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Abstract

In order to extend the expressive power of deductive
databases, there have been efforts to allow existential quan-
tifiers in the IDB rule of Prenex Normal Form to occur. A
formula which can have an existential quantifier in front in
a restricted way is defined as an eztended rule. With the
extended rule, we can easily define a virtual view which
requires a division operation of relational algebra. Even
though there have been numerous efforts to answer recur-
sive queries, the formula under investigation so far is as-
sumed to be free of existential quantifiers in the beginning
so that no Skolem functions are allowed to occur in the for-
mula. This paper addresses an extended recursive query
evaluation where at least one formula in a recursive rule
set is of an extended rule. We investigate reducible re-
cursion as well as four cases of non-reducible recursion of
transitive closure and linear recursion type. We have found
that occurrences of existentially quantified variables in the
extended recursive body predicate dramatically limit the
level of recursive search. The number of iterations to an-
swer extended recursive queries can be determined by the
structure of the extended recursive rule set.

1 Introduction

Handling recursive queries in the deductive database has
drawn a lot of attention over the past decade among
researchers in the database and A.l. community, and
as a result there are a number of techniques proposed
[8,7,15,2,17]. A major portion of the research is focused
on dealing with the transitive closure and the linear recur-
sive formula which are generally believed to fall into the
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practical class of recursion. To our knowledge, all works
assume that the recursive formula under investigation is
free of existential quantifiers in the beginning, therefore do
not allow Skolem functions to occur in the formula. The
formula in a database has been assumed to be of the form

(VE)(VY) [P(Z) «— A(Z, ).

On the other hand, it has been noted [13,11] that a for-
mula with universal quantifiers only in front has a limited
expressive power, and that we need to allow an existential
quantifier to occur in the formula in front. The necessity
of existential quantifiers in the IDB is evident when we try
to define a view which requires a division operation of re-
lational algebra [16]. For example, a virtual view, a Ph/D
candidate which can be defined as a student who has taken
all core courses and has passed a qualifying examination is
expressed as below.

(Vz)(Jy) [Candidate(z) — Taken(z,y) A Passed(z)).
Such a view cannot be properly expressed by a formula
with universal quantifiers in front only. Controlled occur-
rences of existential quantifiers in the IDB rule can enhance
the expressive power of deductive databases without intro-
ducing a null value even though existential quantifiers have
been generally proposed to represent the null value (exists
but unknown}.

In order to extend the expressive power of deductive
databases, Lee and Henschen [11] introduce two types of
IDB, namely an acceptable rule and an eztended rule?,
which can have existential quantifiers in the IDB rule in
a restricted way such that no null value is introduced. The
precious semantics of existential quantifiers in a IDB rule
is also identified by the name of ezpansion form [11].

As for the inference rule of deductive databases, the res-
olution principle [14] or its refinements like SLD have been
used so far. If we apply resolution or its refinements to
an extended rule, an existentially quantified variable of the
rule is transformed into a Skolem function in Skolemination
phase. We have found that the resolution-based deduction
is not suitable for an extended rule due to Skolem functions
[10]. Lee and Henschen [12] propose a new inference rule,
namely substitution rule which replaces the role of the res-
olution principle in deduction phase. We have shown that
the substitution rule is sound and (answer) complete [12].

2In this paper, only an extended rule is considered.



Another technique to handle existential quantifiers in a
formula of Prenex Normal Form is suggested by Lloyd and
Topor {13]. Their handling mechanism basically transforms
an extended prograin into a general program which is to be
executed under an ordinary Prolog system. The transfor-
mation is done by use of the equivalence (Iz)a = ~(Vz)-a
(where a denotes variables for expression [9]). The trans-
formed claizse always has a negative literal in the body,
so evaluation is carried out under Negation as Failure [6]
combined with the backtracking control strategy. Their
evaluation approach is believed not to be suitable for the
general database environment where the data reside in the
seconid-memory device.

