EXPLOITING DECENTRALIZED MULTI-AGENT
COORDINATION FOR LARGE-SCALE MACHINE

LEARNING PROBLEMS

B8 &

NUS

National University
of Singapore

OUYANG RUOFEI

(B.Sc. ECNU)

A THESIS SUBMITTED
FOR THE DEGREE OF DOCTOR OF PHILOSOPHY
DEPARTMENT OF COMPUTER SCIENCE
SCHOOL OF COMPUTING

NATIONAL UNIVERSITY OF SINGAPORE
2016






Declaration

I hereby declare that the thesis is my original work and it has been written by me in its
entirety. | have duly acknowledged all the sources of information which have been used in

the thesis.

This thesis has also not been submitted for any degree in any university previously.

OUYANG RUOFEI
2016






Acknowledgements

I would like to express my deepest gratitude to my supervisor, Prof. Low Kian Hsiang, for
providing timely advice, valuable guidance, and considerable encouragement during my

Ph.D. studies on conducting sound research and being a good person.

I would also like to thank my thesis committee members, Prof. David Hsu and Prof. Lee Wee
Sun, for devoting time and effort to read this thesis and providing constructive comments for

my GRP and TP.

Many thanks to the members in MapleCG research group. Especially Trong Nghia Hoang for
helping me in problem formulation, Jaemin Son for helping me in implementing ANOVA-
DCOP, Keng Kiat Lim for helping me in collecting the data for robot experiment, Xu Nuo

and Zhang Yehong for helping me in proofreading the thesis.

Many thanks to my buddies in Golnvest, Eugene Chua, Tan See Youu, Lee Chun Hoe and

Tessa Voon for conducting the experiment on the financial data.

Last but not least, I would like to express my indebtedness to my parents and my girlfriend

Xiaojun for their understanding and support along the way.






Table of contents

List of figures
List of tables
List of symbols

1 Introduction
1.1 Motivation . . . . . . . . ... e
1.1.1 RegressionatScale . . . . .. .. ... .. .. ... ... .....
1.1.2  Active LearningatScale . . . . ... ... ... ..........
1.1.3  OptimizationatScale . . . . . . ... ... ... ... .......
1.2 Objectives . . . . . . . o i e e e e e e

1.3 Contributions . . . . . . . . . .. e

2 Related Works
2.1 Regression and Low Rank Approximation . . . . . .. .. ... ......
2.2 Active Learning and Nonstationarity . . . . . . . . .. .. .. .. ... ..

2.3 Optimization and High Dimensionality . . . . . . . . ... ... ... ...

xiii

XV

Xvii

3 Gaussian Process Decentralized Data Fusion with Agent-Centric Support Sets

for Large-Scale Distributed Cooperative Perception
3.1 Background and Notations . . . . . .. .. ... ... ... ... ...
3.2 GP-DDF with Agent-Centric Support Sets . . . . . . . . ... ... ....

3.3 Experiments and Discussion . . . . . . ... ... ... L.



viii

Table of contents

3.4

3.3.1 Simulated Spatial Phenomena . . . . . .. .. ..o 33
3.3.2 Experiments on Real-Worlddata . . . . . ... ... ... ..... 36
Conclusion . . . . . . .. L 40

4 Multi-Robot Active Sensing of Non-Stationary Gaussian Process-Based Envi-

ronmental Phenomena 41
4.1 Modeling a Phenomenon . . . . . .. .. ..o 41
4.1.1 Gaussian Process (GP) . . . . . . . ... ... ... ... ..., 41
4.1.2 Dirichlet Process Mixture of Gaussian Processes (DPM-GPs) . .. 44
4.2 Multi-Robot Active Sensing (MAS) . . . . . .. .. ... ... ... ... 46
4.3 Decentralized Multi-Robot Active Sensing (DEC-MAS) . . ... ... .. 48
4.3.1 Time and Communication Complexity . . . . . .. ... ... ... 51
4.4 Experiments and Discussion . . . . . .. .. ..o 52
4.4.1 Experimental Setup . . . . . . .. ... L oo 52
442 Resultsand Analysis . . . . . .. ... ... ... 54
45 Conclusion . . . . . ... e 58

5 Multi-Agent Coordination to Scale Up High Dimensional Bayesian Optimiza-

tion

5.1
5.2

5.3
54

5.5

59
Bayesian Optimization . . . . . . . . .. ... ..o 59
ANOVA-DCOP . . . . . . e 61
5.2.1 High Dimensionality . . . .. ... ... ... ... ........ 62
5.2.2 Acquisition Function . . . . ... ... ... L. 66
523 BoundedMax-Sum . . . . ... ... L Lo 67
Theoretical Analysis of ANOVA-DCOP . . . ... ... .......... 70
Experiments . . . . . . . . .. 72
5.4.1 AnalyticFunction . ... ... ... ... ... ... ..., 72
5.4.2 Trading Strategy Optimization . . . . . . . . . ... ... ..... 75
Conclusion . . . . . . . . L 78



Table of contents ix

6 Conclusion and Future Work 81
6.1 Summary of Contributions . . . . . . . .. .. ... Lo 81
6.2 Future Works . . . . . . . ... 84
References 87
Appendix A Agent-Centric Support Set for Regression 93
A.1 ProofofProposition1. . .. .. ... ... ... ... ... ...... 93
A.2 ProofofProposition2. . . . . . .. ... .. ... 94
A3 Proofof Theorem 1 . . . . ... ... ... ... ... ... ... 95
A.4 GP-DDF/GP-DDF* Algorithm with Agent-Centric Support Sets based on
Lazy Transfer Learning . . . . . . . .. . .. ... ... ... ....... 100
A.5 Hyperparameter Learning . . . . . . . ... ... ... L. 101
A.6 Real-World Plankton Density Phenomenon . . . . .. .. ... ... ... 101
Appendix B DEC-MAS for Active Learning 105
B.1 Proofof Theorem?2 . . . . . ... .. .. .. ... ... ... .. .... 105
B.2 Heuristics to Improve Gibbs Sampling . . . . . ... ... ... ...... 107
Appendix C ANOVA-DCOP for Optimization 109
C.1 Proof of Proposition4 . . . . . . . . . . ... ... 109
C.2 Proofof Theorem3 . . . . . . .. . .. ... .. .. .. .. ... 110
Appendix D Useful Results 119
D.1 Matrix Inverse Lemma . . . . . ... ... ... oL 119
D.2 UnionBound . .. ... ... .. ... ... 119
D.3 Jensenlnequality . . . . ... ... ... .. ... 119
D4 GaussianTailBound . . . . .. ... ... ... ... L. 120
D.5 Riemann Zeta Function . . . . . ... ... ... ... ... .. ... ... 120
D.6 Frobenius Norm . . . . . . . . .. .. . .. .. 120
D.7 Operator Norm . . . . . . ... ... ... 121



X Table of contents

Summary

Nowadays, the scale of machine learning problems becomes much larger than before. It
raises a huge demand in distributed perception and distributed computation. A multi-agent
system provides exceptional scalability for problems like active sensing and data fusion.
However, many rich characteristics of large-scale machine learning problems have not been
addressed yet such as large input domain, nonstationarity, and high dimensionality. This
thesis identifies the challenges related to these characteristics from multi-agent perspective.
By exploiting the correlation structure of data in large-scale problems, we propose multi-
agent coordination schemes that can improve the scalability of the machine learning models
while preserving the computation accuracy. To elaborate, the machine learning problems we
are solving with multi-agent coordination techniques are:

(a) Gaussian process regression. To perform distributed regression on a large-scale
environmental phenomenon, data compression is often required due to the communication
costs. Currently, decentralized data fusion methods encapsulate the data into local summaries
based on a fixed support set. However in a large-scale field, this fixed support set, acting
as a centralized component in the decentralized system, cannot approximate the correlation
structure of the entire phenomenon well. It leads to evident losses in data summarization.
Consequently, the regression performance will be significantly reduced.

In order to approximate the correlation structure accurately, we propose an agent-centric
support set to allow every agent in the data fusion system to choose a possibly different
support set and dynamically switch to another one during execution for encapsulating its own
data into a local summary which, perhaps surprisingly, can still be assimilated with the other
agents’ local summaries into a globally consistent summary. Together with an information
sharing mechanism we designed, the new decentralized data fusion methods with agent-
centric support set can be applied to regression problems on a much larger environmental
phenomenon with high performance.

(b) Active learning. In the context of environmental sensing, active learning/active
sensing is a process of taking observations to minimize the uncertainty in an environmental

field. The uncertainty is quantified based on the correlation structure of the phenomenon
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which is traditionally assumed to be stationary for computational sake. In a large-scale
environmental field, this stationary assumption is often violated. Therefore, existing active
sensing algorithms perform sub-optimally for a nonstationary environmental phenomenon.

To the best of our knowledge, our decentralized multi-robot active sensing (DEC-MAS)
algorithm is the first work to address nonstationarity issue in the context of active sensing. The
uncertainty in the phenomenon is quantified based on the nonstationary correlation structure
estimated by Dirichlet process mixture of Gaussian processes (DPM-GPs). Further, our DEC-
MAS algorithm can efficiently coordinate the exploration of multiple robots to automatically
trade-off between learning the unknown, nonstationary correlation structure and minimizing
the uncertainty of the environmental phenomenon. It enables multi-agent active sensing
techniques to be applied to a large-scale nonstationary environmental phenomenon.

(c) Bayesian optimization. Optimizing an unknown objective function is challenging
for traditional optimization methods. Alternatively, in this situation, people use Bayesian
optimization which is a modern optimization technique that can optimize a function by only
utilizing the observation information (input and output values) collected through simulations.
When the input dimension of the function is low, a few simulated observations can generate
good result already. However, for high dimensional function, a huge number of observations
are required which is impractical when the simulation consumes lots of time and resources.

Fortunately, many high dimensional problems have sparse correlation structure. Our
ANOVA-DCOP work can decompose the correlation structure in the original high-dimensional
problem into many correlation structures of subsets of dimensions based on ANOVA kernel
function. It significantly reduces the size of input space into a collection of lower-dimensional
subspaces. Additionally, we reformulate the Bayesian optimization problem as a decentral-
ized constrained optimization problem (DCOP) that can be efficiently solved by multi-agent

coordination techniques so that it can scale up to problems with hundreds of dimensions.






List of figures

1.1
1.2
1.3

1.4

3.1

3.2

3.3

3.4

3.5

Mlustration of supportset. . . . . . . . . . ... .. o
[lustration of challenge of large input domain. . . . . . .. ... ... ...

Demonstration of real-world nonstationary environmental phenomena: (a)
Plankton density (chl-a) phenomenon (measured in mg/ m3) in log-scale
in Gulf of Mexico, and (b) traffic (road speeds) phenomenon (measured in
km/h) over an urban road network. . . . . ... ... L.
[lustration of the procedure of Bayesian optimization. . . . . .. ... ..
(a-d) Maps of log-predictive variance (i.e., log 6)26 for all x € X) over a spatial
phenomenon with length-scale of 10 achieved by the tested decentralized

data fusion algorithms. . . . . . . . . ... .. L L Lo

Graphs of reduction in RMSE of GP-DDF, full PITCs, and GP-DDF-ASS

over local PITCs vs. varying length-scales. . . . . . .. .. ... ... ...

(a) Red, green, and blue trajectories of three Pioneer 3-DX mobile robots in
an office environment generated by AMCL package in ROS, along which (b)
1200 observations of relative lighting level are gathered simultaneously by
the robots at locations denoted by small colored circles. . . . . . . ... ..
Temperature phenomenon bounded within lat. 35.75-14.25S and lon. 80.25-
104.25Ein Dec. 2015. . . . . . . ... L
Graphs of RMSE and total time incurred by tested algorithms vs. total
no. of observations for (a-b) indoor lighting quality and (c-d) temperature

phenomenon. . . . . . ...



xiv

List of figures

4.1

4.2

4.3

5.1

52

5.3

54

A.l

A2

Graphs of predictive performance vs. total no. |D| of observations gathered
by [V|=4robots. . ... ... 54
Graphs of predictive performance vs. no. || of deployed robots gathering a
total of (a) |D| = 1200 and (b) |D| = 500 observations from plankton density
and traffic phenomena, respectively. . . . . . ... ..o 55
Graphs of incurred time vs. total no. |D| of observations gathered from (a-f)

plankton density and (g-1) traffic phenomena by varying no. || of robots. . 57

Analytic functions to be tested. The input is scaled to [—1,1] x [—1,1]. The
output is negated for maximization problem. Branin has maximum value
—0.397887 at (—0.75221,0.63667), (0.08555, —0.69665) and (0.9233,—0.67).
Logsum has maximum value 2.1972 at (—0.3,0.8). . . . . ... ... ... 72
Simple regret of BO methods tested two analytic functions (Branin and
Logsum) within 500 time steps. . . . . . . . . . .. .. .. ... 74
Sortino value of the multi-factor trading strategy optimized by BO methods
within 300 time steps. The simulated trading is manually conducted on
JoinQuant backtest platform from Feb. 01, 2010 to Feb. 01, 2016. . . . . . 77
Backtest performance of the optimized multi-factor trading strategy in Chi-

nese A-share market v.s. CSI 300 index from Feb. 01, 2010 to Feb. 01,
2016. . . e 78

Plankton density phenomenon bounded within lat. 30-31N and lon. 245.36-
246.11E. . . . . . L 102
Graphs of (a) RMSE and (b) total incurred time vs. total no. of observations,
and (c) graphs of total incurred time vs. no. of agents achieved by tested

algorithms for plankton density phenomenon. . . . . . . .. ... ... .. 103



List of tables

2.1

4.1

5.1
5.2

Modeling nonstationary data . . . . . . . ... ... L. 18

Comparison of MAS algorithms (Each algorithm exploits a single model for

both active sensing and prediction, except for CEN-MES+D). . . . . . . .. 54

Demonstration of sparse correlation structure in four dimensional input. . . 64

Parameters in multi-factor trading strategy . . . . . . . .. ... ... ... 7






List of symbols

Abbreviations

MAS multi-agent system

DEC-MAS decentralized Multi-agent active sensing

GP Gaussian process

GPM-GPs Dirichlet process mixture of Gaussian processes
GP-DDF Gaussian process decentralized data fusion

BO Bayesian optimization

DCOP decentralized constrained optimization problem

PITC partially independent training conditional approximation of GP
PIC partially independent conditional approximation of GP
RMSE root mean square error

Symbols

X input domain

Q discretized input domain

D a set of observed inputs



xviii List of symbols
X a set of unobserved inputs

Yp observed measurements on D

D component label on D

S support set

0 hyperparameters of a kernel function
£ noise of observation

G coordination graph

Vv vertex of graph G

E edges of graph G

g DCOP coordination graph

V variable vertex of graph G

F function vertex of graph G

E edges of graph G

X covariance matrix

u mean value of measurement

O; signal variance

On noise variance

i length-scale on i-th dimension
(Vsip, ¥ssip) local summary

(Vsip,¥ss|p)

global summary



List of symbols

Xix

(0s)p, Pss|p)

Functions

max
arg max

inf

prior summary

kernek function

Kronecker delta

logarithm to base e

entropy of a probabilistic distribution
expectation of a random variable
maximum value of a function

argument of the maximum of a function

infimum of a set






Chapter 1

Introduction

1.1 Motivation

Nowadays, the scale of machine learning problems that we are interested in becomes much
larger than before. For example, monitoring the traffic condition in the road network of a big
city requires collecting speed data from quantities of road segments and reconstructing the
traffic speed distribution of the entire urban road network by a regression model (Chen et al.,
2015, Kamarianakis and Prastacos, 2003, Min and Wynter, 2011, Wang and Papageorgiou,
2005, Work et al., 2010). Machine learning problems of such a scale motivates the need to

design and develop distributed algorithms for solving them efficiently and scalably.

To develop distributed algorithms, people seek techniques from multi-agent community.
Current research works on multi-agent system (Cao et al., 2013, Chen et al., 2012, 2013b,
Leonard et al., 2007, Low et al., 2012, Rogers et al., 2011, Singh et al., 2009) have devel-
oped various decentralized multi-agent coordination schemes to scale up machine learning
problems such as environmental sensing and data fusion. A typical multi-agent system
decomposes a large-scale problem into a list of small-scale sub-problems and then assigns an
agent to solve each small-scale problem separately. After the sub-problems are solved, the
original problem is solved by combining the sub-problems’ solutions through decentralized

multi-agent coordination.
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Existing multi-agent systems can resolve the scalability issues with respect to the size
of the data (Chen et al., 2011, Guestrin et al., 2004, Low et al., 2015, Sun et al., 2015).
However, besides the size of the data, large-scale machine learning problems have many

complex characteristics that have not been addressed yet:

» Large input domain in large-scale regression
» Nonstationarity in large-scale active learning

* High dimensionality in optimizing a complex unknown function

In the next few subsections, we will discuss three challenges in large-scale machine
learning problems specific to those characteristics that are critical to the performance of many

applications.

1.1.1 Regression at Scale

Regression is one of the fundamental machine learning problems. Usually, a centralized
model is ill-suited for regression over massive volume of data because it suffers from poor
scalability in the data size and a single point of failure. Therefore, some decentralized data
fusion methods have been developed to improve the scalability and robustness.

Decentralized Data Fusion is a process of integrating data from multiple sources to
form a consistent representation of a target environmental phenomenon (Chen et al., 2012,
2013b, Cortes, 2009, Guestrin et al., 2004). In decentralized data fusion, each agent takes
observations from its allocated area and performs the local regression within this area.
To achieve high accuracy in data fusion, the agent needs to retrieve information from its
neighboring agents.

Sharing a large amount of data/observations consumes lots of time and resources. In
practice, instead of directly sharing the original observations, it is better for each agent to
"compress" the observations into small-sized local summaries by certain approximation

method, and then share the small-sized local summaries with other neighboring agents.
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Pseudo observation

Observation ——— ‘/ \
SErva |on\ ‘ o 0

(a) A support set is a set of locations of pseudo observations.

Unobserved measurements Pseudo Observations

Unobserved measurements

Correlation structure
type B

Correlation
structure
type A

Correlation structure

Observations

Observations

Pseudo Observations

(b) Approximation of correlation structure.

Fig. 1.1 Ilustration of support set.

To reduce the information loss in the summarization process, recent works (Chen et al.,
2012, 2013b) on Gaussian process decentralized data fusion (GP-DDF) methods approximate
the correlation structure of the environmental phenomenon. A correlation structure is a
set of the pairwise correlations between all the observed and unobserved measurements.
The approximation process in GP-DDF relies on a notion of a fixed support set which is a
small-sized set of locations in the environmental field(see Fig. 1.1a). This fixed support set
decomposes the original correlation structure in the measurements by two types of low-rank
correlation structures (see Fig. 1.1b): A) correlation structure between the observations and
the pseudo observations at locations in the support set; B) correlation structure between the
pseudo observations at locations in the support set and the unobserved measurements. With
the fixed support set, GP-DDF methods compute the values of pseudo observations from

the actual observations based on A-type correlation structure and predict the unobserved
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measurements with these values based on the B-type correlation structure. The accuracy
of the approximation depends on the spatial correlation between the observations and the
pseudo observations. If the observations and the pseudo observations are far from each other,
their correlations are weak. Consequently, the pseudo observations can not summarize the

observations accurately.

. Prediction

Strong correlation/

Observation
Weak correlation I

Pseudo observation

Weak correlation

Fig. 1.2 lustration of challenge of large input domain.

Now, we can introduce the first challenge in large-scale regression problem on spatial
data: due to the large input domain, a fixed support set cannot accurately approximate the
correlation structure of large-scale phenomenon. In decentralized data fusion applications,
the size of the target environmental field we are interested in can be extremely large. For
example, we want to reconstruct the traffic speed distribution for each road segment over
entire Singapore. In this scenario, the fixed support set is a critical issue. Let us illustrate
with Fig. 1.2. In the figure, the observation has a strong correlation with the unobserved
measurement so that it can predict it well. However, if we deploy a fixed support set far
from the observation, the pseudo observation at the location in the support set is weakly
correlated with the observation. It is not able to deliver the information from observation to
the unobserved measurement for prediction. The support set is restricted by its size to limit
the computational overheads and can only sparsely cover the large-scale phenomenon. In
environmental field with large input domain, a huge number of observations will be far from
the fixed support set. As a result, the fixed support set cannot accurately approximate the
correlation structure between all the observed and unobserved measurements. Consequently,

huge information loss is expected.
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Moreover, besides the major challenge, there are two more limitations from practical

consideration:

1. When the domain of the phenomenon of interest expands, the size of the support
set must also be increased proportionally to cover and predict the phenomenon well
at the expense of greater time, space, and communication overheads, which grows

prohibitively expensive.

2. If the current support set needs to be replaced by a new support set of different size and
input locations (e.g., due to change in domain size, time, space, and communication
requirements, using an improved active learning criterion to select a support set
that better covers and predicts the phenomenon), then all the previously gathered
observations (if not discarded after summarization using the old support set) have to
be re-summarized into local summaries based on the new support set, which is not

scalable.

The fixed support set is a centralized component in decentralized data fusion methods
which in nature contradicts with the original intention of decentralization. To address the
challenge related to large input domain, it is essential to remove this centralized component

so that the data fusion model can be truly decentralized.

1.1.2 Active Learning at Scale

In order to generate an accurate regression result with a limited number of observations, taking
the most informative observations/samples is a key step. Active learning is a fundamental
machine learning problem to choose the most informative observations by minimizing
the uncertainty quantified in the original regression problem. In multi-agent community,
multi-agent active sensing (MAS) is an active learning method for exploring large-scale
environmental phenomenon. Its objective is to coordinate a team of mobile agents to actively
gather the most informative observations for predicting a spatially varying phenomenon of
interest while being subject to resource cost constraints (e.g., number of deployed agents,

energy consumption, mission time).
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To quantify the uncertainty, a number of MAS algorithms characterize the correlation
structure in the environmental phenomenon so that the predictive uncertainty can be formally
computed (e.g., mean square error, entropy, mutual information). Subsequently, multiple
agents are directed to explore the highly uncertain areas of the environmental phenomenon.
In order not to incur a high computational expense, these algorithms have assumed the
spatial correlation structure to be known (or estimated crudely using sparse prior data) and
stationary.

Stationarity is a statistical term to describe a special type of environmental phenomenon
in which the degree of smoothness of the spatial variation of the measurements is the same
across the entire phenomenon. Many small-scale environmental phenomena are stationary
which indeed result in a stationary correlation structure in the measurements. However, when
the scale of the phenomena becomes larger, this stationary assumption will be violated, and

the underlying correlation structure in the measurements is actually nonstationary.

3550

3500

3450

3400

3350

3300

-1 32501

-2 3200

3150 L L L L L L L L L ,
30 8500 8550 8600 8650 8700 8750 8800 8850 8900 8950 9000

(a) (b)

Fig. 1.3 Demonstration of real-world nonstationary environmental phenomena: (a) Plankton
density (chl-a) phenomenon (measured in mg/ m?) in log-scale in Gulf of Mexico, and (b)
traffic (road speeds) phenomenon (measured in km/h) over an urban road network.

For example (see Fig. 1.3), in some ocean phenomena (e.g., temperature, salinity, sea
surface height), their measurements far offshore are more smoothly varying (i.e., more
spatially correlated) in the cross-shore direction than nearshore (Li et al., 2008). Urban
traffic network is a combination of highways and small roads. It also displays nonstationary
phenomena (e.g., traffic speeds, taxi demands) which pose important considerations to traffic

routing and signal control.
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Here, we introduce the second challenge of large-scale machine learning related to
active learning: most large-scale phenomena are nonstationary in nature which leads to
wrongly quantified uncertainty based on current MAS algorithms. Although existing MAS
algorithms can still be used for sampling a non-stationary phenomenon by assuming, albeit
incorrectly, its spatial correlation structure to be known and stationary in order to preserve
time efficiency. They can gather the most informative observations under an assumed
stationary correlation structure, but they will perform sub-optimally with respect to the true
nonstationary correlation structure.

