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Abstract

Information-theoretic studies of channel coding typically seek to characterize the performance
of coded communication systems when the encoder and decoder can be optimized. In prac-
tice, however, optimal decoding rules are often ruled out due to channel uncertainty and im-
plementation constraints. This thesis studies the problem of channel coding with mismatched
decoding, in which the decoding rule is fixed and possibly suboptimal.

In the point-to-point setting, several asymptotic and non-asymptotic bounds are given char-
acterizing the tradeoff between the transmission rate, error probability, and block length. A
cost-constrained random-coding ensemble with multiple auxiliary costs is introduced, and is
shown to provide asymptotic performance gains at both fixed rates (error exponents) and vary-
ing rates (second-order coding rates and moderate deviations), while being directly applicable
to continuous channels. Improved bounds are obtained at low rates using expurgation tech-
niques, in which some of the randomly generated codewords are discarded.

For the i.i.d. ensemble, in which each symbol of each codeword is generated indepen-
dently, a saddlepoint approximation of the random-coding error probability is shown to unify
the fixed-rate and varying-rate asymptotics, while being efficiently computable and provid-
ing highly accurate estimates of the performance. For the constant-composition ensemble, in
which each codeword is drawn from the set of sequences having a given empirical distribution,
refined asymptotics are given in the fixed-rate and fixed-error regimes.

Mismatched maximum-metric decoding is studied for the multiple-access channel, in
which two users communicate to a common receiver. In the finite-alphabet setting, an ex-
ponentially tight analysis is given for constant-composition random coding, and the exponents
are shown to recover a known achievable rate region. Alternative expressions for the rates
and exponents are derived that remain valid in the continuous-alphabet setting. A mismatched
successive decoding rule is compared to the maximum-metric rule, and is shown to provide
improved rates in some cases. The fixed-error asymptotics of maximum-likelihood decoding
are studied, and an achievability result is given characterizing the speed at which the rates of
the users can approach a given point on the boundary of the capacity region.

The performance of multi-user random-coding ensembles is studied for the point-to-point
setting, with a particular focus on superposition coding, in which the codewords are generated
conditionally on auxiliary codewords. A refined version of superposition coding is introduced,
and is shown to yield rates at least as high as the standard version, with a strict improvement
possible. Once again, exponentially tight bounds are given in the finite-alphabet setting, and
generalizations to continuous alphabets are given.
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Chapter 1

Introduction

1.1 Channel Coding and Mismatched Decoding

In his groundbreaking 1948 paper, Claude E. Shannon posed the problem of determining the
conditions under which reliable communication can be achieved over a noisy channel [1]. The
general setup is shown in Figure 1.1; the channel is fixed, and the encoder and decoder are to
be designed. Modeling the channel as a probabilistic mapping from the input to the output,
Shannon proved the remarkable result that one can design the encoder and decoder to achieve
an arbitrarily small probability of error, while still transmitting information at a positive rate
per channel use. The channel coding theorem gives the supremum of all rates at which this is
possible, referred to as the channel capacity.

m x y m̂
Encoder Channel Decoder

Figure 1.1 Communication channel

The channel coding theorem can be split into two statements: the achievability part, stating
that the probability of error can be made arbitrarily small for any rate below the capacity, and
the converse part, stating that the probability of error is bounded away from zero for any rate
above the capacity. While the converse part must be proved for any decoder, there are several
decoders that can be used to prove the achievability part, including:

• The maximum-likelihood (ML) decoder [2, Ch. 5], which chooses the most likely code-
word under the channel law;
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• The joint typicality decoder [1, 3], which looks for a unique codeword such that the
empirical mean of a log-probability function is close to its expected value;

• The threshold decoder [4], which looks for a unique codeword whose likelihood exceeds
some threshold.

Such decoders are typically studied in the random coding setting [1], where the codewords are
independently generated according to some codeword distribution. There exists a code whose
performance is at least as good as the average, and one can therefore prove the existence
of good codes without explicitly constructing them. This is an instance of the probabilistic
method [5].

Practical communication systems are subject to complexity limitations, and many decoders
are ruled out. Furthermore, even if the computational complexity is not an issue, each of the
above-mentioned decoding rules requires perfect knowledge of the channel, which is rarely the
case in practice. Motivated by these issues, we consider the mismatched decoding problem
[6–11], in which the decoding rule is fixed and possibly suboptimal. We proceed by formally
presenting the system setup, and then discussing its applications and extensions.

1.1.1 System Setup

Here we describe the mismatched decoding setup that will be assumed throughout the thesis
(except where stated otherwise). The input and output alphabets are denoted by X and Y
respectively. The output sequence y = (y1, . . . , yn) is randomly generated from the input
sequence x = (x1, . . . , xn) according to

Wn(y|x) ,
n∏
i=1

W (yi|xi), (1.1)

for some transition law W (y|x). Except where stated otherwise, we assume that X and Y
are finite, and thus the channel is a discrete memoryless channel (DMC) and W is a condi-
tional probability mass function (PMF). In the case of continuous alphabets, W is instead a
conditional probability density function (PDF).

The encoder takes as input a message m equiprobable on {1, . . . ,M}, and transmits the
corresponding codeword x(m) from a codebook C = {x(1), . . . ,x(M)}. The decoder receives
the vector y at the channel output, and forms the estimate

m̂ = argmax
j∈{1,...,M}

qn(x(j),y), (1.2)
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where qn(x,y) ,
∏n
i=1 q(xi, yi). The function q(x, y) is a bounded non-negative function called

the decoding metric, though it need not be a metric in the topological sense. In the case of a
tie, a codeword achieving the maximum in (1.2) is selected uniformly at random.1

An error is said to have occurred if m̂ ̸= m, and we define the average error probability

pe(C) , P[m̂ ̸= m], (1.3)

and the maximal error probability

pe,max(C) , max
j=1,...,M

P[m̂ ̸= m |m = j]. (1.4)

A rate R is said to be achievable if, for all δ > 0, there exists a sequence of codes Cn of length
n with M ≥ en(R−δ) and vanishing error probability, i.e. pe(Cn) → 0; an equivalent definition
would be to use pe,max in place of pe. The mismatched capacity is defined to be the supremum
of achievable rates.

The case q(x, y) = W (y|x) corresponds to maximum-likelihood (ML) decoding, which is
the rule that minimizes the probability of error. It follows that a special case of the mismatched
capacity is the (matched) capacity, given by [1]

C = max
Q

I(X;Y ), (1.5)

where
I(X;Y ) ,

∑
x,y

Q(x)W (y|x) log W (y|x)∑
xQ(x)W (y|x) (1.6)

is the mutual information between the input X and output Y . The maximum in (1.5) is over
all probability distributions on X .

1.1.2 Applications

Perhaps the most obvious application of mismatched decoding is that in which the decoder
has an incorrect estimate Ŵ (y|x) of the channel, but uses the estimate as if it were perfect,
i.e. q(x, y) = Ŵ (y|x). Such channel uncertainty arises in numerous settings, including wireless
communication [13–15].

Communication systems are often designed to combat additive Gaussian noise, and it is
therefore of interest to study the performance when a system designed in this way is used on a

1The subsequent definition of the mismatched capacity does not depend on how ties are resolved, since
breaking ties as errors increases the error probability by at most a factor of two [12].
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channel with non-Gaussian noise [16]. Mismatch may also occur due to phase offsets, arising
from imperfect phase training [9].

In some settings, it may not be possible to implement the ML rule even when the channel
is known. For example, its implementation may require infinite-precision arithmetic, and one
may therefore be interested in the case that q(x, y) is an approximation of W (y|x) that only
requires finite-precision arithmetic to implement [17, 18].

A widely-used technique used in practical systems is bit-interleaved coded modulation
(BICM), which allows binary error-correcting codes to be used on non-binary channels by
concatenating the binary encoder with an interleaver and a binary labeling [19]. In [20],
this setup was studied from a mismatched decoding perspective, and results on the general
mismatched decoding problem were applied to obtain performance bounds. Further studies of
BICM using mismatched decoding were presented in [21–24].

Interestingly, mismatched decoding has recently been applied to the area of neuroscience
[25, 26], with an aim to model and analyze information processing in the brain. For example,
[25] suggests that a possible decoding model is one where neural responses exhibit correla-
tions, but the decoder behaves as if they were independent.

The mismatched decoding problem is also interesting from a theoretical perspective. It
was shown in [8] that the following quantities are special cases of the mismatched capacity:
(i) the zero undetected error capacity, defined to be the supremum of rates such that the error
probability can be made arbitrarily small and the decoder knows with certainty whether or
not an error has occurred; (ii) the zero-error capacity, defined to be the supremum of rates
such that the error probability is precisely zero. These are both long-standing open problems
in information theory, suggesting that finding a computable expression for the mismatched
capacity is difficult in general.

It should be noted that, while the definition of the mismatched capacity is seemingly in-
nocuous, it may not be the most suitable performance measure in some of the above-mentioned
applications. In particular, the definition involves an optimization over all codebooks, which
is questionable unless the codebook designer has knowledge of both the channel and the de-
coding rule. Fortunately, the results obtained can usually provide insight into the system
performance even when the codebook designer does not have such knowledge. For example,
under random coding [1], the achievable rate with an optimized input distribution quantifies
the performance when the codebook designer has full knowledge of the system, whereas the
achievable rate with a fixed input distribution (e.g. uniform) may be a more appropriate per-
formance measure in other cases.
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1.1.3 Extensions

The maximum-metric decoding rule in (1.2) is one of many possible decoding rules. Here we
outline some alternatives and discuss the reasons for focusing primarily on (1.2).

A simple extension is to consider metrics qn(x,y) that need not be written as an n-fold
product. Such metrics are highly general, and include the following:

• Joint typicality decoding is recovered by setting qn(x,y) = 1{(x,y) ∈ A}, where A is
the typical set (see [1, 3] for details).

• Threshold decoding is recovered by setting qn(x,y) = 1{Wn(y|x) ≥ γ} for some γ. Of
course, Wn may also by replaced by a different quantity, thus yielding a mismatched
version of threshold decoding.

• The maximum mutual information decoder is recovered by setting

qn(x,y) =
∑
x,y

P̂xy(x, y) log
P̂xy(x, y)

P̂x(x)P̂y(y)
, (1.7)

where P̂xy denotes the empirical distribution of (x,y), and similarly for P̂x and P̂y. This
decoding rule can be used to prove the achievability of (1.5) for any DMC W [27], and
it is universal in the sense that the rule does not depend on the channel.

One can also relax the restriction that the decoding rule depends only on the pairs (x,y);
see [28] for a study of a class of decoding rules depending on all pairwise triplets (x,x,y).
The study of iterative coding rules is highly relevant to settings such as bit-interleaved coded
modulation [19] and low-density parity check coding [29].

We focus on the single-letter decoding rule in (1.2) since it is more analytically tractable,
while still presenting an interesting and challenging problem with many applications. In con-
trast, under the more general metrics of the form qn(x,y), it becomes difficult to perform a
unified analysis with computable results. Furthermore, many of the above-mentioned decod-
ing rules are less relevant to practical scenarios, since there are no known efficient methods
for implementing or approximating them.

1.1.4 Previous Work on Mismatched Decoding

Achievable Rates

Achievable rates for mismatched decoding have been derived using the following random-
coding ensembles (see Section 2.3 for formal definitions):
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1. the i.i.d. ensemble, in which each symbol of each codeword is generated independently;

2. the constant-composition ensemble, in which each codeword is drawn uniformly from
the set of sequences with a given empirical distribution;

3. the cost-constrained ensemble, in which each codeword is drawn according to an
i.i.d. distribution conditioned on an auxiliary cost constraint being satisfied.

While these ensembles all yield the same achievable rate under ML decoding, i.e. the mutual
information, this is not true in general under mismatched decoding.

To our knowledge, the first study of the mismatched decoding problem was by Stiglitz
[30], who obtained an exponential bound on the error probability. Much of the proceeding
work in mismatched decoding focused on the achievable rate called the generalized cutoff rate
[17, 31, 32]. Fischer [33] considered the case that q(x, y) is a conditional distribution on Y
given X , and used i.i.d. random coding to show that one can achieve the rate

E

[
log

q(X,Y )

E[q(X,Y ) |Y ]

]
, (1.8)

where (X,Y,X) ∼ Q(x)W (y|x)Q(x), and Q is an arbitrary input distribution.
The most prominent early works on mismatched decoding are those of Hui [7] and Csiszár-

Körner [6], who independently derived the achievable rate commonly referred to as the LM

rate. This rate can be expressed in two equivalent forms. Merhav et al. [9] provided the
expression

ILM(Q) , sup
s≥0,a(·)

E

[
log

q(X,Y )sea(X)

E[q(X,Y )sea(X) |Y ]

]
, (1.9)

whereas the following expression was given in [6, 7]:

ILM(Q) = min
P̃XY : P̃X=Q,P̃Y =PY

E
P̃
[log q(X,Y )]≥EQ×W [log q(X,Y )]

I
P̃
(X;Y ), (1.10)

where the minimization is over all joint distributions satisfying the specified constraints,
PY (y) ,

∑
x PXY (x, y), and I

P̃
(X;Y ) denotes the mutual information in (1.6) under the dis-

tribution P̃XY . For binary-input DMCs, a matching converse to the LM rate was reported by
Balakirsky [34]. However, in the general case, several examples have been given for which
the rate is strictly smaller than the mismatched capacity [8, 9, 35].

The derivation of the LM rate in [7] uses random coding in which the empirical distribution
of each codeword is constrained to be close to a given distribution Q(x), whereas [6] uses
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constant-composition random coding. Both proofs rely on the input and output alphabets
being finite. In the case of general alphabets, Kaplan and Shamai [36] derived the achievable
rate known as the Generalized Mutual Information (GMI), given by

IGMI(Q) , sup
s≥0

E

[
log

q(X,Y )s

E[q(X,Y )s |Y ]

]
. (1.11)

This rate can equivalently be expressed as follows, using the same notation as (1.10):

IGMI(Q) = min
P̃XY : P̃Y =PY

E
P̃
[log q(X,Y )]≥EQ×W [log q(X,Y )]

D(P̃XY ∥Q× PY ), (1.12)

where
D(PZ∥QZ) ,

∑
z

PZ(z) log
PZ(z)

QZ(z)
(1.13)

is the Kullback-Leibler divergence (or divergence for short).
Comparing (1.9) with (1.11), it is clear that ILM(Q) ≥ IGMI(Q). Motivated by this

fact, Ganti et al. [11] proved that (1.9) is achievable for more general memoryless chan-
nels where the alphabets need not be finite. This was done by generating a number of code-
words according to an i.i.d. distribution Q, and then discarding all of the codewords for which∣∣ 1
n

∑n
i=1 a(xi)−EQ[a(X)]

∣∣ exceeds some threshold, where a(·) can be optimized. An alternative
derivation was given by Shamai and Sason [37] using cost-constrained random coding.

In the terminology of [11], (1.10) and (1.12) are primal expressions, and (1.9) and (1.11)
are dual expressions. Indeed, the latter can be derived from the former using Lagrange duality
techniques [38]. As well as extending readily to general alphabets, the dual expressions have
the advantage that an achievable rate can be obtained by substituting any values of s and a(·)
into (1.9) and (1.11), whereas (1.10) and (1.12) only give valid bounds after the minimization
is performed.

The primal expressions can be generalized slightly by considering decoding rules of the
form qn(x,y) = α(PXY ), where PXY is the empirical distribution of (x,y). The maximum
mutual information rule in (1.7) is an example of such a rule. Subject to minor technical
conditions, (1.10) and (1.12) remain valid when each minimum is replaced by an infimum,
and each constraint containing q is replaced by α(P̃XY ) ≥ α(Q×W ) [6, 8].
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Further Results

Since the LM rate and GMI are smaller than the mismatched capacity in general, it is of
interest to determine whether the weakness is in the random-coding ensembles or the bounding
techniques used in the analysis. Ensemble-tightness results provide an answer to this question
by proving that a given rate is the best possible for a given ensemble. For the i.i.d. ensemble
with input distribution Q, it is known that the random-coding error probability pe tends to 0
as n → ∞ when R < IGMI(Q), whereas pe → 1 as n → ∞ when R > IGMI(Q) [11, 16, 36].
Similarly, for the constant-composition ensemble with input distribution Q, it has been shown
that pe → 0 as n → ∞ when R < ILM(Q), whereas pe → 1 as n → ∞ when R > ILM(Q)

[9]. This was proved under mild technical conditions in [9], and can be shown to hold more
generally similarly to [16, Thm. 1].

Further properties of the LM rate were presented in [7–11]. It was shown by Csiszár and
Narayan [8] that the LM rate is positive if and only if the mismatched capacity is positive,
which in turn occurs if and only if there exists an input distribution Q such that

EQ×W [log q(X,Y )] ≥ EQ×PY [log q(X,Y )], (1.14)

where PY (y) ,
∑

x PXY (x, y). It was also shown that ILM is continuous in the pair (Q,W )

when restricted to the set of channels satisfying

W (y|x) > 0 =⇒ q(x, y) > 0. (1.15)

Channels failing this condition are of little interest, since they also fail the condition in (1.14)
whenever the corresponding input x is used.

