
Evaluation of Extended Recursive Queries in Deductive Databases’ 

Sang Ho Lee Lawrence J. Henschen 

Database Section Dep. of Electrical Eng. and Computer Sci. 

Electronics and Telecommunications Research Institute Technological Institute 

Dea Duk Science Town Northwestern University 

Dea-Jeon, KOREA Evanston, IL 60208, U.S.A. 

Abstract 
In order to extend the expressive power of deductive 
databases, there have been efforts to allow existential quan- 
tifiers in the IDB rule of Prenex Normal Form to occur. A 
formula which can have an existential quantifier in front in 
a restricted way is defined as an extended rule. With the 
extended rule, we ca.n easily define a virtual view which 
requires a division operation of relational algebra. Even 
though there have been numerous efforts to answer recur- 
sive queries, the formula under investigation so far is as- 
sumed to be free of existential quantifiers in the beginning 
so that no Skolem functions are allowed to occur in the for- 
mula. This paper addresses an extended recursive query 
evaluation where at least one formula in a recursive rule 
set is of an extended rule. We investigate reducible re- 
cursion as well as four cases of non-reducible recursion of 
transitive closure and linear recursion type. We have found 
that occurrences of existentially quantified variables in the 
extended recursive body predicate dramatically limit the 
level of recursive search. The number of iterations to an- 
swer extended recursive queries can be determined by the 

structure of the extended recursive rule set. 

1 Introduction 

Handling recursive queries in the deductive database has 
drawn a lot of attention over the past decade among 
researchers in the database and A.I. community, and 
as a result there are a number of techniques proposed 
[8,7,15,2,17]. A major portion of the research is focused 
on dealing with the transitive closure and the linear recur- 
sive formula which are generally believed to fall into the 
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practical class of recursion. To our knowledge, all works 
assume that the recursive formula under investigation is 
free of existential quantifiers in the beginning, therefore do 
not allow Skolem functions to occur in the formula. The 
formula in a database has been assumed to be of the form 

On the other hand, it has been noted [13,11] that a for- 
mula with universal quantifiers only in front has a limited 
expressive power, and that we need to allow an existential 
quantifier to occur in the formula in front. The necessity 
of existential quantifiers in the IDB is evident when we try 
to define a view which requires a division operation of re- 
lational algebra [16]. For example, a virtual view, a Ph/D 
candidate which can be defined as a student who has taken 
all core courses and has passed a qualifying examination is 
expressed as below. 

WPY)[C an z a e z - Talcen(s, y)~Passed(l)]. d’d t ( 1 
Such a view cannot be properly expressed by a formula 
with universal quantifiers in front only, Controlled occur- 
rences of existential quantifiers in the IDB rule can enhance 
the expressive power of deductive databases without intro- 
ducing a null value even though existential quantifiers have 
been generally proposed to represent the null value (exists 
but unknown). 

In order to extend the expressive power of deductive 
databases, Lee and Henschen [ll] introduce two types of 
IDB, namely an acceptable rule and an extended rule2, 
which can have existential quantifiers in the IDB rule in 
a restricted way such that no null value is introduced. The 
precious semantics of existential quantifiers in a IDB rule 
is also identified by the name of expansion form [ll]. 

As for the inference rule of deductive databases, the res- 
olution principle [14] or its refinements like SLD have been 
used so far. If we apply resolution or its refinements to 
an extended rule, an existentially quantified variable of the 
rule is transformed into a Skolem function in Skolemination 
phase. We have found that the resolution-based deduction 
is not suitable for an extended rule due to Skolem functions 
[lo]. Lee and Henschen [12] propose a new inference rule, 
namely substitution rule which replaces the role of the res- 
olution principle in deduction phase. We have shown that 
the substitution rule is sound and (answer) complete [12]. 

% this paper, only an &ended rule is considered. 
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Another technique to handle existential quantifiers in a 
formula of Prenex Normal Form is suggested by Lloyd and 
Topor [13J. Their handling mechanism basically transforms 
an extended program into a general program which is to be 
executed under an ordinary Prolog system. The transfor- 
mation is done by use of the equivalence (3z)o E a-a 
(where (Y denotes variables for expression [9]). The trans- 
formed clause always has a negative literal in the body, 
so evaluation is carried out under Negation as Failure [s] 
combined with the backtracking control strategy. Their 
evaluation approach is believed ,not to be suitable for the 
general database environment where the data reside in the 
second-memory device. 