A more desirable MAS algorithm should instead be designed to consider the informa-
tiveness of its selected observations based on the true nonstationary correlation structure.
Furthermore, unlike the stationary structure which can be pre-determined with a small number
of observations in the early stage of active sensing, the nonstationary correlation structure has
to assume to be unknown before the target phenomenon is well explored due to its complexity.
It needs to be updated using the newly taken observations in the whole active sensing process,
which raises a fundamental issue faced by active learning. How can a MAS algorithm trade
off between these two possibly conflicting criteria? Should the next observation to be taken
to a) estimate the unknown nonstationary correlation structure or b) minimize the uncertainty

of the phenomenon based on the estimated nonstationary correlation structure?

1.1.3 Optimization at Scale

Most of the machine learning tasks or the training procedure of these tasks can be formulated
as optimization problems. For instance, active learning is to minimize the uncertainty in
the original task; fitting a regression model is to minimize the likelihood function using
the training data. Usually, in order to solve an optimization problem, we need to know the
expression of the objective function (if possible, the expression of the derivative or the second
derivative) to search the maximum/minimum value of the function.

In practice, some problem in nature is so complex that it may not have an analytical
expression that can be solved by traditional optimization methods. Alternatively, it is more

convenient to analyze the problem through simulation. For example, El Nifio is a complex
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meteorological phenomenon (Larkin and Harrison, 2005) so that researchers analyse its
behavior through simulation. The financial market is highly unpredictable so that many
trading strategies (Wang et al., 2012) can only be evaluated through backtesting (simulate the
trading strategy using historical data). In these scenarios, the objective function is a black
box. We can only optimize the function based on the knowledge of the observed input-output

value pairs.

Optimize acquisition function

Fy

Input value Output value

y

Run simulation

Fig. 1.4 Illustration of the procedure of Bayesian optimization.

Bayesian optimization (BO) is a modern optimization technique that can find the global
optimum of an unknown functions with limited function evaluations. There are two ingre-
dients in BO: The first ingredient is a prior distribution that captures the belief over the
unknown objective function based on the observations (the input-output pairs); The second
ingredient is a risk function that describes the deviation of current optimum from the true
global optimum. Existing BO works integrated these two ingredients by an acquisition
function. This acquisition function has an analytical expression that can be evaluated. The
most interesting thing is that BO transforms the problem of optimizing an unknown function
into two relatively easier problems: a) estimating the acquisition function and b) optimizing
the acquisition function. The acquisition function is estimated by taking observations from
simulations. By performing optimization on the acquisition function, we can know which

input value should be set for the next round of simulation. After iteratively conducting the
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simulation (see Fig. 1.4) with the guidance of BO, eventually, the optimum value of the

original function can be found.

However, learning and optimizing an acquisition function may not be an easy job in the
real-world situation, especially when the function has high input dimension, which is the third
challenge in large-scale machine learning. In many optimization problems conducted through
simulation, there are a large amount of parameters (each parameter is a dimension of the input)
that need to be tuned. In BO framework, estimating and optimizing the acquisition function
require learning the correlation structure between all the observations. The correlation
between two observations depends on all the input dimensions. Thus, to capture the true
latent correlation structure, the observations need to form a sufficient coverage of the input
space in every dimension. Otherwise, the acquisition function may be not able to correctly
describe the black-box function and the risk function. This is not a serious problem when
the objective function’s input dimension is low. However, when the function contains a
huge number of parameters, a large volume of observations are required to cover the high
dimensional input space. Unfortunately, in most simulations, this is time- and resource-
consuming. With a limited budget, we can only run a limited number of simulations so that
the observations may not be sufficient to form a good coverage of the input space. It will
lead to a poor estimation of the correlation structure in the observations. Consequently, the

optimization result will be far from the true optimum in the end.

1.2 Objectives

In the above subsections, we have discussed three characteristics (large input domain (section
2.1), nonstationarity (section 1.1.2) and high dimensionality (section 1.1.3)) in the large-scale
machine learning problems and their related challenges. An interesting thing is that the
three challenges share a common critical component: the underlying correlation structure
is inappropriately estimated or approximated in the context of large-scale machine learning

problem by ignoring those characteristics.
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* A fixed support set is not suitable for approximating the correlation structure of the

measurements in large input domain.

* Active sensing algorithm based on the stationary assumption cannot learn the actually

nonstationary correlation structure of the large-scale environmental phenomenon.

* The observations within limited budget are insufficient for learning the correlation

structure in high dimensional input space.

In order to address the three challenges, we ask the following research question:

In the context of large-scale machine learning, how can the correlation
structure of the data be exploited for constructing multi-agent coordination
schemes that can improve the scalability of the machine learning models

while preserving the computation accuracy?

If the true underlying correlation structure can be captured correctly, multi-agent coordi-
nation will provide great scalability to the solutions of the machine learning problems. In a
large environmental field, one support set cannot approximate the correlation structure of
observations in the entire domain but it can approximate the correlation structure within a
certain range. So it may be possible to use multiple local support sets to approximate the
local correlation structures with high accuracy and then use multi-agent coordination to share
the knowledge of each approximated local correlation structure.

In a nonstationary environmental field, instead of minimizing the uncertainty in the field
based on a stationary correlation structure, the active sensing algorithm should learn the
nonstationary structure and minimize the uncertainty based on the estimated correlation
structure.

Even though a huge number of parameters exist in high-dimensional unknown function
optimization problem, not all of them are correlated. We can exploit the sparsity of the
correlation structure among inputs so that a high dimensional input space can be decomposed

into small subspaces which can be densely covered by a few observations.
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1.3 Contributions

By constructing specific multi-agent coordination scheme according to the true underlying
correlation structure in large-scale machine learning problems, this thesis is trying to answer
the research question with the following contributions.

To address the challenge with large input domain:

* We present novel Gaussian process decentralized data fusion algorithms with agent-
centric support sets for distributed cooperative perception of large-scale environmental
phenomenon (section 3.2). In contrast with GP-DDF methods using fixed support
set, our proposed algorithms allow every sensing agent to choose a possibly different
support set and dynamically switch to another one during execution for encapsulating
its own data into a local summary that, perhaps surprisingly, can still be assimilated
with the other agents’ local summaries (i.e., based on their current choices of support

sets) into a globally consistent summary to be used for predicting the phenomenon.

* We propose a new transfer learning mechanism (section 3.2) for a team of mobile
sensing agents capable of sharing and transferring information encapsulated in a sum-
mary based on a support set to that utilizing a different support set with some loss that
can be theoretically bounded and analyzed. To alleviate the issue of information loss
accumulating over multiple instances of transfer learning, we propose an information

sharing mechanism to be incorporated into our GP-DDF algorithms.

* Our proposed algorithms can overcome the following three limitations of GP-DDF

methods (Chen et al., 2012, 2013b, 2015):

1. For any unobserved input location, an agent can choose a small, constant-sized
(i.e., independent of domain size of the phenomenon) but sufficiently dense
support set surrounding it to predict its measurement accurately while preserving

time, space, and communication efficiencies;

2. The agents can reduce the information loss due to summarization by choosing or

dynamically switching to a support set “close” to their local data;
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3. Without needing to retain previously gathered data, an agent can choose or
dynamically switch to a new support set whose summary can be constructed
using information transferred from the summary based on its current support set,

thus preserving scalability to big data.

* Finally, we empirically evaluate the performance of our proposed algorithms using

three real-world datasets, one of which is millions in size (section 3.3).

To address the challenge with nonstationarity:

* We present a decentralized multi-robot active sensing (DEC-MAS) algorithm that
can efficiently coordinate the exploration of multiple robots to automatically trade-off
between learning the unknown, nonstationary correlation structure and minimizing
the uncertainty of the environmental phenomena. Further, our DEC-MAS algorith-
m models a nonstationary phenomenon as a Dirichlet process mixture of Gaussian
processes (DPM-GPs) (Section 4.1): Using the gathered observations, DPM-GPs can
learn to automatically partition the phenomenon into separate local areas, each of
which comprises measurements that vary according to a stationary spatial correlation

structure and can thus be modeled by a locally stationary Gaussian process.

* We demonstrate how DPM-GPs and its structural properties can be exploited to
(a) formalize an active sensing criterion that trades off between gathering the most
informative observations for estimating the unknown partition (i.e., a key component
of the nonstationary correlation structure) vs. that for predicting the phenomenon given
the current, possibly imprecise estimate of the partition (Section 4.2), and (b) support

effective and efficient decentralized coordination (Section 4.3).

* We also provide a theoretical performance guarantee for DEC-MAS and analyze its

time complexity (section 4.3).

* Finally, we empirically demonstrate using two real-world datasets that DEC-MAS

outperforms the state-of-the-art MAS algorithms (Section 4.4).
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To address the challenge with high dimensionality:

* We present a Bayesian optimization method using Gaussian process prior with ANOVA
kernel function (section 5.2) that can decompose the correlation structure in high di-
mensions into a list of correlation structures of subsets of dimensions. Correspondingly,
the high dimensional input space is decomposed into small subspaces so that a few
observations can densely cover each subspace to learn and optimize the acquisition

function in BO accurately.

* To the best of our knowledge, ANOVA-DCOP is the first work to introduce multi-agent
coordination into high dimensional Bayesian optimization problem (section 5.2.3)
by exploiting the sparse correlation structure using ANOVA kernel. We formulate
the optimization of acquisition function as a decentralized constraint optimization
problem (DCOP) which can be solved efficiently using multi-agent coordination. We
theoretically bound the regret of the proposed algorithm and analyze its time complexity

(section 5.3).

* Finally, we empirically evaluate the performance using two high dimensional functions
with known optimum value and one real financial problem. The results show that our
method outperforms the existing high dimensional BO methods when the problem has

sparse correlation structure among the inputs (section 5.4).






Chapter 2

Related Works

This chapter reviews three large-scale machine learning problems (regression in section
2.1, active learning in section 2.2, optimization in section 2.3) and their characteristics. We
identify the challenges due to these characteristics in the existing works and position our

work in the literature to highlight our contributions in addressing these challenges.

2.1 Regression and Low Rank Approximation

Regression is one of the fundamental machine learning problems. In the last decades,
kernel method (Scholkopf and Smola, 2002) has demonstrated great performance in solving
regression problems. Methods such as kernel regression (Jaakkola and Haussler, 1999),
support vector regression (Smola and Scholkopf, 2004) and Gaussian process (Rasmussen
and Williams, 2006) are widely used in data analytical applications. Within those methods,
Gaussian process or so-called Kriging (Stein, 2012) in the geostatistics community is a
Bayesian nonparametric model which shows significant robustness in analyzing spatially
varying possibly noisy environmental phenomenon. It has integrated with many multi-agent
techniques in environmental sensing and data fusion tasks (Krause and Golovin, 2014, Krause
et al., 2008a, Meliou et al., 2007b, Osborne et al., 2008, Snelson, 2007).

Although the kernel methods can effectively capture the correlation structure in the

problem, the computation usually involves cubic time complexity due to inverting a kernel
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matrix. It suffers from serious scalability issue in the size of the data. Many works (Hsieh
etal., 2014, Le et al., 2013, Yang et al., 2012) have explored the sparse correlation structure to
learn the kernel in a more efficient way and preserve the model accuracy. Specifically for the
kernel matrix in Gaussian process model, there are many low-rank approximation methods
(Quinonero-Candela and Rasmussen, 2005, Snelson and Ghahramani, 2007, Snelson and
Gharahmani, 2005) that have been developed based on a notion called support set. The
support set introduces the conditional independence in the measurements in order to form a

sparse representation of original correlation structure.

To improve the scalability of large-scale regression problems, people often seek help from
online learning methods and decentralized data fusion algorithms. Many online regression
methods (Ngu, Csat6 and Opper, 2002, Seeger and Williams, 2003, Xu et al., 2014) use a
fixed support set for computational sake. Since the correlation structure within the fixed
support set is consistent, many time consuming computations only need to be done once.
Decentralized data fusion algorithms such as GP-DDF (Chen et al., 2012) and GP-DDF+
(Chen et al., 2013b) also utilize a fixed support set to allow multiple agents agents to perform
data fusion in a decentralized manner. Each agent is able to take observations and encapsulate
them into a local summary based on the fixed support set. Then, multiple agents can share

their local summaries and reconstruct a consistent global summary for prediction.

As can be seen that, GP-DDF and GP-DDF+ are decentralized algorithms but rely on
this single fixed support set which is a centralized component in a decentralized system. In
a large-scale environmental field, a large volume of observations taken by the agents are
far from this fixed support set so that the computed local summaries are inaccurate. Our
proposed method utilize an agent-centric support set so that multiple support sets can densely
cover the environmental field. No matter where the agents are, the observations they take can
always find a close support set to compute an accurate local summary. Later on, the local
summaries can be shared between agents using a transfer learning mechanism we proposed.
In this way, we remove the centralized component in the original algorithm. It not only

decentralized the agents’ actions but also the model itself.
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In literature, there are some works that share the similar idea of agent-centric support
sets. For example, Deisenroth and Ng (2015) construct a tree structure of Gaussian process.
It splits the environmental field into many sub-fields, and each sub-field is modeled by a
Gaussian process. Hence, they are not able to share information between the sub-fields. The
work of Bui and Turner (2014) on the other hand, constructs a treed support set that can
allow the computation scales linearly with the size of the support set. However, their method
can not be learned in an incremental way so that it is not suitable for decentralized data
fusion. Our agent-centric support set can share local summaries between the sub-fields using
the proposed transfer learning mechanism and it allows the agents to add new observations

incrementally into the local summaries, which is more applicable for large-scale data fusion.

2.2 Active Learning and Nonstationarity

Active learning algorithms allow the agent to actively choose the data from the domain it
learns. It can achieve better performance with less training data than traditional passive
learning algorithms. Multi-agent active sensing is a particular type of active learning in
the multi-agent system which involves multiple agents to take the most informative obser-
vations from the target environmental phenomenon by minimizing the uncertainty in that
phenomenon. If we assume the phenomenon follows a Gaussian process prior, the uncertainty
of the phenomenon can be quantified based on the correlation structure as mean square error

(Low et al., 2008), entropy (Low et al., 2009) or mutual information (Meliou et al., 2007a).

The uncertainty quantified in the existing literature is based on the assumption that the
phenomenon is stationary. However, most of the large-scale phenomena are nonstationary
in nature. Therefore, quantifying the uncertainty using the stationary assumption will be
incorrect, which will result in sub-optimal active sensing performance. Out of the active
sensing topic, there are some existing works that have discussed nonstationary data modelling.
The methods can be categorized into two main types: a single model with nonstationary

kernel function (S) and a mixture of stationary models (M) as shown in table 2.1.
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Type Works Citation
Dot product kernel Scholkopf and Smola (2002), sec. 7.8
S Neural network kernel Neal (1996)
Non-linear warping Sampson and Guttorp (1992)
Kernel averaging Paciorek and Schervish (2003)
M Hotspots Low et al. (2009)
Voronoi tessellation Cortes et al. (2004)
Mixture of GPs Tresp (2001)
Infinite maxture of GPs | Rasmussen and Ghahramani (2002)

Table 2.1 Modeling nonstationary data

In single model methods, dot product kernel (Scholkopf and Smola, 2002) is too simple
to model the real problem. The other two kernels (Neal, 1996, Sampson and Guttorp, 1992)
require specific domain knowledge to design the actual kernel. Kernel averaging (Paciorek
and Schervish, 2003) is a more general method but it contains a huge number of parameters
need to be learned from the data, which is too time-consuming for large-scale environmental
sensing applications. Mixture model, on the other hand, is more practical for real-world
problems. The works (Cortes et al., 2004, Low et al., 2009, Rasmussen and Ghahramani,
2002, Tresp, 2001) share the similar ideas to split the environmental field into several
subfields. The difference is how they split the field. Low et al. (2009) separate the field as
highly varying hotspots ! and smooth background. Cortes et al. (2004) separate the field
as a Voronoi graph. These two works require the domain knowledge in the environmental
field. The works on mixture of Gaussian processes (Rasmussen and Ghahramani, 2002,
Tresp, 2001) are more general modeling techniques that can detect the stationary subfield
during the active sensing. A Dirichlet process mixture of Gaussian processes (DPM-GPs)
(Rasmussen and Ghahramani, 2002) can dynamically change the number of sub-models in
the mixture to fit the data. It is highly practical for the large-scale environmental phenomenon
because a large-scale environmental phenomenon usually has globally nonstationary but
locally stationary behavior that naturally fits the mixture model.

The methods we mentioned above focus on the modeling of the phenomenon. None of

them is specifically designed to direct the agents to actively taking observations from the

Thotspots exhibiting extreme measurements and much higher spatial variability than the rest of the field
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environmental phenomenon. To the best of my knowledge, there is only one work (Krause
and Guestrin, 2007) has tried to learn the correlation structure during the active sensing
process but it still has a stationary assumption which is not applicable for a large-scale

nonstationary phenomenon.

Our proposed DEC-MES algorithm is the first work that addresses the nonstationarity
challenge in the context of active sensing. We use DPM-GPs to fit the nonstationary phe-
nomenon. We derive the formulation of uncertainty based on the mixture model and propose
an active sensing criterion to direct multiple agents to take observations that can minimize

the uncertainty based on the nonstationary correlation structure learned from the model.

2.3 Optimization and High Dimensionality

Optimization is to search the maximum/minimum value of an objective function under
certain constraints. With different structures and constraints over the objective function, the
optimization methods can be quite different. In the simplest case, when the objective function
is convex, it is easy to use convex optimization methods (Boyd and Vandenberghe, 2004) to
get the global optimum with guarantees. When the objective function is not convex, it is still

possible to use gradient decent methods (Qian, 1999) to search the local optimum.

However, the objective function may not have analytical expression in complex problems.
The method to optimize an unknown function is quite different from the traditional opti-
mization method. Usually, it requires many trials of simulations. The only information we
have is the observed input-output pairs from the simulations. In this scenario, some heuristic
search methods like genetic algorithms (Akbari and Ziarati, 2011), Monte Carlo methods
(Rubinstein and Kroese, 2011), swarm intelligence (Parsopoulos and Vrahatis, 2002) are
applied to search the optimum via a huge number of simulations. Those methods require
heuristics with domain knowledge in order to generate good results (Tomoiaga et al., 2013).
Additionally, those methods require a huge number of simulations, which is impractical for

real complex problem since they cost lots of time and resources.
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Bayesian optimization (Snoek et al., 2012) is a modern optimization technique that
is suitable for optimizing unknown objective functions. Another name of BO is efficient
global optimization in the experimental design literature (Jones et al., 1998). It assumes that
the unknown function is distributed as a Gaussian process. The belief over the function is
updated by the simulated input and output pairs. Bayesian optimization utilizes an acquisition
function to capture the shape of unknown function and evaluate the risk on the deviation
from the true optimum. This acquisition function automatically balances the exploration and
exploitation in choosing the input values for new simulations, which result in relatively fewer
trials of simulations in searching the optimum. In the literature, there are three commonly

used acquisition functions:

* Probability of improvement (Kushner, 1964). Intuitively, it is to maximize the proba-

bility of improving the best current value.

* Expected improvement (Mockus, 1975). Alternatively, one could choose to maxi-
mize the expected improvement over the current best value. It demonstrates better

performance than the probability of improvement.

* Gaussian process upper confidence bound (GP-UCB) (Srinivas et al., 2009). A
more recent method is to exploit the upper/lower confidence bounds (for maximiza-
tion/minimization) to construct a parametric form of the acquisition function to min-
imize the regret in searching the optimum. The regret bound of GP-UCB can be
derived analytically so that we use it as the acquisition function for our ANOVA-DCOP

method.

Many large-scale optimization problems require methods that can deal with high dimen-
sional input. Although BO is successful in solving some problems, especially in learning
parameters of machine learning models, it is restricted to problems with less than ten di-
mensions (Wang et al., 2016). It is challenging to scale BO to high dimensions. To the
best of our knowledge, there are three works that specifically addressed high dimensional

BO problems: Subspace learning (Djolonga et al., 2013), random embedding (Wang et al.,
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2016) and additive model (Kirthevasan et al., 2015). The first two methods (Djolonga et al.,
2013, Wang et al., 2016) explore the intrinsic low-rank dimensions in the original high
dimensional space. They require specifying the number of the intrinsic dimensions. When
the specified number is far from the ground truth, their methods will generate poor results
as demonstrated in our experiments in section 5.4. On the other hand, the additive model
has a strong assumption that the dimensions are mutually independent. It totally ignores the
correlation structure in the dimensions. They ease the limitation by brutally grouping the

dimensions and assuming the groups are mutually independent.

The work of additive model (Kirthevasan et al., 2015) motivated our ANOVA-DCOP
method. Instead of assuming all the dimensions are independent, it is more reasonable to
explore the sparse correlation structure in the dimensions. In contrast with brutally grouping
the dimensions, we introduce multi-agent coordination techniques to learn the correlation
structure in the process of BO. Unlike the other two methods which require specifying a
fixed number of intrinsic dimensions, our work has the flexibility to adjust the correlation

structure dynamically.

In multi-agent community, there are many existing works on distributed optimization
problems. For example, Dantzig-Wolfe decomposition (Chung, 2011, Frangioni and Gendron,
2013) is one of the distributed optimization methods in linear programming. When the input
space of the problem has linear consistent decomposable structure for both objective function
and constraints, Dantzig-Wolfe method can decompose the optimization problem into many
subproblems. Other problems that beyond linear programming are often cast as decentralized
constrained optimization problem (DCOP) (Shoham and Leyton-Brown, 2008). DCOP
requires the objective function have a linear summation structure so that the problem can
be solved by sharing information between multiple agents. Many notable problems can be
formulated as DCOP such as distributed graph coloring and distributed multiple knapsack
problem (Frangioni and Gendron, 2013). Researchers have designed many multi-agent
coordination methods to solve this problem. Adopt (Modi et al., 2005) and DPOP (Petcu and
Faltings, 2005) are two wildly used methods. They can guarantee the optimal solution for an

optimization problem but they suffer from exponentially growing coordination overhead. A
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breakthrough in the literature is bounded max-sum (Farinelli et al., 2009, Kim and Lesser,
2013). It significantly reduces the time complexity in agent coordination and still maintains
the near-optimal solution of the problem. Our work of ANOVA-DCOP introduces DCOP to
Bayesian optimization so that multi-agent coordination can be used to optimize an unknown
function which is previously not feasible in the literature. Moreover, the bounded max-sum
method we are using together with ANOVA kernel can scale up to optimizing an unknown
function with hundreds of dimensions.

To sum up, we have reviewed the current literature related to the three challenges in large-
scale machine learning problems and positioned our work in the literature to demonstrate the
contributions to filling the gap with the scalability challenges due to the characteristics of the
large-scale problem. The remaining chapters of the thesis are organized as follows: Chapter
3 explains our GP-DDF method with agent-centric support set to address the challenge of
large input domain; Chapter 4 explains our DEC-MES method to address the challenge of
nonstationarity; Chapter 5 explains our ANOVA-DCOP method to address the challenge of
high dimensionality. Finally, chapter 6 concludes our works and discusses the potentials of

utilizing multi-agent techniques in large-scale machine learning problems.



