CS3234 - Tutorial 4, Solutions

®=Vxvy Q(g(%,Y),9(y,y),2)

Formula @ has the set of functions # = {g}, the set of predicates ? = {Q},
and the set of variables {x,y, z}.

We define the model A and the environment £ such that M =, @.
- A={a,b}
- g™ : A2 A with g being the constant function equal to a:
g(x,y) =a forall x,y € A

- QM C A% with QM ={(a,a,a)}
The environment £ : {x,y,z} — A, as:

LX) =4(y)=aand £(z) = a

So, M =, @since using the definition of g™, Q™ and the evaluation of the
free variable z in the environment £ we have:

o= vxvy QM (g™ (x,y),g™ (v.y),a) = Vxvy Q™ (a,a,8) = Vxvy T
which is evaluated to T in the model M and the environment £.

Let M’ be the previously defined model A and let us define the environ-
ment ¢’ :

L:{xy,z} - Aasl'(x)=/¢(y)=aand ¢ (2 =b
So, M ¥, @because

o=xvy QM (g™ (x,y),g™ (y,y),b) = Vxvy Q™ (a,a,b) = Vxvy F

is evaluated to F in the model M’ = M and the environment ¢/



VXP(X) VVXQ(X) = V(P(x) vV Q(X))

Let us consider a model M such that M = VxP(X) V VxQ(X).
We want to show that M = V(P(x) V Q(X)).

We have the following proof:

M = VXP(X) V VXQ(X)

Iff by definition of M = @V Y

M = VXP(x) or M = VxQ(X)

Iff by definition of M = V@

(for al £:var — A forallae A M =g P(X) ) or

(for al £:var — A forallae A M Eyyq QX) )

then

for all £:var — A, for all ae A, (:M Fexa P(X) of M =qpxq) Q(X) )

Iff by definition of M =, v
forall £:var — A for allae A M =yx_,q P(X) VQ(X)

Iff by definition of M =, Vo
for all £:var — A, M =, YX(P(x) VQ(X))

Iff by definition of M = @
M = YX(P(X) V Q(X))

So, in any model M where VxP(x) V VxQ(x) evaluates to true (that is M =
VXP(x) V VXQ(X)) then also the formula VX(P(x) vV Q(x)) evaluates to true
(M = IX(P(X) v Q(X))).

Hence, by the definition of semantic entailment, we conclude that:

VXP(X) VVXQ(X) =V (P(x) vV Q(X))



(@)

(b)

(VXYY(S(%,Y) = S(¥,X))) = (V=S(X, X))

The left-hand side of the formula resembles the symmetry property of equal-
ity (Xx=y — y = X). Based on this observation, we may have the following
model, 2 :

- A= N (the set of natural numbers)

- no function symbol (F = 0)

- SM = —y (equality relation between natural numbers)
Using this model, ¥Yxvy(x =y — y = X) evaluates to true and VX—(X = X)

evaluates to false. Thus, the formula consisting the implication of these two
isF.

So, M E (VxVY(S(x,y) = ¥, X))) — (VX=5(x, X))

Jy ((VxP(x)) — P(y)

1 Vx P(x) assumption
2 P(y) Vxel

3 (VxP(x)) — P(y) —i1-2

4 Ay ((WxP(x)) — P(y)) Jyi3



© (W (P(X) =3y Q(Y)) — (vx3y (P(X) — Q(Y)))

1 VX (P(x) — 3yQ(y)) assumption
2 X0

3 P(X0) — JyQ(y) vxel

4 =P(xo0) v 3yQ(y) (R)

5 —P(Xo) assumption
6 —P(x0) VQ(Y) Vil 5

! P(xo0) = Q(Y) (R)

8 3y (P(x0) = Q(Y)) yi7

9 yQ(y) assumption
10 Yo, Q(Yo) assumption
11 —P(x0) V Q(Yo) Vi2 10

12 P(x0) = Q(Yo) (R)

13 3y (P(x0) = Q(Y)) Jyil2

14 3y (P(x0) = Q(Y)) Jy e 9,10-13
15 Jy (P(x0) = Q(y)) Ve 4,5-8,9-14
16 vx 3y (P(x) — Q(y)) Vxi2-15

17 (VX (P(x) = 3y Q(y))) — (vx3y (P(x) = Q(Y))) —i1-16



(d)

(Vx 3y (P(x) —
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= (W (P(X) = 3yQ(Y)))

vx3y (P(x) = Q(y))

&

3y (P(xo0) = Q(y))

~—

~—

yo, P(x0) = Q(Yo)
—P(x0) V Q(¥o)

=P (o)
—P(x0) vV 3yQ(y)
P(xo0) — 3yQ(Y)

Q(yo)
HyQ(Y)
—P(X0) V 3yQ(y)
P(x0) = 3yQ(y)

)
P(x0) = 3yQ(Y)
P(x0) — 3yQ(Y)

VX
(Vx 3y (P(x) —

x (P(x) = 3yQ(Y))
Q(Y))) = (Vx(P(x) = 3yQ(Y)))

assumption

vxel
assumption
(R
assumption
Vil6

(R
assumption
Jyi9

Vi2 10

(R)

Ve 5,6-8,9-12
dye 3,4-13
vxi 2-14
—11-15



(€ Vxvy (S(xy) = (3z(S(x,2) AS(z,Y))))
Let’s define a model 91 in the following way:
- A={ab,c}
- no function symbol (¥ = 0)
- S ={(ab)}
Let’s take an environment £ : var — A, with £(x) = aand £(y) = b.

In these settings, S(x,y) (the left-hand-side of the implication in the for-
mula) is true only when x=aand y = b.

In this case (when S(x,y) is true), there is no zsuch that S(x, z) = §(a,z) and
S(z,y) = §(z,b) are both true.

(If S(x,z) = (&, 2) is true, then z= b; but S(b, a) is false, so S(x,z) A (z,y)
is false.)

So, the right-hand-side of the implication in the formula is false when the
left-hand-side is true. Hence the implication is false.

From these, we deduce that M ¥, Vxvy(S(x,y) — (3z(S(x,2) A Sz, Y)))).

() (vxvy(S(xy) = (x=Y))) = (V2-S(2,2))
Let’s define the following model, 2/
- A= N (the set of natural numbers)

- no function symbol (F = 0)
- SM = —y (equality relation between natural numbers)

Then, Yxvy((x =y) — (x=1Y))) evaluates to true, because the equality is
symmetric and Vz—(z = z) evaluates to false, because the equality is also
reflexive. So the implication of these two evaluates to false.

Hence, M # (VXvy(S(x,y) = (x=1Y))) — (Vz=S(z,2))



@  (VAY(SXY) A (SXY)ASY,2) = (x=1Y)))) = (—F2Z¥W(S(Z,w)))

The left-hand side of the formula resembles the antisymmetry property of
the < ordering on natural numbers, (X< yAy < X) = X =Y.

We could choose the following model 2/

- A= N (the set of natural numbers)

- no function symbol (F = 0)

- SM = <y (less-than or equal relation between natural numbers)
Thus, we have Yx3y(S(x,y) A ((S(,Y) A S(Y,z)) — (x=1Y))) evaluates to
true (from axiom of foundation and antisymmetry for inequality of natural
numbers) while =32vw(S(z,w)) evaluates to false (because in fact there is a

natural number smaller than any other, that is we may choose z= 0). Hence
the implication of these two evaluates to false in this model.

Hence, M # (W3y(Sx y) A ((SX,Y) AS(Y, 2) = (x=Y)))) = (=F2¥W(S(z W)))



