
 
55330 Randomized Algorithms Week 1

Jan 15 19

Puzzle of the Day Three Dice

A I l 6 6 8 8
B 2,2 4 4 9,9
C 3,3 5,5 7 7

Rules 1 Alice chooses a die
2 Bob chooses a die
3 Both roll Higher numberwins

What is probability Alice Bob wins
Assumeboth chooseoptimally

Note ECA El b Efc



Why randomizedalgorithms Magic
Choose a random

Faster answer and
E g sampling Shazam
Howmany Singaporeans like soup
Run a poll
or

Find a MST

Simpler
Decide if p is prime
Polynomialidentity testing
Nuts and bolts

Other
Existenceproofs
Derandomization
Security Privacy



Goats
Tools and techniques to help YOU

Neat algorithms

Topics
Quicksort

1 Classical algorithms Treaps
Min Cut
Etc

2 Hashing Chaining
Open Addressing
Cuckoo Hashing
Bloom Filter
Tabulation Hashing

3 Sampling Polling
Data analysis

4 Markov Chains MCMChetopolis
Random Walks



5 Other Load balancing
Backoff protocols
Expert algorithms
Preserving privacy



Admin

Weekly problem sets

Experimental Evaluation

Midterm toward end of semester

Project

Book Mitzenmacher Upfal
Probability and Computing

Assumed Background

1 Basic Probability EAD Vara Pr HY
Linearity of expectation
Independence etc etc

2 UndergradAlgorithms Sorting graphs
MST Shortest paths
Recurrences big 0 etc



Randomized Min Cut

If
n n4 IX Xx

Graph G V E n nodes
m edges

Cut divedes nodes into 2 sets Vi K
V UV2

Size of cut edges from V to Vz
size ViVal lair u EV VEV.lt

Goal find Min sized cut

Network design reliability etc



Solutions

1 Enumerate all cuts 2 possible cuts

2 Max Flow Min Cut Reasonable algs 01ns
Relatively complicated

today Karger and Stein Min Cut
Beautiful simple algorithm
Ma

Basic idea Repeat until only 1 cut left
Choose EEE V a uniformly
Exclude e at random

Operation edge contraction
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On contract 144
1 create new node UV or laid or IV x
2 Replace every edge Yu or LX V
with X ur

3 Delete all edges 4,4 or 144
Keep duplicate edges

AIg Collapse G n t
Repeat n t times

at chooseedge e a a r

b Contract e
Return G

After collapse G n 2 2 nodes left

9
cut

Return only cut



Why might this work

If
n n4 IX Xx

Works if no edge in cut is chosen

Ex I Cutt 3 45 choose edge
m 15 in cut

min cut is by definition small
Unlikely to choose

Lemma if size of min cut is K
then m NK 12



Proof Every node has degree Z K
otherwise cut L k ie just that node

m I deg u E edge
twice

Z E Ek
Z Ink

Let C a min cut
K Ict

Pr Choose edge in C in step 1 KIM
E K nk 2

4h

After step 1 Assume e Cfc
Cut c unchanged
n n l one fewer model
min cut still K prove it

Fu deg u Z K
edges Z n 1 142



Pr 1choose e CC'd step 1good I

E 2
a

Pr choose e ECI step 1,2 good E K In4142
E I
n 3

Define Ej event do not choose
edge e E C in iteration j

Pr Ej 1 Ei Er Ej I 14in it 142

Ija



and

Review Pr An B Prl At.tt BlAt

Chain rule induction

prlx.nl n nXtI PrlxdPrlKlXdPrlXsXi.Xzl PrlXtlXi.Xa Xt.d

Pr no edge chosen in C

Pr E n Ez n n Ens

Pr E Pr EalE Pr Est E Ez Pr En IE End

t.tn tEHtEt H ef
IEHEiHEHEnItkEIEHH

II
21 Mnt D Ym



Is that good enough

Amplification
Tsomeconst

KargerCut
IRuncollapselG.n.DEI lnln ti

Return smallest cut 2

each run is independent

Prl run fails E l Ff
Pr IKargerCut fails Pr all runs fail

E l
I'Chin

E e
Chin

the

O



Fact E 1 yxs
Very useful

e I txt t 2 It X

e L Xt't I p x
I l Xt I l if XE 1

e s l x

With high probability ZI Yn
for any constant C

Error is polynomially small
as small as you went choose C

pay for it in algo cost
Error scales with problem

Bigger n smaller error
With Z 99 Probability you don't fail

N 10 probably no one fails
n too about 1 fails
n 1000 about to fail

With 2 l f probability you don't fat
th no one fails



Conclusion KargerCut finds a min out
with high probability Pr 21

Time Each iteration
1 Choose randomedge 0 n

2 Contract 01N

Total cost O n tog n

Faster version to come



Branching Process

0
King

boy
girl

bof Oboy

1 61girl
s

sorry Kings
King wants line of male descendents were sexist

Rules
1 Every person has 2 children
2 Pr bog 42

Question how likely is the king to have
d generations of male lineage



Let Pd Prob of d generations

Pd Pr Left boy has d I gen Y Pd 1
or

Right boy has d t gen LzPd I

Recall inclusion exclusion Pr Aor B Pr A Pr B
Pr AaB

independent children
Pd Ipd it IPd i utPd

Pd I PI



Change of variables Zd Ypa PdEl 2d 21
P p z p

z Itza 4 2d i l
42 d l

Zd UZI
4 15

I Zd.it

7 1 42 1
422 42

7 d

z472
if 221

Ed

Pd 2 Yd Chance of surviving 10
generations Z 10



Back to min cut

Problem after many iterations pr success
gets smaller

if fail repeat entire alg

Idea stop early

Collapse G n t

msn.esstfnfylnn.IM fi HEiIt
t It it

Choose t f

z E LEI Z 12
nF

P Collapse G N Fit 1 succeeds Z Yz



i
Fast Cutler n

G Collapse It n Fitt
c FastCut14 F t

coupe an
z FastCutlG Ertl

Return min Ci Cz

nn MEF DO

A N

E Mz Mz Mz

A

E Fe



TIN 2T Fitt to Iri

0 In tog n

Prob correct
Tree has height 12 login Eri leaved

h1n1 l th IFI
I t I t h E
h E t 2
2 log n

Each edge represents a Contract G l 1
succeeds up Z 12

Alg succeeds if root leaf path succeeds at
every step

Same as branching problem

Pr succeeds 2logn deep I 4210gn



Conclusion Fastcut succeeds up Z 12login

FinalAIg Repeat FastCut 2Clogin times
Return smallest cut

Prl fall H int I e E Inc

succeeds w h p

Time 01h log n



ideal

For each edge choose a random weight
Repeat if not unique

Find an MST
Cut heaviest edgein MST
Return that cut

Claim Finds min cut w p Z 4inch11
Why

Idea2

KargerCut implies Every graph has at most
2 mln 1 min cuts

Why

IdeaI

If you run FastCut with 3 repeats instead of 2
then Prlsuccess is muchhigher

This is not a good idea Why


