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fidelity

relative-entropy

max relative-entropy

hypothesis testing relative-entropy
entropy

max mutual information

P(o,0) < ¢

inner product

is defined as

N4_p | aquantum channel from A to B
Z | complex conjugate of z
Xt | adjoint/conjugate transpose of X
XT | transpose (basis dependent)
1 | the identity matrix
span | vector span
Tr | matrix trace
Pr | probability
l{x = y} indicator function, 1 if x = y and 0 otherwise,
so that, for example, 1{x = y} + 1{x #y} =1
Jxy | shorthand for 1{x =y}
log | logarithm; to base 2 here, i.e. log = log,

psd | positive semi-definite
td | trace distance
ONB | orthonormal basis
iff | if and only if
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Table 0.1: Some basic notation used in these
notes.

Table 0.2: Some abbreviations used in these
notes.
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Source coding and the convex-split lemma

In this lecture, we study different types of source-coding proto-
cols, along with a useful tool in quantum information theory
known as the convex-split lemma which is helpful in design-
ing such protocols. We begin by introducing some classical
scenarios.

1.1 Classical setting

Let Alice receive an input random variable X € {0,1}" which
she intends to send to Bob. Alice sends a message M to Bob
and Bob outputs X. The aim of source coding is to send a small
message M while keeping the probability of error (¢ > 0)
small, that is,

Pr[X # X] <.

If Alice and Bob share a random variable S before Alice’s input
arrives, the protocol becomes a shared randomness-assisted
protocol.

To ensure that Alice is communicating her input (and not
something else), we introduce a Referee R, which keeps a copy
of X. The correctness of the protocol can then be rewritten as,

XX ~, XX.

More generally R and X are two correlated random variables
and R need not equal X. The correctness of the protocol can
then be rewritten as,

RX =~ RX.

As a further generalization (Figure 1.1), Alice and Bob could
have their own random variables Y and Z, respectively, jointly
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correlated with RX. The correctness of the protocol can then
be rewritten as,

RYZX ~, RYZX.

1.2 Quantum source coding

Quantum source coding is the quantum analogue of the clas-
sical case. The most general scenario is known as quantum
state redistribution. At the beginning Alice (AC), Bob (B), and
Referee (R) share a global pure state

YrABC = |PrABC) (YRABC] -

Alice wants to send the register C to Bob by transmitting
message M (after some local operations at her end). If Alice
and Bob start with some shared state, then we call this protocol
an entanglement-assisted protocol. For example, Alice and Bob
could share several EPR pairs in their registers A and B. After
transmission of the message M and Bob performing some local
operations, the global state becomes @y 4 ='. The goal of the
protocol is to minimize the size (length) of the message M
while keeping the error ¢ > 0 small, that is,

YRABC e PRraBC:

The symbol ~; between two states represents that the two
states have the purified distance at most €. Recall,

Definition 1.1 (Fidelity and purified distance). For quantum
states p, 0, the fidelity between them is defined as,

F(p,0) = [lv/oveli.

Figure 1.1: Schematics of classical protocol.

! Note that the state ¢, 4 5 is not necessar-
ily a pure state.
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Figure 1.2: Quantum state redistribution.
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Figure 1.3: Quantum state splitting. A
special case of state redistribution when the
register B is missing.
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An illustrative diagram is shown in Figure 1.2. We consider
the following three types of variants.



1. Quantum state splitting: No register B at Bob’s side (Fig-
ure 1.3).

2. Quantum state merging: No register A at Alice’s side (Fig-
ure 1.4).

3. Quantum state transfer: Both A and B are absent (Figure 1.5).

Figure 1.4: Quantum state merging. A

special case of state redistribution when the

register A is missing.

)
)
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¥rpc =, Prat

Figure 1.5: Quantum state transfer. A
¥re Pre special case of state redistribution when the

registers A, B are missing.

)
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Task: minimize |M|  s.t.
Yre®, Pre

Table 1.1 summarizes the presence or absence of the regis-
ters and goals.



Protocol Alice Has | Bob Has Goal
State Splitting A C none Split AC and send C to Bob
State Merging C B Merge C with B
State Transfer C none Transfer C to Bob

1.3 Convex-split lemma (CSL)

To design some protocols for the above tasks, we will introduce
a widely used tool in quantum information theory known

as the convex-split lemma 2. We start with some notation,
definitions, and facts.

Quantum information primitives. We denote quantum reg-
isters by capital alphabetic A, B, etc. We denote density op-
erators by pap € D(AB),04 € D(A), 173 € D(B) and so

on.

We have the following facts.
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Table 1.1: Comparison of quantum com-
munication protocols depending on the
registers available to Alice and Bob.

* Anurag Anshu, Vamsi Krishna Dev-
abathini, and Rahul Jain. Quantum commu-
nication using coherent rejection sampling.
Physical Review Letters, 119(12), September
2017. por: 10.1103/physrevlett.119.120506.
URL http://dx.doi.org/10.1103/
PhysRevLett.119.120506


http://dx.doi.org/10.1103/PhysRevLett.119.120506
http://dx.doi.org/10.1103/PhysRevLett.119.120506

Fact 1.8 (Data processing inequality (DPI)). For states p, o
and a CPTP map &, we have

D(plle) = D(E(p)[|E(e)).

Consider states p s, 0ag € D(AB) and let £ be the partial
trace of system B. Then,

D(paslloag) = D(palloa),
where oA = TrBPAB and op = TI‘BU'AB.

We begin with the following lemma.

Lemma 1.9. Let py, 4, . .., Un, 0 be states and
{p1, P2, ...pn} be a probability distribution. Let y = Y ; pipi
be the average state. Then

D(u)|6) = }_ pi (D(pil10) — D(pillp)) -

Proof. Consider,
sz (i]16) = D(pillw))
= Z pi(Try;log p; — Truilog 6 — Tru;log u; + Tru;log i)
1
= Z pi(—Tru;log 6 + Tru;log u)
1

= —Trulog6 + Trulog u
= D(u[|6). 0

Now we are ready to state and prove the convex-split lemma.

Intuition: The convex-split lemma tells us that if a quantum
state @gc is close (in max relative-entropy) to a product state
@R @ 0c, then by mixing @rc among 1 copies of o¢, the result-
ing mixture becomes close to pr ® (Tg?”. The more copies 1, the
better the approximation. Please refer to Figure 1.6

The convex-split lemma guarantees that the state on the LHS
(a convex combination where each term has the actual state
@rc in position Referee and C; and the state o elsewhere)

is approximately equal to the product state on the RHS, with
fidelity at least 1 — .
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Figure 1.6: State equivalence for the
convex-split lemma.

Proof. Denote the n copies of o state by

0:=0c, Qoc, @---Q0¢,.



Define a set of quantum states {(‘T(*]' )} forall j € [n] as

(_T(_j) = 0¢, X oc, X O-ijl ® 0—C1'+1

®”'®0-Cn'

Then we have,

1& (i
TRC,Cy...C, = 7 Z PrC; & o=,
j=1
Consider

1 n—1
TRC; = —PRC + — <(PR ®<7cj>

2k n—1
s (fPR ® UC;) +—— (fPR ® UC;) (k := Dmax(¢rcllor ® 0c))

::<1+zi;1>(¢R®oq).

Taking logarithm on both the sides (since log is operator
monotonic),

k

log Trc; < log (1 + ) I + log ((pR ® 0cj> . (1)

Consider

D(Tre,c,..c0ll0c ® 0)

= %j; D(gre, © 0\ || gr © ) = D(grc, © 01| TR, cn)} (Lemma 1.9)
= %]é D(¢rc,ll¢r ® oc,) — D(gre, @ 77 HTRQCZ...Cn)} (Fact 1.5)
< %]é D(¢rc;|lor ® oc;) — D(¢rc; ||TRCj)} (Fact 1.8)
= % i [TrquC log PRC; — TrgoRC log(pr ® oc; )

T
I

— Trq)ch log $rC; + Tr(pRC]. log TRCj]

-

[—Tr(pRC]. log(pr ® O'C].) + Trgre, log TRC].]

