
Operations 

Classical computation

outputinput

AND, OR, NOT gates

Quantum computation

"superposition"
Quantum circuit

Unitary gates

Classical circuit

𝑁𝑂𝑇 ൌ  ቀ0 1
1 0ቁ ቀ

𝑎
𝑏ቁ ൌ ൬𝑏𝑎൰

𝐼𝐷𝐸𝑁𝑇𝐼𝑇𝑌 ൌ ቀ1 0
0 1ቁ ቀ

𝑎
𝑏ቁ ൌ ቀ𝑎𝑏ቁ

PrሺXൌ0ሻ ൌ 1/4 ; PrሺXൌ1ሻ ൌ 3/4

𝐼𝑁𝐼𝑇଴  ൌ ቀ1 1
0 0ቁ ቀ

𝑎
𝑏ቁ ൌ ቀ1

0ቁ

𝐼𝑁𝐼𝑇ଵ  ൌ ቀ0 0
1 1ቁ ቀ

𝑎
𝑏ቁ ൌ ቀ0

1ቁ𝑣 ൌ ൮

1
4
⎯⎯
3൲

ቀ1ቁ

ቀ0
1ቁ

Saw as 1

S 0

|1⟩

|1⟩

|1⟩

|1⟩

|1⟩

|0⟩

|0⟩

|0⟩

|0⟩

|0⟩

Classical-states

X-register

0

0

0 0

0

0

0

1

1

1

1

1

"bits"

"qubits"
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𝐼𝐷𝐸𝑁𝑇𝐼𝑇𝑌 ൌ ቀ1 0
0 1ቁ ቀ

𝑎
𝑏ቁ ൌ ቀ𝑎𝑏ቁ 𝐼𝑁𝐼𝑇ଵ  ൌ ቀ0 0

1 1ቁ ቀ
𝑎
𝑏ቁ ൌ ቀ0

1ቁ

Stochastic-matrix  

Unitary-Matrices

𝑣 ൌ ൮

1
4
⎯⎯
3
4
⎯⎯
൲

ቀ1
0ቁ

ቀ0
1ቁ

ℓଵ norm is 1: ‖𝑣‖ଵ ൌ |𝑎| ൅ |𝑏| ൌ 1𝑣 ൌ ቀ𝑎𝑏ቁ   ;

Inner-product

Qubits 𝑣 ൌ ቀ
𝛼
𝛽ቁ 𝛼,𝛽 ∈ ℂ ሺthe set of complex numbersሻ

 ℓଶ norm is 1: ‖𝑣‖ଶଶ ൌ |𝛼|ଶ ൅ |𝛽|ଶ ൌ 1  

𝛼 ൌ 𝑎 ൅ 𝑖𝑏 ;       𝑖 ൌ √െ1⎯⎯⎯ ;       𝑎, 𝑏 ∈ ℝ;        |𝛼| ൌ ඥ𝑎ଶ ൅ 𝑏ଶ
⎯⎯⎯⎯⎯⎯⎯

൮

3
5
⎯⎯
4𝑖
5
⎯⎯
൲

⎝

⎜
⎛

1
√2⎯⎯
⎯⎯⎯

 

െ
1
√2⎯⎯
⎯⎯⎯
⎠

⎟
⎞ ቀ1

0ቁ

𝛼∗ ൌ 𝑎 െ 𝑖𝑏

𝑈𝑣 ൌ 𝑤 𝑣 ൌ ቀ
𝛼
𝛽ቁ

ℓଶ norm a. k. a. Euclidean norm

‖𝑣‖ଶ ൌ ඥ|𝛼|ଶ ൅ |𝛽|ଶ⎯⎯⎯⎯⎯⎯⎯⎯⎯

ℓଶ norm preserving: ‖𝑣‖ଶ ൌ ‖𝑤‖ଶ1.

Invertible: 𝑈ற𝑈 ൌ 𝑈𝑈ற ൌ 𝐼2.
Orthonormal columns3.
Orthonormal rows4.

𝑢଴ ൌ ൬
𝑢଴଴
𝑢ଵ଴൰  ;   𝑢ଵ ൌ ቀ

𝑢଴ଵ
𝑢ଵଵቁ

Normal: ‖𝑢଴‖ଶ ൌ ‖𝑢ଵ‖ଶ ൌ 1

Orthogonal:  𝑢଴
ற𝑢ଵ ൌ 0

𝑈 ൌ ൬
𝑢଴଴ 𝑢଴ଵ
𝑢ଵ଴ 𝑢ଵଵ൰   ;     𝑈் ൌ ൬

𝑢଴଴ 𝑢ଵ଴
𝑢଴ଵ 𝑢ଵଵ൰

𝑈∗ ൌ ቆ
𝑢଴଴∗ 𝑢଴ଵ∗
𝑢ଵ଴∗ 𝑢ଵଵ∗

ቇ  ;    𝑈ற ൌ ቆ
𝑢଴଴∗ 𝑢ଵ଴∗
𝑢଴ଵ∗ 𝑢ଵଵ∗

ቇ 

𝑈୘ ൌ "transpose"
𝑈∗ ൌ "conjugate"
𝑈ற ൌ "conjugate-transpose"

Saw as 1

Saw as 0

𝐴 ൌ ൬
𝑎଴଴ 𝑎଴ଵ
𝑎ଵ଴ 𝑎ଵଵ൰

𝑎௜௝ ൒ 0

𝑎଴଴ ൅ 𝑎ଵ଴ ൌ 1

𝑎଴ଵ ൅ 𝑎ଵଵ ൌ 1

3
5
⎯⎯ൌ

3
5
⎯⎯൅  𝑖 ⋅ 0

4
5
⎯⎯𝑖 ൌ 0 ൅

4
5
⎯⎯𝑖

ቤ
3
5
⎯⎯ቤ
ଶ

൅ ቤ
4𝑖
5
⎯⎯ቤ

ଶ

ൌ  ቆ
3
5
⎯⎯ቇ

ଶ

൅ቆ
4
5
⎯⎯ቇ

ଶ

ൌ  1

3.    ℓଵ norm preserving:  Let 𝐴𝑢 ൌ 𝑣, then ‖𝑢‖ଵ ൌ ‖𝑣‖ଵ

𝑢 ൌ ൬𝑏଴𝑏ଵ
൰

𝑣 ൌ ൬
𝑎଴଴ 𝑎଴ଵ
𝑎ଵ଴ 𝑎ଵଵ൰ ൬

𝑏଴
𝑏ଵ
൰ ൌ ൬𝑎଴଴𝑏଴ ൅ 𝑎଴ଵ𝑏ଵ

𝑎ଵ଴𝑏଴ ൅ 𝑎ଵଵ𝑏ଵ
൰

ሺ𝑎଴଴ ൅ 𝑎ଵ଴ሻ𝑏଴ ൅ ሺ𝑎଴ଵ ൅ 𝑎ଵଵሻ𝑏ଵ ൌ  𝑏଴ ൅ 𝑏ଵ

All entries are non െ negative1.
All columns add to 12.

