Lecture-1

A

l input
"bitsll . 0
0
1
1
0
0
"qubits" — |0)
"superposition” 1oy
1)
[0)

Classical computation

Classical circuit

=

PR

AND, OR, NOT gates

— >

Quantum computation

Quantum circuit

Unitary gates

1)

1)

|0)

10)

1)

Classical-states

X-register

Pr(X=0) = 1/4; Pr(X=1) = 3/4

1\ Sawas1 0
o

3

NOT = (

Operations

IDENTITY = (

0 1
10



Sawasl (0)

Bl WA =

Saw as 0 (1)

=)

€1normis 1: |[vll; = |a| + [b| =1

IDENTITY = ((1) 2) G)=0%)

Stochastic-matrix

1. All entries are non — negative A= (aoo a01>
2. All columns add to 1 A0 11
aij >0

Qgo +ao=1

app +a1 =1

3. ¢, norm preserving: Let Au = v, then |[ull; = ||v|l;
bo

“= (bl)

v = (aoo ao1) (bo> _ (aoobo + ‘101b1>
Q10 @11/\b; aiobg + aq1bq

(ago + ago)bo + (agy + a11)by = by + by

; a
Qubits v= ([:’) a, B € C (the set of complex numbers)
£, normis 1: |[v]|Z = |al> + B> =1
a=a+ib; i=+V-1; abe€R; |a| =+ a? + b?
a*=a-—ib
Examples / 1 \ 1 3
| V2 | (0) f.
! T
\"%2/
317 |4]® (3 2+ 4\° )
5 5 5 5
3 410 4._0+4.
5 57! 5t 75

Unitary-Matrices
£, norm a. k. a. Euclidean norm

v=(s)

Uv=w
lvll, = lal? + 1812
1. £, norm preserving: |[v]l, = [lwll, U= (uoo uo1) o (uoo
u u ; =\u
2. Invertible: UTU = UUT =1 10 U1 o1
3. Orthonormal columns . . .
* Upgp Uo1 Ugo
ur=\ 5 o). pgt=("0
4. Orthonormal rows (um u11> <u01

e = Ugo . _(uo1)
07 \wo/ 7 ™ T \ugy

Normal: [[ugll; = lluqll, =1

UT = "transpose"
U* = "conjugate”
Ut = "conjugate-transpose”

Orthogonal: ugul =0

um)
U11

N
U1o

*
U11

Examples of unitary matrices

Inner-product



Hadamard Matrix

1 1\
V2 V2
H—Il _il

\& 7/
Identity Matrix
/10
1_(0 1)

NOT Matrix
NOT = ((1) é)

Rotation Matrix

_ (cosG —sin@

sin@ cos@

)

-

vl = (vg vp)

viw = viwy + viw,

wtv = wivy + wiv,

o=

wt = (wg wi)



Lecture-Z Measurement

(s)

Outcome 1ﬁ;|2 x)utcome 0
|a|?
0 1
() (o)

|
\

\7z

o= (2) : 1= )

l

Multiple bits

L

N~~~
= o
S =

R WON| R O] =

T

Multiple-qubits i
V2
0
v = 1
2
g
2
Unitary
1 0 0 O
01 0 O
0 0 0 1
0 01O

Stochastic -Matrix Example

10 0 O
01 0 0
00 1/2 1/2
00 1/2 1/2

1

vz = 1+0+1+ =1
vilz = 472"

2

CNOT: "Controlled-Not"

Tensor product (a.k.a Kronecker product)

2 1
_ |3 | 4
v = 1 ; w = 3
3 4

2><1 1

374 6

2 3 1

372 >

vQw = 1X1= 1
374 12

1><3 1

374 4

A= (a11 a12) . B= (Z:i

a1 dzz

a1B aq»B
a21B azzB

A®B=(

_ (a11b11  ai1bg2
allB - b b
A11021 QAq11072

) seas|

Pranartiac nf tenenr nradnrt
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\3 47/ \4/

Properties of tensor product

1. Associative: AQB)RC=AQQBRC)=4 QBRC
2.(A® B)(C ® D)= (AC) ® (BD)
3. Distributive over addition

ARB+C)=AQB+ ARC
A+B)QR®C=AQC+BRC

4. "Scalars float freely": a = scalar = complex number

(@A) @ B=AQ (aB) =a(A ® B)

Dirac notation (named after Paul Dirac)