S|~ I
T
—_

-

IN

PHWQ%WNM@

T
I

+ Trore; (log (1 + 21 ) I +log(pr ® oc; ))} (Eq. (1.1), Fact 1.6)

2k—1 2k
= < = 1.
log (1—1— - ) < log <1—|— n)
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Using Pinsker’s inequality (Fact 1.7) we get,

k
2 5 -D ®0 —log (142 1
F(Tre,Cy.. G P @ F) > 27 DA Cill9e?) > o (%) — 1+2
n
In particular for 6 > 0 and n = {%-‘ ,

D(Tre,0,..c, | Pc ® 0, @ -+ @ o¢,) < log (1+9),
and
F(TRC, Gy PC R 0, @ - R 0c,) > (14+8)" 1 >1-06.

]
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Quantum state splitting

2.0.1 Problem setting

R Bob R Bob

A A

C

(Y

)
o)

/\/\/\/\/\/E

)

Task: minimize |M|  s.t.
Yrac e Prat

2.1 Protocol for state splitting

Here we discuss a protocol for state splitting '. Lete > 0,6 > 0
be the error parameters. Let 7 be the smallest number such
that,

1
logn > If . (R : C)ype +210g5

where,

Definition 2.1 (Max mutual information). For a quantum

Figure 2.1: Quantum state splitting. The
special case of state redistribution when the
register B is missing.

! Anurag Anshu, Vamsi Krishna Dev-
abathini, and Rahul Jain. Quantum commu-
nication using coherent rejection sampling.
Physical Review Letters, 119(12), September
2017. por: 10.1103/physrevlett.119.120506.
URL http://dx.doi.org/10.1103/
PhysRevLett.119.120506


http://dx.doi.org/10.1103/PhysRevLett.119.120506
http://dx.doi.org/10.1103/PhysRevLett.119.120506
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Let k- ~¢ Pre (with Pr = ;) and o¢ be such that,

Fnax(R : C)lPRc = DmaX(lPEQC”l/"R ®oc).

We will need the following fundamental result in quantum
information theory.

Let [¢)") ¢ 4c be a purification - (guaranteed by Uhlmann’s
theorem) such that

F(19" )¢ [gac 1€)X ¢lrac) = F(@res PrO)-

By the CSL (Lemma 1.10), we know that the purified distance
between the reduced states (with Referee and Bob) between
the LHS and RHS of Figure 2.3 is at most V62 = §. Uhlmann’s
theorem (in the context of our protocol, 9) is the initial state
on LHS and |7) is the target state on RHS of Figure 2.2) guar-

antees the existence of an isometry V that Alice can apply to
achieve P(VOVT, ) < 6.

11
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. 0c, - 0c, - 0¢c,

2.1.1 Protocol steps

1. The protocol starts with the initial state [¢) 4~ shared
between Referee (R) and Alice (AC).

2. Alice and Bob share 7 i.i.d (independent and identically
distributed) copies of a purification of 0¢, denoted as |o) in
registers C; and C; fori € {1,2,...,n}.

3. Alice performs the Uhlmann isometry V on her registers
based on the CSL.

4. Alice measures the index register j which collapses the
superposition.

5. Alice sends the measurement outcome j to Bob using log n
bits of communication.

6. Alice and Bob swap registers according to the value of ;.

2.1.2 Communication cost

The classical communication cost is given by:

b 1
logn = I, (R : C)ype +21og 5

Figure 2.2: Quantum state splitting pro-
tocol: The left-hand side (LHS) shows the
initial state with Alice holding registers A
and C, and Alice and Bob sharing entangled
pairs. The right-hand side (RHS) shows

the state (that is close to the state after
applying Uhlmann’s isometry) which is a
superposition with coefficients 1//.

Figure 2.3: State Equivalence: The convex-
split lemma guarantees that the state on
the RHS (a convex combination where each
term has the actual state iy in position
Referee and Cj and the state o elsewhere)
is close to the product state on the LHS,
with purified distance at most J.
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2.1.3  Error analysis

We need the following property about partial traces in quan-
tum systems.

Fact 2.4. Let
n .
|’Y>A1A2B = Z“i |1>A1 |71>A2B
i=1

be a state (where Y ; |a;|> = 1). The reduced state on sys-
tem B is given by:
B = Z |aj| -
i=1

This explains why the convex combination on the right side
of Figure 2.3 appears when we trace out Alice’s systems. Each
term in the superposition contributes a component in the RHS
of Figure 2.3 with probability % The CSL guarantees that this
mixture is (0 close to) the desired product state shown on the
LHS of Figure 2.3.

At Step 4. in the protocol, when Alice measures the index
register, Referee and Bob’s combined state becomes (6 close to)
a probabilistic mixture weighted by %

When Alice sends her measurement outcome j to Bob, Bob
knows which register contains the target state, allowing him
to effectively "undo" the mixing effect and recover a state
Prac X6 Yrac:

Since Yrac e Pracs

o / o
YrAC Re YRAC =5 Prac:

Using the triangle inequality for the purified distance, we get

YRAC Rets Prac

13



3
State splitting - alternate protocol

3.1 Alternate protocol for state splitting

Here we discuss an alternate protocol for state splitting *. ! Anurag Anshu, Vamsi Krishna Dev-
Lete > 0,0 > 0 be the error parameters. Let n be the abathini, and Rahul Jain. Quantum commu-
nication using coherent rejection sampling.
smallest number such that, Physical Review Letters, 119(12), September
2017. por: 10.1103/physrevlett.119.120506.

1 URL http://dx.doi.org/10.1103/
€ .
logn > Imax(R : C)l/JRC +2log 5 PhysRevLett.119.120506

Let p ¢ Pre and o¢ be such that,

[ax (R 1 C)yppe = Dinax (el ¥k ® 0c).

Let |¢) g oc be a purification i - (guaranteed by Uhlmann’s
theorem) such that

F(19" )¢ [gac 19X ¢Irac) = F(@res PrO)-

By the CSL (Lemma 1.10), we know that the purified distance
between the reduced states (with Referee and Bob) is at most
Vo2 =6 (see Figure 3.2). Uhlmann’s theorem (in the context
of our protocol (Figure 3.1), |6) is the initial state on LHS and
|7) is the target state on RHS) guarantees the existence of an
isometry V that Alice can apply to achieve P(VOVT, ) < 6.
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3.1.1 Protocol steps

. The protocol starts with the initial state |¢); 4~ shared
between Referee (R) and Alice (AC).

. Alice and Bob share 1 i.i.d (independent and identically
distributed) copies of a purification of 0, denoted as |o) in
registers C; and C; fori € {1,2,...,n}.

. Alice performs the Uhlmann isometry V on her registers
based on the CSL.

. Alice measures the index register j which collapses the
superposition.

. Alice sends the measurement outcome j to Bob using log n
bits of communication.

. Alice and Bob swap registers according to the value of ;.

3.1.2 Communication cost

The classical communication cost is given by:

1
logn = I, (R : C)ype +21og 5
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Figure 3.1: Quantum state splitting pro-
tocol: The left-hand side (LHS) shows the
initial state with Alice holding registers A
and C, and Alice and Bob sharing entangled
pairs. The right-hand side (RHS) shows

the state (that is close to the state after
applying Uhlmann’s isometry) which is a
superposition with coefficients 1//.

Figure 3.2: State Equivalence: The convex-
split lemma guarantees that the state on
the LHS (a convex combination where each
term has the actual state iy in position
Referee and C; and the state oc elsewhere)
is approximately equal to the product state
on the RHS, with purified distance at most
6.
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3.1.3 Error analysis

Assume first that the protocol starts with the initial state

|4’) gac shared between Referee (R) and Alice (AC). Fact 2.4
explains why the convex combination on the right side of Fig-
ure 3.2 appears when we trace out Alice’s systems. Each term
in the superposition contributes a component in the LHS of
Figure 3.2 with probability % The CSL guarantees that this
mixture is (0 close to) the desired product state shown on the
RHS of Figure 3.2.

At Step 4. in the protocol, when Alice measures the index
register, Referee and Bob’s combined state becomes (4 close to)
a probabilistic mixture weighted by %

When Alice sends her measurement outcome j to Bob, Bob
knows which register contains the target state, allowing him
to effectively "undo" the mixing effect and recover a state
go;{ AC ~s IP%AC'

Now assume that the protocol starts with the initial state

YPrac instead. Since Prac ~e EIJ%AC’

~ / ~ / ~ A
PRAC Re YrAC 5 Prae e PrAC

The last approximation above follows using DPI for fidelity
(and hence the purified distance) and noting that the entire
communication protocol can be thought of as a CPTP map
from the input state on the registers RAC to the output state
on the registers RAC.

