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Abstract

Many cardiac surgeries involve very complex operations on the heart, the great arteries and

other cardiac tissues. At present, cardiac surgeons rely only on echocardiography, cardiac

catherization and CT images to understand the specific anatomical structures of a patient.

Without appropriate surgical planning and visualization tool, they have to resort to manual

drawing to visualize the surgical procedures and the expected results. This approach is not

precise and is impossible to provide detailed information about the possible outcome of the

surgical procedures. To improve the precision and effectiveness of cardiac surgical planning,

novel computer simulation systems that perform planning and simulation of cardiac surgeries

are needed.

Among the existing surgical simulation systems, reactive simulation systems attempt to

simulate real-time displacement and deformation of body tissues in response to user inputs

that emulate surgical operations such as incision, resection, opening, suturing etc. They are

useful for medical training and pre-operative planning of simple surgical operations. However,

they are not suitable for predicting the results of complex surgical procedures. On the other

hand, predictive systems produce the results of surgical procedures given a small amount

of user inputs, In this way, the surgeon can explore various surgical options to determine

the best ones. At present, few predictive simulation systems have been developed for open

surgeries, and none for complex cardiac surgeries.

In this thesis proposal, a predictive simulation system is proposed for complex cardiac

surgeries such as Arterial Switch Operation and Norwood procedure. Surgical requirements

of the system are analyzed from the surgeon’s perspective. These requirements are translated

into system requirements that define the surgical simulation system. Candidate algorithms

for achieving these requirements are discussed.

With careful analysis of the system requirements and formulation of the computational

problems involved in the simulation of cardiac surgeries, a list of research tasks are identified

for completing the proposed research. Some of these tasks have already been accomplished and

are presented as preliminary work. The preliminary work shows that the approach adopted

in this proposal is feasible and promising for developing a predictive simulation system for

complex cardiac surgeries.
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Chapter 1

Introduction

1.1 Motivation

Many cardiac surgeries involve very complex operations on the heart, the great arteries and
other cardiac tissues. At present, the cardiac surgeons rely only on echocardiography, cardiac
catherization and CT images to understand the specific anatomical structures of a patient.
Without appropriate surgical planning and visualization tool, they have to resort to manual
drawing to visualize the surgical procedures and the expected results. This approach is not
precise and is impossible to provide detailed information about the possible outcome of the
surgical procedures.

To improve the precision and effectiveness of cardiac surgical planning, novel computer
simulation systems that perform planning and simulation of cardiac surgeries are needed.
These systems should be able to help the surgeons to easily explore various surgical options,
predict the surgical results of different options, accurately evaluate the surgical results and
determine the best surgical options.

Many surgical simulation systems have been developed over the last decade. Among
them, real-time simulation systems attempt to simulate real-time displacement and defor-
mation of body tissues in response to user inputs that emulate surgical operations such as
incision, resection, opening, suturing, etc [1, 3, 17, 18, 22, 24, 26, 30, 52, 55, 56, 67]. These
systems often provide haptic feedback that allows the user to feel the forces while interacting
with the virtual objects. They are called reactive systems in this thesis proposal since they
react in real-time to user inputs and produce real-time simulation results.

Reactive systems are useful for medical training and pre-operative planning of simple
surgical operations. However, they are not suitable for predicting the results of complex
surgical procedures given a small number of user inputs. To use a reactive system to predict
surgical results, the surgeon would need to go through all the surgical operations, which can
be tedious and time-consuming.

Another category of surgical simulation systems is the predictive systems. Given a small
number of necessary user inputs, predictive systems produce surgical results based on phys-
ical properties of the body tissues [4, 8, 16, 33, 35, 50, 53, 69]. Unlike real-time reactive
simulation, the surgeon do not have to go through the intricate and laborious surgical oper-
ations to see the expected surgical results. In this way, the surgeon can try various kinds of
surgical options and see the pros and cons of different surgical decisions quickly.

Existing simulation systems for cardiac surgery [37, 38, 55, 56] are reactive systems that
simulate only simple operations such as cutting and suturing of cardiac tissues. It is very
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Thesis Proposal. Introduction

tedious and time-consuming to use such systems to perform pre-operative planning of com-
plex surgeries such as Arterial Switch Operation and Norwood procedure. Moreover, these
systems do not model the physical properties of cardiac tissues realistically. In particular,
the cardiac tissues do not deform realistically under surgical operations. As a result, it is
impossible to use such systems to predict the results of complex cardiac surgeries.

1.2 Research Goal

The overall goal of this thesis project is to develop a predictive simulation system for complex
cardiac surgeries. To achieve this goal, it is necessary to understand the requirements of
the system by studying a complex cardiac surgical procedure. For this purpose, the Arterial
Switch Operation (ASO) is selected as the application example. ASO is the surgery of choice
for a congenital heart disease called Transposition of the Great Arteries (TGA). Details of
TGA and ASO will be discussed in Chapter 2.

Surgical simulation is performed on 3D computer models of the heart. These 3D models
should be reconstructed from the patient’s medical images. Reconstruction of 3D model
from medical images is a challenging research topic by itself. A student in our project team
is developing a sub-system for the segmentation of the heart [47]. Therefore, in this thesis
proposal, the 3D models can be assumed to be given.

Based on the reconstructed 3D computer models of the heart, the system should meet
the following requirements for predictive surgical simulation and planning:

1. Given a small amount of user inputs, efficiently predict the expected surgical results.
The predicted surgical results should be realistic.

2. Visualize the predicted surgical results for the users, i.e., the surgeons, to explore the
feasibility of their surgical options to assist them in pre-operative surgical planning.

These are the general requirements of the system. Detailed surgical and system requirements
are discussed in Chapter 4.

The contributions of this research work comprise:

1. Analysis of the requirements for the predictive simulation of complex cardiac surgery.

2. Development of algorithms for predictive simulation of cardiac surgical operations.

3. Development of a predictive simulation system for complex cardiac surgeries, using
ASO as a specific application example.

1.3 Organization of Thesis Proposal

To understand the difficulties and detailed requirements of the surgical simulation system, it
is necessary to first discuss the anatomy and physiology of the human heart, TGA and ASO
(Chapter 2). To develop the predictive simulation system, existing medical simulation sys-
tems and algorithms must be reviewed (Chapter 3). These existing systems include reactive
systems (Section 3.1.1) mainly for medical training and predictive systems (Section 3.1.2)
for pre-operative planning. From the computational point of view, the simulation of soft
tissue deformation is the most complex part of a surgical simulation system. So existing
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Thesis Proposal. Introduction

deformable models soft tissue deformation are reviewed (Section 3.2). The proposed thesis
topic and detailed requirements for the proposed system are described in Chapter 4, followed
by the preliminary work (Chapter 5) illustrating the main ideas of predictive simulation for
complex cardiac surgeries. Chapter 6 concludes this thesis proposal.
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Chapter 2

Background

2.1 Anatomy and Physiology of Normal Heart

A normal heart consists of four chambers (Figure 2.1): left atrium, left ventricle, right atrium
and right ventricle. It is a muscular organ responsible for pumping blood to the body through
the blood vessels. The left side collects oxygenated blood from the lungs into the left atrium,
and pumps it via the left ventricle to the body. The right side collects oxygen-depleted blood
into the right atrium and pumps it to the lungs via the right ventricle.

Connecting to the heart, there are four major blood vessels: aorta, vena cava, pulmonary
artery and pulmonary vein. Aorta is the main artery of the human body. It is connected to
the left ventricle, and supplies oxygenated blood from the heart to the whole body. It also
supplies oxygenated blood to the heart muscles through coronary arteries that are attached
to it. Vena cava is attached to the right atrium. It returns oxygen-depleted blood from the
whole body back to the heart. Pulmonary artery and pulmonary vein are bridges between
the heart and the lungs. Pulmonary artery takes oxygen-depleted blood from the heart to
the lungs, and pulmonary vein carries oxygenated blood from the lungs back to the heart.

In between the chambers and the arteries, there are four valves: mitral valve, tricuspid
valve, aortic valve and pulmonary valve (Figures 2.1, 2.2). Mitral valve and tricuspid valve
are also called atrioventricular valves since they are located between atriums and ventricles.
Atrioventricular valves are attached to and controlled by the heart muscles. They permit
one-way blood flow from the atriums to the ventricles. Aortic valve and pulmonary valve
are called arterioventricular valves because they are located between arteries and ventricles.
Arterioventricular valves are not directly controlled by the heart muscles. They behave in
a passive manner in response to blood flow, and allow blood to pass from the ventricles to
the arteries in one direction. Arterioventricular valves are also called semi-lunar valves [62]
because their leaflets are shapes like a half moon.

2.2 Transposition of the Great Arteries

Transposition of the Great Arteries (TGA) [36] is a congenital heart disease in which the
aorta and pulmonary artery are connected to the wrong ventricles. Unlike the normal heart,
in a TGA patient, the aorta arises from the right ventricle and the pulmonary artery from
the left ventricle (Figure 2.3). The coronary arteries which are in charge of nourishing the
heart muscles are still attached to the aorta.
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Thesis Proposal. Background

Figure 2.1: Anatomy of normal heart. Arrows indicate the directions of blood flow
(from http://www.nhlbi.nih.gov/health/dci/Diseases/hhw/hhw anatomy.html).

Figure 2.2: The cardiac valves (from http://www.besthealth.com/besthealth/body
guide/reftext/html/cardio sys fin.html).
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(a) (b)

Figure 2.3: Transposition of the Great Arteries. (a) Normal heart anatomy. (b) TGA
heart anatomy. The aorta and the pulmonary artery arise from the wrong ventricles
(from http://heart.health.ivillage.com/signssymptoms/bluebaby3.cfm).

TGA results in a problem with blood circulation. The oxygenated blood coming from
the lungs passes through the left atrium and the left ventricle, and then goes back to the
lungs via the pulmonary artery. In this case, the oxygenated blood does not reach the whole
body other than the lungs. On the other hand, the oxygen-depleted blood returning from
the whole body goes through the right atrium and the right ventricle, and back to the whole
body through the aorta without refreshing. The blood is always low in oxygen.

