
CS3234 - Tutorial 7, Solutions

1.

1. AG
�
q � EG r � . It’s a CTL formula.

The parse tree is:

q

AG

EG

r

The subformulas are: q, r, EG r, q � EG r, initial formula.

2. EF EG p � AF r. It’s a CTL formula.
The parse tree is:

r

EF

EG

AF

p

The subformulas are: p, EG p, r, EF
�
EG p � , AF r, initial formula.

3. AF � � r U q ��� �
p U q ��� . It’s not a CTL formula because there is no path

quantifier for the until (”U”) operators.

4. E � � AX q � U
�	�
�	�

p ��� �	
 � s ����� . It’s a CTL formula.
The parse tree is:
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s

p

q

EU

AX

The subformulas are: p,
�

p,



, s, q,
�
�	�

p � , 
 � s, AX q,
�	� �	�

p ��� � �	
 � s � ,
initial formula.

5.
� �

AG q � � �
EG q � . It’s a CTL formula.

The parse tree is:

q

q

EG

AG

The subformulas are: q, AG q,
� �

AG q � , EG q, initial formula.

6. AG
�
p � A � p U

�	�
p � A � � p U q � ��� � . it’s a CTL formula.

The parse tree is:
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AG

p AU

AU

p

p

p

q

The subformulas are: p,
�

p, q, A � �	� p � U q � , �	� p � � � A � �	� p � U q � � , A � p U
���	�

p � ��
A � �	� p � U q � ����� , p � A � p U

���	�
p ��� �

A � �	� p � U q � ����� , initial formula.
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2.

1. Unfolding the model M , we get the following infinite tree:

p, t, rp, t, r

p, t, r

p, t, r

q, rq, r

q, r
q, r

r

r

r p, q

p, qp, t, r

... ... ...

...

... ... ...

s0

s0

s0
s1

s1

s2 s2

s3

s3

s2

s1

s1

s2

s1

2. Checking that M � s0
� �

φ for the following φ’s:

1.
�

p � r. YES, r is true in s0.

2. AF t. NO, because there is an infinite path along which t is always false
(s0 � s0 � s0 ������� )

3.
�

EG r. NO, because there is an infinite path along which r is always
true (s0 � s0 � s0 ������� ), so EG r is true.

4. E � t U q � . NO, because in s0, neither t nor q are true.

5. AF q. NO, because there is an infinite path along which q is always
false.

6. EF q. YES, consider the path s0 � s3 � s2 � s1 ������� , where q is true
in s3.

7. EG r. YES, consider the path s0 � s0 � s0 ������� .
8. AG

�
r � q � . YES, because every state in the graph has r or q true.

3. Checking that M � s2
� �

φ, for the followings:

1.
�

p � r. YES, r is true in s2.

2. AF t. YES, because unfolding from s2, there is one single path along
which we find t true (s2 � s1 � s2 � s1 ������� )

3.
�

EG r. NO, because r is true in every state along the path s2 � s1 �
s2 � s1 �������
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4. E � t U q � . YES, because q is true in s2.

5. AF q. YES, because q is true in s2

6. EF q. YES, because q is true in s2

7. EG r. YES, because r is true in every state along the path s2 � s1 �
s2 � s1 ������� .

8. AG
�
r � q � . YES, because every state along the path s2 � s1 � s2 �

s1 ������� has r or q true.

3.

- We start first by unfolding the model M :

... ... ... ...

... ... ... ... ...

...

s0

s0

s0

s1

s1

s1

s1

s2

s0s2

s3

s3s3

s3

p, t

p, t

r

r

r

p, q

p, q

q, r

q, rq, r

q, rr p, q

p, q

1. Checking that M � s0
� �

φ, for the followings:

1. AF q. YES, because q is true in s0

2. AG
�
EF

�
p � r ��� . YES, because every state in the graph has p or r true.

3. EX
�
EX r � . YES, because along the path s0 � s1 � s1 � s1 � ����� we

find the second s1 state where r is true.

4. AG
�
AF q � . NO, because the property AF q should hold in every state

(because of AG), and we have an infinite path s1 � s1 � s1 � ����� along
which q is false.

2. Checking that M � s2
� �

φ, for the followings:

1. AF q. YES, because from s2 you can advance to s0 or s3 only, and in
both these states you have q true.

2. AG
�
EF

�
p � r ��� . YES, because every state in the graph has p or r true.
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3. EX
�
EX r � . YES, because along the path s2 � s0 � s1 � s1 � ����� we

find the s1 state (first one) where r is true.