In this paper, we describe a recursive query evaluation
strategy when extended rules are present in the database.
The deduction mechanism being adopted is the substitu-
tion rule. We consider four types of recursive extended
rules (one transitive closure and three linear recursion
cases) as well as reducible recursion. Reducible recursion
is a case where one of existing techniques is directly appli-
cable after appropriate transformations. As for four non-
reducible recursion cases, none of existing techniques is ap-
plied. One interesting conclusion of our work is that the
termination condition of the extended recursive query eval-
uation except the reducible recursion is independent on the
contents of EDB. That is, the number of iterations in ex-
tended recursive query answering can be determined by the
structure of the recursive rule set. We believe that those
four classes are enough to see how existentially quantified
variables behave in a recursive formula.

The rest of the paper is organized as follows: Section 2
presents basic materials on the extended rule and the sub-
stitution rule. Section 3 considers the reducible recursion
as well as an query evaluation of extended rules of tran-
sitive closure type. In section 4, we discuss an recursive
query evaluation of linear recursion type. We conclude the
paper in section 5.

2 Preliminaries

We assume that the readers are familiar with the basic
notations in [5] such as unifications, resolution, paramod-
ulation and factoring. Following Lee and Henschen [11] we
have the following definition.

Definition 2.1 An eztended IDB rule is of the form (or
equivalent to),

(VE) [P(Z) «— (Qu{AZ, §) A . .. A An(&, D)},
where Qy denotes a list of quantified variables.

By an extended rule we can easily define a virtual
view which involves a division operation of relational al-
gebra, therefore enhance the expressive power of deductive
databases. The precious semantics of existentially quanti-
fied variables in a formula is viewed by the name of expan-
sion form.

Definition 2.2 Let R be an extended rule with existen-
tial quantifiers. An intermediate ezpansion form (IEF) of
R is a clause in which all Skolem functions of R are elim-
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inated due to repeated application of paramodulation [5]
from the appropriate DCA (Domain Closure Axiom). A
clause which is a subsuming factor of an IEF and does not
have a subsumning factor for itself is called an ezpansion

form (EF) of R.

Example 2.1 Expansion Form
R : (Vz)(32)(Vy) (Vo) [P(z,y) «— A(2,v) A B(y) A C(z, )]
Let D, be {c1,...,cx}. Then the expansion form is
[P(z,y') ~A(cr,v) =B(y!) =C(z,v')
~A(ez,v?) -C(z;v?)

-A(cn,v™) -C(z,v")].
Note that the existentially quantified variable 2 is replaced
by each element of the domain of z, and all occurrences of
variable v are distinct due to renaming,. u]

Properties of the expansion form and how to construct
the expansion form are found in [11]. As for the deduction
step of deductive databases, we rely on a new inference
rule, the substitution rule, instead of ordinary resolution.
Here is the formal definition of the substitution rule [12].

Definition 2.3 Suppose we have two clauses
1. (v2) [P(&,d) «— (Q9) A(Z,7,5)]
2. (V@) [R(@, ) «— (QD) {B1(#,T,dr) A ... A
Ba(#, 5, d)}]

such that P(#,d) and B;(4,7, J:) are unifiable in Skolem-
ized form. Assume no variables in common. Let A be a
MGU such that {P(&,d)}\ = {Bi(%,7,d;})} A in the un-
Skolemized clauses. The substitution rule generates clause
3 from clause 1 and clause 2 .

3. [(Vi) [R(z'[,_?’) — (917) {Bl(z’[,_}')‘, d)A. A

Bio(, 7, d;1) A (G9) A(E, 7, 5)A
Bija(%,V,dig1) A ... A Bo(i, 7, dp) }])A.

In this case we mean A to replace all occurrences of the
variables both free and bound. When a variable in clause
3 is quantified more than once in the quantifier matrix, all
quantifiers except the outermost one are removed. When
a constant is quantified in the quantifier matrix, remove
that quantifier. Clause 3 is called a conclusion. m]

The fundamental difference with the resolution princi-
ple is that the substitution rule does not Skolemize given
clauses, i.e. universal quantifiers in the body of rules are al-
lowed to occur when the substitution rule is applied. Note
that the MGU X is constructed from the corresponding
unSkolemized literals, while the MGU in resolution is ob-
tained in Skolemized literals. It is shown that the substitu-
tion rule preserves the derivability of R where R is a head
literal in conclusion [12]. We use the substitution rule in
the deduction step and evaluate the derived formula by use
of relational algebra. An existentially quantified variable is
then implemented by a division operator. We do not rely
on meta rules (such as Negation as Failure or Closed World
Assumption) in order to evaluate the existentially quanti-
fied variable in the formula. For a detailed description on
the substitution rule, see Lee and Henschen [12].
Example 2.2 Substitution Rule
Consider the two clauses.

