CS3230 Tutorial 1

Asymptotic Analysis

Join our telegram group!
https://t.me/+8N_QNiKQQ-xIMDY1

(AY 25/26 Semester 2)

January 19, 2026

Reminder for Attendance Taking: Write the last
(Prepared by Benson) two characters of your Matric No. on the whiteboard.

(e.g. if your Matric No. is A0123456X, write 6X.)
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Admin Stuff

1. (Only for this tutorial group) Complete (and submit) the pre-survey form (9/14)
and join the telegram group (10/14).

2. Join the discord server for the course (N/A, can't track).
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https://forms.gle/6Sjd5Sj6YhTTMuXg8
https://discord.gg/B3NXXtQ7PQ

Introduction

vy

YEUNG Man Tsung (Benson)

Third time teaching C53230!
> Also teaching CS2109S and CS3211 this sem.

Year 4 Computer Science

Email: mtyeung@u.nus.edu
Discord: @mtyeung
Telegram: @mtyeung

Consultations: By appointment (I'm generally free on
Monday afternoons)
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About CS3230

CS1231(S) Discrete Structures

CS3230

=
+ Design and Analysis of Algorithms

CS2040(C/S)
Data Structures and Algorithms
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About CS3230

How confident are you in your mathematical proving competency?

8 | | | | | |
This course will be (mathematically)
6 rigorous. Be prepared.
If you totally forgot how to prove things, read
40 | How to Create a Proof (by Allan Yashinski)
3 3 before the semester gets busy.
2 [ -
1 1 1
: L 000 o
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https://www.comp.nus.edu.sg/~mtyeung/cs3230_2520/HowToCreateAProof.pdf

About CS3230

How confident are you in your data structures and algorithms competency?
8 | | | | | |

There will be some algorithm design
involved (Divide & Conquer, Greedy,
or ) DP).

o
&
o
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About CS3230 Tutorials

Format:
» We will discuss 4-6 problems per tutorial.

> It's OK if you do not attempt them beforehand, but please at least watch the
lecture before you come.

> Attendance + participation marks make up 5% of your final grade.

Attendance Marks:

» 1 mark for each tutorial. (free marks for public holidays)

» Write the last two characters of your Matric No. on the whiteboard (e.g. if your
Matric No. is A0123456X, write 6X). Each student can only write one entry
(monitored by everyone else).

> | will take a picture of the board after the tutorial.
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About CS3230 Tutorials

Participation Marks:

» Each student will be assigned 2 tutorials which you are expected to presenta
solution answer some (quick) questions.

» 5 marks awarded for each reasonable attempt.
» Check the assignment on my website, no swaps allowed.
» Limited make-up opportunities available for the last 2 tutorials.

Bonus Questions (optional):

> If you feel the tutorials are too easy, you may attempt the bonus question during
the tutorial. Send me your solutions within the tutorial hour.

» Claim one participation for every two bonus questions (fully) solved.

Total Marks: 1 x 12 (Attendance) + 5 x 2 (Participation), Capped at 20 marks
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About CS53230 Tutorials

Resources: https://www.comp.nus.edu.sg/~mtyeung/cs3230.2520.html
» Tutorial slides and recording (no guarantees, best effort).
» Other supplementary materials.
> Assignment

@ oo

for tutorial participation.

(CS3230 AY 2024/25 Semester 2
Tutorial Slides (T16)
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https://www.comp.nus.edu.sg/~mtyeung/cs3230_2520.html

Recap: Asymptotic Notations

F() = O(g(n)) 3¢ 3mo ¥n > m, F(n) < c- g(n)

10 - g(n)

40 |

30 1

20 1

10 +

10 20
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Recap: Asymptotic Notations

50 4

40 |

30 1

20 1

10 ¢

7f(n) = o(g(n)) < Yc dng Vn > ny, f(n) < c-g(n)

ng = 105 g = 147

0.1-g(n) i 0.01 - g(n)i

n
20 40 60 80 100 120 140 160 180
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Recap: Asymptotic Notations