Using the triangle inequality for the purified distance, we get

YRAC R2e+6 PRAC:

Open question: Is it possible to get, for all 6 > 0, a proto-
col where

YRAC Rets PRAC

with communication cost

Ifnax(R : C)IPRC + f(d)?

where f is any function of é.
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Converse bound for quantum state split-

ting

4.1 State splitting

Here, we want to prove the converse (lower bound) of state

splitting '. The diagram for state splitting is shown in Fig- ! Mario Berta, Matthias Christandl, and
ure 4.1 and the circuit diagram for the protocol for state split- Dave Touchette. Smooth entropy bounds on
one-shot quantum state redistribution. IEEE

tlng is shown in Figure 4.2. Transactions on Information Theory, 62(3):
1425-1439, 2016

entanglement assistance. Alice splits the
states in the system AC and Bob receives
the state in the system C.

’R horen ’KL »kv.vu. Figure 4.1: Diagram of state splitting with

Bob

We need the following facts.

Fact 4.1. For state p o,
Imax(A : B), < 2min{log|A|,log|B|}

where |A| = dim(supp(p4)).



18

R R | R
| |
A Al Al
|(P>‘ I I
| |
| |
C ] ]
_uA | |
| L
| |
A | M | c |
I I
16) | L]
B g ! T !
| R
|) [¥)

Fact 4.2. For states p, 0 and unitary U,

Dinax(0[|07) = Dmax(UpU [UcU").

4.1.1  Proof of the converse bound
Using Fact 4.1 (with A < RB and B « M),

21og|M| > Imax(RB : M),

= r%n Dmax(kggpmlicgs © om)-

Let wps be the state that minimizes the above. Notice that

in Figure 4.2, the systems R and B remain unchanged after
Uga,s0kpp = @r ® 0p. From correctness of the protocol
PRAC ~¢ Yrac- This implies (using DPI for purified distance)

@RrRC ~¢ Prc. Hence,

21log|M| > Dmax(kramllXrs © wm)

= Dmax(kgamll9r ® 05 @ wm)
Dmax(uBKRBMUBIIqu®UB(93®WM)UB)
= Dmax(Yrerll¢r @ Tc1)

> Dmax(¢rell¢r ® 1c)

> (R: C)q)- (Definition 2.2 and Yr = @r and Prc e PRrC

4.1.2  Classical communication v/s quantum communication

The protocol for state-splitting presented in the previous lec-
ture used entanglement-assisted classical communication.

Figure 4.2: Circuit diagram of state splitting
with entanglement assistance. Alice and
Bob start with the state |¢) o and share
an entangled state |0) 45. Us and Up are
unitary operators. |x) is the state after Uy
is applied and |p) is the final state after Up
is applied.

(Fact 4.2)

(ter == Up (05 ® wm)U})
(DPI for Dmax(+]|))

)
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Recall that using superdense coding, classical communication
can be converted to quantum communication by reducing the
communication cost by a factor of 2 (by sending one qubit per
2 classical bits). This justifies the factor 2 difference between
the achievability and the converse bounds.

Using superdense coding, we get that if the communication
is classical then,

°
log |[M| > I}, (R : C),.

max

4.1.3 Putting together

Let cc-ss(€) denote the optimal entanglement-assisted classical
communication cost for state splitting with the purified dis-
tance between the input pure state (prc) and the output state
(¥rc) being at most . Then from the achievability (from the
two protocols) and the converse bounds we get Ve > 0,6 > 0:

. b 1
£ (R C)y < ce-ss(e+0) < I (R:C)y +2log 5

20(R:C)y < (R - C)g < cc-s8(2e+0) < I5 (R C)(P—|—210g%.

max

The first inequality in the second expression above follows
from the definitions.

4.2 Quantum state merging

State merging is basically the time reversal of state splitting.
The diagram for state merging is shown in Figure 4.3 and the
circuit diagram for the protocol for state merging is shown
in Figure 4.4. Due to this, the achievability and the converse
bounds are the same.

19
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Figure 4.3: Diagram of state merging with
entanglement assistance. Alice sends the
state in the system C and Bob merges the
state with his state in the system B.

Figure 4.4: Circuit diagram of state merging
with entanglement assistance. Alice and
Bob start with the state |¢) g5 and share
an entangled state |0) 45. Us and Up are
unitary gates. |«) is the state after Uy is
applied and |¢) is the final state after Up is
applied.
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Channel coding and position-based de-
coding

5.1 Introduction

In this lecture, we introduce the concept of channel coding and

explore the position-based decoding (PBD) strategy . ! Anurag Anshu, Rahul Jain, and
g
Naqueeb Ahmad Warsi. Building blocks

for communication over noisy quantum
networks. IEEE Transactions on Information
Theory, 65(2):1287-1306, February 2019b.
poI: 10.1109/T1T.2018.2851297

5.2 Point-to-point quantum communication protocol

A communication protocol using a point-to-point quantum
channel, involves two parties, Alice (the sender) and Bob (the
receiver). Alice is allowed to use the quantum channel N4_
once to transmit a message 1 drawn uniformly from [28]. Bob
decodes 771 and we want Pr[m = ] > 1 — ¢, where¢isa
small error tolerance. Alice and Bob are allowed to use a prior
entangled state between them.

This communication strategy is known as an (R, €) entanglement-
assisted code for the quantum channel A4 _, 3. The primary
objective is to determine the maximum achievable value of R,
representing the number of reliable bits transmitted between
Alice and Bob.

5.2.1 Position-based decoding (PBD)

We start with the following definition.

Definition 5.1 (Smooth hypothesis testing relative-en-
tropy). Let p, 0 be states and ¢ > 0. The smooth hypothesis
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L» Na_p —B> Bob
Input: m € [N] Output: 11
A [¥)aa A
2 1
© N

testing relative-entropy is defined as follows:

1
€ e
Dhiplle) * e, 108 (7 )

Tr(Tp)>1—¢

Let ¢ > 0. Define,

R

Figure 5.1: lllustration of the position-based
decoding protocol.

1
:= max {D%(GBAH@B R@i)— logg ‘ Opa = NA—)B((PAA)} .

) 44

Let 1) 4 4 be the state that achieves the maximum above. Let,

k:=D5(0540@9,) ; N:=[28] =[e-2F]. (5.0)

The communication protocol is described as follows (refer to
Figure 5.1).

1.

Alice and Bob start with [N] i.i.d. copies of |¢f) , 4 shared
between them.

. On receiving input m € [N], Alice inserts the register A of

the mth copy of |¢f) , 4 into the channel.

After receiving channel’s output, Bob measures the state at

. m :
his end TaA,. Ay according to the POVM

{Q;]je[N+1]},

as described below.

. Bob outputs 72, which is the outcome of the measurement

above.
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5.2.2 Bob’s decoding measurement

Let Ty 4 be the operator that achieves the maximum in the
definition of D}, (05 4]|0 ® ¢4). For all j € [N], define the
following operators,

AG) =14 @ @Tg @@y 5 Q) = AT2A(ATZ,
where,

A= ZA(]').
]

We can note that forall j € [N] : 0 < A(j) <1, 0 < Q(j),
and

Trry, 4 AG) =Tr0pTps >1-¢, (5.2)
VizgjTrtg, 4 AJ) =Tr(0p@s)Tpa < 275, (53)
and
N N
Y. Q@) = Y ATV2AG) AT
j=1 j=1
N
— A—1/2 ZA(]) A—1/2
j=1
_ A-L2pAN-12
=11y,

where I1, is the projection onto the support of A. Define,
Q(N+1):=1—-TI,.
Hence we have a POVM {Q(j) | j € [N + 1]} since

N+1

Y. Q@) =1
j=1

5.2.3 Error analysis

We have the following useful fact.

Fact 5.2 (Hayashi-Nagaoka). Let0 < S < TandT > 0.

23
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Then
I—(S+T)"25(S+T)" V2 <2(1—S) +4T.
Define S := A(m) and T := A — A(m). Note that
Q(m) = (S+T)"V2s(s+T) V2.