Examples

Examples of unitary matrices
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Hadamard Matrix

𝐻 ൌ

⎝

⎜
⎛

1
√2⎯⎯
⎯⎯⎯

1
√2⎯⎯
⎯⎯⎯

1
√2⎯⎯
⎯⎯⎯ െ

1
√2⎯⎯
⎯⎯⎯
⎠

⎟
⎞

Identity Matrix

𝐼 ൌ ቀ1 0
0 1ቁ

NOT Matrix

𝑁𝑂𝑇 ൌ ቀ0 1
1 0ቁ

𝑣 ൌ ቀ
𝑣଴
𝑣ଵቁ

𝑣ற ൌ ሺ𝑣଴∗ 𝑣ଵ∗ሻ

𝑤 ൌ ቀ
𝑤଴
𝑤ଵቁ

𝑤ற ൌ ሺ𝑤଴∗ 𝑤ଵ∗ሻ

𝑣ற𝑤 ൌ 𝑣଴∗𝑤଴ ൅ 𝑣ଵ∗𝑤ଵ

𝑤ற𝜈 ൌ 𝑤଴∗𝑣଴ ൅ 𝑤ଵ∗𝑣ଵRotation Matrix

𝑅ఏ ൌ ൬cos𝜃 െ sin𝜃
sin𝜃 cos 𝜃 ൰
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Multiple bits Stochastic -Matrix Example

Multiple-qubits

Unitary

Outcome  0

Ex:

CNOT: "Controlled-Not"𝐻𝑣଴ ൌ ቀ1
0ቁ   ;   𝐻𝑣ଵ ൌ ቀ0

1ቁ

𝑣଴ ൌ

⎝

⎜
⎛

1
√2⎯⎯
⎯⎯⎯

1
√2⎯⎯
⎯⎯⎯
⎠

⎟
⎞

𝑣ଵ ൌ

⎝

⎜
⎛

1
√2⎯⎯
⎯⎯⎯

െ1
√2⎯⎯
⎯⎯⎯

⎠

⎟
⎞

ቀ0
1ቁ ቀ1

0ቁ

ቀ
𝛼
𝛽ቁ

Measurement

Outcome  1 |𝛽|ଶ
|𝛼|ଶ 11

10
01

00

൮

1 0 0 0
0 1 0 0
0 0 1/2 1/2
0 0 1/2 1/2

൲

𝑣 ൌ  

⎝

⎜
⎜
⎜
⎜
⎛

1
√2⎯⎯
⎯⎯⎯

0
1
2⎯⎯

െ
1
2⎯⎯⎠

⎟
⎟
⎟
⎟
⎞

൮

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

൲

‖𝑣‖ଶଶ ൌ   
1
2⎯⎯൅ 0 ൅

1
4⎯⎯൅

1
4⎯⎯ൌ 1

𝐴 ൌ ቀ
𝑎ଵଵ 𝑎ଵଶ
𝑎ଶଵ 𝑎ଶଶቁ     ;      𝐵 ൌ ൬𝑏ଵଵ 𝑏ଵଶ

𝑏ଶଵ 𝑏ଶଶ
൰

𝐴 ⊗ 𝐵 ൌ ൬𝑎ଵଵ𝐵 𝑎ଵଶ𝐵
𝑎ଶଵ𝐵 𝑎ଶଶ𝐵

൰    ;     𝐵 ⊗ 𝐴 ൌ ൬𝑏ଵଵ𝐴 𝑏ଵଶ𝐴
𝑏ଶଵ𝐴 𝑏ଶଶ𝐴

൰

𝑎ଵଵ𝐵 ൌ  ൬𝑎ଵଵ𝑏ଵଵ 𝑎ଵଵ𝑏ଵଶ
𝑎ଵଵ𝑏ଶଵ 𝑎ଵଵ𝑏ଶଶ

൰

Tensor product ሺa.k.a Kronecker productሻ

           𝑣 ൌ ൮

2
3⎯⎯
1
3⎯⎯
൲  ;       𝑤 ൌ ൮

1
4⎯⎯
3
4⎯⎯
൲

𝑣 ⊗𝑤 ൌ

⎝

⎜
⎜
⎜
⎜
⎜
⎛

2
3⎯⎯ൈ

1
4⎯⎯

2
3
⎯⎯ൈ

3
4
⎯⎯

1 
3⎯⎯ൈ

1
4⎯⎯

1
3⎯⎯ൈ

3
4⎯⎯⎠

⎟
⎟
⎟
⎟
⎟
⎞

ൌ

⎝

⎜
⎜
⎜
⎜
⎜
⎛

 
1
6⎯⎯
1
2
⎯⎯
1

12⎯⎯⎯
1
4⎯⎯⎠

⎟
⎟
⎟
⎟
⎟
⎞

Properties of tensor product

⎝

⎜
⎜
⎜
⎛

1
8⎯⎯
1
2⎯⎯
0
3
8⎯⎯⎠

⎟
⎟
⎟
⎞

Lecture-2
Thursday, 21 January 2021 9:58 AM
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⎝3 4⎠ ⎝ 4 ⎠

Properties of tensor product

Associative: ሺ𝐴 ⊗ 𝐵ሻ⊗ 𝐶 ൌ 𝐴⊗ ሺ𝐵⊗ 𝐶ሻ ൌ 𝐴 ⊗𝐵⊗𝐶1.

ሺ𝐴 ⊗  𝐵 ሻሺ𝐶 ⊗𝐷ሻ ൌ  ሺ𝐴𝐶ሻ⊗  ሺ𝐵𝐷ሻ2.

Distributive over addition 3.

𝐴⊗ ሺ𝐵 ൅ 𝐶ሻ ൌ  𝐴⊗𝐵 ൅  𝐴⊗ 𝐶
ሺ𝐴 ൅ 𝐵ሻ⊗ 𝐶 ൌ  𝐴⊗ 𝐶 ൅ 𝐵⊗ 𝐶

"Scalars float freely":		𝛼 ൌ scalar ൌ complex number4.
ሺ𝛼𝐴ሻ⊗ 𝐵 ൌ 𝐴⊗ ሺ𝛼𝐵ሻ ൌ 𝛼ሺ𝐴 ⊗  𝐵ሻ 

Not possible

Entanglement

𝑣 ൌ  

⎝

⎜⎜
⎜
⎛

1
√2⎯⎯
⎯⎯⎯

0
0
1
√2⎯⎯
⎯⎯⎯
⎠

⎟⎟
⎟
⎞

 ൌ  𝑤ଵ⊗𝑤ଶ  

Independent

𝑣 ൌ  𝑤ଵ ⊗𝑤ଶ

|0⟩ ൌ  ቀ1
0ቁ   ∶    "ket-0"

|1⟩ ൌ  ቀ0
1ቁ   ∶     "ket-1"

form a basis for ℂଶ

Dirac notation ሺnamed after Paul Diracሻ

𝐻 ൌ
1
√2⎯⎯
⎯⎯⎯ቀ1 1

1 െ1ቁ      ;       𝐼 ൌ ቀ1 0
0 1ቁ 

𝐻|0⟩ ൌ  𝐻 ቀ1
0ቁ ൌ

1
√2⎯⎯
⎯⎯⎯ቀ1 1

1 െ1ቁ  ቀ1
0ቁ ൌ

1
√2⎯⎯
⎯⎯⎯ቀ1

1ቁ ൌ
1
√2⎯⎯
⎯⎯⎯|0⟩ ൅  

1
√2⎯⎯
⎯⎯⎯|1⟩

𝐻|1⟩ ൌ 𝐻 ቀ0
1ቁ ൌ

1
√2⎯⎯
⎯⎯⎯ቀ1 1

1 െ1ቁ  ቀ0
1ቁ ൌ

1
√2⎯⎯
⎯⎯⎯ቀ 1

െ1ቁ ൌ
1
√2⎯⎯
⎯⎯⎯|0⟩ െ  

1
√2⎯⎯
⎯⎯⎯|1⟩

𝐼|0⟩ ൌ 𝐼 ቀ1
0ቁ ൌ ቀ1 0

0 1ቁ  ቀ1
0ቁ ൌ ቀ1

0ቁ ൌ
|0⟩

𝐼|1⟩ ൌ 𝐼 ቀ0
1ቁ ൌ ቀ1 0

0 1ቁ  ቀ0
1ቁ ൌ ቀ0

1ቁ ൌ
|1⟩

∀|𝑣⟩ ∶  𝐼|𝑣⟩ ൌ |𝑣⟩ 

1 1

?