TGA infants are typically born with other congenital heart disease such as Ventricular
Septal Defect (VSD) [20], which result in a hole or opening between the left and right
ventricles. These defects allow some oxygenated blood to leak from the left ventricle to the
right ventricle and then to the whole body. Without such a leakage, the infants will certainly
die immediately. Even with such a leakage, the body tissues are still lack of oxygen. This
results in a bluish tinge in the skin, lips and other parts of the baby, i.e., the “blue baby”
symptom. The incidence of TGA is 5% of all congenital heart diseases [36]. The mortality
rate of TGA in untreated patients is approximately 30% in the first week, 50% in the first
month, and 90% by the end of the first year [7]. Therefore, TGA should be treated as soon
as possible upon diagnosis.

2.3 Arterial Switch Operations

Arterial Switch Operation (ASO) [27, 61] is the current surgery of choice for correcting
TGA. It elegantly switches the two great arteries and relocates the coronary arteries to the
correct positions, restoring proper blood circulation in the patient. It is a very difficult and
complex procedure that includes many delicate surgical operations. For different patients
with varying anatomical structures, different variations of ASO need to be performed. It will
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(a) (b) (c) (d)

Figure 2.4: Transection of aorta and pulmonary artery [20]. (a) & (b) Transection of
aorta. (c) & (d) Transection of pulmonary artery.

be too overwhelming for the readers if all the details and variations of ASO are described.
So, this section just outlines the main stages of ASO. For details, please refer to [20, 27, 61].

In general, ASO contains the following four main stages [27, 61]:

1. Aorta and pulmonary artery transection.

2. Coronary artery transfer.

3. Reconstruction of neo-aorta.

4. Reconstruction of neo-pulmonary artery.

In Stage 1 (Figure 2.4), the pulmonary artery is disconnected from the pulmonary root,
while the aorta is disconnected from the aortic root. This is an important stage that defines
all landmarks of the arterial switch. Usually, the aorta is transected at a higher position
compared with the pulmonary artery so as to reduce compression on the switched arteries.

After Stage 1, the neo-aortic root and neo-pulmonary root are to be formed (Stage 2). At
this stage, the coronary artery buttons are first detached from the aortic root (harvesting of
coronary buttons, see Figure 2.5(a)). Next, two pockets are cut out of the pulmonary root.
Then, the coronary buttons are relocated to the pulmonary root to form the neo-aortic root
(Figure 2.5(b)). After that, the aortic root is patched up to form the neo-pulmonary root
(Figure 2.5(c)). Since the coronary patterns vary a lot among different patients, there are
many surgical options at this stage. The main concerns are to avoid kinking of the coronary
arteries and to reduce the need for suturing.

In Stage 3, the aorta is attached to the neo-aortic root in order to receive oxygenated
blood coming from the left ventricle. It is usually the case that the diameter of the aorta is
smaller than that of the neo-aortic root. So the aorta needs to be cut along its long axis,
opened and patched with a additional tissue to enlarge its end (Figure 2.6). Sometimes, it
may also happen that the diameter of aorta is larger than that of the neo-aortic root. In
that case, the aorta should be tailored and sewed up to shrink its diameter.

In Stage 4, the pulmonary artery is attached to the neo-pulmonary root so that it can
receive oxygen-depleted blood exiting from the right ventricle (Figure 2.7). The main consid-
eration for performing Stages 3 and 4 is to organize the relative position of the neo-aorta and
neo-pulmonary artery that the blood can flow smoothly through them. Stage 4 completes
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(a) (b) (c)

Figure 2.5: Coronary artery transfer [20]. (a) Harvesting of coronary buttons from
the aortic root. (b) Relocation of the coronary button to the pulmonary root to form
the neo-aortic root. (c) The aortic root is patched up to form the neo-pulmonary root

(a) (b) (c) (d)

Figure 2.6: Reconstruction of aorta [61]. (a) The aorta is cut longitudinally (dashed
curve). (b) The aorta is opened and patched to match the diameter of the neo-aortic
root. (c) The aorta is cut longitudinally and opened up. (d) The aorta is patched to
match the diameter of the neo-aortic root.

(a) (b)

Figure 2.7: Reconstruction of pulmonary artery [20].
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Figure 2.8: The anatomical strucuture of a TGA heart before (left) and after (right)
ASO (from http://heart.health.ivillage.com/pediatricheartsurgery/arterialswitch.cfm).

the correction of the wrongly attached arteries. A comparison of the heart structure before
and after ASO is shown in Figure 2.8.

ASO is elegant and able to offer longer life expectancy to the patient. There are less
wounds made in ASO than in other types of surgeries for TGA. So the chances of rhythm
disturbances caused by later scaring are reduced.

ASO is a difficult and complex surgery due to the complexity of the anatomical structure
of the heart. The patients are infants, whose arteries, especially coronary are very thin
(about 1–2 mm in diameter). As a result, the operations require delicate surgical techniques
with very low safety margins. Coupled with lower birth rate and high social expectation,
providing quality health care to the public becomes an important issue of ASO.
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Chapter 3

Related Work

Over the last decades, many surgical simulation systems have been developed for various
surgeries, anatomical structures and purposes. To analyze the state of the art of surgical
simulation, these existing systems are reviewed (Section 3.1). Most surgical simulation
systems require the simulation of soft tissue deformation, which is usually one of the most
complex parts in a simulation system. Thus, existing 3D deformable models that can be
used for surgical simulation are also discussed in this chapter (Section 3.2).

3.1 Surgical Simulation Systems

In this section, existing surgical simulation systems are reviewed. According to their char-
acteristics, they are categorized into reactive systems and predictive systems.

3.1.1 Reactive Systems

Reactive systems are real-time simulation systems that attempt to simulate the reactions
(i.e., displacement and deformation) of body tissues in response to user inputs that emu-
late surgical operations such as incision, resection, opening, suturing, etc. The objective
of reactive systems is to provide the user with realistic situations and perception of surgi-
cal procedures, through user interactions and simulated progressive behaviors of the body
tissues.

Reactive systems have been developed for needle-based procedures [22, 24, 29, 65]. These
systems simulate body tissue deformation in response to needle insertion. Because needle
insertion is a simple and straightforward surgical operation, reactive systems for needle-based
procedures are well developed, and can provide real-time visual and haptic feedback during
simulation at low computational cost.

Reactive systems have also been developed for the simulation of minimally invasive surg-
eries (MIS). MIS introduce specialized instruments into the body through small incisions to
manipulate the body tissues. Visual feedback is obtained from the cameras attached to the
inserted instruments. Constrained by the small entry portal, the instruments are usually
designed to work in a limited range of motion.

Reactive systems for MIS [5, 17, 26, 52, 58] usually model interior anatomies and generate
organ surface features using medical images. They simulate real-time soft tissue deformation
in response to the limited motion of the instruments, and provide visual and haptic feedback
to the user. The limited motion of the instruments makes the surgical operations relatively
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simple, which facilitates the development of reactive systems for MIS. However, when the
anatomical structures to be dealt with involve complex soft tissues, achieving real-time and
realistic soft tissue deformation is still difficult. This becomes the main challenge of reactive
system for MIS.

Compared to needle-based procedures and minimally invasive surgeries, open surgeries
are more complex and difficult to simulate because of the larger visual field, complex anatom-
ical structures, and the freedom of motion of the surgical instruments [1]. As a result, reactive
systems for open surgeries have focused only on simulating simple basic surgical operations
such as incision and soft tissue retraction [3, 55, 56], suturing of wounds [67] and ventricular
septal defect [55, 56]. In comparison, simulation of cardiac surgeries such as ASO and Nor-
wood procedure is far more complex and difficult to be achieved in real time. Some reactive
systems have simulated the behavior of body parts such as intestine in response to touch
and displacement by a surgical instrument [18].

Modeling realistic real-time behaviors of soft tissue is a computational expensive task.
One method for reducing processing time is to perform the computations in graphics pro-
cessing unit (GPU) [44, 48, 54]. This approach has been applied to the simulation of simple
cardiac surgery [38, 39].

Reactive systems are useful for medical training and pre-operative planning of simple
basic surgical operations such as cutting and suturing. They are not suitable for pre-operative
planning of complex surgical procedures such as ASO and Norwood procedure. To use a
reactive system to predict the surgical results of complex procedures, one would need to go
through all the delicate surgical operations in the procedures, which is tedious and time-
consuming. Moreover, it is difficult to achieve realistic and real-time deformation of complex
anatomical structures.

3.1.2 Predictive Systems

Predictive systems attempt to accurately predict surgical results of complex surgical proce-
dures based on a small number of user inputs. They allow the users to easily explore various
surgical options to access the feasibility of each option and to choose the best one. Compared
to reactive systems, predictive systems are designed to simulate entire surgical procedures
instead of low-level basic surgical operations. In predictive systems, real-time response is
not a necessary requirement. Instead, the accuracy of the predicted results becomes very
important.

Predictive simulation systems have been developed for pre-operative planning of dental
surgeries and surgical implants [16, 19, 59, 66]. They have also been developed for predicting
post-operative alignment of bones in high tibial osteotomy [64] and surgical repositioning
of fractured radius (arm bones) that is not properly fixed [50]. In these applications, the
anatomical parts are all rigid objects such as bones and teeth.

Surgical planning systems have also been developed for predicting facial appearance due
to displacement of bones [21, 6, 35, 72]. The deformation of facial soft tissues is achieved
using Finite Element Method (Section 3.2.2). This method algorithm has also been applied
on the prediction cornea deformation due to eye muscle forces and pressure [13].

For liver surgery, [4, 33] developed systems that analyze segmentation results of CT im-
ages to propose liver and tumor resection (i.e., cutting) plan based on domain knowledge
about the safety margins of the operations. The system in [33] also estimates the postoper-
ative liver volume. For breast reconstructive surgery, [8, 69] developed planners that predict
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the postoperative shape of the breast using predefined breast models.
To date, there is no predictive systems for simulation and pre-operative planning of

complex cardiac surgeries.