Another property given in [8] is the following:

ILM(Q) ≤ I(X;Y ), (1.16)

where I(X;Y ) is defined in (1.6). Moreover, equality holds if and only if

log q(x, y) = α(x) + β(y) + γ logW (y|x) (1.17)

for some α(x), β(y) and γ > 0. The sufficiency of (1.17) can be understood by noting that
for constant-composition codes, any decoding metric satisfying (1.17) has the same decision
regions as the ML decoder. An analogous property to (1.16)–(1.17) holds for the GMI, except
that α(x) is removed from (1.17) [20, 36]. It was shown by Lapidoth [35] that the mismatched
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capacity can equal the matched capacity even when (1.17) fails.
The LM rate (and the GMI) can be improved by considering products of the channel.

That is, one can apply the LM rate to the channel W (2)((y1, y2)|(x1, x2)) = W (y1|x1)W (y2|x2)
with metric q(2)((x1, x2), (y1, x2)) = q(x1, y1)q(x2, y2), and similarly for higher orders W (k) and
q(k). Denoting the resulting LM rate by I(k)LM, it follows that 1

kI
(k)
LM is an achievable rate for the

original channel. It was shown in [8] that this rate approaches the mismatched capacity as
k → ∞ for erasures-only metrics satisfying q(x, y) = maxx′,y′ q(x

′, y′) for all (x, y) such that
W (y|x) > 0. This result was also conjectured to hold for more general decoding metrics.

A multi-letter generalization of the LM rate for channels with memory was presented by
Ganti et al. [11]. A similar study was performed by Somekh-Baruch [39], who gave a general
(multi-letter) formula for the mismatched capacity in the sense of Verdú-Han [40].

A study of additive noise channels with nearest-neighbor decoding was performed by
Lapidoth [16]. It was shown that, for both i.i.d. Gaussian coding and coding uniformly on
the surface of a sphere, the random-coding rate achieved is the capacity of an additive white
Gaussian noise (AWGN) channel with the same signal-to-noise ratio as that of the original
(possibly non-Gaussian) channel.

Notions of mismatched capacity beyond that of standard fixed-length block coding were
discussed in [9]. In particular, it was shown that higher rates can be achieved if the encoder is
allowed to transmit symbols that disagree with the codebook in order to combat the mismatch.
For example, if X = Y = {0, 1}, the channel flips each bit deterministically, and the decoder
assumes that the channel output is equal to the channel input, then the mismatched capacity
(according to the definition given in this chapter) is zero. However, a rate of 1 bit/use can be
achieved if the encoder simply flips each bit before transmission.

The notion of mismatched capacity with cost constraints was studied in [11], including
an investigation of the mismatched capacity per unit cost. It was observed that ILM(Q) is not
a concave function of Q in general, suggesting that the optimization over Q is difficult. A
geometric approach to the mismatched decoding problem was taken in [41] using information
geometry techniques, and the problem of choosing the best decoding rule among a given class
of decoding rules was studied.

In Appendix B, we complement the above results by providing further properties of the
GMI and LM rate, with a particular focus on the optimization of s, a(·) and Q.

Other Settings With Mismatch

The mismatched multiple-access channel (MAC) was studied by Lapidoth [35], who gave an
achievable rate region and proved its ensemble tightness. Moreover, it was shown that the
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single-user LM rate can be improved by treating the channel as a MAC and generating multi-
ple codebooks in parallel. Building on this approach, Somekh-Baruch [42] derived achievable
rates for the mismatched cognitive MAC, where one user knows both messages. The tech-
niques of [35] were applied to the mismatched degraded relay channel in [43].

In [44], Lapidoth considered a rate-distortion setup in which the encoding and decoding are
done with respect to different distortion functions. An achievable compression rate analogous
to (1.10) was given, and was shown to be asymptotically tight as k → ∞ when applied to the
k-th product of the source. The problem of lossless compression with side information at the
decoder and a mismatched decoding rule was studied in [45]. It was shown that this problem is
dual to that of mismatched channel coding in the sense that any achievable rate for one setting
provides a corresponding achievable rate for the other, and similarly for converse results. The
problem of universal decoding relative to a fixed class of mismatched decoding metrics was
studied in [46].

The problem of reliable communication with imperfect knowledge of the channel has re-
ceived significant attention in the context of wireless communication. A mismatched decoding
approach was taking in [14] using Gaussian random codes and scaled nearest-neighbor decod-
ing. Extensions to the multiple-antenna setting were presented in [15], and the notion of
outage probability with mismatch was studied in [47].

The role of mismatch in practical coding techniques has also received attention. A mis-
matched version of the Viterbi decoding algorithm was studied in [48], and polar coding with
mismatch was studied in [49, 50].

1.2 Asymptotic and Non-Asymptotic Performance

The most common performance measure for information-theoretic studies of channel coding
is the capacity. This is a first-order asymptotic performance measure corresponding to an in-
creasingly large block length, and hence its utility may be limited in the presence of constraints
on the delay and complexity. In this section, we discuss several asymptotic notions beyond
the channel capacity, and then discuss a purely non-asymptotic approach. Our presentation of
the existing results is far from exhaustive; we focus on the results that are most relevant to this
thesis, and we defer many of the discussions to later sections.

While the definitions below apply to both the matched and mismatched settings, most of
the results stated will be for the matched setting, which has been the focus of the majority of
the literature. The regimes that we consider can be likened to three regimes concerning the
tail probability of a sum of i.i.d. random variables: large deviations, the central limit theorem,
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and moderate deviations. In order to elucidate this analogy and familiarize the reader with the
relevant terminology, we outline some results on i.i.d. sums in Appendix C.

1.2.1 Error Exponents

Let p∗e(n,M) be the smallest error probability for a given block length n and number of mes-
sages M . The reliability function E(R) at rate R > 0 is is defined as follows:

E(R) , lim inf
n→∞

− 1

n
log p∗e(n, ⌊enR⌋), (1.18)

where ⌊ · ⌋ is the floor function. In other words, E(R) is the highest exponent such that one
can achieve pe ≤ e−nE(R)+o(n) at rate R. Knowledge of the reliability function provides more
insight than the capacity alone, since it not only yields conditions under which the error prob-
ability tends to zero, but it also gives the exponential rate of decay of pe.

Matched Decoding

In the matched setting, lower bounds on E(R) (also known as achievable error exponents)
were given by Fano [51], Gallager [2, 52] and Csiszár-Körner [27]. In particular, Gallager
used i.i.d. random coding to obtain the exponent [52]

Er(R) , max
Q

max
ρ∈[0,1]

E0(Q, ρ)− ρR, (1.19)

where the first maximum is over all probability distributions on X , and

E0(Q, ρ) , − log
∑
y

(∑
x

Q(x)W (y|x)
1

1+ρ

)1+ρ

. (1.20)

This exponent is positive for all rates below the capacity C, and thus proves the achievability
part of the channel coding theorem. Furthermore, the exponent coincides with an upper bound
on E(R) for all rates in an interval [Rcr, C], where Rcr is known as the critical rate. The upper
bound, due to Shannon et al. [53], is called the sphere packing exponent, and is given by

Esp(R) , max
Q

sup
ρ≥0

E0(Q, ρ)− ρR. (1.21)
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The following alternative expressions for Er and Esp were derived by Csiszár and Körner [27]
using the method of types:

Er(R) = max
Q

min
P̃XY : P̃X=Q

D(P̃XY ∥Q×W ) + [I
P̃
(X;Y )−R]+ (1.22)

Esp(R) = max
Q

min
P̃XY : P̃X=Q
I
P̃
(X;Y )≤R

D(P̃XY ∥Q×W ), (1.23)

where the minimizations over P̃XY are over all joint distributions satisfying the specified con-
straints.

At rates below the critical rate, the reliability function is unknown in general, but improved
upper and lower bounds are available. Gallager [2, Ch 5.7] considered an expurgated random-
coding ensemble in which the worst half of the codewords are thrown away, yielding the
exponent

Eex(R) , max
Q

sup
ρ≥1

Ex(Q, ρ)− ρR, (1.24)

where

Ex(Q, ρ) , −ρ log
∑
x,x

Q(x)Q(x)

(∑
y

√
W (y|x)W (y|x)

)1/ρ

. (1.25)

This exponent improves on the random-coding exponent at low rates, and is tight in the limit
as R→ 0 [54].

A different approach to obtaining expurgated exponents was taken by Csiszár, Körner and
Marton [55] (see also [27, Ex. 10.18]), who began by proving the existence of a collection
of constant-composition codewords such that any two codewords have a joint empirical dis-
tribution satisfying certain properties. By analyzing this collection of codewords using the
method of types, an error exponent was obtained that coincides with that of Gallager after the
optimization of the input distribution:

Eex(R) = max
Q

min
PXX :PX=PX=Q

IP (X;X)≤R

EP [dB(X,X)] + IP (X;X)−R, (1.26)

where dB(x, x) , − log
∑

y

√
W (y|x)W (y|x) is the Bhattacharyya distance. Yet another char-

acterization was given by Csiszár and Körner [6]:

Eex(R) = max
Q

min
PXXY :PX=PX=Q, IP (X;X)≤R
EP [logW (Y |X)]≥EP [logW (Y |X)]

D(PXXY ∥Q×Q×W )−R. (1.27)
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For both the random-coding exponent and and expurgated exponent, Gallager’s approach
yields several advantages including its simplicity and the fact that the analysis is not restricted
to finite alphabets. On the other hand, as we will see in Chapter 2 (see also [56]), the constant-
composition exponents can be higher for a given input distribution or decoding rule, even
though they do not yield an improvement for ML decoding with an optimized input distri-
bution. However, the existing proofs rely heavily on techniques that are valid only when the
input and output alphabets are finite; [55] uses the type packing lemma [27, Ch. 10], and [6]
uses a combinatorial graph decomposition lemma.

An improved converse exponent at low rates is the straight-line bound [54], which is ob-
tained by combining a vanishing-rate converse with the sphere packing bound and properties
of list decoders.

As discussed in Section 1.1.4, in the case that the upper and lower bounds on the error ex-
ponent do not coincide, it is of interest to determine whether the weakness in the achievability
results is in the random-coding ensemble itself, or the bounding techniques used in the anal-
ysis. The ensemble tightness of Er(R) was proved by Gallager [57] for i.i.d. random coding,
and by D’yachkov [58] for constant-composition random coding.

Mismatched Decoding

Existing error exponents for mismatched decoding will be discussed in detail in Chapter 2,
so we provide only a brief outline here. The constant-composition ensemble was studied in
[6], where both random-coding exponents and expurgated exponents were derived. Random-
coding exponents for the i.i.d. ensemble and cost-constrained ensemble were given in [36] and
[37] respectively. The exponents in [6, 37] recover the LM rate, while the exponent in [36]
recovers the GMI.

In [59], Poltyrev used the idea of mismatched decoding to derive random-coding expo-
nents for maximum-likelihood decoding. Various equivalent forms of (1.19) and (1.22) were
obtained by first deriving an exponent for an arbitrary decoding rule, and then performing an
optimization of the decoding rule.

1.2.2 Second-Order Coding Rates

The problem of finding the second-order asymptotic expansion of the permissible coding rate
for a given error probability was studied by Strassen [60], and later revisited by Polyanskiy
et al. [61] and Hayashi [62], among others. Such a study is dual to that of error exponents:
Instead of studying the behavior of the error probability for a fixed rate, one considers the
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behavior of the rate for a fixed target error probability. The capacity gives the first-order
characterization, whereas the second-order expansion gives a refined characterization.

For DMCs, the highest number of messages M∗(n, ϵ) for a given block length n and target
error probability ϵ ∈ (0, 1) satisfies [60]

logM∗(n, ϵ) = nC −
√
nV Q−1(ϵ) + o(

√
n), (1.28)

where C is the channel capacity, V is a quantity known as the channel dispersion [61], and Q−1

is the inverse of the standard Gaussian tail probability Q(z) ,
´∞
z

1√
2π
e−

z2

2 dz. The coefficient
to the

√
n term in (1.28) is often referred to as the second-order coding rate [62], and the

right-hand side of (1.28) with the remainder term omitted is often referred to as the normal
approximation.

We can interpret C and V as being the mean and variance of the information density

i(x, y) , log
W (y|x)∑

xQ(x)W (y|x) (1.29)

for some capacity-achieving input distribution Q, with the function Q−1(·) appearing in (1.28)
as a result of the central limit theorem. More precisely, letting Π denote the set of capacity-
achieving input distributions, we have [60, 61]

V =

Vmin ϵ ∈
(
0, 12
)

Vmax ϵ ∈
(
1
2 , 1
)
,

(1.30)

where

Vmin , min
Q∈Π

Var[i(X,Y )] (1.31)

Vmax , max
Q∈Π

Var[i(X,Y )] (1.32)

with (X,Y ) ∼ Q×W ; note that i(·, ·) implicitly depends on Q.

1.2.3 Moderate Deviations

In contrast to error exponents and second-order coding rates, moderate deviations results char-
acterize the asymptotic behavior when pe → 0 and R→ C simultaneously.

Recall that p∗e(n,M) is the smallest error probability for a given block length n and number
of messages M . Let ψn be a sequence such that ψn → 0 and

√
nψn → ∞, and let V be the
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channel dispersion for ϵ ∈
(
0, 12
)

(see (1.30)). It was shown in [63, 64] that for any DMC such
that V > 0, the following holds:

lim
n→∞

− 1

nψ2
n

log p∗e(n, ⌊en(C−ψn)⌋) = 1

2V
. (1.33)

Beyond the discrete memoryless setting, it was shown in [64] that results of the form (1.28)
and (1.33) do not directly imply each other, but the values of V must coincide whenever both
expansions hold.

1.2.4 Finite-Length Performance

While the above-mentioned asymptotic notions provide more insight into the system perfor-
mance than the capacity alone, it is often unclear which one (if any) dictates the performance at
finite block lengths. Early works providing non-asymptotic bounds include those of Feinstein
[4], Gallager [2], and Strassen [60], and a more comprehensive study was recently performed
by Polyanskiy et al. [61, Sec. II]. The most powerful of the achievability bounds therein, and
the one of most interest in this thesis, is the random-coding union (RCU) bound:

pe ≤ rcu(n,M) , E
[
min

{
1, (M − 1)P[Wn(Y |X) ≥Wn(Y |X) |X,Y ]

}]
, (1.34)

where (X,Y ,X) ∼ PX(x)Wn(y|x)PX(x) for some random-coding distribution PX . Sev-
eral numerical examples were given in [61] for which, under i.i.d. random coding, the RCU
bound gives a tight characterization of the finite-length performance (i.e. it lies close to a non-
asymptotic converse bound). Moreover, the bound can be used to prove the achievability parts
of all of the asymptotic results outlined in the preceding subsections, with the exception of
the expurgated exponent. A notable drawback, however, is that its computation is generally
difficult beyond symmetric setups.

1.3 Overview of the Thesis

The structure of the thesis and the main contributions are outlined as follows:

• In Chapter 2, we study random coding bounds and their asymptotic behavior under
mismatched decoding. A cost-constrained random-coding ensemble with multiple aux-
iliary costs is introduced, and is shown to achieve error exponents (both expurgated and
non-expurgated), second-order coding rates and moderate deviations results matching
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those of constant-composition random coding, while being directly applicable to chan-
nels with infinite or continuous alphabets. In each case, the number of auxiliary costs
required is shown to be at most two, and sometimes fewer.

• In Chapter 3, we present refined asymptotic results for various random-coding bounds.
For i.i.d. random coding, we provide asymptotic estimates of two non-asymptotic
bounds (including the mismatched version of the RCU bound) using the saddlepoint
approximation [65]. Each expression is shown to characterize the asymptotic behavior
of the corresponding random-coding bound at both fixed and varying rates, thus unifying
the regimes characterized by error exponents, second-order rates and moderate devia-
tions. Moreover, we obtain a prefactor to the expurgated i.i.d. exponent that behaves as
O
(

1√
n

)
, and we explicitly characterize the implied constant. Building on the analysis

of the i.i.d. ensemble, we present refined asymptotic bounds for constant-composition
random coding in the fixed-rate and fixed-error regimes, providing significant improve-
ments compared to standard methods that introduce polynomial factors in the analysis.

• In Chapter 4, we consider the mismatched multiple-access channel (MAC). In the case
of finite alphabets, we obtain error exponents that are tight with respect to the ensem-
ble average, and positive within the interior of Lapidoth’s achievable rate region [35].
In the special case of maximum-likelihood decoding, the ensemble tightness of the ex-
ponent of Liu-Hughes [66] is proved. We provide alternative expressions for the er-
ror exponents and rate regions, including expressions obtained using Lagrange duality
which extend immediately to infinite and continuous alphabets. We study a multi-letter
successive decoding rule, and we show via a numerical example that it can yield im-
proved rates compared to the corresponding maximum-metric decoder. We also study
the second-order asymptotics of the MAC, with a focus on maximum-likelihood de-
coding and constant-composition random coding. An inner bound on the set of locally
achievable second-order coding rates [62, 67] is given for any fixed point on the bound-
ary of the capacity region.

• In Chapter 5, the analysis techniques for the MAC are applied to two types of superpo-
sition coding for the point-to-point setting. The standard version is shown to yield an
achievable rate which is at least as high as that of Lapidoth’s expurgated parallel cod-
ing rate [35] after the optimization of the parameters. We introduce a refined version
of superposition coding, and show that it achieves rates at least as high as the standard
version for any set of random-coding parameters. It is shown that the gap between the
two can be significant when the input distribution is fixed. Once again, ensemble-tight
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error exponents are given in the case of finite alphabets, and extensions to more general
alphabets are given.

• In Chapter 6, we review the main contributions of the thesis, and we present various
directions for future research.