? Not possible

Correlated random variables XY

𝑣 ൌ ൮

1/2
0
0

1/2

൲  ൌ   ൮

𝑎𝑐
𝑎𝑑
𝑏𝑐
𝑏𝑑

൲ 

Independent random variables XY

𝑤ଵ ൌ  ቀ𝑎𝑏ቁ     ;     𝑤ଶ ൌ ቀ𝑐𝑑ቁ      ;      
𝑣 ൌ  𝑤ଵ ⊗𝑤ଶ 

1
√2⎯⎯
⎯⎯⎯|0⟩ ൅  

1
√2⎯⎯
⎯⎯⎯|1⟩ ൌ  

1
√2⎯⎯
⎯⎯⎯ቀ1

0ቁ ൅  
1
√2⎯⎯
⎯⎯⎯ቀ0

1ቁ ൌ  
1
√2⎯⎯
⎯⎯⎯ቀ1

1ቁ  

|00⟩ ൌ  |0⟩|0⟩ ൌ  |0⟩ ⊗ |0⟩ ൌ  ቀ1
0ቁ  ⊗ ቀ1

0ቁ ൌ ൮

1
0
0
0

൲

|01⟩ ൌ |0⟩|1⟩ ൌ ቀ1
0ቁ  ⊗ ቀ0

1ቁ ൌ ൮

0
1
0
0

൲

൮

0

൲ ൮

0
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|𝜙⟩ ∶  ket-phi

bra-psi:  〈ψ| ൌ |𝜓⟩ற  : ket-psi dagger

†: dagger ൌ conjugate transpose

〈ψ|ற ൌ |𝜓⟩  ;    𝛼ற ൌ 𝛼∗ 

ሺ𝐴 ൅ 𝐵ሻற ൌ 𝐴ற ൅ 𝐵ற   ;      ሺ𝐴𝐵ሻற ൌ 𝐵ற𝐴ற

|𝜃⟩ ൌ  ෍α௫|𝑥⟩
௫

⟨𝜃| ൌ ൭෍𝛼௫|𝑥⟩
௫

൱
ற

ൌ  ෍ሺα௫|𝑥⟩ሻற
௫

  ൌ  ෍𝛼௫∗⟨𝑥|
௫

∀|𝑣⟩ ∶  𝐼|𝑣⟩ ൌ |𝑣⟩ 

Let |𝜓⟩   ൌ  
1
√2⎯⎯
⎯⎯⎯|00⟩ ൅  

1
√2⎯⎯
⎯⎯⎯|11⟩

ሺ𝐻 ⊗ 𝐼ሻ|𝜓⟩  

ൌ ሺ𝐻 ⊗ 𝐼ሻ
1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ ⊗ |0⟩ ൅ |1⟩ ⊗ |1⟩ሻ

ൌ ଵ
√ଶ⎯⎯
⎯⎯ሺሺ𝐻 ⊗ 𝐼ሻ ሺ|0⟩ ⊗ |0⟩ሻ ൅  ሺ𝐻 ⊗ 𝐼ሻሺ|1⟩ ⊗ |1⟩ሻሻ

ൌ
1
√2⎯⎯
⎯⎯⎯ሺ𝐻|0⟩ ⊗ 𝐼|0⟩ ൅ 𝐻|1⟩ ⊗ 𝐼|1⟩ሻ

ൌ
1
2
⎯⎯ሺሺ|0⟩ ൅  |1⟩ሻ ⊗ |0⟩ ൅ ሺ|0⟩ െ  |1⟩ሻ ⊗ |1⟩ሻ

ൌ
1
2⎯⎯
ሺ|00⟩ ൅ |10⟩ ൅ |01⟩ െ |11⟩ሻ

ൌ
1
2⎯⎯൮

1
1
1
െ1

൲

ሼ|𝑥⟩   |     𝑥 ∈ ሼ0,1ሽ௡ ሽ     form a basis for  ℂଶ೙  

|𝜙⟩ ൌ  ෍ 𝛼௫|𝑥⟩      ;        
௫∈ሼ଴,ଵሽ೙

෍ |𝛼௫|ଶ ൌ 1 ൌ ‖|𝜙⟩‖ଶଶ
௫∈ሼ଴,ଵሽ೙

  

1
√2⎯⎯
⎯⎯⎯|000000⟩ ൅  

1
√2⎯⎯
⎯⎯⎯|111111⟩ ൌ

1
√2⎯⎯
⎯⎯⎯ 

⎝

⎜
⎜
⎛

1
0
⋮
⋮
0
1⎠

⎟
⎟
⎞

 63rd location

Bra-ket notation 
|𝜓⟩ ൌ  ቀ

α
βቁ          ;      〈ψ|  ൌ ሺα*    β* ሻ   

|𝜙⟩ ൌ  ቀγδቁ 

⟨𝜓|𝜙⟩ ൌ  ⟨𝜓||𝜙⟩  ∶   "bra-ket" ൌ "inner-product" ൌ scalar

⟨𝜓|𝜙⟩ ൌ    ሺα*    β* ሻ  ቀγδቁ 	 ൌ   α* γ ൅   β* δ

|𝜙⟩ 〈ψ| ∶   "ket-bra" ൌ "outer-product" ൌ matrix

|𝜙⟩ 〈ψ| ൌ   ቀγδቁ  ሺα*    β* ሻ ൌ ൬𝛾𝛼
∗ 𝛾𝛽∗

𝛿𝛼∗ 𝛿𝛽∗൰

0th location

|01⟩ ൌ |0⟩|1⟩ ൌ ቀ1
0ቁ  ⊗ ቀ0

1ቁ ൌ ൮1
0
0

൲

|10⟩ ൌ  ൮

0
0
1
0

൲     ;   |11⟩ ൌ  ൮

0
0
0
1

൲
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⟨𝜃| ൌ ൭෍𝛼௫|𝑥⟩
௫

൱
ற

ൌ  ෍ሺα௫|𝑥⟩ሻற
௫

  ൌ  ෍𝛼௫∗⟨𝑥|
௫

|𝜙⟩ 〈ψ| ൌ   ቀδቁ  ሺα*    β* ሻ ൌ ൬ 𝛽
𝛿𝛼∗ 𝛿𝛽∗൰

ሺ|𝜓⟩⟨𝜙|ሻ|𝛾⟩ ൌ ሺ|𝜓⟩ሻ ሺ⟨𝜙|𝛾⟩ሻ ൌ ሺ⟨𝜙|𝛾⟩ሻ|𝜓⟩
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CNOT-gate

Controlled-controlled-NOT
Toffoli-gate

Quantum Circuits

Rules for circuits

Time goes from left to right.1.
Horizontal lines represent qubits.2.
Gates and measurements are  represented by various symbols.3.
Classical bits are represented by double-lines.4.

Measure the third-qubit:

    

      
        

 
 
     

 
 
  

           

State of the second qubit on outcome 0:

Input Output

101 101

111 110

Input Output

00 00

01 01

10 11

11 10

                                   

                           

 
 

  
            

 

  
             

 

  
             

 

  
            

 

     
 

 
        

 

 
        

 

  
          

      
 

 
            

  

 
        

 

  
          

                       

                     
 
  

 

 
      

 

  

   
 

 
  1.

                     
 

  
  

 
        

 

  
          

 

  

   
 

 
  

                                                                   

2.

    

      
        

  
 
        

 

  
         

  
   

 
   

                 
  

  
           

 

 
  

  
 

   

State of the second qubit on outcome 1:

     
 

 
         

 

 
         

 

 
        

 

 
       

          
 

 
                   

 

 
                

Hadamard-gate

                  

     

 : OR

Partial-measurements

H

 

  
           

 

  
            

H

Measurement

   

   

   

       
 

●

Measuring the first-qubit:

   

   

   

           
 

●

●

      

 

Lecture-3
Thursday, 28 January 2021 9:52 AM
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𝑓
𝑓ሺ𝑎ሻ𝑎

Determine if 𝑓 is
 
    1. a constant function ሺ𝑓଴, 𝑓ଷሻ ?

             OR 

    2. a balanced function ሺ𝑓ଵ, 𝑓ଶሻ?

We are allowed "black-box" queries to  f1.

Two classical queries are necessary and sufficient.2.

One quantum query ሺin superpositionሻ is 3.
necessary and sufficient.

Alternate way of framing the task:

Input: 𝑎଴ ∈ ሼ0,1ሽ, 𝑎ଵ ∈ ሼ0,1ሽ 
             in the database which can be queried 

Task: Determine 𝑎଴ ⊕ 𝑎ଵ?