Let M denote the output random variable. The probability of
incorrect decoding is given by,

Pr[M;ém]zTr<(]I Q(m)) TBA,. AN)

=Te ((I—(S+T)" 1/25(S+T) oL
<Tr <( (I-S)+4T) 2 ) (Fact 5.2 and Fact 1.6)
= 2T (1 - ) +4 Y T (MG T 4
i#m
<2+4-N.-27F (Eq. (5.2) and Eq. (5.3))
< 6e. (Eq. (5.1))

5.3 Classical-quantum channel

We consider a shared-randomness assisted encoding where
information is transmitted through a classical-quantum (c-q)
channel. Let ¢ > 0 and define,

R := max {DH( BA||GB®pA)—log Op4 = NA%B(pAA)}'

Pai
Let p 4 4 be the probability distribution that achieves the maxi-
mum above. Let,

ki=Dy(0p4l05@ps) ; Ni=[28] =[e-2¢].
The communication protocol is described as follows.

1. Alice and Bob start with [N] i.i.d. copies of p , ; shared
between them.

2. On receiving input m € [N], Alice inserts the register A of
the mth copy of p 4 4 into the channel.

3. After receiving channel’s output, Bob measures the state at
his end 7", . according to the POVM

BA;.. Ay
{Q;]je [N+1]},

as described below.
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4. Bob outputs 71, which is the outcome of the measurement
above.

5.3.1 Bob’s decoding measurement and error analysis

Let T} 4 be the operator that achieves the maximum in the
definition of D%, (05 41|08 ® p 4)- The rest of the description of
the measurement is the same as before. Also the error analysis
is the same as before.

5.4 Classical-classical channel

We consider a shared-randomness assisted encoding where
information is transmitted through a classical-classical (c-c)
channel. Let ¢ > 0 and define,

1
R := max {D%(QBAIMB @pa)—log— | 4pai= NA%B(PAA)} :

Let p , 4 be the probability distribution that achieves the maxi-
mum above. Let,

k:=Dy(qpalas®@ps) ; N:=[28] =[e-2].
The communication protocol is described as follows.

1. Alice and Bob start with [N] i.i.d. copies of p , ; shared
between them.

2. On receiving input m € [N], Alice inserts the register A of
the mth copy of p 4 4 into the channel.

3. After receiving channel’s output, Bob measures the random

variable at his end 7y ArAn according to the POVM

{Q;lje[N+1]},
as described below.

4. Bob outputs 71, which is the outcome of the measurement
above.

5.4.1 Bob’s decoding measurement and error analysis

Let T} 4 be the operator that achieves the maximum in the
definition of D%, (q54//98 ® p 4)- The rest of the description of
the measurement is the same as before. Also the error analysis
is the same as before.
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5.5 Randomness unassisted coding for c-q and c-c channels for uni-
formly random input

Let M, drawn uniformly from [N ], denote the input random
variable. Let S denote the randomness used in the protocol.
Let err(m, s) denote the error of the protocol on input m and
randomness s.

From the arguments in previous sections, we have for all m:

Eq glerr(m,s)] < 6¢.
This implies,
Esc s[Emcmlerr(m,s)]] = Epnm[Escslerr(m,s)]] < 6e.

Therefore,
ds:  [E,mlerr(m,s)] < 6e.

On fixing the randomness to s we get a randomness unassisted
protocol with average error (for uniform input) at most e.
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Channel coding converse bound and asymp-

totic achievability

In the previous lecture, we looked at the achievability of
quantum-quantum (q-q), classical-quantum (c-q), and classical-
classical (c-c) channel coding in the one-shot setting. In this
lecture, we first look at the converse bound of channel coding
in the one-shot setting before moving on to the asymptotic

analysis of channel coding . ! Anurag Anshu, Rahul Jain, and
Naqueeb Ahmad Warsi. On the near-
optimality of one-shot classical commu-
nication over quantum channels. Journal
6.1 Converse of channel coding of Mathematical Physics, 60(1):012204,
01 201%9a. por1: 10.1063/1.5039796. URL

. . . https://doi.org/10.1063/1.5039796
First, let’s look at a general entanglement-assisted coding

protocol as seen below in Figure 6.1 for message M uniformly
drawn from [N]. Note that the Encode, N and Decode blocks
are CPTP but not necessarily unitary.

M M M M Figure 6.1: A general entanglement-assisted
| | | coding protocol.
. [ | I
A A B M
Encode H Nass H -
) X : X : | Decode :
B | B B I
| | |
P T 0

With figure as a reference, let |0),, 457 be a purification of

N
Ay = ) Im) (mpy @ [m) (m] .
m=1

We can see that this is effectively checking the probability of


https://doi.org/10.1063/1.5039796
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M = M. From the correctness of the protocol,
TeA Oy = Pr[M=M], >1-e

MM
Define 1y, := Decode (713 ® 7). Note,
o 1
TrA gy (Om @ vy) =Pr[M=M], = NG
From the definition of the hypothesis testing relative-entropy
(Definition 5.1) we get,

D%, (0 +) > log N. (6.1)
Consider,
max Du(Nass ($a4) ¥4 @ Nasp (Ya))
> Dy(Nass(empra)lomsr ® Na—p (pa))  (taking A = MBT)
= Dy (tyviprallomsr © )
> Dy (tysslloas © t5) (DPI)
= Dy (tmssllom © pg © 1) (omg = M @ pp)
= Dy (tyigpllom ® 15 @ 8) (pg = 13)
> Dy (01 110m @ 7pr) (DPIand 6 = pir))
> log N. (??)

Let’s compare this with the achievability bound that we found
in the previous lecture.

log N > max DN a5 (¥ 44) |95 @Na g (¥a)) —log (6)

[¥) ia

6.2 Asymptotic achievability

Suppose we have 1 uses of the channel available, that is
NEn an, gn» and we wish to transmit message M € [N] using
these channels with error at most &. We use the following
definition and Facts.

Definition 6.1 (Smooth max relative-entropy). Let p, 0 be
statesande > 0. The e-smooth max relative-entropy be-
tween p and o is defined as,

max (p”O') 1nfp Dmax (PI”‘T)
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Fact 6.2 (Asymptotic convergence). Let p, ¢ be quantum
states. Then

1 f3 ®n RN\ __ 1 ®n ®ny __
lim lim —Dj;(0™"[|™") = lim lim —Diay (0™"]|0™") = D(pllr).

Fact 6.3. Let pp be a state. Then,

=y D(paglloa ®0g) = D(paglloa®pB) =1(A: B)p,p-

Using the achievability protocol using PBD as seen before we

have,
log N
n —
> 1 D8/6 N _1 é
= max ( An—Bn (¢A”An) ||1PAH 2N, A”aB" (Yan)) —log
n W)AnAn &

v

1 6
- maxDS/G(N I [ HEE 21 — 1o (—)]
" W)) A"3B ( ) 1P A B ( A) g c

Tl 7 . [D6/6<<NA%B ($44)) " 95" © (Nasss (94))°") — log (S)]

Taking lim,_,¢ and lim,_,, above we get (note the second
term goes to 0),

max D(Na—g ($4.4) 942 ® Nasp (a))  (Fact6.2)

W)AA

e A N F .
‘rl/rjsi;fl(A B)NA%B(VJAA) (Fact 6.3)

= cap(N4_3).

Above, cap(N4_,p) is the entanglement-assisted classical ca-
pacity of the channel N4 _,p.
In the c-q and c-c case, we get the classical channel capacity,

cap(Nap) = rngXI(A B)Nss(pas)”
In the c-c case the above becomes (will be discussed in a
weekly assignment) the more familiar form of the Shannon
capacity of classical channels,

cap(\N = max I(X:Y).
P( A-+8) Xpa ; YeNoo5(X) ( )
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Channel-coding converse bound in the

asymptotic limit

We study the converse bound for channel-coding in the asymp-

totic limit .

7.1 Main theorem and proof

The setting is described in Figure 7.1. The channel NEn ", is
n independent uses of the channel N'4_, 5. Note that the output
of Alice’s encoding need not be a tensor product state.

A1 By
m — —
& . N®nn_>Bn
A”:n An By
0) 4 A
A A

The following theorem captures the asymptotic limit of the
rate of classical information transfer using Nen -

Theorem 7.1.