• In Appendix A, we give an overview of the method of types [27, Ch. 2], and list the
main properties used throughout the thesis. In Appendix B, we provide several proper-
ties regarding the optimization of the LM rate and GMI. An introduction to asymptotic
results on sums of independent random variables is given in Appendix C, with an aim
to familiarize the reader with the relevant concepts and terminology. Upper and lower
bounds on the probability of multiply-indexed union are presented in Appendix D; these
are used in our analysis of multi-user random-coding techniques. In Appendix E, we
provide equivalent forms of various convex optimization problems; these are used to
establish equivalences between primal and dual forms of various achievable rates and
error exponents.

1.4 Notation

Definitions of the most commonly-used mathematical symbols and abbreviations are listed
prior to Chapter 1.

We use bold symbols for vectors (e.g. x), and we denote the corresponding i-th entry using
a subscript (e.g. xi). We denote the Euclidean norm of a vector by ∥ · ∥, and the maximum
absolute value of the entries of a vector by ∥ · ∥∞. The set of real numbers is denoted by R,
and the set of integers is denoted by Z.

The set of all probability distributions on an alphabet X is denoted by P(X ), and the set
of all conditional distributions on Y given X is denoted by P(Y|X ). More precisely, in the
case that X is finite, we write Q ∈ P(X ) when Q is a PMF on X , and similarly for conditional
PMFs. When we consider more general alphabets, we use the same notation to denote more
general probability measures; the precise meaning will be clear from the context.

The set of all empirical distributions on a vector in X n (i.e. types [27, Sec. 2], [56]) is
denoted by Pn(X ), and the set of all conditional empirical distributions (i.e. conditional types)
on Yn given X n is denoted by Pn(Y|X ). The type of a vector x is denoted by P̂x(·), and
similarly for conditional types P̂y|x(·|·) and joint types P̂xy(·, ·). Given Q ∈ Pn(X ), the type
class Tn(Q) is defined to be the set of all sequences in X n with typeQ. Given PXY ∈ Pn(X×Y)

and x ∈ Tn(PX), the conditional type class Tnx (PXY ) (sometimes written as Tnx (PY |X)) is
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defined to be the set of all sequences y ∈ Yn such that (x,y) ∈ Tn(PXY ). See Appendix A for
further definitions and properties relating to types.

The probability of an event is denoted by P[·], and the symbol ∼ means “distributed as”.
The marginals of a joint distribution PXY (x, y) are denoted by PX(x) and PY (y). Similarly,
PY |X(y|x) denotes the conditional distribution induced by PXY (x, y). We write PX = P̃X

to denote element-wise equality between two probability distributions on the same alphabet.
Expectation with respect to a joint distribution PXY (x, y) is denoted by EP [·]. When the proba-
bility distribution is understood from the context, we simply write E[·]. We use similar notation
VarP [·] and Var[·] for the variance of a random variable.

Given a distribution Q(x) and a conditional distribution W (y|x), we write Q × W to
denote the joint distribution Q(x)W (y|x), and similarly when there are more than two dis-
tributions. For example, given Q1(x1), Q2(x2) and W (y|x1, x2) we have Q1 × Q2 × W ∼
Q1(x1)Q2(x2)W (y|x1, x2). We use standard notation for the entropy H(X), conditional en-
tropy H(X|Y ), mutual information I(X;Y ), conditional mutual information I(X;Y |Z) and
divergence D(P∥Q) [27]. In some cases, we explicitly state the underlying distribution of the
random variables with a subscript (e.g. IP (X;Y ) =

∑
x,y PXY (x, y) log

PXY (x,y)
PX(x)PY (y) ).

For two positive sequences fn and gn, we write fn
.
= gn if limn→∞

1
n log

fn
gn

= 0, and
we write fn ≤̇ gn if lim supn→∞

1
n log

fn
gn

≤ 0 and analogously for ≥̇. We write fn ≍ gn if
limn→∞

fn
gn

= 1. Furthermore, we write fn = O(gn) if |fn| ≤ c|gn| for some c and sufficiently
large n, and fn = o(gn) if limn→∞

fn
gn

= 0. We write fn = Ω(gn) if gn = O(fn), fn = ω(gn) if
gn = o(fn), and fn = Θ(gn) if both fn = O(gn) and fn = Ω(gn) hold.

We denote the tail probability of a zero-mean unit-variance Gaussian variable by Q(·), and
we denote its functional inverse by Q−1(·). All logarithms have base e, and all rates are in
units of nats except in the examples, where bits are used. We define [c]+ = max{0, c}, and we
denote the indicator function of an event by 1{·}. The floor function is denoted by ⌊ · ⌋.



Chapter 2

Random Coding Bounds and Asymptotics

2.1 Introduction

Motivated by the fact that most existing work on mismatched decoding has focused on achiev-
able rates, the main goal of this chapter is to present a more detailed analysis of the error prob-
ability, including error exponents, second-order rates, and moderate deviations results. The
system setup is described in Section 1.1.1.

Recall that the average error probability for a given codebook is denoted by pe(·), and the
maximal error probability is denoted by pe,max(·). We use the symbol C to denote a given (de-
terministic) codebook, and we use the symbol C to denote a random codebook with codewords
that are independent, each being drawn from some codeword distribution PX . Our main focus
is on bounding the random-coding error probability

pe(n,M) , E[pe(C)], (2.1)

where C contains M codewords. There exists at least one codebook achieving an error proba-
bility as good as the average: pe(C) ≤ pe(n,M) for some (deterministic) codebook C with M
codewords of length n.

The notion of ensemble tightness for rates and error exponents can now be formally defined
as follows. An achievable rate I is ensemble-tight if

sup
{
R : lim inf

n→∞
pe(n, ⌊enR⌋) = 0

}
= I, (2.2)

and an achievable error exponent Er(R) is ensemble-tight if

lim
n→∞

− 1

n
log pe(n, ⌊enR⌋) = Er(R). (2.3)
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We will also be interested in analyzing pe(C) for a random codebook C containing M ′

codewords, and using it to bound the error probability for a fixed codebook C containing M <

M ′ codewords. We will refer to such techniques as expurgated random-coding techniques.
We will use the terminology random-coding ensemble when referring to expurgated or

non-expurgated random coding with a particular codeword distribution. We will sometimes
explicitly refer to an expurgated (or non-expurgated) random-coding ensemble, but the prefix
will be omitted when the meaning is clear from the context.

The main contributions of this chapter are as follows:

• In Section 2.2, we present non-asymptotic bounds on the error probability for an arbi-
trary codeword distribution. These are not only of interest on their own right, but will
also provide the starting point for the subsequent asymptotic derivations.

• In Section 2.3, we present a generalization of the cost-constrained ensemble in [2, Ch
7.3], [37] to include multiple auxiliary costs. This ensemble serves as an alternative to
constant-composition codes for improving the performance compared to i.i.d. coding,
while being applicable to channels with infinite or continuous alphabets.

• Random-coding error exponents, second-order coding rates, moderate deviations re-
sults, and expurgated error exponents are presented in Sections 2.4, 2.5, 2.6 and 2.7
respectively. In each case, the asymptotic bound given is seen to be attainable with at
most two auxiliary costs, and sometimes fewer. A numerical example is provided in
Section 2.8.

• In Section 2.9, we explain how the above-mentioned results can be extended to channels
with input constraints and non-finite alphabets. Our techniques are seen to provide, to
our knowledge, the most general known derivations of achievable second-order coding
rates and moderate deviations results in such cases.

As noted in Section 1.2, the asymptotic regimes considered can be likened to various regimes
concerning the tail probability of an i.i.d. sum, an outline of which is given in Appendix C.

Parts of this chapter were presented in [68–72].

2.2 Non-Asymptotic Bounds

In this section, we provide non-asymptotic performance bounds for mismatched decoding
with an arbitrary codeword distribution PX . All of the bounds given extend immediately to
general channels and decoding metrics that need not be memoryless nor have finite alphabets.
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However, the computation of the bounds is generally difficult beyond memoryless channels
exhibiting a high degree of symmetry.

Throughout the section, we assume without loss of generality that the first message is
encoded, i.e. m = 1. We define the random codewords

{
X(i)

}M
i=1

∼
M∏
i=1

PX(x(i)). (2.4)

We write X in place of X(1), and we let X denote an arbitrary codeword X(i) with i ̸= 1. The
channel output sequence is denoted by Y , yielding

(X,Y ,X) ∼ PX(x)Wn(y|x)PX(x). (2.5)

The following theorem gives upper and lower bounds on the random-coding error probability
defined in (2.1). In particular, we provide a simple extension of the random-coding union
(RCU) bound of Polyanskiy et al. [61] (see (1.34)) to the mismatched setting, and show that
the bound is tight with respect to the ensemble average to within a constant factor.

Theorem 2.1. For any mismatched memoryless channel (possibly having infinite or contin-

uous alphabets), codeword distribution PX(x) and constant s ≥ 0, the random-coding error

probability pe(n,M) satisfies

1

4
rcu(n,M) ≤ pe(n,M) ≤ rcu(n,M) ≤ rcus(n,M), (2.6)

where

rcu(n,M) , E
[
min

{
1, (M − 1)P[qn(X,Y ) ≥ qn(X,Y ) |X,Y ]

}]
(2.7)

rcus(n,M) , E
[
min

{
1, (M − 1)

E[qn(X,Y )s |Y ]

qn(X,Y )s

}]
. (2.8)

Proof. Similarly to [61], we obtain the upper bound rcu by writing

pe(n,M) ≤ P
[⋃
i ̸=1

{
qn(X(i),Y ) ≥ qn(X,Y )

}]
(2.9)

= E

[
P
[⋃
i ̸=1

{
qn(X(i),Y ) ≥ qn(X,Y )

} ∣∣∣X,Y

]]
(2.10)

≤ rcu(n,M), (2.11)
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where (2.9) follows by upper bounding the random-coding error probability by that of the
decoder that breaks ties as errors, and (2.11) follows by applying the truncated union bound.
To prove the lower bound in (2.6), it suffices to show that each of the upper bounds in (2.9)
and (2.11) is tight to within a factor of two. The matching lower bound to (2.9) follows since
whenever a tie occurs it must be between at least two codewords [12], and the matching lower
bound to (2.11) follows since the union is over independent events [73, Lemma A.2]. We
obtain the upper bound rcus by weakening rcu using Markov’s inequality.

As discussed in Section 1.2.1, improved performance bounds can be obtained at low rates
by expurgating “bad” codewords from the randomly generated codebook. Non-asymptotic
bounds resulting from such techniques are given in the following theorem, which is proved
using Gallager’s bounding techniques [2, Ch. 5.7]. Following the above terminology, we refer
to the resulting bounds as expurgated random-coding union (RCUX) bounds.

Theorem 2.2. For any mismatched memoryless channel (possibly having infinite or contin-

uous alphabets), codeword distribution PX , and parameters ρ ≥ 1 and s ≥ 0, there exists a

codebook C with M codewords of length n such that

pe,max(C) ≤ rcuxρ(n,M) ≤ rcuxρ,s(n,M), (2.12)

where

rcuxρ(n,M) ,

(
4(M − 1)E

[
P
[
qn(X,Y ) ≥ qn(X,Y )

∣∣∣X,X
]1/ρ])ρ

(2.13)

rcuxρ,s(n,M) ,

(
4(M − 1)E

[
E

[(
qn(X,Y )

qn(X,Y )

)s ∣∣∣∣∣X,X

]1/ρ])ρ
. (2.14)

Proof. It was shown by Gallager [2, Sec. 7.3], using techniques that apply immediately to the
mismatched setting, that there exists a codebook C of size M such that

pe,max(C) ≤
(
2E
[
pe(C)

1/ρ
])ρ

, (2.15)

where C containsM ′ = 2M−1 random codewords. We obtain (2.13) from (2.15) by weakening
the expectation as follows:

E
[
pe(C)

1/ρ
]
≤ E

[(∑
i ̸=1

P
[
qn(X(i),Y ) ≥ qn(X,Y )

∣∣∣X,X(i)
])1/ρ]

(2.16)

≤ E
[
2(M − 1)P

[
qn(X,Y ) ≥ qn(X,Y )

∣∣∣X,X
]1/ρ]

, (2.17)
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where (2.16) follows from the union bound, and (2.17) follows using M ′ = 2M −1 along with
the inequality [2, Ex. 4.15(f)] (∑

i

ai

)1/ρ
≤
∑
i

a
1/ρ
i , (2.18)

which holds for any ρ ≥ 1. We obtain (2.14) by applying Markov’s inequality to the inner
probability in (2.13).

The RCU bounds will prove useful for obtaining error exponents, second-order coding
rates and moderate deviations results, whereas the RCUX bounds will provide improved ex-
ponents at low rates.

2.3 Cost-Constrained Random Coding with Multiple Auxiliary
Costs

The most commonly-used codeword distributions in the literature are the i.i.d. distribution,

PX(x) =

n∏
i=1

Q(xi), (2.19)

and the constant-composition distribution,

PX(x) =
1

|Tn(Qn)|
1
{
x ∈ Tn(Qn)

}
, (2.20)

where Qn ∈ Pn(X ) is a type such that maxx |Qn(x) − Q(x)| ≤ 1
n . The latter is of particular

interest in the mismatched setting, since it yields the LM rate, whereas the i.i.d. distribution
only yields the GMI (see Section 1.1.4). However, the constant-composition distribution relies
on the input being finite.

Here we present a codeword distribution that includes (2.19) and (2.20) as special cases,
and that will provide similar performance gains to the constant-composition distribution even
for channels with non-finite alphabets. The distribution is given by

PX(x) =
1

µn

n∏
i=1

Q(xi)1
{
x ∈ Dn

}
, (2.21)

where

Dn ,

{
x :

∣∣∣∣ 1n
n∑
i=1

al(xi)− φl

∣∣∣∣ ≤ δ

n
, l = 1, . . . , L

}
, (2.22)
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and where µn is a normalizing constant (i.e. µn = P[X ′ ∈ Dn] with X ′ ∼ ∏n
i=1Q(x′i)), δ

is a positive constant, and for each l = 1, . . . , L, al(·) is a real-valued function on X , and
φl , EQ[al(X)]. We refer to each function al(·) as an auxiliary cost function, or simply a
cost. Observe that each codeword is generated according to an i.i.d. distribution conditioned
on the empirical mean of each cost function being close to the true mean. This generalizes the
codeword distribution studied in [2, Sec. 7.3], [37] by including multiple costs.

The cost functions {al(·)}Ll=1 in (2.21) should not be viewed as being chosen to meet a
system constraint (e.g. power limitations). Rather, they are introduced in order to improve the
performance of the random-coding ensemble itself. However, system costs can be handled
similarly; see Section 2.9 for details. The constant δ in (2.21) could, in principle, vary with l
and n, but a fixed value will suffice for our purposes.

In the case that L = 0, it should be understood that Dn = X n. In this case, (2.21) reduces to
the i.i.d. codeword distribution in (2.19). A less obvious special case of (2.21) is the constant-
composition distribution in (2.20), which is recovered from (2.21) by replacing Q by Qn and
choosing the parameters L = |X |, δ ∈ [0, 1), and

al(x) = 1{x = l}, l = 1, . . . , |X |, (2.23)

where we assume without loss of generality that X = {1, . . . , |X |}.
The following proposition shows that the normalizing constant µn in (2.21) decays at most

polynomially fast in n. When |X | is finite, it follows immediately from the property of types
in (A.8) that µn ≥ (n + 1)−(|X |−1). For the sake of generality, we present a proof that applies
to more general alphabets, subject to minor technical conditions. The case L = 1 was handled
in [2, Sec. 7.3].

Proposition 2.1. Fix the input alphabet X (possibly infinite or continuous), input distribution

Q ∈ P(X ) and auxiliary cost functions a1(·), . . . , aL(·). If EQ[al(X)2] < ∞ for l = 1, . . . , L,

then there exists a choice of δ > 0 such that the normalizing constant in (2.21) satisfies µn =

Ω(n−L/2).

Proof. This result follows from the multivariate local limit theorem in [74, Cor. 1], which
gives asymptotic expressions for probabilities of i.i.d. random vectors taking values in sets
of the form (2.22). Let Σ denote the covariance matrix of the vector [a1(X), . . . , aL(X)]T .
We have by assumption that the entries of Σ are finite. Under the additional assumption
det(Σ) > 0, [74, Cor. 1] states that µn = Θ(n−L/2) provided that δ is at least as high as the
largest span of the al(X) (X ∼ Q) that are lattice variables (see Definition C.1 in Appendix
C). If all such variables are non-lattice, then δ can take any positive value.
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It only remains to handle the case det(Σ) = 0. Suppose that Σ has rank L′ < L, and assume
without loss of generality that a1(·), . . . , aL′(·) are linearly independent. Up to sets whose
probability with respect to Q is zero, the remaining costs aL′+1(·), . . . , aL(·) can be written as
linear combinations of the first L′ costs. Letting α denote the largest magnitude of the scalar
coefficients in these linear combinations, we see that x ∈ Dn provided that

∣∣∣∣ 1n
n∑
i=1

al(xi)− φl

∣∣∣∣ ≤ δ

αL′n
(2.24)

for l = 1, . . . , L′. The proposition follows by choosing δ to be at least as high as αL′ times the
largest span of the al(X) that are lattice variables, and analyzing the first L′ costs analogously
to the case that det(Σ) > 0.

In accordance with Proposition 2.1, we henceforth assume that the choice of δ is such that
µn = Ω(n−L/2).

