Quantum communication using coherent rejection sampling

Anurag Anshu

Centre for Quantum Technologies,
National University of Singapore
a0109169@u.nus.edu

Vamsi Krishna Devabathini

Centre for Quantum Technologies,

National University of Singapore
devabathini92@gmail.com

Rahul Jain

Centre for Quantum Technologies and
Department of Computer Science,
National University of Singapore
MajuLab, CNRS-UNS-NUS-NTU
International Joint Research Unit,

UMI 3654, Singapore.
rahul@comp.nus.edu.sg

Compression of a message up to the information it carries is key to many tasks involved in
classical and quantum information theory. Schumacher [3] provided one of the first quantum
compression schemes and several more general schemes have been developed ever since [5l [6] [9].
However, the one-shot characterization of these quantum tasks is still under development, and often
lacks a direct connection with analogous classical tasks. Here we show a new technique for the
compression of quantum messages with the aid of entanglement. We devise a new tool that we call
the convex split lemma, which is a coherent quantum analogue of the widely used rejection sampling
procedure in classical communication protocols. As a consequence, we exhibit new explicit protocols
with tight communication cost for quantum state merging, quantum state splitting and quantum
state redistribution (up to a certain optimization in the latter case). We also present a port-based
teleportation scheme which uses less number of ports in presence of information about input.

Quantum teleportation [I], one of the most cele-
brated features of quantum information, allows Alice
to send an unknown qubit to Bob using a classical
message of 2 bits, assuming that both share a copy
of the EPR state: % |00) + % [11). As an addi-
tional ‘security’ feature, the message sent by Alice is
completely random: it carries no information about
the state of the qubit being sent. It is not hard
to imagine a similar classical teleportation scheme:
Alice and Bob share a pair of perfectly correlated
random coins, both taking values 0 or 1 with equal
probability. Alice takes one sample from an unknown
coin given to her, another sample from the aforemen-
tioned coin shared with Bob. If the values of samples
match, Alice tells Bob to do nothing. Else she tells
Bob to flip his coin. Once again, the message sent
from Alice is completely random and independent of
the unknown coin given to her.

Now, imagine a situation where Alice and Bob did
not share any resource whatsoever, and Alice sent
a random message to Bob. Clearly, this situation
is completely futile for the purpose of transmitting
an unknown qubit or a coin. This leads to a nat-
ural question: how does the presence of a shared
resource bring such a dramatic change in this situa-
tion? The answer comes from the observation that
the presence of a shared resource, whether classi-
cal or quantum, lends to Alice a complete classical
knowledge or a quantum knowledge of the state of
the system present with Bob. This knowledge allows

Alice to orchestrate a desired state onto the system
with Bob, an idea that has had profound implications
in classical information theory.

The long history of classical information theory
has seen various simplifications of the protocols for
message transmission originally conceived, for exam-
ple, by Shannon[4] and Slepian and Wolf[2]. An
important simplification has been through the idea
of one-shot information theory, which has surpris-
ingly shown that studying single use of the channel
can bring substantial clarity in the structure of the
protocols. Another instance is the consideration of
protocols that use shared coins or randomness, giving
access of the aforementioned classical knowledge to
Alice. These developments have been pivotal in con-
structing protocols in more complicated settings of
classical network theory. An elegant technique that
has come for wide use in one-shot classical informa-
tion theory, as a consequence of above developments,
is the rejection sampling technique as expressed in
Figure [l Several interesting generalizations of this
idea have been used to obtain communication bounds
in other more complicated settings in one-shot clas-
sical network theory [31H34].

On the other hand, quantum information is ar-
guably more counter-intuitive than classical informa-
tion, largely owing to the phenomena of entangle-
ment. An interesting platform for studying quantum
information is that of coherent quantum protocol, as
depicted in Figure 2} Let’s try to import the rejec-
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FIG. 1: The rejection sampling scheme: (a) Alice and Bob
start with many copies of the shared randomness, equally
taking the value m/ with probability p(m') (represented with
red lines: red small circles represent the random variables
connected by the red lines). Alice wishes to transmit m to
Bob. (b) She finds a shared randomness which takes same
value as her input. Then she sends the index of the shared

randomness to Bob.

tion sampling procedure to the coherent quantum
setting, say in the simple setting when the registers
A, B are absent in Figure[2] The key challenge comes
from a very peculiar property of quantum informa-
tion: monogamy of entanglement [40]. The failure of
the tests, that Alice performs on her share of entan-
glement, lead to correlation between the register R
and parts of shared entanglement with Alice, which
is not compatible with the requirement that R be
correlated only with register C' to be output by Bob.

Thus, it comes as no surprise that some non-trivial
techniques have been developed to handle quantum
information, such as arguments that involve random
unitaries (that have been employed in the works men-
tioned in Figure . Does this mean that quantum
protocols are somehow inherently distinct from clas-
sical protocols and necessarily need more sophisti-
cated techniques? In order to address this question,
we revisit the rejection sampling and observe two
of its important properties, one of which has been
mentioned earlier.

e Using pre-shared randomness, Alice holds com-
plete classical knowledge of the random vari-
able present with Bob.

e Bob’s strategy is simply to pick up the correct
register based on Alice’s message. Thus Alice
is largely responsible for creating the right dis-
tribution on Bob’s side.
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FIG. 2: A large body of work has been done towards
quantum state redistribution (a) and its subtasks quantum
state merging (b) and quantum state splitting (c) in
asymptotic and i.i.d setting ([5], [9], [I0], [11], [12]). Various
one shot versions of these tasks have been developed
in [7],[8],[17 [19]

We propose a quantum scheme that bases itself
on these two properties and successfully performs
the task of quantum message compression. The first
property naturally lends itself in the setting of co-
herent quantum communication: Alice holds the pu-
rification of registers of both Bob and Referee, and
thus has complete quantum knowledge of their reg-
isters. We incorporate the second property in our
scheme by explicitly designing Bob’s strategy (right
hand side of Figure|3]). For concreteness, we consider
the following task: Alice (AM), Bob (B) and Referee
(R) share a joint quantum state Yrappy and Alice
wishes to send the register M to Bob with error at
most €. This task may appear as a sub-routine in
any other quantum protocol and the register M is
to be interpreted as the message register. Our aim
is to minimize the amount of communication needed
to transfer M from Alice to Bob. We allow Alice and
Bob to share arbitrary prior entanglement, which
may be helpful in accomplishing this task.