. 1 n n
lim = sup DL(Nar pn (W anan) 940 QNG pu(Pan))

e—0 n
n—00 |1/’>AnAn

= cap(Na—p),

! Sumeet Khatri, Ludovico Lami, and

Mark M. Wilde. Principles of Quantum Com-
munication Theory: A Modern Approach.
2025. URL https://www.markwilde.
com/PQCT-khatri-lami-wilde.pdf

Figure 7.1: An entanglement-assisted
protocol over multiple uses of a quantum
channel N4_,p. Alice and Bob possess
entanglement as a resource in the form of
a quantum state |§) on the systems A" A",
Alice encodes (£) the message m € {0, 1}
into a quantum state on 7 quantum systems
Aj ... Ay, Each system A; is sent through
the (same) channel N4_,p to Bob’s side.
Bob performs the relevant measurements
(decodes, D) and obtains an estimate 1 of
the message m sent by Alice.


https://www.markwilde.com/PQCT-khatri-lami-wilde.pdf
https://www.markwilde.com/PQCT-khatri-lami-wilde.pdf
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Proof. We show the equality by showing the lower and upper
bounds.

1. Lower Bound.

Consider,

. 1
lim — sup Df (N g0 (§1000) [0 © Nl ($0))
nooo W) anan

1
> lim ENVE (o) [ @ NS (S
> 1;1__1;105071 Lspl)li Dy (NG g <1PAA) 15" @ Ny g (¥ ))]

1 n n n
= sup lim o [D((Waom (942)) " 195" © Naon (9) )]

= |S‘;lp D(Nap (Ya4) 194 @ Nasp ($a)) (Fact 6.2)
¥)Aa

= sup I(A : B)NA%B(IPAA) (Fact 6.3)
¥ aa

= cap(Na_p).

2. Upper Bound.

We need the following Fact relating the hypothesis-testing
relative entropy and the relative entropy.




Consider,
(1—2) sup Dy (NG g (W anan) 1940 ® NG g (Pa0))
[¥) an an
< sup DN g (4o ) 190 @ NG pa(an)) + H(e)
9} anan
= sup D(Tzupnl|T4n @ TBn) + H(e)
[¥) 4n an
= sup I(A": B"); +H(e)
l/JAnAn
<n-cap(Na-p)+ H(e).
This implies,
.1
lim = - sup DN pn (a0 an) | 40 @ NG g (Par))
e—=0n |lIJ) R
n—oo AN AT
< lim L ap(Na_p) + # Hie)
=N CED I RT R

= cap(Na_p).

O

Proof. We show the result for n = 2 case. The general case
follows similarly. Refer to Figure 7.2.

I 1 I I

S I I

I I I
Ay Ay By |
e alE +—
R I PO A
A Ay Ay
Ay ! Ay | Ay |

1 1 1

[ U T

We need the following Facts.

(Fact 7.2)
(Tangn = Nt g (P i an))
(Fact 6.3)
(Claim 1)
Figure 72 N QN = (ZQN)(N ®I).
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We have,

S‘llpPI(AlAz : B1B2)r

= sip (I(A14; : B1)r +1(A1Az: By | By)<) (Fact 7.3)
= s:ll)p (I(A14; : By)r + 1(A1A2By : By)r —1(By : By)r) (Fact7.3)
< sip (I(A145 : By)r +1(A1A2By : By)r) (Fact 7.4)
< Sl;pI(AlAz : By)y + &;pl(AlAzBl :By)e

< Sl;PI(Al B L (0) T Sl;PI(Az :B2) Ny, o, (0)
=2-cap(Na_p). (Fact 7.5)

O
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Quantum state redistribution

Quantum state redistribution is the generalization of state
splitting and state merging that we have seen so far in the
one-shot setting. The protocol starts with pure state |¢) g 4pc
shared between three parties where the Referee holds the
register R, Alice holds the register A and C, and Bob holds the
register B.

The goal of the protocol is to transfer the register C to Bob
using the prior entangled state |0) in the registers A and B
such that the output state Prapc satisfies Yrapc ~¢ PrRABC
(as shown in Figure 8.1).

?d( etee rKQ%,M

8.1 Protocol for quantum state redistribution

Here we present a protocol for state redistribution. ! The initial
state and setup are very similar to that of the state splitting
protocol. However, now Bob can also make use of the register
B which helps Alice compress the communication required
from her for Bob to correctly identify the state.

Figure 8.1: State redistribution problem
statement where the initial state prapc

is shared between Alice and Bob. They
follow an entanglement-assisted protocol to
transfer the register C to Bob. The output
state (rapc is close to the initial state
within purified distance €.

! Anurag Anshu, Rahul Jain, and

Naqueeb Ahmad Warsi. A one-shot
achievability result for quantum state
redistribution. IEEE Transactions on Infor-
mation Theory, 64(3):1425-1435, 2018. DoI:
10.1109/TIT.2017.2776112
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8.1.1 Initial state and setup

Lete > 0,6 > 0. The initial state |@) ; 45 is shared between
Referee (R), Alice (AC) and Bob (B). Let ¢z ~¢ @rpc (With
@rB = @) and oc be states. Let

1
log 7 := Dmax(¢kecl9rs © 0c) +2log <.

Alice and Bob shares n copies of a purification of the quantum
state 0¢, in the registers C;and C; fori € {1,2,...,n}.

Let |@") g apc be a purification ¢ - (guaranteed by Uhlmann’s
theorem) such that

F(|§0/><§0/|RABCI |¢><¢’RABC) = F(Q’%Bcf ®RBC)-

8.1.2  Protocol steps

The protocol consists of the following steps.

1. Alice performs the Uhlmann isometry on her registers based
on the convex split lemma (CSL). This creates a state (close
to RHS of the ﬁgure) where each term in the superposition
has amplitude - N shown in Figure 8.2.

RB

Allce ol
Q )
' \U o)

® /\g/ Uhlmann
G Iomt) 1 z 1
L +L1 o + ...

0

G ——C v ——C;
;

- Alice’s operations: The left-hand side

Cs

Cu

® ® coefficients 1/+/71.

LHS

2. Alice measures her index register to find some j.

If she could communicate j to Bob, Bob would be able to pick
up the register C; obtaining the desired state. The problem
is that the number of bits required to communicate j is large

(around Dax (@ pc || 9rB ® 0C)).

3. Alice divides [n] into 1/k blocks of size k and communicates
the block number of j to Bob, where,

1
log k := D (¢icllpp ® oc) — log .

Figure 8.2: State redistribution protocol

(LHS) shows the initial state with Alice
holding registers A and C, and Alice and
Bob sharing entangled pairs. The right-
hand side (RHS) shows the state (that is
close to the state after applying Uhlmann’s
isometry) which is a superposition with

35
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Figure 8.3: State redistribution protocol
- Bob’s operations: The state with Bob is

B B (close to) a convex combination of states
/ ® once Alice communicates the block number
2:le C / o to Bob. Bob detects j inside the block of size
1 $c| -7 k using PBD.
1 (?U'C _|_1 C _|_..._|_1 /
koe 2k P k ¥BC
& &
< 0C, N Ye
4. Upon receiving the block number from Alice, the quantum
state left with Bob is (close to) a convex mixture as shown in
Figure 8.3.
Bob makes use of his quantum side information (B), employ-
ing position-based decoding (PBD) strategy to find j inside
the block.
8.1.3 Communication cost
We use the following Fact.
Fact 8.1. Lete > 6 > 0. Let p ~5 p' and o be state. Then,
—0 /
D (o) < Dig(' o).
The communication cost is:
n
log% = logn —logk
1
. / 2 /
= min | Dma(@kecllors ® o) — D(ghcllop ® o) | +310g 5
0C,PRrRBCePRBC,PRB=PRB
. 1
< . min , [DmaX((P%BCH(PRB@‘TC) _Dﬁi(q)BC“q)B@UC)} +310g5-
0C/PRrBCcePRBC,PRB=9PRB

The inequality above follows from Fact 8.1 and ¢pc ~¢ Q.

8.1.4 Error analysis

Using CSL and Uhlmann’s theorem, we can argue as before
that at Step 2. in the protocol, when Alice measures the index
register, Referee and Bob’s combined state becomes (J close
to) a probabilistic mixture weighted by % (refer to RHS of
Figure 8.2).
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When Alice sends the block number of her measurement
outcome j to Bob, Bob knows which block contains the target
state. The quantum state left with Bob is a convex mixture as
shown in Figure 8.3. Bob employs PBD to find out j inside the
block.