𝑓: ሼ0,1ሽ → ሼ0,1ሽ 

𝐵௙:   ∀𝑎, 𝑏:  |𝑎⟩|𝑏⟩ ൌ |𝑎⟩|𝑏 ⊕ 𝑓ሺ𝑎ሻ⟩ 

|𝑎⟩

|𝑏⟩

|𝑎⟩

|𝑏 ⊕ 𝑓ሺ𝑎ሻ⟩
𝐵௙

𝑎, 𝑏 𝑎, 𝑏 ⊕ 𝑓ሺ𝑎ሻ
0, 0  0,𝑓ሺ0ሻ
0, 1  0,𝑓ሺ0ሻതതതതതത
1,0  1,𝑓ሺ1ሻ
1, 1  1,𝑓ሺ1ሻതതതതതത

Distinct inputs give distinct outputs.1.
Gate is invertible.2.
Gate matrix is a permutation matrix.3.
Permutation matrix is a unitary matrix. 4.

൮

0 1 0 0

൲

Example of a permutation matrix. 

Black-box queries

Not invertible, not unitary

Deutsch's algorithm

Task 𝑓: ሼ0,1ሽ → ሼ0,1ሽ

Input 𝑓଴ 𝑓ଵ 𝑓ଶ 𝑓ଷ

0 0 0 1 1
1 0 1 0 1

Lecture-4
Thursday, 4 February 2021 9:41 AM
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function has appeared in phase, this is referred to as "phase-kickback"

             in the database which can be queried 

Task: Determine 𝑎଴ ⊕ 𝑎ଵ?

൮

0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

൲

Example of a permutation matrix. 

Note: Every row and every column has a unique 1. 

𝐻|0⟩ ⊗ 𝐻|1⟩

ൌ
1
2
⎯⎯ሺ|0⟩ ൅ |1⟩ሻ ⊗ ሺ|0⟩ െ |1⟩ሻ

ൌ
1
2
⎯⎯ሺ|00⟩ െ |01⟩ ൅ |10⟩ െ |11⟩ሻ

→
1
2
⎯⎯ሺ|0⟩|𝑓ሺ0ሻ⟩ െ |0⟩|1 ⊕𝑓ሺ0ሻ⟩ ൅ |1⟩|𝑓ሺ1ሻ⟩ െ |1⟩|1 ⊕𝑓ሺ1ሻ⟩ሻ

ൌ
1
2
⎯⎯ሺ|0⟩ሺ|𝑓ሺ0ሻ⟩ െ |1 ⊕𝑓ሺ0ሻ⟩ሻ  ൅ |1⟩ሺ|𝑓ሺ1ሻ⟩ െ |1 ⊕𝑓ሺ1ሻ⟩ሻሻ

ൌ
1
2
⎯⎯ቀሺെ1ሻ௙ሺ଴ሻ|0⟩ሺ|0⟩ െ |1⟩ሻ  ൅ ሺെ1ሻ௙ሺଵሻ|1⟩ሺ|0⟩ െ |1⟩ቁ

ൌ
1
2
⎯⎯ቀሺെ1ሻ௙ሺ଴ሻ|0⟩ ൅ ሺെ1ሻ௙ሺଵሻ|1⟩ቁ ⊗ ሺ|0⟩ െ |1⟩ሻ

ൌ
1
2
⎯⎯ሺെ1ሻ௙ሺ଴ሻ൫|0⟩ ൅ ሺെ1ሻ௙ሺ଴ሻ⊕௙ሺଵሻ|1⟩൯ ⊗ ሺ|0⟩ െ |1⟩ሻ

→
1
√2⎯⎯
⎯⎯⎯ሺെ1ሻ௙ሺ଴ሻሺ|𝑓ሺ0ሻ ⊕ 𝑓ሺ1ሻ⟩ሻ ⊗ ሺ|0⟩ െ |1⟩ሻ

Circuit 

|0⟩
𝐵௙

𝐻

|1⟩ 𝐻

𝐻

"Trash"

Some formulae

∀𝑎 ∈ ሼ0,1ሽ:  |𝑎⟩ െ |1 ⊕𝑎⟩ ൌ ሺെ1ሻ௔ሺ|0⟩ െ |1⟩ሻ

∀𝑎, 𝑏 ∈ ሼ0,1ሽ:  ሺെ1ሻ௔ሺെ1ሻ௕ ൌ  ሺെ1ሻ௔⊕௕

∀𝑎 ∈ ሼ0,1ሽ:
1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ ൅ ሺെ1ሻ௔|1⟩ሻ → |𝑎⟩

𝐵௙

𝐻

desired output

Analysis

𝐻
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Deutsch-Jozsa 
algorithm

𝑓: ሼ0,1ሽ௡ → ሼ0,1ሽ

1. 𝑓 is constant:

Either |𝑓ିଵሺ0ሻ| ൌ 2௡   OR   |𝑓ିଵሺ1ሻ| ൌ 2௡

2. 𝑓 is balanced

|𝑓ିଵሺ0ሻ| ൌ  |𝑓ିଵሺ1ሻ| ൌ 2௡ିଵ

Determine which is the case?

|𝜓ଷ⟩ ൌ   
1
√2௡⎯⎯⎯
⎯⎯⎯⎯෍ሺെ1ሻ௙ሺ௬ሻ𝐻⊗௡|𝑦⟩      

௬

ൌ
1

2௡⎯⎯⎯෍
ሺെ1ሻ௙ሺ௬ሻ ൭෍ሺെ1ሻ௫⋅௬|𝑥⟩

௫

൱   
  ௬

 

ൌ
1

2௡⎯⎯⎯෍
|𝑥⟩ ൭෍ሺെ1ሻ௙ሺ௬ሻ⊕௫⋅୷

௬
൱          

௫

Prሺ𝑥 ൌ 0௡ሻ ൌ  
1

2ଶ௡
⎯⎯⎯൭෍ሺെ1ሻ௙ሺ௬ሻ

௬
൱
ଶ

                       ൌ  1       if f is constant
  
                       ൌ  0      if f is balanced

|𝜓ଵ⟩ ൌ ሺ𝐻⊗௡|0௡⟩ሻ ⊗ 𝐻|1⟩  
1

൭ ෍ | ⟩൱⊗
1
ሺ|0⟩ |1⟩ሻ Measurement result of circuit

Analysis

Circuit

𝐵௙:   ∀𝑥 ∈ ሼ0,1ሽ௡,∀𝑏 ∈ ሼ0,1ሽ: 
|𝑥⟩|𝑏⟩ ൌ |𝑥⟩|𝑏 ⊕ 𝑓ሺ𝑥ሻ⟩ 

Task

Some formulae

𝐻⊗௡|𝑥⟩ ൌ   
1
√2௡⎯⎯⎯
⎯⎯⎯⎯ ෍ ሺെ1ሻ௫⋅௬|𝑦⟩      

௬∈ሼ଴,ଵሽ೙

𝑥 ⋅ 𝑦 ൌ  ෍𝑥௜𝑦௜   ሺmod 2ሻ
௡

௜ୀଵ

   

∀𝑎 ∈ ሼ0,1ሽ:  |𝑎⟩ െ |1 ⊕𝑎⟩ ൌ ሺെ1ሻ௔ሺ|0⟩ െ |1⟩ሻ

Lecture-5
Thursday, 11 February 2021 9:51 AM
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|𝜓ଵ⟩ ൌ ሺ𝐻⊗௡|0௡⟩ሻ ⊗ 𝐻|1⟩  