For our compression protocol, we introduce a new
quantum state ops. Its purification serves as the
shared entanglement between Alice and Bob and both
parties share n copies of this state, for a choice of
n as made in Figure[3] The chosen value of n is in
terms of an information theoretic quantity known as



maz-relative entropy. For two quantum states p, o
it is defined as Dyax (p||0) = min{\ : p < 2%0}. An
intuitive explanation of this quantity is as follows: if
we write 6 as a convex combination pp+(1—p)p’ (for
some arbitrary quantum state p’), then the largest
value of p that we can choose is 2~ Pmax(rllf)

The quantum state depicted on the left hand side
of Figure [3] is the reduced state on the registers in-
volved with Bob and Referee, at the beginning of the
protocol. The right hand side of Figure [3] depicts
a quantum analogue of the second property men-
tioned above. It is a convex combination of states
(I)RBMj QXom; --- ®0’1\/[j71 ®O’]\/[jJrl .. ®oMm,, such
that if Bob knew which of these states he actually
shared with the Referee, he could simply go ahead
and pick the register A/;. Our main technical result
is that the states on the left hand and the right hand
side are close to each other (in fidelity) for sufficiently
large n. We refer to it as the convex-split lemma.

At the beginning of the protocol, Alice holds the
purification of the state on the left hand side in Fig-
ure[3] Appealing to Uhlmann’s Theorem [36] gives us
our desired protocol, as depicted in Figure @] This
protocol allows Alice to send the register M with
error ¢, and the number of qubits communicated
is %log(n) = %Dmax (YreMm||YRrE ® 0M) + 2l0g é
Now if we optimize over all possible o,;, we can
obtain the smallest possible cost of communica-
tion. This cost is naturally captured by a quantity
called maz-information, which is suitably defined as
ImaX(RB : M)\I/ = mingMDmax(\I/RB]uH\I/RB ® UM).

Above we have exhibited a scheme for quantum
message compression which is based on a coherent
quantum analogue of the classical rejection sampling
technique. We point out that non-coherent analogues
of classical rejection sampling already exist in litera-
ture [31H33]. Next we discuss several applications
of our result. The first application is near opti-
mal communication bounds for the tasks of quan-
tum state splitting. We obtain a protocol which
makes an error of at most 2e¢, and its communica-
tion is upper bounded by: 1I5 . (R : C)y + log 1,

where the smooth maz-information is defined as

def .
Ifnax(A : B)p = lnfp;;B:F(p’,p)Zl—eImax (A : B)p/. It

is known that any one-shot one-way entanglement
assisted protocol for quantum state splitting that
makes an error at most € must communicate at least
115 (R : )y number of qubits [7]. Similar bounds
also hold for quantum state merging (in which reg-
ister A is trivial), as quantum state merging can be

viewed as a time-reversed version of quantum state

splitting [7]. A slightly weaker form of our result
was already known in [7], where the protocol used
218 (R 1 C) g + loglog dim(C) + log (1) qubits of
communication and embezzling quantum states as
pre-shared entanglement. We show a similar state-
ment for the case of quantum state redistribution,
where the communication cost is tightly character-
ized by a quantity that captures how well Bob can de-
couple the registers RB and C' using local operations
and additional ancilla register T' (without changing
the state in the registers RB). We leave further
understanding of the best possibly decoupling per-
formed by Bob to future work, providing further de-
tails in online version of this work[24]. Quantum
state redistribution can also be viewed in terms of
other related forms of decoupling, as has been re-
cently discussed in [22].

Another application of our work is in the context
of port-based teleportation. The works [38] [39] in-
troduced the elegant technique of port-based tele-
portation, where Alice and Bob share many copies of
maximally entangled states (called ports), and upon
receiving message from Alice (which she prepares af-
ter her local quantum operation), Bob simply picks
up the desired state in one of the ports. Port-based
teleportation has a very desirable property of be-
ing composable and has found important application
in relating quantum communication complexity and
Bell-violations [30]. Using the convex split lemma,
we provide a scheme for port-based teleportation
which can save on the number of ports (over the
scheme by [39]) for a non-uniform ensemble.

Conclusion- In this work, we have provided a new
framework for compression of quantum messages and
have given applications to quantum state redistri-
bution and port based teleportation. A key fea-
ture of our framework is that it is able to provide
bounds which match in form to that of the best
known bounds for analogous classical and classical-
quantum network tasks, given that one is able to
prove a suitable extension of the convex-split lemma.
The simplicity of its proof allows it to be adapted
to different settings. Very recently [25] have applied
our framework to several important settings in quan-
tum network theory, such as a quantum version of
the Gel’fand-Pinsker channel and the quantum broad-
cast channel. The work [26] has used present frame-
work to obtain a new achievability bound on quan-
tum state redistribution, in terms of smooth-max
information and hypothesis testing relative entropy.
Convex-split lemma has also found application in the
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FIG. 3: The small circles refer to physical registers. The blue circles represent the state ¥y, the red circles represents the

state ops. The connected blue circles represent the state Wrpas. The state on the left panel represents the actual state shared

between Referee and Bob; o/ is the reduced state on Bob’s side in each copy of shared entanglement. If they shared the state

on right panel and Bob were told that the j-th state of the n states appearing in the convex combination were actually shared,

Bob would be able to directly pick up the corresponding register M; to obtain the desired state. As a first step, we show that

the states on left and right panels are close to each other up to error €, as long as logn > Dmax (Yrem ||V rE @ 0ar) + 2log %

This we refer to as the convex-split lemma.

work [23], in the context of catalytic decoupling. We
point out that the present version of this lemma (in
supplementary material) further improves the corre-
sponding result in [23]. Other recent applications
of the convex-split lemma include privacy in quan-
tum communication (the wiretap channel) in [29], a
generalized quantum Slepian-Wolf result in [28] and
a bound for the important and consequential task
of measurement compression using classical shared
randomness in [27]. Given the broad applicability of
the convex-split technique as exhibited in these re-
cent works, we expect more applications in quantum
network theory in the future.
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1 Preliminaries

In this section we present some notations, definitions, facts and lemmas that we will use later in our proofs.
Readers may refer to [CT91) INCOQ, (Watll] for good introduction to classical and quantum information
theory.