0) = ((1)) : ket-0"

0 form a basis for C?
D= () eer

1 1 1 1 1
NN A ﬁ((l))Jf 50 =50

1
|00) = [0)]0) = |0) ® |0) = (é) ®((1)) - 8
0

o1 =101 = (1) ®(3) =

O O - O

/Nn\ /Nn\
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Independent random variables XY Correlated random variables XY
— (4 . — (€ : 1/2 ac
W1 = (b) W2 = (d) ! 0 ? ad .
v=w; Qw, v=1{ =\ pe | = Not possible
1/2 bd
Entanglement 1
0 ? .
V= | 0 | = w;®w, <—— Notpossible
\ 75/
V2

Independent

v=w; Qw,

1 1 1 1
Hloy = H () =Q§(} 26 =5(D =R+ FIV

()= 1) Q)= g5 (4) = 5o
w=1()=G 9O -¢)=o
=)= YO -

Viv): Ilv) = |v)

- -



01) =001y = () ® () = \6

0
0 0
110) = (2) ;11) = <8>
0 1

1\ <— O0thlocation
! |000000) + ! [111111) = ! 0
V2 V2 2 k}

0

1/ <——— 63rdlocation

Viv): Ilv) = |v)

1 1
Letlll)) = ElOO)-l' ﬁlll)
(H® DY)
=H@D10 0+ @ 1)
=5((H®D (0 ®10) + (H®N(1) ® [1)))
1

= ﬁ(HlO) ®110) + H|1) ® 111))

1
=350+ 1) ®10) + (10) = 11) @ 1)

= 1(|00) +[10) +|01) —[11))

{Ix) | x€{01}*} form abasisfor " ? 1
_1f1

9= Y k) > lal = 1= 1193 ’ _11>

x€{0,1}" x€{0,1}"
Bra-ket notation

w=(3) Wl =@ )

|¢p) : ket-phi
9)= (5)

bra-psi: (| = |)T : ket-psi dagger
+: dagger = conjugate transpose
@WT=1); af=a

(A+B) =AT+BT ;

)= ) alx)

X

(61 = (Z ocx|x>)T = D ()t = ) aix

(4B)t = BTAt

(WYlp) = (Y|l¢) : "bra-ket" = "inner-product” = scalar

Wlpy= (o p*) (}) = ary+ B*s

|¢) (Y| : "ket-bra" = "outer-product” = matrix

o) Wl = (}) @ B*>=(§z: ?;’?3?)



1Pryr = \g) & P )= \56{* 53*)

(IPpXeDly) = () (plv) = (@lyDI)



Lecture-3

Quantum Circuits Controlled-controlled-NOT
Toffoli-gate

Hadamard-gate

1 1
| H S
|b) |b) Input Output
Measurement 101 |101
; lc) |c®(aAb)) 111 110
- 1 A
CNOT-gate
@: Parity a.k.a. XOR
|a) |a) Input Output
01 |01
[b) & |a @ b) 10 11 V: OR
11 10

Linearity: U(a|v) + Blw)) = aU|v) + fU|w) Rules for circuits
U

l01) + BI11) - aUl01) + BUI11) 1. Time goes from left to right.

2. Horizontal lines represent qubits.

3. Gates and measurements are represented by various symbols.
1 01) + 1 1) U g Ulo1) + 1 (e 4. Classical bits are represented by double-lines.

— — o —

V2 V2 V2 V2

Partial-measurements

State of the second qubit on outcome 0:
1
5 [11) o)

1 —i 1
= |0)<§|0)>+ |1)<7|0)+ ﬁll)

A
> ol ~ 1~

N =

—100 i10
) = 5100y = >110) +

| »—\I

[) = 10) ® [1wo) + 11) ® |1h:)

State of the second qubit on outcome 1:

—i 1
SHoy+ =11 .
Measuring the first-qubit: by _ 2 10 \/2| : _ 2
[0) + §|1)

ol V3 V3
2

1
1. Pr(outcome = 0) = ”W’O)”Z = ||E|0) 3

2
2

2. Pr(outcome = 1) = |||1/J1)||§

—i
7‘|0)+ ﬁll) =3

_‘ 1 F 3
2

Measure the third-qubit:

1 1 1 1
ly) = E|000)+ E|100)+ 5“01)_2'111)

1 1
= 5100} + [10)[0) + 3 (110) — [11)]1)

lecturescs426 Page 1



Lecture-4

Thursday, 4 February 2021 9:41AM

Deutsch's algorithm

—
a5}
1%2]
~

f:{0,1} - {0,1}

Inputfy fi f2 f3

0 0011
1 0101

Determine if f is
1. a constant function (fp, f3) ?
OR

2.a balanced function (fy, f5)?