In this paper, we describe a recursive query evaluation 
strategy when extended rules are present in the database. 
The deduction mechanism being adopted is the substitu- 
tion rule. We consider four types of recursive extended 
rules (one transitive closure and three linear recursion 
cases) as well as reducible recursion. Reducible recursion 
is a &se where one of existing techniques is directly appli- 
cable after appropriate transformations. As for four non- 
reducible recursion cases, none of existing techniques is ap- 
plied. One interesting conclusion of our work is that the 
termination condition of the extended recursive query eval- 
uation except the reducible recursion is independent on the 
contents of EDB. That is, the number of iterations in ex- 
tended recursive query answering can be determined by the 
structure of the recursive rule set. We believe that those 
four classes are enough to see how existentially quantified 
variables behave in a recursive formula. 

The rest of the paper is organized as follows: Section 2 
presents basic materials on the extended rule and the sub- 
stitution rule. Section 3 considers the reducible recursion 
as well as an query evaluation of extended rules of tran- 
sitive closure type. In section 4, we discuss an recursive 
query evaluation of linear recursion type. We conclude the 
paper in section 5. 

2 Preliminaries 

We assume that the readers are familiar with the basic 
notations in (51 such as unifications, resolution, paramod- 
ulation and factoring. Following Lee and Henschen [ll] we 
have the following definition. 

Definition 2.1 An e&ended IDB rule is of the form (or 
equivalent to), 

(‘W F’(,3 - K&SW, 17) A . . . A MC iiI}J, 
where & denotes a list of quantified variables. 

By an extended rule we can easily define a virtual 
view which involves a division operation of relational al- 
gebra, therefore enhance the expressive power of deductive 
databases. The precious semantics of existentially quanti- 
fied variables in a formula is viewed by the name of expun- 
ion form. 

Definition 2.2 Let R be an extended rule with existen- 
tial quantifiers. An iniermediate ezppansion form (IEF) of 
R is a clause in which all Skolem functions of R are elim- 

inated due to repeated application of paramodulation [5] 
from the appropriate DCA (Domain Closure Axiom). A 
clause which is a subsuming factor of an IEF and does not 
have a subsuming factor for itself is called an expbti&on 
form (EF) of R. 
Example 2.1 Expansion Form 

R : WWZPYP’~) P(x,Y) - 4% w> A B(Y) A C(x, ~11 
Let D, be {cl,..., G}. Then the expansion form is 

[P(x, y’) -A(q, v’) -B(yl) -X(x, v’) 
-4~2, ~“1 -qx, w’) 
. . . 
-L~(c,, 0”) 4(x, w”)]. 

Note that the existentially quantified variable z is replaced 
by each element of the domain of Z, and all occurrences of 
variable v are distinct due to renaming. 0 

Properties of the expansion form and how to construct 
the expansion form are found in [ll]. As for the deduction 
step of deductive databases, we rely on a new inference 
rule, the substitution rule, instead of ordinary resolution. 
Here is the formal definition of the substitution rule [12]. 

Definition 2.3 Suppose ye ha;ve two, clauses 

1. (W PC,-, f0 - (&!?I 45, y’, b)l 
2. (\du’)[[R(a,c3-((&v3{Bl(a,~,,)A...A 

&(C 5, &))I 

such that P($,ii) and B;( ii, v’, d!) are unifiable in Skolem- 
ized form. Assume no variables in comn_on. Let X be a 
MGU such that {P(Z,a’)}X = {B;(Z, ;,&)}A in the un- 
Skolemized clauses. The substitution rule generates clause 
3 from clause 1 and clause 2 

In this case we mean X to replace all occurrences of the 
variables both free and bound. When a variable in clause 
3 is quantified more than once in the quantifier matrix, all 
quantifiers except the outermost one are removed. When 
a constant is quantified in the quantifier matrix, remove 
that quantifier. Clause 3 is called a conclusion. 0 