ൌ
1
√2௡⎯⎯⎯
⎯⎯⎯⎯ ൭ ෍ |𝑦⟩

௬∈ሼ଴,ଵሽ೙
൱⊗  

1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ െ |1⟩ሻ

|𝜓ଶ⟩ ൌ
1

√2௡ାଵ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯൭෍|𝑦⟩|𝑓ሺ𝑦ሻ⟩
௬

  െ  ෍|𝑦⟩|1 ⊕𝑓ሺ𝑦ሻ⟩
௬

 ൱

ൌ
1

√2௡ାଵ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯෍|𝑦⟩ ⊗ ሺ|𝑓ሺ𝑦ሻ⟩
௬

െ |1 ⊕𝑓ሺ𝑦ሻ⟩ሻ 

ൌ
1
√2௡⎯⎯⎯
⎯⎯⎯⎯ ൭෍ሺെ1ሻ௙ሺ௬ሻ|𝑦⟩

௬
൱⊗

1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ െ |1⟩ሻ

phase kickback

Measurement result of circuit 
ൌ 000 … 0 ൌ 0௡

iff 𝑓 is a constant function

𝑓: ሼ0,1ሽଶ → ሼ0,1ሽ

A simple search problem

Input Output
00 1
01 0
10 0
11 0

Input Output
00 0
01 1
10 0
11 0

Input Output
00 0
01 0
10 1
11 0

Input Output
00 0
01 0
10 0
11 1

𝑓଴଴ 𝑓଴ଵ 𝑓ଵ଴ 𝑓ଵଵ

Circuit

𝑈|𝑣௜⟩ ൌ

⎝

⎜
⎜
⎜
⎛

0
0
⋮
 
1
⋮
0⎠

⎟
⎟
⎟
⎞

𝑖 െ th𝑈 ൌ ቌ
⟨𝑣ଵ|
⋮

⟨𝑣௡|
ቍ       ;

Orthonormal set of vectors
ሼ|𝑣௜⟩௡ൈଵ: 𝑖 ∈ ሼ1, … ,𝑛ሽሽ

𝑈 ൌ

⎝

⎜
⎜
⎜
⎜
⎜
⎛
െ

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯ െ

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯ െ

1
2⎯⎯

1
2⎯⎯

⎠

⎟
⎟
⎟
⎟
⎟
⎞

Task

Determine which is the case?

1. If measurement result is 0௡, output ൌ constant.
2. If measurement result is anything other than 0௡, 
output ൌ balanced.
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|0⟩|0⟩|1⟩

→  
1
√2ଷ⎯⎯
⎯⎯⎯ ሺ|0⟩ ൅ |1⟩ሻሺ|0⟩ ൅ |1⟩ሻሺ|0⟩ െ |1⟩ሻ

ൌ
1
2⎯⎯
ሺ|00⟩ ൅ |01⟩ ൅  |10⟩ ൅  |11⟩ሻ ⊗

1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ െ |1⟩ሻ  

→
1
2
⎯⎯ቀሺെ1ሻ௙బబ|00⟩ ൅ ሺെ1ሻ௙బభ|01⟩ ൅  ሺെ1ሻ௙భబ|10⟩ ൅  ሺെ1ሻ௙భభ|11⟩ቁ ⊗

1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ െ |1⟩ሻ 

Analysis

𝐻⊗ଷ

𝐵௙

𝑓 ൌ 𝑓଴଴ ⇒ |𝜙଴଴⟩ ൌ  
1
2⎯⎯
ሺെ|00⟩ ൅ |01⟩ ൅  |10⟩ ൅  |11⟩ሻ

𝑓 ൌ 𝑓଴ଵ ⇒ |𝜙଴ଵ⟩ ൌ  
1
2⎯⎯
ሺ|00⟩ െ |01⟩ ൅  |10⟩ ൅  |11⟩ሻ

𝑓 ൌ 𝑓ଵ଴ ⇒ |𝜙ଵ଴⟩ ൌ  
1
2⎯⎯
ሺ|00⟩ ൅ |01⟩ െ  |10⟩ ൅  |11⟩ሻ

𝑓 ൌ 𝑓ଵଵ ⇒ |𝜙ଵଵ⟩ ൌ  
1
2
⎯⎯ሺ|00⟩ ൅ |01⟩ ൅  |10⟩ െ  |11⟩ሻ

Ignore

Orthonormal

𝑈 ൌ

⎝

⎜
⎜
⎜

2 2 2 2
1
2⎯⎯

1
2⎯⎯ െ

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯

1
2⎯⎯ െ

1
2⎯⎯⎠

⎟
⎟
⎟

ቀ1 0
0 െ1ቁ

Controlled-phase-flip gate

Phase-flip a.k.a. 𝜎௭ gate
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             [                   

     

000 101

001 010

010 000

011 110

100 000

101 110

110 101

111 010

E.g.

     

   
                

Task

Find  

                                    
  

 
         

                                                        
    

  
 
 
         

                                           

             
                                

        
 

 
 

 
 
 
  
        

 

        
      

   
 

 
 
 
  
        

 

        
        

   
 

 
 
 
  
           

 

        
        

 
 

  
                  

 

        

 

        
        

 
 

  
                  

 

        

 

        

         

  

   

   

Analysis

Circuit
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Arithmetic/Number-Theoretic problems

Integer addition 

Input:                            

Output:     

Time complexity:             

     
                                       

                            

 
 

    1 1 1 
--------------
           
         
--------------
          
---------------

Integer multiplication 

Input:      

Output:     

Time complexity:             

Schönhage-Strassen algorithm complexity:                 

         

Greatest Common Divisor (GCD) 

Input:                                          

Output:          

Euclid's algorithm, 2000+ years old

Time complexity:            

Modular integer multiplication 

Input:                

Output:              

Time complexity:             

Modular integer addition 

Input:                

                            

Output:              

Time complexity:       

Integer division 

Input:          

Output:      

                                         

                          
                           

Time complexity:             

Schönhage-Strassen algorithm complexity:                 

         

Integer factoring 

Input:     

Output: A prime factorization      
     

   

Classical deterministic/randomized algorithms:                           

Shor's algorithm:           

Primality testing 

Input:     

Output:  "prime" if                               "not prime" 

Classical randomized algorithms:           

Classical deterministic algorithm: 

Agrawal, Kayal, Saxena 2002:           

Lecture 7
Wednesday, 14 August 2024 1:54 PM
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DeMorgan's Law

       (¬ a  ¬ b)

Using this can implement OR-gate in reversible 
way. 

{OR, NOT, AND, Fan-out} is universal for 
classical computing. 

Reversible 
computation

Toffoli-gate (reversible gate)

NOT-gate (reversible gate)

AND-gate

Fan-out (or copy)

Lecture-8
Friday, February 4, 2022 6:31 PM
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Note: CNOT is a reversible gate.
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Singular െ value decomposition for any matrix 𝐴

𝐴 ൌ෍𝑠௝ห𝑣௝ൿൻ𝑤௝ห
௝

𝑠௝:  singular values, non െ negative real numbers
൛ห𝑣௝ൿൟ௝: left െ singular vectors ሺorthonormalሻ  

൛ห𝑤௝ൿൟ௝: right െ singular vectors ሺorthonormalሻ

𝑈 െ unitary, eigenvalue decompotion 

𝑈 ൌ෍𝑠௝ห𝑣௝ൿൻ𝑣௝ห
௝

 

𝑠௝  െ eigenvalues 
ห𝑣௝ൿ െ eigenvectors ሺorthonormalሻ

∀𝑗: ห𝑠௝ห ൌ 1 ⇔ 𝑠௝ ൌ 𝑒ଶగ௜ ఏೕ  

𝑖 ൌ √െ1⎯⎯⎯  ;  θ௝ ∈ ሾ0,1ሻ
𝑒௜ఏ ൌ cos𝜃 ൅ 𝑖 sin 𝜃
|𝑒௜ఏ| ൌ ඥcosଶ 𝜃 ൅ sinଶ 𝜃  

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
ൌ 1

∀𝜃 ∈ ℝ: 
cosሺ2𝜋 ൅ 𝜃ሻ ൌ cos 𝜃
sinሺ2𝜋 ൅ 𝜃ሻ ൌ sin𝜃

∀𝑗 ∶ 𝑈 ห𝑣௝ൿ ൌ 𝑒ଶగ௜஘ೕห𝑣௝ൿ ൌ 𝑠௝ห𝑣௝ൿ

Circuit

Phase െ estimation Phase െ estimation problem
Input: A quantum circuit 𝑄 that performs unitary operation 𝑈, 
along with a quantum state |𝜓⟩ 
that is promised to be an eigenvector of 𝑈. 