1. We are allowed "black-box" queries to f

2. Two classical queries are necessary and sufficient.

3. One quantum query (in superposition) is
necessary and sufficient.
Alternate way of framing the task:

Input: a, € {0,1},a;, € {0,1}
in the database which can be queried

Task: Determine ay @ a,?

lectureses4268 Page 1

Black-box queries

f:{0,1} - {0,1}

f(a)

Not invertible, not unitary

Bf: Va,b: |a)|b) = |a)|b @ f(a))

lay —— — |a)
Bp |
|b) |b @ f(a))
a,b a,b® f(a)
0,0 0,f(0)
0,1 0,f(0)
1,0 Lf()
1,1 1,f(1)

1. Distinct inputs give distinct outputs.

2. Gate is invertible.

3. Gate matrix is a permutation matrix.

4. Permutation matrix is a unitary matrix.

Example of a permutation matrix.

/N

1

n N\



Example of a permutation matrix.

(

Task: Determine ay @ a,?

O = OO
== =)

) Note: Every row and every column has a unique 1.

S O O
S O O

Circuit

Some formulae

10) H H 4@ va € {0,1}: |a) — 11 @ a) = (~1)%(|0) — |1))

By Va,b € {0,1}: (=1)4(=1) = (—1)2®b
1) ——— H
1 o H
_ va € (013 7=(10) + (~1)I1) = |a)
Analysis
H|0) @ H|1)

1
=§(|o>+|1>)®(|0>—|1>)

1
=5 (100) - [01) + [10) - [11))

B 20/ ©) ~ 018 £(0)) + DI ~ IDI1 & F(L))

= 201/ ©) ~ [1@ FO) + IDAW) ~ 1@ FD)

= %((—1)f<°>|0>(|0> — 1)) + (=1 ®[1)(j0) - 1))

= %((—1)f(0>|0) + (-1 (1>|1)) ® (J0)—[1)) —— function has appeared in phase, this is referred to as "phase-kickback"
= 2 (DO (j0) + (-1 OV D|1)) @ (0) ~ [1))

1
H_, ﬁ(—l)f(o)(lf(O) @ f(D) ® (10) — 1))
(\/—\)

desired output



Lecture-5

Thursday, 11 Februal

Deutsch-Jozsa
algorithm

—
|ab)
2]
=

f:{0,1}"* - {0,1}
1. f is constant:
Either |f~1(0)| = 2" OR |f~1(1)| = 2"
2.f is balanced
If O = If (W)l =2

Determine which is the case?

Circuit

m - '\/\/\‘l/‘tb

Analysis
Bs: vx € {0,1}",Vb € {0,1}:
lx}b) = [x)|b D f(x))

Some formulae

H®"|x) = L Z (=D*Y]y)
\/Z_nye{o,l}"
n

x-y= ) xy; (mod2)

i=1

Va € {0,1}: [a) — |1 @ a) = (—1)%(|0) — |1))

1) = (H®™|0™) @ H|1)
1/ N\~ 1. ..

lecturescs4268 Page |

1
lps) = ﬁg—nﬂw@ 1)
1 x-
=y GV (Z(—l) y|x>>
y
1 |
:2_"Zx:|x)<2(_1)ﬂy)® y)

2
Pr(x = 0") = T;(Z(—1)f<y>>
y

= 1 iffisconstant

= 0 iffis balanced

Measurement result of circuit



1) = (H®™0") @ H|1)
:% ( D |y)> ® %am— 1)
2 ye{0,1}" 2

1
o) = W(lelf(y)) - Z|y>|1eaf(y)>>
y y

1
=—=) MU -11D fO))
,/2n+12

1 1
= 1) — —
\/z_n(g( D yly)>®ﬁ(|0) 11))

y
(\/\_3
phase kickback

Measurement result of circuit
=000..0=0"

iff f is a constant function

1. If measurement result is 0™, output = constant.
2. If measurement result is anything other than 0™,
output = balanced.