Let 4 be the overall state produced in the protocol after Alice
applies Uhlmann’s isometry and measures the index register.
Let 7y be the state on the RHS of Figure 8.2, on measuring the
index register. From CSL and Uhlmamn’s theorem, we know
RS-

We use the following Fact 2. 2 Anurag Anshu, Rahul Jain, and

Naqueeb Ahmad Warsi. A one-shot
achievability result for quantum state

Fact 8.2 (ACCLII‘ ate measurement lemma). Let redistribution. IEEE Transactions on Infor-

mation Theory, 64(3):1425-1435, 2018. DOTI:
_ N8\/s8 i 10.1109/TIT.2017.2776112
paB =) pili)ily ® o5
i

be a c-q state. Let M be a measurement performed on the
register B to produce an outcome in the register A. Let 0 4 2
be the resulting state after the measurement. Then,

F(pAB/UAB) Z (PI‘[A = A:|(7)2'

From the arguments used in analysis of PBD we know that
there is measurement that Bob can perform on the state 7y in
Figure 8.3 to output candidate j such that

Pr[] =] > 1— (4e +49).

Let ' be the resulting state after the measurement. From
Fact 8.2 we get,

F(v,7) > (1 — (4e +46))> > 1— (8¢ +85).

This implies 7/ = Jeerss V-

If Alice and Bob were using the state 7 (and index | to out-
put), the output state would have been exactly |¢’) g 4 5c- If the
output state §r4pc was produced using J in 9/, then using DPI
we would have,

A —~ /
PRABC ~,/g:+85 PRABC

In the protocol the actual output g 4pc is produced using the
PBD measurement on * instead of 7. Since 4 ~; <y, using DPI
we get,

PrRABC =5 PRABC-
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Using the triangle inequality for the purified distance we get,

~ /
YRABC ~5. /ger8s PRABC:

Since PRABC X Pk Apc> again using the triangle inequality we

finally get (since e + 6 + /8¢ + 8 < 4/ e + ),

YRABC R4 /e75 PRABC-

Open question: Is it possible to get a protocol for state
redistribution with error € and communication that is a
polynomial in I(R : C | B) and 1?

This is known in the classical case for the analogous
task.
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Converse bound and asymptotics for state

redistribution

We will first establish the converse bound, both in the one shot
case and the asymptotic limit !. Then we will recall the one ! Mario Berta, Matthias Christandl, and

shot achievability bound and look at its asymptotic limit. Dave Touchette. Smooth entropy bounds on
one-shot quantum state redistribution. IEEE
Transactions on Information Theory, 62(3):

1425-1439, 2016
9.1 Circuit for state redistribution

R R R Figure 9.1: State redistribution circuit.
| | Alice’s registers are A, C, A and Bob’s
A ! A ! A registers are B, B. Both g, § are pure states.
| |
| |
C M lc
) 4 Ea :
| |
| |
| |
| | |
| D |
B | B Bl1B
A I T
! | |
| |
10) 1 4 | 5 !
B . B I
| |
I I
1Y T

The circuit diagram for a protocol for state redistribution is
given above. Alice holds the registers A, C, A and Bob holds
the registers B, B and there is the referee register R. The state
|®) r apc is pure. The state |0) describing A, B is also pure
and it is taken to be pre-shared entanglement between the
two parties. An encoding channel £, works on A, C, A i.e.
on Alice’s registers and the outcome are the registers A, M.
The quantum register M is then sent to Bob and Bob applies
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a decoding channel Dg on M, B, B. The goal is that the state
after the decoding, Tracp ~¢ @rACB, Whilst minimizing the
size of the register M to be communicated to Bob. We now
intend to find a lower bound on log |M]|.

We need the following Fact.

Fact 9.1.

Dmax(pallca) +21og|B| > Dmax(0aBlloa ® us).

where ug == 1g/ |B].

9.2 A first bound
Let op be the state such that,
Imax(R . B)q) = Dmax(q)RBH(PR X UB)-

Consider,

Imax(R : B)y + 2log | M|
= DmaX((PRBHq’R ® op) +2log | M|

max( B) +210g|M’
= Dmax(pg ®‘TB®9A)+210g|M| (PrpE = PrB ® 63)
> Dina (pRBBMH€0R®UB®0 ® i) (Fact 9.1 and pp1 == Ipt/ | M)
> Dmax(Trac || R @ 175C) (DPIand 17pc := Dp(0p ® 05 @ pm))
> IfnaX(R : BC),. (TRBC ¢ PRBC ; TR = PR)

This implies,

2 .

9.3 Strengthening the bound

One of the terms in the bound is a smoothed max-information
and the other a non-smoothed version. It would be good to
have only smoothened versions - and this would also mean
strengthening the inequality in this case.
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Claim 2.
2log |M| > ImaX(R : BC)y IfnaX(R : B)y.

Proof. Let op and §rp ~¢ @rp (With §r = @R) be the states
such that,

Lnax(R : B)gp = Dmax(Pral|¢r ® 08).
Let ¢rpac be a purification of ¢rp guaranteed by Uhlmann’s

theorem such that grpac ~¢ Prpac. Imagine that the circuit
in Figure 9.1 starts with ¢rpac; that is Figure 9.2.

R R R Figure 9.2: Circuit for state redistribution
| | with a close-by starting state.
A ) laA
i i
| |
-\ JC I'm I'c
1 & 1 1
|P) A | |
| |
| |
| | |
B :B Dg :B
A | |
| |
s o ||
| |
0 T
Consider,
Ihax (R : B)y + 2log | M|
= Dmax(¢r B||§0R®‘TB)+210g!M|
= Dmax(¢ g) +2log|M|
= Dmax(Prps p) +2log|M| (Pres = PrE ® 63)
> Dm X(ﬁ BBM||(PR®O'B®9 ®]/£M) (Fact9.1 and ppp = ][M/|M|)
> Dma (~ BCHQDR@’?BC) (DPI and NBC ‘= DB(U'B®QB®]1M))
ZImax(R Bc)qv

The last inequality follows since prpc ~¢ @rpc, we have
using DPI, f-RBC ~¢: TRBC- Since PRBC ¢ TRBC from the
triangle inequality we have Trpc ~2¢ @rpc. Also TR = Pr =
PR- [
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Open question: Can we get tight achievability and
converse bounds for state redistribution in the one-shot
setting?

9.4 Asymptotic limit of the converse bound

Here we show the asymptotic limit of the one shot converse

bound derived above 2. This means we want to find a lower ? Anurag Anshu, Rahul Jain, and

Naqueeb Ahmad Warsi. A one-shot
bound on the rate achievability result for quantum state

1 M redistribution. IEEE Transactions on Infor-

def 1. . Og | n| i . .

R = lim lim mation Theory, 64(3):1425-1435, 2018. DoTI:
e—0 n—>00 n 10.1109/TIT.2017.2776112

of communication, where log |Mn] is the number of qubits
that are needed to be communicated for a protocol with input
|p) 2 sc and overall error e.

We need the following definition and Facts.

Fact 9.2.

lim lim ~T, (A" : B") o = (A : B),.

max
e—~0n—oon

Consider,

R £ 1lim lim °81Mx|
e—~0n—oo n

| Y > :

> lg% ,115’20% (Irzrfax(R” : B"C") pon — Lnax(R" Bn)q,®n) (Claim 2)
1

=3 (I(R: BC)y —I(R: B)y) (Fact 9.2)

S I(R:C| B)(P.
- 2
9.5 Asymptotic limit of the achievability bound

We need the following definition and Fact.

Definition 9.3 (Partially smooth max relative-entropy). Let
PAB,UAB be states ande > 0. The e-partially smooth max
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relative-entropy between p op and 0 4p is defined as,

Dmax(pAB”UAB) = , inf Dmax(PiqB”O'AB)-
P'AB~ePAB/

pA=py

Fact 9.4 (Asymptotic convergence). Let p4p, cAp be quan-
tum states. Then

1
lim lim Dl (054/1054) = D(paslloas).