𝑈|𝜓⟩ ൌ 𝑒ଶగ௜ ఏ|𝜓⟩

Output: An approximation of 𝜃 ∈ ሺ0,1ሿ

Unitary matrix Λ௠௎

Λ௠௎ ሺ|𝑘⟩ ⊗ |𝜙⟩ሻ → |𝑘⟩ ⊗ 𝑈௞|𝜙⟩

𝑘 ∈ ሼ0,1, … , 2௠ െ 1ሽ

Lecture-9
Thursday, 15 August 2024 12:35 PM
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Let 𝑀 ൌ 2௠.

|0௠⟩|𝜓⟩

→ ቌ
1
√𝑀⎯⎯
⎯⎯⎯෍ |𝑘⟩

ெିଵ

௞ୀ଴

ቍ |𝜓⟩

→ ቌ
1
√𝑀⎯⎯
⎯⎯⎯෍ |𝑘⟩

ெିଵ

௞ୀ଴

ቍ𝑈௞|𝜓⟩

ൌ ቌ
1
√𝑀⎯⎯
⎯⎯⎯෍ 𝑒ଶగ௜ ௞ఏ |𝑘⟩

ெିଵ

௞ୀ଴

ቍ |𝜓⟩

Assume for simplicity:

𝜃 ൌ
𝑗
𝑀
⎯⎯ for some 𝑗 ∈ ሼ0,1, … ,𝑀 െ 1ሽ.

Let 𝜔ெ ൌ  𝑒
మഏ೔
ಾ⎯⎯⎯.  Let,

ห𝜙௝ൿ ൌ
1
√𝑀⎯⎯
⎯⎯⎯෍ 𝑒ଶగ௜

௞௝
ெ⎯⎯⎯ |𝑘⟩

ெିଵ

௞ୀ଴

ൌ
1
√𝑀⎯⎯
⎯⎯⎯෍ 𝜔ெ

௞௝ |𝑘⟩
ெିଵ

௞ୀ଴

ቄห𝜙௝ൿ: 𝑗 ∈ ሼ0,1, … ,𝑀 െ 1ሽቅ : orthonomal

𝑈|𝜓⟩ ൌ  𝑒ଶగ௜ ఏ|𝜓⟩
𝑈௞|𝜓⟩ ൌ   ൫𝑒ଶగ௜ ఏ൯௞|𝜓⟩
             ൌ 𝑒ଶగ௜ ௞ఏ|𝜓⟩

QFT: Quantum Fourier Transform

𝑄𝐹𝑇ெ ൌ
1
√𝑀⎯⎯
⎯⎯⎯

⎝

⎜⎜
⎛

1 1 ⋯ 1
1 𝜔ெ ⋯ 𝜔ெ

ெିଵ

1
⋮

𝜔ெ
ଶ

⋮
⋯
⋮

𝜔ெ
ଶሺெିଵሻ

⋮
1 𝜔ெெିଵ ⋯ 𝜔ெ

ሺெିଵሻమ
⎠

⎟⎟
⎞

𝑄𝐹𝑇ெ
ற ൌ

1
√𝑀⎯⎯
⎯⎯⎯

⎝

⎜
⎜
⎛

1 1 ⋯ 1
1 𝜔ெିଵ ⋯ 𝜔ெ

ିሺெିଵሻ

1
⋮

𝜔ெିଶ
⋮

⋯
⋮

𝜔ெ
ିଶሺெିଵሻ

⋮
1 𝜔ெ

ିሺெିଵሻ ⋯ 𝜔ெ
ିሺெିଵሻమ

⎠

⎟
⎟
⎞

∀𝑗:
𝑄𝐹𝑇ெ		|𝑗⟩ → ห𝜙௝ൿ
𝑄𝐹𝑇ெ

ற 		ห𝜙௝ൿ → |𝑗⟩
𝑄𝐹𝑇ெ

ற 		|𝑘⟩ → ଵ
√ெ⎯⎯
⎯⎯⎯∑ 𝜔ெ

ି௞௝ |𝑗⟩ெିଵ
௝ୀ଴

Analysis

𝐻⊗௠

Λ௠௎

phase-kickback
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Let us recall that the state produced before 
                                 

 

  
              

   

   

    

Also recall,

        
 

  
         

   
    

   

   

 
 

  
         

   
 

       

   

   

Hence the state before measurement is (ignoring    )
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Phase-estimation
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Order finding

Order finding problem

Input: 𝑁 ≥ 2, 𝑎 ∈ ℤே
∗

Output: Order of 𝑎 ∈ ℤே
∗

Order finding via phase-estimation

Let 𝑁 ≤ 2௡. Let unitary matrix 𝑀௔:

∀𝑥 ∈ ℤே
 ⊆ {0,1}௡:  𝑀௔|𝑥⟩ = |𝑎 ⋅ 𝑥⟩ 

 

∀𝑥 ∈ 
 {0,1}௡ − ℤே

  :  𝑀௔|𝑥⟩ = |𝑥⟩ 

Let unitary matrix 𝑀௔షభ:

∀𝑥 ∈ ℤே
  ∶ 𝑀௔షభ|𝑥⟩ = |𝑎ିଵ𝑥⟩

∀𝑥 ∈  {0,1}௡ − ℤே
  ∶ 𝑀௔షభ|𝑥⟩ = |𝑥⟩

⇒ ∀𝑥 ∈ {0,1}௡: 𝑀௔𝑀௔షభ|𝑥⟩ = |𝑥⟩

⇒ 𝑀௔ 𝑀௔షభ = 𝑀௔షభ𝑀௔ = 𝐼

There exists reversible cirucit for functions

𝑓(𝑥) = 𝑎 ⋅ 𝑥 
𝑔(𝑥) = 𝑎ିଵ ⋅ 𝑥 

From what we have seen in previous lectures, 
there are reversible circuits for 𝑀௔ and 𝑀௔షభ 

𝑁 ≥ 1  is an integer ;  ℤே
  = {0,1, … , 𝑁 − 1}

ℤே
∗ = {𝑎 ∈ ℤே

  |  gcd(𝑎, 𝑁) = 1}

gcd = greatest common divisor  

Euler 𝜙 − function 
𝜙(𝑁) = |ℤே

∗ | = no of elements in ℤே
∗

ℤே
∗   forms a "group" under multiplication 

1.  𝑎, 𝑏 ∈  ℤே
∗ ⇒ 𝑎 ⋅ 𝑏  (mod 𝑁) ∈ ℤ୒

∗

2. ∀𝑎 ∈ ℤே
∗   there exists unique 𝑏 ∈ ℤ୒ 

∗ such that 
𝑎 ⋅ 𝑏 = 1 (mod 𝑁)

𝑏 is multiplicative − inverse of 𝑎, denoted 𝑏 = 𝑎ିଵ

Order of 𝑎 ∈ ℤே
∗ :

Smallest 𝑟 such that 𝑎௥ = 1 (mod 𝑁)

Eulerᇱs Theorem:

𝑎థ(ே) = 1 (mod 𝑁)

Order of 𝑎 is a divisor of 𝜙(𝑁)

E. g. 𝑎 = 4, 𝑁 = 35, 𝑎 ∈ ℤே
∗  (all values are mod 𝑁)

4ଵ = 4, 4ଶ = 16, 4ଷ = 29, 4ସ = 11, 4ହ = 9, 4଺ = 1. 

|1⟩ =
1

√𝑟⎯ ⎯⎯⎯෍ |𝜓௞⟩

௥ିଵ

௞ୀ଴

From the phase − estimation algorithm we will get
𝑗

2௠⎯⎯⎯∼
𝑘

𝑟
⎯⎯ for random 𝑘 ∈ [0, 𝑟 − 1]

Continued-fraction algorithm (CF) 

Fact: Given a real number 𝛼 ∈ {0,1}, 𝑁 ≥ 2 ,

there is at most one fraction
𝑥

𝑦
⎯⎯ with 

0 ≤ 𝑥, 𝑦 ≤ 𝑁; 𝑦 ≠ 0; gcd(𝑥, 𝑦) = 1  and

ቤ𝛼 −
𝑥

𝑦
⎯⎯ቤ <

1

2𝑁ଶ⎯⎯⎯⎯.
Λ௠(𝑀௔)|𝑘⟩|𝑥⟩ = |𝑘⟩ห𝑎௞𝑥ൿ = |𝑘⟩𝑀௔

௞|𝑥⟩

𝑂(𝑚𝑛ଶ) time to implement Λ௠.

