSDL(diff,diff)). The

best is CSDL(θ,diff) from Case 3 for large jvd.

To summarize, we observe from our experiments that Case

3 usually performs the best. The best variants are shown in the

last two lines of Table II. More specifically, we observe that

a) Using different pv (Case 2 and Case 4) is often not the best

strategy, especially when the join value density is small. b)

Case 3 often performs better than Case 1, which corresponds

to our variance analysis in Section IV-C.

E. Join Queries with Selection Predicates

So far, we have explained our estimation approach for

queries without any selection predicate. In this section, we

extend the ideas for queries with selection predicates of the

form σcA(A) ⊲⊳ σcB (B).

The offline sampling phase remains unchanged since the

selection in the queries are only known during the online

estimation phase. At online time, we first derive the filtered

sample S′′
A = σcA(SA) by applying the query’s selection

predicate cA on table A to our sample SA. We then apply

the discrete learning algorithm on S′′
A to learn the distribution

of the join column values for tuples that satisfy cA. The

selectivity of cA on table A is estimated as f cA =
|S′′

A|
|SA| . Let

S′′
B = σcB (SB), V

′′
A,B be the set of join column values that

are present in both S′′
A and S′′

B , and N ′′ denote the estimated

number of tuples in A with sampled join values that satisfy

cA. Thus, we have N ′′ = N ′ · f cA . Then the estimated join

size is

Ĵ =
∑

v∈V ′′

A,B

1

pv
(xvN

′′ + I ′′A(v))(
S′′
B(v)

uv

+ I ′′B(v)) (7)

where S′′
B(v) is the set of tuples in SB that satisfy the selection

predicate cB on table B; I ′′A(v) is 1 when the sentry sA(v)
satisfies cA, and 0 otherwise; and I ′′B(v) is 1 when the sentry

sB(v) satisfies cB , and 0 otherwise.

F. PK-FK Join Queries

The algorithm for handling PK-FK joins is not much dif-

ferent from that for many-to-many equijoins. However, there

are two issues to take note. First, for PK-FK joins, we should

always sample the FK table first and get joinable tuples from

the PK table, and apply the discrete learning algorithm on the

sample of the FK table. We do not want to apply the discrete

learning algorithm to the PK table because we know exactly

how the join column values are distributed (each join value

appears exactly once in the table). The difficulty of estimating

join size is on estimating distribution of the FK table.4 Also,

estimating the join size for PK-FK joins with no selection

predicate is trivial since the join size is just the size of the

FK table. Moreover, if the selection predicates are only on

the FK table, the join size estimation is no different from

single-table selectivity estimation, which is not the focus of

this paper. The problem is only interesting when the query

has selection predicates on the PK table.

Second, since we always draw a sentry first in second-level

sampling, we are not actually doing second-level sampling

on the PK table as each join value only has one tuple. The

algorithm does not change; it is just that we will be drawing

tuples from an empty set.

4For many-to-many joins, we randomly choose one of the tables to sample
first, since the join column distributions in both tables are unknown before
sampling.
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V. MULTI-TABLE JOINS

We have extended our approach to handle two common

types of multi-table join queries, namely, chain joins and star

joins, with arbitrary number of joined tables. Extending to

other multi-table query structures is part of our future work.

In this section, we present our approach for chain join queries;

due to space constraint, star join queries are discussed in our

technical report [29].

Let us consider a 3-table chain join query as an example:

A
A.PK=B.FK

⊲⊳ B
B.PK=C.FK

⊲⊳ C, where A joins B on A’s

primary key, and B joins C on B’s primary key. Extending

to chain join queries with more than three tables is straight-

forward. Right now, we can only support this join structure

where each PK-FK join has the FK table on the right side;

this is the same chain join structure supported by CS2L.

Let VA,B and VB,C be the set of join column values for

A ⊲⊳ B and B ⊲⊳ C, respectively. We use pv and qv as the first-

level and second-level sampling probabilities for sampling C,

and obtain all the joinable tuples from A and B. Note that we

will not be doing second-level sampling on A and B because

for each join column value v in SC (v ∈ VB,C), there is at

most one joinable tuple in B, and for each (u, v) pair in SB

(u ∈ VA,B , v ∈ VB,C), there is at most one joinable tuple

in A, given that the join attributes are the primary keys of B
and A. In other words, we will only be getting sentries from

B and A. For chain join queries with any number of joined

tables, we always choose the rightmost table (which joins on

its foreign key) to be the first sampled table.