Orthonormal set of vectors
{lvinx1:t € {1, ..., n}}

0
0
(V1] :
u=| : ;o Ulvy) = i — th
(vn 1] <——
0
1 1 1 1
2 2 2 2
1 1 1 1
_ 2 2 2 2
U= 1 1 1 1
2 2 2 2

lecturescs4268 Page 2

A simple search problem

fll

Input

Output

00

01

10

Task
f:{0,1}* - {0,1}
foo fo1 fio
Input Output Input Output Input Output
00 1 00 0 00 O
01 O 01 1 01 0O
10 0 10 0 10 1
11 0 11 0 11 0
Determine which is the case?
Circuit

11

_ o o

e



N[—R N =N

=
> — @//—\ |

oy — 3= Eﬁ —!
(\ —\E’ —1

|
Analysis
10)10)]1)
O3, L 10y + 1) (0) + [1)(|0) — [1))
1\/55 ) Ignore
=5 (100) +101) + [10) + |11>)®—\5(|0>— 1) T

B _)l — 00 —_ 01 —_ 10 —_ 11 i —_
F =3 ((D0100) + (=D + (~Dfel10) + (~D/111) @ =10} = [1)

Phase-flip a.k.a. g, gate

- (é —01)

1
Controlled-phase-flip gate f = foo = lgoo) = E(—|00) +101) + [10) + |11))

1
f = for = |$o1) = 5(100) — [01) + [10) + |11))

2
1 Orthonormal
& : f=fio = ld10) = §(|00)+|01)— |10) + [11))

1
- f=hi=|¢11) = §(|00)+ |01) + |10) — [11))




Lecture-6

Simon's Algorithm

2n
Classical deterministic algorithms: —- = 20m)

n
Task £:{0,1}" - {0,1}" Classical randomized algorithms ("Birthday Paradox"): V2" = 22 = 22
3s € {0,1}™ Quantum algorithms: polynomial time poly(n)
vx,y €01 [f(x) =fM] < [xDy = s]
Circuit
Find s
Eg. |x f&) "@’
0001101 ‘G\> '
001010 )
X ®y 010,000 — [—
= 0t D Y1, s Xn DY) 011110 | . _ 149 P
100000 _——
101110 lo> P
110101 I
111010
Analysis  By: v € {0,137, vy € (0,11 |x)|y) = [0)|y @ f(x))
z a,lz) Z|az
[0™)0™)
" —£< Z |x>>® o)
= Zaibi (mod 2) 22 \xefon
=1 B 1
- = Z ) ® |F()
22 \xefon
Classical post processing (s = 515 ...5, # 0™) ~ Z HO %) | ® |f(x))
» 1 2z x€{01
A sy 0 1
¥ =0 - —;( (1 |y>> ® |f@)
: L x€{0,1}" ye{0,1}"
s.yvl=0 1

A
success = {y1,y?,...,y" 1} are linearly independent

= 1\ 1
Pr(success) > l_[ (1 - 2—k> > 3

k=1
On success, solve for s from L.

Repeat this process 4m times.
1 4m
Pr(fail each time) < (1 - Z) <e ™

m = 0(1) = large constant

:::::: 5cs4268 Page 1

Pr(output = y)

on
x€{0,1}

n
ze€Range(f)

:s-y:l

T={y|s-y=0} ;

2
-l > o)

IT| =

2

=§z< > b)) o |f(x))>
yefo,1}" x€{0,1}"

1 : 2
=l D DErEDEN 1)

2

1
= |lar DL DF Y+ (D) 1)

2

((_1)xz-y+(_1)(xz-y)€B(s~y)) |z)

2

211—1 .

277.

(f(xz) = f(xz) = 2)

(x; D s =x7)

((a®b)-c=(@-c)® (D )



Lecture 7

Integer multiplication

Arithmetic/Number-Theoretic problems

Input: x,y € Z
Integer addition Output: x X y

Input: x,y € Z (the set ofintegers)

Time complexity: O(lgx X 1
Output: x + y P Y ( & gy)

Schonhage-Strassen algorithm complexity: O(nlogn X loglogn
Time complexity: 0(lgx + lgy) g g plexity: O(nlog glogn)
n=Igx =Igy

cifx =0

lg(x) é
[ log,lx|] + 2 tifx #0 L
Integer division

Input: x,y € Z,y # 0

111
.............. Output: a,b € Z

1101
+0111 x=ay+b ; 0Sb<|y|
10100 a = quotient

............... b = remainder

Time complexity: O(ng X lg y)
Greatest Common Divisor (GCD)