2.4 Random-Coding Error Exponents

2.4.1 Cost-Constrained Ensemble

Here we present the ensemble-tight error exponent for (non-expurgated) cost-constrained ran-
dom coding, yielding results for the i.i.d. and constant-composition ensembles as special cases.
We define the sets

S({al}) ,
{
PXY ∈ P(X × Y) : EP [al(X)] = φl, l = 1, . . . , L

}
(2.25)

T (PXY , {al}) ,
{
P̃XY ∈ P(X × Y) : E

P̃
[al(X)] = φl, l = 1, . . . , L,

P̃Y = PY ,EP̃ [log q(X,Y )] ≥ EP [log q(X,Y )]
}
, (2.26)

where the notation {al} is used to denote dependence on a1(·), . . . , aL(·). The dependence of
these sets on Q (via φl = EQ[al(X)]) is kept implicit.

Theorem 2.3. For any input distribution Q ∈ P(X ), auxiliary costs {al}Ll=1, and rate R > 0,

the random-coding error probability for the cost-constrained ensemble in (2.21) satisfies

lim
n→∞

− 1

n
log pe(n, ⌊enR⌋) = Ecost

r (Q,R, {al}), (2.27)
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where

Ecost
r (Q,R, {al}) , min

PXY ∈S({al})
min

P̃XY ∈T (PXY ,{al})
D(PXY ∥Q×W ) +

[
D(P̃XY ∥Q× P̃Y )−R

]+
.

(2.28)

Proof. See Section 2.10.1.

The optimization problem in (2.28) is convex when the input distribution and cost func-
tions are fixed. The following theorem gives an alternative expression based on Lagrange
duality [38].

Theorem 2.4. The error exponent in (2.28) can be expressed as

Ecost
r (Q,R, {al}) = max

ρ∈[0,1]
Ecost

0 (Q, ρ, {al})− ρR, (2.29)

where

Ecost
0 (Q, ρ, {al}) , sup

s≥0,{rl},{rl}
− logE

[(E
[
q(X,Y )se

∑L
l=1 rl(al(X)−φl) |Y

]
q(X,Y )se

∑L
l=1 rl(al(X)−φl)

)ρ]
(2.30)

and (X,Y,X) ∼ Q(x)W (y|x)Q(x).

Proof. See Section 2.10.2.

The derivation of (2.29)–(2.30) via Theorem 2.3 is useful for proving ensemble tightness,
but has the disadvantage of being applicable only in the case of finite alphabets. We proceed by
giving a direct derivation that does not prove ensemble tightness, but that extends immediately
to more general alphabets (see Section 2.9 for further discussion).

Applying (2.21) and min{1, α} ≤ αρ (ρ ∈ [0, 1]) to rcus in (2.8), we obtain

pe(n,M) ≤ 1

µ1+ρn

Mρ
∑

x∈Dn,y
Qn(x)Wn(y|x)

(∑
x∈Dn Q

n(x)qn(x,y)s

qn(x,y)s

)ρ
, (2.31)

where Qn(x) ,
∏n
i=1Q(xi). From (2.22), each codeword x ∈ Dn satisfies

er(a
n
l (x)−nφl)e|r|δ ≥ 1 (2.32)

for any real number r, where anl (x) ,
∑n

i=1 al(xi). Weakening (2.31) by applying (2.32)
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multiple times, we obtain

pe(n,M) ≤ eρ
∑
l(|rl|+|rl|)δ

µ1+ρn

Mρ
∑

x∈Dn,y
Qn(x)Wn(y|x)

×
(∑

x∈Dn Q
n(x)qn(x,y)se

∑
l rl(a

n
l (x)−nφl)

qn(x,y)se
∑
l rl(a

n
l (x)−nφl)

)ρ
, (2.33)

where {rl} and {rl} are arbitrary. Further weakening (2.33) by replacing the summations over
Dn by summations over all sequences, and expanding each term in the outer summation as
product from 1 to n, we obtain

pe(n,M) ≤ eρ
∑
l(|rl|+|rl|)δ

µ1+ρn

Mρ

(∑
x,y

Q(x)W (y|x)
(∑

xQ(x)q(x, y)se
∑
l rl(al(x)−φl)

q(x, y)se
∑
l rl(al(x)−φl)

)ρ)n
.

(2.34)
Since µn decays to zero subexponentially in n (cf. Proposition 2.1), we conclude that the
prefactor in (2.34) does not affect the exponent. Setting M = ⌊enR⌋, we obtain (2.29).

The preceding analysis can be considered a refinement of that of Shamai and Sason [37],
who showed that an achievable error exponent for L = 1 is given by

Ecost′
r (Q,R, a1) , max

ρ∈[0,1]
Ecost′

0 (Q, ρ, a1)− ρR, (2.35)

where

Ecost′
0 (Q, ρ, a1) , sup

s≥0
− logE

[(
E[q(X,Y )sea1(X) |Y ]

q(X,Y )sea1(X)

)ρ]
. (2.36)

By setting r1 = r1 = 1 in (2.30), we see that Ecost
r with L = 1 is at least as high as Ecost′

r . In
Section 2.4.4, we show that the former can be strictly higher.

2.4.2 i.i.d. and Constant-Composition Ensembles

Setting L = 0 in (2.30), we recover the exponent of Kaplan and Shamai [36], namely

Eiid
r (Q,R) , max

ρ∈[0,1]
Eiid

0 (Q, ρ)− ρR, (2.37)

where

Eiid
0 (Q, ρ) , sup

s≥0
− logE

[(E
[
q(X,Y )s |Y

]
q(X,Y )s

)ρ]
. (2.38)
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In the special case of constant-composition random coding (see (2.23)), the constraints
E
P̃
[al(X)] = φl for l = 1, . . . , |X | yield PX = Q and P̃X = Q in (2.25) and (2.26) respec-

tively, and thus (2.28) coincides with Csiszár’s exponent for constant-composition coding [6].
Hence, we have proved that the exponents of [6, 36] are ensemble-tight.

We henceforth denote the exponent for the constant-composition ensemble by Ecc
r (Q,R).

We claim that
Ecc

r (Q,R) = max
ρ∈[0,1]

Ecc
0 (Q, ρ)− ρR, (2.39)

where

Ecc
0 (Q, ρ) = sup

s≥0,a(·)
E

[
− logE

[(E
[
q(X,Y )sea(X) |Y

]
q(X,Y )sea(X)

)ρ ∣∣∣∣X]
]
. (2.40)

To prove this, we first note from (2.23) that

∑
l

rl(al(x)− φl) =
∑
x̃

rx̃(1{x = x̃} −Q(x̃)) (2.41)

= r(x)− φr, (2.42)

where (2.41) follows since φl = EQ[1{x = l}] = Q(l), and (2.42) follows by defining r(x) , rx

and φr , EQ[r(X)]. Defining r(x) and φr in a similar fashion, we obtain the following E0

function from (2.30):

Ecc
0 (Q, ρ) , sup

s≥0,r(·),r(·)
− log

∑
x,y

Q(x)W (y|x)
(∑

xQ(x)q(x, y)ser(x)−φr

q(x, y)ser(x)−φr

)ρ
(2.43)

≤ sup
s≥0,r(·),r(·)

−
∑
x

Q(x) log
∑
y

W (y|x)
(∑

xQ(x)q(x, y)ser(x)−φr

q(x, y)ser(x)−φr

)ρ
(2.44)

= sup
s≥0,r(·)

−
∑
x

Q(x) log
∑
y

W (y|x)
(∑

xQ(x)q(x, y)ser(x)

q(x, y)ser(x)

)ρ
, (2.45)

where (2.44) follows from Jensen’s inequality, and (2.45) follows by using the definitions of
φr and φr to write

−
∑
x

Q(x) log

(
e−φr

er(x)−φr

)ρ
= −

∑
x

Q(x) log

(
1

er(x)

)ρ
= ρφr. (2.46)

Renaming r(·) as a(·), we see that (2.45) coincides with (2.40). It remains to show that equality
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holds in (2.44). For ρ > 0, this is seen by noting that the choice

r(x) =
1

ρ
log
∑
y

W (y|x)
(∑

xQ(x)q(x, y)ser(x)

q(x, y)s

)ρ
(2.47)

makes the argument to the logarithm in (2.44) independent of x, thus ensuring that Jensen’s
inequality holds with equality. The case ρ = 0 is trivial.

2.4.3 Achievable Rates

Achievable rates can be obtained from both the primal and dual exponents. The methods for
doing this are well-understood [2, 6, 27, 36], so we provide only an outline here. In the primal
domain, we observe that the objective in (2.28) is positive whenever the optimizing PXY differs
from Q × W . Moreover, similarly to [6, Lem. 1], min

P̃XY ∈T (PXY ,{al})
D(P̃XY ∥Q × P̃Y ) is

continuous in PXY , and hence taking PXY → Q×W yields the rate

min
P̃XY ∈T (Q×W,{al})

D(P̃XY ∥Q× P̃Y ). (2.48)

In particular, this yields the GMI in (1.12) under the i.i.d. ensemble, and the LM rate in (1.10)
under the constant-composition ensemble.

In the dual domain, we obtain an achievable rate similarly to [2, Ch. 5] by evaluating the
partial derivative of the objective in (2.30) at ρ = 0, yielding the rate

sup
s≥0,{rl},{rl}

E

[
log

q(X,Y )se
∑
l rl(al(X)−φl)

E[q(X,Y )se
∑
l rl(al(X)−φl) |Y ]

]
. (2.49)

In particular, this yields the GMI in (1.11) under the i.i.d. ensemble, and the LM rate in (1.9)
under the cost-constrained ensemble with one optimized auxiliary cost (and also under the
constant-composition ensemble). Similarly, the E0 function in (2.36) yields the rate

sup
s≥0

E

[
log

q(X,Y )sea1(X)

E[q(X,Y )sea1(X) |Y ]

]
. (2.50)

Once again, this yields the LM rate when a1(·) is optimized, though if a1(·) is chosen subopti-
mally then it may be strictly smaller than (2.49) with L = 1.
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2.4.4 Number of Auxiliary Costs Required

We claim that
Eiid

r (Q,R) ≤ Ecost
r (Q,R, {al}) ≤ Ecc

r (Q,R). (2.51)

The first inequality follows by setting rl = rl = 0 in (2.30), and the second inequality follows
by setting r(x) =

∑
l rlal(x) and r(x) =

∑
l rlal(x) in (2.30), and upper bounding the objective

by taking the supremum over all r(·) and r(·) to recover Ecc
0 in the form given in (2.43).

Here we study the number of auxiliary costs required for cost-constrained random coding
to achieve Ecc

r . Such an investigation is of interest in gaining insight into the structure of the
codebook, and since the subexponential prefactor in (2.34) grows at a slower rate when L is
reduced (see Proposition 2.1). Our results are summarized in the following theorem.

Theorem 2.5. Fix the input distribution Q ∈ P(X ) and rate R.

1. For any decoding metric, we have

sup
a1(·),a2(·)

Ecost
r (Q,R, {a1, a2}) = Ecc

r (Q,R) (2.52)

max
Q

sup
a1(·)

Ecost′
r (Q,R, a1) = max

Q
Ecc

r (Q,R). (2.53)

2. If q(x, y) =W (y|x) (ML decoding), then

sup
a1(·)

Ecost
r (Q,R, a1) = Ecc

r (Q,R) (2.54)

sup
a1(·)

Ecost′
r (Q,R, a1) = Eiid

r (Q,R) (2.55)

max
Q

Eiid
r (Q,R) = max

Q
Ecc

r (Q,R). (2.56)

Proof. We have from (2.51) that Ecost
r ≤ Ecc

r . To obtain the reverse inequality corresponding
to (2.52), we set L = 2, r1 = r2 = 1 and r1 = r2 = 0 in (2.30). The resulting objective
coincides with (2.43) upon identifying a1(·) = r(·) and a2(·) = r(·).

We now turn to the proof of (2.53). In Section 2.10.3, we show that for any s > 0 and ρ > 0,
the logarithm in (2.40) takes the same value for all x such that Q(x) > 0 upon optimizing Q
and a(·). It follows that the objective in (2.40) is unchanged when the expectation with respect
to X is moved inside the logarithm, thus yielding the objective in (2.36).
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We claim that, under ML decoding, we can write Ecc
0 as

Ecc
0 (Q, ρ) = sup

a(·)
− log

∑
y

(∑
x

Q(x)W (y|x)
1

1+ρ ea(x)−φa
)1+ρ

, (2.57)

where φa , EQ[a(X)]. To show this, we make use of the form of Ecc
0 given in (2.43), and write

the summation inside the logarithm as

∑
y

(∑
x

Q(x)W (y|x)1−sρe−ρ(r(x)−φr)
)(∑

x

Q(x)W (y|x)ser(x)−φr
)ρ
. (2.58)

We now follow [2, Ex. 5.6] and apply Hölder’s inequality:

(∑
i

α
1

1+ρ

i β
1

1+ρ

i

)1+ρ

≤
(∑

i

αi

)(∑
i

β
1
ρ

i

)ρ
. (2.59)

Identifying αi = Q(x)W (y|x)1−sρe−ρ(r(x)−φr) and βi =
(
Q(x)W (y|x)ser(x)−φr

)ρ, we conclude
that (2.58) is lower bounded by

∑
y

(∑
x

Q(x)W (y|x)
1

1+ρ er̃(x)−φr̃
)1+ρ

, (2.60)

where r̃(x) , ρ
1+ρ(r(x) − r(x)), and φr̃ , EQ[r̃(X)]. The necessary and sufficient condition

for equality is that αρi = ζβi for all i and some ζ [2, Ex. 4.15]. Some simple manipulations
show that this holds provided that s = 1

1+ρ and r(·) = −ρr(·). Renaming r̃(·) as a(·), we obtain
(2.57). We can clearly achieve Ecc

r using L = 2 with the cost functions r(·) and r(·). However,
since we have chosen one to be a scalar multiple of the other, we conclude that L = 1 suffices.

A similar argument using Hölder’s inequality reveals that the objective in (2.36) is maxi-
mized by s = 1

1+ρ and a1(·) = 0, and the objective in (2.38) is maximized by s = 1
1+ρ , thus

yielding (2.55). Finally, combining (2.53) and (2.55), we obtain (2.56).

Equation (2.52) shows that the cost-constrained ensemble recovers Ecc
r using at most two

auxiliary costs. In fact, this remains true even in the generalization to more general alphabets;
see Section 2.9 for further discussion.

If the input distribution or decoding rule is optimized, then L = 1 suffices (see (2.53) and
(2.54)), and if both are optimized then L = 0 suffices (see (2.56)). The latter result is well-
known [56], and is stated for completeness. While (2.53) shows that Ecost

r and Ecost′
r coincide

when Q is optimized, (2.54)–(2.55) show that the former can be higher for a given Q even
when L = 1, since Ecc

r can exceed Eiid
r even under ML decoding [56].
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2.5 Second-Order Coding Rates

In this section, we present achievable second-order coding rates (cf. Section 1.2.2) for the
ensembles given in Section 2.3, i.e. expansions of the form (1.28) with the equality re-
placed by ≥. To distinguish between the ensembles, we define M iid(Q,n, ϵ), M cc(Q,n, ϵ) and
M cost(Q,n, ϵ) to be the maximum number of codewords of length n such that the random-
coding error probability does not exceed ϵ for the i.i.d., constant-composition and cost-
constrained ensembles respectively, using the input distribution Q.

2.5.1 Cost-Constrained Ensemble

We make use of the following generalization of i(x, y) in (1.29) to the mismatched setting:

is,a(x, y) , log
q(x, y)sea(x)∑

xQ(x)q(x, y)sea(x)
, (2.61)

where s ≥ 0 and a(·) are fixed parameters. We define the quantities

Is,a(Q) , E[is,a(X,Y )] (2.62)

Us,a(Q) , Var[is,a(X,Y )] (2.63)

Vs,a(Q) , E
[
Var[is,a(X,Y ) |X]

]
, (2.64)

where (X,Y ) ∼ Q×W . From (1.9), we see that the LM rate is equal to Is,a(Q) after optimizing
s and a(·).

We can relate (2.62)–(2.64) with the E0 functions defined in (2.36) and (2.40). Letting
Ecost′

0 (Q, ρ, s, a) and Ecc
0 (Q, ρ, s, a) denote the corresponding objectives with fixed (s, a) in

place of the supremum, we have

Is,a(Q) =
∂Ecost′

0 (Q, ρ, s, a)

∂ρ

∣∣∣
ρ=0

=
∂Ecc

0 (Q, ρ, s, a)

∂ρ

∣∣∣
ρ=0

(2.65)

Us,a(Q) = −∂
2Ecost′

0 (Q, ρ, s, a)

∂ρ2

∣∣∣
ρ=0

(2.66)

Vs,a(Q) = −∂
2Ecc

0 (Q, ρ, s, a)

∂ρ2

∣∣∣
ρ=0

. (2.67)

The latter two identities generalize a well-known connection between the exponent and dis-
persion in the matched case (e.g. see [61, p. 2337]).

The main result of this section is the following theorem, which considers the cost-
constrained ensemble. Our proof differs from the usual proof using threshold-based random-
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coding bounds [60, 61], but the latter approach can also be used in the present setting [71].
Our analysis can be interpreted as performing a normal approximation of rcus in (2.8).