We apply the discrete learning algorithm on SC to obtain the

mapping between each join value v ∈ VB,C and its estimated

probability xv . The chain join size is estimated as

Ĵ =
∑

u∈V ′′

A,B
,v∈V ′′

B,C

1

pv
I ′′A(u)I

′′
B(u, v)(xvN

′′
0 + I ′′C(v)) (8)

where V ′′
A,B is the set of join values in S′′

B for A ⊲⊳ B, V ′′
B,C

is the set of join values in S′′
C for B ⊲⊳ C, I ′′A(u) is 1 if there

exists a tuple in SA with join values u that passes cA and 0

otherwise, I ′′B(u, v) is 1 if there exists a tuple in SB with join

values u, v that passes cB and 0 otherwise, I ′′C(u) is 1 if sentry

sC(u) passes cC and 0 otherwise, N ′′
0 = N0 ·f cC = N0 · |S

′′

C |
|SC | .

For setting pv and qv , we follow the design choices of

CSDL-Opt in Table II: When the join value density jvd =
min{ |VB |

|B| ,
|VC |
|C| } is small, we use CSDL(1,diff); when jvd is

large, we use CSDL(θ,diff). The design choices of CSDL-Opt

will be discussed in Section VI with experimental results.

VI. EXPERIMENTAL RESULTS

In this section, we present experimental results com-

paring the 10 variants of CSDL against CS2L, the state-

of-the-art correlated sampling technique5. Our comparison

metric is the q-error [20] which is defined as q-error =

5We did not compare against CSO and CS2 because CS2L has been shown
to outperform CSO [4] and CS2 is not practical due to its unpredictably large
samples (Section II-B). Some early work on end-biased sampling [8] has also
been shown to be outperformed by CSO [28].

max(J, Ĵ)/min(J, Ĵ), where J denotes the true join size

and Ĵ denotes the estimated join size. The q-error metric has

been used by recent papers on cardinality estimation [11], [16],

[21] as it has the nice property that a theoretical upper bound

can be established for a query plan quality if its q-error is

bounded, unlike other previous error metrics (e.g., absolute

error, relative error, L2 error) [20].

All the correlated sampling techniques were implemented

using Python6. Our experiments were conducted on an In-

tel Xeon Processor E5-2603 v2 server with 32GB memory,

running Ubuntu Linux 16.04. Our experiments used both real

dataset (Join Order Benchmark (JOB) [15]) as well as syn-

thetic dataset (TPC-H Benchmark). Each reported estimation

error for a query (w.r.t. a space budget) is the median value

from performing 20 join size estimations.

We report the results for four experiments. Experiments 1 to

3 focus on two-table join queries. Experiment 1 (Section VI-A)

compares our proposed 10 variants of CSDL against CS2L in

terms of both estimation quality as well as estimation runtime.

Our results reveal two winning CSDL variants: CSDL(1,diff)

performs the best for queries with low join value density (jvd),

while CSDL(θ,diff) performs the best for queries with high

jvd. We combine these two variants into a hybrid variant

that we refer to as CSDL-Opt. Our results also show that

CSDL-Opt outperforms CS2L in terms of better estimation

quality. Experiment 2 (Section VI-B) examines the effect of

small filtered samples by varying the query’s selection predi-

cate selectivity, while Experiment 3 (Section VI-C) examines

the effect of data skewness. Our experimental results show that

CSDL-Opt is more robust than CS2L for both small filtered

samples as well as skewed data. Experiment 4 (Section VI-D)

focus on multi-table join queries, and our results show that

CSDL-Opt outperforms CS2L as well for such queries.

A. CSDL variants vs. CS2L

In this section, we compare the 10 CSDL variants (shown

in Table III) against CS2L, the state-of-the-art correlated

sampling technique. The comparison focuses on two-table

join queries that are derived from the multi-table join queries

in the Join Order Benchmark (JOB). JOB is based on the

IMDB movie data set, and it consists of 113 multi-table join

queries that are derived from 33 different join graphs. Queries

derived from the same join graph differ only on their selection

predicates. For a multi-table join query in JOB, we can derive

multiple two-table join queries from it by choosing different

pairs of tables being joined (and their associated selection

predicates). Our technical report [29] has more details on the

queries used.