Circuit

Analysis

Lecture-11
Thursday, 25 March 2021 9:42 AM

   lecturescs4268 Page 1    



ቤ𝛼 −
𝑥

𝑦
⎯⎯ቤ <

1

2𝑁ଶ⎯⎯⎯⎯.

Given (𝛼, 𝑁) algorithm CF will find (𝑥, 𝑦) 

in 𝑂൫(lg 𝑁)ଷ൯ time.

Let 𝑁 = 2௡; 𝑚 = 2𝑛. Then,

ቤ
𝑗

2௠⎯⎯⎯−
𝑘

𝑟
⎯⎯ቤ <  

1

2𝑁ଶ⎯⎯⎯⎯=
1

2௠ାଵ⎯⎯⎯⎯⎯.

Run algorithm A on input  ቆ
𝑗

2௠⎯⎯⎯, 𝑁ቇ  to get
𝑘

𝑟
⎯⎯ in the

lowest form for random 𝑘 ∈ [0, 𝑟 − 1].

𝑥

𝑦
⎯⎯=

𝑘

𝑟
⎯⎯⇒ 𝑦 divides 𝑟

Run the entire procedure several times to get 
𝑦ଵ, 𝑦ଶ, … , 𝑦௟ and take LCM(𝑦ଵ, 𝑦ଶ, … , 𝑦௟). 

With very high probability LCM(𝑦ଵ, 𝑦ଶ, … , 𝑦௟) =  𝑟.

LCM = "least common multiple"

Λ௠(𝑀௔)|𝑘⟩|𝑥⟩ = |𝑘⟩ห𝑎௞𝑥ൿ = |𝑘⟩𝑀௔
௞|𝑥⟩

𝑂(𝑚𝑛ଶ) time to implement Λ௠.

What are the eigenvectors and eigenvalues of 
𝑀௔?
Let 𝑟 be the order of 𝑎 ∈  ℤே

∗ . Let

ห𝜓௝ൿ =
1

√𝑟⎯ ⎯⎯⎯(|1⟩ + 𝜔௥
ି௝|𝑎⟩ + ⋯ +  𝜔௥

ି௝(௥ିଵ)
|𝑎௥ିଵ⟩) 

 𝜔௥ = 𝑒
ଶగ௜

௥
⎯⎯⎯⎯ ;  𝜔௥

௥ = 1.

𝑀௔ห𝜓௝ൿ

=
1

√𝑟⎯ ⎯⎯⎯ (|𝑎⟩ + 𝜔௥
ି௝|𝑎ଶ⟩ + ⋯ +  𝜔௥

ି௝(௥ିଵ)
|1⟩)

=
𝜔௥

௝

√𝑟⎯ ⎯⎯⎯ (𝜔௥
ି௝

|𝑎⟩ + 𝜔௥
ିଶ௝|𝑎ଶ⟩ + ⋯ +  𝜔௥

ି௝௥
|1⟩)

= 𝜔௥
௝
ห𝜓௝ൿ.

∀𝑘 ∈ {0, … , 𝑟 − 1}: 
|𝜓௞⟩ is eigenvector of 𝑀௔ with eigenvalue 𝜔௥

௞.

Order finding to Factoring 
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𝑀 ൌ 2௠    ;     

𝑄𝐹𝑇ெ|𝑗⟩ ൌ
1
√𝑀⎯⎯
⎯⎯⎯෍ 𝜔ெ

௝௞|𝑘⟩
ெିଵ

௞ୀ଴

𝑄𝐹𝑇ெ෫ |𝑗௠ିଵ𝑗௠ିଶ … 𝑗଴⟩ ൌ
1
√𝑀⎯⎯
⎯⎯⎯෍ 𝜔ெ

௝௞|𝑘଴𝑘ଵ … 𝑘௠ିଵ⟩
ெିଵ

௞ୀ଴

𝑄𝐹𝑇ଶ|𝑗⟩ ൌ  𝑄𝐹𝑇ଶ෫ |𝑗⟩

ൌ
1
√2⎯⎯
⎯⎯⎯෍𝜔ଶ

௝௞|𝑘⟩
ଵ

௞ୀ଴

ൌ
1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ ൅ ሺെ1ሻ௝|1⟩ሻ ൌ 𝐻|𝑗⟩

For general 𝑚 ൒ 2 ∶

Quantum Fourier Transform Circuit

𝐻|𝑗⟩ ൌ
1
√2⎯⎯
⎯⎯⎯෍ሺെ1ሻ௝௞|𝑘⟩ 

ଵ

௞ୀ଴

 

𝑒గ௜ ൌ cos𝜋 ൅ 𝑖 sin𝜋 ൌ െ1
𝜔 ൌ 𝑒ଶగ௜

𝜔ଶ ൌ 𝑒
ଶగ௜
ଶ⎯⎯⎯⎯ൌ 𝑒గ௜ ൌ െ1

𝜔ே ൌ 𝑒
ଶగ௜
ே⎯⎯⎯⎯ 

𝜔௥ே௥ ൌ 𝑒
ଶగ௜௥
ே௥⎯⎯⎯ ൌ 𝜔ே 

𝜔ଶ ൌ 𝜔ଶ೘శభ
ଶ೘

𝑗 ൌ 𝑗௠𝑗௠ିଵ … 𝑗଴
   ൌ 𝑗଴ ൅ 2𝑗ଵ ൅ 4𝑗ଶ ൅ ⋯൅ 2௠𝑗௠

2𝑗ᇱ𝑘ᇱ ൅ 𝑗଴𝑘଴ᇱ ൅ 𝑗଴ሺ2𝑘ଵᇱ ሻ ൅ ⋯൅ 𝑗଴ሺ2௠ିଵ𝑘௠ିଵ
ᇱ ሻ

ൌ 2𝑗ᇱ𝑘ᇱ ൅ 𝑗଴ሺ𝑘଴ᇱ ൅ 2𝑘ଵᇱ ൅ ⋯൅ 2௠ିଵ𝑘௠ିଵ
ᇱ ሻ

ൌ 2𝑗ᇱ𝑘ᇱ ൅ 𝑗଴𝑘ᇱ
ൌ ሺ2𝑗ᇱ ൅ 𝑗଴ሻ𝑘ᇱ
ൌ 𝑗𝑘′

ሺെ1ሻ௝ ൌ ሺെ1ሻ௝బ

ሺെ1ሻ௞೘௝బ𝜔ଶெ
௝௞ᇲൌሺെ1ሻ௞೘௝𝜔ଶெ

௝௞ᇲ ൌ 𝜔ଶ
௞೘௝𝜔ଶெ

௝௞ᇲ

ൌ 𝜔ଶெ
௞೘௝ଶ೘𝜔ଶெ

௝௞ᇲൌ𝜔ଶெ
௝ሺ௞ᇲାଶ೘௞೘ሻ 

ൌ𝜔ଶெ
௝௞

Lecture 12
23 March 2023 08:48
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Circuit size

𝑔ሺ1ሻ ൌ 1 
𝑔ሺ𝑚 ൅ 1ሻ ൌ 𝑔ሺ𝑚ሻ ൅ ሺ𝑚 ൅ 1ሻ

𝑔ሺ𝑚ሻ ൌ  ෍𝑗
௠

௝ୀଵ

ൌ ቀ𝑚 ൅ 1
2 ቁ ൌ 𝑂ሺ𝑚ଶሻ

Want to show:

𝑄𝐹𝑇ଶெ෫ |𝑗௠𝑗௠ିଵ … 𝑗଴⟩ ൌ
1

√2𝑀⎯⎯⎯
⎯⎯⎯⎯ ෍ 𝜔ଶெ

௝௞ |𝑘଴𝑘ଵ … 𝑘௠⟩
ଶெିଵ

௞ୀ଴

Let

𝑗′ ൌ 𝑗௠𝑗௠ିଵ … 𝑗ଵ ൌ ቞
𝑗
2⎯⎯቟

𝑘′ ൌ 𝑘௠ିଵ𝑘௠ିଶ … 𝑘଴ ൌ 𝑘 െ 𝑘௠2௠

Therefore  |𝑗⟩ ൌ |𝑗ᇱ⟩|𝑗଴⟩
⇒ 𝑗 ൌ 2𝑗ᇱ ൅ 𝑗଴.
 