Theorem 2.6. Fix the input distribution Q ∈ P(X ), and the parameters s ≥ 0 and a(·). Using

the cost-constrained ensemble in (2.21) with L = 2 and

a1(x) = a(x) (2.68)

a2(x) = EW (·|x)[is,a(x, Y )], (2.69)

the following expansion holds:

logM cost(Q,n, ϵ) ≥ nIs,a(Q)−
√
nVs,a(Q)Q−1(ϵ) +O(log n). (2.70)

Proof. Throughout the proof, we make use of the random variables (X,Y,X) ∼
Q(x)W (y|x)Q(x) and (X,Y ,X) ∼ PX(x)Wn(y|x)PX(x), and we write ins,a(x,y) ,∑n

i=1 is,a(xi, yi), and similarly Qn(x) ,
∏n
i=1Q(xi) and an(x) ,

∑n
i=1 a(xi). Probabilities, ex-

pectations, etc. containing a realization x of X are implicitly conditioned on the event X = x.
Starting with Theorem 2.1, we weaken rcus in (2.8) as follows:

rcus(n,M) = E
[
min

{
1, (M − 1)

∑
x∈Dn PX(x)qn(x,Y )s

qn(X,Y )s

}]
(2.71)

≤ E
[
min

{
1,Me2δ

∑
x∈Dn PX(x)qn(x,Y )sea

n(x)

qn(X,Y )sean(X)

}]
(2.72)

≤ E
[
min

{
1,
Me2δ

µn

∑
xQ

n(x)qn(x,Y )sea
n(x)

qn(X,Y )sean(X)

}]
(2.73)

= P
[
ins,a(X,Y ) + logU ≤ log

Me2δ

µn

]
(2.74)

≤ P
[
ins,a(X,Y ) + logU ≤ log

Me2δ

µn
∩ X ∈ An

]
+ P

[
X /∈ An

]
(2.75)

≤ max
x∈An

P
[
ins,a(x,Y ) + logU ≤ log

Me2δ

µn

]
+ P

[
X /∈ An

]
, (2.76)

where (2.72) follows from (2.32), (2.73) follows by substituting the random-coding distribu-
tion in (2.21) and summing over all x instead of x ∈ Dn, and (2.74) follows from the definition
of ins,a and the identity

E[min{1, A}] = P[A ≥ U ], (2.77)

where A is an arbitrary non-negative random variable, and U is uniform on (0, 1) and indepen-
dent of A. Finally, (2.75) holds for any set An by the law of total probability.
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We treat the cases Vs,a(Q) > 0 and Vs,a(Q) = 0 separately. In the former case, we choose

An =

{
x ∈ Dn :

∣∣∣ 1
n
vns,a(x)− Vs,a(Q)

∣∣∣ ≤ ζ

√
log n

n

}
, (2.78)

where ζ is a constant, and vns,a(x) ,
∑n

i=1 vs,a(xi) with

vs,a(x) , Var[is,a(x, Y )]. (2.79)

Using this definition along with that of Dn in (2.22) and the choice of the cost function in
(2.69), we have for any x ∈ An that∣∣∣E[ins,a(x,Y )]− nIs,a(Q)

∣∣∣ ≤ δ (2.80)∣∣∣Var[ins,a(x,Y )]− nVs,a(Q)
∣∣∣ ≤ ζ

√
n log n. (2.81)

Since the moments of logU are finite, this implies∣∣∣E[ins,a(x,Y ) + logU ]− nIs,a(Q)
∣∣∣ = O(1) (2.82)∣∣∣Var[ins,a(x,Y ) + logU ]− nVs,a(Q)
∣∣∣ = O

(√
n log n

)
. (2.83)

Using (2.21) and defining X ′ ∼ Qn(x′), we have

P
[
X /∈ An

]
≤ 1

µn
P
[
X ′ /∈ An

]
. (2.84)

We claim that there exists a choice of ζ such that the right-hand side of (2.84) behaves as
O
(

1√
n

)
, thus yielding

P
[
X /∈ An

]
= O

( 1√
n

)
. (2.85)

Since µn = Ω(n−L/2) (cf. Proposition 2.1), it suffices to show that P[X ′ /∈ An] can be made to
behave as O(n−(L+1)/2) by a suitable choice of ζ. This follows using EQ[vs,a(X)] = Vs,a(Q),
along with the following moderate deviations result of [75, Thm. 2]: Given an i.i.d. sequence
{Zi}ni=1 with E[Zi] = µ and Var[Zi] = σ2 > 0, we have for any η > 0 that

P
[∣∣∣∣ 1n

n∑
i=1

Zi − µ

∣∣∣∣ > ησ

√
log n

n

]
≍ 2

η
√
2π log n

n−η
2/2 (2.86)

provided that E[Zη
2+2+δ′

i ] < ∞ for some δ′ > 0. The latter condition is always satisfied in the
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present setting, since we are considering finite alphabets.
We are now in a position to apply the Berry-Esseen theorem for independent and non-

identically distributed random variables [76, Sec. XVI.5]. The relevant first and second
moments are bounded in (2.82)–(2.83), and the relevant third moment is finite since we are
considering finite alphabets. Choosing

logM = nIs,a(Q)− logµn − 2δ − ξn (2.87)

for some ξn, and also using (2.76) and (2.85), we obtain from the Berry-Esseen theorem that

pe ≤ Q

(
ξn +O(1)√

nVs,a(Q) +O(
√
n log n)

)
+O

( 1√
n

)
. (2.88)

By straightforward rearrangements and a first-order Taylor expansion of the square root func-
tion and the function Q−1, we obtain

ξn ≤
√
nVs,a(Q)Q−1(pe) +O

(√
log n

)
. (2.89)

The proof for the case Vs,a(Q) > 0 is concluded by combining (2.87) and (2.89), and noting
from Proposition 2.1 that logµn = O(log n).

In the case that Vs,a(Q) = 0, we again make use of (2.82), but we handle the variance
differently. From the definition in (2.64), we in fact have Var[is,a(x, Y )] = 0 for all x such that
Q(x) > 0. Thus, for all x ∈ Dn we have Var[ins,a(x,Y )] = 0 and hence Var[ins,a(x,Y )+logU ] =

O(1). Choosing M as in (2.87) and setting An = Dn, we can write (2.76) as

rcus(n,M) ≤ max
x∈Dn

P
[
ins,a(x,Y ) + logU − nIs,a(Q) ≤ −ξn

]
(2.90)

≤ O(1)

(ξn −O(1))2
, (2.91)

where (2.91) holds by (2.82) and Chebyshev’s inequality provided that ξn is sufficiently large
so that the ξn−O(1) term is positive. Rearranging, we see that we can achieve any target value
ϵ of pe with ξn = O(1). The proof is concluded using (2.87).

Observe that the auxiliary cost in (2.68) represents the parameter a(·) appearing in the LM
rate in (1.9). The second cost in (2.69) plays a more subtle role, ensuring that the empirical
mean of the generalized information density is close to the true mean for all x ∈ Dn, with a
sufficiently small remainder so that the second-order term in (2.70) is not affected.

In Section 2.9, we discuss the extension of the above analysis to input-constrained channels
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with continuous alphabets. The proof is nearly unchanged if all of the moments of is,a(X,Y )

are finite, but we also present an alternative approach (with L > 2) that only requires finite
moments up to the sixth order.

2.5.2 i.i.d. and Constant-Composition Ensembles

The properties of the cost-constrained ensemble used in the proof of Theorem 2.6 are also
satisfied by the constant-composition ensemble, so we conclude that (2.70) remains true when
M cost is replaced by M cc.

The analogous result for i.i.d. coding does not follow directly from Theorem 2.6, since the
proof requires the cost function in (2.69) to be present. However, using similar arguments and
the identities E[ins (X,Y )] = nIs(Q) and Var[ins (X,Y )] = nUs(Q) (where X ∼ Qn), we obtain

logM iid(Q,n, ϵ) ≥ nIs(Q)−
√
nUs(Q)Q−1(ϵ) +O(1) (2.92)

for s ≥ 0, where Is(Q) and Us(Q) are defined as in (2.62)–(2.63) with a(·) = 0.
The constant-composition and cost-constrained ensembles provide two advantages over

the i.i.d. ensemble: the freedom in choosing the parameter a(·), and the conditional variance
in the second-order term instead of the unconditional variance. The latter is advantageous
since Vs,a(Q) ≤ Us,a(Q) (with strict inequality possible), meaning that Vs,a corresponds to a
smaller backoff from the first-order term in (2.70) when ϵ < 1

2 .

2.5.3 Number of Auxiliary Costs Required

In accordance with the dispersion analysis for matched decoding [60, 61], the expansion of
(2.70) is primarily of interest when the free parameters maximize the first-order term. Here we
show that the required number of auxiliary costs can be reduced below the sufficient choice of
L = 2 in such cases.

We first show that L = 1 suffices in the case of ML decoding (i.e. q(x, y) = W (y|x)) when
the pair (s, a) maximizes Is,a(Q). At a high level, this follows by setting s = 1 and a(·) = 0

to obtain Is,a(Q) = I(X;Y ), and noting that a1(·) in (2.68) is not needed, since it equals zero.
For completeness, we must also show that no other choices yield an improved second-order
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term in (2.70). Defining P̃ (x|y) , Q(x)W (y|x)∑
xQ(x)W (y|x) and P̃s,a(x|y) , Q(x)W (y|x)sea(x)∑

xQ(x)W (y|x)sea(x) , we have

Is,a(Q) =
∑
x,y

Q(x)W (y|x) log P̃ (x|y)
Q(x)

P̃s,a(x|y)
P̃ (x|y)

(2.93)

= I(X;Y )−
∑
x,y

Q(x)W (y|x) log P̃ (x|y)
P̃s,a(x|y)

, (2.94)

where (2.93) follows from simple algebraic manipulations. The second term in (2.94) is a di-
vergence, and is this non-negative and equal to zero if and only if P̃ (x|y) = P̃s,a(x|y) wherever
Q(x)W (y|x) > 0. Writing the information density in (1.29) as i(x, y) = log P̃ (x|y)

Q(x) , and simi-

larly writing is,a(x, y) = log
P̃s,a(x|y)
Q(x) , we obtain the equivalent condition that i(x, y) = is,a(x, y)

wherever Q(x)W (y|x) > 0. Thus, any choice of (s, a) maximizing Is,a(Q) yields Vs,a(Q) =

E
[
Var[i(X,Y ) |X]

]
, and hence all such choices yield the same second-order term in (2.70).

Next, we claim that the expansion in (2.70) holds for an arbitrary decoding metric even in
the absence of the auxiliary cost in (2.69), provided that the triplet (Q, s, a) maximizes Is,a(Q).
This follows from the observation that EW (·|x)[is,a(x, Y )] takes the same value for all x such
that Q(x) > 0 under any such parameters; see Section 2.10.3 for the proof. Stated differently,
we have Vs,a(Q) = Us,a(Q) for any triplet (Q, s, a) maximizing Is,a(Q), thus generalizing the
analogous result for ML decoding [61, Lemma 62].

We observe that the number of auxiliary costs required to obtain (2.70) coincides with that
of the random-coding exponent (see Theorem 2.5): L = 2 suffices in general, L = 1 suffices if
the metric or input distribution is optimized, and L = 0 (i.i.d. coding) suffices when both are
optimized.

2.6 Moderate Deviations

In this section, we consider the moderate deviations regime, which was introduced in Section
1.2.3. We again focus on the cost-constrained ensemble. We make use of the definitions of
is,a(x, y), Is,a(Q) and Vs,a(Q) in (2.61), (2.62) and (2.64), and we again let

Ecc
0 (Q, ρ, s, a) , −

∑
x

Q(x) log
∑
y

W (y|x)e−ρis,a(x,y) (2.95)

denote the objective in (2.40) with fixed parameters in place of the supremum. In contrast to
the preceding sections, we consider auxiliary costs that vary with n in (2.21)–(2.22).



2.6 Moderate Deviations 38

Theorem 2.7. Fix the input distribution Q ∈ P(X ), the parameters s ≥ 0 and a(·), and a

sequence ψn such that ψn = o(1) and ψn = ω
(

1√
n

)
. Suppose that Vs,a(Q) > 0, and define

ρn , ψn
Vs,a(Q) . Using the cost-constrained ensemble in (2.21) with L = 2 and

a1(x) = a(x) (2.96)

a2(x) = a2,n(x) = log
∑
y

W (y|x)e−ρnis,a(x,y), (2.97)

we have

lim inf
n→∞

− 1

nψ2
n

log pe
(
n, ⌊en(Is,a(Q)−ψn)⌋

)
≥ 1

2Vs,a(Q)
. (2.98)

Proof. Let n be sufficiently large so that ρn ∈ [0, 1]. Applying the inequality min{1, ζ} ≤ ζρn

to (2.73) and using the definition of is,a(x, y) in (2.61), we obtain

pe(n,Mn) ≤ M̃ρn
n

∑
x,y

PX(x)Wn(y|x)e−ρnins,a(x,y) (2.99)

= M̃ρn
n

∑
x

PX(x) exp

(
log
∑
y

Wn(y|x)e−ρnins,a(x,y)
)
, (2.100)

where M̃n , Mne2δ

µn
. Combining the choice of a2(·) in (2.97) (depending on n) with (2.95),

(2.100), and the definition of Dn in (2.22), we obtain

pe(n,Mn) ≤ M̃ρn
n e

−nEcc
0 (Q,ρn,s,a)+δ (2.101)

= e−n(E
cc
0 (Q,ρn,s,a)−ρnR̃n)+δ, (2.102)

where R̃n , 1
n log M̃n.

We now Taylor expand the function Ecc
0 similarly to [63]. Using the derivatives given in

(2.65) and (2.67), we have the following:

Ecc
0 (Q, ρn, s, a) = ρnIs,a(Q)− ρ2n

2
Vs,a(Q) +O(ρ3n). (2.103)

Substituting (2.103) into (2.102) and recalling that ρn = ψn
Vs,a(Q) , we obtain

pe(n,Mn) ≤ e
−n
(

ψn
Vs,a(Q)

(Is,a(Q)−R̃n)−
ψ2
n

2Vs,a(Q)
+O(ψ3

n)
)
+δ
. (2.104)

In accordance with the theorem statement, we set Mn = en(Is,a(Q)−ψn); we assume this to
be an integer for notational convenience, and the general case follows similarly. Using the
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definitions of M̃n and R̃n following (2.100) and (2.102) respectively, we obtain

ψn
Vs,a(Q)

(Is,a(Q)− R̃n) =
ψn

Vs,a(Q)

(
ψn −

2δ

n
+

1

n
logµn

)
, (2.105)

and hence (2.104) becomes

pe(n,Mn) ≤ e
−n
(

ψ2
n

2Vs,a(Q)
+ ψn
nVs,a(Q)

(log µn−2δ)+O(ψ3
n)
)
+δ
. (2.106)

It remains to show that the exponent is dominated by the term containing ψ2
n

2Vs,a(Q) . It is easily
seen that the terms O(ψ3

n) and δ are insignificant due to the assumptions ψn = o(1) and ψn =

ω
(

1√
n

)
respectively, so it remains to handle the term ψn

nVs,a(Q)(logµn − 2δ).
Proposition 2.1 is stated for fixed auxiliary costs, whereas in the present case, a2(·) varies

with n. However, we can simply make use of the fact that µn ≥ (n+1)−(|X |−1), which follows
using types as stated before Proposition 2.1 (A more general approach not relying on types
will be given in Section 2.9). We therefore have logµn = O(log n), and hence

ψn
nVs,a(Q)

(
logµn − 2δ

)
= O

(ψn log n
n

)
(2.107)

= O
(
ψ2
n

log n√
n

)
, (2.108)

where (2.108) follows since ψn = ω
(

1√
n

)
. Since logn√

n
→ 0, the proof is complete.

The key step in the preceding proof is choosing the second auxiliary cost in order to obtain
the exponential bound in (2.102) without the polynomial prefactor given in (2.34). This is in
contrast with [63], where Gallager’s bound for i.i.d. coding is used, and the prefactor arises as
a constant using standard techniques [2, Ch. 5].

Analogously to the previous two sections, the preceding analysis remains valid for the
constant-composition ensemble, and a similar analysis can be performed for the i.i.d. ensem-
ble, with Is(Q) and Us(Q) replacing Is,a(Q) and Vs,a(Q) respectively. We again proceed by
presenting conditions under which the number of auxiliary costs can be reduced.

We claim that, under ML decoding with a fixed input distribution, we can obtain (2.98)
with Is,a(Q) = I(X;Y ) and Vs,a(Q) = V (Q) , E

[
Var[i(X,Y ) |X]

]
(where i(·, ·) is defined in

(1.29)) even when L = 1, provided that V (Q) > 0. To see this, we use (2.54) in Theorem 2.5
to conclude that the following holds when the auxiliary cost a1,n(·) is optimized and allowed
to vary with n:

pe(n,Mn) ≤ e−n
(
supsn,an(·) E

cc
0 (Q,ρn,sn,an)−ρnR̃n

)
+δ, (2.109)
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where we now have ρn = ψn
V (Q) . Note that R̃n is bounded independently of (s, a) in the proof of

Theorem 2.7, and thus there are no uniformity issues in (2.109). We obtain the desired result
by lower bounding the supremum by the specific choices sn = 1 and an(·) = 0, and repeating
the analysis following (2.102).