For this experiment, we used all the 6 multi-table join

queries (Q1a, Q1b, Q2a, Q2b, Q2c, and Q2d) that are based on

the first two join graphs (Q1 and Q2) in JOB to derive 14 two-

table join queries. The identifier of each two-table join query

6The code for CS2L was obtained from the authors. We use D =
0.08, E = 0.05 in Algorithm 1 of our technique. We have tried different

values of D,E that satisfy the requirement 0 < D
2

< E < D < 0.1 in
Algorithm 1, which does not have much impact on experimental results.
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Query θ 1,θ θ,1
√
θ,
√
θ diff,1 diff,θ diff,

√
θ 1,diff θ,diff

√
θ,diff diff,diff CS2L

Q1a1 0.001 1.13 ∞ ∞ ∞ 1.19 ∞ 1.12 ∞ ∞ ∞ 1.11
(J = 28657) 0.0001 1.44 ∞ ∞ ∞ 1.36 ∞ 1.41 ∞ ∞ ∞ ∞

Q1a4 0.001 140.93 ∞ ∞ ∞ ∞ ∞ 146.05 ∞ ∞ ∞ ∞
(J = 250) 0.0001 3.11 ∞ ∞ ∞ ∞ ∞ 3.55 ∞ ∞ ∞ ∞

Q1b1 0.001 1.00 ∞ ∞ ∞ 1.01 ∞ 1.00 ∞ ∞ ∞ 1.01
(J = 1334832) 0.0001 1.04 ∞ ∞ ∞ 1.03 ∞ 1.02 ∞ ∞ ∞ ∞

Q1b4 0.001 5.88 ∞ ∞ ∞ ∞ ∞ 5.79 ∞ ∞ ∞ ∞
(J = 10) 0.0001 7.72 ∞ ∞ ∞ ∞ ∞ 6.94 ∞ ∞ ∞ ∞

TABLE IV: Comparison of q-error for queries with small join value density (jvd < 0.001). J denotes the true result size.

Query θ 1,θ θ,1
√
θ,
√
θ diff,1 diff,θ diff,

√
θ 1,diff θ,diff

√
θ,diff diff,diff CS2L

Q1a2 0.001 ∞ 1.29 ∞ 1.11 ∞ 9.69 ∞ 1.27 ∞ 1.44 1.69
(J = 28889) 0.0001 ∞ 3.14 ∞ 1.76 ∞ ∞ ∞ 2.57 ∞ 5.27 1.75

Q1a3 0.001 ∞ 1.24 ∞ 1.81 ∞ 8.46 ∞ 1.31 ∞ 1.25 1.85
(J = 62658) 0.0001 ∞ 4.43 ∞ 11.82 ∞ ∞ ∞ ∞ ∞ 8.39 2.46

Q1b2 0.001 268317.42 1.50 ∞ 1.38 101.99 1.67 1.66 1.42 ∞ 1.81 1.04
(J = 622478) 0.0001 670791.36 1.35 ∞ 1.49 ∞ 13.93 107.71 1.35 ∞ 1.89 1.21

Q1b3 0.001 378374.30 1.24 ∞ 1.16 39.22 1.40 2.20 1.07 ∞ 1.74 1.05
(J = 4072924) 0.0001 397834.69 1.20 ∞ 2.44 ∞ 5.98 45.37 1.18 ∞ 1.94 1.16

Q1b5 0.001 287478.31 1.33 ∞ 1.35 158.85 1.35 2.30 1.31 ∞ 1.34 1.08
(J = 357091) 0.0001 459964.33 1.57 ∞ 1.31 ∞ 20.10 47.35 1.23 ∞ 1.32 1.28

Q2a1 0.001 43043.15 3.13 ∞ 3.46 1.31 1.32 9.17 4.62 ∞ 2.02 1.34
(J = 148132) 0.0001 43043.15 14.73 ∞ ∞ 114.90 2.50 16.94 14.53 ∞ 8.53 11.48