Information theory

Counsider a finite dimensional Hilbert space H endowed with an inner product (-,-) (in this paper, we only
consider finite dimensional Hilbert-spaces). The ¢; norm of an operator X on # is || X||; ' T/ XTX and

¢ norm is || X, ©TXXT. A quantum state (or a density matrix or a state) is a positive semi-definite
matrix on H with trace equal to 1. It is called pure if and only if its rank is 1. A sub-normalized state is a
positive semi-definite matrix on H with trace less than or equal to 1. Let |[¢)) be a unit vector on #, that
is (¢,1) = 1. With some abuse of notation, we use ¥ to represent the state and also the density matrix
|1} (1], associated with [¢). Given a quantum state p on H, support of p, called supp(p) is the subspace of
‘H spanned by all eigen-vectors of p with non-zero eigenvalues.

A quantum register A is associated with some Hilbert space H 4. Define |A4] o dim(Ha). Let £(A)
represent the set of all linear operators on H 4. We denote by D(A), the set of quantum states on the Hilbert
space H 4. State p with subscript A indicates p4 € D(A). If two registers A, B are associated with the same
Hilbert space, we shall represent the relation by A = B. Composition of two registers A and B, denoted AB,
is associated with Hilbert space H4 @ Hp. For two quantum states p € D(A) and o € D(B), p@ 0o € D(AB)
represents the tensor product (Kronecker product) of p and . The identity operator on H4 (and associated
register A) is denoted 14.

Let pap € D(AB). We define

pp = Tralpan) = Y (Gl @ Ip)pan(i) @ In),

i

where {|i)}, is an orthonormal basis for the Hilbert space H4. The state pp € D(B) is referred to as the

marginal state of pap. Unless otherwise stated, a missing register from subscript in a state will represent
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partial trace over that register. Given a ps € D(A), a purification of p, is a pure state pap € D(AB) such
that Trp(pap) = pa. Purification of a quantum state is not unique.

A quantum map & : L(A) — L(B) is a completely positive and trace preserving (CPTP) linear map
(mapping states in D(A) to states in D(B)). A wunitary operator Uy : Ha — Ha is such that ULUA =
UAUZ‘ = I4. An isometry V : Hy — Hp is such that VIV = I4 and VVT = Ig. The set of all unitary
operations on register A is denoted by U(A).

Definition 1.1. We shall consider the following information theoretic quantities. Reader is referred to
[Ren05), [TCR10, Tom12, Dat09] for many of these definitions. We consider only normalized states in the
definitions below. Let € > 0.

1. Fidelity For pa,04 € D(A),
def
F(pa,04) = |Vpavoal, -

For classical probability distributions P = {p;}, Q@ = {¢:},

F(P,Q) ¥ Z VDi - G-

2. Purified distance For pa,04 € D(A),
P(pasoa) = V1 —=F%(pa,04).

3. e-ball For p4 € D(A),

def

B (pa) = {pls € D(A)| P(pa, pla) <}

4. Von-neumann entropy For ps € D(A),
def
S(pa) = —Tr(palogpa).

5. Relative entropy For pa,04 € D(A) such that supp(pa) C supp(oa),

def
D(palloa) = Tr(palogpa) — Tr(palogoa).

6. Max-relative entropy For p4,04 € D(A) such that supp(pa) C supp(ca),
def . A
Diax (palloa) = inf{A\ e R : 2% 4 > pa}.
7. Mutual information For psp € D(AB),
def
I(A: B), = S(pa) +S(ps) —S(par) =D(papllpa @ pp).
8. Conditional mutual information For papc € D(ABC),

I(A: B|C), €' I(A: BC), ~1(A: C),.

9. Max-information For psp € D(AB),

def .
Imax(A : B)p - lnfaBED(B)Dmax(pABHpA ® UB) .



10. Smooth max-information For psp € D(AB),

e def .
[hax (4 B), = infyene(p)lmax (A : B) .

11. Conditional min-entropy For psp € D(AB),
def .
Huin (A|B), = —infs,en(B)Dmax (paB(l1a ® 0B) -
We will use the following facts.

Fact 1.2 (Triangle inequality for purified distance, [Tom12]). For states pa,o4,74 € D(A),

Ppa,oa) < P(pa,7a) + P(1a,04).

Fact 1.3 ([Sti55]). (Stinespring representation) Let £(+) : £L(A) — L£(B) be a quantum operation. There
exists a register C' and an unitary U € U(ABC) such that &(w) = Try ¢ (U(w ®10)(0 B’C)UT) Stinespring

representation for a channel is not unique.

Fact 1.4 (Monotonicity under quantum operations, [BCE796|,[Lin75]). For quantum states p, o € D(A),
and quantum operation £(-) : L(A) — L(B), it holds that

[€(p) —E(@)ll; < llp—all; and F(E(p),&(c)) > F(p,0) and D(plle) = D(E(p)[[E())-
In particular, for bipartite states pap,cap € D(AB), it holds that
lpas —oaBlly = [lpa —oall; and F(pap,0ap) < F(pa,04) and D(paslloas) =D(palloa).