Consider now the case of a general decoding metric, and suppose that we use cost-
constrained random coding (L = 1) with an input distribution Qn and auxiliary cost a1,n(·)
that are optimized and allowed to vary with n. We claim that (2.98) holds for any (Q, s, a)

maximizing Is,a(Q), provided that Vs,a(Q) > 0. To see this, we note that similarly to the
previous paragraph, (2.53) in Theorem 2.5 implies the following:

pe(n,Mn) ≤ e−n
(
supQnsn,an(·) E

cc
0 (Qn,ρn,sn,an)−ρnR̃n

)
+δ, (2.110)

where ρn = ψn
Vs,a(Q) . Once again, we obtain the desired result by lower bounding the supremum

by the specific choice (Q, s, a), and repeating the analysis following (2.102).
Finally, we note that L = 0 (i.i.d. coding) suffices to obtain (2.98) with Is,a(Q) and Vs,a(Q)

equal to the channel capacity and dispersion respectively, provided that the latter is positive
[63, 64].

2.7 Expurgated Error Exponents

As discussed in Section 1.2.1, expurgation techniques are useful for obtaining improved
random-coding bounds and exponents at low rates. In this section, we derive expurgated error
exponents using the non-asymptotic bounds given in Theorem 2.2. We follow the general ap-
proach of Section 2.4, focusing on the cost-constrained ensemble, and stating the results for
the i.i.d. and constant-composition ensembles as special cases.1

2.7.1 Cost-Constrained Ensemble

Reusing the notation of Section 2.4, we define the sets

S({al}) ,
{
PXX ∈ P(X × X ) : EP [al(X)] = EP [al(X)] = φl, l = 1, . . . , L

}
(2.111)

T ({al}) ,
{
PXXY ∈ P(X × X × Y) : PXX ∈ S({al}),

EP [log q(X,Y )] ≥ EP [log q(X,Y )]
}
, (2.112)

1Parts of this subsection were done in collaboration with Li Peng, particularly those regarding (2.118).
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which implicitly depend on Q through {φl}. Using the bounds rcuxρ and rcuxρ,s given in
Theorem 2.2, we have the following.

Theorem 2.8. For any input distribution Q ∈ P(X ), auxiliary costs {al}Ll=1, and rate R > 0,

the following holds under the codeword distribution in (2.21):

sup
ρ≥1

lim
n→∞

− 1

n
log rcuxρ(n, ⌊enR⌋) = Ecost

ex (Q,R, {al}), (2.113)

where

Ecost
ex (Q,R) , min

PXXY ∈T ({al})
D(PXX∥Q×Q)≤R

D(PXXY ∥Q×Q×W )−R, (2.114)

and where Q×Q×W denotes the joint distribution Q(x)Q(x)W (y|x).

Proof. See Section 2.10.4.

For a fixed input distribution and set of cost functions, the optimization problem in (2.114)
is convex, thus permitting the following alternative forms based on Lagrange duality.

Theorem 2.9. For any input distribution Q ∈ P(X ), auxiliary costs {al}, and rate R, we have

Ecost
ex (Q,R, {al}) = sup

s≥0
min

PXX∈S({al}) :
D(PXX∥Q×Q)≤R

EP [ds(X,X)] +D(PXX∥Q×Q)−R (2.115)

= sup
ρ≥1

Ecost
x (Q, ρ, {al})− ρR, (2.116)

where

ds(x, x) , − logE
[(

q(x, Y )

q(x, Y )

)s ∣∣∣X = x

]
(2.117)

Ecost
x (Q,R, {al}) , sup

s≥0,{rl},{rl}
−ρ logE

[(
E
[(

q(X,Y )

q(X,Y )

)s e∑L
l=1 rl(al(X)−φl)

e
∑L
l=1 rl(al(X)−φl)

∣∣∣X,X])1/ρ]
(2.118)

with (X,Y,X) ∼ Q(x)W (y|x)Q(x)

Proof. See Section 2.10.5.

Observe that there are strong similarities between the equivalences in Theorem 2.9 and
those in (1.24)–(1.27). However, the former have the notable advantage of holding for any
input distribution and decoding metric, whereas (1.24)–(1.27) correspond to ML decoding
with an optimized input distribution.
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Similarly to Section 2.4, it is of interest to provide a direct derivation of Ecc
ex in the form

given in (2.116) without relying on types, thus permitting generalizations beyond the finite
alphabet case. We start with (2.14), and write

rcuxρ,s(n,M)1/ρ = 4(M − 1)
∑
x,x

PX(x)PX(x)

(∑
y

Wn(y|x)
(
qn(x,y)

qn(x,y)

)s)1/ρ

(2.119)

≤̇M
∑
x,x

PX(x)PX(x)

(∑
y

Wn(y|x)
(
qn(x,y)

qn(x,y)

)s e∑L
l=1 rl(a

n
l (x)−nφl)

e
∑L
l=1 rl(a

n
l (x)−nφl)

)1/ρ

(2.120)

≤̇M
∑
x,x

Qn(x)Qn(x)

(∑
y

Wn(y|x)
(
qn(x,y)

qn(x,y)

)s e∑L
l=1 rl(a

n
l (x)−nφl)

e
∑L
l=1 rl(a

n
l (x)−nφl)

)1/ρ

,

(2.121)

where (2.120) holds for any {rl} and {rl} from (2.32), and (2.121) follows from (2.21) and
Proposition 2.1. We obtain (2.118) by setting M = ⌊enR⌋, expanding each term in (2.121) as
a product from 1 to n and taking the supremum over ρ, s, {rl} and {rl}.

2.7.2 i.i.d. and Constant-Composition Ensembles

Setting L = 0 in (2.118), we obtain the exponent

Eiid
ex (Q,R) , sup

ρ≥1
Eiid

x (Q, ρ)− ρR, (2.122)

where

Eiid
x (Q, ρ) , sup

s≥0
−ρ logE

[(
E
[(

q(X,Y )

q(X,Y )

)s ∣∣∣X,X])1/ρ]
. (2.123)

The objective in (2.123) is concave in s, and under ML decoding (i.e. q(x, y) = W (y|x)), it is
also unchanged when s is replaced by 1 − s. From these properties, it follows that s = 1

2 is
optimal for ML decoding, and thus the exponent is the same as that of Gallager (cf. (1.24)).

For the expurgated constant-composition ensemble, the constraints on the auxiliary cost
functions in (2.111) reduce to PX = PX = Q, which in turn implies D(PXX∥Q × Q) =

IP (X;X). Thus, (2.114) is precisely the expurgated exponent of Csiszár and Körner [6] (see
also (1.27)), which we henceforth denote by Ecc

ex(Q,R).
In the case of ML decoding, the alternative expression for Ecc

ex resulting from (2.115) coin-
cides with the exponent of Csiszár-Körner-Marton [55] (see (1.26)); this can be seen by using
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the same reasoning as that following (2.123) to conclude that s = 1
2 is optimal. We claim that

Ecc
ex(Q,R) = sup

ρ≥1
Ecc

x (Q, ρ)− ρR, (2.124)

where

Ecc
x (Q, ρ) = sup

s≥0,a(·)
E

[
− ρ logE

[(
E
[(

q(X,Y )

q(X,Y )

)s ea(X)

ea(X)

∣∣∣X])1/ρ ∣∣∣∣X
]]
. (2.125)

To see this, we follow the steps of (2.43)–(2.46), reusing the notation therein. We obtain the
following Ex function from (2.118):

Ecc
x (Q, ρ) , sup

s≥0,r(·),r(·)
−ρ log

∑
x,x

Q(x)Q(x)

(∑
y

W (y|x)
(
q(x, y)

q(x, y)

)s er(x)−φr
er(x)−φr

)1/ρ

(2.126)

≤ sup
s≥0,r(·),r(·)

−ρ
∑
x

Q(x) log
∑
x

Q(x)

(∑
y

W (y|x)
(
q(x, y)

q(x, y)

)s er(x)−φr
er(x)−φr

)1/ρ

,

(2.127)

where (2.127) follows from Jensen’s inequality. For any s ≥ 0, ρ ≥ 1 and r(·), the choice

r(x) = ρ log
∑
x

Q(x)

(∑
y

W (y|x)
(
q(x, y)

q(x, y)

)s
er(x)−φr

)1/ρ

(2.128)

yields equality in (2.127). Hence, and by writing

−
∑
x

Q(x) log

(
e−φr

er(x)−φr

)1/ρ

= −
∑
x

Q(x) log

(
1

er(x)

)1/ρ

=
φr
ρ
, (2.129)

we see that the supremum over r(·) in (2.126) achieved by (2.128). Renaming r(·) as a(·) and
using the first equality in (2.129), we obtain (2.125).

2.7.3 Number of Auxiliary Costs Required

Similarly to (2.51), we have for any {al} that

Eiid
ex (Q,R) ≤ Ecost

ex (Q,R, {al}) ≤ Ecc
ex(Q,R). (2.130)
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By setting rl = rl = 1 in (2.118) and comparing the resulting expression with (2.126), we see
that the second inequality holds with equality when L = 2 and the costs are optimized. We
proceed by showing that, analogously to Section 2.4.4, this reduces to L = 1 in the case that
the input distribution or decoding metric is optimized.

To show that L = 1 suffices under ML decoding, we extend the argument following
(2.123). Upon setting q(x, y) = W (y|x) and replacing r(·) by −r(·) in (2.126) (which does
not affect the supremum), we obtain

Ecc
x (Q, ρ) = sup

s≥0,r(·),r(·)
−ρ log

∑
x,x

Q(x)Q(x)

(∑
y

W (y|x)1−sW (y|x)ser(x)−φrer(x)−φr
)1/ρ

(2.131)
The objective in (2.131) is jointly concave in s, r(·) and r(·), and it is also unchanged when
these are replaced by 1 − s, r(·) and r(·) respectively. Combining these properties, it follows
that the objective cannot decrease upon replacing s by 1

2 and both r(·) and r(·) by 1
2(r(·)+r(·)).

Thus, the two auxiliary costs have been replaced by one without decreasing the objective, and
we conclude that L = 1 suffices.

Consider now the case of a general decoding metric with an optimized input distribution.
In Section 2.10.3, we show that for any s > 0 and ρ ≥ 1, r(x0) in (2.128) takes the same
value for all x with Q(x) > 0 upon optimizing Q and a(·). Since we identified a2(·) with r(·)
following (2.130), we conclude that L = 1 suffices.

Finally, as is seen in (1.24)–(1.27), L = 0 (namely, i.i.d. coding) suffices to achieve Ecc
ex

under ML decoding with an optimized input distribution Q.

2.8 Numerical Example

Here we provide a numerical example comparing the random-coding and expurgated expo-
nents of Sections 2.4 and 2.7. We consider the channel described by the entries of the |X |×|Y|
matrix 

1− 2δ0 δ0 δ0

δ1 1− 2δ1 δ1

δ2 δ2 1− 2δ2

 (2.132)

with X = Y = {0, 1, 2}. The mismatched decoder chooses the codeword that is closest to
y in terms of Hamming distance. For example, the decoding metric can be taken to be the
entries of the matrix in (2.132) with δi replaced by δ ∈ (0, 13) for i = 1, 2, 3. We let δ0 = 0.01,
δ1 = 0.05, δ2 = 0.25 and Q = (13 ,

1
3 ,

1
3). Under these parameters, we have IGMI(Q) = 0.643 and

ILM(Q) = 0.728 bits/use.
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Figure 2.1 Error exponents for the channel defined in (2.132) with δ0 = 0.01, δ1 = 0.05,
δ2 = 0.25 and Q = (13 ,

1
3 ,

1
3). The mismatched decoder uses the minimum Hamming distance

metric. The corresponding achievable rates IGMI(Q) and ILM(Q) are respectively marked on
the horizontal axis.

We evaluate the exponents using the software YALMIP [77]. The exponents under consid-
eration are defined in Sections 2.4 and 2.7 with the exception of Ecost′

ex , which is obtained from
(2.118) by setting L = 1 and r1 = r1 = 1. Thus, it is related to Ecost′

r (see (2.35)) in the same
way that Ecc

ex is related to Ecc
r (see (2.39) and (2.124)). For both Ecost′

r and Ecost′
ex , we optimize

the auxiliary cost a1(·).
As expected, Figure 2.1 shows that Ecc

r and Ecc
ex are the highest exponents, with the latter

dominating at low rates. The exponents Ecost′
r and Ecost′

ex are only marginally lower, whereas
Eiid

r and Eiid
ex are significantly lower. Moreover, Eiid

r achieves the GMI, whereas Ecc
r and Ecost′

r

achieve the LM rate. Interestingly, all of the expurgated exponents approach the same value
as R→ 0. This behavior is in fact always observed, as was proved in [69, Thm. 4].

We did not plot Ecost
r and Ecost

ex with L = 1 and an optimized auxiliary cost, since in this
example the resulting curves were indistinguishable from Ecc

r and Ecc
ex. However, in [68], we

show that under other input distributions there may be a visible gap, as well as a larger gap
between Ecc

r and Ecost′
r .
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2.9 Extensions to Channels with Input Constraints and More
General Alphabets

Suppose that each codeword x is constrained to satisfy 1
n

∑n
i=1 c(xi) ≤ Γ for some (system)

cost function c(·). The finite-length bounds in Section 2.2 remain valid under any codeword
distribution PX that satisfies the constraint with probability one.

The i.i.d. ensemble is no longer suitable, since in all non-trivial cases it has a positive
probability of producing codewords that violate the constraint. On the other hand, the results
for the constant-composition ensemble remain unchanged provided that

∑
xQ(x)c(x) ≤ Γ.

For the cost-constrained ensemble, the extensions are less trivial but still straightforward.
The main change required is a modification of the definition of Dn in (2.22) to include a
constraint on 1

n

∑n
i=1 c(xi). Unlike the auxiliary costs in (2.22), where the sample mean can

be above or below the true mean, the system cost of each codeword should be constrained to
be less than or equal to its mean. That is, the additional constraint is given by

1

n

n∑
i=1

c(xi) ≤ φc ,
∑
x

Q(x)c(x). (2.133)

Using this modified definition of Dn, one can prove the subexponential behavior of µn in
Proposition 2.1 provided that Q is such that φc ≤ Γ. We proceed by outlining how the analysis
and results of Sections 2.4–2.7 are affected when the alphabets need not be finite and the
above modification is made. The input distribution Q and channel W may represent discrete
transition laws, density functions, or a mixture of the two; where necessary, the summations
should be replaced by integrals.

We first observe that the dual-domain error exponent analysis in Sections 2.4 and 2.7 is un-
changed provided that E[c(X)2] < ∞ and E[al(X)2] < ∞ for each l = 1, . . . , L, in accordance
with Proposition 2.1.

The analysis of the second-order coding rate (cf. Section 2.5) requires more care. In par-
ticular, the moderate deviations result [75, Thm. 2], which was used in the proof of Theorem
2.6, requires finite moments up to a certain order depending on ζ in (2.78). In the case that all

moments of is,a(X,Y ) are finite, the analysis of Section 2.5.1 is nearly unchanged, except that
the third absolute moment should be bounded in the set An in (2.78) in the same way as the
second moment. An alternative approach is to introduce two further auxiliary costs into the
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cost-constrained ensemble, namely

a3(x) = vs,a(x) (2.134)

a4(x) = E
[
|is,a(x, Y )− Ix|3

]
, (2.135)

where vs,a is defined in (2.79), Ix , E[is,a(x, Y )], and each expectation is taken with respect
to W (·|x). Under these choices, the relevant second and third moments for the Berry-Esseen
theorem are bounded within Dn similarly to (2.82). The only further requirement (along with
EQ[c(X)2] < ∞ and EQ[a(X)2] < ∞) is that EQ×W [is,a(X,Y )6] < ∞, in accordance with
Proposition 2.1.

With the preceding modifications, the techniques in Section 2.5 provide, to our knowledge,
the most general known second-order achievability proof for memoryless input-constrained
channels with infinite or continuous alphabets.2 For example, when specialized to the addi-
tive white Gaussian noise (AWGN) channel with a maximal power constraint, we obtain the
achievability part of the dispersion given by Polyanskiy et al. [61], thus providing a simple
alternative to the proof therein based on the κβ bound.

For the moderate deviations analysis (cf. Section 2.6), there remains the issue that Proposi-
tion 2.1 is stated only for auxiliary costs not depending on n. Here we present a simple modifi-
cation showing that Theorem 2.7 remains valid provided that EQ[c(X)2] <∞, EQ[a(X)2] <∞,
and the auxiliary cost a2(·) in (2.97) (depending on ρ) satisfies EQ[a2(X)2] < ∞ uniformly in
ρ ∈ [0, η], where η is an arbitrarily small positive constant.

We relax the constraints on al(·) in Dn (cf. (2.22)) to the following:

∣∣∣∣ 1n
n∑
i=1

al(xi)− φl

∣∣∣∣ ≤ δψ2
n, (2.136)

where ψn appears in the statement of Theorem 2.7. It is readily verified using Chebyshev’s
inequality and the assumption ψn = ω

(
1√
n

)
that the probability of an i.i.d. vector X ′ ∼ Qn

violating (2.136) tends to zero. Thus, recalling that the constraint in (2.133) is present in Dn,
the normalizing constant µn in (2.21) tends to 1

2 .
The remainder of the analysis is nearly identical to that of Section 2.6, and leads to the

following analog of (2.106)

pe
(
n, ⌊en(Is,a(Q)−ψn)⌋

)
≤ e

−n
(

ψ2
n

2Vs,a(Q)
+ ψn
Vs,a(Q)

( 1
n
logµn−2δψ2

n)+o(ψ
2
n)+δψ

2
n

)
. (2.137)

2Analogous results were stated in [62], but the generality of the proof techniques therein is unclear. In
particular, the quantization arguments page 4963 therein require that the rate of convergence from I(Xm;Y ) to
I(X;Y ) is sufficiently fast, where Xm is the quantized input variable with a support of cardinality m.
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The desired result follows by taking δ → 0.