Schonhage-Strassen algorithm complexity: O(nlogn X loglogn)
Input: x,y € Z, (the set of non — negative integers)

n=Ilgx=Igy
Output: gcd(x, y)
Euclid's algorithm, 2000+ years old
Time complexity: O(ng xXlgy ) Primality testing
Input: N € Z,

Output: "prime" if N is a prime number, otherwise "not prime"

) " Classical randomized algorithms: O((IgN)3)
Modular integer addition

Classical deterministic algorithm:
Inputt N€Z, ; x,y €ZyN

Iy = {01,..,N— 1} Agrawal, Kayal, Saxena 2002: 0((IgN)®)

Output: x +y (mod N)

Time complexity: O (lg N)
Integer factoring

Input: N € Z
Modular integer multiplication p +

. i i ; — M ak
Input: N € Z, ; x,y € Zy Output: A prime factorization N = p;* ...p,

Output: x X y (mod N) Classical deterministic/randomized algorithms: 20((1g M)*/* (glg \)*/*)

Time complexity: O(IgN x Ig N) Shor's algorithm: O((IgN)?)

lecturescsd268 Page 1



Lecture 8

riday, Febru; 6:31PM

Reversible
computation

Toffoli-gate (reversible gate)

DeMorgan's Law

aVb= =(7aNn-Db)

Using this can implement OR-gate in reversible
way.

{OR, NOT, AND, Fan-out} is universal for
classical computing.

AND-gate
QAb
9 —
b
o0 ——

NOT-gate (reversible gate)

N D Ja< 0®|

_ |k
b\\z - (j\ V‘\I(”?M‘)

e ——

) nedew

L O(k —— Y “
0. —:_ @%h m) _ 8%’3‘
O'MC\[\L-UC* R sqcrdiw“ J: N

ch(@

lecturescs4268 Page 1

— fel”

Fan-out (or copy)

Invertible function f:{0,1}" - {0,1}" has circuit C
Seloly) = 10y © £ ()
f71:{0,1}" - {0,1}" has circuit D

Spl)y) = 1)y @ £~ ()




Qlx)|0™) = [f(x))I0™)
Sclx)|y)|0') = 1x)|y @ f(x))|0")
Qlx) = |f ()

Sclo)|y) = 1x)|y @ £ (x)) (compactly written)
(compactly Written)

Note: CNOT is a reversible gate.

S.:reversible circuit, unitary operation,
c
permutation — matrix

lecturesc: 54268 Page 2



Lecture-9

Thursday, 15 August

Phase — estimation

Singular — value decomposition for any matrix A

A= Z sj|vi )} w]
J
sj: singular values, non — negative real numbers

{|vj)}j: left — singular vectors (orthonormal)

{|wj>}j: right — singular vectors (orthonormal)

U — unitary, eigenvalue decompotion

U= 5l

s; — eigenvalues

|vj) — eigenvectors (orthonormal)
Vji|si| =1 &5 = e?™9
i=v-1;0;,€[01)

e = cosf +isinb

le?®| =+/cos? 6 +sin26 =1

Vo € R:
cos(2m + 0) = cos b
sin(2mr + 6) = sinf

Vj U lv) = 2™ |v;) = s5|vy)

lecturescs: 4268 Page 1

Phase — estimation problem

Input: A quantum circuit Q that performs unitary operation U,
along with a quantum state )
that is promised to be an eigenvector of U.

Ulp) = e*™ %)

Output: An approximation of 8 € (0,1]

w
Circuit & A m
( o’“fz—:
o —|w = ¥
W\
Unitary matrix AY, &— /\m
2
ALK ® 16) = ) @ UkIY e 4
kéllo\\?—m
kef{o1,..,2m—1) et
0% 7

y\»ji:b?'l-



QFT: Quantum Fourier Transform

1 1 1
/1 wM ees w%_l \
2(M-1
Oty =l 1wl T el
\1 w1 . wIE/IM—l)Zj
1 1 1
+ - —2(M-1
-(M-1) —(M-1)2
1 wy Wy
vj:

QFTy |¢;) = 1)) |
QFT}! |k)—>7= Mt o 1)

lecturescs4268 Page 2

Analysis
LetM = 2™
m Ulp) = e?m?
M k=0
S (TP P
\/l_\/l k=0

M-1
= \/_MZ e2mi k6 |k) | |yp) —— phase-kickback
k=0

Assume for simplicity:

6 =% for somej € {0,1,...,M — 1}.

