CS3230 Design and Analysis of Algorithms Week 2 Kahoot Quiz Solutions

1. True or False: Suppose f(n),g(n) > 1. If 2/(") € O(29("), then f(n) € O(g(n)).

Answer: True

By definition, 3¢ Ing Vn > ng 27 < ¢. 290,

Taking log on both sides, 3¢ Ing Vn > ng f(n) <logc+ g(n) <logec- g(n).
Remark. This does not work if f(n) and g(n) tends to O when n — oc.

2. True or False: Suppose f(n),g(n) > 1. If f(n) ¢ O(g(n)), then f(n) € Q(g(n)).

Answer: False
Consider the following function f. f(n) is neither in O(1) nor (1).
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3. Solve T'(n) =T(5) +T(3) +n
Answer: T'(n) = O(n)
Substituting 7'(n) = n, we get 2 < n for the recursive part and n = ©(n) for the merging part. This
means our guess is correct.
Proof Sketch.
Lower bound: T'(n) > n.
Upper bound (induction step): T'(n) = T(5) + T(3) +n < c(5) + c(5) +n < cn, by picking ¢ > 6.

4. Solve T'(n) =T(5) +T(5) +T(§) +n
Answer: T'(n) = O(nlogn)
Substituting T'(n) = n, we get n = n for the recursive part and n = ©(n) for the merging part. This
falls into Case #2 of Master Theorem where every level has equal work, so we have to multiply the
answer by log n.

Proof Sketch.

Lower bound (induction step): T'(n) > ci(5logs + Zlogi + Flogg) +n > cinlogg +n =
cinlogn — cinlog6 + n > cinlogn, by picking ¢; < =
Upper bound (induction step): T'(n) < c2(5 log §
conlogn — canlog2 + n < conlogn, by picking ¢y >

+5logg + flogg) +n < cmlogy +n =

log2*
5. Solve T'(n) = 2T (%) + 8T(%) +
Answer: T'(n) = O(n2)
Substituting 7'(n) = n?, we get %- . L = n? for the recursive part and n = o(n?) for the merging
part. This means our guess is correct
Proof Sketch.

Lower bound (induction step): T'(n) > 2¢;(%)? + 861( )24+ n>cn? +n > cn’.
Upper bound (induction step): T'(n) < 2 (c2(%)? — cs%) +8 (c2(%)? — c32) +n = con® —3csn+n <

can? — c3n, by picking c3 > 0.5.
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6. Solve T'(n) = 2T°(%) + 3T(%) + n?.
Answer: T'(n) = O(n?)
Substituting 7'(n) = n?, we get % + %2 < n? for the recursive part and n? = ©(n?) for the merging
part. This means our guess is correct.
Proof Sketch.
Lower bound: T'(n) > n?.
Upper bound (induction step): T'(n) < 2¢(%)? + 3c(2)* + n? = 2en® + n? < cn?, by picking ¢ > 6.

7. Solve T'(n) = T(%) + 0.5T(n — 1) + n.

Answer: T'(n) = O(nlogn)

Substituting 7'(n) = n, we get § + § = n for the recursive part and n = ©(n) for the merging part.
This falls into Case #2 of Master Theorem where every level has equal work, so we have to multiply
the answer by log n.

Proof Sketch.

Lower bound (induction step): T'(n) > c1 5 log § 4-0.5¢1(n—1)log(n—1)+n > c¢1(n—1)log § +n >
cinlogn, by picking ¢1 < 515

Upper bound (induction step): 7'(n) < co% log § + 0.5¢ca(n — 1) log(n — 1) +n < ca5(logn — 1) +
0.5canlogn +n = conlogn — ca§ +n < cynlogn, by picking c; > 2.

8. Solve T'(n) = 2y/T(n —1) + n.
Answer: T'(n) = O(n)
Substituting T'(n) = n, we get 2¢/n — 1 < n for the recursive part and n = ©(n) for the merging
part. This means our guess is correct.
Proof Sketch.
Lower bound: T'(n) > n.
Upper bound (induction step): T'(n) < 24/ca(n — 1) +n < 2,/can + n < con, by picking ¢, > 9.



