CS3234 - Tutorial 2, Solutions

1. (1) The parse tree for the formula =((—qA (p—r)) A (r — Q)) is:

T

(2) All sub-formulas are:

p.ar, (=), (p—=r), (r—=a), (- A(p—r)),
((mg)A(p—=T))A(r—Qq)), initial formula

(3) If p,rare T and q is F, the truth value of the formulais T.



2. (1) The parse tree for the formula

(= (rv) V((=a)Ar)) = ((=(p—s)) = 1)) is:
T(—

(2) All sub-formulas are:

rlg ps (rvi), (), (p—=9), (5= (rvl)), (Fa)AT), ~(p =),
((s= (rv1))V((—q)Ar)), (=(p— s) —r), initial formula

(3)If p,rare T and q, s, | are F, the truth value of the formula is T.



3. (1) The parse tree for the formula ((p — —q) V (pAr) — S) vV -r is:

(2) All sub-formulas are:

a P s 1, (=0), (P— (=), (PAT), (pP— (=) V (PAT)), ((P— (—0)) V
(pAT)) — ), (—r), initial formula

(3) If p,rare T and q, sare F, the truth value of the formula is F.



Truth table for formula 1. =((—=qA(p—T1)) A(r — Q)) is:
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We denote by fj the formula: (—gqA (p—r))A(r — q).

The next formulas 2. and 3. have card({T,F})@d{parsli}) — 25 = 32
rows, and card({T,F})c@d{pasr}) — 24 — 16 rows respectively.

3.

if @,....,¢hF Y then @p,....,0n =Y

By the definition of the sequent, @i, ...,@, - Y means that exists a proof
using the natural deduction rules, with @y, ..., @, as premises and { as con-
clusion.

In order to prove @i, ...,@, = Y we reason by induction on the length of
the proof for @y,...,@ - Y:

M(K) : “For all sequents @, ...,@, = W (n> 0) which have a proof of length
k, it is the case that @, ...,@, = W."

Inductive step:
Induction hypothesis: Suppose we have M (k') true for all k' < k.
To prove: We want to prove M(K) true.

Assume that the sequent @, ..., @, - Y has a proof with the length k:



Nel

1. @ premise
n. @ premise

k. g justification

The justification from line k. in the proof is one of the natural deduction
rules. We analyze one by one each natural deduction rule that could appear
as justification in line k.

YAP
g
Then, the proof for the sequent @1, ...,@, - Y has a line kg, k; < k, where

Y A pappears as the result of some natural deduction rule Rand some lines,
previous to Ki.

1. @1 premise
n. @,  premise
ki. yAQ R

K. 1) Ael kg

By sequent definition, @1, ..., o+ WA @is a sequent with a proof in kq steps
(k1 < K).

By induction hypothesis for M(kj), we deduce that there is a semantic
entailment between @y, ...,@, and YA @. That is:

QL. W EWAQ

By definition of semantic entailment, any interpretation J that evaluates
@1,...,¢n to true (3(@) =T, i = 1...n), will evaluate also Y A @ to true

GWAQ) =T).

Using the truth table for A, we know that when QA @ is true, both  and
@ have to be true. That is any interpretation J that evaluates Y A @ to true
(I(pA @) =T) will evaluate also Y to true (J(P) =T).



Hence, any interpretation J that evaluates @i, ..., @ to true (J(@) =T, i =
1...n), will evaluate also Y to true (J(Y) =T).

By definition of semantic entailment, we conclude that:

O EY

1
Y1V Yo

Then, the proof for the sequent @y, ...,@, - Y has a line kg, k; < k, where
)1 appears as the result of some natural deduction rule R and some lines,
previous to ki.

Vil where ) has the form Q1 Vv 5.

1. @ premise
n. @, premise
k]_. l]J]_ R

k. @ Vilk

By sequent definition, @1, ..., o+ WA @is a sequent with a proof in ki steps
(k1 <K).

By induction hypothesis for M(kj), we deduce that there is a semantic
entailment between @y, ..., @, and Y1. That is:

(pla"'a%):wl

By definition of semantic entailment, any interpretation J that evaluates
@1,...,totrue (3(@) =T, i=1...n), will evaluate also 5 to true (J(P1) =
T).

Using the truth table for v, we know that if i is true, then Y1V 5 is
true. That is any interpretation J that evaluates i to true (J(g1) = T) will
evaluate also Y1 V Yy to true (J(W1 Vv Y2) = T).