>

Big-O Notation (Upper Bound <):
f(n)=0O(g(n)) iff 3c dng VYn > no,

Big-Omega Notation (Lower Bound >):
f(n)=Q(g(n)) iff 3Jc  3no ¥n> no,

Big-Theta Notation (Tight Bound):
f(n) =©O(g(n)) iff Jea,c no Vn > no,

Little o Notation (Strict Upper Bound <):
f(n)=o(g(n)) iff Ve Jno Vn > no,

Little Omega Notation (Strict Lower Bound >):

f(n) =w(g(n)) iff Ve dno Vn > no,

f(n) <c-g(n)

f(n) > - g(n)

c1-g(n) <f(n) <c-g(n)

f(n) <c-g(n)

f(n) > c-g(n)

(Note: We assume c, c1, ¢z, ng > 0 and that all functions are asymptotically
nonnegative to be useful)
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https://stackoverflow.com/questions/61791034/why-does-fn-and-gn-needs-to-be-non-negative-function-while-defining-%CE%98
https://stackoverflow.com/questions/61791034/why-does-fn-and-gn-needs-to-be-non-negative-function-while-defining-%CE%98

Recap: Asymptotic Notations
Poll: Consider the following plot. Which of the functions is/are in o(/N)?

50 &
f(N) p N
1.2
B: N—+N
40 +

30 +
20 |

D 104N

10 |

10 20 30 40 50 60 70 80 90
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Recap: Asymptotic Notations

Solution:
A. FALSE. This is ©(N), obviously.
B. FALSE. This is ©(N). Note that SN < N — /N < N for N > 4.

C. FALSE. If we consider the peaks N = 5,15,25, ..., the function grows linearly.
Hence it is not o(N). It is not Q(N) either, since it reaches 0 periodically.

D. FALSE. 1.04N > N for N > 123.
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Q1. Taking Limits

Assume f(n), g(n) > 0. Show
: (f(n)
> lim

n—o0
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Q1. Taking Limits

20 4

15 ¢

10 |

Z+ €

Z — €

y

What is lim f(x)?

X—00

Defn: |im f(x)=z & Ve>03>0Vx>4, |[f(x)—z|<e

X—00

AN
I Y A W A VA VA N ANV AN NN

\I\/\/\/\/\/\/\/VV

5—,25

10 15 20 2‘5 30 35 40

17/41



Q1. Taking Limits

How does limits relate to asymptotic notations? 2x) — % <e
f f(x) < (z+¢)g(x
> lim (f(n)>:Z: e Y S L N (x) < (z+¢€)g(x)
n—o0 \ g(n) g(x) ) s .
> f(n)=0 : 3ng ¥n>ng, f(n)< gb) =
()=O0g(n)y 3¢ 3 Vnzm f(n)<cog(n) EATEZ

Aim: Show nll~>n;o (;EZ;) < oo = f(n) = O(g(n)).
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Q1. Taking Limits

() otets
Show n||~>moo <g(n)> < oo = f(n) = O(g(n)).

> By definition of limit, lim <f(")) — 7 means:

n—oo g(n)
For all € > 0, there exists a ng > 0, such that for all n > ng, ;EZ; <z+e.
» Take ¢ = 0.1, there exists a ng > 0, such that for all n > nq, 2% <z+0.1.

» For ¢ = z+ 0.1, there exists ng > 0 such that for all n > ng, f(n) < c- g(n).
» Hence f(n) = O(g(n)).
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Q1. Taking Limits F(x)

. f(n)\ f(x) 260 —Z<¢
S (g) o e @ v o= ) e
Intuition: % —zZ> ¢
> () =og(n): Ve  3m Vnzm f(n)<c-gln) Fx)2(—e)gl)
»> When z =0, we have Ve f(x) < e - g(x).
> f(n) =0(g(n)): dei, 0 dng Vn>ng  ca-g(n) <f(n)<c-g(n)

» When 0 < z < 00, we have (z —¢) - g(x) < f(x) < (z+¢) - g(x).
> Take a sufficiently small ¢ (e.g. z/2).