Q2a2 0.001 5.54 ∞ ∞ ∞ 1.16 ∞ 30247.24 ∞ ∞ ∞ ∞
(J = 41840) 0.0001 9.38 ∞ ∞ ∞ ∞ ∞ 832.21 ∞ ∞ ∞ ∞

Q2b1 0.001 67650.76 6.02 ∞ ∞ 1.55 1.47 16.64 4.40 ∞ 2.95 1.48
(J = 56410) 0.0001 12025.80 ∞ ∞ ∞ 175.43 12.40 10.65 ∞ ∞ 6.16 ∞

Q2c1 0.001 326141.62 ∞ ∞ ∞ ∞ ∞ 1.80 ∞ ∞ ∞ ∞
(J = 2) 0.0001 235546.86 ∞ ∞ ∞ ∞ ∞ 32.47 ∞ ∞ ∞ ∞

Q2d1 0.001 47965.34 2.51 ∞ 1.60 1.1038 1.11 3.14 2.13 ∞ 4.55 1.13
(J = 1153798) 0.0001 47965.06 4.72 ∞ 3.34 315.01 1.35 3.22 2.64 ∞ 20.33 2.01

TABLE V: Comparison of q-error for queries with large join value density (jvd ≥ 0.001). J denotes the true result size.

Query θ 1,θ 1,diff CS2L

Q1a1 0.001 0.0164 0.0067 0.0384

0.0001 0.4338 1.1707 ∞
Q1a4 0.001 4847.6262 3.5977 ∞

0.0001 1.5283 0.1479 ∞
Q1b1 0.001 0.00008 0.00005 0.00013

0.0001 0.0015 0.0003 ∞
Q1b4 0.001 31.8502 0.0072 ∞

0.0001 1731.5847 0.6813 ∞

TABLE VI: Comparison of estimation variance for CSDL(1,θ),

CSDL(1,diff) and CS2L on queries with small jvd

has a prefix from the identifier of the query from which it is

derived. For example, we have derived four two-table queries

(Q1a1, Q1a2, Q1a3, and Q1a4) from JOB’s Q1a.

Tables IV and V compare the q-errors for queries with low

and high jvd, respectively. For queries with low jvd, Table IV

shows that the two variants with pv = 1, CSDL(1,θ) and

CSDL(1,diff) (shown in bold), have the best estimation quality.

The reason for this is that for low jvd = min{ |VA|
|A| ,

|VB |
|B| }, the

number of join values |VA| (resp. |VB |) is small compared to

|A| (resp. |B|); therefore, sampling with a small pv would

yield very few sampled join values (possibly none) in the

first-level sampling resulting in poor estimation. Thus, the

two CSDL variants with pv = 1 perform the best. Between

CSDL(1,θ) and CSDL(1,diff), we observe that CSDL(1,diff)

has a slightly lower estimation variance than CSDL(1,θ) as

shown by the comparison of their estimation variances in

Table VI. Among the remaining CSDL variants, CSDL(diff,θ)

performs relatively well because its qv is small which implies

that its pv values are relatively large. The other CSDL variants

perform poorly as indicated by their infinity q-error values

which means that the estimated join size is 0 (the filtered

sample is empty); their poor performance is due to sampling

with small pv . Therefore, we pick CSDL(1,diff) to be the best

performing variant for queries with low jvd.

For queries with high jvd, we observe an opposite trend

to that for queries with low jvd. Specifically, Table V

shows that the best performers are the CSDL variants with

small pv values (CSDL(θ,1), CSDL(diff,1), and CSDL(θ,diff)),

and the poor performers are the CSDL variants with

large pv values (CSDL(1,θ), CSDL(
√
θ,
√
θ), CSDL(diff,θ),

and CSDL(
√
θ,diff)). The reason is that for high jvd =

min{ |VA|
|A| ,

|VB |
|B| }, the average number of tuples for each join

value is small, and sampling with a large pv value implies

that (1) many join values would be included in the first-level

sample, and (2) qv would be small. Therefore, the resultant

sample obtained from using large pv is likely to have very

few tuples (possibly none) giving poor estimation. Among

the three best performing variants, our estimation variance
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comparison (not shown due to space constraint) indicates that

CSDL(θ,diff) has slightly lower estimation variance than the

other two variants. Therefore, we pick CSDL(θ,diff) to be the

best performing variant for queries with high jvd.