Hence, any interpretation J that evaluates @i, ..., @ to true (J(@) =T, i =
1...n), will evaluate also Y1V Y = Y to true (J(Y) =T).

By definition of semantic entailment, we conclude that:

P EY
Vi2 analogous to Vil.
P1
—i qu where ) has the form @1 — Y.
Y1 — Y2

Then, the proof for the sequent @1, ..., @, F W has lines k; and ko, kg, ko < k,
where Y1 and 2 respectively appear as the result of some natural deduction
rules R1 and R2 and some lines, previous to them.

1. @ premise

n. ¢ premise

Ki. | W1 Ry
ko. | W2 Ro

k. l]Jll—)lsz (—)i)kl—kz

Note that the natural deduction rule includes boxes when some lines are
under some assumptions, which are the first lines in the surrounding box.

By sequent definition, @1,...,@n, Y1 - W2 is a sequent with a proof in ky
steps (ko < K).



By induction hypothesis for M(kz), we deduce that there is a semantic
entailment between @y, ..., @, Y1 and Yo. That is:

(plr"a(ﬂ'hwl):wz

By definition of semantic entailment, any interpretation J that evaluates
Q... G, Py to true (3(@) =T, i =1...n, J(P1) = T), will evaluate also
Yo to true (J(W2) =T).

Using the truth table for —, we know that if (1 is false then Q3 — Yo is
true, and if both Yy, > are true, then Y1 — > is true. Any interpretation
J evaluates Y to true or false. So, when J(Q1) = F then J(Yy — Y2) =T
and when 3(g1) =T, then J(P1 — W2) =T only if J(P2) =T.

Hence, any interpretation J that evaluates @, ..., @, to true (J(@) =T, i =
1...n), will evaluate ; to true, or false. In each case, considering the
justification above, J(P1 — Y2) = T. That is in fact J(@) =T.

By definition of semantic entailment, we conclude that:

O, EY

¢ =y
W

Then, the proof for the sequent @y, ..., @ F Y has lines k; and ko (kq, ko < K),
where @ appears as the result of some natural deduction rule R1 and some
lines, previous to ki, and respectively ¢ —  appears applying some natural
deduction rule R2, over some lines previous to k».

1. 07} premise

n. (0N premise

K. () R1
k. ¢—U¢ R2

k. W —ekyke



-l

By sequent definition, @1,...,@, - @ is a sequent with a proof in ky steps
(k1 < K),and @, ..., o @— W is asequent with a proof in ks steps (ko < k).

By induction hypothesis for M(k;), and M(kz), we deduce semantic en-
tailments @1,...,¢h = @and @p,...,0h = @— .

By definition of semantic entailment, any interpretation J that evaluates
@1,---,¢n to true (3(@) =T, i =1...n), will evaluate both ¢ and @ —
totrue (J(@ =TandJ(@—Y)=T).

Using the truth table for —, we know that if ¢ is true and @ — s is true,
then Y is true. That is any interpretation J that evaluates @ and @ — ) to
true (J(@) =T and J(@— P) = T) will evaluate also  to true (J(@) =T).

Hence, any interpretation J that evaluates @, ..., @, to true (J(@) =T, i =
1...n), will evaluate also Y to true (J(Y) =T).

By definition of semantic entailment, we conclude that:

Q=Y

L where s has the form —q.

—¢

Then, the proof for the sequent @1, ..., @, — W has lines ky and ko, ki, ks <k,
where @and _L respectively appear as the result of some natural deduction
rules R1 and R2 and some lines, previous to them.



1. @ premise

n ¢ premise
ki.| @ | RL
ko. i R2

k@ (-i) ki—ko

Note that the natural deduction rule includes boxes when some lines are
under some assumptions, which are the first lines in the surrounding box.

By sequent definition, @, ..., @, @ L is a sequent with a proof in k; steps
(k2 < K).

By induction hypothesis for M(kz), we deduce that there is a semantic
entailment between @,...,@,,@and L. That is:

Q- Q= L

By definition of semantic entailment, any interpretation J that evaluates
@, ---, P, @to true (J(@) =T, i=1...n, J(p) =T), will evaluate also
1 totrue (3(L)=T).

But L never evaluates to true, hence there is no interpretation J that eval-
uates to true all @1,...,@, and ¢. So, any interpretation J that evaluates
@1,...,Prtotrue (3(@) =T, i =1...n) will evaluate @to false (3(¢) = F).

Using the truth table for -, we know that if ¢ is false then @ is true. So,
any interpretation J that evaluates @ to false, will evaluate —¢@to true.