1. (V21 )(V22) [P(21, 22) — (V) A1, 22, 1)



2.(Vuq ) (Vug){R(u1,up) & (Yo ){P(u1,v1)AB(v1,u2)}]
When clause 1 and clause 2 are Skolemized, we have

1. P(z4, z;) ~A(zy, T2, f(21,%2)) and

2'. R(u1,uz) 2 P(u1, g(ts, u2)) ~B(g(u1, ua), uz).
The clauses are resolvable with MGU
= {uy/z1,9(u1,u2)/z2}. So, we can apply the substitu-
tion rule. A for the unSkolemized literals is {u1/zy, v1/z}.
The conclusion is

(Vur)(Vuz) [R(u1, 1) «— (Vo3) (V) {A(u1,v1, 1) A

B(vy,u,)}].
R is calculated by evaluating A, ((A,, A(t1,v1,41)) ™
B(vy,u;)) where A, A(z1,...,2,) is an abbreviation for

A(zq,...,z,) + Domain(z;). D

3 Reducible Recursion and Tran-
sitive Closure

There are certain cases in which a set of extended recursive
rules can be transformed into a set of ordinary recursive
rules so that the reduced recursive rule set can be handled
by use of one of existing techniques found in [3,4]. Such
recursion is said to be reducible.

Example 3.1 Reducible Recursion
(A) 1. (Vz)(Vy) [P(z,y) «— {(Vw) A(z,w,2)} A P(z,y)]

2. (Vz)(Vy) [P(z,y) «— B(z,y)]

The above case is easily solved by transforming the
given rules into the following.

1. (Vz)(Vy) [P(z,y) «— A'(z,2) A P(z,y)]

2. (vz)(Vy) [P(z,y) «— B(z,y)]

where (Vr)(Vz) [A'{z, z) «— (Vw) A(z,w, 2)).

(B) 1. (Yz)(Vy)(Vz)(Yw) [P(z,y) «— (Vu)(Vo){A(z,u,2)
AP(z,w) A B(w,v,y)}]
2. (Vz)(Vy) [P(z,y) «— C(z,y)]
This case is transformed into the following.
V. (Vz)(Vy)XVz)(Vw) [P(z,y) «— A'(z, z) A P(z,w)
AB'(w,y)]
2. (Vz)(Wy) [P(z,y) «— C(z,y)]
where (Vz)(Vz) [A'(z,2) «— (Vu)A(z,u,2)] and
(Vw)(Vy) [B'(w,y) — (W)B(w,v,y)).
(m]

The transformed recursive rule set is clearly handled by
an existing technique, because the existentially quantified
variables no longer exist and the primed relations can be
derived separately. Let R be a set of extended recursive
formulas. Let P(z1,...,%n) be a recursive predicate oc-
curring in the body of some of the rules. If one of z; is
existentially quantified in Prenex Normal Form, then R is
not reducible.