2mi
Letwy = e M. Let,

M-1

9)) = I-Z P 1K) = Zw )

{|q§j):j e{01,.., M- 1}} : orthonomal



Lecturelo Phase-estimation

&
i—r—r/%",/ﬂi
O Yy 2 - J% L

Let us recall that the state produced before
QFTT is applied is (below w = e?™)

1 Mz_lwkelk) )
VM k=0
Also recall,
. _LM—l . _LM—l _ij )
QFTI)—ijOwM i) = w2, i

1 i

Pi =y o)
= 2 M-1

1 ™D -1 o xM—1
AN YT RTT

o\ M/ —1 k=0
1 oM -1 o 1
_W a)|_5|—1 9—M+E,|E|Sﬁ

1 a?

~ W (a =M = 1) b= o' ~ 1]

1 4|6|M2_4>1
“M2\2nmle|) w27 4

Recall: e® = cosf +isinf

arc — length

L — < E
~ chord — length ~ 2

L=

<||<1-
M s

l
L = — .
et 6 M+e,

1a2<< 2 )2< 1
Pi=7577 < < —
M?b M4|e| 4—|l—j|

2m|el 51
2

>a>=>4|elM = b < 27 ||

lecturescs268 Page 1

/"("@/ /
a=(ab)=a+ib;
B=(d)=c+id
ja - BI°

=la+ib— (c + id)|?
=la—c+i(b—d)|?
= (a—c)?+ (b—a)?




Lecture-11

Thursday, 25 March 2021 AM

Order finding

N > 1 isaninteger; Zy = {0,1,...,N — 1}
Zy ={a € Zy | gcd(a,N) =1}
gcd = greatest common divisor

Euler ¢ — function
¢(N) = |Zy| = no of elements in Zy

Zy forms a "group” under multiplication
l.a,b€ Zy = a-b (modN) € Zy

2. Va € Zy there exists unique b € Zy such that
a-b=1(modN)

b is multiplicative — inverse of a, denoted b = a™1

Orderof a € Zj:
Smallest r such that a” = 1 (mod N)

Euler’s Theorem:
a®®™ =1 (mod N)

Order of a is a divisor of ¢(N)
E.g.a = 4,N = 35,a € Zy (all values are mod N)

41 = 4,42 = 16,43 = 29,4* = 11,45 =9,45 = 1.

Order finding problem

Input: N > 2,a € Zy
Output: Order of a € Zy

Order finding via phase-estimation

Let N < 2™ Let unitary matrix M,:

Vx € Zy< {0,1}": My|x) = |a - x)
Vx €{0,1}" — Zp: My|x) = |x)

Let unitary matrix M ,-1:

Vx €Zy : My-1]x) = |a”1x)
Vx € {0,1}" —Zy : Mj-1]x) = |x)

= Vx € {0,1}": M_M ;-1]x) = |x)
=My My1=M-1M, =1

There exists reversible cirucit for functions

fx)=a-x

gx)=al-x

From what we have seen in previous lectures,
there are reversible circuits for M; and M ;-1

Circuit

Analysis

Am(M)IR)|x) = [k)|a*x) = [k)M|x)
nfm'nz\ Hirma ta imnlamant A
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=2 o)

From the phase — estimation algorithm we will get

j k
om T for random k € [0,r — 1]

Continued-fraction algorithm (CF)

Fact: Given a real number a € {0,1}, N > 2,

X
there is at most one fraction; with

0<x,y<N;y=#0;gcd(x,y) =1 and

< 1
2N?°

X
a__
v




Am(Mg)|k)|x) = |k)|a*x) = |k)ME|x)
0(mn?) time to implement A,,.
What are the eigenvectors and eigenvalues of

M,?
Let r be the order of a € Zy. Let

[¥)) = - (1) + w7l a)y + -+ @ 7TV a1y

NG

2mi
wr=er ;w =1

Ma|¥;)
1 . o
=— (la) + w7 |a?) + -+ + er(r Di1y)

NG

]
(L) _ _ . _
=L (w;|a) + oy 7 |a®) + -+ w'T|1))

vr
= wl[i)).

vk € {0,..,r — 1}
[, ) is eigenvector of M, with eigenvalue wX.