Hence, any interpretation J that evaluates @, ..., @, to true (3(@) =T, i =
1...n), evaluates also —@to true (J(—¢) = T). That isin fact J(p) =T.

By definition of semantic entailment, we conclude that:

O, EY
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T where P is L.

Then, the proof for the sequent @1, . .., @, = P has lines ky and ky (k, ko < K),
where @ appears as the result of some natural deduction rule R1 and some
lines, previous to ky, and respectively —@ appears applying some natural
deduction rule R2, over some lines previous to k».

1. @ premise
n. cpn premise
k1. (:p R1
K. —:(p R2

K. P ek ko

By sequent definition, @1,...,@, - @ is a sequent with a proof in ky steps
(k1 < K), and @1, ..., - —@is a sequent with a proof in ky steps (k2 < K).

By induction hypothesis for M(k;), and M(kz), we deduce semantic en-
tailments @1,...,¢ = @and @p,..., 0 = Q.

By definition of semantic entailment, any interpretation J that evaluates
@1,...,¢n to true (3(@) =T, i =1...n), will evaluate both @ and - to
true (J(@) =T and J(—@) =T ).

Using the truth table for —, we know that is impossible for both @ and —¢to
be true in the same time.

Hence, there is no interpretation J that evaluates ¢, ..., @, to true. So, any
interpretation that evaluates @,...,@, to true (J(@) =T, i =1...n), will
evaluate also L to true (there is no such interpretation J so we are safe).

By definition of semantic entailment, since Y is L, we conclude that:

O EY
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Then, the proof for the sequent @,..., @, F W has a line ky (ky < k), where
| appears as the result of some natural deduction rule R and some lines,
previous to ki.

1. @ premise
n. @ premise
k.. L R

k. ¢ lek

By sequent definition, ¢y,...,@, F L is a sequent with a proof in k; steps
(k1 < K).

By induction hypothesis for M (ki) we deduce the semantic entailment:

@, L

By definition of semantic entailment, any interpretation J that evaluates
Q1,---,Phtotrue (J(@) =T, i=1...n), will evaluate also | totrue (J(L) =
T).

Since L never evaluates to true, there is no interpretation J that evaluates
all @1, ...,@, to true. So, any interpretation that evaluates @y, ..., @, to true
(3(@) =T, i =1...n), will evaluate also Y to true (there is no such inter-
pretation J so we are safe).

By definition of semantic entailment we conclude that:

Q=Y
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Then, the proof for the sequent @1,...,@, - Y has a line ky (k1 < k), where
=) appears as the result of some natural deduction rule Rand some lines,
previous to Ki.

1. @1  premise
n. @  premise
ki. =@ R

K. 1] ——e kg

By sequent definition, @, . .., @, - == is a sequent with a proof in ky steps
(k1 <K).

By induction hypothesis for M (ki) we deduce the semantic entailment:

QLo =Y

By definition of semantic entailment, any interpretation J that evaluates
@1,...,¢n to true (J(@) =T, i = 1...n), will evaluate also —— to true

G =T).

Since —— has the same truth value as ) under any interpretation, then any
interpretation that evaluates @, ..., @, to true (J(@) =T, i =1...n), will
evaluate also U to true (J(Q) =T).

By definition of semantic entailment we conclude that:

O, EY



= @with truth table

Pld| -p|-pP—=>d|p—>(-p—0)
F | F T F T
FIT| T T T
T | F F T T
T| T F T T

Hence = p— (—p— Q)

We want to prove - p — (—p — ) using a similar construction as in the
proof for the Compl eteness theorem.

Step 1. Nothing to do for this case.

Step 2. With Proposition 1.37 (page 63 textbook) each row in the above
truth table is transformed into a sequent as follows:

-p,~qFp— (-p—q) (rowl)
-p,q-p— (=p—q) (row2)
p,~qFp— (-p—q) (row3)
p,q-p— (-p—q) (rowd)

Now let us construct the proof for - p — (—p — q) (using the proofs for the
above four sequents).



1 pVv-p LEM

2 p assumption

3 qVvq LEM

4 q assumption

5 p— (—p—0) (rowd) 2,4

6 —q assumption

7 p— (—p—0) (row3) 2,7

8 p— (—p—0) ve 3,4-5,6-7
9 -p assumption
10 qVv—q LEM

11 q assumption
12 p— (—-p—0q) (row2) 9,12
13 —q assumption
14 p—(—-p— Q) (rowl) 9,13
15 p—(—p—0q) ve 10,11-12,13-14
16 p— (—-p— Q) ve 1,2-8,9-15

By sequent definition we conclude thatt- p — (—p — q).