Hybrid Variant: CSDL-Opt. Based on the two winning

CSDL variants, namely CSDL(1,diff) and CSDL(θ,diff), that

we have identified, in the rest of this paper, we use CSDL-Opt

to refer to a hybrid CSDL variant that works as follows:

CSDL-Opt estimates using CSDL(1,diff) if the jvd for a

query is low (i.e., lower than 0.001); otherwise, CSDL-Opt

estimates using CSDL(θ,diff). Comparing CSDL-Opt and

CS2L in Table IV and Table V, CSDL-Opt outperforms

CS2L when jvd is small, and gives comparable results when

jvd is large. Specifically, CS2L has infinity median q-error for

many queries with small jvd, which is due to CS2L’s high

estimation variance when jvd is small [29].

Estimation time. We conclude this section by comparing the

estimation time taken by CSDL-Opt and CS2L. Note that

as the focus of our experimental study is on the comparison

of estimation quality, both the implementations of CSDL-Opt

and CS2L have not been optimized (e.g., by exploiting parallel

executions). Since the simple scaling-up estimation technique

used in CS2L is much faster than the discrete learning

estimation method used in CSDL-Opt (which needs to solve a

linear program), the estimation time of CSDL-Opt is roughly

10 times longer than that of CS2L. Specifically, excluding the

cases where the estimated join size is 0 (which means the

runtime sample size is 0 and there is nothing to do in both

approaches), given a space budget of 0.0001·data size, CS2L

has an average running time of 0.19 seconds over all queries,

where the running time for 40% of the queries are under 0.15

seconds. CSDL-Opt have an average running time of 2.46

seconds, where the running time for 40% of the queries are

under 0.5 seconds. Note that the JOB dataset is 3.7GB in size

and the two largest tables cast info and movie info have

36 million and 15 million tuples, respectively.

B. Effect of Selection Predicate Selectivity

In this experiment, we study the effect of the selection

predicate selectivity on the performance of CSDL-Opt and

CS2L using two join queries over the JOB dataset. The first

query is a PK-FK query that joins table aka title and table title

on movie id, and the second query is a many-to-many join that

self-joins aka title on attribute title to find pairs of movies with

the same alias. Both the join queries have large jvd. To vary

the selection predicate selectivity for both queries, we added

the selection predicate of the form title LIKE “prefix %” to

both join queries, where prefix specifies the first word in a

movie title. We used the top-100 most frequent title prefixes

to vary the selection predicate selectivity. The space budget

used for the samples is 0.001 · data size. Due to space

constraint, we present the comparison results for 20 of the 100

prefix values used in Table VII. As the experimental results

show, CSDL-Opt performs much better than CS2L in terms

of number of failures (cases where the q-error is infinity) for

both PK-FK and many-to-many join queries.

Top n
most
frequent
prefix

Error of
CSDL-Opt

Error
of
CS2L

1 1.24 1.40

6 1.16 1.17

11 1.42 ∞
16 1.82 2.70

21 1.90 ∞
26 ∞ ∞
31 1.19 ∞
36 2.39 ∞
41 2.14 ∞
46 2.69 ∞
51 1.61 ∞
56 1.91 ∞
61 3.32 ∞
66 ∞ ∞
71 2.10 ∞
76 2.14 ∞
81 1.24 ∞
86 1.53 ∞
91 ∞ ∞
96 1.64 ∞
Number
of ∞ 3 17

Number
of ∞
for all
100
prefixes

20 83

Top n
most
frequent
prefix

Error of
CSDL-Opt

Error
of
CS2L

1 10.95 1.10

6 6.87 1.53

11 6.34 ∞
16 8.11 ∞
21 9.29 ∞
26 18.19 ∞
31 21.04 ∞
36 28.24 ∞
41 ∞ ∞
46 10.73 ∞
51 ∞ ∞
56 ∞ ∞
61 ∞ ∞
66 85.09 ∞
71 ∞ ∞
76 ∞ ∞
81 23.17 ∞
86 ∞ ∞
91 ∞ ∞
96 31.25 ∞
Number
of ∞ 8 18