3.2 3D Model Deformation

There are four main approaches to 3D object deformation: free-form deformation, mass
spring model, Finite Element Method, and differential geometry method. Free-form defor-
mation (FFD) [11, 31, 51] modifies an object’s shape implicitly by deforming the 3D space
that contains the object. Since it does not work directly on geometric shape, it is diffi-
cult for FFD to manage geometric properties that are defined on mesh vertices, edges, and
faces. Therefore, it is inappropriate for surgical simulation. On the other hand, the other
three approaches modify an object’s shape explicitly such that geometric properties can be
incorporated easily. They are suitable for surgical simulation.

3.2.1 Mass Spring Model

Mass spring model (MSM) represents the 3D mesh as a network of mass points connected by
massless spring-dampers [26, 28, 37, 38, 45]. It models external forces acting on the object,
which are opposed by internal spring forces. Numerical solution of mass spring equation
gives the position of each point, thus defining the shape of the object. MSM can be applied
on both surface mesh and volumetric mesh.

MSM is useful for real-time surgical simulation due to its simplicity in implementation
and efficiency in computation. With an appropriate numerical solution and a good imple-
mentation, a MSM can be fairly large and complex without compromising real-time response.
Therefore, MSM is appropriate for real-time surgical simulators.

Padilla Castañeda et al. [45] used mass spring model to build a prostate model. Their
model can simulate transurenthral resection of the prostate and tissue deformation due to the
resection in real time. Choi [9] and Kuhnapfel et al. [26] applied MSM to support simulation
of interactive cutting on deformable anatomy. Lian et al. [28] presented a simulation of
progressive suturing where MSM was used to provide both visual and haptic rendering.
Mosegaard [37] applied MSM for real-time cardiac surgical simulation. Their model consists
of both outer surface and inner suface of the heart. Additional springs were inserted in
between the two surfaces to simulate the forces between surfaces. Sørensen et al. later
extended this model for simulating more complex surgical operations using GPU [38].

Although MSM is computationally efficient and easy to implement, it has several draw-
backs. Simulation using MSM is not necessarily realistic. The model’s behavior depends
highly on its topology and resolution. There is no standard way to identify a proper mesh
that can react realistically towards different kinds of surgical operations. Bianchi et al. [2]
presented a genetic algorithm for identifying the topology of MSM by comparing its behavior
with a known reference model. But in practice, acquiring a realistic reference model itself
is a problem. Another drawback of MSM is that soft tissues can have non-linear and inho-
mogeneous elasticity. Specifying realistic elasticity value at each mesh vertex is a difficult
task.

Numerical integration methods for solving MSM equations are not always stable. The
stability of the solutioin depends on the time step and the integration scheme [41]. In
general, the condition for numerical stability is that the time step should be smaller than a
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stability threshold, which depends on the stiffness of the simulated object and the numerical
integration scheme. An analysis of the stability conditions for different numerical methods
is given in [23].

3.2.2 Finite Element Method

Finite Element Method (FEM) formulates soft tissue deformation in a continuous domain.
In FEM, the object is divided into volumetric elements, and the deformation of the object is
represented by an energy function derived from the external forces applied on these elements,
which are opposed by the object’s internal energy defined by stress and strain. The object
reaches its equilibrium shape when its potential energy reaches a minimum. FEM is designed
for volumetric meshes. To use FEM for surface meshes, volumetric representations should
be generated and coupled with the surface meshes [40].

By formulating the deformation problem in a continuous domain and solving it in a
discrete way, FEM gives a more accurate and realistic modelling of soft tissue deformation
than MSM. There are many applications that use FEM to simulate deformation in surgical
simulation. Crouch et al. [13] used FEM to simulate cornea deformation for cataract surgery.
Richens et al. [49] used FEM to investigate the behavior of aorta during blunt traumatic
impacts. It included a thorax and heart structure model that simulated the response of the
heart following a thoracic impact. In addition, a detailed model of the heart and aorta was
used to simulate the stresses acting on the aortic isthmus during the thoracic impact. FEM
was also used to analyze left ventricular wall stress in patients with severe aortic insufficiency
[70].

Although FEM can be used to provide a more realistic simulation than MSM, it is
computationally expensive. Moreover, when the shape or topology of the object changes,
the model may need to be re-computed. By reducing the number of elements or simplifying
the representation of the internal energy, the computational cost can be reduced. [12, 71]
tried to reduce the number of elements using an adaptive coarse-to-fine model. Nienhuys et
al. [42, 43] presented an iterative algorithm for an interactive deformation simulation caused
by cutting. These methods typically trade model accuracy for processing speed.

3.2.3 Differential Geometry Method

Differential geometry (DG) method, which is known as partial differential equation (PDE)
method in [32], directly solves for the positions of the mesh points after deformation, given
the initial configuration of the object and predefined constraints on the geometric properties
of the mesh surface. Depending on the constraints, the system equations may be solved
using a linear or non-linear solver.

DG is widely used in computer graphics community for mesh editing purposes [15, 32,
34, 57, 60, 73]. Unlike MSM and FEM, DG does not explicitly model external physical forces
acting on the object. Therefore, it has not been used in surgical simulation. However, for
predictive surgical simulation, the surgeons are interested in the expected surgical results
instead of continuous shape change due to human interaction. Therefore, DG turns out to
be very useful for predictive simulation, and is adopted in our research for the simulation of
complex cardiac surgery (Chapter 5).

DG is easy to implement and is relatively fast compared to FEM. It can achieve real-
time deformation for 2D meshes [68] and near real-time deformation for 3D meshes [32].

13



Thesis Proposal. Related Work

Various geometric constraints can be incorporated into the deformation scheme. However, it
is challenging to translate elastic properties of materials to geometric properties of the mesh.

The standard DG method applies Laplacian operators to estimate the mean-curvature
normals of the surface. As the Laplacian operators are ill-defined on mesh boundaries, exist-
ing Laplacian methods assume that the models are 2-manifold surfaces without boundaries.

Another DG method is to model the mesh surfaces using Poisson method [46, 73, 74],
which describes the differential properties of mesh surfaces in terms of continuous partial
differential equation. It can, therefore, model smoothness and continuity naturally. However,
the Poisson method requires boundary conditions on all boundaries, which may not be known
as a priori in our application. Moreover, it is more complex and tedious to implement than
the Laplacian method.

3.3 Summary

Reactive simulation systems are useful for medical training and pre-operative planning of
simple surgical operations such as cutting and suturing. Predictive simulation systems are
suitable for pre-operative planning of complex surgical procedures such as ASO and Norwood
procedure. Existing systems for simulating cardiac surgeries perform only basic surgical
operations [37, 38, 39, 55, 56] (Table 3.1). There is no system for simulating complex cardiac
surgical procedures, whether reactive or predictive.

For simulation of soft tissue deformation, three deformable models have been discussed.
Among them, MSM is efficient and easy to implement, but it is not suitable for providing
realistic deformation results. It is usually used for reactive real-time simulation. FEM can
be used for realistic simulation of soft tissue deformation. However, it is computationally
too expensive for real-time or near real-time simulation. On the other hand, DG can be
used to produce more realistic simulation results than MSM, and it is computationally more
efficient than FEM. Therefore, DG is a promising candidate for predictive simulation of
complex cardiac surgery, and is adopted in the proposed research.
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Table 3.1: Summary of existing surgical simulation systems and deformation methods
used.

Reactive Predictive

Rigid model —–

• bone alignment [50, 64]

• reconstructive dental surg-
eries [16, 19, 59, 66]

Mass spring
model

• basic surgical ops. [3, 28, 67]

• minimally invasive surgeries
[26]

• open surgeires:

– heart [37, 38, 39, 55, 56]

– intestine [18]

—–

Finite Element
Method

• basic surgical ops. [42, 43]

• needle-based surgeries [22]

• minimally invasive surgeries
[52, 58]

• facial plastic surgeries [6,
21, 35, 72]

• cornea surgery [13]

Differential
—– —–

Geometry method

Other systems

• needle-based surgeries [24,
29, 65]

• minimally invasive surgeries
[5, 17]

• breast reconstruction [8, 69]

• liver tumor resection [4, 33]
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Chapter 4

Proposed Thesis Project

The overall research goal of the thesis project is to develop a predictive surgical simulation
system for general cardiac surgeries. To achieve the goal, surgical requirements of predictive
simulation should be first understood (Section 4.1). These surgical requirements must be
translated into system requirements (Section 4.2) to define the surgical simulation system.
Candidate algorithms for implementing these requirements and possible validation methods
are then discussed (Sections 4.3 and 4.4). Finally, a tentative research schedule for the thesis
work is presented (Section 4.5).

4.1 Surgical Requirements

Surgical requirements refer to the requirements of the surgical simulation system from the
surgeon’s (i.e., user’s) perspective. These requirements are gathered by discussing with
a cardiac surgeon and referring to cardiac surgical handbook [20]. In general, the term
“surgical operation” can be used to refer to either basic operations such as cutting and
suturing, or complex surgical procedures such as Arterial Switch Operation (ASO) and
Norwood procedure. For clarify, three levels of surgical operations are defined in this thesis
proposal (Figure 4.1): low-level basic surgical operations, mid-level surgical tasks and high-
level surgical procedures.

4.1.1 Low-level Requirements

Low-level basic surgical operations refer to simple operations that form the basis of all
complex operations. They include cutting of tissue, displacement of tissue, and joining of
two tissues together.

A. Cutting of Tissue

Cutting of tissue consists of three cases: incision of tissue, transection of artery, and resection
of tissue. Incision of tissue is to cut a slid on the tissue to open it. After this operation,
a cut is made on the tissue surface, but the tissue is not split into two separate parts. For
example, in Figure 4.2(a), the cut is made along the aorta longitudinally. Transection of
artery is to perform a cross-sectional cut of the artery (Figure 4.2(b)). After cutting, the
artery is split into two segments. Resection of tissue is to cut out a piece of tissue from an
anatomical part. The isolated tissue is usually joined to other anatomical parts using the
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Low−level 
Surgical Ops.

Mid−level
Surgical Tasks

High−level 
Surgical Procedures

Figure 4.1: Surgical operation hierarchy. Arrow means “involves”.

join operation. Figure 4.2(c) shows an example of resection of a piece of tissue from the
aortic root.