Fact 1.5 (Uhlmann’s theorem, [ULI76]). Let pa,04 € D(A). Let pap € D(AB) be a purification of p4 and
oac € D(AC) be a purification of o4. There exists an isometry V : He — Hp such that,

F(10)(0l a5 5 p)(plap) = F(pa,04),
where |0) ;5 = (4@ V) |0) 40
Fact 1.6 (|[BCR11], Lemma B.7). For a quantum state pap € D(AB),

Lnax (A : B), < 2-min{log |A4|,log |B[}.
Fact 1.7 ([BCR11], Lemma B.14). For a quantum state papc € D(ABC),
Tmax (A : BC)p > Inax (A B)p.
Fact 1.8 (Pinsker’s inequality, [DCHRT7S]). For quantum states pa,04 € D(A),
F(p,o) > 2~ 2P0llo),

This implies,
In2
1-F(p,0) < —=-D(pllo) < D(pfo).

Lemma 1.9. Let € > 0. Let [¢)(¢|, € D(A) be a pure state and let pap € D(AB) be a state such that
F(|Y) (Y|4, pa) > 1 —e. There exists a state g € D(B) such that F(|¢) (Y|, ® 0p,pap) > 1 —e.



Proof. Introduce a register C' such that |C| = [A||B|. Let |p) 45 € D(ABC) be a purification of psp. Using
Uhlmann’s theorem (Fact we get a pure state ¢ such that

l—e< F(l D) Wlaspa)

F([¢) (@4 @10)0lpc s 102 {Plape)
F(l¢Y)(¥]| 4 ® 0B, pap). (monotonicity of fidelity under quantum operation, Fact

The following lemma is a tighter version of (one-sided) convexity of relative entropy.

Lemma 1.10. Let py, pa, .- . pin, 0 be quantum states and {p1,pa,...pn} be a probability distribution. Let
w=>,Dpilt; be the average state. Then

/~L||9 sz Mz”e (/JzHM))

Proof. Proof proceeds by direct calculation. Consider

sz (1ill€) = D (pi | 2)) sz (pilog i) — Tr(pilog 0) — Tr(p;1og ;) + Tr(p; log )

=Tr() _ pipi log()) — Tr mei log §) = Tr(ulog ) — Tr(plog ) = D(ul0) .

i

2 A convex-split lemma

We revisit the statement of convex split lemma and state its connection to a previous work. The lemma has
been proved in main text.

Lemma 2.1 (Convex-split lemma). Let ppg € D(PQ) and g € D(Q) be quantum states such that
supp(pg) C supp(og). Let k def Dumax (prollpp ® 0g). Define the following state

n
def 1
TPQ1Q2...Qn = " Z pPQ; ®oQ, ®oQ,...00qQ, , ®0Q,,,...Q0q, (1)
=1

on n+ 1 registers P,Q1,Qo,...Qyn, where Vj € [n] : ppq, = ppq and 0g, = 0g. Then,

Qk
D(TPQ1@s...Q.lITP ® 0, ® 0q, ... ® 0q,) <log(1 + ;)-

Using Pinsker’s inequality (Fact @, we conclude,

F(TpQ1Qs..0us TP 0@, ®0Q, ... ©0Q,) > —¢

In particular, for 6 >0 and n = [%]7
D(7p0,Qs...0. TP ® 0, ® 0q, ... ® 0q,) < log(1 +6)

and
FX(7P01Qs...0u: TP © 0Q, ®0Q, ... ®0g,) > 1—4.



The proof is as follows.

Proof of Convex-split Lemma. We use the abbreviation o~ o 0Q,---®0g,_, ®0g,,, - ®0qg, and o &
0Q, ®0Q,---0Q,- Then 7pQ,q,..Q, = £ Y.i—1 PPQ; ® 0. Now, we use Lemma to express

D(7pq,..q.llpp ® o) = ZD ppq, ©@ 0 ||pp © o) —*ZD prQ, @0 ||TPQigs..0.) - (2)

The first term in the summation on right hand side, D(prj ® J*ijp ® U), is equal to D(prj pr ® O’Qj).

The second term D (pr]. ® U’jHTleQQWQn) is lower bounded by D (pr]. HTPQJ.), as relative entropy
decreases under partial trace. But observe that 7pq, = %pr]. +(1- %)pp ® 0q,. By assumption, ppq, <
2%pp ® 0@, Hence 7pg, < (1+ QICTL—_l)pp ® 0q,. Since log(A) < log(B) if A < B for positive semidefinite
matrices A and B (see for example, [Carl0]), we have

D(prq,|mre,) = Tr(prq, log prq,) — Tr(ppo, log Trqg,)
ok _ 1

)

> Tr(ppq, log prq,;) — Tr(prq, log(pp @ 0q,)) — log(1 +
2k —1
).

=D(prq,|lor @ oq,) —log(1 +

Using in Equation [2] we find that

1 1 2k —1
D(7p@.q@...q.llpp ®0) < - ZD(PPQj lpp ®0q,) — - ZD(PPQj lop @ 0q,) +log(1+ )
J J
kE_
= log(l+ ).
Thus, the lemma follows. O

A converse to Lemma [2.1]

We now prove a converse in the following sense.

Lemma 2.2 (A converse to convex-split lemma). Let ppg € D(PQ) and og € D(Q) be quantum states such

that supp(pqg) C supp(og). Let k def I(P: Q) For an integer ¢, define the following state

def

y4
¢ 1
TPQ1Qz... 7 Z PPQ; ©0QL ©0Qy -+ ®0Q; 1 B0Q;, - B 0Q,

on £+ 1 registers P,Q1,Q2,...Qq, where Vj € [{] : ppq, = ppq and 0q, = 0q. Then,

2k
DmaX(TPQ1Q2---Q2H7—P Q0@ ®oQ,y.--® UQ@) > log(7 —2).