As for non-reducible recursion, we present four cases
of transitive closure and linear recursion type. For con-
venience, we introduce a new notation A*. A*(zi,...,2,)
denotes an instance of a relation A(z,...,%,) such that
A*(zy,...,7,) has all possible combinations (i.e. tuples)
over its domains. Let mg,...,m, be a size of the do-
main of each attribute z,,...,z,. The size of relation
A (zq,...,z,) s My X ... XMy,
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Let us consider the typical transitive closure which we
call TC1.
1. (Ye)(Vy) [P(z, y) +— (Y2} {A(z,2) A P(z,y)}]
2. (Vz)(Vy) [P(z,y) «— B(z,y)]
Let us apply the substitution rule in order to expand the
recursive formula
3.(2—-1
(Vo)(¥y) [P(z, ) — (V2) {A(=,2) A B(z,9)}]
{1 — 1) All variables in the first clause 1 are
subscripted by 1.
A= {z/z1,y/1n}
(Vz)(Vy) [P(z, y) «— (V2) [A(z, 2)A
(Vz1){A(z,21) A P(21,9)}]]
5.(2-4)
(Vz)(Vy) [P(z,y) «— (Vz) [A(z, 2)A
(Yz1){A(z, 21) A B(z1,9)}]]
6. (1 — 4) All variables in clause 1 are subscripted
by 2. A = {z1/22,11/92}
(Vz)(Vy) [Pz, y) «— (V2) [A(z,2) A (Va ){A(z, 1)
A(Vz){ A(z1, 22) A P(22,9)} }]
7. (2 — 6)
(Vz)(Vy) [P(z,y) «— (Vz) [A(z,2) A (V21 ){A(2, 21)
A(Vz3){ A(z1, 22) A B(z2,9)}}]
Clauses 2, 3, 5 and 7 are expanded formulas which will gen-
erate some of the answers. There is fortunately a pattern®
in the expanded formulas just like the ordinary case [8].
Therefore, it is possible to predict the general expanded
formula, i.e.
(Vz)(Vy) [P(z,y) «— (V2){A(z,2) A (V21){A(2, 21)A
(Vz2){A(z1,22) A .. A
(Vzn){A(2n-1,2n) A B(zn,)} - . }].
Now, let us apply the expanded formulas to particular in-
stances of database in order to see how an existentially
quantified variable behaves in a recursive formula.

Case 1: Let D,, D, and D, be {1,2,3}.

4,

Relation 4 = A*, and Relation B: [
From clause 2, the instance of P is {< 2,2 >}.

From clause 3,

AXB ={<1,22>,<22,2>,<3,2,2>}.

Then, Agy(A X B) = 0, i.e. no new tuple is derived.
Case 2; Let D,, D, and D, be {1,2,3}.

Relation A = A*, and Relation B:

W N =8
W N e

From clause 2, the instance of P is
{<1,1>,<2,2>,<3,3>}.
From clause 3, AX B =
{<1,1,1><21,1><31,1>
<1,22>,<222>,<3,2,2>
<1,3,3>,<23,3>,<3,3,3>}.

3When the substitution rule is performed, variables need to be re-
named appropriately in order to see whether or not there is a pattern
in the expanded formulas. Otherwise it would be hard to find a pattern
in the expanded formulas.



Then, Agz(4 X B) = §, i.e. no new tuple is derived.
Case 3: Let D,, D, and D, be {1,2,3}.

Relation A = A* and Relation B:

W N =8
bd et e o2

From clause 2, the instance of P is
{<L,1>,<2,1>,<3,1>}.
From clause 3, AX B =
{<1,1,1>,<21,1><3,1,1>
<1,2,1>,<22,1>,<3,2,1>
<1,3,1>,<2,3,1>,<3,3,1>}.
Then, Agy(A M B) = {< 1,1 >,< 2,1 >,< 3,1 >}.
Again, no new tuple is derived because these are already
added by rule 2.

Interesting enough, the existentially quantified variable
tends to limit the search space as the above cases show.
Formally stated, one important property associated with
TC1 is that the iteration process is not necessary and that
only one execution of clause 2 (the exit rule) is enough to
derive all answers regardless of the contents of database.
Theorem 3.1 Let R be a set of recursive extended rules
such that

(Vz)(Vy) [P(z,y) — (V2) {A(z,2) A P(z,3)})] (1)

(vVz)(Vy) [P(z,y) — B(z,y)}. &)
Then only one execution of the exit rule (i.e. clause 2)
generates all instances of predicate P.

Proof: Let us recall the general expanded formula,

(Ve)(Vy) [P(z,y) «— (Yz1){A(z, 21) A (V22){A(21, 22)

/\(VZ;;){A(Zz, 23) A.LA (VZ,.,){A(Z,.,-], Zn)
AB(z,,1)}...}]-
Consider n = 1 case, i.e.