Chapter 3

Gaussian Process Decentralized Data
Fusion with Agent-Centric Support Sets
for Large-Scale Distributed Cooperative

Perception

Motivated by the challenge of large input domain in large-scale regression problem, this
chapter presents a novel decentralized data fusion method using agent-centric support set.
In section 3.2 and section 3.2, we introduce the agent-centric support set and the transfer
learning mechanism to share the local summaries between two agents. Further, in section 3.3,
we design a multi-agent coordination algorithm in order to apply the method in the large-scale

environmental field. Lastly, we evaluate our GP-DDF method with three real-world datasets.
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3.1 Background and Notations

Modeling Spatially Varying Environmental Phenomena with Gaussian Processes (GP-

s).

A Gaussian process (GP) can model a spatially varying environmental phenomenon as
follows: The phenomenon is defined to vary as a realization of a GP. Let X be a set
representing the domain of the phenomenon such that each location x € X" is associated
with a realized (random) measurement y, (¥;) if it is observed (unobserved). Let {Yy} cx
denote a GP, that is, any finite subset of {Y, },cx follows a multivariate Gaussian distribution
(Rasmussen and Williams, 2006). Then, the GP is fully specified by its prior mean , = E[Y,]
and covariance O, = cov[Yy,Yy] for all x,x’ € X, the latter of which characterizes the spatial
correlation structure of the phenomenon and can be defined, for example, by the widely-used

squared exponential covariance function
O £ 07 exp(—0.5| A" (x =) |1?) + 0, 8w (3.1)

where Gsz and an are, respectively, its signal and noise variance hyperparameters controlling
the intensity and the noise of the measurements, A is a diagonal matrix with length-scale
hyperparameters ¢; and ¢, controlling, respectively, the degree of spatial correlation or ““simi-
larity” between measurements in the horizontal and vertical directions of the phenomenon,
and O, is a Kronecker delta that is 1 if x = x/, and 0 otherwise.

Supposing a column vector yp = (yx/);ep of realized measurements is observed for
some set D C X of locations, a GP model can exploit these observations/data to perform

probabilistic regression by providing a Gaussian posterior/predictive distribution

N (e +EpZpp (yD — Up), Orr — ZxpEpnZpx ) (3.2)

of the measurement for any unobserved location x € X' \ D where up = (ux/);[ cp» ZxD =
(Oxx')weps 0D = (Oypr)y wreps and Ep, = £, To predict the phenomenon, a naive

approach to data fusion is to fully communicate all the data to every mobile sensing agent,
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each of which then predicts the phenomenon separately using the Gaussian predictive
distribution in (3.2). Such an approach, however, scales poorly in the data size |D| due to the

need to invert Zpp which incurs O(|D}?) time.

GP Decentralized Data Fusion (GP-DDF).

To improve the scalability of the GP model for practical use in data fusion, the work of (Chen
et al., 2015) has proposed efficient and scalable GP decentralized data fusion algorithms for
cooperative perception of environmental phenomena that can distribute the computational
load among the mobile sensing agents. The intuition of the GP-DDF algorithm of (Chen
et al., 2015) is as follows: Each of the N mobile sensing agents constructs a local summary of
the data/observations taken along its own path based on a common support set S C X" known
to all the other agents and communicates its local summary to them. Then, it assimilates the
local summaries received from the other agents into a globally consistent summary which is
used to compute a Gaussian predictive distribution for predicting the phenomenon.
Formally, the local and global summaries and the Gaussian predictive distribution induced

by GP-DDF are defined as follows:

Definition 1 (Local Summary). Given a common support set S C X known to all N mobile
sensing agents, each agent i encapsulates a column vector yp, of realized measurements for

its observed locations D; into a local summary (VS|'Di,lPSS|'Di) where

VB|Di £ ZBDiZ’Z_):Di|S(yDi - .u'Dl) ) (3 3)

A -1
Yeep, = I8D.Epp,sED:8

forall B,B' C X and Lp.p,s = Xp,p, — Lp,sZ55EsD;

Definition 2 (Global Summary). Given a common support set S C X known to all N mobile
sensing agents and the local summary (vg‘pi,‘l‘gg‘pi) of every agenti=1,...,N, a global

summary is defined as a tuple (Vs,¥ss) where

Vs £ Zivzl Vsp;, and Pss = vazl Wssip, T Ess - (3.4)
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Definition 3 (GP-DDF). Given a common support set S C X known to all N agents and the
global summary (Vs,¥ss), the GP-DDF algorithm run by each agent computes a Gaussian
predictive distribution N' (HX,E)%) of the measurement for any unobserved location x € X \ D
where

L= et TesPsgVs 072 O Las (S5~ Wss) Do - (35)

The Gaussian predictive distribution (3.5) computed by the GP-DDF algorithm is theoret-
ically guaranteed by Chen et al. (2015) to be equivalent to that induced by the centralized
partially independent training conditional (PITC) approximation (Quifionero-Candela and
Rasmussen, 2005) of the GP model. Running GP-DDF on each of the N agents can, however,
reduce the O(|D|((|D|/N)? +|S|?)) time incurred by PITC to only O((|D|/N)? +|S|® +
|S|?N) time, hence scaling considerably better with increasing data size |D)|.

Though GP-DDF scales well with big data, it can predict poorly due to information loss
caused by summarizing the measurements and correlation structure of the data/observations
and sparse coverage of the areas with highly varying measurements by the support set. To
address its shortcoming, the GP-DDF™ algorithm of Chen et al. (2015) exploits the data
local to an agent to improve the predictions for unobserved locations “close” to its data (in
the correlation sense) while preserving the efficiency of GP-DDF by adopting its idea of

summarizing information into local and global summaries (Definitions 1 and 2).

Definition 4 (GP-DDF™"). Given a common support set S C X known to all N agents,
global summary (Vs,Wss), local summary (Vsip;»¥ss|p,), and a column vector yp, of
realized measurements for observed locations D;, the GP-DDF™" algorithm run by each
agent i computes a Gaussian predictive distribution N (HX,E)ZC) of the measurement for any

unobserved location x € X \ D where

B ek (a5t ~LsZvim) i,

6;26 £ Oxx — (%l;SZg‘]SZSx - ZszgélPSﬂDi (36)

- %lcSng‘lSV‘le> _lPXXID;
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such that 7’;3 2% +Zx52§é‘ygs\pi —Wys|p, and Yfo = 7’;’?'

The Gaussian predictive distribution (3.6) computed by the GP-DDF* algorithm is
observed to exploit local and global summaries (i.e., terms within brackets) as well as data
local to agent i (i.e., Vyp, and ¥, p, terms) and theoretically guaranteed by Chen et al.
(2015) to be equivalent to that induced by the centralized partially independent conditional
(PIC) approximation (Snelson and Ghahramani, 2007) of the GP model. In terms of time
complexity, GP-DDF* shares the same improvement in scalability over PIC as that of

GP-DDF over PITC.

3.2 GP-DDF with Agent-Centric Support Sets

Transfer Learning.

It can be observed from (3.5) and (3.6) that the GP-DDF and GP-DDF™ algorithms depend
on a common support set S known to all N mobile sensing agents, which raises critical
limitations due to the large input domain: (a) Their cubic time cost in |S| prohibits increasing
the size of S too much to preserve their efficiency, which consequently limits the expansion
of the domain of the phenomenon for which it can still be covered and predicted well; (b)
if S sparsely covers the large-scale phenomenon due to its restricted size and is thus “far”
from the data and unobserved locations to be predicted, then the values of the components in
terms like Xsp, and X,s tend to zero, which degrade their predictive performance; and (c)
when switching to a new support set, they have to wastefully discard all previous summaries
based on the old support set.

To address the above limitations, a straightforward approach inspired by the local GPs
method (Choudhury et al., 2002, Das and Srivastava, 2010) is to partition the domain of the
phenomenon into local areas and run GP-DDF or GP-DDF* with a different, sufficiently
dense support set for each local area. But, such an approach often suffers from discontinuities

in predictions on the boundaries between local areas ! and only utilizes the data within a

! An exception is the work of Park et al. (2011) that overcomes this boundary effect by imposing continuity
constraints along the boundaries in a centralized manner.
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local area for its predictions, thereby performing poorly in local areas with little/no data.
These drawbacks motivate the need to design and develop a transfer learning mechanism for
a team of mobile sensing agents capable of sharing and transferring information encapsulated
in a summary based on a support set for a local area to that utilizing a different support set
for another area. In this section, we will describe our transfer learning mechanism and its
use in our GP-DDF or GP-DDF ™ algorithm with agent-centric support sets and theoretically
bound and analyze its resulting loss of information.

Specifically, supposing a mobile sensing agent i moves from a local area with support set
S to another local area with a different support set S’ (i.e., SN S’ = 0), the local summary
(VS’|DialPS’ 3/@[) based on the new support set S’ can be derived exactly from the local
summary (Vs|p,, ¥ssp,) utilizing the old support set S only when the data (D;,yp,) gathered
by agent i (i.e., discarded after encapsulating into (V$|D,~a‘PS S\Di» in the local area with
support set S can be fully recovered from (VS\D,- yWs S|Di)’ which is unfortunately not possible.
Our key idea is thus to derive the local summary (v5/|pi,‘l’5/3/‘pi) approximately from
(V$|'Di,‘PSS"Di) in an efficient and scalable manner by exploiting the following important

definition:

Definition 5 (Prior Summary). Given a support set S C X for a local area, each mobile
sensing agent i encapsulates a column vector yp, of realized measurements for its observed

locations D into a prior summary (®sp,, Pss|p,) where

0502 ZsD, (YD ;) 3 Pss|p = EsDEpip, IDiS- 3.7)

The prior summary (@s|p,, Pssp,) (3.7) is defined in a similar manner to the local
summary (VS|Di,TSS|Di) (3.3) except for the Xp,p, term in the former replacing the Xp,p,|s
term in the latter and is the main ingredient for making our proposed transfer learning
mechanism efficient and scalable. Interestingly, the prior summary based on the new support

set S’ can be approximated from the prior summary utilizing the old support set S as follows:

Proposition 1. If Y5/ and Yp, are conditionally independent given Ys (i.e., Xsp,s = Esrp; —
YssZsslsp, =0)fori=1,...,N, then
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1 1 1
Os/1p,=Ls5'5L5505D;, P55/, =Ls:5E55Pss|DEs5ESS- (3.8)

Its proof is in Appendix A.1.
Remark. The conditional independence assumption in Proposition 1 extends that on the
training conditionals of PITC and PIC (Section 3.1) which have already assumed conditional
independence of Yp ,...,Yp, given Ys. Alternatively, it can be interpreted as a low-rank
covariance matrix approximation Xs/sX g 39237?,' of Xgp,. The quality of this approximation

will be theoretically guaranteed later.

To efficiently and scalably derive the local summary (VS/‘Di,lPSlSl‘Di) approximately
from (v5|pi,‘P5 S|p,)» our transfer learning mechanism will first have to transform the local
summary (Vsp,, ¥ss|p,) to the prior summary (@s|p,, Pss|p,) based on the old support
set S, then use the latter to approximate the prior summary (wg/m, D S’ID,-) based on the
new support set S’ by exploiting Proposition 1, and finally transform the approximated
prior summary back to approximate the local summary (vg/m,,‘P S/ S’IDi)’ as detailed in
Algorithm 1 below. The above two transformations can be achieved by establishing the

following relationship between the local summary and prior summary:

Proposition 2. Given a support set S C X for a local area, the local summary (VS|Di7lPSS|Di) (3.3)
and the prior summary ((L)S|Di, q’SS\D,-) (3.7) of agent i are related by

55 =) L B o (3.9)
Pssip, 2510, = ¥ s55p,VsiDi » Pssip=VssiptEss -

Its proof is in Appendix A.2.
Supposing agent i has gathered additional data (D}, yp) from the local area with the
new support set &', it can be encapsulated into a local summary (VS/W,‘P S/ S’|D’.) that is

assimilated with the approximated local summary (Vs/p,, ¥ss'p,) by simply summing them

up:
Vsip,up, = Vs'|p; T Vs,
PiUP; | i (3.10)
Yosip,up = Yssp, +Yesp
which require making a further assumption of conditional independence between D/ and D;

given the support set S’ for j=1,...,N.
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Finally, to assimilate the local summary of agent i with the other agents’ local summaries
(i.e., based on their current choices of support sets) into a global summary to be used for
predicting the phenomenon, the local summary (v5/|pj,‘I’ S/ S/‘Dj) of every other agent j # i
based on agent i’s support set S’ can be derived approximately from the received local
summary (VS//|D]. ,Wer 5”\17]‘) based on agent j’s support set S” # S’ using exactly the same
transfer learning mechanism described above. Then, the global summary (Vs/,%s.s/) can be

computed via (3.4) and used by the GP-DDF or GP-DDF™ algorithm (Section 3.1).

Algorithm 1: GP-DDF/GP-DDF™ with agent-centric support sets based on transfer

learning for agent i

if agent i transits from local area with support set S to local area with support set S’ then

/* Transfer learning mechanism x/
Construct local summary (VS\D,- , II"SS"D’.) and transform it to prior summary

(@sp,; Pss|p,) by (3.9);

Derive prior summary (®g/|p,, Pss|p,) based on S’ approximately from (@sp,, Pss|p,)

by (3.8);

Transform prior summary (@gs/|p,, Pss'p,) to local summary (Vsp,, Ys.sp,) by (3.9);

if agent i has to predict the phenomenon then

if data (D, yD'g) is available from local area with support set S’ then
L Assimilate local summaries (Vs/|p,, ¥ss5p,) With (Vs p, ¥sisipy) to yield

(Vs'o,upp, Ysispiyn;) by (3.10);
Exchange local summary with every agent j # i;

foreach agent j # i in local area with support set S” # S’ do
Derive local summary (Vs/p,,¥ss/p,) based on S " approximately from received

local summary (VS"\D,->lP S S"|D,-) based on S” using the above transfer learning

mechanism;
Compute global summary (Vs/, Wss) by (3.4) using local summaries

(Vsp,ups Ysisp,up) and (Vsp;, Wsisp;) of every agent j # i;

Run GP-DDF (3.5) or GP-DDF* (3.6);

Supposing |S| = |S’| = |S”| for simplicity, our transfer learning mechanism in Algorithm

1 incurs only O(|S|?) time (i.e., independent of data size |D|) due to multiplication and
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inversion of matrices of size |S| by |S|. Since the support set for every local area is expected
to be small, our transfer learning mechanism is efficient and scalable.

Recall from the remark after Proposition 1 that our transfer learning mechanism has
utilized a low-rank covariance matrix approximation ZS’SZE}SESD,- of Xgp,. To theoretically
bound the information loss resulting from such an approximation, we first observe that
it resembles the Nystrom low-rank approximation except that the latter typically involves
approximating a symmetric positive semi-definite matrix like Xgs s/ or Xp,p, instead of X sp,,
which precludes a direct application of existing results on Nystrom approximation (Sun
et al., 2015) to our theoretical analysis. Fortunately, we can exploit the idea of clustering
with respect to S for our theoretical analysis which is inspired by that of the Nystrém
approximation of Zhang et al. (2008) but results in a different loss bound depending on the
GP hyperparameters (Section 3.1) and the “closeness” of S’ and D; to S in the correlation
sense.

Define c¢(x) as a function mapping each x € D;|JS’ to the “closest” ¢(x) € S, that is,
c:D;US" — S where c(x) = argmin,_g ||[A~!(x —s)||. Then, partition D; (S’) into |S|
disjoint subsets Dj; £ {x € D; | c¢(x) = s} (Si £ {x € S’ | ¢(x) = s}) for s € S. Intuitively,
Dis (S)) is a cluster of locations in D; (S’) that are closest to location s in the support set S.

Our main result below theoretically bounds the information loss ||Zgp, — X SZE}SZSDI- ||F
resulting from the low-rank approximation X¢/sXg ‘ISZSDi of Xsp, with respect to the Frobe-

nius norm:

Theorem 1. Let 6, be defined by a squared exponential covariance function (3.1),T £

&g 28 Les [[ATH(x = c(x))
]D,—\_l YeD, HA_] (x— c(x))Hz. Then, ||Xsp, — ZS’SZE‘ISZSD,'HF has a upper bound:

, T' £ argmax,cs |S! 2, and ep, &

argmaxges | Djs

3/6C7s2|S|TT/ (,/8S/+81)i—|—w/851 + /€D, +Gs2||2§‘13||F|S|\/383/81)i/6) R

Its proof is in Appendix A.3. Note that a similar result to Theorem 1 can be derived for

other commonly-used covariance functions such as those presented in the work of Zhang

et al. (2008).
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It can be observed from Theorem 1 that the information loss ||Xsp, — Zs/sXg éngi ||F
can be reduced when the signal variance 62 is small, the length-scales /1 and/or ¢, are large,
the mobile sensing agent 7 utilizes a support set S “close” to its observed locations D; in a
local area (i.e., smaller €p,) and moves to another local area with a support set S’ “close” to

S (i.e., smaller £g/).

Lazy Transfer Learning.

Theorem 1 above further reveals that every instance of transfer learning in Algorithm 1 incurs
some information loss which accumulates over multiple instances when the agent transits
between many local areas and consequently degrades its resulting predictive performance.
This motivates the need to be frugal in the number of instances of transfer learning to be

performed.

To achieve this, our key idea is to delay transfer learning till prediction time but in a
memory-efficient manner?.

Specifically, we propose the following information sharing mechanism to reduce memory
requirements for a team of mobile sensing agents: When agent i leaves a local area, its local
summary is communicated to another agent in the same area who assimilates it with its own
local summary using (3.4). However, if no other agent is in the same area, then agent i stores
a backup of its local summary.

On the other hand, when agent i enters a local area containing other agents, it simply
obtains its corresponding support set to encapsulate its new data gathered in this area. But,
if no other agent is in this area, then agent i retrieves (and removes) the backup of its
corresponding local summary from an agent who has previously visited this area’. If no

agent has such a backup, then agent i is the first to visit this area and constructs a new

support set for it. Algorithm 4 (Appendix A.4) details the GP-DDF/GP-DDF™* algorithm

ZNaively, an agent can delay transfer learning by simply storing a separate local summary based on the
support set for every previously visited local area, which is not memory-efficient.

3Multiple backups of the local summary for the same local area may exist if agents leave this area at the
same time, which rarely happens. In this case, agent i should retrieve (and remove) all these backups from the
agents storing them.
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with agent-centric support sets by incorporating the above information sharing mechanism in
order to achieve memory-efficient lazy transfer learning.

To analyze the memory requirements of our information sharing mechanism in Algorith-
m 4 (Appendix A.4), let the domain of the phenomenon be partitioned into K local areas.
Then, the team of N mobile sensing agents incurs a total of O((K + N)|S|?) memory in the
worst case when all the agents reside in the same local area and the last agent entering this
area stores the backups of the local summaries for the other K — 1 local areas.

However, the agents are usually well-distributed over the entire phenomenon in practice:
In the case of evenly distributed agents, the team incurs a total of O(max(K,N)|S|?) memory.
So, each agent incurs an amortized memory cost of O(max(K,N)|S|?/N).

A limitation of the information sharing mechanism in Algorithm 4 (Appendix A.4) is its
susceptibility to agent failure: If an agent stores the backups of the local summaries for many
local areas and breaks down, then all the information on these local areas will be lost. Its
robustness to agent failure can be improved by distributing multiple agents to every local

area to reduce its risk of being empty and hence its likelihood of inducing a backup.

3.3 Experiments and Discussion

In the experiments, we first test the agent-centric support set and transfer learning mechanism
on a simulated spatial phenomenon, and then the entire performance of our algorithm will be

evaluated with two real world datasets and one of them is millions in size.

3.3.1 Simulated Spatial Phenomena

The toy experiment here is set up to demonstrate the effectiveness of our proposed lazy trans-
fer learning mechanism (Section 3.2) that is driving our GP-DDF/GP-DDF™ algorithms with
agent-centric support sets (Appendix A.4): A number of 2-dimensional spatial phenomena
of size 50 by 50 are generated using signal variance 62 = 1, noise variance 6> = 0.01, and
by varying the length-scale /| = ¢, from 1 to 20. The domain of the spatial phenomenon

is partitioned into 4 disjoint local areas of size 25 by 25 (Fig. 3.1), each of which contains
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Fig. 3.1 (a-d) Maps of log-predictive variance (i.e., log E)ZC for all x € X) over a spatial phe-
nomenon with length-scale of 10 achieved by the tested decentralized data fusion algorithms.

an agent moving randomly within to gather 25 local data/observations. We compare the
predictive performance of the following decentralized data fusion algorithms: (a) Original
GP-DDF (Chen et al., 2012, 2015) with a common support set of size 18 distributed over the
entire phenomenon and known to all 4 agents, (b) PITCs utilizing local information (local
PITCs) with agent-centric support sets assign a different PITC to each agent summarizing its
gathered local data based on a support set of size 18 distributed over its residing local area, (c)
PITC:s utilizing full information (full PITCs) with agent-centric support sets assign a different
PITC to each agent summarizing its gathered local data as well as those communicated by the
other agents (i.e., full data gathered by all agents) based on a support set of size 18 distributed
over its residing local area, (d) GP-DDF with agent-centric support sets (GP-DDF-ASS)
each of size 18 and distributed over a different local area (Algorithm 4 in Appendix A.4).
Note that if our proposed lazy transfer learning mechanism in GP-DDF-ASS incurs minimal
(total) information loss, then its predictive performance will be similar to that of full PITCs

(local PITCs).
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Fig. 3.1 shows results of the maps of log-predictive variance (i.e., log E)ZC forall x € X)
over a spatial phenomenon with length-scale of 10 achieved by the tested decentralized
data fusion algorithms. It can be observed from Fig. 3.1a that GP-DDF achieves the worst
predictive performance since the size of its common support set is only a quarter of that
used by the other tested algorithms. From Fig. 3.1b, though local PITCs can predict better
than GP-DDF, the predictive uncertainty at the boundaries between local areas remains very
high, which is previously explained in Section 3.2. Fig. 3.1c shows the most ideal predictive
performance achieved by full PITCs because each agent exploits the full data gathered by
and exchanged with all agents for encapsulating into a global summary based on the support
set distributed over its residing local area. Fig. 3.1d reveals that GP-DDF-ASS can achieve
predictive performance comparable to that of full PITCs without needing to exchange the
full data between all agents due to minimal information loss by our proposed lazy transfer

learning mechanism.

Recall from Theorem 1 (Section 3.2) that the information loss incurred by our proposed
transfer learning mechanism depends on the closeness between the support sets distributed
over different local areas as well as the closeness (i.e., in the correlation sense) between
the support sets and the data/observations. The effect of varying such closeness on the
performance of our transfer learning mechanism can be empirically investigated by alter-
natively changing the length-scale to control the degree of spatial correlation between the

measurements of the phenomenon.

Fig. 3.2 shows results of the reduction in RMSE of GP-DDF, full PITCs, and GP-DDF-
ASS over local PITCs with varying lengthscales from 1 to 20. It can be observed that only
GP-DDF performs worse than local PITCs while both GP-DDF-ASS and full PITCs perform
significantly better than local PITCs, all of which are explained previously. Interestingly,
the reduction in RMSEs varies for different length-scales and tends to zero when the length-
scale is either too small or large. With a very small length-scale, the correlations between
the support sets distributed over different local areas and between the support sets and the
data/observations become near-zero, hence resulting in poor transfer learning for GP-DDF-

ASS. This agrees with the observation in our theoretical analysis for Theorem 1 (Section 3.2).
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Fig. 3.2 Graphs of reduction in RMSE of GP-DDF, full PITCs, and GP-DDF-ASS over local
PITCs vs. varying length-scales.

