
Weeks 9 and 10: Random Walks
— Random walk on a graph.
— Convergence to the stationary distribution (and coupling).
— Martingales and the Martingale stopping theorem
— Time reversible Markov Chains





Goal: find the stationary distribution of a random walk on an undirected graph.















We can use spectral techniques to determine how fast a random walk converges.



There are many theorems like this
that relate the speed of convergence
to the second eigenvalue.



Coupling Arguments





On a clique, the mixing time is one!





A random walk on a hypercube is another good
example of coupling.



Time reversible Markov Chains are easier to analyaze.
Basically, any Time Reversible Markov Chain can be
represented as a weighted undirected graph.

In this example, we want to find the stationary distribution for
the random walk that goes right with probability p, left with 
probability 1-p, and “bounces” of zero, i.e., from zero it always 
goes left.  By using the fact that it is time reversible, we
get an easy calculation of the stationary distribution.

This chain represents a queue, and analyses like this show up in
queuing theory.







A Martingale is a sequence where the expectation of the next item is equal to the previous item.



Definition of a Stopping Time:



This theorem lets you show the expected value at a Stopping Time.



We can use the Stopping Time Theorem to analyze the (1/2, 1/2) random walk.

This is the same result we found earlier via direction calculation:
We are calculating the probability that a random walk reaches 
endpoint B before it reaches endpoint A, if it is walking on a line
between points A and B.



This is a neat trick for finding out in expectation how long it will take for the
random walk to hit one of the two endpoints.
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Here we show that Yt really is a 
martingale.



What about a random walk that goes 
left with probability 1/3 and right 
with probability 2/3?

You can also analyze that using the 
Martingale stopping theorem.

Define the Martingale Yt as shown, 
prove that is a Martingale, and then 
apply the stopping theorem.



First we show that it is a martingale.

Then we analyze the 
stopping time to compute the 
probability of hitting B.