(V2)(Vy) [P(z,y) «— (V21){A(2, 1) A B(z1,9)}]. (3)
Because variable z; is universally quantified in the rule
body, in order to derive a tuple < a;,a; > from clause (3),
the instances of relation A and relation B must be,

z | 2 z | z
a; ay ay a;
Relation A: | a; | a2 |, Relation B: | a, | a;
a; an ay, a;

Note that the tuple < a;,a; > is already in relation B.
For n = 2 case,
(Vz)(Wy)  [P(z,y) «— (V21 ){A(z,21) A (V22)
{A(z1,22) A Bz, )} (4)
Note that all variables in the second occurrence of A in for-
mula (4), A(z,z;), are existentially quantified in Prenex
Normal Form. Consider an expansion form of formula (4).
Variables z; and z; are replaced by each element of the do-
main, so A(zy, z;) will be expanded to A* in the expansion
form. Hence, in order to derive a tuple < a;,a; > from
formula (4), the instance of relation A must be A*, and
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x|z

ay a;
the instance of relation B must be| a; | a; }

a, | a;

Tuple < a;,a; > is already in B. For n > 3 cases, similar
arguments are applied. Q.E.D.

4 Linear Recursion

In this section, we consider three kinds of extended linear
recursions. The basic approach to linear recursion is simil-
iar to the previous one illustrated in section 3. For the sake
of simplicity and readability, we present only the general
expanded formula and the associated theorem of each case.

One typical non-reducible class of linear recursion looks
like this.
1. (V2)(Wy) [P(=,y) «— (Fw)(Vz){A(z, z)A
P(z,w) A B(w,y)}}
2. (Vz)(Vy) [P(z,y) — C(z,y)]
We call it LR1. Let us apply the substitution rule to get
expanded formulas.
3. (2—-1) (Vz)(Wy) [P(z,y) — (Fw)(Vz2)
{A(z,2) A C(2,w) A B(w,y)}]
4. (1 — 1) All variables in the first clause 1 are sub-
scripted by 1. A = {2/z,w/11}.
(Va)(Vy) [P(z,y) — (Qw)(V2{ Az, 2) A (Fw1)(Va1)
{A(2, 21) A P(z1,w1) A B(wy1, w)} A B(w,y)}]
5 (2-54)
(Vo)) [P(2, ) «— (B)(Y2){A(z, 2) A (35)(V21)
{A(z,21) A C(z1,w1) A B(wy,w)} A B(w,y)}]
6. (1 — 4) All variables in clause 1 are subscripted by
2. A= {n1/z3, w1/n1}
(Vz)(Vy) [P(z,y) — (Fuw)(¥z){A(z,2) A (3w,)
(VZ]){A(Z, 21) A (ng)(Vzg){A(zl, 22) A P(Zg, ll)g)
AB(wz,w1)} A B(wy, w)} A B(w, y)}]
7. (2 - 6)
(Vz)(Wy) [P(z,y) — (Fuw)(V2){A(z,2) A (Jw)
(V21){A(z, 21) A (3w2)(Vz2){A(21, 22) A C(z3,w2)
AB(w3, w1)} A B(ws, w)} A B(w, )}]
There is a pattern in the expanded formulas. The general
expanded formula is
(vz)(Vy) [P(z,y) — (Bwi)(Va){A(z, 21) A (Gw:)(V22)
{A(zy, 22) A oo A (B ) (V2 ) {A(20-1, 20) A C(2, w,)
AB(wy,wn_1)} A ... A B(wz,wy)} A B(wy, )}
Theorem 4.1 Let P be a recursive predicate defined by
(Va)(¥y) [P(s, 1) +— (Fu)(v2){A(z, 2) A P(z,w)
AB(w,y)}
(Vz)(Vy) [P(z,y) — C(z,y))-
Then if the instance of A in EDB is not 4*, all tuples of
P are generated by
(Vz)(Vy) [P(z,y) — C(z,y)] and
(Vz)(Vy) [P(z,y) «— (Fu)(Vz){A(z, 21) A C(21,w1)



AB (wl ) y)}]v
independent of the contents of B and C.