The fundamental difference with the resolution princi- 
ple is that the substitution rule does not Skolemize given 
clauses, i.e. universal quantifiers in the body of rules are al- 
lowed to occur when the substitution rule is applied. Note 
that the MGU X is constructed from the corresponding 
unSkolemized literals, while the MGU in resolution is ob- 
tained in Skolemized literals. It is shown that the substitu- 
tion rule preserves the derivability of R where R is a head 
literal in conclusion [12]. We use the substitution rule in 
the deduction step and evaluate the derived formula by use 
of relational algebra. An existentially quantified variable is 
then implemented by a division operator. We do not rely 
on meta rules (such as Negation as Failure or Closed World 
Assumption) in order to evaluate the existentially quanti- 
fied variable in the formula. For a detailed description on 
the substitution rule, see Lee and Hen&en [12]. 

Example 2.2 Substitution Rule 
Consider the two clauses. 
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W%)(WI~( Ul, 212) - (VUl>{P(Ul, dAB(~l, %))I 
When clause 1 and clause 2 are Skolemized, we have 

1’. P(xl, x2) -A( zl,d2,f(~1,+2)) and 

2’.R(%,uz) +yUl,$( 

The clauses are 
%,U2)) ~%+wd~~2). 

resolvable ’ MGU 

= {w/~1,$(w,u2 )/z2}. So, we can apply the substitu- 
tion rule. X for the unSkolemized literals is {ur/zr, ur/52). 
The conclusion is 

(‘h)(V~z) [R(w~Lz) - (Vu~)(V~l)(A(ul,ul,~l) A 

B(ul,u2)n 

R is calculated by evaluating Aq((AyIA(ur,vr,yr)) W 
B(vr, ur)) where AliA(q, . . . , z,,) is an abbreviation for 

4 Xl, . . , , x,) f Domain( Xi). cl 

3 Reducible Recursion and Tran- 
sitive Closure 

There are certain cases in which a set of extended recursive 
rules can be transformed into a set of ordinary recursive 
rules so that the reduced recursive rule set can be handled 
by use of one of existing techniques found in [3,4]. Such 
recursion is said to be reducible. 

Example 3.1 Reducible Recursion 

(A) 1. WPY) P(x,Y) - {(VW) 4x9 w, 2)) A Ptz, ~11 
2. v=PY) lP(x, Y) - B(X,Y)l 
The above case is easily solved by transforming the 

given rules into the followinz. 

w 

0 

1’. WPY’Y) P(GY> LA+, 2) A J’tz, ~11 

2. W>(VY> [P(x, Y) - B(x, Y)l 
where (Vz)(Vz) [A’fz, z) c (VW) A(z, w, z)]. 
1. W)(VY)W>(V~> P(x, Y> - W)W){At~, u, ~1 

qz, w) A B(w, u, Y)ll 

2. W>(VY> [P(x, Y) - C(Z,Y)l 
This case is transformed into the following. 

1’. (V~>(VY)(V~>W) Rx, Y) - A’(x, z) A P(z, w> 
AB’(% YI 

2. W>WY> P(x, Y> - ctx, Y)l 
where (Vz)(Vz) [A’(z,z) - (Vu)A(z,~,z)] and 

PWWY) P’(w, Y> - (Vu)B(w, 2)s Yl. 

The transformed recursive rule set is clearly handled by 
an existing technique, because the existentially quantified 
variables no longer exist and the primed relations can be 
derived separately. Let R be a set of extended recursive 
formulas. Let P(zl,. . . , z,,) be a recursive predicate oc- 
curring in the body of some of the rules. If one of xi is 
existentially quantified in Prenex Normal Form, then R is 
not reducible. 

As for non-reducible recursion, we present four cases 
of transitive closure and linear recursion type. For con- 
venience, we introduce a new notation A*. A*(x~, . . . , xc,) 
denotes an instance of a relation A(x1,. . . , z,) such that 
A*(z~, . . . , x,) has all possible combinations (i.e. tuples) 
over its domains. Let ml,. . . , m, be a size of the do- 
main of each attribute ~1,. . . , I,. The size of relation 
A*(q,. . . , x,) is ml X . . . X m,. 

Let us consider the typical transitive closure which we 
call TCl. 

1. WXVY’Y) [P(% Y) - W) {4x, z) A pt-5 Y))l 
2, (v=PY’y> UT=, Y) - B(x, Y)l 

Let us apply the substitution rule in order to expand the 
recursive formula 

3. 