Number
of ∞
for all
100
prefixes

35 85

(a) PK-FK join queries (b) Many-to-many join queries

TABLE VII: Effect of selection predicate selectivity

Dataset θ
CSDL-Opt CS2L

Q-error Variance Q-error Variance

s1-z4
0.0001 37.99 83.34 ∞ ∞
0.001 25.53 65.18 37.84 87.22

s0.1-z4
0.0001 1.82 ∞ ∞ ∞
0.001 3.23 2.61 ∞ ∞

s1-z2
0.0001 272.36 34873.09 342.20 ∞
0.001 2.32 13684.37 2.23 39154.99

s0.1-z2
0.0001 30.60 ∞ ∞ ∞
0.001 33.17 214.74 48.03 ∞

TABLE VIII: Comparisons for skewed data

C. Effect of Data Skew

In this experiment, we compare the effectiveness of

CSDL-Opt and CS2L on skewed data using skewed TPC-

H datasets7. We used a many-to-many join query between

the customer and supplier tables on c_nationkey =

s_nationkey without any selection predicate. Note that this

query’s join value density jvd is small. The comparison results

for different space budget (θ ∈ {0.001, 0.0001}), scale factor

(s ∈ {0.1, 1}) and skewness value (z ∈ {2, 4}) are shown

in Table VIII. Observe that CS2L performs poorly in many

cases, particularly for highly skewed data (s1-z4 and s0.1-

z4). CSDL-Opt performs much better than CS2L (in terms

of lower estimation errors) for highly skewed data, and is no

worse than CS2L for not so skewed data.

7https://www.microsoft.com/en-us/download/details.aspx?id=52430
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Dataset Q-error of CSDL-Opt Q-error of CS2L

s1-z4 1.51 ∞
s0.1-z4 3.77 ∞
s1-z2 1.45 1.11

s0.1-z2 3.49 1.31

TABLE IX: Comparisons for chain join queries

D. Multi-table Join Queries

In this experiment, we compare the performance of

CSDL-Opt and CS2L for the following three-table chain

query on skewed TPC-H data: customer ⊲⊳ orders ⊲⊳ lineitem,

where all the joins are PK-FK joins with a selection predicate

c acctbal > 8000 on customer table. Note that this query’s

join value density jvd is large.

Table IX shows the results for four skewed TPC-H datasets

with different scale factor (s ∈ {0.1, 1}) and skewness value

(z ∈ {2, 4}), where the space budget for the samples is

0.001 · data size. The results show that for highly skewed

data, CSDL-Opt provides much better estimations than CS2L

as CS2L tends to have infinity for its median q-error. For

not very skewed data, both CSDL-Opt and CS2L have

comparable performance.

VII. RELATED WORK

There are two main approaches for join size estimation,

histogram-based approaches and sampling-based approaches.

Histogram-based approaches include multi-dimensional his-

tograms [6], [22], [23], sketches [2], [5], [7], [13], [24] and

wavelets [3], [18] (can be viewed as compressed histograms).

The size of the synopsis for these approaches grows dra-

matically as number of attributes grows, including selection

and join predicates [4], [28], [30]. Also, they usually have

restrictions on types of predicates, supporting only equality

or range predicates and not allowing predicates such as “title

LIKE %hero%” [4].

Sampling-based approaches have the advantages that they

do not have restrictions on selection predicates, and do not

have problems with high dimensionality. However, estimation

using independent random samples from base tables often has

large errors for join queries. [1] proposed join synopses to

keep a simple random sample of the join result, but it works

only for PK-FK joins. [11] applies kernel density estimation

(KDE) technique to join samples for estimating join sizes,

but the online computation is very expensive and requires

hardware accelerators like GPU. Another recent work [12]

uses neural networks to learn the cardinalities of join queries,

where joins can be correlated. The approach is enhanced

using base table samples, but not directly related to correlated

sampling discussed in this paper. Similar to [11], training and

prediction of neural networks is done using GPU.

As we have discussed in Section II-B, correlated sampling

based approaches have been shown to be simple and effective.

This paper studies this family of approaches and proposes

new variants that improve existing correlated sampling based

solutions.

Besides, there are some works on sampling over join [10],

[31], which is getting a sample of join result without actually

computing the join. The techniques can be used in data

analytics when computing the join is too expensive and a

representative sample is desirable for getting insights. These

works are not directly related to the problem of join size

estimation. Also, the computation cost is usually prohibitively

high in the context of query optimization.

