CS3234 - Tutorial 3, Solutions

1.
(@) VX (P(x) = A(m,x))
(b) 3x (P(X) AA(x,m))
(©) A(m,m)
(d) =3x (S(x) AVY (L(y) = B(x,Y)))
(€) —3x (L(X) AVY (Sy) = B(Y;x)))

(f) ~(@x (LOJ ATy (S(y) AB(X,Y))))



2.

(@ Initial formula : =(vx ((3y P(x,y,2)) A (VzP(X,Y,2))))
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(b) All the occurrences of x are bound by the universal quantifier ¥x. y is bound
in the left-hand side subtree by 3y, and free in the right-hand side subtree.
Vice versa for the occurrences of z, free in the left-hand side and bound by
vz in the right-hand side.

(c) As we mentioned at (b), the variables are y and z



(d)

- @[t/x], where t =g(f(9(y,y)),Y)

Since there are no free occurrences of x, it remains the same formula
after the substitution:

ot/x =0

@[t/y], where t = g(f(a(y,y)),Y)

The only free occurrence of y is in the right-hand side subtree, thus we
have:

~(VX((FYP(%,Y,2)) A (VZP(x,Y,2)))) [t/y] =

~(YX((3YP(%,Y,2)) A (VZP(%, 9(f(9(¥,¥)),¥),2))))

§t/2], where t =g(f(9(y,y)).y)
The only free occurrence of z is in the left-hand side subtree. Since

t contains the variable y, which is bound by 3y in the left-hand side
subtree, we need to rename y in order to avoid a false bounding. We
have:

~(YX((3YP(x,Y,2)) A (VZP(x,Y,2)))) [t/2 =

renaming y to u

=(YX((FuP(x,u,2)) A (VZP(x,u,2)))) [t/2] =
~(VX((FuP(x,u,g(f(9(%:¥)),¥)) A (VZP(x, u,2))))

Ist free for x in ¢?
YES, because there are no free occurences of x in the initial formula.

Ist free foryin @?

YES, because y appears free on the right-hand side subtree and the
term t(= g(f(g(y,y)),Yy)) doesn’t contain any of the variables x or z,
which are bound on that subtree.

Ist free for zin @?

NO, because z appears free on the left-hand side subtree and the term
t(= 9(f(g(y,y)),y)) contains the variable y, which is bound on that
subtree.



3.

(@)

(b)

VX (P(X) A

Q(x)) F ¥xP(x) A
VX (P(X) AQ(X))

X0
P(x0) A Q(X0)
P(xo)

VX P(X)

X1
P(x1) A Q(x1)
Q(x1)

1
2
3
4
5
6
7
8
9

VX Q(X)

10 VX P(X) A VX Q(X)

A VX Q(X)

premise

Vxel
Nel 3
Vxi2-4

Yxel
Ne2 6
VX i 6-8
A 5,9

IXP(x) vV IXQ(X) F Ix (P(X)VQ(X))

Ax P(x) v Ix Q(x)

Ix P(X)

X0, P(Xo)
P(xo0) V Q(x0)
I (P(X) VQ(X))

X (P(x) vQ(x))

XQW)

1
2
3
4
5
6
7
8
9

10

X1, Q(X1)
P(x1) vV Q(x1)
X (P(x) VQ(x))

11

X (P(x) vQ(x))

12

X (P(¥) v Q(x)

premise
assumption
assumption
Vil 3
dxi4

dxe 2,3-5
assumption
assumption
Vi2 7
3xi9

Jxe 7,8-10
ve 1,2-5,6-9



(©

(d)

(€)

XYy P(x,y) F Yuvv P(u,v)

1
2
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4
5

Vxvy P(x,Y)

Uo, \Vly P(UOa y)

Vo, P(Uo, Vo)

Vv P(uo, V)

Yu v P(u,v)

premise
Vxel
Vye?2
Yvi3
Yui2-4

IxVy P(x,y) - Vy3IxP(x,y)

1
2
3
4
5
6
.

Ix Yy P(X,y)

Yo

X0, VY P(X0,Y)
P(XOa YO)
ax P(X7 YO)

ax P(X7 YO)

Yy Ix P(x,y)

premise

assumption
Vye3
IXi4
Jxe1,3-5
Vyi2-6

P(a) - Vx(x=a — P(x))

1
2
3
4
5
6

P(a) premise
X0
Xo=a assumption
P(x0) =es3l
Xo=a — P(xo) —13-4
Vx(x=a — P(X)) VXi 2-5



(f) WxP(X) — S+ 3y (P(y)—S), (Sis a predicate with 0 arguments)

we denote by (R) the proof for p—q -+ —pVvq

1 VXP(x) — S premise

2 —(VxP(x)) V'S (R)

3 —(VYx P(x)) assumption
4 3x —P(X) v

5 X0, =P (Xo) assumption
6 -P(x0) V' S Vil5

7 P(x) — S (R)

8 3y (P(y) — S dyi7

9 3y (P(y) — 9 dx e 4,5-8

10 S assumption
11 -P(y)vS Vi2 10

12 P(y) =S (R)

13 3y (P(y) — S dyi12

14 3y (Ply) — 9 Ve 2,3-9,10-13