4. AG
�
AF q � . NO, because the property AF q should hold in every state

(because of AG), and we have an infinite path s1 � s1 � s1 � ����� along
which q is false.

4.

- Unfolding the given model, we get the following infinite tree:

... ... ... ... ... ... ... ... ... ...

s0

s0s1 s1s2

s3

s1

s2

s4

s4s4

p, q

p, q p, q

p

q

q

q q q

q s4

q

...

s4

- Checking the truth value of the formula φ
�

AG
�
p � A � p U

�	�
p � A � � p U q � ��� �

for the model and each state s0 � s1 � s2 � s3 � s4:

- M � s0
� �

φ. NO, consider the following path s0 � s1 � s3 � s1 � s3 �
�����

- M � s1
� �

φ. NO, consider the following path s1 � s3 � s1 � s3 �������
- M � s2

� �
φ. NO, consider the following path s2 � s1 � s3 � s1 � s3 �

�����
- M � s3

� �
φ. NO, consider the following path s3 � s1 � s3 � s1 �������

- M � s4
� �

φ. YES, p is false in s4

5.

1. A � �	� s � �
t � U

�	�
s � �

t � p � �
EF s � EF t ���

2. AG
�
p � AG

�
q �

3. AG
���

r � A � � p U q � � � �
q � A � � p U r � ���
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4. ”on every path transitions to states satisfying p occur at most twice”:�	�
p � AX A � � p U

�
p � AX A � � p U

�
p � AG

�
p ��� ��� � ��	�

p � AXA � � p U
�
p � AG

�
p ��� � � AG

�
p

6.

1. M
� �

EF φ and M
�

EG φ

s0

s1 s2

2. EF φ � EF ψ � EF
�
φ � ψ �

3. M
�

AF φ � AF ψ and M
� �

AF
�
φ � ψ �

s0

s1 s2

4. AF
�

φ �
�

EG φ

5. M
� �

EF
�

φ and M
� �

AF φ

s0

s2

s4

s1

6. M
�

A � φ1 U A � φ2 U φ3 � � and M
� �

A �A � φ1 U φ2 � U φ3 �

s0 s0s1 s1 s2

1 12 2 3
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7.



� AG φ � EG φ

8. M
� � 


and M
� �

EG φ but M
�

AG φ, so M � EG φ � AG φ

s0

s1 s2

7.
1. Let us consider a model M for

�
AF φ

We have the following equivalences:

M � s0
� � �

AF φ
iff
is not true that for all paths s0 � s1 � s2 ����� exists i ��� such that M � si

� �
φ

iff
there is a path s0 � s1 � s2 � ����� where is not true that there exists i ���
such that M � si

� �
φ

iff
there is a path s0 � s1 � s2 � ����� where for all i ��� is not true that M � si

� �
φ

iff
there is a path s0 � s1 � s2 ������� where for all i ��� , M � si

� � �
φ

iff
M � s0

� �
EG

�
φ

2. Let us consider a model M for
�

EF φ
We have the following equivalences:

M � s0
� � �

EF φ
iff
is not true that exists a path s0 � s1 � s2 ����� such that exists i ��� such that
M � si

� �
φ

iff
for all paths s0 � s1 � s2 ����� is not true that exists i ��� such that M � si

� �
φ

iff
for all paths s0 � s1 � s2 ����� and for all i ��� is not true that M � si

� �
φ

iff
for all paths s0 � s1 � s2 ����� and for all i ��� , M � si

� � �
φ

iff
M � s0

� �
AG

�
φ

3. Let us consider a model M for
�

AX φ
We have the following equivalences:
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M � s0
� � �

AX φ
iff
is not true that for all paths s0 � s1 � s2 ����� , M � s1

� �
φ

iff
exists a path s0 � s1 � s2 ����� such that is not true M � s1

� �
φ

iff
exists a path s0 � s1 � s2 ����� such that M � s1

� � �
φ

iff
M � s0

� �
EX

�
φ

4. Let us consider a model M for A � 
 U φ �
We have the following equivalences:

M � s0
� �

A � 
 U φ �
iff
for all paths s0 � s1 � s2 ����� , exists i � � such that M � si

� �
φ and for all

j � i, M � s j
� � 


iff
for all paths s0 � s1 � s2 ����� , exists i ��� such that M � si

� �
φ

iff
M � s0

� �
AFφ

5. Let us consider a model M for E � 
 Uφ �
We have the following equivalences:

M � s0
� �

E � 
 U φ �
iff
exists a path s0 � s1 � s2 ����� such that exists i � � such that M � si