With a very large length-scale, though their correlations are strong, the local observations/data
can be used by local PITCs to predict very well, hence making transfer learning redundant.
Our transfer learning mechanism performs best with intermediate length-scales where the
correlations between the support sets distributed over different local areas and between the
support sets and the data are sufficiently strong but not to the extent of achieving good

predictions with simply local data.

3.3.2 Experiments on Real-World data

The performance of our GP-DDF and GP-DDF™' algorithms with agent-centric support sets
are empirically evaluated using the following two real-world datasets:

(a) The indoor lighting quality dataset contains 1200 observations of relative lighting
level gathered simultaneously by three real Pioneer 3-DX mobile robots mounted with SICK
LMS200 laser rangefinders and weather boards while patrolling an office environment, as
shown in Fig. 3.3. The domain of interest is partitioned into K = 8 consecutive local areas
and the robots patrol to and fro across them such that they visit all K = 8 local areas exactly
twice to gather observations of relative lighting level.

(b) the monthly sea surface temperature (°C) dataset (Fig. 3.4) is bounded within lat.
35.75-14.25S and lon. 80.25-104.25E (i.e., in the Indian ocean) and gathered from Dec.
2002 to Dec. 2015 with a data size of 1,083,608. The huge spatiotemporal domain of
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(b)

Fig. 3.3 (a) Red, green, and blue trajectories of three Pioneer 3-DX mobile robots in an office
environment generated by AMCL package in ROS, along which (b) 1200 observations of
relative lighting level are gathered simultaneously by the robots at locations denoted by small

colored circles.
-30 -20 -10 0 10

Fig. 3.4 Temperature phenomenon bounded within lat. 35.75-14.25S and lon. 80.25-104.25E
in Dec. 2015.

this phenomenon comprises S-dimensional input feature vectors of latitude, longitude, year,
month, and season, and is spatially partitioned into 32 disjoint local areas, each of which
is further temporally partitioned into 64 disjoint intervals (hence, K = 2048) and assigned
2 agents moving randomly within to gather local observations; the results are averaged
over 10 runs. We have also investigated the effect of varying degrees of spatial correlation
(specifically, length-scale) between measurements of simulated spatial phenomena on the

effectiveness of our proposed lazy transfer learning mechanism (Section 3.2) due to varying
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extents on its resulting information loss (Theorem 1) and reported the empirical results in
Appendix 3.3.1.

Two performance metrics are used in our experiments: (a) Root-mean-square error

(RMSE) /|X|~!'Y . x (&L, — yx)? measures the predictive performance of the tested algo-
rithms while (b) incurred time measures their efficiency and scalability. The performance of
our GP-DDF and GP-DDF™ algorithms with agent-centric support sets (respectively, GP-
DDF-ASS and GP-DDF"-ASS), each of which is of size 30 (200) and randomly distributed
over a different local area of the office environment (temperature phenomenon), are compared
against that of the local GPs method (Choudhury et al., 2002, Das and Srivastava, 2010)
and state-of-the-art GP-DDF and GP-DDF" (Chen et al., 2015) with a common support
set of size 30 (200) randomly distributed over the entire office environment (temperature
phenomenon) and known to all agents; consequently, the latter construct local summaries of
the same size. The hyperparameters of GP-DDF-ASS and GP-DDF-ASS are learned using

maximum likelihood estimation, as detailed in Appendix A.S.

Predictive Performance.

Figs. 3.5a and 3.5¢ show results of decreasing RMSE achieved by tested algorithms with
an increasing total number of observations, which is expected. It can be observed that
GP-DDF-ASS and GP-DDF'-ASS, respectively, outperform GP-DDF and GP-DDF ™, as
explained previously in the introduction. Furthermore, the performance improvement of
GP-DDF-ASS over GP-DDF is larger than that of GP-DDF"-ASS over GP-DDF*, which
demonstrates the effectiveness of our lazy transfer learning mechanism, especially when
some local areas lack data/observations. This also explains the better predictive performance

of GP-DDF"-ASS over local GPs, even though they both exploit local data.

Time Efficiency.

In this experiment, we specifically evaluate the time efficiency of our transfer learning
mechanism (Section 3.2) in GP-DDF-ASS and GP-DDF-ASS with respect to the number of

observations; to do this, we have intentionally ignored the time incurred by their information
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Fig. 3.5 Graphs of RMSE and total time incurred by tested algorithms vs. total no. of
observations for (a-b) indoor lighting quality and (c-d) temperature phenomenon.

sharing mechanism (i.e., first if-then construct in Algorithm 4 in Appendix A.4) and compared
their resulting incurred time with that of GP-DDF and GP-DDF™ (i.e., without transfer
learning). Figs. 3.5b and 3.5d show results of increasing total time incurred by tested
algorithms when the total number of observations increases, which is expected (Section 3.1).
It can be observed that GP-DDF-ASS and GP-DDF'-ASS, respectively, incur only slightly
more time than GP-DDF and GP-DDF™ (i.e., due to an extra small fixed cost of O(|S|?)
time for transfer learning (Section 3.2)) to achieve more superior predictive performance,
especially for GP-DDF-ASS. GP-DDF"-ASS incurs more time than GP-DDF-ASS (local
GPs) to further exploit local data (support set and transfer learning) for improving its
predictive performance. For time-critical applications, we recommend using GP-DDF-ASS
over GP-DDF"-ASS since its incurred time is small and increases very gradually with more
observations. For big data applications, GP-DDF"-ASS is instead preferred since a large

amount of local data is often available in nearly every local area for prediction.
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We have also empirically evaluated the scalability of GP-DDF-ASS and GP-DDF'-ASS
in the number of agents and observed that their total incurred time decrease with more
agents and they, respectively, incur only slightly more time than GP-DDF and GP-DDF*
due to their information sharing mechanism described in Section 3.2 (i.e., first if-then

construct in Algorithm 4 in Appendix A.4). The empirical results are are reported in detail in

Appendix A.6.

3.4 Conclusion

This chapter describes novel GP-DDF-ASS and GP-DDF*-ASS algorithms for distributed
cooperative perception of large-scale environmental phenomena. To overcome the limitations
of GP-DDF and GP-DDF* (Chen et al., 2012, 2013b, 2015), our proposed GP-DDF-ASS
and GP-DDF'-ASS algorithms employ a new transfer learning mechanism between agents
which is capable of sharing and transferring information encapsulated in a summary based on
a support set to that utilizing a different support set with some loss that can be theoretically
bounded and analyzed. To alleviate the issue of information loss accumulating over multiple
instances of transfer learning, GP-DDF-ASS and GP-DDF'-ASS exploit an information shar-
ing mechanism to achieve memory-efficient lazy transfer learning. Empirical evaluation on
two real-world datasets show that our transfer learning and information sharing mechanisms
make GP-DDF-ASS and GP-DDF"-ASS incur only slightly more time than GP-DDF and

GP-DDF™ (i.e., without transfer learning) to achieve more superior predictive performance.



Chapter 4

Multi-Robot Active Sensing of
Non-Stationary Gaussian Process-Based

Environmental Phenomena

Motivated by the challenge of nonstationarity in large-scale active learning problem, this
chapter explains the details of our proposed DEC-MAS algorithm to address nonstationarity
issue in active sensing. Section 4.1 describes the Gaussian process model and mixture model
to quantify the uncertainty in a nonstationary environmental field. Section 4.3 illustrates
the DEC-MAS algorithm with the proposed active sensing criterion. Lastly, section 4.4

demonstrates the empirical performance of the DEC-MAS on two real-world datasets.

4.1 Modeling a Phenomenon

4.1.1 Gaussian Process (GP)

A nonstationary environmental phenomenon can be viewed as a mixture of stationary phe-
nomena. We will first introduce the modeling of a stationary field by a Gaussian process
with additional notations that captures the specific local smoothness, and then introduce the

mixture model that combines multiple Gaussian processes.
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A Gaussian process (GP) (Rasmussen and Williams, 2006) can be used to model a
spatially varying phenomenon as follows: The phenomenon is defined to vary as a realization
of a GP. Let V denote a set of sampling units representing the domain of the phenomenon
such that each sampling unit x € V is specified by a d-dimensional feature vector and is also
associated with a realized (random) measurement y, (Yy) if x is sampled/observed (unob-
served). Let {Y; } ey denote a GP, that is, every finite subset of {Y}.cy has a multivariate
Gaussian distribution (Chen et al., 2013a, Rasmussen and Williams, 2006). The GP is fully
specified by its prior mean p, = E[Y,] and covariance o P 2 cov[Yy,Yy|0] for all x,x’ €V,
the latter of which characterizes the spatial correlation structure of the phenomenon and can

be defined using a covariance function parameterized by 60, as described later.

Supposing a column vector yp of realized measurements is available for some set D C V
of observed sampling units, the GP can exploit these observations to predict the measurements
for any set X C V \ D of unobserved sampling units as well as provide their corresponding
predictive uncertainties using the following Gaussian posterior mean vector and covariance
matrix, respectively:

Hx|p.e = lix +ZXD\92511)|9()’D — Up) (4.1)

Zxx|p,o = Zxx|o — ZXD\OZB£|QZDX|6 (4.2)

where Uy (Up) is a column vector with mean components i, for all x € X (x € D), Xxx o
(Xpp|g) 1s a covariance matrix with covariance components Oy, for all x,xX € X (x,x € D),
Lxp|e 1s a covariance matrix with covariance components Oy, for all x € X , X' € D, and
Xpx|e 1s the transpose of Xypg. The posterior covariance matrix Xyxp g (4.2), which
is independent of the measurements yp, can be used to quantify the uncertainty of the

predictions through, for example, the Gaussian posterior joint entropy:
1
H[Yx |yp, 0] = Elog@ﬂe)lx‘ Zxx|p.6] - (4.3)

We will focus on using this entropy-based measure of predictive uncertainty in this work.

A GP can model a stationary phenomenon by defining its prior covariance 0,|g using a

stationary covariance function (Rasmussen and Williams, 2006), that is, it is a function of
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x—x'. Hence, it is invariant to translations in the domain V. A common choice is the squared

exponential covariance function:

A o 1 (xi—x\? )
Oyv|g = Oy €Xp ——Z( .1) + 0, 0y (4.4)

where x; (x}) is the i-th component of the d-dimensional feature vector x (x'), the set of
hyperparameters 8 = {c2,62,/1, ...,04} are, respectively, signal and noise variances and
length-scales, and 8, is a Kronecker delta that is 1 if x = x’ and 0 otherwise. Intuitively, the
signal and noise variances describe, respectively, the intensity and noise of the measurements
while each length-scale ¢; controls the degree of smoothness in the spatial variation of the
measurements (i.e., spatial correlation or “similarity” between measurements) with respect
to the i-th feature component. If the hyperparameters are not known, they can be trained
using the available observations via maximum likelihood estimation (MLE) (Rasmussen

and Williams, 2006), that is, by choosing 6 that maximizes the log marginal likelihood

log p(yp|6) =
1 Tyl 1 D]
—50p—=p) Eppe(vp — Hp) — 5 log(2m) Zopje] - (4.5)

Similarly, a GP can model a non-stationary phenomenon by specifying its prior covariance
with a non-stationary covariance function, the choice of which involves a trade-off between
the richness of the resulting GP model vs. computational efficiency. For example, the
simple non-stationary polynomial and neural network covariance functions (Rasmussen and
Williams, 2006) only need a few hyperparameters to be determined. But, they do not exhibit
a desirable locality property! that holds for many stationary covariance functions (e.g., (4.4))
and, more importantly, has been widely exploited by existing MAS algorithms mentioned in
the literature review to achieve time efficiency. On the other hand, the complex non-stationary
version of Matérn covariance function (Paciorek and Schervish, 2003) requires a large number

of hyperparameters to be specified. Though it can capture the locality property, the training

IThe locality property (Krause et al., 2008b) states that the spatial correlation of measurements between
sampling units decreases to zero with increasing distance between them.
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of its hyperparameters, when unknown, is computationally expensive. An alternative to using
a single GP is to consider modeling the non-stationary phenomenon with a mixture of GPs
that can provide a fine balance between richness and efficiency as well as a useful structural

property to be exploited by our DEC-MAS algorithm, as described next.

4.1.2 Dirichlet Process Mixture of Gaussian Processes (DPM-GPs)

It is often observed (e.g., see Fig. 1.3) that the measurements in separate areas of a non-
stationary phenomenon vary according to different locally stationary spatial correlation
structures (Sampson et al., 2001). Such a phenomenon can be modeled with high fidelity by
a Dirichlet process mixture of locally stationary GPs (Rasmussen and Ghahramani, 2002),
which offers the following representational and computational advantages over a single non-
stationary GP (Section 4.1.1): (a) It preserves the use of the well-studied and widely-applied
stationary covariance functions, many of which exhibit the locality property (Section 4.1.1)
and are computationally friendly with only a few (unknown) hyperparameters to be trained,
(b) the required number of locally stationary GPs can automatically grow with the increasing
complexity of the phenomenon, and (c) each locally stationary GP only incurs cubic time in
the size of the observations that are local to its corresponding area of prediction instead of
over the entire phenomenon.

A DPM-GPs can model a non-stationary phenomenon as follows: The phenomenon is
defined to vary as a realization of a DPM-GPs. Let its number of locally stationary GP
components be denoted by K. For each GP component k = 1,...,K, its prior covariance
characterizes a locally stationary spatial correlation structure and is defined using a stationary
covariance function parameterized by 6. In order to estimate the unknown 6; using MLE
(4.5), the measurements yp, (wWhere Dy C D) that are induced by GP component k have to
be identified first. That is, every observed sampling unit x € D has to be associated with a
realized component label denoted by z, and Dy = {x € D|z, = k}. To realize these component
labels zp £ {z}rep, We use Gibbs sampling, as detailed next.

Each random component label, denoted by Z,, for all x € D follows a sampling unit-

dependent Dirichlet process prior:
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Nk

—— ifk<K
Dl—1ta "5
o

P(Zc = klzp\(x}, Ok) = (4.6)

m ifk=K+1,

where ng = (ID| = 1)(Lven, Oue|o, 0 uk) / (Lven, Owle,)» N = {¥' € D\ {x}|dg(x,x') < 7}
for some ¥ > 0, dg(x,x’) is the shortest path length between sampling units x and x’ with
respect to the topology of a graph G induced from V to be traversed by the robots (Section 4.2),
Oyv|g, 1s previously defined in (4.4), and o denotes a concentration parameter. The Dirichlet
process prior (4.6) can be understood as follows: When k = 1,...,K, the probability of
the observation at x being induced by GP component k is proportional to the number of
neighboring observed sampling units with the same component label k weighted by their
proximity to x. Its probability of being induced by a new GP component K + 1 is proportional
to . Hence, o controls the addition of new GP components. For the new GP component

K+ 1, its Ok 1s sampled from a pre-defined uniform distribution.

Given the realized measurements yp for the set D of observed sampling units, the Dirichlet

process prior can be updated using Bayes’ rule to the following posterior:

P(Ze = k|zp\ {x}, ¥, Ok) o<
POl Ze = k,yp\ (xy, O P(Zx = kl|zp\ (1}, O)  ifk <K, (4.7)
Px|Ze =k, 6k) p(Zy = k|ZD\{x}, 1) if k=K+1,

where

POx|Ze =k, ¥\ (a1 Bk) ~ N (M (1}, 600 Exx| Dy [}, 6,)
for k < K and p(y:|Zy = K+ 1,0k 1) ~ N (l, Oryjg,,,)- It can be seen from p(yy|Z, =
k,yp,\{x}> 6k) that an observation induced by a GP component is conditionally independent
of the observations induced by the other GP components, a structural property of which will

be exploited by our DEC-MAS algorithm (Sections 4.2 and 4.3).

Using the posterior (4.7), Gibbs sampling (Gilks et al., 1996) is performed (starting with
K =1) to realize the component labels zp. In Appendix, we propose two heuristics to speed

up the convergence of this sampling method. Given zp, 6; can now be trained using MLE
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(4.5). Such a process of Gibbs sampling followed by MLE is iterated until the values of zp
stabilize or a user-defined limit is reached.

Given the realized measurements yp and component labels zp for observed sampling
units D, the DPM-GPs can exploit them to predict the measurement for an unobserved
sampling unit x by aggregating the predictions of the K GP components weighted by their

probability of inducing it:
K
Hap,o = Y Hupy, 0, P(Ze = Klzp, 6)) (4.8)
k=1

where 8 £ {0,...,0k} and p(Z, = k|zp, 6;), which is defined in a similar way to (4.6), can

be used to estimate the unknown partition of the phenomenon.

4.2 Multi-Robot Active Sensing (MAS)

Define a directed graph G = (V, E) where the domain V of a phenomenon is connected by a
set E CV x V of edges such that there is an edge (x,x') if and only if a robot can traverse
from x € V to x’ € V within some user-defined cost constraint (e.g., time interval, traveling
distance). The MAS problem is then formulated as follows: Supposing the robots have
previously observed the measurements yp from a set D C V' of sampling units and used these
observations to estimate their corresponding component labels zp by Gibbs sampling and
the hyperparameters 6 of the DPM-GPs by MLE (Section 4.1.2), they have to coordinate to
jointly select the next most informative set X* of sampling units (i.e., with corresponding

measurements and component labels of maximum joint entropy) to be observed:
X* = argmax H[Yy, Zx|yp,zp, 0] - 4.9)
X

The next possible sampling unit to be observed by each robot is constrained to be se-
lected from one that is adjacent to the robot’s current residing sampling unit in G. Us-
ing chain rule for entropy, it can be shown that these max-entropy sampling units X*

minimize the posterior joint entropy (i.e., H[Vi\ pjx+),Zv\(pyx+)Yx*>Zx*,¥D,2D, 0]) of
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the measurements and component labels for the remaining unobserved sampling unit-
s (i.e., V\ (DUX™)) in the phenomenon. H[Yy\ (pjx+),Zv\(pyx+)|Yx*sZx*,YD,2D, 0] =
H[Z\ pux+|Zx+ 2, 8] +H [V ox+) | Yx+, Zv\p> YD, 2D, 8] by chain rule for entropy. So, the
choice of X* (4.9) jointly optimizes a trade-off between gathering the most informative obser-
vations for estimating the unknown partition (i.e., component labels Zy (p|jx+) in unobserved
areas) vs. that for predicting the phenomenon (i.e., measurements Yy (p| jx+) in unobserved

areas) given the current, imprecise estimate of the partition (i.e., component labels Zy\ p and

ZD).

Unfortunately, evaluating H[Yy,Zx|yp,zp, 0] in (4.9) is prohibitively expensive with
a large number |X| of robots, as explained below. We will therefore derive a tractable

approximation to H[Yx, Zx |yp, zp, 0]:

H[YX7ZX |)’D7ZD, 9]
= H[Zx|zp, 0] + H[Yx|Zx,yp, D, 0]
~ Y H[Zzp, 6]+ H[Yx|Zx,yp, 2D, 6] (4.10)

xeX
K

= Z H[Z|zp, 0] + Z H[Yx,[zx,, Dy, k]
xeX k=1

K

where H([Z|zp, 0] = =Y p(Z: =k|zp, 6¢)log p(Z: =k|zp, 6k), p(Zx = k|zp, ) is defined
k=1

in a similar way to (4.6), X; £ {x € X[z, = k}, and H[Yx, |Zx,, YD, 6k can be evaluated

in closed form using (4.14). The first equality follows from the chain rule for entropy
and can then be expanded to Y., (—log p(zx|zp, 0) +H[Yx|zx,yp,2p,0])p(2x|2D, 0), which
requires enumerating an exponential (i.e., in the number |X | of robots) number of possible
assignments zx to evaluate the summation. This computational burden is eased by the
approximation in (4.10): Its first summation term is obtained using chain rule for entropy
followed by assuming conditional independence of Z, for all x € X given zp and 0. Its
second term is due to the same conditional independence assumption to yield p(zx|zp, 6k)
= [Liex P(2x|zD, 6k) followed by plugging the maximum likelihood estimate Zx = Zx into

H[Yx|Zx,yp,zp, 0] where Z, = argmax;_p(z«|zp, 6)) for all x € X. We conjecture that, in
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practice, the assumption becomes less restrictive when the number |D| of observations
increases to potentially reduce the degree of violation of conditional independence, the
spatial correlation between measurements decreases, and the robots are sufficiently far apart.
The last equality in (4.10) arises from the chain rule for entropy and the structural property
of DPM-GPs that observations between GP components are conditionally independent
(Section 4.1.2).

If the approximation in (4.10) is used as the active sensing criterion instead, then the

MAS problem becomes

X = argmaxﬁ[Yx,Zx|yD,zD,9] , 4.11)
X
_ K
H[Yx,Zx|yp,zp, 0] éZH[Z)JZD, 0]+ Z H([Yx, |zx,, YDy » Ok)- (4.12)
xeX k=1

Note that the choice of X jointly optimizes a trade-off between observing sampling units with
most uncertain component labels (i.e., first summation term) vs. that with most uncertain
measurements (i.e., second summation term) given the current, imprecise estimate of their

labels and zp.

4.3 Decentralized Multi-Robot Active Sensing (DEC-MAS)

In the previous section, we have presented a centralized MAS (CEN-MAS) algorithm (4.11)
that coordinates the exploration of multiple robots to jointly optimize a trade-off between
observing sampling units with most uncertain component labels vs. that with most uncertain
measurements given the current, imprecise estimate of their labels. However, solving (4.11)
is computationally costly due to the space of possible X that grows exponentially in the
number |X| of robots. To alleviate this computational difficulty, we propose a DEC-MAS
algorithm that exploits the structural property of DPM-GPs (Section 4.1.2) and the locality
property of stationary covariance functions used by each GP component (Section 4.1.1) for
efficient decentralized coordination.

The key idea underlying the need to coordinate any two robots in a team is as follows:

Based on (a) the structural property of DPM-GPs that observations between GP components
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are conditionally independent (Section 4.1.2), and (b) the locality property of each stationary
GP component that the spatial correlation of measurements between sampling units decreases
to zero with increasing distance between them (Section 4.1.1), two robots have to coordinate
their active sensing only when (a) some pair of their next possible sampling units to be
observed are associated with the same GP component (i.e., same estimated component
labels), and (b) the correlation of the measurements for such a pair is high enough due to
their spatial proximity, respectively. We formalize this idea using the notion of a coordination
graph, as defined next.

A coordination graph is defined to be an undirected graph G = (V,€) that consists
of a set V of vertices denoting the robots, and a set £ of edges representing coordination
dependencies between robots such that there exists an edge {r,7'} incident with robots r € V

and ' € V\ {r} iff

max |gxx’ | > €
XEN, X'EN,

Toin6, if 2 =2¢ =k, (4.13)

Cxx! = .
0 otherwise,

for some € > 0 where N, (N,») denotes the set of sampling units adjacent to robot r’s (r'’s)
current residing sampling unit in G. Using (4.13), each robot can determine its adjacency to
all the other robots in a decentralized manner and exchange this adjacency information with
them so as to construct a consistent adjacency matrix for representing G.

The next step is to determine the connected components of G whose resulting vertex
sets partition the set V of robots into, say, N disjoint subsets )y, ..., Vy such that the robots
within each subset have to coordinate their active sensing. Each robot can determine its
residing connected component in a decentralized way by performing a depth-first search in G
starting from it as root.