Proof. For brevity, set Dmax (TPQ, ... ITP ® 0, ® 0, ... ® 0q,) = o and 0Q, ®0Q, ... ¥ 0Q, = o),

Define the following state related to 7pg,q,...q,, but on m reglsters where m is a multiple of l:

m
def 1

TPQ1Q2.-Qmd = ZPPQ] ®0Q, ®0Q,.--B®0Q,_, ®0Q,.,---®0q, ®|5){l,
j 1



It is easy to see that
; m/e
def Q)
TPQ1Q2..Qm — E Z TPQo.(j—1)+1--Qe-(j—1)+¢ ® 9Q1...Q, ®...0 0Qq.(j—2)+1--Qe-(j—2)+¢ ® 0Qu.(jy+1--Qe-(iye * **
j=1
Then from Lemma 2.1 we conclude that

2¢ ./

D(TP@1Qs...Qu ITP ® 0q, ... 0q,,) <log(1+ )-

Now, observe that

I(P:QiQ2...QnJ), <I(P: @Q1Q2...Qm), +logm < D(1pq,q,..Q. TP ® 0g, ...0q,,) +logm.

Thus, we conclude that

(e

L(P:Q),=LP:QiQ2...QnJ), <log(l+ 2 ) + logm = log(m + 2% - £).

Setting m = 2¢, the lemma follows. O

Connection to previous work

Following result appears as main theorem in the work of Csiszar et. al.[CHPQT],
Jim D(70,Q,..Q.llog, ® 0q, -+ .0q,) = 0.

This is a special case of convex-split lemma in the limit § — 0 (and hence n — co) when the register P is

trivial. But it is also equivalent to convex-split lemma in the limit 6 — 0 (and hence n — 00), as we argue
below. Given an arbitrary hermitian operator M € £(P), consider the normalized states pj; = %

and 74 o, o, = Trpwgfﬁﬁz)”@"). It is easy to observe that

/ def
TQ1Q2...Qn =

1 n
gzp’@_®an®...®0—ij1®JQM®...®0QH
=1

From the main theorem in [CHPOQTY], this state is arbitrarily close to og, ® 0q, ...®0q,,, for large enough
n. This means that any measurement M € L(P) on the state 7pg,0,...q, does not change the marginal
on registers 1@z ... Qn. Thus registers P and Q1Q2 ... Q, are independent in the state 7pQ,q,...q,. This
coincides with the statement of convex-split lemma if we let § — 0 (and hence n — 00).

3 Compression of one-way quantum message

Consider a state ®Praprp shared between Alice(AM), Bob(B) and Referee(R). The register M serves as a
message register, which Alice sends to Bob. Following theorem shows that this message can be compressed.
An idea of the proof appears in the Figure [I]

Theorem 3.1 (Quantum message compression). There exists an entanglement-assisted one-way protocol P,
which takes as input |P) p 42,5 shared between three parties Referee (R),Bob (B) and Alice (AM) and outputs
a state @ 41 Shared between Referee (R), Bob (BM) and Alice (A) such that ®'5 405 € B (YramB) and
the number of qubits communicated by Alice to Bob in P is upper bounded by:

1 1
§Imax(RB : M)q) + log (5) .
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Figure 1: The state on left hand side |®) p5 40, ® |0>L1L2___LHM1“‘MH, a purification of ®rp ® Tar,...a,,. The
state on right hand side is |u>JRBLle_“LanMz__Mn, a purification of Trpas, M. Mm,,. Using convex-split
lemma, Alice can apply an isometry V on [®) ppan @1[0) 1o 1 oap o ap toobtain |u) jepr o 1o
with high fidelity.

Proof. Let k def Imax (RB : M), 6 df 2 and n & [2- ; l Let o7 be the state that achieves the infimum in

the definition of Iyax (RB : M)g. Consider the state,

def 1
HRBM,..M, = Z(I)RBM Qo @...Q00M;_, Q0N ®...Q0N,-

j 1

Note that ®rp = purp. Consider the following purification of urgpar, .. .,

|/’(’>RBJL1..‘L,1M1‘.AM71

n

det 1 . =

= ﬁ Z ‘j>J |®>RBLJ']\JJ ® |U>L1M1 ® e ® |0.>Lj71]\fj71 ® |U>Lj+1Mj+1 ® e ® ‘O->L’N,M’ﬂ
Jj=1

Here, Vj € [n] : |0>L,- wu, is a purification of oy, and ‘Ci)> is a purification of ®rpas,. Consider the

RBL; M;
following protocol P;.

1. Alice, Bob and Referee start by sharing the state 1) pp;r 1 a2y between themselves where Alice
holds registers JL ... L,, Referee holds the register R and Bob holds the registers BMyMs ... M,.



2. Alice measures the register J and sends the measurement outcome j € [n] to Bob using % qubits of

quantum communication. Alice and Bob employ superdense coding ([BW92]) using fresh entanglement
to achieve this.

3. Alice swaps registers L; and L; and Bob swaps registers M; and M;. Note that the joint state on the

registers RBL; F at this stage is ‘é>RBL1M1-

4. Alice applies an isometry V : ‘Hy, — Ha on the state ’<i>>RBL M such that the joint state in registers

RAM:B is ®Prpan,, as given by Uhlmann’s theorem (Fact [L.5))

Consider the state,
def
ErBMy.M, = PRE®ON, ... @O,

Let [0) . roann, =19 000 ©10) ponr, ---10) 1, 4, be a purification of oa, @ ... 0w, . Let

d£f|

‘§>RABML1...L"M1.‘.M,L - (I)>RABM ® |6>L1...L,LM1...M,L .

Using convex-split lemma (Lemma and choice of n we have,

F2(¢rBMy. My s BRBM, .. M,,) > 1 — €2

L}ft \§’>RBJL1WL"M1MM" be a purification of Erpar, .. a, (guaranteed by Uhlmann’s theorem, Fact such
that,

F2(|§/><§/|RBJL1...L,1M1H.M” ) <ru|RBJL1.HLnM1...Mn) = F2(§RBM1~~M”7/’LRBMLnMn) >1-¢%

Let V' : Hanir,y..n, = Hir,..L, be an isometry (guaranteed by Uhlmann’s theorem, Fact [1.5) such that,

VN rapyry..ovsy.n, =€) RBILy . Loy, -
Consider the following protocol P.