S.

The formula p— (qVr) is semantically equivalent to formulas:
1. qVv(=pVvr)

3. pA—r —(q

4. QA —r — —p

The semantic equivalence can be checked using truth tables. In the follow-
ings we give the truth table for all the formulas targeted in this exercise:



plaglr|p—=(QqVvr)|qVv(=pVvr) | gA-r—=p | pA-r—d | -qA-Tr—-p
FIF|F T T T T T
FIF|T T T T T T
FIT|F T T F T T
FIT|T T T T T T
T|F|F F F T F F
TIF|T T T T T T
T|T|F T T T T T
T/ T|T T T T T T
As we can see, in the third and fifth row, the formula gA —-r — p has a

different value than the others. However, all equivalent formulas have the
same truth value, in every row in the table (that is for any interpretation of

the atoms).

@®: =(p— (=(QA(=p—1))))

A conjunctive normal form of the formula @ is calculated by the algorithm
CNF that is applied over the negation normal form of the formula @.

First step in obtaining the negation normal form is applying the algorithm
I MPL-FREE which substitutes all the formulas ¢ — { with the equivalent
ones =@V .

IMPL — FREE(¢g) =

IMPL — FREE(—(p — (=(qA (—-p— q)
~(IMPL —

—-(—~IMPL

(
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(
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(
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J

J
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— FREE(p) VIMPL — FREE(~
pV=(IMPL — FREE(gA (—p— 0)))) =
pV=(IMPL — FREE(q) AIMPL — FREE(=p — q))) =
PV =(gA (-IMPL — FREE(=p) VIMPL — FREE(Q)))) =
PV =(gA (——IMPL — FREE(p) vV ())) =

)
FREE(p— (—=(qA (—=p—1))))) =
(=(aA(=p—1)))) =

=(=pV=(qA(==pVa)))

Second step in obtaining the negation normal form is to apply the NNF
algorithm over the equivalent formula resulted from the previous step. The
NNF algorithm relies on the De Morgan rules, and tries to bring the negation
in front of the atoms.




NNF(IMPL FREE((p))
NNF(=(=pV—(qA (==pVQ)))) =
NNF (= (= ))/\NNF(ﬂ(ﬂ( A(—==pVa)))) =
NNF(p) ANNF(gA (m=pVa)) =
p/\ (NNF(g) ANNF(=—pVQ)) =

A(QA )
A(Q
A(Q

—

(
A (NNF(p)va)) =
A(pVa))

Finally, a equivalent conjunctive normal form of ¢ is obtained using the
CNF algorithm which is practically exploiting the equivalence between for-

mulas (@A @2) V (g3 A @a) and (@1 V @3) A (LY a) A (G2V @3) A (@2V (u).

CNF(NNF(IMPL — FREE(@))) =
CNF(pA(an(pva)) =
CNF(p) ACNF(qA (pVa))
PA(CNF(q) ACNF(pVq))
PA (A DISTR(CNF(p),CN
PA(AA(PV ) =PAGA(P

T

(@) =
q)

<

The HORN algorithm aims to check if a formula is satisfiable by marking
all the atoms that have to betrue.

Note that the formula to be checked for satisfiability with HORN algorithm
has to be a Horn clause.

HORN((pAgAW— L)A(t—= L)A([r =P A(T =>1)A(T =g A(rA
U—=>WAU—=S)A(T —u)):
. mark atoms that appear in conjuncts of the form T — p: r,q,u

. mark atoms that appear in the right-hand-side of an implication, where all
the atoms in the left-hand-side are already marked: p,w,s

. since in the formula we have (pAgAwW — 1) and p, g, ware already marked
(that is p,qg,w have to be true), the given Horn clause is unsatisfiable (be-
cause it has a conjunct that is evaluatedto T — 1)



HORN((T = g)A(T = s)A(W— L)A(PAGAS— L)A(V=S)A(T —
NA(r—p)):

. mark atoms that appear in conjuncts of the form T — p: q,s,r

. mark atoms that appear in the right-hand-side of an implication, where all
the atoms in the left-hand-side are already marked: p

. since in the formula we have (pAqAs— 1) and p,q, sare already marked
(that is p,q,s have to be true), the given Horn clause is unsatisfiable (be-
cause it has a conjunct that is evaluatedto T — 1)