Finally, define

o |
H[Yxk|zxk7ka7 6’(] £ ElOg(2ﬂ8)|Xk‘

E XX, Dy (4.14)

where ixk X;|Dy,6; 18 @ block-diagonal matrix comprising diagonal blocks of the form X, x, p, g,

forn=1,...,N where X, = {x € X;)|zx = k} and X,, denotes a set of next possible sam-
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pling units to be observed by the set V), of robots forn =1,...,N. So, X, = Uszlen and
X =UN_, X,. Then, it can be derived from (4.14) that

N
H[YXk ’/Z\Xkakaa 9/(] - Z H[Yan ’/Z\Xk,nyl)/@ ek] (415)
n=1

by exploiting the property that the log-determinant of a block-diagonal matrix is equal to the
sum of log-determinants of its diagonal blocks. The MAS problem (4.11) is consequently

approximated by

K
m;lx Z H[Zx|ZD7 6] + Z H[Yxk |/Z\Xk7ka7 ek]
k=1

xeX

N K
= max ) ) H[Zlzp, 0]+ Y HlYy, [Zx,, y0i: 0] (4.16)
Un=1Xn n=1x€X, k=1

N K
= Z max Z H[Zx|zp, 0] + Z H[Yx,,,[2X,,: YDy » O]
n=1 “" xeX, k=1

where the first equality is due to (4.15). More importantly, the last equality can be solved in a

partially decentralized manner by each disjoint subset V), of robots forn =1,... ,N:
R K
X, = argmax Z H[Z,|zp, 0] + Z H[Yx,, |zx,, YD, 6k] - (4.17)
Xn xeX, k=1

The degree of decentralization for our DEC-MAS algorithm (4.17) can be varied by control-
ling €: Increasing € causes more robots to become isolated vertices in G, thus decreasing
the size ) = max,, |V, | of its largest connected component and entailing higher degree of

decentralization.

Let

A
&= max
k7n7an7i7i/

~1
|:2anxkn ‘Dkvek] i’ (4 1 8)

and € = 0.5K10g1/<1 — (|V|1'5n<§8)2>. We prove in the theoretical result below that
X= Uv_, X, is guaranteed to achieve an entropy ]IT]I[Y)?,Z)?]yD,zD, 0] (i.e., by plugging X into
(4.12)) that is at most € less than the maximum entropy ﬁ[Yg,Zg|yD, zp, 0] achieved by X
4.11):
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Theorem 2 (Performance Guarantee).If | V| nEe< 1, then ]ﬁI[Yf,Zg lyp,zp, 6] — ]ﬁ[[Y}??Zf lyp,zp, 0] <

E.

The proof of Theorem 2 is given in Appendix. The implication of Theorem 2 is that our
DEC-MAS algorithm (4.17) is competitive (i.e., small €) as compared to the CEN-MAS
algorithm (4.11) when (a) the number |V| of robots is not too large, (b) the largest connected
component of 1] robots being formed in G is reasonably small, (¢) the minimum required
correlation € between the next possible sampling units to be observed by adjacent robots is

kept low, and (d) the number K of GP components is small.

4.3.1 Time and Communication Complexity

In this subsection, we will analyze the time and communication complexity of our DEC-
MAS algorithm. Suppose that the observations are distributed evenly among the K GP
components and denote the maximum out-degree and in-degree of G by & and &', respectively.
Then, |Ny| < A £ (§+ 68')? for all x € D. Gibbs sampling for estimating the component
labels zp followed by MLE for estimating the hyperparameters 6 (Section 4.1.2) incur
O(M|D|K((|D|/K)? +A)) time over M iterations. Our DEC-MAS algorithm (4.17) incurs
O(K(|D|/K)*> +n8"(KA+ (|D|/K)* + n?)) time. By setting n = |V, it yields the time
complexity of the CEN-MAS algorithm (4.11) for comparison.

Central to the efficiency of our DEC-MAS algorithm is the requirement of a small 1 (i.e.,
size of largest connected component of robots being formed in G to coordinate their active
sensing), which is in fact achieved in practice, as explained by the following observations:
For a GP component with small spatial correlation, the posterior entropy of the measurements
in the unobserved part of its local area of prediction remains high after sampling, hence
attracting more robots to explore it. But, its small spatial correlation entails high degree of
decentralization (4.13), thus resulting in a small 1. On the other hand, for a GP component
with large spatial correlation, the posterior entropy of the measurements in the unobserved
part of its local area of prediction becomes low after sampling, hence attracting fewer robots

to explore it. So, a small 7 is also maintained.
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For our DEC-MAS algorithm, each robot broadcasts O(|V|)-sized and O(1)-sized mes-

sages on its adjacency information and new observation, respectively.

4.4 Experiments and Discussion

4.4.1 Experimental Setup

This section evaluates the active sensing performance and time efficiency of DEC-MAS
empirically on two real-world datasets featuring non-stationary phenomena: (a) June 2012
MODIS plankton density (chlorophyll-a) data of Gulf of Mexico (Fig. 1.3a) discretized into a
60 x 60 grid of sampling locations/units and bounded within lat. 28.175 —29.975N and lon.
87.675 — 89.475W. The mean density is 4.5 mg/m> and standard deviation is 9.8 mg/m?; (b)
Traffic speeds data along 775 road segments (including highways, arterials, slip roads, etc.)
of an urban road network (Fig. 1.3b) during the evening peak hours on April 20, 2011. The
mean speed is 52.8 km/h and standard deviation is 21.1 km/h. Each sampling unit (i.e., road
segment) is specified by a 4-dimensional feature vector: length, number of lanes, speed limit,
and direction. This non-stationary traffic phenomenon is modeled using a Dirichlet process
mixture of stationary relational GPs; the relational GP is previously developed in (Chen et al.,
2012) and its stationary correlation structure can exploit both the road segment features and
road network topology information.

For each dataset, 5% of the data are randomly selected as prior observations to estimate
their corresponding prior component labels zp by Gibbs sampling and the prior hyperparam-
eters 6 of the DPM-GPs by MLE (Section 4.1.2). Subsequently, they are constantly updated
using the new observations gathered by running DEC-MAS repeatedly. For DEC-MAS, €
(4.13) is set to 0.1. The experiments are run on a PC with Intel® Core™?2 Quad CPU Q9550
at 2.83 GHz. The results shown below are averaged over 40 trials of randomly selected initial

robots’ residing sampling units.

Performance metrics. The first metric evaluates active sensing performance of a tested

MAS algorithm: It measures root mean squared error (RMSE) \/ Yrev(Mp.o —¥x)?/|V]

over domain V of the phenomenon that results from using the posterior mean [,|p ¢ of the
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algorithm’s utilized model (i.e., (4.1) of GP or (4.8) of DPM-GPs with stationary covariance
function (4.4)) to predict the measurements for the remaining unobserved sampling units
V \ D given the gathered observations. The second metric evaluates the time efficiency and

scalability of a tested MAS algorithm by measuring its incurred time.

Comparison of MAS algorithms. The performance of our DEC-MAS algorithm is com-
pared to that of the state-of-the-art MAS algorithms, as listed in Table 4.1 and briefly
described next: The centralized maximum entropy sampling (CEN-MES) algorithm (Low
et al., 2009) repeatedly selects the next set X of sampling units to be observed that maximizes
(4.3) based on a stationary GP model. After gathering the observations, CEN-MES can
alternatively use DPM-GPs (instead of GP) for prediction (i.e., (4.8)) and we call this CEN-
MES+D. The partially decentralized maximum entropy sampling (DEC-MES) algorithm
(Chen et al., 2012) exploits a similar notion of the coordination graph to split a robot team into
disjoint sub-teams, each of which runs CEN-MAS separately without coordinating with other
sub-teams. The MAX-SUM algorithm (Rogers et al., 2011) is a general-purpose iterative
solver for distributed constraint optimization problems. In (Rogers et al., 2011), MAX-SUM
is only used to optimize (4.3) based on the GP model; it does not utilize DPM-GPs nor
optimize our novel MAS criterion (4.11), which are done here. Unlike DEC-MAS, the per-
formance guarantee of MAX-SUM offers a non-informative, loose worst-case approximation
ratio that only holds for tree-like coordination structures. Lastly, to show the importance of
observing sampling units with highly uncertain component labels, the first summation term
in (4.17) is removed to yield

K

n}(ax Z H[Yan |/Z\Xk,17kav ek] ) (419)
k=1

which we call DEC-MAS-C. Note that it is prohibitively expensive to compare with the
maximum mutual information-based algorithm of (Krause et al., 2008b), which scales poorly
with increasing domain size |V| and is hence not practical for real-time active sensing. For
example, it incurred > 62 hours to generate paths for 3 robots to sample a total of 267

observations in a grid of |V | = 1424 sampling units, as reported in (Low et al., 2011).
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Algorithm Model Criterion
CEN-MES (Low et al., 2009) GP 4.3)

DEC-MES (Chen et al., 2012) GP 4.3)
GP (active sensing)
CEN-MES+D DPM-GPs (prediction) |+
MAX-SUM (Rogers et al., 2011) DPM-GPs (4.11)
CEN-MAS DPM-GPs 4.11)
DEC-MAS DPM-GPs 4.17)
DEC-MAS-C DPM-GPs (4.19)

Table 4.1 Comparison of MAS algorithms (Each algorithm exploits a single model for both
active sensing and prediction, except for CEN-MES+D).

4.4.2 Results and Analysis

A. Effect of criterion on predictive performance.

6.5 T T T 227 T T
\ CEN-MES 0 CEN-MES ||
6 CEN-MES+D| CEN-MES+D
g "’:%m CEN-MAS 1 CEN-MAS
b b= DEC-MAS = DEC-MAS
£ | DEC-MAS-C | | = DEC-MAS-C ||
g ~©-MAX-SUM Sl —-MAX-SUM
s et X
% % 12+ \-V\f
s y 5 10f ]
o 35 1 st
al 3 |
25 : : : : : : : : 4 : : : : : : : |
300 400 500 600 700 800 900 1000 1100 1200 100 150 200 250 300 350 400 450 500
Total no. of observations Total no. of observations
(a) Plankton density (b) Traffic speeds

Fig. 4.1 Graphs of predictive performance vs. total no. |D| of observations gathered by
|V| = 4 robots.

Fig. 4.1 shows results of the predictive performance using varying number |D| of obser-
vations gathered by |V| = 4 robots running the tested algorithms. The observations are as
follows:

(I) The algorithms optimizing active sensing criterion (4.11) or (4.17) based on DPM-GPs
(i.e., CEN-MAS, DEC-MAS, and MAX-SUM) can achieve the best predictive performance
(i.e., lowest RMSE) due to the following reasons: (a) DPM-GPs can model and predict

the non-stationary phenomena better than a stationary GP, as observed in the performance
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improvement of CEN-MES+D over CEN-MES by using DPM-GPs (instead of GP) for
prediction, and (b) algorithms optimizing the criteria (4.11) or (4.17) can gather more
informative observations than algorithms using criterion (4.3), as observed in the performance
improvement of CEN-MAS, DEC-MAS, and MAX-SUM over CEN-MES+D while using
DPM-GPs for prediction.

(IT) More superior predictive performance can be achieved by jointly optimizing the trade-
off between observing sampling units with most uncertain component labels vs. that with
most uncertain measurements given the current, imprecise estimate of their labels than by
solely addressing the latter criterion; this is observed in the more superior performance of
CEN-MAS, DEC-MAS, and MAX-SUM over DEC-MAS-C, the latter of which neglects

observing sampling units with highly uncertain labels (4.19).

(III) DEC-MAS optimizing criterion (4.17) can achieve predictive performance close to that
of CEN-MAS and MAX-SUM using criterion (4.11). It is prohibitively expensive to obtain
results for CEN-MAS with |V| > 4 robots. So, we will only present results for decentralized

algorithms from now on.

B. Effect of decentralization on predictive performance.

DEC-MES DEC-MES

DEC-MAS 10 —~O-DEC-MAS
35 DEC-MAS-C| 1 ol DEC-MAS-C| |
—E-MAX-SUM ; —5-MAX-SUM

RMSE (mg/m°)
RMSE (km/h)

6 % 8 é 16 l‘l 12 4 L—"> 6 % 8 S; 1‘0 1‘1 12
No. of deployed robots No. of deployed robots
(a) Plankton density (b) Traffic speeds

Fig. 4.2 Graphs of predictive performance vs. no. |V| of deployed robots gathering a total of
(a) |D| = 1200 and (b) |D| = 500 observations from plankton density and traffic phenomena,

respectively.

4 5



Multi-Robot Active Sensing of Non-Stationary Gaussian Process-Based Environmental
56 Phenomena

Fig. 4.2 shows results of the predictive performance using a total of [D| = 1200 and |D| =
500 observations gathered from plankton density and traffic phenomena, respectively, by
varying number |)/| of robots running the tested decentralized algorithms. The observations

are as follows:

(I) The predictive performance of all decentralized algorithms improve with increasing num-
ber of robots because every robot is tasked to gather less observations and their performance
are thus less adversely affected by their greedy selection of maximum-entropy sampling

units. Consequently, more informative unobserved sampling units are explored.

(II) DEC-MAS performs significantly better than DEC-MES and DEC-MAS-C due to the

same reasons as that given in the previous observations A(I) and A(II), respectively.

(IIT) DEC-MAS can achieve predictive performance comparable to that of MAX-SUM.
Intuitively, MAX-SUM exploits and exchanges additional coordination information between
robots in different connected components formed by DEC-MAS, but this results in little
performance improvement of MAX-SUM over DEC-MAS. We will also see later that MAX-
SUM is less computationally efficient and significantly less scalable than DEC-MAS in the

number of robots.

C. Effect of decentralization on time efficiency and scalability.

Fig. 4.3 shows results of the incurred time of the tested algorithms with varying number of

observations and robots. The observations are as follows:

(I) CEN-MAS incurs at least 1 order of magnitude more time than the decentralized algo-

rithms for | V| = 4 robots.

(I) DEC-MAS incurs computational time less than or comparable to that of DEC-MES:
Even though DEC-MAS incurs additional time needed to estimate the component labels
and compute the entropy of labels in (4.17), it saves time in the following aspects: (a)
As mentioned previously in Section 4.1.2, DPM-GPs (i.e., used by DEC-MAS) offers the
computational advantage over a single GP (i.e., used by DEC-MES) that each GP component

only incurs cubic time in the size of the observations that are local to its corresponding
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Fig. 4.3 Graphs of incurred time vs. total no. |D| of observations gathered from (a-f) plankton
density and (g-1) traffic phenomena by varying no. || of robots.

area of prediction instead of over the entire phenomenon; and (b) DEC-MAS tends to form
smaller connected components than DEC-MES due to the structural property of DPM-GPs
that requires two robots to coordinate their active sensing only when some pair of their
next possible sampling units to be observed are associated with the same GP component
(Section 4.3), and also due to its behavior of keeping the size 1 of the largest connected

component small, as explained in Section 4.3.1.
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(IIT) DEC-MAS is more time-efficient and significantly more scalable than MAX-SUM in the
number of robots (Fig. 4.3) while achieving comparable predictive performance (Fig. 4.2).
MAX-SUM is computationally more expensive because it has to process the additional
coordination information between robots in different connected components formed by

DEC-MAS that results in little performance improvement over DEC-MAS.

4.5 Conclusion

This chapter describes a novel DEC-MAS algorithm that can efficiently coordinate multiple
robots in a partially decentralized manner to gather the most informative observations
for predicting an unknown, non-stationary phenomenon. In particular, we demonstrate
how its efficient decentralized coordination and theoretical performance guarantee can be
realized by exploiting the structural property of DPM-GPs and the locality property of
each stationary GP component. Empirical evaluation on two real-world datasets featuring
non-stationary phenomena shows that (a) more superior active sensing performance can
be achieved by optimizing our proposed MAS criterion (4.11) or (4.17) that trades off
between observing sampling units with most uncertain component labels vs. that with most
uncertain measurements given the current, imprecise estimate of their labels, and (b) DEC-
MAS outperforms the decentralized MAX-SUM (Rogers et al., 2011) (DEC-MES (Chen
et al., 2012)) algorithm in time efficiency and scalability (active sensing) while achieving

comparable active sensing performance (time efficiency).



Chapter 5

Multi-Agent Coordination to Scale Up
High Dimensional Bayesian

Optimization

Motivated by the challenge of high dimensionality in the large-scale optimization problem,
this chapter presents ANOVA-DCOP, a novel high dimensional Bayesian optimization
method. In section 5.2, we introduce the ANOVA kernel and how it can be used to decompose
the correlation structure in a high dimensional problem. Furthermore, in section 5.2.3, we
utilize the summation structure created by ANOVA kernel and reformulate the problem as
DCOP that can be efficiently solved by bounded max-sum which is a typical multi-agent
coordination method. In section 5.3, we theoretically analyze the time complexity and
regret bound in searching the optimum of the unknown function. Lastly in section 5.4, we
demonstrate the imperial performance of ANOVA-DCOP on two analytical functions and

one real-world financial problem.

5.1 Bayesian Optimization

The optimization problem in general is to maximize a function f : X — R where X  [—1, 1]¢

is a compact domain. Many complex functions have no analytical expressions, so traditional
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optimization methods such as gradient descent are not applicable here. In order to optimize
an unknown function, conducting simulation is required. Bayesian optimization (BO) method
is useful to optimize an unknown function only based on the observations (input-out put pairs
of many simulations). Without losing generality, considering a maximization problem (the
minimization problem can be easily transformed into a maximization problem.), Bayesian
optimization method sequentially queries the function at some x € X and obtain a noisy
observation y, = f(x) + & where &€ ~ A/(0,n?) is Gaussian white noise. The maximum point
X, = argmax, y f (x) is obtained by evaluating a belief over the original function based on
the observations.

In BO framework, the unknown function is assumed to be distributed as a Gaussian
process with zero mean function. Suppose at time step ¢, BO has already collected noisy
observations yp, , in location set D;_| = x;— from time step 1 to # — 1, then the unknown
function’s value at x is distributed by a posterior Gaussian distribution N ( Hx (D, s L] D)
given all the observations yp, , with posterior mean mu,p, | and posterior variance X p,

as follows:

.ux|D,,1 - ‘ux—i_ZXDt—l(z’Dz—lDtﬂ +n21)_l(ythl _lth—l)

(5.1
Zxx|D,,1 = Zxx - ZXDI—] (EthlDt—l + nzl)ilth—lx

where 1] is the observation noise variance I Tisan identity matrix, the covariance terms X,
Yp, \p,, and X,p, , are computed using certain kernel functions such as squared exponential

kernel function (Rasmussen and Williams, 2006):

d (i) _ /() 2
K(x,x') = 62 exp < Z ) (5.2)
i=1
where x(!) denotes the i-th component of the d-dimensional vector x, the set of hyperparame-
ters 0 = {02,/1,...,04} are, respectively, signal variance and lengthscale in each dimension.
The posterior distribution tell us two kinds of information: a) the expected function value

at a given input location x and b) the uncertainty on that location x. In order to choose the next

IThe notation of the specified noise variance is different from previous two chapters because we want to
avoid decomposing the noise when we decompose the kernel function.
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sample point, many BO methods construct certain form of acquisition function according
to the two kinds of information. We have already discussed three widely used acquisition
functions in the literature review (Snoek et al., 2012): probability of improvement, expected
improvement and GP-UCB. In this work, we focus on GP-UCB (Srinivas et al., 2009) which

has the following form:

0 (x) = b, , + B 0up, | (5.3)

where 02

D = XD, - Unlike the other two methods, GP-UCB is a parametric acquisition

function that contains a parameter 3, which changes over time. When f; is large, GP-UCB
tends to explore the highly uncertain area in the input space while when S, is small, it tends
to exploit the maximum value of the current expectation of the unknown function.
Algorithm 2 illustrates the general BO procedure. In literature, many BO methods are
proposed for addressing optimization problems in different scenarios. In order to compare the
performance of those methods, the instantaneous regret r; = f(x,) — f(x;) is introduced which
leads to two commonly used performance measures (Kirthevasan et al., 2015): cumulative

regret Rr = Y. r, and simple regret St = min,<7 ;.

Algorithm 2: Bayesian optimization procedure
forr=1,2,....,T do
1/2
find x; = argmax,c y lyp, | + B; / Oup,

query yx, = f(x)+€
collect point D; < D;_1 Jx;
collect observation yp, < Y{D,_Ux:}

5.2 ANOVA-DCOP

One challenging scenario of using BO arises when there is a need to optimize an unknown
function in high dimensions (Djolonga et al., 2013, Kirthevasan et al., 2015, Wang et al.,
2016). To address this challenge by learning a sparse correlation structure in the dimensions,

we propose ANOVA-DCOP, a novel BO method to optimize such high dimensional function.
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The method consists of two component: the ANOVA kernel function used in the poster
Gaussian distribution and DCOP, the reformulation of the acquisition function from multi-
agent perspective. These two components scale up the optimization problem to hundreds of

dimensions.

5.2.1 High Dimensionality

In order to scale up optimization problems to high dimensions, we need to exploit the sparse
correlation structure in the dimensions. ANOVA-DCOP relies on a key structural assumption:
a d-dimensional objective function can be decomposed into a summation of sub-functions of

all possible subsets of the dimensions as follows:

o)=Y fr") (5.4)
Ze2S
where S = {1,2,...,d} is the dimension index set and 25 is the super set of S for recording
all possible subsets of dimensions. Denote I to be one possible subsets of the dimensions and
x% = Uiz x®) where x() is the i-th dimensional element of input x. If Z =0, fz(x%) = fo.
One simple example of the function can be f(x) = 1+ x(1) 4 x(2) 4 x(Nx(2),
Under this structural assumption, we introduce ANOVA kernel function (Durrande et al.,

2013) with the motivation of decomposing the correlation structure in the dimensions:
d . .
k() =[]+ (9, X0)) (5.5)
i=1

where Ki(x(i),x’ (i)) is a base kernel function that can be any type of kernel function (Ras-
mussen and Williams, 2006) on i-th dimension.
Accordingly, with this ANOVA kernel function, the posterior Gaussian distribution at x

given observations yp, , is derived as:

‘ux|thl = Mt K<X7Dl—1)<ZDz—lDr—l +n21)_1(yDt—l _lu’Dr—l)

(5.6)
Yoip,, = K,x)—x(x,Di—1)(Ep,_,p,_, +n*D)'k(D;_1,x)
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where X, = k(x,x) and k(x,D;_1) = [K(x,x'1),..., k(x,x';_1)] is a r — 1 dimensional row
vector where x’; € D;_j.

After some algebra, we can observe that ANOVA kernel function can be rearranged as
a summation form with respect to the subsets of dimensions which matches the structural

assumption we made on f(x).

Proposition 3. An ANOVA kernel function can be decomposed into a list of kernel functions:

f[ 1+ k(D 20 = ¥ [T 20 = ¥ k(o F %) (5.7)

i=1 [e2S i€l 1e28

where
1 ifZT=0

KI(xzvx/I) = . .
ez k(x50 if T +£0

Further, if we assume a Gaussian process prior with zero mean function on f(x), the

prior mean can also be decomposed into the subsets of dimensions:

He= ) K (5.8)
Te28

where
.z =0forTec2°

With the decomposed form of ANOVA kernel function, we can rewrite the posterior
Gaussian distribution N'(typ, ,Zwp, ,) at any step ¢ of f(x) with posterior mean and

posterior variance as:

Mp,_, = ZIGZS <nuxI+ KI(xzaDtI—l)(ZDplszl +n21)_1(ysz1 _‘usz])>

Teip, = Yrers Ko(x,x0) = Yzcps Yricps kr(xZ,DF ) (p,_,p,, +n°0) ' ep (D | 5T
(5.9)

where kz(xf,DZ |) = [z (F 5T, .. iz (6, ¢F )] is a t dimensional row vector where

X JI S Dt{l and thfl is a set of all the observations’ with dimensions in Z.