Note that in real situations, soft tissues will deform in response to cutting operation due
to tension on the tissue surface (Figure 4.2(a)). On the other hand, our system does not
have to be reactive, and cutting is never the last operation that will result in deformation.
So, it is not necessary to handle soft tissue deformation in cutting operation. Therefore, the
surgical requirement for cutting is only to create a cut on the object without deforming the
object immediately. The user input for cutting is a cut path on the tissue’s surface and the
type of cut.

B. Displacement of Tissue

Displacement operation refers to the movement of an object or a part of it from one position
to another. There are three cases of displacement. The first case is performed on the incision
result. For example, in opening of aorta, the cut boundary are displaced to open the aorta
(Figure 4.3(a)). The second case is the displacement of transection result. For example,
in Stage 4 of ASO (Section 2.3), one end of the pulmonary artery is moved to join with
the neo-pulmonary root (Figure 4.3(b)) while the other ends are fixed. The third case is
the displacement of the result of resection. An example is to move the coronary buttons
disconnected from the aortic root to their new positions in the pulmonary root to form the
neo-aortic root.

For the first two cases, only some parts of the artery are displaced while the other parts
of the artery are fixed. These kinds of displacement result in soft tissue deformation. For
the third case, the isolated object (e.g., coronary button) is moved so that there is no soft
tissue deformation in the displacement. In this case, the tissue can be regarded as a rigid
object.

The user inputs for displacement operation include the object or part of the object to be
moved, and the target position and orientation of the object. Note that displacement is the
main cause of soft tissue deformation, and it is one of the most common low-level operations.
So it is natural to handle soft tissue deformation while simulating displacement.
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(a) (b) (c)

Figure 4.2: Cutting of tissues [20]. (a) Incision of a tissue. (b) Transection of an
artery. (c) Resection of a tissue.

(a) (b)

Figure 4.3: Displacement operations [20]. (a) Displacement of incision result. (b)
Displacement of transection result.
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(a) (b) (c) (d)

Figure 4.4: Joining operations [20]. (a) End-to-end joining. (b) End-to-side joining.
(c) & (d) Side-to-side joining.

C. Joining of Tissue

Joining operations are performed to connect two tissues at their boundaries. It can be
achieved through suturing or gluing. Detailed simulation of suturing involves the interaction
of the tissue with needle and thread, which is very complex. For gluing, the two joining
boundaries may overlap. These details will not affect the overall surgical results significantly.
Therefore, they are omitted in this thesis proposal. Instead of detailed simulation of suturing
and gluing, this thesis proposal considers the joining of the boundaries of two tissues as an
adequate approximation.

There are three common cases of joining operation in cardiac surgeries, namely end-to-end
joining, end-to-side joining, and side-to-side joining. End-to-end joining is to join two arteries
at their ends (Figure 4.4(a)). It occurs in ASO when joining the aorta to the neo-aortic root,
and joining the pulmonary artery to the neo-pulmonary root. End-to-side joining is to join
the end of an artery to the side of an artery. Figure 4.4(b) is an example of end-to-side
joining in Norwood procedure. Side-to-side join refers to joining a relatively flat patch with
a tissue to fill up a hole or slot on that tissue. For example, in ASO, side-to-side joining with
open joining boundaries occurs in the stage of relocating coronary buttons. The coronary
buttons are joined to slots cut out of the pulmonary root (Figure 4.4(c)). Figure 4.4(d)
illustrate another case of side-to-side join where an hole on one artery is completely patched
up by a piece of tissue.

Note that the two joining boundaries are not necessarily of equal length. In real surgery,
if the length mismatch is small, the tissue with a shorter boundary can be stretched to fit
the one with a longer boundary. On the other hand, if the length mismatch is too large, the
one with a shorter boundary is patched with an additional tissue to match the one with a
longer boundary (Figure 4.5(d)). So, joining operation can result in the deformation of soft
tissues.

Another consideration is whether the join should be smooth. In Figure 4.4(a), (c) and
(d), the joins should to be smooth to avoid stenosis (obstruction of blood flow). On the
other hand, in Figure 4.4(b), the join is not a smooth join.

4.1.2 Mid-level Requirements

A mid-level surgical task consists of a sequence of low-level basic surgical operations and
possibly other mid-level surgical sub-tasks. In ASO for example, these surgical tasks include:
transfer of coronary arteries, opening of artery, patching of artery, and reconstruction of
artery.

Let us consider, for instance, transfer of coronary arteries (Figure 4.5(a–c)). The coronary
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(a) (b) (c) (d) (e)

Figure 4.5: Mid-level surgical tasks [20]. (a–c) Transfer of coronary arteris. (d, e)
Reconstruction of neo-aorta.

buttons are first removed from the aortic root (resection). Next, two slots are cut out of the
pulmonary root (resection). Then, the coronary buttons are attached to the pulmonary root
(displacement and side-to-side joining). Finally, the two slots on the aortic root are patched
up (displacement and side-to-side joining). The joins in this case should be smooth.

In the case of reconstruction of neo-aorta (Figure 4.5(d, e)), the aorta is joined to the
neo-aortic root (displacement and end-to-end joining). If the diameter of the aorta is too
small compared to that of the neo-aortic root, the aorta has to be opened (opening of
aorta) and patched with additional tissue (patching of artery) (Figure 4.5(e)). In this case,
reconstruction of neo-aorta involves other mid-level sub-tasks including opening and patching
of artery. In a similar way, other surgical tasks can involve low-level basic surgical operations
and mid-level surgical sub-tasks.

4.1.3 High-level Requirements

High-level surgical procedure refers to the complete procedure of a cardiac surgery. Simula-
tion and prediction of high-level surgical procedures are the ultimate goals of the predictive
system. A high-level surgical procedure can involve both mid-level surgical tasks and low-
level basic surgical operations. For instance, ASO consists of four main stages:

1. Transection of aorta and pulmonary artery.

2. Transfer of coronary arteries.

3. Reconstruction of neo-aorta.

4. Reconstruction of neo-pulmonary artery.

The first stage involves low-level basic surgical operations whereas the other stages involve
mid-level surgical tasks as discussed in Section 4.1.2.

Another example of high-level surgical procedure is Norwood procedure. Norwood op-
eration is the surgery of choice for Hypoplastic Left Heart Syndrome (HLHS). In a child
with HLHS, all the structures on the left side of the heart (the side that receives oxygen-rich
blood from the lungs and pumps it out to the body) are severely underdeveloped. The mitral
and aortic valves are either very small or completely closed. The left ventricle itself is tiny
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Figure 4.6: 3D mesh models of aorta, pulmonary artery and coronary artery recon-
structed from patient’s CT images. The spine (shown in white) is also reconstructed
for orienting the 3D models (from [47].

(hypoplastic left ventricle), and the first part of the aorta is very small, often only a few
millimeters in diameter (hypoplastic ascending aorta and aortic arch).

Norwood operation consists of four main stages:

1. Transection of aorta and pulmonary artery (similar to ASO).

2. Closure of pulmonary artery.

3. Reconstruction of neo-aorta (similar to ASO).

4. Placement of a tube graft to connect aorta to pulmonary artery.

Each of these stages involves a mid-level surgical task. For details of Norwood operation,
refer to [10].

4.2 System Requirements

System requirements for the predictive simulation system are the requirements from the
system’s point of view. They are derived from the surgical requirements. The three levels of
surgical requirements are translated into three levels of system requirements respectively.

The 3D mesh models of the blood vessels of interest are assumed to be already recon-
structed from the patient’s medical images. As the blood vessels are very thin, especially in
infants, their thickness are ignored in this research. That is, the blood vessels are modeled as
2-manifold triangle meshes. A 2-manifold triangle mesh is a triangle mesh whose edges are
either manifold edges or boundary edges. A manifold edge is an edge that has exactly two
neighboring triangular faces. A boundary edge has one only one neighboring face. There
are no isolated vertices in a 2-manifold mesh. Sample mesh models of the aorta, pulmonary
artery and coronary arteries reconstructed (by our project team member) from patient’s
medical images is shown in Figure 4.6.
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4.2.1 Low-level Requirements

Low-level surgical operations are translated into mesh operations, which include mesh cut-
ting, mesh displacement and deformation, and mesh joining (Table 4.1).

A. Mesh Cutting

The three cases of cutting operation translate to three cases of mesh cutting. In the case of
incision (cutting a slid), two cut edges coinciding with the user-specified cut path are created
on the mesh model. In the case of transection (cross-sectional cutting of artery), the mesh
model of the artery is split into two parts, and two cut boundaries are created, one on each
part. From the system’s point of view, the case of resection is similar to that of transection
except that the resection result is an isolated mesh model.

The inputs for mesh cutting operation include the type of the cut and the cut path. For
incision and resection of tissues, the cut path can be manually drawn on the mesh surface
or specified by a sequence of points. In the latter case, the system should automatically
compute the shortest smooth curve that pass through all the points. The curve is then
taken as the cut path. For transection of an artery, the input can be only one landmark
point indicating the position of the cross-sectional cut.

B. Mesh Displacement and Deformation

Surgical displacement operation translates to mesh displacement and deformation. Displace-
ment of isolated mesh model (i.e., resection result) involves only translation and rotation of
the mesh model. In this case, the mesh model can be regarded as a rigid object. On the
other hand, displacement of non-isolated mesh model (e.g., incision and transection results)
entails the deformation of the mesh model because part of the model is displaced while the
other parts are fixed.

The user inputs of mesh displacement operation include the mesh model or part of the
mesh model to be moved, and the target position and orientation of the mesh model. These
inputs are considered as positional constraints of the mesh models during mesh deformation.

For realistic prediction of soft tissue deformation, accurate modeling of the elastic prop-
erties are very important. This is a very difficult and challenging research topic by itself.
Therefore, this thesis work will just seek an approximate modeling method that is efficient
for simulation. The system would provide intuitive GUI to allow the user to vary elastic
properties, e.g., from very rigid to very elastic. Then, the users can easily tune the elasticity
of the mesh models to match their surgical experience.