4. 

5. 

6. 

7. 

(2 --f 1) 
V~PY’y> [ax? Y) - (Vz) lA(x,z) A WY)II 
(1 + 1) All variables in the first clause 1 are 
subscripted by 1. 

x = {Zl~l,YlYl) 

W)(VY) P(x7 Y) - W) [4x, z)A 
;~%$twd A P~,Y))]] 

v&Y) iP(? Y) - (Vz) [Atx,zM 
O’a){Atz, a> A B(zI,Y))~] 
(1 -t 4) All variables in clause 1 are subscripted 

by 2. J+ = {~1/52,~1/~2} 

WWY’Y) P(% Y) - (‘~‘2) [4x, z) A (V~‘zl)~Atz, 4 

(VX)(VY 1 P(x7 Y) - 0’2) [A(zc, 2) A (Vzl){A(z, ~1) 
W’z2){4~,~2)A B(z2, ~~~111 

Clauses 2,3,5 and 7 are expanded formulas which will gen- 
erate some of the answers. There is fortunately a pattern3 
in the expanded formulas just like the ordinary case [8]. 
Therefore, it is possible to predict the general expanded 
formula, i.e. 

WPY) [P(T Y) - t’dz)V(x,z) A (W{Atz,~dA 
(Vz2){-4(a,z2)A...A 

(V~{A(G,-I, zn) A B(G,Y)} . . .}I. 

Now, let us apply the expanded formulas to particular in- 
stances of database in order to see how an existentially 
quantified variable behaves in a recursive formula. 
Case 1; Let D,, D, and D, be {1,2,3}. 

Relation A = A*, and Relation B: i i 

I3 From clause 2, the instance of P is < 2, >}. 
Prom clause 3, 
AMB={ <1,2,2>,<2,2,2>,<3,2,2>}. 
Then, Arg(A W B) = 0, i.e. no new tuple is derived. 

$&I&& Let D,, D, and D, be (1,2,3}. 

= Y 

Relation A = A*, and Relation B: 1 1 

From clause 2, the instance of P is 
El 

2 2 
3 3 

{< l,l>,< 2,2 >,< 3,3 >}, 
From clause 3, A W B = 

(<1,1,1>,<2,1,1>,<3,1,1> 
<1,2,2>,<2,2,2>,<3,2,2> 
<1,3,3>,<2,3,3>,<3,3,3>}. 

SWhen the substitution rule is performed, variables need to be re- 
named appropriately in order to see whether or not there is a pattern 
in the expanded formulas. Otherwise it would be hard to find a pattern 
in the expanded formulas. 



Then, &.(A W B) = 0, i.e. no new tuple is derived. 
Case 3: Let D,, D, and D, be {1,2,3}. 

x Y 
1 1 

Relation A = A* and Relation B: 2 1 

I 3 1 
From clause 2, the instance of P is 
{<1,1>,<2,1>,<3,1>}. 
From clause 3, A W B = 

{<1,1,1>,<2,1,1>,<3,1,1> 
< 1,2,1 >,<2,2,1 >,<3,2,1 > 
< 1,3,1 >, < 2,3,1 >, < 3,3,1 >}. 

Then, Asz(A W B) = {< 1,1 >, < 2,1 >, < 3,1 >}. 
Again, no new tuple is derived because these are already 
added by rule 2. 

Interesting enough, the existentially quantified variable 
tends to limit the search space as the above cases show. 
Formally stated, one important property associated with 
TCl is that the iteration process is not necessary and that 
only one execution of clause 2 (the exit rule) is enough to 
derive all answers regardless of the contents of database. 

Theorem 3.1 Let R be a set of recursive extended rules 
such that 

(VX>PY’y) P(x, Y> - (Vz) {4x, z> A P(z,Y)II (1) 
W>WY~> IP(x, Y) - B(x, ~11. (2) 

Then only one execution of the exit rule (i.e. clause 2) 
generates all instances of predicate P. 
Proof; Let us recall the general expanded formula, 

W)(VY) lP(X,Y> - WI>{A(X,ZI)A (VZZ){A(ZI,ZZ) 

NV~3){-4(~2,~3) A . . . A (v-~){A(zn-~, z,) 

Consider n = ~f!~~'S~' . ' *'I' 

(vw~‘Y) [P&j L (v~db+,~d wzl,y)}l. (3) 
Because variable z1 is universally quantified in the rule 
body, in order to derive a tuple < ei, aj > from clause (3), 
the instances of relation A and relation B must be, 

2 z X Z 

..* . . . .., ..* 

ai al al % 

Relation A: ai 

I u 

a2 , Relation B: a2 aj 
. . . . . . . . . . . . 
% % a, aj 
. . . . . . . . . . . . 