64 Multi-Agent Coordination to Scale Up High Dimensional Bayesian Optimization

ANOVA kernel function enumerates sub-kernel functions of all the possible subsets of
dimensions. To compute the posterior distribution of a Gaussian process with ANOVA kernel,
we need to sum up 2¢ terms for the posterior mean and 2%¢ terms for the posterior variance. It
is therefore prohibitively expensive when the input dimension is large. Fortunately, in many
real-world, high-dimensional problems, the input parameters are usually sparsely correlated.
One parameter may be only strongly correlated with a few other parameters instead of being
strongly correlated with all the rest parameters. Hence, we make the following assumption

on sparse correlation structure in the dimensions:

Assumption 1. At any time stept > 1, the correlation structure between two measurements at
input x and x' given the observations yp, , can be expanded into a summation of correlations

with subsets of dimensions with size up to k.

Type Correlation
subsets with size 0 1
subsets with size 1 i (xD K0) fori=1,2,3,4
subsets with size 2 | [T;e; ki(x®, XD for I € {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}
subsets with size 3 e 5 (x9 X D) for I € {{1,2,3},{1,2,4},{2,3,4}}

Table 5.1 Demonstration of sparse correlation structure in four dimensional input.

Let us explain the meaning of the assumption with an example. Suppose the input of a
system contains four parameters x = (x(l) ,x(z) ,x(3) ,x(4)), if we choose k = 3, the correlations
between measurements at x and x” are restricted within the correlations in the subsets of
dimensions as illustrated in table 5.1. All the correlations with dimension size larger than k
will assume to be zero.

When the true underlying correlation structure is sparse, we can choose a small k << d
to significantly reduce the redundant computation introduced by ANOVA kernel function.
In this work, we choose k = 2 (only consider up to pairwise correlations) in order to fit in
the specific multi-agent coordination method we use. However, our proposed method is not

restricted to kK = 2 case by applying more general multi-agent coordination method.
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When k = 2, we are actually truncating ANOVA kernel function as:

K(x,x) = 1+Y%4, x(x0 ¥0) +Zﬁl§i<j§d i () D) i (x ) D))
= Yreullier ki(x@ x'0) (5.10)
= Yzt x7T)

where U = {{0}USU{{i,j}li € S,j € S,i# j}} is the indices set with terms contain less
than or equal to two dimensions.

Accordingly, at time step ¢, f(x) ~ N (typ, ,»Zwp, ,) Where yp, | and Xyp, | have

the following form:

Wip, , = Yreule;+K(,Di1)(Ep, b, +1* )" (p,_, — lip, )
= Yreu (sz + 1%, DF ) (Ep,_p,, 17D (o, — ,UD,_I))
Top, = Yreukr(lxl)—K(x,Di-1)(Zp,_p,_, + ) K(D-1,x)
= YreukiGL b)) = Yreupeuz—z kr(F,DE ) (Ep, b, , +1*D) ' kp (DL,

(5.11)
where il_),l_l p,_, 1s the covariance matrix computed using the truncated ANOVA kernel
function. Here in the second step of the posterior covariance in equation 5.11 is derived
by applying the assumption 1 we made above: At any time step ¢, the correlation structure
between two measurements at input x and x” given the observations yp, , can be expanded
into a summation of correlations with subsets of dimensions with size up to k = 2. When
T # T', the posterior covariance will introduce terms involving more than two dimensions

which has value zero in the correlation under assumption 1.

In the Gaussian process with truncated ANOVA kernel function, there are O(d?) =
14+d+ @ instead of O(24) terms that need to be summed up to compute the posterior
mean and the posterior variance. Therefore the time complexity is reduced from exponential

to polynomial in d, which presents a significant speed-up in terms of the computing time.

It is interesting that (1, p, | and X,|p, , are linear decomposable under Assumption 1. To
utilize the linear decomposable form later, we define the following two terms associated with

each sub-function f7(x%) and make the following assumption on fz(x7):
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Assumption 2. Define KepT | and Zxx| pz as:
11— 11—

Kip,_, = “xI+KI(xI’DtI—1)(EDr—1Dz—1 +n21>_1(yDz—l —Up,_;)

~ (5.12)
ZxIxI\Dt,l = KI(XIJXI)_KI(xIszI—l)(Zququ+n21)_1KI(DtI_17xI)

Then, we assume that at time step t, f(xT) ~ N(wap,  Ezapp, ,)-

With assumption 2, we can construct a relationship between decomposition of N ( KD, > Xxx|D, )

and N(nuxI|Dt,1 ) ZxIxI|D,,1 ):

Proposition 4. Under Assumption 1, at each time step t, the original function f(x) at x
is distributed as N ( My, 1 »Xxx|D, ) with truncated ANOVA kernel. It can be decomposed
into a summation of terms fr(x%) which is distributed as N (,ux1| Dy 2xIKI|D, ) defined in

Assumption 2. So we have the following equality:

Mxp,_, = ZZEZ/[IU’XI|D1—I (5.13)

Zxx\Dt,l = ZIGLIZxquD,,l

The proof is in appendix C.1.

5.2.2 Acquisition Function

Bayesian optimization methods utilize an acquisition function to integrate the information
in posterior mean and posterior variance. One widely used acquisition function is GP-UCB

with the following form:

0i(x) = tp,_, + B\ /02, (5.14)

Using the truncated ANOVA kernel function, GP-UCB can be decomposed as:

w0 = (X wo ) B E o, (5.15)
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The motivation of using the ANOVA kernel is to decomposing the acquisition function

into a summation structure which can be casted as a decentralized constrained optimization

problem (DCOP). However, the term , /Y 714 zez‘ p,_, cannot be decomposed directly.
\ -

In order to generate a summation structure, we approximate the term , /Y 7 zez| D, in
\ -

equation 5.15 by applying Cauchy inequality , /Y7 zez‘ b, < Xrzeu /0')31| p, - With this

approximation, we propose the following acquisition function:

300 =Y (mzp_, +B 0z, ) = ¥ &) (5.16)
Zeu ZeUu

This acquisition function has a summation structure that can be cast as a DCOP. Although

we set kK = 2 in our derivation, but this acquisition function can be generalized to any k < d.
Perhaps surprisingly, if we set kK = 1, it reproduces the acquisition function used in additive
model (Kirthevasan et al., 2015) in which they assume that all the dimensions are mutually
independent. Our work in fact loose their assumption by capturing the correlations in subsets
of dimensions with size up to k. To address the high dimensional optimization problem,
pairwise correlations usually are the most important ones. The correlations involving more
dimensions can be approximated by pairwise correlations. So in practice, we focus on k =2
case. And in this special case, the result-in DCOP can be solved efficiently by a robust

multi-agent coordination method named bounded max-sum.

5.2.3 Bounded Max-Sum

Distributed Constraint Optimization Problem (DCOP)(Shoham and Leyton-Brown, 2008)
is a quadruple P = (A,V,Q,F) where A is a set of agents, V = {x(1), ... x¥} and Q =
{Q), ..., Q@Y are the input variables and domain. F = {f j}|]£|1 is a set of functions. The
variable and function forms a bipartite factor graph G = (V, F, ). Denote M; to be an index
indicating which function nodes are connected to variable x) and Nj is an index indicating
which variable nodes are connected to function g;. Let xNi to be the scope of the function g;

so that if x(7) is connected to g;, then g; (xN7) contains x(®).
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To solve this problem, each variable node and function node in the bipartite factor
graph is assigned to a computational agent. The agents search for the maximum value via
decentralized coordination. Each agent is only able to control its own node and can directly
communicate with neighboring agents. Two agents are consider to be neighbors if there is an
edge connecting the node that the agents control.

Max-sum (Kim and Lesser, 2013) is a message passing algorithm for solving DCOP. Two
types of messages are passing along the edges on the bipartite factor graph. Suppose an edge

e;j € £ connects a variable x( and function g j (x/‘/-i), these messages are defined as follows:

¢ From variable to function:

qi-i(x7) = Cij+ Lremy rei(x?) (5.17)

where C;; is a normalizing constant to prevent the messages from increasing endlessly

in cyclic graphs. Its value is set by satisfying the following equation:

Y qisj(x@) =0 (5.18)
¢ From function to variable:
risi(e?) = max{g; () + Y qunix?)} (5.19)
K0 keNj\i

Max-Sum is a distributed synchronous algorithm, since the agent controlling node x0)
has to wait to receive messages from all its neighbors but f;, to be able to compute its
message to f;. When the graph has no cycle, this algorithm is guaranteed to converge to
global optimal solution (Rollon and Larrosa, 2012). After the convergence, each variable
node can compute the function z;(x(!)) = max ) Y o, i (x1”). The optimal assignment
is 2 = argmax (z;(x1).

In the context of ANOVA-DCOP, each variable node is a dimension of the input of the

(i)

unknown function. Its domain M; = €, at time step . The function node is a little bit
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tricky. In order to evenly distributed the terms of acquisition function to each function node,
we design the following function to be assigned to a function node that connects two variable
(i)
t

nodes as equation 5.20. Its domain M ; = Q which is the combination of domain ;" and

Qt(k) at time step ¢.

g;(x® x0) = G, (x® x®)) 4 (@ (xD) 4 @, (x0)) (5.20)

d—1

Although we only consider correlation structure with k = 2, it may still create cycle in the
graph. As aresult, we need to apply bounded max-sum (Rollon and Larrosa, 2012) algorithm
to remove certain edges by building a maximum spanning tree 7 based on the weights of the

correlations. The weights are computed as:

wij = max{maxg; (), x¥) —ming; (), x)} (5.21)

If the edge e;; is not in the maximum spanning tree 7, the function g j(x(i),x(k)) is
transformed into:

gi(xWy = ming;(x1V,x®)) (5.22)

x@)

According to the the spanning tree, the objective function becomes:

s= ¥ g2 Y geh) (523)
eijET,eijET e,'j¢7—

The acquisition function of ANOVA-DCOP is distributed to function nodes as subfunc-
tion g;(-,-). Bounded max-sum optimizes the DCOP with objective function g(x) with a
summation form of g;(-,-). The result of bounded max-sum is exactly the optimum of the
acquisition function of ANOVA-DCOP after applying the maximum spanning tree in the
graph. By iteratively taking new observation and solving the DCOP problem associated with
the updated acquisition function, the optimum of acquisition function will be more and more

close to the optimum of original function so that the optimum of the original function can be
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found eventually. The entire procedure of our proposed ANOVA-DCOP method is described
in Alg. 3.

Algorithm 3: Multi-agent Bayesian optimization procedure
provide an initial spanning tree 7.
fort=1,2,...,T do

while not converge do

build discretized domain Q;.

update variable domain M; = Q,(i).
update function domain N; = Q7.
for variable node x) do
collect message r;_;(x(")) from M;
produce message g;_, (x(i)) using message from M;\ j
for function node g; do
collect message g; (x)) from N;
produce message r;_,;(x\")) using message from N;\i

for variable node x) do
find xil) = argmax ()Z; (x()

combine the result as x;

query yx, = f(x;) + € through simulation

collect point D; <— D;_1|Jx;

collect observation yp, <= y(p, ,Ux}

compute the weights of edges on the graph using Eqn. 5.21
update spanning tree 7

update function nodes using Eqn. 5.23.

5.3 Theoretical Analysis of ANOVA-DCOP

GP-UCB is a parametric acquisition function in works of BO. The parameter 3, will balance
the exploration and exploitation in optimizing the unknown function. In this section, we will
demonstrate that by setting a suitable value of 3;, we can theoretically bound the regret of

ANOVA-DCOP. Our analysis is based on the following two assumptions:

Assumption 3. Let f(x) be sampled from a zero-mean Gaussian process (see Section X)

with kernel K(x,x') 2 Yreyy k7 (xF,x'7). We assume (a) the kernel K(-,x) is L-Lipschitz for
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every x and (b) there exists constants a,b > 0 so that for every xL, it follows that
d9f(x) J?
>J | < aexp ) (5.24)

oxt
Assumption 4. Let x; € Q, denotes the selected sampling location of our algorithm at time

Pr (supx

step t > 1, we assume that x; is (ot —'/2-optimal which implies 0 < ¢, (%) — @ (x;) < Lot /2

where X; denotes the true maximizer of the acquisition @;(x) over the entire input space X.

Under these two assumptions and theorem 4 in Srinivas et al. (2010), the cumulative

regret of ANOVA-DCOP can be bounded as Theorem 3 as follows:

Theorem 3. Given § € (0,1), the cumulative regret Rr = (1/T)YL | (f(xs) — f(x:)) of

our algorithm can be upper-bounded by C, (a,b,U,T,L,5,y,n) + Zﬁ;/zT_l/Z\/CW
where Yr is the maximum information gain after T sampling steps as defined in Srinivas et al.
(2010), C =1/1og(1+n~2), Br =2klog (dT>) +2log (3 [U| 7 /) and Cs (a,b,U,T,L, 8,0, M)
is a constant that only depends on a, b, T, L, 6, {y, N and |U)|.

This theoretical result (Proof in Appendix 3) shows that by applying truncated ANOVA
kernel function with &, if we set B, € O(2klogdt?), for a optimization problem with dimen-
sion index U constructed from d dimensions, with high probability, we can have a upper
bound within 7" time steps with respect to the maximum information gain yr. If we choose
k=1 and r = 1, the regret upper bound holds with the same complexity in the additive model
(Kirthevasan et al., 2015). If we assume more complex structure on the function f(x) by
increasing , the regret bound grows linearly with v/2/.

We analyze the complexity of the multi-agent collaboration as follows. Suppose we set
k =2 and denote |®,,| is the maximum granularity for all time steps over dimensions Z € U.
The original searching space for BO is O(@¢). With ANOVA kernel function, we can reduce
the searching space to O(w2) for each agent solving the DCOP. The searching space is
significantly reduced. However, Our ANOVA-DCOP method incurs more time than original
BO with time complexity O(|D;|?) in time step 1. ANOVA-DCOP requires O(dlogd) time
to build the maximum spanning tree and (’)(dZ) to compute the weights of the edges. So the

total time complexity in time step ¢ is O(dlogd +d* + H|D;|?) for H iterations. The extra
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running time is bearable when the simulation is time-consuming, so our method is suitable

when the simulation is computationally expensive or consumes lots of resources.

5.4 [Experiments

In this section, we imperially evaluate ANOVA-DCOP by comparing with existing high
dimensional Bayesian optimization methods in the literature such as original GP-UCB
method (Srinivas et al., 2010), random embedding (Wang et al., 2016), subspace learning
(Djolonga et al., 2013) and additive model (Kirthevasan et al., 2015). The performance

metric we use is the simple regret ST = min;<7 77.

5.4.1 Analytic Function

A ]
_ 05
-0.5 0

(a) Branin (b) Logsum

Fig. 5.1 Analytic functions to be tested. The input is scaled to [—1,1] x [=1,1]. The
output is negated for maximization problem. Branin has maximum value —0.397887 at
(—0.75221,0.63667), (0.08555,—0.69665) and (0.9233,—0.67). Logsum has maximum
value 2.1972 at (—0.3,0.8).

We firstly test the methods on two analytic functions: Brainin function and Logsum
function as in Fig. 5.1. The reason we choose these two functions is to demonstrate the
performance of various BO methods under different structural assumptions on the function.

Branin is a benchmark function for optimization which has been tested in many previous
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works in literature. The original Branin function has the following form with two-dimensional

input:

51x0% 5x(0)
2
- 472 +

fx) = (x

—6)2+10(1 — %)cos(x(l)) +10 (5.25)

where the input (x!),x(?)) is restrained to [—5,10] x [0,15]. In the experiment, we scale
the input to [—1,1] x [—1, 1] and negate the output for maximization problem. The two-
dimensional input is projected onto 20, 60 and 100 dimensional space by multiplying a d by
2 random matrix, where each element of the matrix is sampled from a standard Gaussian
distribution. As a result, the high dimensional function we create actually only has intrinsic
two dimensions. This structural assumption favors the methods which can reduce the high

dimensional input to low dimensions such as subspace learning (Djolonga et al., 2013).

This dimension projection structure does not highlight our contribution by exploring the
correlation structure between the dimensions. So we design the Logsum function that favors
our method. It is a d-dimensional function which assumes each dimension is only correlated

with its adjacent two dimensions:

flx) = d+121§i<j§110g<1 +g(x@,x())

g x()) = 82 ITIMi 2T 2 g o2 T (5.26)
0.05 —-0.04 —0.3 0.05 0.04 0.8
where X = , U = ,Xp = , Mo = )
—0.04 0.05 0.8 0.04 0.05 —-0.3
0.05 0 —0.7
Y3 = s 2 =
0 0.05 —0.7

In the experiment, we use square exponential kernel function for all the other methods
and for the base function of ANOVA-DCOP. The signal variance in the hyperparameters of
the kernel function and noise variance is prefixed to 10% and 1% of the output value range
of the testing function. We learn the lengthscale of each dimension in the hyperparameters

every 50 iterations through maximizing the marginal likelihood of the realized Gaussian
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process given the observations. The coefficient f; is set to O(4log(dt?)) for ANOVA-DCOP.
For other methods, to the best of our knowledge, we use the settings in their original papers.
For subspace learning method, the number of intrinsic dimensions is set to the true intrinsic
dimensions 2 for Branin and 5 for Logsum. We presampled 20 observations to build the
initial maximum spanning tree for ANOVA-DCOP, and this maximum spanning tree is
updated every 50 iteration. These 20 initial observations are included in all the other methods

for fair comparison.
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Fig. 5.2 Simple regret of BO methods tested two analytic functions (Branin and Logsum)
within 500 time steps.

Fig. 5.2 shows the simple regret of different BO methods within 500 iterations. The top
three subfigures are the results tested on Branin function and bottom three subfigures are the
results tested on Logsum function. We can clearly see the difference in the performance on
the two functions due to their different structural assumption.

The high dimensional input in Branin is constructed from dimension projection. Subspace
learning method can learn the correlation between intrinsic dimensions and we serve the

method with the true intrinsic number of dimensions. Therefore with a few observations,
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it can quickly find the maximum point. On the other hand, Random embedding method,
at each time step, generates a random matrix to do dimension projection which may not
match to the true intrinsic dimensions. As a result, it performs not so well in our settings.
Our proposed ANOVA-DCOP method and additive model have similar acquisition function.
The difference is that additive model assumes all the dimensions are independent with each
other while ANOVA-DCOP assumes a pairwise correlation between the dimensions. The
additional information on the correlation reduces the number of iterations in searching the
space. And both methods significantly reduce the searching space compare to the original
GP-UCB method which results in a lower simple regret than GP-UCB.

Different from Branin, the high dimensional input in Logsum has pairwise correlations.
We purposely construct the function to have no reduced subspace so both random embedding
method and subspace learning method cannot successfully reduce the regret. On the other
hand, the additive model has a much smaller searching space so that within the limited
iteration, it outperforms the original GP-UCB method. Similarly, the pairwise correlation
structure in the dimensions is easy for ANOVA-DCOP to learn. Hence, it can use the
additional correlation information to reduce the regret faster than additive model.

From the experiments of two analytical functions, we can see that if there exists sparse
correlation structure in the dimensions, ANOVA-DCOP can effectively find the maximum
point with a few observations. But the problem is that we cannot always have such a nice
structure. In the next subsection, we will evaluate the performance of ANOVA-DCOP on

real application with unknown correlation structures.

5.4.2 Trading Strategy Optimization

In this section, we apply ANOVA-DCOP on a trading strategy optimization problem. We
focus on a popular alpha trading strategy (Tortoriello, 2009) with many factors chosen by
the investors. Every trading day, Alpha trading strategy chooses a target portfolio from a
stock pool with a set of parameterized factors. By comparing the target portfolio and current
portfolio, a rebalance plan is generated by selling the stocks in the target portfolio but not

in current portfolio and buying the stocks in the current portfolio but not in target portfolio.



76 Multi-Agent Coordination to Scale Up High Dimensional Bayesian Optimization

The strategy is evaluated based on the backtest performance on a sufficient large time period
in the past using historical data. The backtest performance is measured by Sortino based on
the tested period which has the following form:

. . r—ryf
Sortino ratio =

(5.27)
Od

where r is the annualized return and ry is the risk-free annualized return and oy is the
downside standard deviation. Assume that the market has a positive return in the long term,
we can not short the stocks, and we cannot hedge the risk through trading derivatives. A
good strategy in this scenario will have a large return and small downside standard deviation.
So we want to find the parameters that can maximize Sortino ratio.

By adjusting the parameters in the factors, the backtest performance is changed so that
the Sortino value is different. As a result, we can view the Alpha trading strategy to be a
blackbox function. Its input is a vector with all the parameters in the factors and its output is
a singular value of Sortino. This blackbox function is time-consuming to evaluate since the
backtest is usually executed on a sufficient time period on a large stock pool. We would like
to find the optimal parameters in the factors with a few number of backtests. It is a suitable
scenario to apply Bayesian optimization here.

In the experiment, We use the following factors listed in Table 5.2 with 22 parameters
to choose the target portfolio. The stock pool is all the stocks in CSI 800 index in Chinese
A-share market. The backtest is conducted within time period from Feb. 01, 2010 to Feb. 01,
2016 on the trading platform JoinQuant. The compared strategy is buy and hold CSI 300
index which is the major index in Chinese stock market.

This experiment is manually executed by computing the next best parameters’ values
from different BO methods, and then based on the new parameters’ values, we run backtest
on JoinQuant website. We limit the number of iteration to 300. In this real problem, we do
not know the true intrinsic dimensions. Hence, we set the number of intrinsic dimensions to
be v/d as suggested in the original paper of subspace learning (Djolonga et al., 2013).

Fig. 5.3 shows the Sortino improvement within 300 iterations and Fig. 5.4 shows

the details of strategy with the parameters optimized by ANOVA-DCOP. Both random
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Factor type

Rules

Fundamental signals

PE upper bound
PB upper bound
ROE lower bound
ROB lower bound
PEG lower bound
EBIDA lower bound
Book/Market ratio weight
Fixed assets ratio weight
Market capital size upper bound
Circulating capital value upper bound
Accounts payable/Operation revenue weight
Accounts receivable/Operation revenue weight
Cash on cash return weight
Total profit/Total assets weight

Technical signals

RSI upper bound for selling

(Price - Moving average) upper bound for buying
Weekly KDJ(2 variables) lower bound for buying
Daily KDJ(2 variables) lower bound for buying

Stoploss

Stoploss ratio on major index (CSI300)

Stoploss ratio on individual stock

Sortino

10t

Table 5.2 Parameters in multi-factor trading strategy
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Fig. 5.3 Sortino value of the multi-factor trading strategy optimized by BO methods within
300 time steps. The simulated trading is manually conducted on JoinQuant backtest platform

from Feb. 01, 2010 to Feb. 01, 2016.
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Fig. 5.4 Backtest performance of the optimized multi-factor trading strategy in Chinese
A-share market v.s. CSI 300 index from Feb. 01, 2010 to Feb. 01, 2016.

embedding method and subspace learning method outperform GP-UCB since the factors
we use have some correlations so they can find a smaller intrinsic dimensional space to
search. For example, PE and PB use the same stock price information, Weekly KDJ and
daily KDJ compute the same price sequence with different granularity. Multi-factor model is
a rule based strategy. It mainly uses heuristics to select the stocks. Each heuristic contains
one or two parameters, which creates the situation that some parameters are independent,
and some are correlated. As a result, additive model and ANOVA-DCOP have a better
performance. Moreover, ANOVA-DCOP performs better than additive model due to learning

the correlation between the parameters.