< 1
2N?°

x
a__
y

Given (a, N) algorithm CF will find (x, y)
in 0((IgN)?) time.

Let N = 2™ ; m = 2n. Then,

j k

2m  r

1 1
< ZNZ = 2m+1'

i k
Run algorithm A on input (;—m, N) to get; in the

lowest form for random k € [0,r — 1].

= y divides r

< IR
S|

Run the entire procedure several times to get
Y1,¥2, -,y and take LCM(y4, ¥2, -, Y1)-

With very high probability LCM(yy, y3, ..., y;) = 7.

LCM = "least common multiple"

Order finding to Factoring
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Input: an odd, composite integer /N that is not a prime power.

Repeat
Randomly choose @ € {2,.... N —1}.
Compute d = ged(a, N).
If d > 2 then /* We've been incredibly lucky. */
Return uw = d and v = N/d.
Else /* Now we know a € Z. */
Let r be the order of a in Z}. /* Requires the order finding algorithm. */

If r is even then
Compute 2z = a”/?2 — 1 (mod N).
Compute d = ged(x, N).
If d > 2 then
Return w = d and v = N/d. /* Answer is found. */

Until answer is found (or you get tired).

Figure 2: Reduction of factoring to order finding

« 2121 Suppose that the random choice of a 1s in Z%; (which is very likely), and that the order r
of a is even. Then
a" =1 (mod N)

SO
| o 1.

Because a” — 1 = (a”/? 4+ 1)(a"/? — 1) we have

N | (@ 4 1)@ —1).

It cannot happen that N | (a™/? — 1). because this would mean that » was not the order of a after
all. If we are lucky and it is not the case that N | (a"/? +1). then we know the algorithm will work.
This is because the factors of N are then necessarily split between (a”/2 + 1) and (a™/? — 1), so
computing ged(a’/? — 1, N) will reveal a nontrivial factor of N.

Each iteration of the loop therefore fails to give an answer if either  is odd or r is even but N
divides a’/? + 1. The probability that neither of these events occur is at least 1/2. (In fact, it is at
least 1 — 2™~ for m the number of distinct primes dividing N. This is why the assumption that N
is not a prime power was important. Also, the analysis of this fact requires that N is odd.)
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Lecture 12

Quantum Fourier Transform Circuit

M=2m ;

M-1
QFTyli) == . wlk1k)
M - M
\/M k=0

M-1

— . . 1 ik

QF Ty ljm-1m=2 -Jo) = \/_M: Z w[{/j |kokq - Km—1)
k=0

QFT, |j3 = QFTylj)

_ _z wl¥|ky = 710+ /1) = Hlj)
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1
N P
HIj) = ﬁ;( 1)7¥ k)

i

e =cosm+isint=-1
w = e?m
w,=e2 =e™=-1
2mi
a)NzeN
Z_nir
w;NzeNT :wN
m

2
Wy = w2m+1

J = Jmim-1 --Jo

2j'k" + joko + jo(2ky) + -+ jo (2™ Tk p_1)
=2k + jo(ky + 2k + -+ 2™k )
= Zj,k, +j0k,

= @) +jok’

= jk'

(=1)7 = (=1)/o

(= 1)kmio@) =(=1)kmi )% = lmd ¥

_ kmj2™ jk'_ Jk'+2Mk )
=Wy Wyy =Wyy

_.Jk

=wW;y



Circuit size

g(1) =1
gm+1)=gm)+(m+1)

gmy= > j=("F1) =00
j=1

LIVl LIVl Z1vi
jk
=W;y

Want to show:
2M -1

QF Tomljmim—1 - Jo) = \/— Z wJ |k0k1 k)

Let

g . J

] = IJmJm-1--J1 = E‘

k, == km_lkm_z kO = k - kmzm

Therefore |j) = |j")jo)
=Jj =2j"+jo.