� �
φ and

for all j
�

i, M � s j
� � 


iff
exists a path s0 � s1 � s2 ����� such that exists i ��� such that M � si

� �
φ

iff
M � s0

� �
EF φ

6. Let us consider a model M for
� �

E � � ψ U
�	�

φ � �
ψ ��� � EG

�
ψ �

We have the following equivalences:

M � s0
� � �
�

E � � ψ U
�	�

φ � �
ψ ��� � EG

�
ψ �

iff
is not true that

exists a path s0 � s1 � s2 ����� such that exists i � � , M � si
� � �

φ � � ψ
and for all j � i, M � s j

� � �
ψ

or

exists a path s0 � s1 � s2 ����� such that for all i ��� , M � si
� � �

ψ
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iff

is not true that exists a path s0 � s1 � s2 ����� such that exists i � � ,
M � si

� � �
φ � � ψ and for all j

�
i, M � s j

� � �
ψ

and

is not true that exists a path s0 � s1 � s2 ����� such that for all i � � ,
M � si

� � �
ψ

iff

for all paths s0 � s1 � s2 ����� is not true that exists i � � , M � si
� �

�
φ � � ψ and for all j

�
i, M � s j

� � �
ψ

and

for all paths s0 � s1 � s2 ����� is not that for all i ��� , M � si
� � �

ψ

iff

for all paths s0 � s1 � s2 ����� for all i � � is not true that M � si
� �

�
φ � � ψ and for all j

�
i, M � s j

� � �
ψ

and

for all paths s0 � s1 � s2 ����� exists i ��� such that is not true M � si
� �

�
ψ

iff

for all paths s0 � s1 � s2 ����� for all i � � is not true that M � si
� � �

φ
and M � si

� � �
ψ and for all j

�
i, M � s j

� � �
ψ

and

for all paths s0 � s1 � s2 ����� exists i ��� such that M � si
� �

ψ

iff

for all paths s0 � s1 � s2 ����� for all i � � , M � si
� �

φ or M � si
� �

ψ or
is not true that for all j � i, M � s j

� � �
ψ

and

for all paths s0 � s1 � s2 ����� exists i ��� such that M � si
� �

ψ

iff

for all paths s0 � s1 � s2 ����� for all i � � , M � si
� �

φ or M � si
� �

ψ or
exists j � i such that is not true M � s j

� � �
ψ

and

for all paths s0 � s1 � s2 ����� exists i ��� such that M � si
� �

ψ

iff
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for all paths s0 � s1 � s2 ����� for all i � � , M � si
� �

φ or M � si
� �

ψ or
exists j

�
i such that M � s j

� �
ψ

and

for all paths s0 � s1 � s2 ����� exists i ��� such that M � si
� �

ψ

iff

for all paths s0 � s1 � s2 ����� for all i ��� , M � si
� �

φ � ψ or exists j � i
such that M � s j

� �
ψ

and

for all paths s0 � s1 � s2 ����� exists i ��� such that M � si
� �

ψ

iff

for all paths s0 � s1 � s2 ����� for all i ��� , M � si
� �

φ � ψ or exists j � i
such that M � s j

� �
ψ

and

for all paths s0 � s1 � s2 ����� exists i0 ��� such that M � si0

� �
ψ and for

all j
�

i0, M � s j
� � �

ψ (i0 is the smallest i with the property M � si
� �

ψ)

iff

for all paths s0 � s1 � s2 ����� exists i0 ��� such that M � si0

� �
ψ and for

all j � i0 M � s j
� � �

ψ and M � s j
� �

φ � ψ

iff
for all paths s0 � s1 � s2 ����� exists i0 � � such that M � si0

� �
ψ and for all

j � i0 M � s j
� � �

ψ � � φ � ψ �
iff
for all paths s0 � s1 � s2 ����� exists i0 � � such that M � si0

� �
ψ and for all

j
�

i0 M � s j
� � �

ψ � φ
iff
for all paths s0 � s1 � s2 ����� exists i � � such that M � si

� �
ψ and for all

j
�

i M � s j
� �

φ
iff
M � s0

� �
A � φ U ψ �
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