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Question 1 [5 marks]: Rank the following functions in increasing order of growth; that is, the function
f(n) is before function g(n) in your list, only if f(n) = O(g(n)).

o n" T 4l

. p11Vi

o dnlogn

1.1

o 4"

o plltin®

To simplify notations, we write f(n) < g(n) to mean f(n) = o(g(n)) and f(n) = g(n) to mean
f(n) = O(g(n)). E.g., the four functions n?, n, 2021n? + n and n® could be written in increasing order

of growth as follows: n < n? ~ (2021n2 + n) < n3.
Note, all the logarithms are of base 2. No need to write down the proofs for this problem.

1o,

. n 11
Solution: n!lt 0 < nll\/ﬁ < nnté +nl < 94nlogn < 4"
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Question 2 [15 marks]: Solve the following recurrence relations.

a) T(n) =T(n/10) + logn.

27T (n/3) + n?/log® n.

n

(c

(
(b
d

3T(n/5) + log® n.
2

n T(n/3) +nlogn.

) T(n)
) T(n)
) T(n)
) T(n)
) T(n)

(e

Among the above recurrences, for each recurrence solvable by master theorem, please indicate which
case it belongs to (either case 1, 2, or 3) with proper reasoning and state the (time) complexity. For the
recurrences that are not solvable by master theorem, solve them using any of the methods taught in the
class. (Express your answers using () notation.)

n) =T(n—2)+ logn.

Solution:

(a) Case 2 of Master theorem. So T'(n) = O(log?n).
(b)

T(n) = 27T(n/3) + 07; .

T(n) T(n/3) 1

A (n/3)3  log*n
T(n/3) _ T(n)9) 1
(n/3)3  (n/9)®  log®(n/3)
T(n/9) T(n/27) 1

m/9F (/217 " log2(n)9)

T(3) _T() , 1
23 13 10g23

So, using the Telescoping method we get the following:

. 1 3 3 3 31 3 logsn 1
T(n) ~ (log, 3)2 [(log; n)? + (log3nn—1)2 + (log3nn—2)2 +o Tt 7117} - (logn2 3)2 Zx:i z2°
Observe,

logg n logg n 1

D @St )

2 — —
r=1 =2 ( 1)1’
logs n—1

— 1 1
=1+ ; (E o+ 1)
1
=1+(1- ) using telescoping series
logsn

Furthermore, Zfﬁi" I% > 1.
Therefore, T'(n) = O(n3).
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(¢) Note, logZn = O(n'°%s3) for some € > 0. So this is Case 1 of Master theorem. Thus T'(n) =
O(n'oss 3).

(d) Note, nlogn = Q(n'°s 7<) for some € > 0 and 2nlog(n/3) < Znlogn. So this is Case 3 of Master

theorem. Thus T'(n) = O(nlogn).

2
3

(e) We can use the recursion tree method to get that T'(n) = O(nlogn).
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Question 3 [7+8+410=25 marks]: Consider a circular array, where the first and the last cells are
neighbors. More specifically, in a circular array A[l,--- ,n] of size n, A[1] and A[n] are neighbors of each
other. An element in the array is called a peak if it is greater than or equal to its neighbors. Now we
would like to find a peak in a circular array. (Just to clarify, the array we consider in this question is one
dimensional and unsorted.)

(a) Suppose we know the values of A[l], Afi], Ai + 1] and A[n] for some 1 < ¢ < n. Consider the
maximum value among these four cells. Then depending on the four possible maximum, in which
of the following two circular sub-arrays A[l,--- ,i] and A[i+1,--- ,n], are you guaranteed to find a
peak? (Note, you have to give answers for the four possible cases. Provide your answer with proper
explanation.)

Solution: We consider four different cases depending on which cell among A[0],
Alk], Ak + 1] and A[n — 1] obtains the maximum value.

o A0] > Alk|, Al0] > A[k + 1], A[0] > A[n — 1]: A must have a peak in the
range ( to k. Thus a peak of A will be in the circular sub-array A0, ..., k].

o A[E| > A[0], Alk] > A[k + 1], A[k] > A[n — 1]: A must have a peak in the
range () to k. Thus a peak of A will be in the circular sub-array A[0, ..., k|.

o Alk+1] > A[0], A[k + 1] > A[k], A[k + 1] > A[n — 1]: A must have a peak
in the range & + 1 to n — 1. Thus a peak of A will be in the circular sub-array
Alk+1,...,n—1].

o Aln—1] > A0}, A[n — 1] > A[k], A[n— 1] > A[k+ 1]: A must have a peak
in the range £ + 1 to n — 1. Thus a peak of A will be in the circular sub-array
Alk+1,...n—1].
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(b) Design a divide-and-conquer algorithm that finds a peak in a circular array of size n in time O(logn).
(Provide the running time analysis of your algorithm.)