Note that the tuple < oi,oj > is already in relation B. 
For n = 2 case, 

(VXPY) FYXY Y) - W'z,){A(x,zd A(Vz2> 

{A(a,z2) AB(z~,Y)})I (4) 
Note that all variables in the second occurrence of A in for- 
mula (4) A(zl,z2), are existentially quantified in Prenex 
Normal Form. Consider an expansion form of formula (4). 
Variables z1 and z2 are replaced by each element of the do- 
main, so A(zl, z2) will be expanded to A* in the expansion 
form. Kence, in order to derive a tuple < oi,oj > from 
formula (4), the instance of relation A must be A*, and 

the instance of relation B must be 

2 % . . . . . . al aj rr a2 aj 

. . . . . . 

a, Qj 

1 f.. 1 . . . 
Tuple < ai,aj > is already in B. For n 2 3 
arguments are applied. 

:ases, similar 
Q.E.D. 

4 Linear Recursion 

In this section, we consider three kinds of extended linear 
recursions. The basic approach to linear recursion is simil- 
iar to the previous one illustrated in section 3. For the sake 
of simplicity and readability, we present only the general 
expanded formula and the associated theorem of each case. 

One typical non-reducible class of linear recursion looks 
like this. 

1. (VXWY) P(X,Y) - G’w)W){A(x, z)A 
PC,, w) A B(w, Y)II 

2. (VXWY) Rx7 Y) - C(x, Y)l 

We call it LRl. Let us apply the substitution rule to get 
expanded formulas. 

3. (2 + 1) (VX)(VY) R&Y) - (3w)(Vz) 
{A(x, z) A c(z, w> A B(w, Y))] 

4. (1 -+ 1) All variables in the first clause 1 are sub- 
scripted by 1. X = {z/xl, w/y,}. 

W)(VY> lP(xv Y> - PwW%){A(x, 2) A (3w)PW 
{A(%, 4 A Ph, WI> A B(wI, w>) A B(w, Y))I 

5. (2 -4) 

(VX)WY> IP(? Y) - (3w)W){A(x, z) A (3wdWz1) 
{A(+ zd A C(ZI, WI) A B(w, ~1) A NW, Y))] 

6. (1 --t 4) All variables in clause 1 are subscripted by 
2. x = {z1Ix2,~IIY*~ 

(VXWY) IfYx, Y) - @w)W){A(x,z) A (34 
('W{A(~,z,) A(~w~)(VZ~)(A(Z~,Z~)A f'(zz,w2) 

ABC% WI)) A B(wr w)) A B(w, Y))] 
7. (2 --t 6) 

(VX)(VY> P(x, Y> - (3w)(Vz){A(x,z)h(3wl) 
(‘W{A(z, a> A (3w)(b)zz)(A(a, ~2) A C(ZZ, ~2) 
AB(w, ~1)) A B( WI> w>l A B(wu, ~111 

There is a pattern in the expanded formulas. The general 
expanded formula is 

(VXPY) Rx2 Y) - (~-~(\J~I)IA(GzI)~ (3wWa) 
{A(zl,z,) A -. . A (~wJW{A(L-I, 4 A C(%n, wn) 
AB(wn, %-I)) A . . . A B(wz,wd) A B(w,,~))l. 
Theorem 4.1 Let P be a recursive predicate defined by 

(VX)(VY) lP(x, Y> - i\3B”;‘V;$‘“, z> A p(z, w) 

(vx~)(vY) [P(x,Y) - c(z,“,ji. 
Then if the instance of A in EDB is not A*, all tuples of 
P are generated by 

W>@‘Y) P(x, Y) - ‘7x, ~11 and 
(VX)WY) P(X> Y> - (3wdWz,HN~, a) A +I, WI) 
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independent of the contents of B and C. 
EEpQf; Recall that the general expanded formula is 

(V~)(VY> P(? Y) - (~wI)(VZI){A(GZI) A (374W2) 

{A(zI, zs) A . . . A (3w#‘z,){A(~,-1, G,) A C(G,, wn) 
~B(w,,w,-I)) A...AB(~z,wl)) AB(wI,Y))I. 
Consider the n = 2 case, i.e. 