2.10 Proofs

2.10.1 Proof of Theorem 2.3

The proof is similar to that of Gallager for ML decoding [56], so we omit some details. The
codeword distribution in (2.21) can be written as

PX(x) =
1

µn

n∏
i=1

Q(xi)1
{
P̂x ∈ Gn

}
, (2.138)

where P̂x is the empirical distribution (type) of x, and Gn is the set of types corresponding to
sequences x ∈ Dn (see (2.22)). We define the sets

Sn(Gn) ,
{
PXY ∈ Pn(X × Y) : PX ∈ Gn

}
(2.139)

Tn(PXY ,Gn) ,
{
P̃XY ∈ Pn(X × Y) : P̃X ∈ Gn,
P̃Y = PY ,EP̃ [log q(X,Y )] ≥ EP [log q(X,Y )]

}
. (2.140)

We have from Theorem 2.1 that pe
.
= rcu. Expanding rcu in terms of types, we obtain

pe
.
=

∑
PXY ∈Sn(Gn)

P
[
(X,Y ) ∈ Tn(PXY )

]
min

{
1,M

∑
P̃XY ∈Tn(PXY ,Gn)

P
[
(X,y) ∈ Tn(P̃XY )

]}
,

(2.141)
where y denotes an arbitrary sequence with type PY . From Proposition 2.1, the normalizing
constant in (2.138) satisfies µn

.
= 1, and hence we can safely proceed from (2.141) as if

the codeword distribution were PX = Qn. Using the properties of types in (A.9)–(A.10), it
follows that the two probabilities in (2.141) behave as e−nD(PXY ∥Q×W ) and e−nD(P̃XY ∥Q×PY )

respectively. Combining this with the fact that the number of joint types grows polynomially
in n, and setting M = ⌊enR⌋, we obtain pe

.
= e−nEr,n(Q,R,Gn), where

Er,n(Q,R,Gn) , min
PXY ∈Sn(Gn)

min
P̃XY ∈Tn(PXY ,Gn)

D(PXY ∥Q×W ) +
[
D(P̃XY ∥Q× PY )−R

]+
.

(2.142)
Using a simple continuity argument (e.g. see [58, Eq. (30)]), we can replace the minimiza-
tions over types by minimizations over joint distributions, and the constraints of the form
|EP [al(X)]− φl| ≤ δ

n can be replaced by EP [al(X)] = φl.
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2.10.2 Proof of Theorem 2.4

We make use of Fan’s minimax theorem [78], which states that mina supb f(a, b) =

supbmina f(a, b) provided that the minimum is over a compact set, f(·, b) is convex in a for all
b, and f(a, ·) is concave in b for all a.

Using the identity [α]+ = maxρ∈[0,1] ρα and Fan’s minimax theorem, the expression in
(2.28) can be written as

Ecost
r (Q,R) = max

ρ∈[0,1]
Êcost

0 (Q, ρ)− ρR, (2.143)

where

Êcost
0 (Q, ρ) , min

PXY ∈S({al})
min

P̃XY ∈T (PXY ,{al})
D(PXY ∥Q×W ) + ρD(P̃XY ∥Q× PY ). (2.144)

It remains to show that Êcost
0 (Q, ρ) = Ecost

0 (Q, ρ). We prove this using parts (i) and (ii) of
Lemma E.2 in Appendix E in succession. After suitable renaming, part (i) of Lemma E.2
reads as follows:

min
P̃XY ∈T (PXY ,{al})

D(P̃XY ∥Q× PY ) = sup
s≥0,{rl}

∑
x,y

PXY (x, y) log
q(x, y)s∑

xQ(x)q(x, y)se
∑
l rl(al(x)−φl)

,

(2.145)
where s and {rl} correspond to the Lagrange multipliers for the constraints E

P̃
[log q(X,Y )] ≥

EP [log q(X,Y )] and E
P̃
[al(X)] = φl respectively. It follows that the minimization in (2.144) is

equivalent to

min
PXY ∈S({al})

sup
s≥0,{rl}

∑
x,y

PXY (x, y)

(
log

PXY (x, y)

Q(x)W (y|x) + ρ log
q(x, y)s∑

xQ(x)q(x, y)se
∑
l rl(al(x)−φl)

)
.

(2.146)
By Fan’s minimax theorem [78], the minimum and supremum can be interchanged, and we
thus consider the minimization of the objective in (2.146) over PXY ∈ S({al}) with s and {rl}
fixed. Using part (ii) of Lemma E.2, this minimization has a dual form given by

sup
{rl}

− log
∑
x,y

PXY (x, y)

(∑
xQ(x)q(x, y)se

∑
l rl(al(x)−φl)

q(x, y)se
∑
l rl(al(x)−φl)

)ρ
, (2.147)

where {rl} correspond to Lagrange multipliers in the same way as {rl}. The proof is concluded
by taking the supremum over s and {rl}.
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2.10.3 Necessary Conditions for the Optimal Parameters

Here we consider the optimization of the achievable rates and error exponents for constant-
composition random coding over the parameters Q and a(·), considering the Karush-Kuhn-
Tucker (KKT) conditions [38, Sec. 5.5.3] corresponding to each. We treat the remaining
parameter s as a constant rather than considering its KKT conditions, since these will not be
needed for the results we provide.

Optimization of Ecc
0 (Q, ρ)

If ρ = 0 then we trivially have Ecc
0 (Q, ρ) = 0, so we assume that ρ > 0. We write the objective

in (2.40) as
Ecc

0 (Q, ρ, s, a) , ρ
∑
x

Q(x)a(x)−
∑
x

Q(x) log f(x), (2.148)

where
f(x) ,

∑
y

W (y|x)q(x, y)−ρs
(∑

x

Q(x)q(x, y)sea(x)
)ρ
. (2.149)

We have the partial derivatives

∂f(x)

∂Q(x′)
=
∑
y

W (y|x)q(x, y)−ρsρ
(∑

x

Q(x)q(x, y)sea(x)
)ρ−1

q(x′, y)sea(x
′) (2.150)

, ρg(x, x′) (2.151)
∂f(x)

∂a(x′)
= ρQ(x′)g(x, x′). (2.152)

We proceed by analyzing the necessary KKT conditions for (Q, a) to maximize Ecc
0 (Q, ρ, s, a).

The KKT condition corresponding to the partial derivative with respect to a(x′) is

ρQ(x′)−
∑
x

Q(x)
ρQ(x′)g(x, x′)

f(x)
= 0, (2.153)

which implies that either Q(x′) = 0 or

∑
x

Q(x)
g(x, x′)

f(x)
= 1. (2.154)

Similarly, the KKT condition corresponding to Q(x′) gives

ρa(x′)− log f(x′)− ρ
∑
x

Q(x)
g(x, x′)

f(x)
− λ = 0 (2.155)
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for all x′ such that Q(x′) > 0, where λ is the Lagrange multiplier associated with the constraint∑
xQ(x) = 1. Substituting (2.154) into (2.155) gives

− log
(
f(x′)e−ρa(x

′)
)
= λ+ ρ. (2.156)

Using the definition of f(·) in (2.149), we see that (2.156) implies that the logarithm in (2.40)
is independent of x.

Optimization of Is,a(Q)

We write Is,a(Q) in (2.62) as

Is,a(Q) = s
∑
x,y

Q(x)W (y|x) log q(x, y)

+
∑
x

Q(x)a(x)−
∑
x,y

Q(x)W (y|x) log
∑
x

Q(x)q(x, y)sea(x) (2.157)

and analyze the KKT conditions associated with the maximization over (Q, a). We omit some
details, since the steps are similar to those above. For all x′ such that Q(x′) > 0, the KKT
condition for a(x′) yields

∑
x,y

Q(x)W (y|x) q(x′, y)sea(x
′)∑

xQ(x)q(x, y)sea(x)
= 1, (2.158)

and the KKT condition for Q(x′) yields

s
∑
y

W (y|x′) log q(x′, y) + a(x′)−
∑
y

W (y|x′) log
∑
x

Q(x)q(x, y)sea(x)

−
∑
x,y

Q(x)W (y|x) q(x′, y)sea(x
′)∑

xQ(x)q(x, y)sea(x)
− λ = 0 (2.159)

where λ is a Lagrange multiplier. Substituting (2.158) into (2.159) and performing some
simple rearrangements, we obtain

∑
y

W (y|x′) log q(x′, y)sea(x
′)∑

xQ(x)q(x, y)sea(x)
= λ+ 1. (2.160)
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Optimization of Ecc
x (Q, ρ)

We again omit the details to avoid repetition with the preceding analysis. We write the objec-
tive in (2.125) in the form

Ecc
x (Q, ρ, s, a) = −ρ

∑
x

Q(x) log
∑
x

Q(x)e(−ds(x,x)+a(x))/ρ +
∑
x

Q(x)a(x), (2.161)

where ds is defined in (2.117). For all x′ such that Q(x′) > 0, we obtain the following KKT
conditions corresponding to a(x′) and Q(x′):

∑
x

Q(x)
e(−ds(x,x

′)+a(x′))/ρ∑
xQ(x)e(−ds(x,x)+a(x))/ρ

= 1 (2.162)

−ρ log
∑
x

Q(x)e(−ds(x
′,x)+a(x))/ρ − ρ

∑
x

Q(x)
e(−ds(x,x

′)+a(x′))/ρ∑
xQ(x)e(−ds(x,x)+a(x))/ρ

+ a(x′) = λ, (2.163)

where λ is a Lagrange multiplier. Combining these, it follows that any optimal pair (Q, a)

must be such that the logarithm in (2.125) is the same for all x such that Q(x) > 0.

2.10.4 Proof of Theorem 2.8

The analysis here is similar to that of Section 2.10.1, and we make use of the definition of the
set Gn therein. Along with the definitions in (2.111)–(2.112), we define

T ′(P̃XX) ,
{
PXXY ∈ P(X × X × Y) : PXX = P̃XX ,EP [log q(X,Y )] ≥ EP [log q(X,Y )]

}
(2.164)

Sn(Gn) ,
{
PXX ∈ Pn(X × X ) : PX ∈ Gn, PX ∈ Gn

}
(2.165)

T ′
n(P̃XX) , T ′(P̃XX) ∩ Pn(X × X × Y). (2.166)

It follows that PXXY ∈ T ({al}) if and only if PXXY ∈ T ′(P̃XX) for some P̃XX ∈ S({al}).
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Using the codeword distribution in (2.21) and expanding (2.13) in terms of types, we obtain

rcuxρ(n,M)1/ρ

.
=M

∑
P̃XX∈Sn(Gn)

P
[
(X,X) ∈ Tn(PXX)

] ∑
PXXY ∈T ′

n(P̃XX)

P
[
(x,x,Y ) ∈ Tn(PXXY )

∣∣∣X = x
]1/ρ

(2.167)
.
=M max

P̃XX∈Sn(Gn)
max

PXXY ∈T ′
n(P̃XX)

exp
(
− nD(PXX∥Q×Q)

)
exp

(
− n

ρ
D
(
PXXY ∥P̃XX ×W

))
(2.168)

.
=M max

PXXY ∈T ({al})
exp

(
− n

(1
ρ
D
(
PXXY ∥PXX ×W

)
+ IP (X;X)

))
, (2.169)

where in (2.167) we define (x,x) to be an arbitrary pair with joint type P̃XX , (2.168) follows
from Proposition 2.1 and the properties of types in (A.11)–(A.12), and (2.169) follows from
the definitions of Sn, T ′

n and T , and by using a continuity argument similar to that of Section
2.10.1. We thus obtain the exponent

sup
ρ≥1

min
PXXY ∈T ({al})

D(PXXY ∥PXX ×W ) + ρ
(
D(PXX∥Q×Q)−R

)
(2.170)

= min
PXXY ∈T ({al})

sup
ρ≥1

D(PXXY ∥PXX ×W ) + ρ
(
D(PXX∥Q×Q)

)
, (2.171)

where (2.171) follows from Fan’s minimax theorem [78], the conditions of which are satisfied
here since the objective is linear in ρ and convex in PXXY . Finally, we obtain (2.114) from
(2.171) using

sup
ρ≥1

ρα =

∞ α > 0

α α ≤ 0
(2.172)

and the identity

D(PXXY ∥Q×Q×W ) = D(PXXY ∥PXX ×W ) +D(PXX∥Q×Q). (2.173)

2.10.5 Proof of Theorem 2.9

Recall the definitions of S({al}), T ({al}) and T ′(P̃XX) in (2.111), (2.112) and (2.164) respec-
tively. We write (2.114) as

Ecc
ex(Q,R) = min

P̃XX∈S({al})
D(PXX∥Q×Q)≤R

min
PXXY ∈T (P̃XX)

D(PXXY ∥P̃XX×W )+D(P̃XX∥Q×Q)−R, (2.174)
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where the objective follows from (2.173). For a given P̃XX ∈ S({al}), the quantity
D(PXX∥Q×Q)−R is constant, and hence we consider the optimization problem

min
PXXY ∈T (P̃XX)

D(PXXY ∥P̃XX ×W ). (2.175)

By part (iii) of Lemma E.2 in Appendix E, this optimization has the same value as

sup
s≥0

−
∑
x,x

P̃XX(x, x) log
∑
y

W (y|x)
(
q(x, y)

q(x, y)

)s
, (2.176)

where s is a Lagrange multiplier. Renaming P̃XX as PXX and adding D(PXX∥Q×Q)−R (see
(2.174)–(2.175)), we obtain the right-hand side of (2.115) with the minimum and supremum
in the opposite order. Using Fan’s minimax theorem [78], we can safely interchange the two.

The second statement (2.116) follows similarly from part (iv) of Lemma E.2. The param-
eter ρ corresponds to the Lagrange multiplier for the constraint D(PXX∥Q×Q) ≤ R, and the
parameters {rl} and {rl} correspond to Lagrange multipliers for the constraints containing the
auxiliary costs.



Chapter 3

Refined Asymptotic Bounds

3.1 Introduction

Error exponents, second-order coding rates and moderate deviations results (see Sections
1.2.1–1.2.3) provide a more refined characterization of the system performance than the ca-
pacity alone. However, they all contain higher-order asymptotic terms that can be significant
at short to moderate block lengths. In this chapter, we seek refined asymptotic results that
characterize some of the higher-order terms.

Early works on characterizing the subexponential prefactor for a given rate under ML
decoding include those of Elias [12], Dobrushin [79] and Shannon [80], who studied specific
channels exhibiting a high degree of symmetry. More recently, Altuğ and Wagner [81–84]
obtained asymptotic prefactors for arbitrary DMCs. The growth rate of the optimal prefactor
is not yet fully understood, but matching achievability and converse results have been provided
for symmetric channels when the rate is above the critical rate [84].

There has also been substantial effort in studying the third-order term in the regime of
fixed error probability, and a complete characterization is known for most DMCs [61, 85–89],
as well as the additive white Gaussian noise (AWGN) channel [61, 90]. The achievability
techniques of Polyanskiy [85, Sec. 3.4.5] will be of particular interest in this chapter.

Throughout the chapter, we consider the setup described in Section 1.1.1, and we use the
random coding bounds and ensembles given in Sections 2.2–2.3. Our main contributions are
as follows:

1. In Section 3.2, we provide refined asymptotic results for (non-expurgated) i.i.d. ran-
dom coding. For the non-asymptotic random-coding bounds rcu and rcus introduced in
Section 2.2, we give saddlepoint approximations [65] that can be computed efficiently,
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and that characterize the asymptotic behavior of the corresponding bounds as n → ∞
at both fixed and varying rates, this unifying the regimes of error exponents, second-
order rates and moderate deviations. In particular, the approximation of rcu is shown
to simultaneously capture the behavior of the third-order term of Polyanskiy at a fixed
error probability [85, Sec. 3.4.5], and the asymptotic prefactor of Altuğ-Wagner [81] at
a fixed rate. Moreover, in the fixed rate setting, a novel characterization of the implied
constant is obtained. Using numerical examples, it is shown that the approximations are
remarkably accurate even at short block lengths.

2. In Section 3.3, we derive Gallager’s expurgated i.i.d. exponent (and its generalization
to mismatched decoding) with a O

(
1√
n

)
prefactor, thus improving on the original O(1)

prefactor. Once again, the implied constant is explicitly characterized.

3. In Section 3.4, we present refined asymptotic bounds for constant-composition random
coding. Under some technical conditions, we derive a fixed-error third-order term and
a fixed-rate prefactor growth rate analogous to those of i.i.d. random coding. Moreover,
we study the reduction in the performance when the technical conditions fail, showing
in particular that a loss for sum channels [1] is unavoidable in general.

Our analysis will make use of several techniques and results from the probability literature,
including strong large deviations, local limit theorems, Edgeworth expansions, and concentra-
tion functions. An introduction to these concepts is given in Appendix C.

Parts of this chapter were presented in [68, 91–93].