The system also needs to check whether the user-specified displacement can be achieved.
For this purpose, the system should investigate (1) the geometrical shape and size of the
mesh models, (2) the elastic properties of the mesh models and (3) obstructions among mesh
models.

For example, if the target position is too far away from the original position, and elasticity
is limited, then the displacement cannot be achieved. The free space for displacement is small
because the arteries and the heart are quite tightly packed into a small space (Figure 4.7).
The deformed mesh models should not penetrate each other.
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Figure 4.7: The arteries the heart are quite tightly packed into a small space [20].

C. Mesh Joining

Surgical joining operation corresponds to mesh joining. Given the joining boundaries and
the type of join, mesh joining operation places the two joining boundaries together forming
a seamless join.

Typically, the original positions of the two joining boundaries do not coincide with each
other. So mesh deformation may be involved in mesh joining operation to join the join-
ing boundaries. Sometimes the joins should be smooth (Figure 4.4(a), (c) and (d)). The
feasibility of the joining operation should also be checked, just like in mesh displacement
operation.

Note that the two mesh models that are joined may or may not be merged into a single
mesh. If subsequent operations need to manipulate the joined models as a single object,
then they should be merged. Otherwise, it is not necessary to merge them.

4.2.2 Mid-level Requirements

Mid-level surgical tasks are translated into their corresponding mid-level computational
tasks. A mid-level computational task needs to be formulated as a computational prob-
lem, which is solved by an algorithm that performs a sequence of low-level mesh operations
and possibly mid-level sub-tasks. For example, the reconstruction of aorta will be formulated
as a problem that involves the opening of aorta and the shape completion of aorta, which
are in turn, formulated as respective computational problems. Details of these problem
formulations are presented in Chapter 5.

Depending on the nature of the problem, various constraints need to be imposed on the
deformation of the mesh models. For example, after soft tissue deformation, the shape of
the deformed tissue should remain similar to the original ones. The deformed mesh models
should not penetrate other meshes models. Another constraint is the stretching and bending
constraint which is used to control the elasticity of the object. Usually, the stretching and
bending should be minimized to prevent stenosis. In some cases, the join of two mesh model
should be smooth.

The constraints are summarized as follows:

Constraint A. Positional constraint. The target positions of some parts (i.e., vertices,
edges and faces) of the mesh model are ether specified by the user or derived from user
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inputs.

Constraint B. No penetration constraint. The deformed mesh models should not penetrate
other meshes.

Constraint C. Shape constraint. The shape of the mesh model should be similar to the
one before deformation.

Constraint D. Stretching and bending constraint. The stretching and bending of the mesh
model should follow the elastic properties of tissue. They are should be minimized in
most cases to avoid stenosis.

Constraint E. Smooth join constraint. In some cases, the join should be smooth after
deformation and joining.

Among these above constraints, Constraints A and B are hard constraints that must be
satisfied. Constraints C, D and D are soft constraints that may contradict each other. So it
might not be possible to exactly satisfy all the soft constraints. Instead, a balance between
these constraints should be achieved depending on the surgical requirements.

4.2.3 High-level Requirements

High-level surgical procedure corresponds to a high-level computational procedure that com-
prises a sequence of mid-level computational tasks and low-level mesh operations. For ex-
ample, the simulation of ASO consists of the following computational tasks:

1. Transection of aorta and pulmonary artery.

2. Transfer of coronary artery.

3. Reconstruction of neo-aorta.

4. Reconstruction of neo-pulmonary artery.

Similarly, the simulation of Norwood operation consists of the following computational tasks:

1. Transection of aorta and pulmonary artery (similar to ASO).

2. Closure of pulmonary artery.

3. Reconstruction of neo-aorta (similar to ASO).

4. Placement of a tube graft to connect aorta to pulmonary artery.

Besides simulating surgical procedures, the system should also provide supporting func-
tions to assist the surgeons in using the system:

1. Size measurement:
The size of a patch must be accurately measured in real units (e.g., cm or mm) because
the surgeon needs to know the exact size of the patch to be cut.

2. Visualization aid:
The system should visualize important aspects of the mesh models such as the amount
of stretching and twisting of the models after deformation. This allows the surgeons to
assess whether the amount of deformation is acceptable. To show the joins, different
mesh models should be rendered with different colors.
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(a) (b)

Figure 4.8: Subdivision of mesh. (a) A triangle mesh. (b) A cut in the mesh produced
by subdivision method (indicated by the red polyline). Some narrow triangles are
generated.

4.3 Candidate Algorithms

The low-level mesh operations and mi-level computational tasks need to be supported by
appropriate algorithms. High-level procedures just comprise low-level and mid-level algo-
rithms. So, this section discusses cardiac algorithms for low-level mesh operations and
mid-level computational tasks.

4.3.1 Low-level Algorithms

Each low-level mesh operation is supported by a mesh manipulation algorithm. For mesh
cutting, direct subdivision method [14, 25] (Figure 4.8) can be used. It creates accurate
cut that changes the topology of the mesh model. New vertices and edges are introduced
along the cut path, which may result in narrow triangles (Figure 4.8(b)) that could affect
further manipulation of the mesh. These narrow triangles should be avoided. Delaunay
mesh cutting algorithm [42, 43] may also be used for the purpose of avoiding new generated
narrow triangles after cutting.

For mesh deformation, the Differential Geometry (DG) method can be adopted. As dis-
cussed in Section 3.2, Laplacian model [32, 34, 57] is suitable and efficient for simulation
of soft tissue deformation. The mesh deformation algorithm should impose various con-
straints derived from surgical requirements. The original Laplacian method already handles
Constraints A and C. To impose Constraints D and E, the Laplacian method needs to be
extended (see Chapter 5 for details). Imposing constraint B (no penetration constraint) into
this deformation scheme is a challenging task. Collision detection techniques [32, 34, 57]
may be used.

Poisson method [46, 73, 74], another DG method, is a candidate algorithm for mesh
deformation of patches in smooth joining operation. It models the continuity and smoothness
at the joins for mesh deformation.

For mesh joining, simple polyline merging method [14, 25] be used to merge the meshes
that are joined at their boundaries. Note that the joining boundaries of the meshes are
discrete, i.e., they are polylines. There may not be a one-to-one mapping between the two
vertex sets of the joining boundaries. Some new vertices may need to be introduced to make
sure that the join is leakage-free.

A summary of the low-level operations and candidate algorithms is given in Table 4.1.
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Table 4.1: Low-level basic surgical operations, mesh operations and their correspond-
ing candidate algorithms.

Basic surgical operations Mesh operations Candidate algorithms

Cutting Cutting
Direct subdivision method [14, 25],

Delaunay mesh cutting [42, 43]

Displacement
Displacement +

Laplacian method [32, 34, 57]
Deformation

Joining
Deformation +

Laplacian method [32, 34, 57],

Joining
Poisson method [46, 73, 74],

Polyline merging method [14, 25]

4.3.2 Mid-level Algorithms

As discussed in Section 4.2.2, a mid-level computational task is formulated as a computa-
tional problem. An algorithm needs to be developed to solve the computational problem.
The algorithm may involve a sequence of existing algorithms for mesh operations and de-
formation. The Laplacian or Poisson mesh deformation algorithm needs to be extended to
include additional constraints as discussed in Section 4.2.2.

For complex computational problems, novel algorithms will need to be developed. For
example, reconstruction of aorta and pulmonary artery are two mid-level tasks that are not
independent. Their results affect each other because the reconstructed aorta and pulmonary
artery should not penetrate each other and other parts of the heart. These requirement
will be solved by complex optimization algorithms. Some examples of these algorithms are
presented in Chapter 5.

4.4 Validation

Validation of a surgical simulation system is a very difficult and challenging issue. The ideal
method to validate the predicted surgical result is to compare it with the result of a real
surgical procedure. However, this approach is not practical. It is not possible to perform 3D
scanning of actual surgical results for quantitative comparison. Also, lab testing of human
tissues may involve ethical issues.

An alternative approach is to validate the system against a set of objects with a range
of elasticity. The idea is to collect a set of objects with varying elasticity, from very rigid to
very flexible, with the blood vessels falling in the range. These objects are scanned to obtain
their 3D models. Then, some basic surgical operations are performed on the objects and
the resulting objects are scanned to obtain ground-truth surgical results. Next, the same
surgical operations are simulated on the 3D models of the objects. Finally, the simulation
results are compared with the ground-truth surgical results. If the difference between the
simulation results and the ground truth is small, then it can be claimed that the system can
model blood vessel’s elastic properties if the parameters are correctly set.
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Table 4.2: Tasks involved in completing the proposed research.

Tasks Done?

Low-level

Mesh cutting yes
Mesh displacement and deformation partial
Mesh joining partial

Mid-level

Transection of AO and PA yes
Transfer of CA no
Reconstruction of AO partial
Reconstruction of PA no

High-level

ASO partial

4.5 Research Schedule

Table 4.2 summarizes the tasks involved in completing the proposed research. Some of
the tasks have already been accomplished, and they will be presented in Chapter 5. The
remaining tasks will be completed according to the following schedule:

• Present – March 2008: mesh joining, reconstruction of aorta (AO).

• April 2008 – August 2008: mesh deformation with all the constraints, reconstruction
of aorta and pulmonary artery (PA).

• September 2008 – November 2008: transfer of coronary arteries (CA).

• December 2008 – June 2009: ASO, validation and thesis writing.

If time permits, Norwood operation and its mid-level computational tasks will also be in-
cluded.
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Chapter 5

Preliminary Work

Preliminary work has been done on predictive simulation of neo-aorta reconstruction (Sec-
tion 5.1) and various cases of smooth joining (Section 5.2). The mesh deformation algorithm
developed for this work is based on the Laplacian deformation method [32], imposed with
additional constraints: minimal stretching constraint and smooth join constraint.

5.1 Predictive Simulation of Neo-aorta Reconstruction

5.1.1 Problem Definition

In neo-aorta reconstruction, the diameter of the aorta is often smaller than that of the neo-
aortic root. So the aorta needs to be cut along its long axis, opened and patched with a
additional tissue to enlarge its end [27, 61] (Fig. 5.1). The cutting position and length are
typically decided by the surgeon based on anatomical and surgical considerations.