1. Alice, Bob and Referee start by sharing the state |§)RABML1ML”M1MM” between themselves where Alice
holds registers AM Ly ... L,, Referee holds the register R and Bob holds the registers BM; ... M,,.
Note that [W¥)p 45, is provided as input to the protocol and [0); ~; ,/ ,,  is additional shared
entanglement between Alice and Bob.

2. Alice applies isometry V' to obtain state |§/>RBJL1...Ln,M1...an where Alice holds registers JLj ... Ly,
Referee holds the register R and Bob holds the registers BM; ... M,.

3. Alice and Bob simulate protocol P; from Step 2. onwards.

Let ®’; 45, be the output of protocol P. Since quantum maps (the entire protocol P; can be viewed as
a quantum map from input to output) do not decrease fidelity (monotonicity of fidelity under quantum
operation, Fact , we have,

F2(®rapy, Prapy) = F2(|§I><§I|RBJL1...L”M1...M,1 AWl rprr, paovy ) 21— e”. 3)

This implies Prapm € 'BE(|\I/><\I’|RABC).
The number of qubits communicated by Alice to Bob in P is upper bounded by:

log(n)
2

< %ImaX(RB : M)g +log (i) .
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Figure 2: Graphical representation of one-way entanglement assisted quantum state redistribution.

4 Communication bounds on quantum state redistribution

We begin with definition of quantum state redistribution. Please note that we allow Alice and Bob to share
arbitrary prior entanglement. In comparison, the previous works [BCTT16, [DHOT16] use EPR states and also
take into account the amount of entanglement used by the protocol.

Definition 4.1 (Quantum state redistribution). The quantum state |¥) , , 5- € D(RABC) is shared between
three parties Referee (R), Bob (B) and Alice (AC). In addition, Alice and Bob are allowed to share an arbitrary
pure state |6) 1L where register S} belongs to Alice and register S belongs to Bob. Let M represent

the message register. Alice applies an encoding map & : L(ACSY) — L(AM) and sends the message M to
Bob. Bob applies a decoding map D : L(M BS}E) — L£L(BC). The resulting state ®papc is the output of the
protocol. Quantum communication cost of the protocol is log | M.

Using Stinespring representation (Fact , the quantum maps € and D can be realized as unitary
operations using additional ancillas. Let the ancillary register needed for map € by Alice be S%, holding

the state 0;1 , and the ancillary register needed for map D by Bob be S%, holding the state 919?5 . Introduce
def

registers S o 5357 and Sp ‘= SES%. Let the joint state in registers SySp be |0)g, .. Then following is
equivalent to Definition Alice applies a unitary Uacs, on her registers, leading to the registers AMT4
on her side (with MT4 = CSy4). She sends M to Bob, who applies a unitary Vasps, and discards all his
registers except BC. Let the registers discarded by Bob be Tz. The output of protocol is the state Prapc
in register RABC'. Figure 3 elaborates upon this description.

Before proceeding to our upper and lower bounds, we present the following definition.



Definition 4.2. Let ¢ > 0 and Vpapc € D(RABC) be a pure state. Define,

def
£ — 3 .
Q|\I/>RABC = lnnyUBCTvo'éﬂvKlRBCTImaX(R‘B . CT),L;RBCT

= infT:UBCTyo'r,T70'CT7NRBCT Duax (krBOT|RRB @ 0C0T)

with the conditions Ugcr € U(BCT), 0% € D(T),0cr € D(CT) and

(Ir ® Upcr)krBer (IR ® ULCT) € B*(Yrpc ®o7),kre = VRp.

Lower bound
We have the following lower bound result.

Theorem 4.3 (Lower bound). Lete > 0 and Y rapc € D(RABC) be a pure state. Let Q be an entanglement-
assisted one-way protocol (with communication from Alice to Bob), which takes as input |¥)p 5o shared
between three parties Referee (R),Bob (B) and Alice (AC) and outputs a state Prapc shared between
Referee (R),Bob (BC) and Alice (A) such that ®rapc € B (Vrapc). The number of qubits communi-
cated by Alice to Bob in Q is lower bounded by:

1 g
2 Q ) raBc”
Proof. Protocol Q can be written as follows (see Figure [2]):

1. Alice and Bob get as input |¥) , , 5 shared between Alice (AC), Referee (R) and Bob (B). In addition
Alice and Bob use shared entanglement and local ancillas for their protocol. Let these additional
resources be represented by a pure state |6) 5.5, Where register S4 is held by Alice and register Sp is
held by Bob.

2. Alice applies a unitary Uacs, on the registers ACS4. Let krarar,Bs, be the joint state at this
stage shared between Alice (M AT4), Referee (R) and Bob (BSg), where MT4 = CS,4. Note that

krp = VYrp and krps; = Yre @ sy,
3. Alice sends the message register M to Bob.

4. Bob applies a unitary Vpg,ar on the registers BSpM. Let ®rapcr, 1y be the joint state at this stage
shared between Alice (AT4), Referee (R) and Bob (BCTg) where SpM = CTp.

5. The state ®gapc is considered the output of the protocol Q.
Using Fact we know that there exists a state wyy, such that:
2log|M| > Duax (krBSpMIIERBSE @ W) = Dimax (krBSp M| Y RE ® 05, @ War) . 4)

We have F2(®rapc, [¥) (V| zap0) = 1 —? and [U)(V], 450 is a pure state. From Lemma and mono-
tonicity of fidelity under quantum operation (Fact [1.4) we get a state o7, such that,

F*(@ppor,, Vrpo ® 07,) > 1 — 2

We have,
Qrpery = (IR @ Vespm)krBsgm(Ir ® VésBM), krB = YRB. (5)

Recall that SgM = CTs. Define ooy def Os, ® wpr. Eq. and Eq. imply,

2log |M| > Dumax(krBCTs |¥YRE ® 0CTs)

10



with the conditions
F*(®rpory, YRBC @ o) >1— e2, ®rpery = (Ir @ Veory )krpory (IR © V;CTB)v krB = YRB.