5.5 Conclusion

The chapter proposed ANOVA-DCOP, a novel high dimensional Bayesian optimization
method . A truncated ANOVA kernel function is introduced to decompose the sparse
correlation structure of all the dimensions into a list of correlation structures that only involve
subsets of dimensions. Based on the truncated ANOVA kernel, we have derived a linear
decomposable acquisition function which can be cast as a DCOP. If we assume that the

correlations are restricted in subsets with less than or equal to 2 dimensions, it can be
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efficiently solved by bounded max-sum which is a typical multi-agent coordination method.
This linear decomposable form in ANOVA-DCOP can reduce a high-dimensional problem
into a list of low dimensional problems. Consequently, The complexity in searching the input
space significantly reduced and we theoretically analyzed the regret of ANOVA-DCOP. We
have evaluated the performance of our method with two analytical functions and a real-world
trading optimization problem. The imperial results show that ANOVA-DCOP significantly
improved the performance of existing high dimensional BO methods when the problem has a

sparse correlation structure among the inputs.






Chapter 6

Conclusion and Future Work

This thesis has investigated the following question:

In the context of large-scale machine learning, how can the correlation
structure of the data be exploited for constructing multi-agent coordination
schemes that can improve the scalability of the machine learning models

while preserving the computation accuracy?

6.1 Summary of Contributions

While working toward a satisfactory answer to the above question, along with practical

algorithms that achieve it, we have been able to make the following progress:

To address the challenge with large input domain:

* We present novel Gaussian process decentralized data fusion algorithms with agent-
centric support sets for distributed cooperative perception of large-scale environmental
phenomenon (section 3.2). In contrast with GP-DDF methods using fixed support
set, our proposed algorithms allow every sensing agent to choose a possibly different
support set and dynamically switch to another one during execution for encapsulating
its own data into a local summary that, perhaps surprisingly, can still be assimilated
with the other agents’ local summaries (i.e., based on their current choices of support

sets) into a globally consistent summary to be used for predicting the phenomenon.
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* We propose a new transfer learning mechanism (section 3.2) for a team of mobile
sensing agents capable of sharing and transferring information encapsulated in a sum-
mary based on a support set to that utilizing a different support set with some loss that
can be theoretically bounded and analyzed. To alleviate the issue of information loss
accumulating over multiple instances of transfer learning, we propose an information

sharing mechanism to be incorporated into our GP-DDF algorithms.

* Our proposed algorithms can overcome the following three limitations of GP-DDF

methods (Chen et al., 2012, 2013b, 2015):

1. For any unobserved input location, an agent can choose a small, constant-sized
(i.e., independent of domain size of the phenomenon) but sufficiently dense
support set surrounding it to predict its measurement accurately while preserving

time, space, and communication efficiencies;

2. The agents can reduce the information loss due to summarization by choosing or

dynamically switching to a support set “close” to their local data;

3. Without needing to retain previously gathered data, an agent can choose or
dynamically switch to a new support set whose summary can be constructed
using information transferred from the summary based on its current support set,

thus preserving scalability to big data.

* Finally, we empirically evaluate the performance of our proposed algorithms using

three real-world datasets, one of which is millions in size (section 3.3).

To address the challenge with nonstationarity:

* We present a decentralized multi-robot active sensing (DEC-MAS) algorithm that
can efficiently coordinate the exploration of multiple robots to automatically trade-off
between learning the unknown, nonstationary correlation structure and minimizing
the uncertainty of the environmental phenomena. Further, our DEC-MAS algorith-
m models a nonstationary phenomenon as a Dirichlet process mixture of Gaussian

processes (DPM-GPs) (Section 4.1): Using the gathered observations, DPM-GPs can
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learn to automatically partition the phenomenon into separate local areas, each of
which comprises measurements that vary according to a stationary spatial correlation

structure and can thus be modeled by a locally stationary Gaussian process.

* We demonstrate how DPM-GPs and its structural properties can be exploited to
(a) formalize an active sensing criterion that trades off between gathering the most
informative observations for estimating the unknown partition (i.e., a key component
of the nonstationary correlation structure) vs. that for predicting the phenomenon given
the current, possibly imprecise estimate of the partition (Section 4.2), and (b) support

effective and efficient decentralized coordination (Section 4.3).

* We also provide a theoretical performance guarantee for DEC-MAS and analyze its

time complexity (section 4.3).

* Finally, we empirically demonstrate using two real-world datasets that DEC-MAS

outperforms the state-of-the-art MAS algorithms (Section 4.4).
To address the challenge with high dimensionality:

* We present a Bayesian optimization method using Gaussian process prior with ANOVA
kernel function (section 5.2) that can decompose the correlation structure in high di-
mensions into a list of correlation structures of subsets of dimensions. Correspondingly,
the high dimensional input space is decomposed into small subspaces so that a few
observations can densely cover each subspace to learn and optimize the acquisition

function in BO accurately.

* To the best of our knowledge, ANOVA-DCOP is the first work to introduce multi-agent
coordination into high dimensional Bayesian optimization problem (section 5.2.3)
by exploiting the sparse correlation structure using ANOVA kernel. We formulate
the optimization of acquisition function as a decentralized constraint optimization
problem (DCOP) which can be solved efficiently using multi-agent coordination. We
theoretically bound the regret of the proposed algorithm and analyze its time complexity

(section 5.3).



84 Conclusion and Future Work

* Finally, we empirically evaluate the performance using two high dimensional functions
with known optimum value and one real financial problem. The results show that our
method outperforms the existing high dimensional BO methods when the problem has

sparse correlation structure among the inputs (section 5.4).

6.2 Future Works

This section proposes and discusses potential research directions that could be pursued as

continuation to our current work in this thesis:

* Generalize agent-centric support set for nonstationary phenomenon The large-
scale environmental phenomenon is usually nonstationary. Therefore, many real-
world problems have issues with both large input domain and nonstationarity. In GP-
DDF methods with agent-centric support set, the stationary assumption is impractical
in many situations. When the phenomenon is nonstationary, the transfer learning
mechanism we proposed is not able to deliver the local summaries from one area to
another area, which leads to huge information loss. To sharing information in the

nonstationary phenomenon, a new transfer learning mechanism is required.

Further, the information sharing mechanism we proposed is also not efficient in the
sense of the number of observations for a nonstationary phenomenon. As demonstrated
in our DEC-MAS, smooth area in the nonstationary field is easier to predict than the
highly varying area. So instead of fixing the agent path to share the information as we

did in the experiments, a more intelligent information sharing mechanism is required.

* Multi-output DEC-MAS for multiple phenomena The existing active sensing liter-
ature, including our DEC-MAS work in this thesis, are still restricted to single-output
learning scenarios for which each measurement is a single scalar. In practice, a com-
plex environmental field contains multiple phenomena that are strongly correlated. For
example, the temperature and salinity in the ocean have a strong correlation. Therefore,

one phenomenon can provide additional information to other phenomena in the same
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environmental field. If some observations in one phenomenon are available in advance,
we can easily learn another nonstationary phenomenon in the same field. With this
motivation, it is able to extend our DEC-MAS algorithm to perform active sensing for

multiple phenomena.

* ANOVA-DCOP with constrains In the experiments of ANOVA-DCOP, the functions
that we evaluated have no constraints. However, in practice, the parameters in a
complex system are often constrained by many equalities and inequalities. When
ANOVA-DCOP decomposes the acquisition function according to the correlation struc-
ture in the dimensions, those constraints need to be decomposed into sub-constrains
accordingly. In traditional high dimensional optimization (Chung, 2011, Frangioni
and Gendron, 2013), the decomposition of constraints needs to match the decompo-
sition of the objective function so that the high dimensional problem can be reduced
to lower-dimensional sub-problems. It is challenging to make the decomposition of
dimensions consistent with the acquisition function and constraints for BO methods
because the correlation structure has to be learned during the optimization. Moreover,
in many simulations, not only the function itself is unknown, the constraints may be

unknown too, which is a highly nontrivial problem to be explored.
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Appendix A

Agent-Centric Support Set for

Regression

A.1 Proof of Proposition 1

Ws'|p;
= Y50,2pp, (D, — HD))
= L5/5%55%5D,Ep,p,(¥D; — ;)
= L55E550s/D,
and
Dsrs|p;
= L0, 0, 20,8
= T55E55Z5DZp,p, I EssEss!
= L55T5sPssp EssEss
where the second equalities above follow from the assumption that S’ and D; are conditionally

independent given S (i.e., Xgip, s = Esrp, — Esr SzgéZSDi =0).
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A.2 Proof of Proposition 2

¥ssip,
= Zspizgjpi‘ SEDIS
= Z5p,(Zpip, + L0, E0:5 T 50, 2D D, ) 2D
= ZSDiZBiIDiZDiS +
ZSD,»ZB}DiZD,-SZgé‘Di ZSD,»Z{)I.IDI.ZD;S
= Pgsp, + Pss|p,(Xss — ZSDiEZS}DI.ZD,-s)*lq)55|D,-
= Dgs1p, + Pssip; (Ess — Pssipy) Pss|p;
= ®g5p, (I + (Zss — Pssip,) ' Pssip;)
= Ds5ip,(Zss — Pssipy) ' (Ess — Pssip, + Pssip;)

= Ds51p,(Zss — Pssip) ' Tss

where the second equality follows from the matrix inverse lemma on EZ_JDI s= (Zpp, —
—1 —1 _ y-1 —1 —1 —1 -1yl
-1 _ g1 ~1
q)SSIDi)q)SS\Di - q)SS\D,- —Zgs -
Vs|p;

- ZSDiZBiIDi\Sy D,
=Xsp, (253@ + ZB}DiZDiSZEé\DiZSDiZBilDi)yDi
= Z5,LpipD; + L5020, =05 5510, ZSDE DDV D;
= 0s|p, + Pssip; (Ess — Esp.Zpp, En;s) " Osip,
= 03|p, + Pss|p,(Ess — Pssip,) ' Osp,
= ¢33|D,-(q>§é\pi + (Zss — Pssip,) ) 0sip,
= ®g5/p,(Zss — Pssip,)
(Zss— ¢33\Di)¢§§|pi +1)0sp,
= Pgsp,(Zss — <I>33|D,«)‘1235<I>§“S|Di Os|p
= (Zsscbgfgm —1)712‘95‘1{5}5@[@3@
= (q)gé‘\pi - Zgé‘)ilq)g‘lsmi Os|p;

. —1
= Wss/0,P 550, PSID;
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where the second equality follows from the matrix inverse lemma on ZB}DA s = ZI_D,'ID,- +

~1 ~1 ~1 -1 — P!
ZD,-D,-ZDL‘SZ‘S&D,-ZSQZDia' As aresult, ‘PSS\D,-VS‘Di = q)SS\D,-wSIDi' So, (3.9) follows.

A.3 Proof of Theorem 1

The following lemma is necessary for deriving our main result here:

Lemma 4. Define o, using a squared exponential covariance function. Then, every covari-

ance component Oyy inXsp.,, L85, Ls)s, and Lp,,s satisfies (O — Oy )? <3e lot(||A~ (x—
L

$I?+ AT —)||?) for all x,x,s,s' € X.

Proof. Since every covariance component Oy, in X S/, Yss, X SIS and ZD”, s does not
L

involve the noise variance G,%, it follows from (3.1) that

2

Oy = Gszexp —

’A_I(x—x')
\/z
)

[

where k(a) £ exp(—a?). Then,

(Gxx’ — Oy )2

([ (=52

=0.50K (§)*(IA~" (x =) | = A7 (s = 5)]|)?

<e lof(IAT =)+ AT = 5)])?

IN

e ol (1A =)l + 1A = 5)])?

<3e o (AT =) P+ AT = S)I)

where the second equality is due to mean value theorem such that k() is the first-order
derivative of k evaluated at some & € (| A~ (s —s')||/v/2, ||A~ ! (x—x')||/+/2) without loss of

generality, the first inequality follows from the fact that k’'(a) is maximized ata = —1/ V2 and
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hence k'(§) < K/ (—1/+/2) = \/2/e, and the second inequality is due to triangle inequality
(e, AT =) S AT =s) [+ A (s =)+ AN =)D o
Supposing each subset D;; (S)) contains T (T") locations!, select one location from
each subset to form a new subset D £ {x;r}ses (S! = {x)}scs) of |S| locations for
t' =1 (¢t = 1) and repeat this for ¢’ =2,...,T (t =2,...,T'). Then, D; = J}_, D;» and
8=, 8. 1t follows that Tgs = Xsisli=1,..1> Zsp, = [Esp,lr=1,..1, and Egip, =
Esp Ji=1, .1 0=1,.. -
Using the definition of Frobenius norm followed by the subadditivity of a square root
function,
|IZsp, — Zs1sZ55Zsmil P
= ||Zsrp,sllF

T T
=\| X X IZ,sllF (A1)

t=1¢'=1

T T
<Y Y lIZsp,sllF -

t=1¢=1

A A A
LetAgip,, = Zgsp,, — Lss: Bsis = Lsjs —Lss, and Cp,,s = Ep,,s — Ess. Then,

Zsip,sllF

= ||Zs/p,, — Zs1sZs5ZsD,|IF

= |[Ess +Asp, —
(Zss+Bsis)Zss(Ess +Cp,s) ' ||F

- - (A.2)
=|Zss +Asp, —Lss —Cp,,s —Bsis —
1T
BS{SZSSCD,,/S IF
<||Asp,,llF+[BsisllF+1[Cp,sllF +

it!

|Bs;sllFlICp,sl|FlZssllF

where the inequality is due to the subadditivity and submultiplicativity of the matrix norm.

Ut the subset sizes differ, then “virtual” locations are added to each subset to make all subsets to be of the
same size as T = argmax,es | Dis| (T’ 2 argmax,cs |S!|). The virtual locations added to Dy, (S?) are chosen as
s € S so that they do not induce additional errors but will loosen the bound.
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Let &5 = (1/|8]) Les; 1A~ (x = c(x))[I* and ep,, = (1/IS]) Leep,, [|A™" (x = c())|[*.

Then,

1As;p,, |17

2
=||Zs;p,, — ZssllF

2
- Z (o-x;sxit/s’ _Gssl)

s,s'€S

<se ot Y (A =9I+ A (e —)IP)
sYCS (A.3)

=3e 1c}|S] ( Y AT (=) +
seS

YA (i —S’)Hz)
s'eS
=3e"'0}|S|*(es +ep,,)

since &5, = (1/18]) Les [IA™" (xiy —5)[I* and ep,, = (1/|S]) Eves [[A™" (xiry — ') [>. The

inequality is due to Lemma 4.

sisllF
1Bs:sl|
=|[Zgs — ZssllF

- ¥ (o)

s,s'€S
A4
<3elet Y (1A (=) P4+ (5 = )R) -
s,s'eS
=3¢ oIS Y A (s — )17
seS

—3e 1645 2
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such that the inequality is due to Lemma 4.

ICp,,sll7
= |IZp,.s — EssllF

= Z (Gxit/ss’ - Gss’)z

s,s'€S
c - - (A.5)
<3elod Y (A7 (i — 9)IP+ AT = 5)P)
5,5'€S
=3¢} S| Y [|A™" (xis — 5)II
seS

— 3¢ 164(Sep,

such that the inequality is due to Lemma 4.

By substituting (A.3), (A.4), and (A.5) into (A.2),

[Zs/p,,15llF
< \/36_1G;‘|S|2(83t/ +ep,)+ \/3e—1o;*|5|285; +
\3e ' od|SPen, +
V3¢ adS e 3¢ oIS Pep, 1254 IF
— 3/eGSZ|S|<1 [€s/+€p,, + /€5 + /€D, +
21 1y—1
02255 IFISy 3esen, fe) -

(A.6)
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By substituting (A.6) into (A.1),

||[Xsp, — ZS/SZE}SZSD IF2

2
3/ec: \S[ZZ( es; +ép, + /€ ++/ep, +

t=1¢=

2
o?||Z54l1r ISy /3esen, fe)

T T
fﬂﬁﬁ&w(\fﬁiilw+%ﬂ+

t=1¢'=1

T’ Z Z s+ 4| TT' Z Z ep,, +

t=1¢= t=1¢=

GSZHES}SHAS]\ TT'(3/e) Z 288/89 )

t=1¢=

T' T
= /3/ec?|S]| <\ TT' (TZeS; +7) epﬁ,> +
t=1 t'=1

Tl

T
T?T'Y &5+, |TT? Y ep, +
t=1 \ t'=1

t=1 t'=1

3/663‘S]TT/<\/85/—|—8131. +VE&s ++/€p;, +
02255 1FISIy 3esren /)

T' T
ﬂ%%%|nmmz%z%J

such that the second inequality follows from

T T
Z\/‘ng HTZat
t=1 t=1

which can be obtained by applying Jensen’s inequality to the concave square root function.

The last equality is due to €/ = (1/T") ZITZII €sy and ep, = (1/T) Yi_, €D,
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A.4 GP-DDF/GP-DDF* Algorithm with Agent-Centric Sup-

port Sets based on Lazy Transfer Learning

Refer to Algorithm 4 below.

Algorithm 4: GP-DDF/GP-DDF™ with agent-centric support sets based on lazy transfer
learning for agent i

if agent i transits from local area with support set S to local area with support set S’ then
/* Information sharing mechanism */
/* Leaving local area with S */
if other agents are in local area with support set S then
Construct and send local summary (Vs|p,¥ss|p,) to an agent in this area who
assimilates it with its own local summary using (3.4);
Delete local summary (Vs|p,; ¥ssp,);

else
| Backup local summary (Vs|p,, Wssp,);

/* Entering local area with &’ */
if other agents are in local area with support set S’ then
L Get support set S’ from an agent in this area;

else
if some agent j in the team stores a backup of local summary based on support set S’
then

L Retrieve and remove this backup of local summary based on S’ from agent j;

else
L Construct support set S';

if agent i has to predict the phenomenon then
if data (D, yDlg) is available from local area with support set S’ then
L Construct local summary (Vs p;, Wssp:) by (3.3);

Exchange local summary with every agent j = i;

foreach agent j = i in local area with support set S” # S’ do
/* Transfer learning mechanism */
Derive local summary (VS/"DJ. , \PS/S’\DJ-) based on S’ approximately from received
local summary (Vsr|p,, Wsnsrp,) based on §” using transfer learning mechanism in
Algorithm 1 (Section 3.2);

Compute global summary (Vs/,%ss/) by (3.4) using local summaries (vS/‘D,/_,‘P 5'8'|D))
and (Vs/p,, Yssp;) of every agent j # i;
Run GP-DDF (3.5) or GP-DDF* (3.6);
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A.5 Hyperparameter Learning

The hyperparameters of our GP-DDF-ASS and GP-DDF'-ASS algorithms are learned by
maximizing the sum of log-marginal likelihoods Y slog p(yp|S) over the support set S
of every different local area via gradient ascent with respect to a common set of signal
variance, noise variance, and length-scale hyperparameters (Section 3.1) where, as derived in

(Quifionero-Candela and Rasmussen, 2005),

logp(yp|S) = ~0.5(log [Eppjs| +ypEpp sy + [Pllog(27))

such that Epp)s 2 Pppis + blockdiag [ZDD| 5]+ 021. Note that these learned hyperparame-
ters of our GP-DDF-ASS and GP-DDF'-ASS algorithms correspond to the case where our

proposed lazy transfer learning mechanism incurs minimal information loss.

A.6 Real-World Plankton Density Phenomenon

The MODIS plankton density dataset (Fig. A.1) is bounded within lat. 30-31N and lon.
245.36-246.11E (i.e., off the west coast of USA) with a data size of 4941. The domain
of this phenomenon is discretized into a 61 x 81 grid of locations that are associated with
log-chlorophyll-a measurements in mg/m?>. It is partitioned into K = 16 disjoint local areas
of size about 15 by 20, each of which is assigned N/K mobile sensing agents. The N/K
agents in every local area then move together in a pre-defined lawnmower pattern from one
local area to the next adjacent one such that they visit all the K = 16 local areas exactly twice
to gather data/observations from this phenomenon and end in the same local area initially
assigned to them. Whenever the N/K agents transit into the next local area, they will move
randomly within to gather the local data/observations; the results are averaged over 30 runs.
The performance of our GP-DDF and GP-DDF™" algorithms with agent-centric support
sets (respectively, GP-DDF-ASS and GP-DDF'-ASS), each of which is of size 50 and
randomly distributed over a different local area of the plankton density phenomenon, are

compared against that of the local GPs method Choudhury et al. (2002), Das and Srivastava
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30 o =
2454 2456 2458 246

Fig. A.1 Plankton density phenomenon bounded within lat. 30-31N and lon. 245.36-246.11E.

(2010) and state-of-the-art GP-DDF and GP-DDF™ Chen et al. (2015) with a common
support set of size 50 randomly distributed over the entire plankton density phenomenon and

known to all agents.

Predictive Performance.

Fig. A.2a shows results of decreasing RMSE achieved by tested algorithms with an increasing
total number of observations for N = 32 agents. The observations and analysis are similar
to that reported in Section 3.3 (specifically, under ‘Predictive Performance’). It can also
be observed that the performance gap between GP-DDF-ASS and GP-DDF'-ASS appears
to be smaller than that for the indoor lighting quality and temperature phenomenon shown
in Figs. 4.1a and 4.1c, respectively: Compared to the indoor lighting quality (temperature
phenomenon), the plankton density phenomenon has a relatively larger length-scale (much
smaller domain size and consequently closer agent-centric support sets), thereby making
transfer learning more effective, which agrees with the observation in our theoretical analysis
for Theorem 1 (Section 3.2), and reducing the performance advantage of GP-DDF'-ASS
over GP-DDF-ASS in exploiting local data.
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Fig. A.2 Graphs of (a) RMSE and (b) total incurred time vs. total no. of observations, and (c)
graphs of total incurred time vs. no. of agents achieved by tested algorithms for plankton
density phenomenon.

Time Efficiency.

Fig. A.2b shows results of increasing total time incurred by tested algorithms with an increas-
ing total number of observations for N = 32 agents. The experimental setup, observations,
and analysis are again similar to that reported in Section 3.3 (specifically, under ‘Time

Efficiency’).

Scalability in the Number of Agents.

Fig. A.2c shows results of total time incurred by tested algorithms with an increasing number
N of agents to gather a total number of 1235 observations. It can be observed that the
total time incurred by GP-DDF'-ASS, GP-DDF ", GP-DDF-ASS, and GP-DDF decrease
with more agents, as explained in Section 3.1; recall further that they become more robust
to agent failure with more agents assigned to every local area to reduce its risk of being
empty and hence its likelihood of inducing a backup. In addition, GP-DDF-ASS and GP-
DDF-ASS, respectively, incur only slightly more time than GP-DDF and GP-DDF™" due to
their information sharing mechanism described in Section 3.2 (specifically, the first if-then
construct in Algorithm 4 in Appendix A.4). Note that the total time incurred by local GPs
remains constant with respect to the number of agents because a fixed number of about 77
observations are gathered by all agents in each local area and used by any agent for prediction

in the same local area.






Appendix B

DEC-MAS for Active Learning

B.1 Proof of Theorem 2

S A S . -1 =~
Let Xy, x,D;,60 = EX,X, Dy, 6 — XX, | Dy, 6, a0d P be the spectral radius of ZXka|Dk,6kZXka|Dk79k'

We first bound p; from above.