In this work,the aorta and the neo-aortic roots are modeled as tubular (i.e., hollow) 3D
meshes with zero surface thickness. That is, only their outer surfaces are modeled. Each
model has two ends where surface discontinuities occur. The problem of predictive simulation
of aorta reconstruction can be defined as follows:

(a) (b)

Figure 5.1: Reconstruction of aorta [61]. (a) Aorta is cut longitudinally (dashed
curve). (b) Aorta is opened and patched to match the diameter of the neo-aortic root.
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Figure 5.2: Reconstruction of aorta. (a) Aorta A is cut at c longitudinally (dotted
line), (b) opened and patched with a tissue P (shaded surface) to fit neo-aortic root R.
Dashed ellipses denote the boundary curves at the ends of A and R, n is surface normal
and t is surface tangent.

Given tubular triangulated 2-manifold mesh models (with 1-D boundaries) of the
aorta A and the neo-aortic root R, where the diameter of A is smaller than that
of R, a cutting position c at the end of A and a cutting length l along the long
axis of A (Fig. 5.2), determine the shapes of the opened aorta A′ and the patch
P that form smooth, continuous, and leakage-free joins with R.

Simulation of aorta reconstruction requires mesh operations including cutting, deforma-
tion, and joining. Mesh cutting is performed using triangle sub-division method. Mesh
joining is straightforward. Mesh deformation, on the other hand, is complex. It is applied
to open the cut aorta to match the neo-aortic root. The deformation should be subjected to
the following constraints to avoid stenosis:

A. The shape of the opened aorta should be similar to that of the original aorta, and its
surface should be smooth.

B. The opened aorta should not be stretched or twisted.

C. The opened aorta, neo-aortic root, and the patch should form smooth, continuous, and
leakage-free joins.

The predictive simulation problem can be formulated in detail as follows. After cutting
A, point c is split into two points c and c′, and two new boundary edges are formed in A.
Let a denote the point on the end of A opposite to c. The deformation of A moves a point
p on A to a new position p′ on the opened aorta A′, except for one point that locates the
global position of A in 3D space, which can be assumed to be a without loss of generality.
So, we shall call point a the anchor point.
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To satisfy the shape constraint (Constraint A), the surface normal n(p) at any point p
on A should be preserved after deformation (Fig. 5.2):

n(p) = n(p′). (5.1)

To satisfy Constraint B (minimum stretching and shrinking), the distance d between any
two connected mesh points, say, a and p, should be preserved after deformation, i.e.,

d(a,p) = d(a,p′). (5.2)

If the cutting length l is long enough, then A′ can be opened wide enough to join with
R smoothly. Let r denote the point on R that coincides with a when A′ and R are joined,
i.e., a = r. Let dU denote the distance between two boundary points measured along the
boundary curve. After joining, any point b′ on the end of A′ at a distance dU(a,b′) from a
must coincide with point q on the end of R at the same distance from r, i.e.,

a = r, b′ = q, dU(a,b′) = dU(r,q). (5.3)

One way to satisfy the smooth join constraint (Constraint C) is to ensure that the surface
normals at the corresponding end points on A′ and R are identical. This method is, however,
not robust because the end points are located at surface discontinuities, and their surface
normals are, thus, ill-defined. Instead, the surface tangents t at the end points parallel to
the long axes of the arteries are used to specified the constraint (Fig. 5.2):

t(b′) = −t(q) (5.4)

for each pair of corresponding points b′ on A′ and q on R. The method for estimating the
surface tangent will be described in Section 5.1.2.

The patch P should completely cover the opening in A′ without leakage. So, it should
observe the same continuity conditions across the two joins with A′ and the one join with
R, as described in Eqs. 5.3 and 5.4, and its shape should be similar to that of A′.

In general, the opened aorta A′ may not form a smooth, continuous join with the neo-
aortic root R if the minimum stretching constraint is strictly adhered to. By relaxing the
constraint, i.e., implementing them as soft constraints, the algorithm can strike a balance
between producing a smooth join and minimizing surface stretching.

5.1.2 Predictive Simulation Algorithms

In actual Arterial Switch Operation (ASO), the aorta has to be moved (i.e., translated and
rotated) to align with the position and orientation of the neo-aortic root. This movement
induces additional deformation on the aorta. Here we wish to study the amount of deforma-
tion of the aorta due only to the opening of its end to match the diameter of the neo-aortic
root. So, it is assumed that the aorta and the neo-aortic root are already globally aligned in
terms of position and orientation. That is, a = r and the long axes of A′ and R are aligned
at the join.

The algorithm for predictive simulation of aorta reconstruction can be summarized into
the following steps:

1. Open the cut aorta A:
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(a) Map end points b on A to new positions b′ on A′.

(b) Deform the cut A into A′, with the new positions b′ as hard constraints, and
Eqs. 5.1, 5.2, and 5.4 as soft constraints.

2. Fit the uncut aorta A to A′:

(a) Map end points b on A to new positions b′′ on A′′.

(b) Deform the uncut A into A′′ to fit A′ and cover the opening, with the new positions
b′′ as hard constraints and Eq. 5.1 as soft constraint.

3. Compute appropriate patch P :

(a) Find the points e on A′′ that correspond to the cut edges on A′.

(b) Cut a patch P ′ from A′′ according to points e.

(c) Deform P ′ into P by fitting to the cut edges of A′ and the end of R.

Details the algorithm are explained in the following.

Opening Cut Aorta

In Step 1a, each end point b on A is mapped to the new position b′ using Eqs. 5.2 and 5.3. In
real application, the new positions b′ may not correspond to existing mesh points (vertices)
on R. To ensure a close fit between A′ and R, for each end point q of R, its corresponding
position on A is computed using Eqs. 5.2 and 5.3, and a new mesh point (and associated
edges) is added to the boundary curve of the end of A at this position. We shall call these
new end points b as well. Their new positions b′ = q for a unique q on R.

Step 1b requires an deformation algorithm. This algorithm is adapted from the differen-
tial geometric method described in [32], which handles hard and soft constraints. The hard
constraints are positional constraints provided by the positions of points b′, i.e., b′ = q as
represented by:

Hx = d (5.5)

where x is a vector of all the mesh points in A′ and d is a vector of the desired coordinates
of b′, and H is a matrix that relates x and d.

Shape constraint (Constraint A) is satisfied by minimizing the squared difference (L2

norm) between the mean-curvature normals before and after deformation, i.e.,

‖l(p′) − l(p)‖ (5.6)

The surface normal n(p) at point p can be approximated by the Laplacian operator l(p):

l(p) =
∑

vi∈N(p)

wi (p − vi) (5.7)

where N(p) is the set of neighboring points connected to p in the mesh. The magnitude of
l(p) approximates the mean curvature at p, and the direction of l(p) approximates n(p).

An intuitive understanding of the Laplacian operator is illustrated in Fig. 5.3(a). The
Laplacian operator l(p) sums up the difference vectors p − vi between p and its connected
neighbors vi. The summation cancels out the tangential components of the difference vectors,
and sums up their normal components to produce a vector normal to the surface at p.
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Figure 5.3: Laplacian operator. (a) Non-boundary mesh point p and its connected
neighbors. (b) Definitions of αi and βi. (b) Boundary point b′ and its connected
neighbors.

For accurate estimation of mean curvature, the so-called cotangent weights should be
adopted for wi [32, 57]:

wi =
1

2A(p)
(cot αi + cot βi) (5.8)

where A(p) is the Voronoi area of point p, and αi and βi are the angles opposite to the
edge connecting p and vi (Fig. 5.3(b)). On the other hand, for simplicity, uniform weights
may be used also, i.e., wi = 1/|N(p)|, where |N(p)| is the number of neighboring points
connected to p.

As the cut edges of A′ are surface discontinuities, the Laplacians of the edge points do
not correspond to surface normals. So, a different constraint is imposed to constrain the
shape of the cut edges. Let b′ denote an edge point on A′, and b1 and bn denote two other
edge points on A′ that are connected to b′. Then, minimizing the term

‖(b′ − b1) + (b′ − bn)‖ (5.9)

will straighten the cut edges of A′. This is because the distance between the three points are
preserved after deformation by the geodesic distance constraint. Therefore, the two vectors
b′ − b1 and b′ − bn would be close to parallel.

The constraints given in Eq. 5.6 and 5.9 are assembled into the shape change energy Es

to be minimized:
Es = ‖Lx − u‖. (5.10)

The term Lx contains 2p′ − b1 − bn for edge points p′ and l(p′) for non-edge points p′.
The term u contains the value 0 for edge points b′ and l(p) for non-edge points p′.

Note that there are two ways to compute Es for non-boundary points: using either
uniform weights or cotangent weights (Eq. 5.8) for the Laplacian operators. For neo-aorta
reconstruction, we adapt uniform weights. The difference between these two implementations
is examined in Section 5.2, where the reason for choosing uniform weights is given.

Minimum stretching (Constraint B) is achieved by constraining the distances between
every pair of connected neighboring points. For every edge eij that connects point pi and
pj in A, the stretching energy is formulated as

kij (‖p′

i − p′

j‖ − ‖pi − pj‖)
2 (5.11)

32



Thesis Proposal. Preliminary Work

b1

n

A’

b’
tn b

tb

Figure 5.4: End points and their connected neighbors of the curved surface of A′.

where kij is the stiffness coefficient of eij. This is a non-linear constraint because of the
Euclidean distances. It can be re-written as

kij ‖dij − sij‖, (5.12)

where
dij = p′

i − p′

j

sij = dij

‖pi − pj‖

‖p′

i − p′

j‖

(5.13)

Assembling the edge stretching energy together gives the total stretching energy Eg to be
minimized:

Eg = ‖Dx − s(x)‖ (5.14)

where Dx contains dij terms and s(x) contains sij terms.
One approach to satisfying the smooth join constraint (Constraint C) is to ensure that

the surface normals at the corresponding points on G′ and H are identical. Unfortunately,
the Laplacian operator at a boundary point does not correctly estimate the mean-curvature
normal. As illustrated in Fig. 5.3(c), the summation of the Laplacian operator does not
cancel out the tangential components of the difference vectors between b′ and its connected
neighbors.