From above and the definition of Q\E‘I’)RABC we conclude

1 154
log |M| Z §Q‘\P>RABC.

Upper bound
We show a nearly matching upper bound on the quantum communication cost of quantum state redistribution.

Theorem 4.4 (Upper bound). Let € € (0,1/3) and Yrapc € D(RABC) be a pure state. There exists
an entanglement-assisted one-way protocol P, which takes as input |¥) 4o shared between three parties
Referee (R),Bob (B) and Alice (AC) and outputs a state Prapc shared between Referee (R),Bob (BC) and
Alice (A) such that ®rapc € B* (Vrapc). The number of qubits communicated by Alice to Bob in P is
upper bounded by:

1. 2

§Q\‘I’>RABC +log <5) ’
Proof. The definition of Q|€‘1’>RABC involves an infimum over various quantities. There exists a collection
(T, Ugcr, 0%, 00T, KRBCT) along with the conditions,

(Ir ® Upcr)krBer (IR ® UL;CT) € BS(Yrpc ®o7),krB = YRE,

such that Inax (RB : CT), < Q
Define the state

+ 1.

€
VYRABC

PRBCT deof (Ir ®Upcr)krBer (IR ® U;CT).
Since krp = Ygp, then for any purification |k) p s Of KrRBOT, there exists an isometry Vi : Hac —
Hers such that
)kl ppors = Vl‘I’RJEMCvlT (6)
We start with the following protocol P;.

1. Alice(CT'S), Bob(B) and Referee(R) start with the state |&) 5 5o and shared entanglement as required
in the protocol described in Theorem [3.1]

2. Using the protocol described in Theorem m the parties produce a state x'z g With registers BCT
belonging to Bob, S belonging to Alice and R belonging to Referee, such that FQ(/{’RBCTS, KRBCTS) >
1 — €2, In other words,

P(Krpors: krRBCTS) < € (7)
3. Bob applies the unitary Ugcr on registers BCT.

The number of qubits communicated in Py is Imax(RB : CT), + log(2).

At the end of the protocol, the state in registers RBCT is UBCTK;%BCTUJTBCT' By definition of prper,
the relation P(prpor, YrBe ®07%) < € and Equation we find (using triangle inequality for purified distance

(Fact [1.2)) that

P(¥rpc ® o, UpcrkrperUker) < 26

Thus, there exists an isometry V5 : Hg — Hap such that for a purification |0’) 5 of o7,

P(Vrasc ® 0’0" | pr . Va @ UpcrtpporsUker ® Vi) < 2 8)

Now, we describe the protocol P that achieves the desired task.

11



1. Alice(AC), Bob(B) and Referee(R) start with the state |¥)p, 5~ and the shared entanglement as
required to run the protocol P; below.

2. Alice applies the isometry V; on her registers. The parties run the protocol P;. Finally, Alice applies
the isometry V5 on her registers.

Let the final state produced in registers RABC be ®rapc. Using equations [§ and [f] we find that
P(YraBc,Prapc) < 2e.

Since the quantum communication cost of P is equal to the quantum communication cost of P;, the
number of qubits communicated by Alice to Bob in P is upper bounded by:

log(n) 1 .. 1 1 1 .. 2
2 §§Q|\II>RABC+§+IOg c S§Q|‘I’>RABC+IOg e/

O

5 Communication bounds on quantum state splitting and quan-
tum state merging

In this section, we describe near optimal bound for quantum communication cost of quantum state splitting
and quantum state merging protocols. We recall that quantum state splitting is a special case of quantum
state redistribution in which the register B is trivial and quantum state merging is a special case of quantum
state redistribution in which register A is trivial.

Quantum state splitting

We show the following lemma, which along with our upper bound (Theorem |4.4) and lower bound (Theo-
rem immediately gives the desired upper and lower bound on quantum communication cost of quantum
state splitting.

Lemma 5.1. Let Yrape € D(RABC) be a pure quantum state and let B be a trivial register, that is,
|B| =1. Then Q|€‘I’>RABC =L . (R:C)

VYre”

Proof. Since register B is trivial, we drop the notation B from the quantum states discussed below. Given
the quantum state kror as appearing in definition of QT‘I,>RAC (Definition , we define the state

def
prer = (Ig ® Ucr)krer(Ir ® Uby).

It holds that prer € B¢ (Vre ® 07). Note that the condition kr € B°(Vg) is now redundant (is implied by
above using pr = kr and monotonicity of fidelity under quantum operation, Fact . Consider,

Q) e fr Uer oor,of mror Dmax (KrROT|| KR ® 0CT)

= Infr.ucr,oor,of,mror Dmax ((IR ®@ ULy prer(Ir © Uor) HHR ® UCT)
= infTvUC’Tya'CTﬂ'r,Tv”iROTDmaX (PRCTHKR b UCTUCTU5T>

. ) def
= If7 cr.0l kper Pmax (PrROT(|KR ® por)  (With per = UCTUCTUgT)

= inf )Imax (R:CT) (using pr = KR)

T7U'T7PRCT€(BE(‘PRC®U’T

= infr . L. (R : CT)

max

PRCT

Yro®ol "

12



Now,

Foax(R: Oy, = infr. 5. (R: OT)\I’Rc@o’T (by setting T to be trivial register)
= infT’g,TﬁpRCTGBE(q,RCQ@J/T)Imax(R : CT)pRCT
> inf,pcene(wpc)max (R C),,
(using monotonicity of max-information under quantum operation, Fact
= Ruax(R:C)y,. -
Therefore,

QT@)RAC = infT,UlFIfnax(R : OT)\IJRC@gLf = Iilax (R : C)‘I’RC :

Quantum state merging

Now, we consider the case of quantum state merging. It has been noted in [BCR11] that quantum state
merging can be viewed as ‘time reversed’ version of quantum state splitting, and their optimal quantum
communication cost is the same.