> f(n) =Q(g(n)): Jc dng VYn>ny  f(n)>c-g(n)
» When z > 0, we have f(x) > (z — )g(x).
> Take a sufficiently small ¢ (e.g. z/2).

> f(n) = w(g(n): Ve dng Vn>ng  f(n)>c-g(n)
»> When z = oo, then Ve f(x) > ¢ - g(x).
Note: For o and w you can choose ng appropriately to remove equality.
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Q1. Taking Limits

These laws only applies in one direction, i.e. if the limit exists, then the value can be
determined. However, the converse does not necessarily apply, i.e. if f(n) = O(g(n)),
then the limit < oo is is not always true.
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Q2. Some Properties

Assume f(n), g(n) > 0. Show

» Reflexivity: For O0,Q, O,
f(n) = O(f(n)).

» Transitivity: For all five: O,9Q,0,0,w,
f(n) = O(g(n)) A g(n) = O(h(n)) = f(n) = O(h(n)).

» Symmetry: f(n) = ©(g(n)) iff g(n) = O(f(n)).

» Complementarity: f(n) = O(g(n)) iff g(n) = Q(f(n))
f(n) = o(g(n)) iff g(n) = w(f(n))
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Q2. Some Properties
Complementarity: f(n) = O(g(n)) iff g(n) = Q(f(n))

» (=) Suppose f(n) = O(g(n)). » (<) Suppose f(n) = Q(g(n)).
» Then there exist ¢, ng > 0, such that » Then there exist ¢, ng > 0, such that
f(n) < c-g(n) for n > no. c-f(n) < g(n) for n > ng.
1 1
» Hence, for ¢’ — and nj = » Hence, for ¢’ — and nj =
c’ - f(n) < g(n) for all n > nj. f(n) < c' - g(n) for all n > nj.
» Thus, g(n) = Q(f(n)). » Thus, g(n) = O(f(n)).

f(n)=0O(g(n)) iff 3c Jno Vn > no,  f(n) < c-g(n)

f(n)=Q(g(n) iff 3¢ 3ngV¥n>ny, f(n)>c-g(n)

f(n) =0©(g(n)) iff Fea,co InoVn>ng, c1-g(n)<f(n)<c-g(n)
f(n)=o(g(n)) iff VYc  3Ing¥n>ny, f(n)<c-g(n)
f(n)=w(g(n)) iff Ve  3ngVn>ny, c-g(n)<f(n)
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Q3. MRQ

Which of the following statements are true (several may be true):
( ) 3n+1__ (3n)

(b) 4" = 0(2")
(c) 2llsn — ©(n)
(d)

d) For a constanti, a>0 (n+a)' = 0©(n")
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Q3. MRQ

(a) 3" = O(3") TRUE

Take c =3, ng =1, Vn > ng, 3"1 <3.3".

H h h R
Prani g

3 3
T

£ O

S 3 3

O(g(n))

Q(g(n))

©(g(n)

(g(n))
(g(n)

iff
iff
iff
iff
iff

Jc dng Vn > ng,
Jc dng Yn > no,
3C1, C2 3!10 Yn > no,
Yc dng Vn > ng,

Ve dng Vn > no,

f(n) <c-g(n)
f(n) > c-g(n)
c1-g(n) < f(n) <c-g(n)
f(n) < c-g(n)
c-g(n) < f(n)
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Q3. MRQ

CS1231/S Refresher: To disprove a state-
ment, show the negation of the statement.

(b) 4" = O(2") FALSE
We want to show that Vc Vng 3n > ng f(n) > c - g(n).
» Take arbitrary ¢, ng > 0.