Our method of imposing Constraint C is achieved by matching the surface tangents of
the corresponding end points b′ on A′ and q on R. As there is more than one surface tangent
at a point, the one that is normal to the boundary curve is chosen.

First, we start with the original end point b on A. Let b1, . . . ,bn denote the connected
neighboring points of b such that b1 is also an end point as shown in Fig. 5.4. Among these
connected neighbors, there is a neighbor b t such that b − b t is (approximately) normal to
the surface and parallel to the long axis of A′. We call this point the tangential point .

The tangential point b t of b is computed as follows. First, the normal n(b) at b is
estimated by the weighted mean of the normals of the neighboring faces of b. Then, the
surface tangent t(b) is computed as the cross-product n(b)× (b− b1), where b1 is the end
point connected to b. Finally, the tangential point b t of b is the point whose difference
vector b− b t is most parallel to t(b). This tangential point is used as an approximation of
the tangential point of b′, whose position is to be computed by the deformation algorithm.
The difference vector b′ − b t is used to express the smooth join constraint.

The desired surface tangent at b′ is given by the tangent t(q) at the corresponding end
point q on R. This tangent t(q) is computed in the same way as described above. Now, the
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constraint can be specified as

b′ − b t = −t(q)
‖b − b t‖

‖t(q)‖
. (5.15)

Equation 5.15 can be assembled to formulate the continuous join energy:

Ej = ‖Fx − w‖ (5.16)

where w contains the known terms in Eq. 5.15, and F relates x and w. The total energy E
to be minimized is the weighted sum:

E = Es + λg Eg + λj Ej (5.17)

which is equivalent to minimizing
‖Kx − z(x)‖ (5.18)

subject to the hard constraint Eq. 5.5, where K = (LT DT FT )T and z(x) = (uT (s(x))T wT )T .
This is a non-linear optimization problem with equality constraints. It can be solved itera-
tively using Gauss-Newton method, as demonstrated in [68], with the equality-constrained
least squares method described in [32]. The details of the solving procedure are described
in Appendix A.

In the current implementation, λj = 20, λg = 20 for boundary points, and λg = 0.1 for
non-boundary points. λg for non-boundary points is set to a small value to allow for some
small amount of stretching. If it is set to too large a value, the model will fold instead of
stretch in order to preserve geodesic distances.

Computing Appropriate Patch

After opening aorta A into A′ and joining it to neo-aortic root R, the next step is to determine
an appropriate patch P to fill up the opening or hole. One possible method is to apply shape
completion algorithms such as [46]. These algorithms find an appropriate patch on the object
either manually or automatically based on shape features, and then deform it to fit the hole.
In our application, this patch cannot be found on the original aorta A because A cannot fit
R. It may not be found on A′ because, after deformation, the shape of A′ is not uniform.
Instead, the patch is determined using a surface fitting approach in our algorithm.

The main idea of the approach is to deform the original uncut aorta A using our algorithm
into A′′ to fit A′ and cover the opening (Fig. 5.5). Then, the patch P can be determined
from the fitted model A′′.

To perform the surface fitting, the correspondence between the points on A and A′′ is
first established (Step 2a). The end points b on A are mapped to their new positions b′′

on A′′, which correspond to some end points q on R, as follows. The perimeters γ of the
ends of A and R are measured, and a scaling factor k is computed as the ratio of γ(A) over
γ(R). The anchor points on A, A′′, and R are the same point, as described in Section 5.1.2:
a = r. An end point b on A is mapped to the end of q on R at the corresponding distance
from the anchor point: g(a,b) = k g(r,q). So, the new position b′′ = q. There is no a prior
information about which mesh points on A should mapped to the edge points on A′′. So,
this mapping is omitted at this stage. After mapping, A is deformed with the end points’
new positions b′′ as hard constraints, and the shape constraint and smooth join constraint
as software constraints (Step 2b).
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Figure 5.5: Deform original uncut A to fit A′. Dotted arrows denote the mapping of
end points on A to A′ and R.

The deformed A′′ will have a similar shape as A and the end points of A′ and R will fall
on the surface of A′′. On the other hand, the points of the cut edges of A′ may not fall on
the surface of A′ because no constraint is specified for them as yet. After fitting, for each
edge point e′ on A′, its surface normal is estimated by the weighted average of the normals
of its neighboring faces. Then, a ray is cast along the normal direction. The intersection of
the ray and the surface of A′′ is regarded as the corresponding point e on A′′ (Step 3a).

Next, a patch P ′ on A′ is cut according to the points e on A′′ (Section 3b). Finally,
the patch P ′ is deformed into the desired patch P by fitting to the opening of A′, with the
edge point correspondence as the hard constraint, and shape constraint and smooth join
constraint as soft constraints. This step completes the algorithm for predictive simulation
of aorta reconstruction.

5.1.3 Experimental Results

Experiments were performed to evaluate the performance of predictive simulation algorithm.
For the experiments, 3D mesh models of the aorta and neo-aortic root were created manually
based on actual anatomical models.

Figure 5.6 illustrates an example sequence of steps in predictive simulation of aorta
reconstruction. First, the cutting point and cutting path are indicated by the user, e.g.,
a surgeon (Fig. 5.6(b)), by means of several dots on the cutting path. Then, the system
automatically computes a cutting path to cut the aorta (Fig. 5.6(c)). Next, the cut aorta
is opened using the geodesic distance preserving deformation, and joined to the neo-aortic
root (Fig. 5.6(d)). Finally, the patch is computed and fitted to the opening to complete the
aorta reconstruction (Fig. 5.6(e, f)).

To evaluate the effectiveness of the minimum stretching constraint and smooth join con-
straint, the deformation algorithm for opening the aorta was compared with three other
versions that partially satisfy the constraints (Fig. 5.7). Stretching of the mesh surface is
computed by measuring the amount of change in the areas of the triangles before and after
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(a) (b) (c)

(d) (e) (f)

Figure 5.6: Demonstration of surgical simulation of aorta reconstruction. (a) Initial
configuration. (b) Blue dot indicates cutting point, and red dots indicate cutting path.
(c) Blue curve indicates the cutting path computed by the system. (d) Aorta is opened
and joined to the neo-aortic root. Red color denotes slight amount of stretching required
at the edges. (e) The patch is computed, and (f) joined to the aorta and neo-aortic
root.
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(a) G ∧ J (b) ¬G ∧ J (c) G ∧ ¬ J (d) ¬G ∧ ¬ J .

Figure 5.7: Comparison of deformation algorithms. (a) The optimal result satisfies
both (G) minimum stretching constraint and (J) smooth join constraint. (b–d) Results
that partially satisfy the constraints. Second row shows enlarged view of the join. Red
color in the third row indicates the amount of stretching after deformation (white: no
change, light red: small change).

deformation. Test results show that the amount of stretching on the opened aorta is minimal
when the minimum stretching constraint is satisfied (Fig. 5.7(a), (c)). On the other hand,
when the minimum stretching constraint is not satisfied, there are significant stretching of
the opened aorta near the join and the cut edges (Fig. 5.7(b), (d)). Imposing the smooth join
constraint produces smooth, continuous joins between the opened aorta and the neo-aortic
root (Fig. 5.7(a, b)). Without the smooth join constraint, sharp edges are formed at the join
between the aorta and neo-aortic root (Fig. 5.7(c, d)).

Figure 5.8 compares the deformation that satisfies all the constraints (the optimal result)
with the one that satisfies only positional hard constraint and minimum stretching soft
constraint. Test results show that without shape constraint and smooth join constraint, the
algorithm attempts to avoid stretching in extreme (Fig. 5.8(b, d)). Therefore, there is no
significant stretching of the mesh surface but the model deforms like a piece of paper even
though the shape of the model is more or less preserved.

Although nonlinear least square solver is used to compute the deformation, the execution
time is satisfactory. Figure 5.9 shows the convergence of the algorithm. The vertical axis
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(a) (b) (c) (d)

Figure 5.8: Comparison of deformation algorithms. (a) The optimal result satisfies
all constraints. (b) The result that satisfies only positional and geodesic distance con-
straints.
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Figure 5.9: Convergence curve of iterative nonlinear solver.

shows the amount of changes between successive iterations, which is measured by the loga-
rithm of the mean-squared difference between the positions of the mesh points at successive
iterations. The test result shows that the algorithm began to converge to a stable solution
at about 100 iterations even though it was terminated after running for 200 iterations. In
an Intel Pentium 4 3GHz CPU with 1GB RAM., the algorithm took about 2 minutes to
solve the deformation problem of a model with 2,500 points and 13,000 soft constraints. For
a deformation with 10,000 points and 50,000 soft constraints, the algorithm took about 15
minutes to solve.

5.2 Simulation of Smooth Joins

The above deformation algorithm has also been applied on smooth joining of mesh models
for simulation of suturing or gluing of arteries. Suturing or gluing of cardiac tissues to form
smooth joins are common operations in cardiac surgery. Smooth joining is a general case of
the joining operation in opening cut aorta (Section 5.1). So the deformation algorithm with
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Figure 5.10: Various kinds of smooth joins in cardiac surgery. (a) Partial patching.
(b) Complete patching. (c) End-to-end join. (Top row) Schematic drawings from [20].
Joins are indicated by the stitch marks. (Bottom row) Computational models. Dashed
curves denote corresponding boundaries to be joined.

similar constraints can be used here.
Figure 5.10 illustrates several typical scenarios, including the suturing of coronary button

to a slot cut out of the aorta (Fig. 5.10(a)), suturing of a patch of tissue to completely cover a
hole on the arterial wall (Fig. 5.10(b)), and end-to-end joining of two arteries (Fig. 5.10(c)).

The two anatomical parts to be joined are modeled as 3D meshes with zero surface
thickness. One of the two parts, typically the larger one, is modeled as a fixed, rigid object
called the host H. The other one is modeled as a flexible object called the guest G that is
deformed to fit the host to form a smooth and continuous join. The general case in which
both the host and the guest are flexible and deformable will be investigated in future work.
The boundary curves of G and H to be joined, denoted as U and V , are identified by
corresponding starting points bs and qs, and end points be and qe (Figure 5.10). For closed
curves, the starting points are also the end points.