Recall the one shot achievebility bound (with error 4v/2¢ by
setting 0 = ¢),

log | M|
: 1 s s . 1
< oooomin o Dmax(@recl|§rp ® 0c) — Dy(@scllos ©@ oc) +3log - | .
0C,PRBCePRBC,PRB=PRB €
In the asymptotic case with input |@) 34 g and overall error
4\/2 we get,
log | M|
. 1 3 1
s mmo 5 {Dmax(prancn loks © ocr) — Diy(@pcllop” @ ocn) +3log —]
Ocn,Pruprcn ~ePrpe, PR~ PR1B! €
< : 1 D ~ ®n ®n 31 1
= min 2 | Dmax(§reprcrl| ks @ ¢c") — Di(9pcllos” © ¢™) +3log
PRrnpncn %sgl’RBc/q’RB:(PRan €
1 1
=5 D (9kac 958 © 9E") ~ Dis (52 l195" ¢c") +3log -

Using Fact 9.4 and Fact 6.2, we get (note that the last term
above goes to 0 in the limit),

R £ lim lim 28 M

e—~0n—oo n

1
< 2( (¢recllor @ ¢c) — D(¢pclles ® ¢c))

= % (I(RB:C)y —1I(B:C)y)
_IR:CIB),

2

Remark: From here we also get the asymptotic achievability
and converse bounds for state splitting (and hence also state

merging) by removing B, that is w
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Recap

10.1 Source coding

Here we list the quantum communication cost. Let ¢ > 0,6 >

0.

10.1.1 State splitting, state merging
« Achievability

— One-shot:

N~

with error € + 6 :

(IfnaX(I.{ :C)y +2log (%)) ,

1 1
with error 2e 4 ¢ : 5 <I§naX(R :C)yp +2log (5)) .
— Asymptotic:
1
« Converse

— One-shot (with error ¢):

1 °

onan(R 1 Oy
- Asymptotic:
1

10.1.2  State redistribution

« Achievability
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— One-shot (with error 4v/¢ + J):

1 . 1
s min (Do(ghaclons ©c) ~ Dis(puclios ©.c) + 310g (3) ).
0C/PRBCePRBCPRB=PRB
— Asymptotic:
1
SIR:C | B)g.
« Converse

— One-shot (with error ¢):

1 ° °
3 (BB BOYy ~ T (R: By )

- Asymptotic:
1
SIR:C| B)g.

10.2  Channel-coding

Let ¢ > 0. Let N4_,p be a q-q channel.
« Achievability

— One-shot (with error 6¢):

1
sup D% (N ass (9,0) [N acss () © 1) — log (—) |

[¥)aa €
- Asymptotic:
cap(N4_p) := sup I(B: A)NA%B(#)AA)’
V) aa
cap(Na_,p) is called the entanglement-assisted classical
capacity.
« Converse

— One-shot (with error ¢):

|51>1p Dy (Nasp($a2) [INasB(Pa) @ 9 4).
¥)aa

- Asymptotic:
cap(Na_p).

Similar for the c-q and c-c channels where quantum state
[P) A is replaced with probability distribution p 4 4 in sup.
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The quantum substate theorem

11.1 Theorem statement

The quantum substate theorem ' ? upper bounds the smooth
max relative-entropy in terms of the relative-entropy between
two quantum states.

Theorem 11.1 (Substate theorem). Let p, o be states such
that
supp(p) C supp(c) ande > 0. Then

Diix(plle) < 3 Dlello) +1) +log (1= ).

11.2  Observational divergence

Before getting into the proof, let us introduce a new informa-
tion theoretic quantity, the observational divergence >.

Definition 11.2 (Observational divergence).  Let p, 0 be
states, such that supp(p) C supp(c). The observational
divergence between p and o is defined as

Tr(Tp)

D°(p||e) = max {Tr(Tp) log ———

T(To) | Te(To) #0

0<T<T, }

The following claim shows that the observational divergence is
upper bounded by the relative-entropy plus one.

Claim 3. Let p, 0 be states such that supp(p) C supp(0).

! Rahul Jain and Ashwin Nayak. Short
proofs of the quantum substate theo-

rem. IEEE Transactions on Information
Theory, 58(6):3664-3669, 2012. DOI:
10.1109/TIT.2012.2184522

2 Rahul Jain, Jaikumar Radhakrishnan, and
Pranab Sen. A property of quantum relative
entropy with an application to privacy in
quantum communication. J. ACM, 56(6),
September 2009. ISSN 0004-5411. DOI:
10.1145/1568318.1568323. URL https:
//doi.org/10.1145/1568318.1568323

% Rahul Jain, Jaikumar Radhakrishnan, and
Pranab Sen. A property of quantum relative
entropy with an application to privacy in
quantum communication. J. ACM, 56(6),
September 2009. ISSN 0004-5411. DpoOTI:
10.1145/1568318.1568323. URL https:
//doi.org/10.1145/1568318.1568323


https://doi.org/10.1145/1568318.1568323
https://doi.org/10.1145/1568318.1568323
https://doi.org/10.1145/1568318.1568323
https://doi.org/10.1145/1568318.1568323

Then,
D°(plle) < D(pllo) + 1.

Proof. Denote T* as the operator achieving the max in D°(p||o).

Define the random variable P, Q to be the outcomes on mea-
suring p and ¢ by the POVM {I1y = T*,1I; = 1 — T*},
respectively. Let p = Tr(T*p) and ¢ = Tr(T*c). Then,
Pr[P =0] =p,
Pr[Q=0] =g,

PrP=1=1-p,
PriQ=1]=1-g,

and

D°(pllo) = plogg-

By the DPI for relative-entropy we have,

1 — DPI
plog !+ (1= p)log = = D(PQ) = Dipllo). (11

We know that the binary entropy H(p) < 1, and hence,

1 1
_ < — — = <
(1 p)logl_p_plogp+(1 p)logl_ H(p) <1.

Using above it follows,

(1—p)log 1 :Z >(1-p)log(l—p)=-1.  (11.2)
Consider,
D*(plle) ~1= plog L -
< plogg +(1—p)log 1 :Z (Eq. (11.2))
< D(p||o). (Eq. (11.1))
Rearranging the above inequality gives us the desired result.
O

11.3  Proof of the substate theorem

We need the following Facts.
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Proof of Theorem 11.1. Since supp(p) C supp(c), we can
assume without loss of generality that the support of ¢ is the
full support. Denote the dimension of the full support by n. We
start with the following claim.

Claim 4.

2D¥ex(Pll) = max min Tr(Mp).
M>0, >0,
Tr(Mo)<1 Tr(3)=1,

F(p,p)=1-¢

Proof. By the definition of the e-smooth max mutual informa-
tion, we have

2D¥%ex(l?) £ i min &
0

0> K:0<K0
Tr(p)=1,
F(p,p)>1—¢
= min max Tr(Mp). (Fact 11.3)
>0, M>0,
Tr(p)=1, Tr(Mo)<1
F(p,p)>1—¢

Now we want to swap the order of the minimization and maxi-
mization using the minimax theorem (Fact 11.4). To apply the
minimax theorem, we first need to show that all conditions for
the theorem are satisfied. Let

Ap ={p>0]|Tr(p) =1,F(p,p) >1—¢}

and
Ay ={M>0]|Tr(Mo) < 1}.

Recall that if a set is closed and bounded, it is compact, so it
suffices to prove that A, and A, are closed and bounded.

1. The conditions Tr(p) = 1 and F(p,p) > 1 — ¢ imply that
Ay is closed and bounded. We show that A, is convex by
the concavity of square-root fidelity. Let 01,02 € Ap, and
p € [0,1]. Then we have

FY2(ppy + (1 — p)p2 p)
> pF2(p1,0) + (1 — p)F?(p2,p)  (Fact 11.6)
>+/1—c¢.

The other conditions

Tr(por + (1= p)p2) =1

49
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and pp1 + (1 — p)p2 > 0 are naturally satisfied, and hence,

Ap is convex.

2. For Ay, verifying that A, is closed and convex is straightfor-
ward. Let Apin (o) be the minimum eigenvalue of ¢. Since
we assume ¢ has the full support, & — Apin (0)1 > 0 follows.
It implies that

Tr(M(0 — Amin(0)1)) >0,

and so

TrMo 1
Tr(M) < < .
( ) o )Lmin(g) o )\min(a)

Thus, A, is also bounded.