S ~

For any X;, X

XXl Dk,(-)kZXka| D,.0, comprises diagonal blocks of size |X,| x |Xj,| with

components of value 0 for n = 1,...,N and off-diagonal blocks of the form Z;;an‘ Di.6;
XXX, /D6, forn,n’ =1,....N and n # n'. Any pair of robots r € V, and v’ € V,y reside in
different connected components of coordination graph G and are therefore not adjacent. So,
by (4.13),

[Exknxkn, |Dk,9k} <€ (B.1)

max
i i

forn,n’ =1,...,N and n # n’. Using (4.18) and (B.1), each component in any off-diagonal

block of E;:X” Dy ekEXka\ D,.6, can be bounded as follows:

max
i

~1
|:2anan‘Dka0kZanan’|Dk79ki| il ‘ S |an| 58 (BZ)
forn,n’ =1,...,N and n # . It follows from (B.2) that

max
ii

S
|5 e 0. ZX D0 ii/‘ < max|X| € < née . (B.3)
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The last inequality is due to max |Xy,| < max|V,| < n. Then,
n n

$-1
pk S HZXkale,ekZXka|Dkvek

2
< | X | max
i

a1 _
[Zxkxk \Dk,GkZXka |Dk79k:| i (B.4)

<|V|née.

The first two inequalities are due to standard properties of matrix norm. The last inequality
follows from (B.3).
The rest of this proof uses the following result of (Ipsen and Lee, 2011) that is revised to

reflect our notations:

Theorem 5. If |X;|pi < 1, thenlog|Zy x, p, 6,| < log‘ZXka| D6,

<10g|Zx,x,p,.0.] —1og(1 — |Xk|p)
for any X;.

Using Theorem 5 followed by (B.4),

- log‘ZXkXHDkaek‘ <lo

log ’ XX, X, D O gm

1
(IV[Snée)’

(B.5)

<log
1—

for any Xj.
ﬁ[Yg,ZglyD,zD, 6] —ﬂ[Yg,Z§|yD,zD, 0]
= Y H[Z|zp,0] - Y H[Z|p, 6]

xe)? xeX

K
+ ) H[Yg [ ,p,, 6] — H[Yg |25 .y, 6]
i1

< Y H[Zzp,0] - Y H[Z|zp,6]

xeX xeX
K
+ ) HYz (%5 .vp,, 6] — HIYg [Z5 . vp, 64]
k=1
< Z H[Zx’ZDy 9] - Z ]H[[Zx|ZD7 9]
xeX xeX
+ Z H[Y)/(\k lgj(\k’ka’ ek] - H[Y)’(\k ’/Z\)’(\ktka? ek]
k=1
< Klog !
T2 T 1(y]nge)’
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The first equality is due to (4.12). The first, second, and last inequalities follow from (4.14)
and Theorem 5, (4.16), and (B.5), respectively.

B.2 Heuristics to Improve Gibbs Sampling

Gibbs sampling for estimating the component labels zp is time-consuming because it has to
evaluate |D|K posterior probabilities (4.7) in every iterative sweep. We propose the following
two heuristics to speed up its convergence.

Firstly, environmental sensing applications (El Saadi and Bah, 2007, Groves et al., 1998,
Wei and Pengda, 2002) have shown that the magnitude of local mean y, = ¥ ey vy /|Nx|
(where x € D) 1s highly informative towards partitioning a non-stationary phenomenon into
separate local areas with different locally stationary spatial correlation structures because
the local means between different local areas tend to vary considerably. So, before Gibbs
sampling, an informative prior set zp of component labels can be determined by clustering
the local means y, concatenated with their corresponding feature vectors x for all x € D.
For clustering, we use the Gaussian mixture model of (Figueiredo and Jain, 2002) that
can automatically select an appropriate number of clusters (i.e., K) based on the minimum
message length criterion.

Secondly, during Gibbs sampling, observations residing deep within a local area com-
prising measurements induced by a GP component tend to yield highly certain component
labels (i.e., with low entropy) and are thus very unlikely to change their labels. To reduce

computations, they can be skipped during Gibbs sampling.






Appendix C

ANOVA-DCOP for Optimization

C.1 Proof of Proposition 4

From Assumption 2, we know that each term f;(x%) ~ A/ (W p, »Zezyzip, ). And fzyp, |,

X.z,7|p, , are defined as:

wrp, , = tz+kGEDE)ED, b, +1* ) (o, — lip, ) €.
ZxIxI\D,_l = KI(XI7XI)_KI('XI’thfl)(EDt—IDz—l+n21)_1KI(thfl7xI)
By summing up all the terms in ¢/, we have:
ZIEU‘uxI\Dt—l = Yrzeu (‘u'xI+ KI(XI7DtI—1)(EDz—1Dz—1 +n21)_1(yDz—l _lu’Dt—l)>

= YreuMz+Yzeu KI(xZ’Dl‘Z;I)(EthlDl‘fl + nzl)il(yszl - lth—l>
= ZIGU .z + (ZIGU KI(XI7DtI71)) (EDt—lDt—l + nzl)_l(yDz—l - ‘uDz—])
ZIEU ZxeI\D,,l = ZIEU (KI(xI7xI) - KI(xI7DtI—1)(EDt71Dt—1 + nzl)_l KI(DtI—17xI)>

= Yrau ke o) = Yrey kr(F,DE ) (Ep,_,p,_, + n* )" kg (DL | xF)
(C2)

From Proposition 3 and the truncation approximation of ANOVA kernel, we know
that t, = ¥ 7¢/ b,z and K(x,x) = Y7y k7 (xF,x7) from the definition of ANOVA kernel.
Using the property of ANOVA kernel between x and all x; € D,_, we have: kK(x,D;_) =

ZZeZ/{ KI<XZ7DtZ—1)-
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Therefore,
Yreulzp, , = XzeuMz+ (Zzeu KI(XIthIfQ) (Ep, iy +10°D) " p,, — p,_,)
= Mx+ ﬁ(x, Dt—l)(iDrlezq + nzl)_l (yDz—l - nuDz71>
[J’)C‘D,«,l

(C.3)
Additionally, Assumption 1 restricts the correlations only exists in the subsets of dimen-
sions with size up to kK = 2 at any time step t. Consequently, We remove the correlations

when Z # 7' because it may introduce correlations more than k = 2 dimensions:

ZIEU KI('XI?DtI—l)(EDr—IDz—I +n21>_1KI(DII—17xI)

~ ) ) (C4)
= Yreuzeuz-1 Kr(E,DE ) (Ep, b, + 1) kp(DE X))

It will leads to the linear decomposable form:

ZZEZ/I ZxIxI\Dt,l
= Yreukr(L o) = Yray ke(F DL ) (Ep,_p,_, + n* )~ kg (DL | oF)
= Yreukr(F 2t —Yreureur—r KI(XIaDtI_O(iDHDH +7721)_1KI’(D£1,XT)

Zxx\D,,l
(C.5)

C.2 Proof of Theorem 3

Let {m};>, and x; = Uix,(i) denote a convergent series such that } ;7 ﬂt_l =1(cg,m=2
n°t? /6) and the input location selected by maximizing @, (x) over a discretization Q; of X’ at
time ¢, respectively. Then, let ; = Uifcfi) be the true maximiser of @ (x) over X', we further
assume that 0 < @;(%;) — @ (x;) < {ot~'/? where { is a constant that does not depend on 7.
That is, for every step ¢, x; is assumed to be Cofl/ 2_optimal. More specifically, for every
time step ¢, we construct Q; as the Cartesian product of each dimension’s discretization

Qt(i), ie. Q= Qt(l) X Qt(z) X ... X Q,(d). For notational convenience, given a subset of

dimension Z £ {iy,i,,...,ix} €U, we also define (a) QF £ Qt(il) X Qt(iz) X ... X Qt(ik) as the
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discretization of the sub-space of input spanning over dimensions iy, iy,...,i; (b) wf £ |Q7|
as its granularity and (c) @ = maxzey a)tI as the maximum granularity at time ¢ over all

7 € U. In the following discussion, we will show how Q,(i) can be constructed to achieve a

tight upper-bound on the cumulative regret of our algorithm.

For generalization purpose, we derive the proof with respect to subsets with size less or
equal to k and compact domain x € [0,7]¢ which is consistent with the work of Srinivas et al.
(2010). Our domain in the main thesis can be scaled to [0, 7]¢ by setting » = 2 and shifting 1

unit.

Lemma 6. For any § € (0,1), let B, = 2log (o |U|m;/8), then with probability at least

1— 6, we have ‘f(x) — D, ‘ < ﬁ,l/z Y1eu Oyzip,  forallx € Q andt > 1.

Proof. By definition, at any time step 7 > 1, given the previous observations yp, ,, a subset
of input dimensions Z € U/ and a candidate xL, we have fr (xI) ~N (,uxsz . G)?I\DH)'
Hence, let r = (fI («T) — ,LLXI|DH> /Oaip, ,» it trivially follows that r ~ A/(0,1). Thus,
applying the tail inequality p(|r| > c¢) < exp(—c?/2) Srinivas et al. (2010) for the standard
> B0, ) <expl-Bi/2

1
normal variable r with ¢ £ 37 yields Pr (‘ fr (xI ) — Wepp, |

or equivalently:

1
Pr (’fz <xz> —Mzp, ’ < B’ GXI|Dt1) > 1—exp(—p/2) (C.6)
for each tuple of (Z,x%,t). Then, applying the union bound over x* € Q consequently
yields
1
Pr (vxf €Qf|f1 (xz> —Wazp, | <BS zemtl) > 1- ’Qtf exp(—p/2)
> 1—owexp(—p/2) (C.7)

for each tuple of (Z,7). Similarly, applying the union bound again over Z € U and ¢t € Z*

subsequently implies

Jfz (XI> —HWIp,_,

1 o
Pr <VI€Z/I,I > 1,x e QF, < ﬁ,zcxzml) >1—|U| Za)texp(—ﬁt/Z)
=1
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Plugging f3; = 2log(ax|U|m; /8) into the above inequality thus produces

Pr (VIeu,t > 1,xt e Qf,

whose last equality holds due to our choice of {m;}; such that ¥, 7, ! = 1. That is, with

probability at least 1 — 90, | fr (xI) —Wa1p,
(Z,t,xT).

Effectively, this means with probability at least 1 — &,

1
< B/’ 0,z/p, , simultaneously for all tuples of

709 -sen | = | X (4 (<) -, )
< Y |z (xI) —Wazip, | < B'? Y oap,, (C.9)
Zeu Zeu

for all 1 € Z* and x € €. To elaborate, the first and last equalities in Eq. (C.9) are true due
to our assumption that Vx, f(x) = Y7ey, fr (xz ) and its implication on the decomposability
of the predictive mean Uy p, | = Y7ey Hzp, , (see Section X). Finally, the first and second
inequalities of Eq. (C.9) follow directly from the triangle inequality and our previously

established result in Eq. (C.8), thus completing our proof.

Lemma 7. Given § € (0,1), X C [0,7]? and J = b+/log (3a|U|/3), we have

Pr (Vx € XVt > 1, | f(x) — p,, | <Ir/+ B2 Y o[xzml) > 1-28/3C.10)

Ieu

where [x);, [x%]; and [x']; denote the closest points (in terms of the Ly distance) to x, x*
and X in Q;, QF and Q,(i), respectively; and P, = 2klog (dr®) + 2log (3 || m;/8) with

k = maxzey |Z|.

Proof. Applying the union bound over Z € U to Eq. (5.24) (see Assumption 3) with
log (3a|U]/d) yields

df(x)
dxt

9f(x)

oxL

Pr (VI € U, sup,

>J) < ZPr (supx

e

1 oo
fz (xz> —Nxzm,_,’ < Bzzo—xIDf_l) > 1_5[:217@1 -5

(C.8)

J? 5
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where the last equality follows from the definition of J. This immediately implies

df(x)
oxt

Pr (VI € U, sup,

)
gJ) > 13 (C.11)
with J £ by/log (3a|id| /3). Since U also contains all subsets that correspond to a single

If(x)
dxT

condition on f(x) with J £ b+/log (3a|i{|/5). Eq. (C.11) then guarantees that this is true

input dimension, the premise that VZ € U, sup,

< J directly implies a J-Lipschitz

with high probability:

f) = £ < by/log Bal]/8) |lx— x|, ) = -2 (C.12)

Pr(Vx,x' eX, 3

Also, since the input space X C [0,7]¢ is assumed to be compact and bounded, we can
construct a discretization Q,(i) for each dimension 1 < i < d such that ||x{) — [x(0],|| <
r/7; simply by extracting 7, uniformly spaced points from X’ @), Consequently, we have
=[x ]It 2 XL, [x@) — [x],]| < dr/7. Thus, choosing 7, = df® yields ||x — [x],||; < />,
of £ Q| = (d*) and @, £ maxzey ©F = (dr?)* where k 2 maxzey |Z]. Eq. (C.12) then
implies

Pr(VxEX,VtZ1,]f(x)—f([x],)] < br log(3a\l/l|/5)/t3> > l—g. (C.13)

On the other hand, since Vx € X and r > 1, we have [x], € ; and hence, Lemma 6 can

be applied with § /3! to yield:

5
N (vxex’wz LA — g < B2 Y "[xf]zw) z 1=3 (€149
Teu

I'This means replacing § with §/3 in the Lemma 6 and exploiting the resulting probabilistic statement in
the context of Lemma 7.
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where B, £ 2log (3ay [U| m,/8) = 2klog (d*) +21og (3|U| 7 /8). Applying the union bound
to combine Eq. (C.13) and Eq. (C.14) then implies

1) =My, | < 1) = £ (WD + [ () = g, |
< br\logBatd]/8)/P + B ¥ 0.2,p, (C.15)

Zeu

N

forall x € X andt > 1 simultaneously with probability at least 1 — 28 /3. Finally, substituting

log (3a|U|/d) into Eq. (C.15) completes our proof.

Lemma 8. Given § € (0,1) and K(-,x) is L-Lipschitz with respect to all x € X (see Assump-

tion 3), we have
Lr
Pr(Vi>1,VxeX,|wp, , —H,p, | < 3 <f(x*) +1 210g(7fr/25)>
’n 2
Proof. Using the expression of predictive mean in Eq.(X), we have

~ ~ ~ —1
‘.ux\D,_l_.u[xMD,,]‘ = ‘(K()@,Dl*l)_K([x]lvplfl))(K(/DI*DDI*I)"}_”ZI) YD,

Then, letu’ £ K (x,D;—1) — K ([x]s,Dr-1), AZK(D;—1,Di-1)+n°I and v2yp, , the

above equation can be concisely rewritten as
bgp —tigp | = [0TATY] < Julb ATV, < clulbivl,  ©16)

where ¢ = HA’IHOp £inf{c >0: WV, ||AV'||, <c||V[|,} denotes the operator norm of
A~! and the first inequality follows from the Cauchy-Schwarz inequality while the second

inequality follows from our definition of c¢. Furthermore, since A — nZI =Kk (D;-1,Di-1) =0

(i.e., positive definite) by our choice of kernel, its inverse’s operator norm c is less than 2

Kirthevasan et al. (2015). Hence,

ep —t | < 0 R =R D0 o

o[, < -t

IA

o], e

e
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Also, by our construction of the discretization €2, of X" at time step ¢ (see Lemma 7), we have

|x — [x]:|l; < r/t3. Thus, Eq. (C.17) above can be further simplified as

(C.18)

.u*x|'D,,1 - :u“[X]t|'D,«,1 S 2t3 H)’D, 1

.
On the other hand, note that y,, = f(x;) + & where € ~ N'(0,n?). This immediately implies

vE (yx, — f(x¢))/n ~ N(0,1) and hence, applying the Gaussian tail bound p(v > my) <
(1/2)exp(—m3/2) Srinivas et al. (2010) with my £ \/21log(m;/25)) yields

Pr(yxé— f(xg)>n\/210g(7tg/25))> < %. (C.19)

Besides, by definition, f(x.) > f(x;) so yx, — f(x¢) < yx, — f(x«) and hence,

Pr (yx(—f(x*) > n\/2log(7re/26))> < Pr (yxe—f()%) > 1‘[\/210g(7rg/26))> gc%o)

That is, for each xy selected by our algorithm at time step ¢ > 1, Eq. (C.20) above guarantees

that with probability at least 1 — 6 /7y,

yy < fle)+ny/2log(m/26) . (C.21)

This means the chance that Eq. (C.21) holds simultaneously for all £ > 1 is at least 1 —

0Y ;. ;m,  =1—46 (due to our choice of {7}, in Section X). When this happens, we have:

b

1/2 o\ 1/2
& ( y y}%) < ((t—1)<f(x*)+11\/210g(7fé/25)>)

X[GD,,1

< 2(f(x)+ny/2log(7/2) ) (C.22)

where the last step trivially follows because obviously m; > my when ¢t > ¢ and t — 1 < t.

Plugging Eq. (C.22) into Eq. (C.18) above yields

.u*x|'D,,1 _“[x]t|Dt—1 S 2t3 H)’D, 1 )
rL
< W(f(x*)—i—n 210g(7rt/25)) . (C.23)
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Lastly, Eq. (C.23) holds with probability at least 1 — & since Eq. (C.22) holds with probability

at least 1 — 8. This completes our proof.

Proof of Theorem 3

Proof. Given 6 € (0, 1), it follows from Lemma 7 that with probability at least 1 —26/3,

F@) =y, | < I /P+B Y ouap, (C.24)
Zeu

£6a) = tgyp, | < I/ +BPY oz, (C.25)
TeU

where J = by/log (3a[U|/8) and B; = 2klog (dt*) +2log (3 || m /) for all r > 1. This

means
fe) <ty /0B Y 0w, (C.26)
Zeu
f(xt) = ‘u[xr]z‘pr—l —J}”/t3 _ﬁfl/z Z o-[xzz]t‘pt—l (C27)

Teu

with probability at least 1 — 26 /3. Hence, we can bound the instantaneous regret

n 2 ) = f () < pagp — Bglio, +20r/C 4B Y (o, ouaym, )
e

= o)) — @)+ 20/ 4287 Y 0Lz, D,
TeU
< Gilx) + ot = Gl + 201/ 4287 Y 0
TeUu

_1 1/2
= Wy, — Ky, + 207/ + Gt 2B Y (GxtIJrG[x,I],m,,l)
TeUu

(C.28)

for all # > 1 with probability at least 1 — 23 /3. Note that the second step of Eq. (C.28) is due
to our definition of ¢ (x) in Section X while the third step follows from Assumption 4 which

states that @ ([x.];) < @ (%) < @ (x;) + Cot_% (since X; is the true maximizer of @, (x) and x;
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is assumed to be Cot’%-optimal). Finally, applying Lemma 8 with § /32, we have

Lr
'uxz|Dt—1 _‘u[xtHDt—l < m (f(x*) +1n 210g (37@/26)) (C29)

for all 7 > 1 with probability at least 1 — 6 /3. Combining both Eq. (C.28) and Eq. (C.29) via

the union bound consequently yields

Lr _1
Iy é W (f(x*) +Tl 210g(3ﬂ[/26)) —|—2Jr/t3 ‘I‘C()t 2 +ﬁt1/21§/{ <GX[I|DZ | +G[ I] |Dt 1>

(C.30)

forall# > 1 with probability at least | — & where J = by/log (3a[U| /§) and B, = 2klog (df*) +
2log (3|U|m/8). Therefore, summing both sides of the above inequality overr = 1,2,...,7,

the cumulative regret can be bounded as

t:1

A T 1 T 1/2
RT = Z Cl b U T L 5 CO, + Z ZZ/{ <GX}I‘Dt,1 +G[X}I}I‘ID[,1>
< C(a,bU,T,L,8,50,) + By °T~ ZZ(czmlJro[ 25,1 ) (C31)
=17l

with probability at least 1 — § where C; (a,b,U,T,L,d,y,n) is a constant that only depends

ona,b,|U|,T, L, 8, {and 1. Finally, to upper-bound the last term in the above equation,
note that

t=1ZcU t=17eU

2
T
(Z Y (oo, +G[xﬂ|p,_1>> < nuyy (% + )

_ T]U]Z( 2o, + 5y, ) (C.32)

where the first step follows from Jensen inequality and the last step holds due to the decom-
posability of predictive variance (see Section X). To upper-bound > D and o, [Xr] Dy
we exp101t the fact that u?/log(1 4 u?) < v?/log(1 +v?) when u? < v2. Thus, letting

u?> & n? xz\D; < < 1% £ 72 (the last step goes through because by definition, ze,\DH <1

2This means replacing § with §/3 and applying the resulting probabilistic inequality to the Theorem 3.
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and rearranging terms, we have

oZp,, < log <1+T]726§tm71>/log(1~|—n’2) - cllog(1+n*2o§t|DH> (C.33)

and similarly, using the exact argument for G[i]tm_l yields

o2 yp,, < log (140722 p ) /log(14+n72) = Cilog (14072025, JC.34)

Summing both sides of Eq. (C.33) and Eq. (C.34) overt = 1,2,...,T yields
T
1 —2.2 .
Z WD, < 2C1), 5 log <1 +1 Gx,\D,_1> = 2C1L(yp,; fo,) < 2Ci1yr (C.35)
=1

where yr £ max Acx:|a=11 (y.4;f4) denotes the maximum information gain over the course
of T sampling steps as defined in Srinivas et al. (2010). The second step of Eq. (C.35) above
is also a borrowed result of Srinivas et al. (2010). Again, using the exact argument for

G[%Ct]tu)t also yields Zt 1 G 11D < 2C;yr. Hence, combining these results, we have

T
Z( Ouip Gﬁ,]tm,,l) < 4G (C.36)

t=1

Plugging Eq. (C.36) into Eq. (C.32) consequently yields

T
39D (02m,  +ouzm, ) < 2VCOTUIy (C.37)
t=1Zel

Lastly, plugging Eq. (C.37) into Eq. (C.31) yields

N |

T
Z (a,b,U,T,L,8,5,m) + 2B T2 /Ciul]yr (C.38)



Appendix D

Useful Results

D.1 Matrix Inverse Lemma

(A B)
(D.1)
C D

(A—BD'CO)'=A"'+A"'B(D—cA7'B)"lcA™! (D.2)

For a positive definite matrix

We have the following identity:

D.2 Union Bound

Theorem 9. Let Ay, ...,A, to be a countable set of events, then

p(lJA)

i=1

IN

Y p(Ai) (D.3)
=1

D.3 Jensen Inequality

Theorem 10. Let X be a random variable. If f is a convex function, then f(E[X]) <E[f(X)].
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Y a2 <Y x (D.4)

D.4 Gaussian Tail Bound

For example:

Theorem 11. Let X be a normal random variable: X ~ N(0,1). Then, we have

%

e (D.5)

0| =

plx>c) <

and

S}

C

p(lx|>c)<e 7 (D.6)

D.5 Riemann Zeta Function

Definition 6. The Riemann zeta function is defined for any complex number s with real part

> 1 by the following formula:
= 1
=) — (D.7)
n=1 n

In special case s =2:
2

< ]
27_2 (D.8)

D.6 Frobenius Norm

Definition 7. The Frobenius norm, is matrix norm of an m X n matrix A defined as the square

root of the sum of the absolute squares of its elements,

||A||F:1/ZZ |a;|? (D.9)
i=1j=
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D.7 Operator Norm

Definition 8. Given two normed vector spaces V and W (over the same base field, either the
real numbers R or the complex numbers C), a linear map A : V — W is continuous if and

only if there exists a real number c such that
l|Av|| < c||v|| for Vv € V (D.10)
Correspondingly the operator norm can be defined as:

I|Al]op = inf{c > 0: [|Av|| < c||v|| for Vv € V} (D.11)
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