The curves U and V should have identical shape and length. In surgical practice, this
can be achieved by manually trimming the tissues to fit each other. The accuracy of this
operation depends on the surgeons skill and experience. In our system, we formulate a more
general problem in which the shape and length of U and V may differ. The host is fixed and
the guest is allowed to stretch or shrink. The minimum amount of deformation required to
produce a smooth join is computed and displayed. In this way, a surgeon can assess whether
the amount of deformation is acceptable empirically. In reality, cardiac tissues can stretch
and fold but cannot shrink. The case in which both the guest and the host can stretch but
not shrink will be investigated in future work.

Now, the joining problem can be defined as follows:

Given two triangulated 2-manifold mesh models with 1-D boundaries, of which
one is a rigid host H and the other a flexible guest G, and their corresponding
boundary curves V and U to be joined, determine the shape of the deformed
guest that forms smooth, continuous, and seamless join with the host. That is,
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the shape and length of the deformed U , denoted as U ′, should be identical to
those of V .

The deformation of the guest model G is subjected to the same three constraints as described
in Section 5.1.

This section evaluates the effectiveness and efficiency of the deformation algorithm in
producing smooth joins of mesh models. Three test scenarios were constructed manually
based on the application examples illustrated in Figure 5.10.

The first experiment evaluates the joins produced by the deformation algorithm. For
comparison, four variants of the algorithm were tested: (1) For shape constraints, the Lapla-
cian operators adopted either cotangent or uniform weights. (2) For smooth join constraints,
either the Laplacian operators or the surface tangents of the boundary points were matched.
The test scenario of end-to-end join was used. Three test samples were constructed, with
the length of the guest’s boundary smaller than, equal to, and greater than that of the host’s
boundary.

Test results show that matching of Laplacian operators of boundary points could not
produce smooth joins (Figure 5.11(2, 3)) because Laplacian operators of boundary points are
ill-defined. On the other hand, matching surface tangents successfully produced smooth joins
(Figure 5.11(4, 5)) because surface tangents of boundary points can be matched accurately.

In the tests, the right end of the guest model was joined to the host model. The remainder
of the guest model was free to move while keeping its shape. When cotangent weights were
used in the Laplacian operators for shape constraints, the guest was displaced significantly
(Figure 5.11(2, 4)) in order to produce a smooth join with minimum deformation. On
the other hand, when uniform weights were used, the guest model was not displaced so
significantly (Figure 5.11(3, 5)). This is because the cotangent weights are dependent on the
Voronoi areas and the cotangents of the triangles, and they can differ significantly between
triangles. As a result, it is difficult to set the weighting parameter λs in a manner that
properly balances the various constraints. Uniform weights, on the other hand, does not
have this problem. Figure 5.11(5) shows that, with uniform weights for shape constraints
and matching of surface tangents for smooth join constraints, the algorithm can produce
smooth joins successfully regardless of the length of the guest’s boundary relative to that of
the host’s boundary.

The second experiment evaluates the effectiveness of the proposed algorithm in producing
a variety of smooth joins. Uniform weights were used for the Laplacian operators for shape
constraints. Two variants of the algorithm was tested for comparison: with and without
smooth join constraints. All three test scenarios were used. Three test samples were con-
structed for each scenario, with the length of the guest’s boundary smaller than, equal to,
and greater than that of the host’s boundary. For partial and complete patching, the guest
models were flat surfaces, which agree with real applications. The amount of deformation
(stretching or shrinking) of the guest model was computed by measuring the amount of
change in the areas of the triangles before and after deformation.

Figures 5.12–5.14 show that the smooth join constraint is necessary for the algorithm
to produce a smooth join between the guest and the host. The constraint ensures that the
algorithm achieves a balance between smooth joining and preservation of the orientation and
shape of the guest model.

When the guest’ boundary was shorter than the host’ boundary, the guest was stretched
significantly to match the host (column (a)). When they had the same lengths, the guest was
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Figure 5.11: Comparison of smooth joining methods. (1) Initial configuration. (2,
3) Matching Laplacian operators. (4, 5) Matching surface tangents. (2, 4) Cotangent
weights. (3, 5) Uniform weights. The guest is on the left of the host. The guest’s
boundary is (a) shorter than, (b) equal to, and (c) longer than the host’s boundary.

minimally deformed (column (b)). When the guest’s boundary was longer than the host’s
boundary (column (c)), the guest did not shrink significantly due to the minimum shrinking
constraint. Instead, it bulged to match the shape of the host. This is an expected result in
real applications.

The computation time of the algorithm was measured in the same PC. The algorithm
took 70 seconds to solve the end-to-end join scenario (Figure 5.12(4)), which was an opti-
mization problem with 2,494 points, 522 hard constraints, and 29,688 soft constraints. For
partial patching (Figure 5.13(4)), with 1509 points, 1,218 hard constraints, and 17,967 soft
constraints, the algorithm took 13 seconds to solve. For complete patching (Figure 5.14(4)),
with 571 points, 798 hard constraints, and 6,843 soft constraints, the algorithm took only 2
seconds to solve. The computation can be further accelerated through using more efficient
sparse linear solvers [63].
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Figure 5.12: Results of end-to-end joint. (1) Initial configurations. (2) Without
smooth join constraint. (3, 4) With smooth join constraint. The guest’s boundary
is (a) shorter than, (b) equal to, and (c) longer than the host’s boundary. Red color
indicates the amount of deformation of the guest model (white: no change, dark red:
large change).
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Figure 5.13: Results of partial patching. (1) Initial configurations. (2) Without
smooth join constraint. (3, 4) With smooth join constraint. The guest’s boundary
is (a) shorter than, (b) equal to, and (c) longer than the host’s boundary. Red color
indicates the amount of deformation of the guest model (white: no change, dark red:
large change).
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Figure 5.14: Results of complete patching. (1) Initial configurations. (2) Without
smooth join constraint. (3, 4) With smooth join constraint. The guest’s boundary
is (a) shorter than, (b) equal to, and (c) longer than the host’s boundary. Red color
indicates the amount of deformation of the guest model (white: no change, dark red:
large change).
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Chapter 6

Conclusion

Many cardiac surgeries involve very complex operations on the heart, the great arteries and
other cardiac tissues. At present, cardiac surgeons rely only on echocardiography, cardiac
catherization and CT images to understand the specific anatomical structures of a patient.
A predictive simulation system is needed for them to perform precise and effective surgical
planning of cardiac surgeries.

The literature review shows that there are few surgical simulation systems developed
for open surgeries. In particular, existing systems for cardiac surgery perform only simple
surgical operations for the repair of ventricular septal defect. Therefore, predictive simulation
of complex cardiac surgeries such as ASO and Norwood procedure is an important and
challenging research topic.

In this thesis proposal, a predictive simulation system is proposed for complex cardiac
surgeries. Surgical requirements of the system are analyzed from the surgeon’s perspective.
These requirements are grouped into three levels: (1) low-level basic surgical operations,
(2) mid-level surgical tasks and (3) high-level surgical procedures. They are translated into
system requirements that define the surgical simulation system. The system requirements
are also grouped into three corresponding levels: (1) low-level mesh operations, (2) mid-level
computational tasks and (3) high-level computational procedures.

Candidate algorithms for achieving these system requirements are discussed. The low-
level requirements can be achieved using existing mesh operation algorithms. The mid-
level requirements, on the other hand, need to be formulated as equivalent computational
problems. Novel algorithms need to be developed for solving these computational problems.

With careful analysis of the system requirements and formulation of the computational
problems involved in the simulation of cardiac surgeries, a list of research tasks are identified
for completing the proposed research. Some of these tasks have already been accomplished
and are presented as preliminary work. The preliminary work shows that the approach
adopted in this proposal is feasible and promising for developing a predictive simulation
system for complex cardiac surgeries.
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Appendix A

Solving Process of DG method

The total energy to be minimized is

E = Es + λgEg + λjEj, (A.1)

subject to the hard constraint Eq. 5.5, which is equivalent to

min
Hx=d

‖Ax − c(x)‖2 (A.2)

where

A =





L
F
D



 , c(x) =





u
w

s(x)



 (A.3)

This is a non-linear optimization problem with equality constraints. Since the matrix A does
not change, the system can be solved iteratively using Gauss-Newton method, collaborated
with the equality-constrained least squares method described in [32].

The first step is to incorporate the hard constraints into the optimization scheme. Since
our hard constraints are only applied on the vertices, and each vertex has at most one hard
constraint. The matrix H ∈ Rm×n has full rank. Each row of H is a vector that has only
one 1, other positions are 0.

So HT can be simply decomposed as

HT = QR (A.4)

where
Q =

[

HT Qr

]

R =

[

Im

0

]

.
(A.5)

Q is a n × n orthogonal matrix. Qr ∈ Rn×(n−m) contains all the xx vectors that do not
appear in HT . Thus, Eq. 5.5 becomes

RTQTx = d. (A.6)

Let

QTx =

[

u
v

]

, (A.7)
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we have
u = Hx = d, (A.8)

x = Q

[

u
v

]

= HTu + Qrv . (A.9)

Substituting Eqs. A.8 and A.9 into Eq. A.2 gives the unconstrained non-linear least squares
problem:

min
v

‖AHTd + AQrv − c(HTd + Qrv)‖2 (A.10)

where v is the only unknown and c is a non-linear vector function.
Eq. A.10 is solved using iterative Gauss-Newton Method, which is also adapted in [68]

for solving 2D shape deformation:

min
vk

‖AHTd + AQrvk − c(HTd + Qrvk−1)‖2 (A.11)

where vk is the unknown at the k-th iteration; vk−1 is the solution from the previous iteration.
Since vk−1 is know at the k-th iteration, vk can be obtained by solving the linear system:

vk = (MTM)−1MT (c(HTd + Qrvk−1) − AHTd) (A.12)

where M = AQr. Since M is a fixed sparse symmetrical matrix, (MTM)−1MT can be pre-
computed. Then for each iteration the computation required is only a sparse matrix-vector
multiplication, which can be solved in O(n) time.
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