
MA 5220 – Set Theory – Homework file

Frank Stephan, fstephan@nus.edu.sg, fstephan@comp.nus.edu.sg, +65/65164246,
Room S17#07-04. Note that office telephone only works while Frank Stephan is
working on the computer. If there is a call-back telephone number in the system, a
return call will come up during office hours.

Homework 2.1. Georg Cantor made the observation that there exist different types
of infinite sets and that there are more real numbers than natural numbers. Provide
a proof by diagonalisation that given a countable list of real numbers, there is one
differing from all of them, by completing the following proof. Given a sequence (bk)
of positive rational numbers with bi >

∑
j>i bj for all i ∈ N. Furthermore, assume

that a0, a1, . . . is a countable list of real numbers. Now let c0 = 0 and choose

ck+1 =

{
ck + bk if ak ≤ ck;
ck − bk if ak > ck.

Provide an explicit formula for all bi satisfying the above requirement and also prove
that c∞ = limk→∞ck exists by showing that the corresponding sequence converges in
the real numbers and that c∞ differs from all aj.

Homework 2.2. Another way to prove this more direct is the following: Assume that
(a0, b0) is an open interval and x0, x1, . . . is an infinite setquence of real numbers inside
this interval. Now do the following iteration for n = 0, 1, . . .: Choose an open interval
(an+1, bn+1) properly inside (an, bn) which does not contain xn and which satisfies
an+1, bn+1 are both properly away from each of an, bn, xn by at least (bn − an)/10.
Provide an explicit algorithm doing this (with sufficient case distrinctions) and prove
that the intersection of all these intervals contains exactly one real number d which
is different from all xn. (For notation, (a, b) is usually a pair of sets; if it is an open
interval of real numbers, this is explicitly mentioned as in this homework.)

Homework 2.3. Bernard Bolzanov wrote in 1848 a book “Paradoxien des Un-
endlichen” (Paradoxes of the infinite) which was published in 1851 three years after
his death. In this book he showed that finite and infinite sets behave differently. For
example, there are infinite sets A,B such that A ⊂ B (proper subset) but A,B have a
bijection f between them. Cantor defined in 1874 that sets have the same cardinality
if and only if there is a bijection between them. Prove that for any two open intervals
(a, b), (c, d) in the real numbers (which might have end points −∞ or +∞ and which
always satisfy a < b and c < d), there is always a strictly increasing bijections from
(a, b) to (c, d). Provide explicit formulas and make the necessary case distinctions,
the formulas should be as easy as possible.



Homework 2.4. Assume that A ⊂ B and A = {x1, x2, . . . , xn} for some natural
number n. Prove that B has at least n + 1 elements and that there is no injective
mapping from B to A. Do this by induction over n. Start the base-case with n = 1;
that a nonempty set cannot be mapped to an empty one is trivial.

Homework 2.6. Construct a bijection from the nonzero reals to the open interval
(0, 1) which is noncontinuous only at the natural numbers but not at any other point.

Homework 2.7. Kunen’s book states the axiom of pairs as follows in ZFC:

∀x, y ∈ V ∃z ∈ V [x ∈ z ∧ y ∈ z].

Prove using ZF the following more intuitive version of the axiom:

∀x, y ∈ V ∃z ∈ V [z = {x, y}].

Homework 2.8. Kunen’s book states the axiom of union as follows in ZFC:

∀x ∈ V ∃y ∈ V ∀z ∈ x∀u ∈ z [u ∈ y].

Prove using ZF that the following more intuitive versions of these axioms hold:

∀x ∈ V ∃y ∈ V ∀u ∈ V [u ∈ y ↔ ∃z ∈ x [u ∈ z] ].

Homework 2.9. An at most countable set is a set A such that there is a surjective
function f from N to A. Prove that the set of all finite binary strings is at most
countable.

Homwork 2.10. Let A be the set of all real numbers strictly above 1 which do not
have the digits 0, 1, 8, 9 in their decimal representation. Here the number 2.333 . . .
should not be written as 02.333 . . ., so leading zeroes do not exclude a number from
A. Answer the following questions and prove them:

(a) Is the set nowhere dense? That is, does the set satisfy that for each open
interval (a, b) there is a subinterval (c, d) which is disjoint to A?

(b) Is the set A finite or countable or uncountable? Prove the answer.