After QF Ty, the state is

M-1

e Z wl{;lk |k,0k,1 ---k,m—1> |]0>
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After all controlled phase-shifts:

M-1

%m,_o%"'wé%‘%ﬁ’“ @ K1) o)
. M-1
_ _Mk,_o “)221]\/1k +jo(ko+2ky++2M Tk 1)|k' K m—1jo)
. M-
— _M 2 wéllf,[ |k g .. k' 1) jo)
k=0



Lecture 13

Grover's Algorithm

Task
f:{0,1}" - {0,1}
Find x € {0,1}" such that f(x) = 1
Algorithm Pictorial representation of the algorithm
A={xe{01}"| f(x) =1}
a=|A|
1 L
14y = \/—_le> 52y,
axEA
B={xe{0,1}"| f(x) =0}
b= |B|
1
1B) = —= > |x)
JExEB
N =2"
HEM 0D = 1) == " I
x€{0,1}"

1. Start with |h).
2. Alternately reflect about |B) and |h).

3. After k iterations angle of |v44,) with |B)
becomes (2k + 1)6.

Analysis

T
We need (2k + 1)6 ~ 5
cos @ = |(B|h)|

o 18 _ _ 1 Jfa
For small & ~ sin 8 = cos (5—0) = |[{(Alh)| = a N AN
YA
’“[5(%‘1)]

k—01—0 N
N o) a

Reflection about |0™)

[v) = ol + ) k)

x#0M

W) = @ol0™ = ) aylx)

x#0m

Reflection about |u)

lv) = alu) + Blut)

|ut) : orthogonal to |u)

Rylv) = alu) — Blut)

Ry = 2lu)ul — I

Rylu) = lu)ul — Dlu) = 2|u) — lu) = u)

Rufut) = Q@ludul — Dfut) = —[ut)

lecturescsd268 Page 1

Reflection about |h)

Ry = 2|h)(h| =1
Ry = 2[0™)0"| —1
H®™|0") = |h)
H®"R, H®™

= HO™(2|0m)(0"| — ) H®™
= 2|h)(h] — 1

= Rh
Ht=H
H?= HtH=1

Reflection about |B)

[v) = alA) + BIB)
lw) = —alA) + BIB)
lw) = Zgv)

Zslx) = (=1)/ @)

Using By we can implement
Zy using phase-kickback



Lecture 14
Wednesday, January

Communication protocols

Superdense coding

=T
5 A T

\
[

|
o
\_l\$ |

o oAkl
a0 — —)\ _ —\— — — — [3;7. —
i \ \ \ \ [
/4’7 ‘ \ | —{d [ |a>
\ [v)
( \

EPR (Einstein — Podolsky — Rosen) pair:

f

)

o L
| )—ﬁ(I00)+I11))
ab |¢pT) 1 2 3 4

00 |00)+[11) [00)+ |11) [00)+[11) (]0)+ [1))|0) |0O)
01 |00)+[11) [00)+ |11) |10)+[01) (|1)+ [0)|1) |01)
10 |00) +|11) |00) —[11) [00) —[11) (]0)—[1))|0) [10)
11 ]00) +[11) [00) —11) |10) —]01) (1) —[ON[1) —|11)

Communication protocol

4+

v[\ku- | .t

(a1 ik LSO

1
HI0)=5(I0)+I1))

1
HI1)=5(I0)—I1))

1
H(ﬁ(l0)+ 11))) = 10)

1
H(ﬁ(lo)—ll))) = 1)

Phase flip gate
_(1 0

92 = (0 —1)

Controlled o, gate:

Ifa =1,apply o,
on the second wire

R

-1

Input Output
00 00
01 01
10 10
11 -11

Matrix

o O O

S O

(=i e ]
o O O




Teleportation

%

[) = al0) + BI1) ; lal*+1817 =1

1
[W)¢*) = (al0) + BI1) ® —Z(IOO) +111))

%
1

= —(a|000) + «|011) + 8|100) + B|111))

V2

1
CNOT - —
\/E(a'|000) + al|011) + B|110) + B|101))

Communication protocol

Shonceh EfR
A N? Bt

o |

@ TTwo ¢lamied
o &

/’7 ’7—%

]V\/‘) Ns Com Wowesion

NG

\ 7
\ Dt
Measurement State on third Prabability State after CNOT After
outcome wire after of C — phase flip
measurment outcome

00 a|0) + B|1) 0.25 a|0) + B|1) a|0) + B|1)
01 al1) + £10) 0.25 al0) + B]1) al0) + B[1)
10 al0) — B|1) 0.25 al0) — B|1) al0) + B|1)
11 all) — B|0) 0.25 al0) — B|1) al0) + B|1)

1
H - 7 (@(10) + [1)100) + a(]0) + [1N|11) + A(10) — [1)]10) + £(10) — [1))[01))

2
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= 1(|00)(a|0) +B11)) +[01)(a|1) + B10)) + [10)(a|0) — B[1)) + [11)(al1) — B]0)))