Proof: Recall that the general expanded formula is
(V2)(¥y) [P(z,y) «— Bwi)(¥z1){A(z, z1) A (Fw)(Vz2)
{A(21, 22) A ... A By ) (V2o ) {A(20-1, 2n) A C(2, wr)
AB(‘U)", wn—l)} ALA B(w27 wl)} A B(wl: y)}]
Consider the n = 2 case, i.e.
(Vz)(Vy) [P(z,y) «— (Bui)}(Vz1){A(z, z1) A (3w)(Vz2)
{A(21, z2) A C(22,w2) A B(wa, w1)} A B(wn, y)}).

In order to derive < g;,a; > from the above formula, the
instance of A must be A* because all variables in the second
occurrence of A (i.e. A(z;,22)) are existentially quantified
in Prenex Normal Form and existentially quantified vari-
ables are to be replaced by each element of the correspond-
ing domain in the corresponding expansion form. Because
we assume that the instance of A is a proper subset of A*,
no tuple is derived from the above formula. For n > 3, a
similar argument is applied. Q.E.D.
Another typical non-reducible class of linear recursive
formulas looks like this.
L (Vz)(Vy) [P(z,y) «— (V2)(3w){A(=z, 2)A
P(z,w) A B(w,y)}]
2. (Vz)(Vy) [P(z,y) — C(=z,y)]
We call it LR2. Let us apply the substitution rule to get
expanded formulas as we did for the case of LR1.
3. (22 1) (Vo)(Vy) [P(z,y) — (¥2)(Fw){ Az, 2)
AC(z,w) A B(w, y)}]
4. (1 — 1) All variables in the first clause 1 are sub-
scripted by 1. A = {z/z,,w/1}.
(2 )(V) [P(, y) — (Y2)(Fw){ Az, 2) A (¥a)
(A H{A(z, 21) A P(z1,w1) A B(wy,w)} A B(w,y)}]
5 (2—-4)
(Va)(¥y) [P(z,y) — (V2)(Fw){A(z, 2) A (¥21)
(Bw){A(z, 1) A C(z1,w1) A B(wy, w)} A B(w,y)}]
6. (1 — 4) All variables in clause 1 are subscripted by
2. A= {z /T2, w1/}
(Vz)(Vy) [P(z,y) — (Vz)(Fw){A(z, 2) A (V1)
(Fun ){A(2, 21) A (Vz2)(Fw2){A(21, 22) A P(z2,w2)
AB(w'b wl)} A B(wl, w)} A B(w1 y)}]
7. (2-16)
(Vo )(Vy) [Pz, ) «— (V2)(Bw){ Az, 2) A (Y21)
(Bur Y{A(z, 1) A (V22)(Fwz) {A( 21, 22) A C22,w2)
/\B('LUz, wl)} A B(U)l,‘U))} A B(w,y)}]
There is a pattern in the expanded formulas. The general
expanded formula is
(Va)(Vy) [P(2,¥) — (Y1) @wi){A(z, 21) A (V25)(Fws)
{A(z1, 22) A .o A (V2,)(Fwn ) {A(2no1, 20) A C{zp, wn)A
B(w,., wn_l)} A...A B(wg, wl)} A B(wl,y)}].
Theorem 4.2 Let P be a recursive predicate defined by
(Vz)(Vy) [P(z,y) — (V2)(3w){A(z,2) A P(z,w)
AB(w,y)}]
(Ye)(¥0) [P(e,y) — C(z,y)].
Then if the instance of A in EDB is not A*, all tuples of
P are generated by
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(Vz)(Wy) [P(z,y) «— C(z,y)] and
(Vz)(Vy) [P(z,y) «— (V21 )(Feor)
{A(z,z1) A C(z1,w1) A B(wy,4)}],
independent of the contents of B and C.
Proof: Similar to the proof of Theorem 4.1.
Now, consider another type of linear recursive formulas
which we call LR3.
1. (Vz)(Wy) [P(z,y) — (V2){A(z,2)A
(Yw){P(z,w) A B(w,)}}]
2. (Va)(¥y) [P(z,y) — C(=,¥)]
Apply the substitution rule to get the general expanded
formula.
3. (2—1)
(Vo)(Vy) [P(2,4) — (V2){A(z, =) A (Vo)
{C(z,w) A B(w,y)}}]
(1= 1) A= {z/z,w/0}
(Vz)(Vy) [P(z,y) «— (V2){A(z,2) A (V21){A(z, 21)
AV (P ) () (B(o1,) A B0 D))
.(2—-1
(Ve)(Vy) [P(z,y) e— (V2){A(z,2) A (Va1 ){A(z, 21)
A(Yw1){C(z1,w1) A (Yw){ B(w1,w) A B(w, y)}}}}]
(1 =9 A= {z1/z2,w1/12}
(Va)(V) [Pz, ) — (Y2){Alz,2) A (Va1 ){A(z, 22)
A(Vz2){ A( 21, z2) A (Vwa){ P22, w2)A
Ele){;i‘(wz,wl) A (Yw){B(wy, w) A B(w,y)}}}1}}]
2-6
(V) (Vy) [P(z,y) «— (V2){A(z,2) A (V2){A(2, 21)
/\(VZz){A(Zl, 22) A (VZUQ){C(Zz, ‘U)Q)/\
(Fe01){ B, w1) A (Vo) { B(ws, ) A B(w,y)}}}11}1]