Solution:  Our algorithm for finding peak in circular arrays is a divide-and-
conquer approach which is very similar to the algorithm taught in class for finding
peak in ld-arrays. Using the result of previous part and setting & = |[n/2], by
looking at value of A[0], A[k|, A[k + 1] and A[n — 1], we can find a circular sub-
array of A (of size half of the size of A) that contains a peak of A. Moreover, the

stop rule for our recursion is the following: if the size of the circular array is less
than 4, return the maximum of A[0], A[1] and A[2] (which is trivially a peak).
Let T'(n) denote the running time of our algorithm over a circular array of size n.
Then, we have the following recursion relation for 7"

T'(n)=4e+1T(n/2) Ycisaconstant
T'(n)=4c+4c+T(n/4)

T(n)=4c+de+ - +4e+T(n/2") % after i iterations

Thus T(n) = i-4c+ T(n/2") where 2° < n/3. Setting i = log(n/3) and
T(3) = 4, we have T'(n) = O(logn).
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(¢) Prove a lower bound of Q(logn) on the running time of any comparison-based algorithm that finds
a peak in a circular array of size n. (Assume, each comparison among two numbers z,y has two
possible outcomes: Either z <y or z > y.)

Solution: Proving the §2(lg n) lower bound for finding a peak in the array A requires two steps:
(1) showing that there are n possible locations for the peak, and (2) constructing a binary decision
tree with n leaves, and using it to prove the lower bound.

Following the hint, consider an array A that has only one peak. The location of this peak could
be any index 7 between 0 and n — 1, inclusive. We do not know which index ¢ corresponds to a
peak, but we do know that there is exactly one such index i for which A[i — 1] < A[i] > Ai + 1].
Therefore, there are n possible locations for the peak.

Construct a binary decision tree with n leaves that correspond to the possible locations for the
peak in the array A, i.e. there is exactly one leaf for each possible location 7 between 0 and n — 1,
inclusive. At every internal node of the decison tree we are making a comparison, and narrowing
down the set of possible locations of the peak in A. Note that the path from the root of the decision
tree down to a leaf corresponds to the execution of a peak finding algorithm. Because the decision
tree is binary, its height is Q(lg n). Therefore, any algorithm for peak finding over A takes Q(Ign)-
time. This proves the lower bound. Ll
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Question 4 [15 marks]|: Suppose you are given an array A of n pairs of positive integers (p;, ¢;), where
pi <nand ¢ < n? for all i € {1,2,--- ,n}. Let us define r-value of a pair (p,q) as the real number
N q+/7. Unfortunately, you cannot (exactly) compute the r-value of an arbitrary pair (due to various
reasons). Now, design an O(n) time algorithm that sorts (in non-decreasing order) the pairs in A by their

r-values for r = n.

Solution: Since \/a; < y/nforalli € {1,..., n}, then \/a; + biv/n < \/aj + bj\/n
whenever b; < b;, independent of a; and a;. Thus, we can sort the pairs by their
n-values by first sorting by «a;’s using radix sort, and then sorting by b;’s, also with
radix sort. Thus algorithm is runs in worst-case O(n) time, since the largest number
u is less than n?, and is correct because the b;’s are more significant than the a;’s and

counting sort is stable.
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Question 5 [20 marks]: Consider the insertion sort algorithm (perhaps, one of the first sorting al-
gorithms we learned). The algorithm proceeds through the array and puts each element into place one
at a time by comparing it to all the preceding items in the array. The details are not important for
this question. However, for your reference, let us provide the pseudocode of the insertion sort algorithm.
(Note, the pseudocode considers 0 as the starting index of an array. So the input array is A[0,--- ,n—1].
However, for this question, it is not important.)

InsertionSort(Array A, integer n)
for i=1 to (n-1) do
item = A[i];
int slot = 1;
while (slot > 0) and (A[slot] > item) do
Alslot] = Alslot-1];
slot = slot-1;
Alslot] = item;

Figure 1: Pseudocode of the insertion sort algorithm

The key property that you need to consider is that the running time of InsertionSort depends
on the number of inversions in the permutation being sorted. Given a sequence of distinct integers
{b1,ba,--- , by}, an inversion is a pair (b;, b;) such that ¢ < j but b; > b;. E.g., the sequence {2,3,8,5,4}
contains only three inversions (8,5), (8,4) and (5,4).

Without loss of generality, assume that the input to the InsertionSort is an (arbitrary) permutation of
{1,2,--- ,n}. The following result relates the running time of InsertionSort to the number of inversions
in the input sequence: If a permutation S of {1,2,--- ,n} contains k inversions, then InsertionSort(S,n)
runs in time ©(n + k). (No need to prove this result. You can assume it.)

Now, analyze the average-case performance of InsertionSort. More specifically, let S be a permutation
of {1,2,--- ,n} chosen uniformly at random from the set of all permutations of {1,2,--- ,n}. Show that
the expected running time of InsertionSort on S in ©(n?).
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Solution: Let S = {ay,as,...,a,} be the random input sequence. Fix two elements of the
sequence ¢ and j. Without loss of generality, assume i < j. Since the input sequence 15 a
random permutation, Pr|a; > a;] = 1/2. That is, elements i and j create an inversion with

probability 1/2.

For every pair (i, j) where i < j, let X;; be the indicator random variable that equals 1 if

a; > a; and () otherwise. We know that Pr[X;;] = 1/2, and hence E X, ;| = 1/2.

Let X be the total number of inversions in the random input sequence. Notice that X =

X Thus:
Z:I"._il -

E[X]

o
Y E[X,]

i<j
1
%
i<j
~ nn—1) 1
-2 2
n(n — 1)
- =

Thus, the expected number of inversions is 8(n?), and hence the expected running time of
InsertionSort is B(n + n?) = n?).
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