We need the following to hold for n:
» Take n = max(logc, ng) + 1.

» Then 4" =2".2"> ¢.2",

» 2" >c,i.e. n>logc.

> n>ng
f(n)=0(g(n) iff 3¢  ImVn>no, f(n)<c-g(n)
f(n)=Q(g(n) iff 3¢ 3 Vn>ny, f(n)>c-g(n)
f(n)=0©(g(n)) iff Jca,c 3ngVn>ng, c1-g(n)<f(n)<c-g(n)
f(n)=o(g(n)) iff Ve  3ImoVn>ny, f(n)<c-g(n)
f(n) =w(g(n)) iff Ve 3no Vn > ng, c-g(n) < f(n)
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Q3. MRQ

(c) 2llenl = ©(n) TRUE

» Take ¢; =

1
2

» For all n> nog,

1

2

c2:1,n0:1.

n—= %2|ogn — logn—1 < 2UognJ < ologn _

iff
iff
iff
iff
iff

Jc dng Vn > ng,
dc dng Vn > no,
dey, ¢ dng Vn > no,
Ve dng Vn > no,
Ve dng Yn > no,

f(n) <c-g(n)
f(n) > c-g(n)
c1-g(n) < f(n) < c2-g(n)
f(n) < c-g(n)
c-g(n) < f(n)
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Q3. MRQ

(d) For a constant i, a >0

(n+a)' = ©(n") TRUE

> Takeci=1,00=2",np = a.

» Forall n>ng, n' < (n+a) <(2n) <2 n.

iff
iff
iff
iff
iff

Je dno Yn > ng,
Jc dng Yn > no,
dey, ¢ dng Yn > ng,
Ve dng Yn > ng,
V¢ dng Vn > ng,

f(n) < c-g(n)
f(n) > c - g(n)
c1-g(n) < f(n) <c-g(n)
f(n) < c-g(n)
c-g(n) < f(n)
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Q4. 2le2

Which of the following statements are true (several may be true):
ology n is

(a) O(n) TRUE
(b) ©Q(n) TRUE
(c) ©(y/n) FALSE
(d) w(n) FALSE

ologon —
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Qab. 2lgan

Which of the following statements are true (several may be true):
2logan is

(a) O(n)
(b) €(n)
(c) ©(v/n)
(d) w(n)
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Qab. 2lgan

Which of the following statements are true (several may be true):
2logan s

(a) O(n) TRUE
(b) Q(n) FALSE
(c) (f) TRUE
(d) w(n) FALSE

logp n 1

ologsn — Diogys — (2Iog2 n)log24 — ploesd — pl/2 — \/ﬁ
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Q4b. 2'ogs”

Note that for different bases, i.e. log, n and logs n, they have the same order of
growth, i.e log, n = ©(logs n). This is due to the fact that log, n = (log, 3) - logs n.

It's common in asymptotic analysis that we ignore the constants as an easily
simplification step. However, it must be noted that constants must not be ignored if
they are in the exponents, i.e. 2" and 22" have different orders of growth, as we have

seen.
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Q5. Ranking Functions

Rank the following functions by their order of growth (if two of them have same order
of growth, mention so).

» fi(n) =logn

» f(n) = n!

> f3(n)=2"+n

» f4(n) = n>3 +16n+logn
> f5(n) = log(n?)

> fo(n) = In(n")
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Q5. Ranking Functions

Rank the following functions by their order of growth (if two of them have same order

of growth, mention so).

logl+log2+...+logn
<logn+logn+...+logn
=nlogn

logl+log2+ ...+ log(n—1)+

» fi(n) =logn log n! =
> f(n) = n! log n! = ©(nlog n)
» f3(n)=2"+n log2" = nlog?2

log nl =
» f4(n) = n?>3 +16n+ logn
> f5(n) = Iog( 2) =2logn
» f5(n) =In(n>") =2nlnn

logn

=log(l x n)+log(2x (n—1))+...