Similarly there is a pattern. The general expanded formula

is
(Vz)(Vy) [P(z,y) «— (Vz21){A(z,21) A (V22){A(21, 22)A
e A(VZ){A(2n-1, 20) A (Vo ){C(2n, wo) A (Vwn—1)
{B(wp,wa-1) A ... A (Y, ){B{w;z,w;) A B(wy,y)} ...}
Theorem 4.3 Let P be a recursive predicate of class LR3.
Then, one execution of the exit rule generates all tuples of
P.
Proof: Consider the n =1 case, i.e.
(Vz)(Vy) [P(2,y) «— (V2){A(z,2) A

(Yw){C(z,w) A B(w,»)}}]. 5)
In order to derive a tuple < a;,a; > from formula (5), the
instance of relation A, B and C are

a | a
Relation A: . I, Relation C: C*,
a; Qy
a aj
Relation B:
a, | a;

Because relation C has all possible combinations of each
element of the domain, the tuple < a;,a; > is already in
relation C. For n > 1, a similar argument is clearly applied.

Q.E.D.

v
\



Corollary 4.1 Let R be a set of recursive extended rules
in the class TC1, LR1, LR2, or LR3. The recursive predi-
cate P in R has a least fixed point.
Proof; immediate from Theorem 3.1, Theorem 4.1, Theo-
rem 4.2 and Theorem 4.3. Q.E.D.
One of factors we have to take into account when we
evaluate a recursive query is a termination condition. The
termination condition is based on a least fized point concept
[1]. In the database context Aho and Ullman [1] show that
any relational algebra expression that does not use a set
difference operator is additive in all its variables, and that
a monotonic expression can have a least fixed point. The
existential quantified variables correspond to the division
operator of relational calculus and the division operator is
not independent (i.e. not a prime operator) [16]. When a
division operator is expressed by independent operators, a
set difference operator should be used. This implies that
there may be no least fixed point of a recursive predicate
in an extended rule. However, as Corollary 4.1 says, the
four classes of recursion we have considered have a least
fixed point. This phenomenon is consistent with Aho and
Ullman’s remark that not every expression involving a dif-
ference operator fails to be monotone.

5 Closing Remarks

We have discussed the extended recursive query evaluation
based on the substitution rule. First, we present reducible
recursion where a given recursive rule set is transformed
into ordinary recursion so that an existing method is ap-
plied. Secondly, we have provided expanded forms for some

of the major non-reducible cases. We have shown that
non-reducible recursions have almost always fixed iteration
bounds independent of the contents of the EDB.

Theorems 3.1, 4.1, 4.2 and 4.3 cover virtually all of
the transitive closure and linear recursion cases where the
body variables are of linear variable pattern. We have con-
sidered extensions to Han’s classification [7] to allow uni-
versal quantifiers in the body. We believe the addressed
techniques can be easily extended to these cases. We also
believe that the occurrence of existentially quantified vari-
ables in the recursive body predicate will tend to limit the
level of recursive search dramatically just as it did for our
cases.
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