After 𝑄𝐹𝑇ெ෫ , the state is

1
√𝑀⎯⎯
⎯⎯⎯ቌ෍ 𝜔ெ

௝ᇲ௞ᇲ|𝑘ᇱ଴𝑘ᇱଵ … 𝑘ᇱ௠ିଵ⟩
ெିଵ

௞ᇲୀ଴

ቍ |𝑗଴⟩

𝜔ଶெ 𝜔ଶெ 𝜔ଶெ
ൌ𝜔ଶெ

௝௞

After all controlled phase-shifts:

1
√𝑀⎯⎯
⎯⎯⎯ ෍ 𝜔ெ

௝ᇲ௞ᇲ𝜔ଶெ
௝బ௞బᇲ𝜔ெ

௝బ௞భᇲ …𝜔ସ
௝బ௞೘షభ

ᇲ
|𝑘′଴ … 𝑘′௠ିଵ⟩|𝑗଴⟩

ெିଵ

௞ᇲୀ଴

ൌ
1
√𝑀⎯⎯
⎯⎯⎯ ෍ 𝜔ଶெ

ଶ௝ᇲ௞ᇲା௝బሺ௞బᇲାଶ௞భᇲା⋯ାଶ೘షభ௞೘షభ
ᇲ ሻ|𝑘′଴ … 𝑘′௠ିଵ⟩|𝑗଴⟩

ெିଵ

௞ᇲୀ଴

ൌ
1
√𝑀⎯⎯
⎯⎯⎯ ෍ 𝜔ଶெ

௝௞ᇲ|𝑘′଴ … 𝑘′௠ିଵ⟩|𝑗଴⟩
ெିଵ

௞ᇲୀ଴

After the Hadamard transform:

1
√2𝑀⎯⎯⎯
⎯⎯⎯⎯ ෍ ෍ ሺെ1ሻ௞೘௝బ

ଵ

௞೘ୀ଴

𝜔ଶெ
௝௞ᇲ|𝑘′଴ … 𝑘′௠ିଵ⟩|𝑘௠⟩

ெିଵ

௞ᇲୀ଴

ൌ
1

√2𝑀⎯⎯⎯
⎯⎯⎯⎯ ෍ ෍ 𝜔ଶெ

௝௞ |𝑘′଴ … 𝑘′௠ିଵ⟩|𝑘௠⟩
ଵ

௞೘ୀ଴

ெିଵ

௞ᇲୀ଴

ൌ
1

√2𝑀⎯⎯⎯
⎯⎯⎯⎯ ෍ 𝜔ଶெ

௝௞ |𝑘଴𝑘ଵ …𝑘௠⟩
ଶெିଵ

௞ୀ଴
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Grover's Algorithm

    
         

Task

Algorithm

                      
       

    
 

            

 

   

                      
b    

    
 

  
          

 

   

    

              
 

  
          

 

        

               1.

                                      2.

                                             

                

3.

Pictorial representation of the algorithm

        

                
 

 
  

             

                     
 

 
                 

 

  
    

   
 

  
 

 
   
  

 
 

   
 

 
   

 

  
       

    
 

 
       

 

 
  

  
 

 

              

Find                          

                    

            

               

            

        
  

=                     

          
   

                    

              

                       

                

            

                                 

    
                        

                    

             

              

         

                 

Using    we can implement 

   using phase-kickback
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𝑎𝑏 |𝜙ା⟩ 1 2 3 4
00 |00⟩ ൅ |11⟩ |00⟩ ൅ |11⟩ |00⟩ ൅ |11⟩ ሺ|0⟩ ൅ |1⟩ሻ|0⟩ |00⟩
01 |00⟩ ൅ |11⟩ |00⟩ ൅ |11⟩ |10⟩ ൅ |01⟩ ሺ|1⟩ ൅ |0⟩ሻ|1⟩ |01⟩
10 |00⟩ ൅ |11⟩ |00⟩ െ |11⟩ |00⟩ െ |11⟩ ሺ|0⟩ െ |1⟩ሻ|0⟩ |10⟩
11 |00⟩ ൅ |11⟩ |00⟩ െ |11⟩ |10⟩ െ |01⟩ ሺ|1⟩ െ |0⟩ሻ|1⟩ െ|11⟩

Communication protocols

𝐻|0⟩ ൌ
1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ ൅ |1⟩ሻ

𝐻|1⟩ ൌ
1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ െ |1⟩ሻ

𝐻ሺ
1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ ൅ |1⟩ ሻሻ ൌ |0⟩

𝐻ሺ
1
√2⎯⎯
⎯⎯⎯ሺ|0⟩ െ |1⟩ ሻሻ ൌ |1⟩

Matrix

൮

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 െ1

൲

Input Output
00 00
01 01
10 10
11 -11

Phase flip gate 

𝜎௭ ൌ ቀ1 0
0 െ1ቁ

Controlled 𝜎௭ gate:

If 𝑎 ൌ 1, apply 𝜎௭ 
on the second wire 

Superdense coding Communication protocol

EPR ሺEinstein െ Podolsky െ Rosenሻ pair: 

|𝜙ା⟩ ൌ
1
√2⎯⎯
⎯⎯⎯ሺ|00⟩ ൅ |11⟩ሻ

Lecture 14
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|𝜓⟩ ൌ 𝛼|0⟩ ൅ 𝛽|1⟩    ;   |𝛼|ଶ ൅ |𝛽|ଶ ൌ 1

|𝜓⟩|𝜙ା⟩ ൌ ሺ𝛼|0⟩ ൅ 𝛽|1⟩ሻ ⊗
1
√2⎯⎯
⎯⎯⎯ሺ|00⟩ ൅ |11⟩ሻ

ൌ
1
√2⎯⎯
⎯⎯⎯ሺ𝛼|000⟩ ൅ 𝛼|011⟩ ൅ 𝛽|100⟩ ൅ 𝛽|111⟩ሻ

→
1
√2⎯⎯
⎯⎯⎯ሺ𝛼|000⟩ ൅ 𝛼|011⟩ ൅ 𝛽|110⟩ ൅ 𝛽|101⟩ሻ

→
1
2
⎯⎯ሺ𝛼ሺ|0⟩ ൅ |1⟩ሻ|00⟩ ൅ 𝛼ሺ|0⟩ ൅ |1⟩ሻ|11⟩ ൅ 𝛽ሺ|0⟩ െ |1⟩ሻ|10⟩ ൅ 𝛽ሺ|0⟩ െ |1⟩ሻ|01⟩ሻ

ൌ
1
2
⎯⎯ሺ|00⟩ሺ𝛼|0⟩ ൅ 𝛽|1⟩ሻ ൅ |01⟩ሺ𝛼|1⟩ ൅ 𝛽|0⟩ሻ ൅ |10⟩ሺ𝛼|0⟩ െ 𝛽|1⟩ሻ ൅ |11⟩ሺ𝛼|1⟩ െ 𝛽|0⟩ሻሻ

CNOT

𝐻

Measurement 
outcome 

State on third 
wire after 
measurment 

Prabability 
of 
outcome

State after CNOT After 
C െ phase flip

00 𝛼|0⟩ ൅ 𝛽|1⟩ 0.25 𝛼|0⟩ ൅ 𝛽|1⟩ 𝛼|0⟩ ൅ 𝛽|1⟩
01 𝛼|1⟩ ൅ 𝛽|0⟩ 0.25 𝛼|0⟩ ൅ 𝛽|1⟩ 𝛼|0⟩ ൅ 𝛽|1⟩
10 𝛼|0⟩ െ 𝛽|1⟩ 0.25 𝛼|0⟩ െ 𝛽|1⟩ 𝛼|0⟩ ൅ 𝛽|1⟩
11 𝛼|1⟩ െ 𝛽|0⟩ 0.25 𝛼|0⟩ െ 𝛽|1⟩ 𝛼|0⟩ ൅ 𝛽|1⟩

Teleportation Communication protocol
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