(V~>(VY> [P(? Y> - (3w,)(Vzl)(A(~,z,)h(3~2)(V~2) 

{A(a,zz) A C(zz,wz) A B(wz,w)I A B(wI,Y)II. 

In order to derive < oi,oj > from the above formula, the 
instance of A must be A* because all variables in the second 
occurrence of A (i.e. A(zl, zs)) are existentially quantified 
in Prenex Normal Form and existentially quantified vari- 
ables are to be replaced by each element of the correspond- 
ing domain in the corresponding expansion form. Because 
we assume that the instance of A is a proper subset of A*, 
no tuple is derived from the above formula. For n 2 3, a 
similar argument is applied. Q.E.D. 

Another typical non-reducible class of linear recursive 
formulas looks like this. 

1. WPY) P(? Y> - WPJ){A(G z)A 
P(z>w) A B(w, Y))] 

2. W)(VY) [P(? Y/) - C(Z,Y)l 
We call it LR2. Let us apply the substitution rule to get 
expanded formulas as we did for the case of LRl. 

3. (2 + 1) WPY) [PC,, Y) - (VzPwHAt~, z> 
Ac(z, WI A B(w, Y)II 

4. (1 + 1) All variables in the first clause 1 are sub- 
scripted by 1. X = {z/z,, w/yi}. 

WWY) PC? Y> - (Vz)(3w){A(z, z> A WI> 
(%){A(z, ~1) A P( *I, ‘WI) A B(wI, w)) A B(w, Y))] 

5. (2 + 4) 

WPY) P(? Y> - (Vz)(3w){A(z, z> A WI) 
(%W(Z, 4 A C( ~1, WI) A Btwl, ~11 A Wwu, Y)II 

6. (1 + 4) All variables in clause 1 are subscripted by 

2. x = {zl/~2,w1IYI) 

WPY) P(,l Y> - (Vz)(3w){A(z, z) A (Va) 

(~~,){A(z,zI) A(VZ~)(~W~){A(Z~,~~)A P(zz,wz) 

Wwz, 41 A B(wI, w)l A B(w, Y)II 
7. (2 46) 

P~PY) [P(? Y) - W)G’w){A(z, z) A WI) 
(~wI){A(z,zI) A (VZ~)(~WZ){A(ZI,ZZ) A C(z2,4 

Wwz, WI)) A B( WI,W)} A B(w,y)ll 
There is a pattern in the expanded formulas. The general 
expanded formula is 

WPY) P(~>Y) - (Vzd(=‘w~){A(~, ~1) A (V.Q)(~W) 
{Ata, ~2) A . . . A (Vzn)(3wn){A(zn-1, z,) A C(z,, %)A 
B(wn, wn-I)) A.. . A B(wz,w~)) A B(wI,Y))]. 
Theorem 4.2 Let P be a recursive predicate defined by 

WPYI [P(,Y Y> - ~;;“;‘,;;‘G 2) A P(z, w> 

I) m, YI - cGi. 
Then if the instance of A in EDB is not A*, all tuples of 
P are generated by 

{A(G~I) A C(ZI,WI) A B(w,~)ll, 
independent of the contents of B and C. 
Proof; Similar to the proof of Theorem 4.1. 

Now, consider another type of linear recursive formulas 
which we call LR3. 

1. (V~>@‘Y) P(GY) - W){Atz,z)A 
(‘dw){~(z,w) A B(w, ~)I11 

2. W)PY) WY& Y> - C(z, Y)l 
Apply the substitution rule to get the general expanded 
formula. 

3. (2 + 1.) 