Another interesting work is the wander join [17] designed

for online aggregation over joins. Its sampling technique could

potentially be used for join size estimation. We compare

wander join with correlated sampling in our technical report

[29].

VIII. CONCLUSIONS

In this paper, we presented a systematic study of cor-

related sampling techniques by introducing a framework to

characterize their design space in terms of five parameters.

Our proposed framework not only captures all the existing

correlated sampling techniques (CS2, CSO, and CS2L), but

also reveals many other unexplored possible variants. We

also introduced a new class of correlated sampling techniques

termed CSDL that is based on using the discrete learning algo-

rithm for the estimation method parameter. We presented 10

variants of CSDL and experimentally compared them against

CS2L, the state-of-the-art correlated sampling technique. Our

empirical study reveals a pair of winning CSDL variants that

together form a hybrid variant CSDL-Opt, which was shown

to outperform CS2L in terms of providing better estimation

quality particularly when the samples are small or when the

join value density is small. As part of our future work, we

plan to extend CSDL to other multi-table join graphs beyond

chain and star joins, and also to handle non-equijoin queries.
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APPENDIX A

DISCRETE LEARNING ALGORITHM

Algorithm 1 presents the details of the discrete learning

algorithm [27] that our approach adapts for the estimation

method of CSDL. The algorithm consists of two key steps: the

first step (lines 1-7) estimates the “shape” of the distribution,

that is, a statistical histogram with the x-axis representing

probability values and the y-axis representing the number

of discrete domain values with each probability value. The

second step (lines 8-12) determines the probability for each

value; that is, assigning each value to the correct bin in the

histogram.

In the first step, Fi is the number of values that ap-

pear i times in the sample (line 1 of Algorithm 1). When

drawing a sample of size n, the probability that a value

with true probability x will be drawn exactly i times is

11



Algorithm 1: The discrete learning algorithm

Input: Sample S of size n from a discrete distribution P
Output: A mapping between domain elements in P and the

estimated probabilities
1 Let Fi be the number of values that appear i times in S

(fingerprint of the sample)

2 Define X = { 1

n2 ,
2

n2 ,
3

n2 , ...,
nD

+nE

n
}, where D,E are

arbitrary constants with 0 < D
2
< E < D < 0.1.

3 Define variable rx for each x ∈ X , and solve the following
linear program (LP):

4 Minimize
∑nD

i=1
| Fi −

∑
x∈X poi(nx, i) · rx | subject to∑

x∈X x · rx +
∑n

i>nD+2nE
i
n
Fi = 1, ∀x ∈ X, rx ≥ 0

5 Let hLP be the statistical histogram obtained from the LP,
with hLP (x) = rx, where rx is the solution to the LP.

6 Increment hLP (
i
n
) by Fi for each integer i > nD + 2nE .

7 Construct a multiset of probabilities M from the statistical
histogram hLP , by adding rx copies of x to M for each
histogram bin hLP (x) = rx.

8 foreach fingerprint entry j < log2 n do
9 Construct a weighted multiset Mj by assigning weight

poi(nx′, j) to each x′ in M
10 The probability of domain elements that appears j times

in the sample is estimated to be the median of the
weighted multiset Mj

11 foreach fingerprint entry j ≥ log2 n do
12 The probability of domain elements that appears j times

in the sample is estimated to be their empirical
probability j

n

Prob[Binomial(n, x) = i] ≈ poi(nx, i).8 Therefore, the

expected Fi will be

E[Fi] =
∑

x∈X

poi(nx, i) · rx (9)

where rx denotes the number of domain values with probabil-

ity x. We compute rx by minimizing the difference of expected

Fi and actual Fi using the linear program formulation (line

4). The two constraints in the linear program ensures that the

total probability mass equals 1 and rx is non-negative.

In the second step, we construct a multiset of probabilities

M from the histogram hLP (line 7). For values that appear j
times in the sample S where j < log2 n, we weight each x′

in M by poi(nx′, j), which is the probability that a domain

value with probability x′ appears j times in a sample of size

n, to obtain a weighted multiset Mj (lines 8-9). The estimated

probabilities for these values that appear j times is the median

of Mj (lines 10-11). For values that appear j ≥ log2 n times

in the sample S, the estimated probabilities is j
n

(lines 12-13).
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