Lemma 5.2 ([BCR11]). Lete > 0 be error parameter. Following two statements are equivalent, with registers
A and B such that A = B.

1. There exists an entanglement assisted quantum state splitting protocol P with quantum communication
cost ¢, that starts with a state Ypac € D(RAC), with AC on Alice’s side and R on Referee’s side, and
outputs a state Prac, with C on Bob’s side, such that Prac € BE(VYrac).

2. There exists an entanglement assisted quantum state merging protocol Q with quantum communication
cost ¢, that starts with the state ¥ rpc € D(RBC), with C on Alice’s side and B on Bob’s side, and
outputs a state ®'ppo, with (BC) on Bob’s side, such that 'z € B (Yrpe).

Proof. We show that (1) = (2). Let the protocol P start with the overall pure state Vgac ® ug,
where the register E include shared entanglement and other ancilla registers used by P. Let the final pure
state of the protocol be ®racr, with F2(®pac, Vrac) > 1 — 2. To describe the quantum state merging
protocol, we now relabel register A with register B. Since protocol P is a collection of unitary operations
(which are invertible, see discussion after Definition , it implies that there exists a protocol P’ (which
is inverse of the protocol P) that starts with the state ®rpcp, and leads to the state Yrpe ® pgp with
F?2(Vgpco, Prec) > 1 — €2. From Uhlmann’s theorem (Fact , there exists a pure state u/; that satisfies

F?2(Vrpe @ Wy, ®rpcr) = F2(Vrpo, Prpo) > 1 — 2.

Let Q be a protocol that starts with the pure state ¥gpc ® iy, and then follows the protocol P’. Let the
overall state at the end of Q be ®% 5. Then,

F2(Yrpe, ®rpe) = F*(Yrpe ® pE, ®rper) = FX(PrpoE, VR ® 1)) > 1 — &%

It is clear that the communication between Alice and Bob is the same in P and Q.
(2) = (1) can be proved using similar arguments. O

6 Port-based teleportation

We consider the problem of port-based teleportation, when the sender Alice and the receiver Bob know that
the set of possible states to be teleported belong to the ensemble {p;, [¢)(¥|'};, with Y, p; = 1. Alice is given
the state |1/)i><7,/1i| with probability p; which she wishes to teleport to Bob.

Before proving our result, we will prove the following useful Lemma. It can be seen as a one-sided analogue
of the relation between optimal fidelity of teleportation and maximal singlet fraction as proven in [HHH99).

13



Lemma 6.1. Given a quantum channel € : M — M with Kraus-representation &(p ) => AkpA,TC and an
ensemble {p;, |w><w|3\4}z with ¢4, € D(M), define the state |¥)p,, o > VP i) g 1)y Then it holds that

(Wl gar E(VRa) [W) gy < sz (o E@h) [0) s
Proof. We proceed as follows.
(Ulpa EWRM) W) par = Z| (U] par Ir ® A [9) g 2 Z | ZPZTY (Vhr AR
Z(sz sz|Tr arAr)[? sz Z | Te(¥hy Ar)|?
ki

The inequality above is due to the Cauchy-Schwartz inequality. Now, we observe that

sz (Wl W) 1)y ZpZmeMAk :

IN

which completes the proof. O
Now we proceed to our main theorem of this section.

Theorem 6.2. Consider an ensemble of pure quantum states {pi, |¥) (|5, Vi, with i, € D(M). Introduce
a register R and define the state |¥)p,, o > V/Dili >R|1/)> . Let op be an arbitrary state and k o

Diax (Yrm||¥r @ oar). Suppose Alice and Bob share n copies of a purification of opr. Then there exists a
port-based teleportation protocol such that Bob outputs the register M’ = M and for each i, the final state

with Bob is ¢y, such that Y, p;F2(iy, ¢hy) >1— 2
Proof. We define the state
def 1

TRMy Ms...M, E \I/RM ®UM1®-~-O'M]<,1®0Mj+1-~-®O'Mn-

Consider the following purification of T az . »
i det 1 .
|T >JL1L2"'L7LRM1M2"'M’!L = %Z|J>J|\IJ>RMj ‘O->L1M1®'.'|U>Lj—1Mj—1®‘O>Lj®|a>Lj+1Mj+1 "'®|U>LnMn )

where |o) 1,1, 18 a purification of oy, and |0) L, is some fixed state.
From convex split lemma [2.T] it holds that

1
1+

n

2
F (TRMlMQ...Mn7\IJR ® O-Ml ® UMZ tte ® UMn) 2

Thus, there exists an isometry V' : Harrir,..n, — HipiL,.. 1L, (guaranteed by Uhlmann’s theorem,
Fact |1.5)), such that

Y

F2(|T><T|JL1L2...LHRM1M24..MTL VNN par @ Mo)alp,ar, @ o) ol nr, - @O, 0, v

We consider the following protocol P:
1. Alice and Bob share n copies of the state |o), ,, in registers Ly My, LoMy, ... Ly, M,.

2. Alice applies the isometry V' and measures the register J. Then she sends the outcome j to Bob.
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3. Upon receiving the outcome j, Bob picks up the register M; and swaps it with his output register M’.

Consider the action of P when the input to it is the state Wgys. Let the state in the registers RM’ upon
the completion of P be P(Vgyas). From Equation |§| and monotonicity of fidelity under quantum map (Fact

, it holds that F>(P(¥par), Urar) > —Lr > 1- 2

Since P is a quantum map, we can appl};L Lemma to conclude that

k
S DF2(Ghns i) = S0 pFE(P (), ) = FAP(Wpar), Wpar) = 1 — o

n

This proves the theorem.
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