W)(VY) P(G Y> - tVzl{At~, z) A (VW> 

{C(J>W) A B(w, ~)I11 
4. (1 --f 1) x = {2/21,w/y1} 

P~XVY) P(T Y> t (Vz){A(z, z) A (Vzi)(A(z, zr) 

A(h){P(z~,wd A W>{B(wl,w) A B(w, ~)~~~~l 
5. (2 -+ 1) 

WPY) IP(z, Y) - (Vz){A(v) A (W{A(z, 4 
A@‘wI)~~(zI,wI) A (Vw)(Btw~,w) A B(w, Y)))))] 

6. (1 + 4) X = {z&2, wi/yz} 

WPY) PC? Y) - (Vz){A(z,z) A (Vzt,)(A(z, ZI) 

AtVzz){A(z~, ~2) A (Vwz){P(zz,wz)A 

(vw){q%~l) A (VWH~(Wl?W) A ~~w~Y)lll~lll 
7. (2 + 6) 

WPY) P(T Y) - (Vz){A(z,z) A (Vzi){A(z, zr) 

A@'-zz){A(zI,~ A ('&){'9(z2,wz)A 

(Vw1){B(w2,w1)A(Vw){B(wl,w)AB(w,~)})))}}l 
Similarly there is a pattern. The general expanded formula 
is 

PPfY) [P(,, Y) - (Vzd{A(z,z~) A W’zz){Atz,, %)A 
. . , A (Vz,){A(z,-I, z,) A (tJWn){C(zn, wn) A @‘%-I) 
{B(wn, wn-I) A . . . A (\JZUI){B(WZ,W~ A B(wI,Y)~. . -11. 
Theorem 4.3 Let P be a recursive predicate of class LR3. 
Then, one execution of the exit rule generates all tuples of 
P. 
Proof< Consider the n = 1 case, i.e. 

WPY’Y) [f’(~> Y) - O’z’Z){At*, 2) A 

tVw){C(~,w) A B(w,~)ilI. (5) 
In order to derive a tuple < a;,oj > from formula (5), the 
instance of relation A, B and C are 

Relation A: 

Relation B: 

Relation C: c*, 

. . . . . . 
ai al 

. . . . . . ) 

ai a, 

. . . . . . 

II 
. . . . . . 

ai aj 

. . . .*. . 

%a aj 

. . . . . . 

Because relation= possible combinations of each 
element of the domain, the tuple < ei, cj > is already in 
relation C. For n > 1, a similar argument is clearly applied. 
Q.E.D. I 
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Corollary 4.1 Let R be a set of recursive extended rules 
in the class TCl, LRl, LR2, or LR3. The recursive predi- 
cate P in R has a least fixed point. 
proof: immediate from Theorem 3.1, Theorem 4.1, Theo- 
rem 4.2 and Theorem 4.3. Q.E.D. 

One of factors we have to take into account when we 
evaluate a recursive query is a termination condition. The 
termination condition is based on a least fixed point concept 
[l]. In the database context Aho and Ullman [l] show that 
any relational algebra expression that does not use a set 
difference operator is additive in all its variables, and that 
a monotonic expression can have a least fixed point. The 
existential quantified variables correspond to the division 
operator of relational calculus and the division operator is 
not independent (i.e. not a prime operator) [16]. When a 
division operator is expressed by independent operators, a 
set difference operator should be used. This implies that 
there may be no least fixed point of a recursive predicate 
in an extended rule. However, as Corollary 4.1 says, the 
four classes of recursion we have considered have a least 
fixed point. This phenomenon is consistent with Aho and 
Ullman’s remark that not every expression involving a dif- 
ference operator fails to be monotone. 

5 Closing Remarks 

We have discussed the extended recursive query evaluation 
based on the substitution rule. First, we present reducible 
recursion where a given recursive rule set is transformed 
into ordinary recursion so that an existing method is ap- 
plied. Secondly, we have provided expanded forms for some 
of the major non-reducible cases. We have shown that 
non-reducible recursions have almost always fixed iteration 
bounds independent of the contents of the EDB. 

Theorems 3.1, 4.1, 4.2 and 4.3 cover virtually all of 
the transitive closure and linear recursion cases where the 
body variables are of linear variable pattern. We have con- 
sidered extensions to Han’s classification [7] to allow uni- 
versal quantifiers in the body. We believe the addressed 
techniques can be easily extended to these cases. We also 
believe that the occurrence of existentially quantified vari- 
ables in the recursive body predicate will tend to limit the 
level of recursive search dramatically just as it did for our 
cases. 
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