3. Notice that our target function Tr(Mp) is linear in both
and M, so it’s also convex and concave on both of them.

Now we can apply the minimax theorem to swap the order of
the minimization and maximization, and get the desired. U

To bound the RHS in Claim 4, it is sufficient to show that, for
any M € A, we can construct a density operator p, € Ap
such that Tr(Mp),,) is bounded. Let the spectral decomposition
of M be

M =

n
. pilvi) (vil.

i=1

Fori € [n] we let

def def
Ai = (vil p|v;) and v; = (v;| o |v;) .
To better understand this, we can view M, p and ¢ in the eigen
basis of M, i.e., Ui>’s, then A;’s and 7y;’s are diagonal entries of
p and ¢ in this basis, respectively, i.e.,

P1

Pn



Let d = D°(p||c’). We define a set of ‘bad’ indices,
BE (i€ [n] | A;> 20y},

Let ITg = Y ;cp|v;) (vi| be the projector onto the subspace
spanned by {|v;) }icp. It follows that

Tr(IIgp) > 2¢ Tr(Ig0). (11.3)

By the definition of the observational divergence, we have

Tr(I1
d > Tr(I1gp) logﬁ

d
> ETr(HBp). (Eq. (11.3))
Rearranging gives us
Tr(IIgp) < . (11.4)

We can construct a density operator p?w by projecting p onto
the orthogonal subspace of the subspace specified by B.

oy = (I—TIp)p(I —I1p),

I
o Om
M= Te(or)

From Eq. (11.4), we have

Tr(pj) = 1 — Tr(ITpp)
>1—e. (11.5)

Together with the gentle measurement lemma (Fact 11.5), we
have

F(om ) = Tr(ph) > 1—e. (11.6)

It implies that the constructed density operator py is in A,.
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Consider,

(1 —¢&)Tr(Moy) < Tr(ohy) Te(Moly) (Eq. (11.5))
= Tr(Mpim)
=) piki
i¢B
< 2¢ Z pivi (definition of B)
i¢B
d n
<2¢ Y pivi
i=1
= 2¢Tr(Mo)
< 2%. (definition of Ay)

Therefore, for any M € A, we can always find some density

operator o, € A, such that Tr(Mp),) is upper bounded by

d/e
%—_E. Therefore,

2D¥ax(plr) = max min Tr(Mp)

M>0, >0,
Tr(Mo)<1 Tr(p)=1,
F(p,p)=1-¢
21
< €
I
2D(pHstf)+1
Taking log on both sides gives us the desired.
VE 1
DYix(pllo) < L(D(plle) +1) +log . O

Proof idea: By the minimax theorem, we can swap the order
of the minimization and maximization, and then the proof of
the substate theorem becomes simpler. Instead of picking a
suitable state and optimizing over all POVM operators, the
minimax theorem allows us to first fix a POVM operator and
construct a corresponding state to bound the e-smooth maxi-
mum relative-entropy.
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The reverse Shannon theorem

We have seen what it looks like to send information reliably
through a noisy channel, that is, simulating a noiseless channel
using a noisy channel. Today we see how to do the reverse: try
to simulate a noisy channel using a noiseless (ideal) channel.
The reason for performing this reverse is to minimize commu-
nication cost needed when simulating a noisy channel, using
shared resources like randomness or entanglement.

Figure 12.1: Channel N4 5.

NA—>B

CPTP map

As shown in Figure 12.1, we start with the state |p) 4 sent
through the channel N4_,p to obtain the state T.

Referee Referee Figure 12.2: Simulating channel N4_,p
using an ideal channel.

Bob

Communication over Allce
noiseless/ideal channel
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As shown in Figure 12.2, Alice and Bob simulate the action
of channel N4_,p using a communication protocol with a
noiseless channel. They both know the description of N4 _,p
but they don’t know the starting state |p) 4. The requirement
is,

\ ‘p>RA : TRB ~¢ TRB-

The goal is to minimize communication cost while faithfully
simulating the channel for every input state |0) 4.
Let ¢ > 0. We present a protocol (see Figure 12) with com-

munication cost ! Michael X. Cao, Rahul Jain, and Marco
Tomamichel. Quantum channel sim-
ulation in fidelity is no more difficult

o 2
def 2
C = max I;{ax (R . B)NAHB (P) + 2 log (E) . than state splitting. In 2024 IEEE In-

‘P RA ternational Symposium on Information
Theory (ISIT), pages 1421-1425, 2024. DOTI:
We assume |p) 4 is the canonical purification of p4. Since we 10.1109/ISIT57864.2024.10619461

can always perform local isometries on the system R, which
commute with the operations of the communication protocol,
so the particular purification that exists is not important.

Referee Figure 12.3: Alice’s initial operation in
communication protocol. After this Alice
and Bob would want to implement state

R splitting protocol to transfer the register B

: to Bob.
o)
T
A u
Alice ® N

10) B

T

Alice first performs a unitary Uy that effectively applies
the channel \/4_,p and generates T at her end. Alice and Bob
then would want to run the state-splitting protocol to transfer
the register B across. In contrast to the state-splitting protocol
where Alice and Bob need to know T, here they don’t know the
starting state |p) z 4, and therefore they don’t know 7. Because
of this issue, we will again use the powerful minimax theorem.

For a starting state p4 and a protocol P, define

floa, P) = \/ F(TrB, TrB),

where Tgp is the output state of P. Let ¢ > 0. We know that



for every state p 4, there exists some protocol P, with commu-
nication c bits (and bounded entanglement), such that

f(PAer) >V1—e2

Let S be the closure of the convex hull of {7, },. Then,

— 5 . . .
V1—e < minmax f(py, P) = maxmin f(ps, P).

We will show that the equality above follows from the min-
imax theorem (Fact 11.4). For this we need to verify that the
conditions needed for the minimax theorem hold. This would
imply that there exists a protocol, with communication at most
¢ bits, such that for every input state the purified distance of
the output state with Tgp is at most €.

Below we verify all the conditions needed for the minimax
theorem.

1. The set of states {p4 } is convex and compact.

2. The set S is convex and closed by definition. Since, for each
0, the protocol Pp is a bounded-communication, bounded-
entanglement protocol, the set S is also bounded (since the
closure of a convex hull of a bounded set is bounded).

3. Fix p4. We want to show that the set (call it S(p 1)) of pro-
tocols in S maximizing f(p4, -) is convex.

Let p € [0,1] and 95, T4 be the output states of protocols
Po, P1 € S(pa), respectively, on input |p) z 4 (the canonical
purification of p4). Let P = pPy + (1 — p)P;. The protocol
P can be implemented as follows: Alice and Bob choose
(using public coins) to implement Py with probability p and
P with probability 1 — p. Then,

Trp = piRg + (1 — p)Tgs

would be the output state of the protocol P. Let Trp =
N4_g(0rA)- From Fact 11.6 we have,

f(oa, P) = F%(trp, Trp)
> p-F2(tRp, re) + (1 p) - F/*(Tkp, TrB)
= max f(p4, ).
This implies P € S(p4).
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. Fix P. We want to show that the set (call it S(P)) of mini-
mizers of the function f(-, P) is convex.

Let p € [0,1] and p%, pY; € S(P). Their convex combina-
tion is

o4 = pp%s + (1—p)ph
Define

19 pra = VP10 0% ra +V1—p- 1)p o)k

Note that |) ¢ 4 is a purification of p4.

Referee Referee

Bob

(a) Let Tpra, i—lgB/ %1123/ YRrB be the output states of P on the
input states |{) jp 4 (the registers DR are with the Ref-
eree, see Figure 12.4), |0%) g4, [0') x4 and |p) ¢ 4 Tespec-
tively.

(b) Let Tprp = Nap(¥pra) and Yrg = Na_p(oRA)-

(c) Let Oprg, Oprp be the states obtained by measuring
the register D (in the computational basis) in the states
TpRB, TDRB respectively.

Note that the Uhlmann isometry V that takes |{) 4 to
|0) R 4» commutes with all the operations in P and also with

Figure 12.4: Protocol P with input state

[¥)rpa-
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N_,p. Consider,

f(pA/ P) = Fl/z

~—~~

= F"2(%prp, ToRE)

< F"%(8prs, Oprp) (DPI)
= p-FY2(1Rp, wp) + (1 — p) - F/*(Tp, Thp) (Fact 11.7)
= min f (-, P).

Hence p4 € S(P).
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