>logn+logn+logn+...

—ﬂlo n

Logarithmic: fl(n)
Exponential: f(n

) an
Answer: fi(n) = fs(n )

(n) Polynomial: fs(n) < fz(n).
( ) (what is their relative order?)
fo(n) < fa(n) < f3(n) < f2(n).

34/41



We don't have time for this...

Read (or print) Asymptotic_Analysis-Useful_Facts.pdf. IMPORTANT!!
(FAQ: This version is more comprehensive than the one on Canvas. For my tutorial
group, you may quote results from either of them in Assignment 1.)
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https://www.comp.nus.edu.sg/~mtyeung/cs3230_2520/Asymptotic_Analysis-Useful_Facts.pdf

Feedback

Anonymous Feedback (throughout the semester):

https://forms.gle/ TwHsFBZy7pL6fstx6

The link to the tutorial slides will be posted in telegram.
Please do not share the slides with other classes before all tutorial classes in the week
are over.

36 /41


https://forms.gle/TwHsFBZy7pL6fstx6

Bonus. Ranking Functions 2.0

(Extra Slide )

Note: Bonus questions are entirely optional. They can get very challenging and/or fall
outside the course curriculum. Interested individuals may attempt.

(AY 19/20 Sem 2 Midterm) Rank the following functions in increasing order of growth.

Assume: All logarithms are in base 2.

> gi(n) = z"’g” *loglog 2
> g(n) = Y77 loglog(n — i)
» g3(n) = (log n)!

> g4(n) 2Iog|og|ogn

> gs5(n) = 10/o8((loglogn)!)/loglog n
> go(n) = Iog((log n)!)

> g7(n) =

> gg(n) =
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(Extra Slide )

Bonus. Ranking Functions 2.0

= Ioglogn+|og|ogg+|og|og£ Dooc
= log(log n) + log(logn — 1) + log(logn —2) + - - -

= log((log n)!)
= O(log nloglog n) <« log(n!) = ©(nlog n)

n—2
g(n) = Z log log(n — i)
i=1

= loglog n + loglog(n — 1) + loglog(n —2) + - - -

= ©(nloglog n) <« use a similar argument

Refer to how we show log n! = ©(nlog n) in the earlier slides. 3841



Bonus. Ranking Functions 2.0

g3(n) = (log n)!
Y <|O§n>logn

-0 ((log n)'o8 n+1/2)

g4(n) — 2|og|og|ogn _ 2|og(|og|ogn) _ @(|Og|0g n)

Extra Slide

<« Stirling’s approximation

39/41



Bonus. Ranking Functions 2.0

g5(n) — 10'o&((loglog n)!)/ loglog n

= <2Iog((log log n)!)/ log log n) log 10

< (2C log log nlog log log n/ log log n) log 10

log 10
< <2clog log log n)

=0 ((Iog log n)'°® 10)

g6(n) = log((log n)!)
= O(log nloglog n)

Extra Slide

<« log(n!) = ©(nlog n)

« division

<« log(n!) = ©(nlog n)
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Bonus. Ranking Functions 2.0

> g1(n) = ©(log nlog log n) > g5(n) =0 ((Ioglog n)'°e 10)
> g2(n) = ©(nloglogn) » g6(n) = O(log nlog log n)

> g5(n) ~ © ((log n)/*&"1/?) > gi(n) = ©(r)

> gu(n) = O(loglogn) > gs(n) =O(2")

Answer: g3 < g5 < 81 = 86 < 82 < 87 < 83 < &s-
> g5 < g1: View g5(n) as ((loglog n) - (log log n)??2). (loglog n)>2?? << log n.
> g7 < g3: g3 is exponential but g7 is polynomial.
> g3 < gg: Note that (log n)'og” = 2'oe((log n)°e") — plognloglogn

» The rest are clear.
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