3.2 Saddlepoint Approximation for i.i.d. Random Coding

In this section, we obtain estimates of the non-asymptotic bounds rcu and rcus (see Theorem
2.1) based on the saddlepoint approximation [65]. We prove the asymptotic tightness in the
limit of large n for both fixed and varying rates. In particular, the approximations will be seen
to unify the regimes of exponents, second-order coding rates, and moderate deviations, includ-
ing some higher-order terms. We focus on i.i.d. random coding (i.e. PX(x) =

∏n
i=1Q(xi)),

which is particularly amenable to a precise asymptotic analysis.
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3.2.1 Preliminary Definitions and Results

As in Section 2.5, we fix Q ∈ P(X ) and s > 0, and define the quantities

is(x, y) , log
q(x, y)s∑

xQ(x)q(x, y)s
(3.1)

ins (x,y) ,
n∑
i=1

is(xi, yi) (3.2)

Is(Q) , E[is(X,Y )] (3.3)

Us(Q) , Var[is(X,Y )], (3.4)

where (X,Y ) ∼ Q×W . We write rcus in (2.8) (with PX = Qn) as

rcus(n,M) = E
[
min

{
1, (M − 1)e−i

n
s (X,Y )

}]
. (3.5)

Furthermore, we let
Eiid

0 (Q, ρ, s) , − logE
[
e−ρis(X,Y )

]
(3.6)

denote the objective in (2.38) with a fixed value of s in place of the supremum. The optimal
value of ρ is given by

ρ̂(Q,R, s) , argmax
ρ∈[0,1]

Eiid
0 (Q, ρ, s)− ρR, (3.7)

and the critical rate is defined as

Rcr
s (Q) , sup

{
R : ρ̂(Q,R, s) = 1

}
. (3.8)

We define the following derivatives associated with (3.7):

c1(Q,R, s) , R− ∂Eiid
0 (Q, ρ, s)

∂ρ

∣∣∣∣
ρ=ρ̂(Q,R,s)

(3.9)

c2(Q,R, s) , −∂
2Eiid

0 (Q, ρ, s)

∂ρ2

∣∣∣∣
ρ=ρ̂(Q,R,s)

. (3.10)

The following properties of the above quantities are analogous to those of Gallager for ML
decoding [2, pp. 141-143], and are proved in a similar fashion (see Section 3.5.1 for details):

1. ρ̂(Q,R, s) is continuous in R.

2. For all R ≥ 0, we have c2(Q,R, s) > 0 if Us(Q) > 0, and c2(Q,R, s) = 0 if Us(Q) = 0.
Furthermore, we have c2(Q, Is(Q), s) = Us(Q).
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3. If Us(Q) = 0, then Rcr
s (Q) = Is(Q).

4. For R ∈
[
0, Rcr

s (Q)
)
, we have ρ̂(Q,R, s) = 1 and c1(Q,R, s) < 0.

5. For R ∈
[
Rcr
s (Q), Is(Q)

]
, ρ̂(Q,R, s) is strictly decreasing in R, and c1(Q,R, s) = 0.

6. For R > Is(Q), we have ρ̂(Q,R, s) = 0 and c1(Q,R, s) > 0.

Throughout this section, the arguments to ρ̂, c1, etc. will be omitted, since their values will be
clear from the context.

The density function of a N(µ, σ2) random variable is denoted by

φ(z;µ, σ2) ,
1√
2πσ2

e−
(z−µ)2

2σ2 . (3.11)

Our results will distinguish between lattice and non-lattice random variables; see Definition
C.1 in Appendix C. In the lattice case, we will make use of

φh(z;µ, σ
2) ,

h√
2πσ2

e−
(z−µ)2

2σ2 , (3.12)

which can be interpreted as an approximation of the integral of φ( · ;µ, σ2) from z to z + h

when h is small.

3.2.2 Approximation for rcus(n,M)

In the proof of Theorem 3.1 below, we derive an approximation r̂cus of rcus taking the form

r̂cus(n,M) , αn(Q,R, s)e
−n(Eiid

0 (Q,ρ̂,s)−ρ̂R), (3.13)

where R = 1
n logM , and the prefactor αn varies depending on whether is(X,Y ) is a lattice

variable. In the non-lattice case, the prefactor is given by

αnl
n (Q,R, s) ,

ˆ ∞

0
e−ρ̂zφ(z;nc1, nc2)dz +

ˆ 0

−∞
e(1−ρ̂)zφ(z;nc1, nc2)dz. (3.14)

In the lattice case, it will prove convenient to consider R − is(X,Y ) rather than is(X,Y ).
Denoting the offset and span ofR−is(X,Y ) by γ and h respectively, we see that nR−ins (X,Y )

has span h, and its offset can be chosen as

γn , min
{
nγ + ih : i ∈ Z, nγ + ih ≥ 0

}
. (3.15)
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The prefactor for the lattice case is given by

αl
n(Q,R, s) ,

∞∑
i=0

e−ρ̂(γn+ih)φh(γn + ih;nc1, nc2) +

−1∑
i=−∞

e(1−ρ̂)(γn+ih)φh(γn + ih;nc1, nc2),

(3.16)
and the overall prefactor in (3.13) is defined as

αn(Q,R, s) ,

αnl
n (Q,R, s) R− is(X,Y ) is non-lattice

αl
n(Q,R, s) R− is(X,Y ) has offset γ and span h.

(3.17)

It is generally easy to verify whether or not R − is(X,Y ) is a lattice variable by evaluating its
values on the support of Q ×W . A notable example of the lattice case is that in which there
are only two distinct values among these; this occurs in several symmetric settings.

Before proceeding, we give a high-level comparison of the saddlepoint approximation and
the normal approximation (the latter corresponding to (2.92) with the remainder term omit-
ted). As stated in Section 3.2.1, we have c1(Q, Is(Q), s) = 0 and c2(Q, Is(Q), s) = Us(Q);
hence, at least at an intuitive level, we expect the two approximations to behave similarly
when R ≈ Is(Q). For more general choices of R, the saddlepoint approximation is obtained
by first performing an exponential change of measure, and then applying a normal-type ap-
proximation. This yields an expression having the correct exponential behavior, and yielding
significantly better estimates in many cases. The values of c1 and c2 are the mean and variance
of the exponentially tilted version of R− is(X,Y ).

While (3.14) and (3.16) are written in terms of integrals and summations, both prefactors
are single-letter, and can be computed efficiently to a high degree of accuracy. In the non-
lattice case, this is done using the identity

ˆ ∞

a
ebzφ(z;µ, σ2)dz = eµb+

1
2
σ2b2Q

(a− µ− bσ2

σ

)
. (3.18)

In the lattice case, we can write each of the summations in (3.16) in the form

∑
i

eb0+b1i+b2i
2
= e

− b21
4b2

+b0
∑
i

e
b2(i+

b1
2b2

)2
, (3.19)

where b2 < 0. We can thus obtain an accurate approximation by keeping only the terms in
the sum such that i is sufficiently close to − b1

2b2
. Overall, the computational complexity of the

saddlepoint approximation is similar to that of the exponent alone.
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Theorem 3.1. Fix an input distribution Q ∈ P(X ) and parameter s > 0 such that Us(Q) > 0.

For any sequence of integers {Mn} such that Mn → ∞, we have

lim
n→∞

r̂cus(n,Mn)

rcus(n,Mn)
= 1. (3.20)

Proof. See Section 3.5.3.

A heuristic derivation of the non-lattice version of r̂cus was provided in [94]; Theorem 3.1
provides a formal derivation, and a treatment of the lattice case. It should be noted that the
assumption Us(Q) > 0 is not restrictive, since in the case that Us(Q) = 0 the argument to the
expectation in (3.5) is deterministic, and hence rcus can easily be computed exactly.

In the case that the rate R is fixed, simpler asymptotic expressions can be obtained. In
Section 3.5.2, we prove the following (here fn ≍ gn denotes the relation limn→∞

fn
gn

= 1):

• If R ∈ [0, Rcr
s (Q)) or R > Is(Q), then

αn(Q,R, s) ≍ 1. (3.21)

• If R = Rcr
s (Q) or R = Is(Q), then

αn(Q,R, s) ≍
1

2
. (3.22)

• If R ∈ (Rcr
s (Q), Is(Q)), then

αnl
n (Q,R, s) ≍

1√
2πnc2ρ̂(1− ρ̂)

(3.23)

αl
n(Q,R, s) ≍

h√
2πnc2

(
e−ρ̂γn

(
1

1− e−ρ̂h

)
+ e(1−ρ̂)γn

(
e−(1−ρ̂)h

1− e−(1−ρ̂)h

))
. (3.24)

The asymptotic prefactors in (3.21)–(3.24) are related to exact asymptotics studies in the statis-
tics literature, which seek to characterize the subexponential prefactor for probabilities that
decay at an exponential rate (e.g. see [95]). These prefactors are useful in gaining further in-
sight into the behavior of the error probability compared to the error exponent alone. However,
there is a notable limitation which is best demonstrated here using (3.23). The right-hand side
of (3.23) characterizes the prefactor to within a multiplicative 1 + o(1) term for a given rate,
but it diverges as ρ̂ → 0 or ρ̂ → 1. Thus, unless n is large, the estimate obtained by omitting
the higher-order terms is inaccurate for rates slightly above Rcr

s (Q) or slightly below Is(Q).
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In contrast, the right-hand side of (3.14) (and similarly (3.16)) remains bounded for all
ρ̂ ∈ [0, 1]. Furthermore, as Theorem 3.1 shows, this expression characterizes the true behavior
of rcus to within a multiplicative 1 + o(1) term not only for fixed rates, but also when the rate
varies with the block length. Thus, it remains suitable for characterizing the behavior of rcus
even when the rate approaches Is(Q) (or Rcr

s (Q)), as is the case in the regimes of second-order
coding rates and moderate deviations. Moreover, in the former regime, the proof of Theorem
3.1 reveals that r̂cus = rcus +O

(
1√
n

)
, which implies (via a Taylor expansion of Q−1) that r̂cus

captures the behavior in (2.92) up to the O(1) term.

3.2.3 Approximation for rcu(n,M)

In the proof of Theorem 2.1, we obtained rcus from rcu using Markov’s inequality. In this sub-
section, we will see that, under some technical assumptions, a refined analysis yields a bound
which is tighter than rcus, but still amenable to the techniques of the previous subsection.

Technical Assumptions

We define the set

Y1(Q) ,
{
y : q(x, y) ̸= q(x, y) for some x, x such that Q(x)Q(x)W (y|x)W (y|x) > 0

}
,

(3.25)
and make the following technical assumptions on (W, q,Q):

q(x, y) > 0 ⇐⇒ W (y|x) > 0 (3.26)

Y1(Q) ̸= ∅. (3.27)

When q(x, y) =W (y|x), (3.26) is trivial, and (3.27) is the non-singularity or feasibility decod-

ing is suboptimal condition of [81, 96]. A notable example where this condition fails is the
binary erasure channel (BEC). It should be noted that if (3.26) holds but (3.27) fails then we
in fact have rcu = rcus for any s > 0, and hence r̂cus also approximates rcu. This can be seen
by noting that rcus is obtained from rcu using the inequality 1{q ≥ q} ≤

( q
q

)s, which holds
with equality when q

q ∈ {0, 1}.
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Definitions

Along with the definitions given in Section 3.2.1, we make use of the reverse conditional
distribution

P̃s(x|y) ,
Q(x)q(x, y)s∑
xQ(x)q(x, y)s

, (3.28)

the joint tilted distribution

P ∗
ρ̂,s(x, y) =

Q(x)W (y|x)e−ρ̂is(x,y)∑
x′,y′ Q(x′)W (y′|x′)e−ρ̂is(x′,y′) (3.29)

and its Y -marginal P ∗
ρ̂,s(y), and the conditional variance

c3(Q,R, s) , E
[
Var
[
is(X

∗, Y ∗)
∣∣Y ∗]], (3.30)

where (X∗, Y ∗) ∼ P ∗
ρ̂,s(y)P̃s(x|y). Furthermore, we define the set

Is ,
⋃

(x,y) :Q(x)W (y|x)>0, y∈Y1(Q)

{
is(x, y)

}
, (3.31)

and let

ψs ,

1 Is does not lie on a lattice
h

1−e−h
Is lies on a lattice with span h.

(3.32)

The set Is is the support of a random variable that will appear in the analysis of the inner
probability in (2.7). It should be noted that h in (3.32) can differ from h (the span of is(X,Y ))
in general, and it may even be the case that Is lies on a lattice even though is(X,Y ) is non-
lattice. A straightforward example of this phenomenon is seen when is(X,Y ) takes values on
{−

√
2,−1, 1,

√
2}, with only the values {−1, 1} corresponding to y ∈ Y1(Q).

We claim that the assumptions in (3.26)–(3.27) imply that c3 > 0 for any R and s > 0. To
see this, we write

Var
P̃s(·|y)[is(X, y)] = 0 ⇐⇒ log

P̃s(x|y)
Q(x)

is independent of x wherever P̃s(x|y) > 0 (3.33)

⇐⇒ q(x, y) is independent of x wherever Q(x)q(x, y) > 0 (3.34)

⇐⇒ y /∈ Y1(Q), (3.35)

where (3.33) and (3.34) follow from the definition of P̃s in (3.28) and the assumption s > 0,
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and (3.35) follows from (3.26) and the definition of Y1(Q) in (3.25). Using (3.1), (3.26) and
(3.29), we have

P ∗
ρ̂,s(y) > 0 ⇐⇒

∑
x

Q(x)W (y|x) > 0. (3.36)

Thus, from (3.27), we have P ∗
ρ̂,s(y) > 0 for some y ∈ Y1(Q), which (along with (3.35)) proves

that c3 > 0.

Main Result

The main result of this subsection is written in terms of an approximation of the form

r̂cu∗s(n,M) , βn(Q,R, s)e
−n(Eiid

0 (Q,ρ̂,s)−ρ̂R), (3.37)

where we again have R = 1
n logM . Analogously to the previous subsection, we treat the lattice

and non-lattice cases separately:

βn(Q,R, s) ,

βnln (Q,R, s) R− is(X,Y ) is non-lattice

βln(Q,R, s) R− is(X,Y ) has offset γ and span h,
(3.38)

where

βnln (Q,R, s) ,
ˆ ∞

log

√
2πnc3
ψs

e−ρ̂zφ(z;nc1, nc2)dz +
ψs√
2πnc3

ˆ log

√
2πnc3
ψs

−∞
e(1−ρ̂)zφ(z;nc1, nc2)dz

(3.39)

βln(Q,R, s) ,
∞∑
i=i∗

e−ρ̂(γn+ih)φh(γn + ih;nc1, nc2)

+
ψs√
2πnc3

i∗−1∑
i=−∞

e(1−ρ̂)(γn+ih)φh(γn + ih;nc1, nc2), (3.40)

and where in (3.40) we use γn in (3.15) along with

i∗ , min

{
i ∈ Z : γn + ih ≥ log

√
2πnc3
ψs

}
. (3.41)

Theorem 3.2. Under the setup of Theorem 3.1 and the assumptions in (3.26)–(3.27), we have

rcu(n,Mn) ≤ rcu∗s(n,Mn)(1 + o(1)), (3.42)
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where

rcu∗s(n,M) , E
[
min

{
1,

Mψs√
2πnc3

e−i
n
s (X,Y )

}]
. (3.43)

Furthermore, we have

lim
n→∞

r̂cu∗s(n,Mn)

rcu∗s(n,Mn)
= 1. (3.44)

Proof. See Section 3.5.4.

When the rate does not vary with n, we can apply the same arguments as those given in
Section 3.5.2 to obtain the following analogues of (3.21)–(3.24):

• If R ∈ [0, Rcr
s (Q)), then

βn(Q,R, s) ≍
ψs√
2πnc3

, (3.45)

and similarly for R = Rcr
s (Q) after multiplying the right-hand side by 1

2 .

• If R ∈ (Rcr
s (Q), Is(Q)), then

βnln (Q,R, s) ≍
(

ψs√
2πnc3

)ρ̂ 1√
2πnc2ρ̂(1− ρ̂)

(3.46)

βln(Q,R, s) ≍
(

ψs√
2πnc3

)ρ̂ h√
2πnc2

(
e−ρ̂γ

′
n

(
1

1− e−ρ̂h

)
+ e(1−ρ̂)γ

′
n

(
e−(1−ρ̂)h

1− e−(1−ρ̂)h

))
,

(3.47)

where γ′n , γn + i∗h− log
√
2πnc3
ψs

∈ [0, h) (see (3.41)).

• For R ≥ Is(Q), the asymptotics of βn coincide with those of αn (see (3.21)–(3.22)).

When combined with Theorem 3.2, these expansions provide an alternative proof of the main
result of Altuğ-Wagner [81], along with a characterization of the multiplicative Θ(1) terms
that were left unspecified in [81]. A simpler version of our analysis can also be used to obtain
the prefactors with unspecified constants [91].

Analogously to the previous subsection, in the regime of fixed target error probability
we can write (3.44) more precisely as r̂cu∗s = rcu∗s + O

(
1√
n

)
, implying that the asymptotic

expansions of the rates corresponding to rcu∗s and r̂cu∗s coincide up to the O(1) term. From the
analysis given in [85, Sec. 3.4.5], rcu∗s yields an expansion of the form (2.92) with the O(1)

term replaced by 1
2 log n+O(1), and it follows that the same is true of r̂cu∗s.
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3.2.4 Numerical Examples

Here we provide numerical examples to demonstrate the utility of the saddlepoint approxi-
mations given above. Along with r̂cus and r̂cu∗s, we consider (i) the normal approximation,
obtained by omitting the remainder term in (2.92), (ii) the error exponent approximation
pe ≈ e−nE

iid
r (Q,R), and (iii) the exact asymptotics approximations on the right-hand sides of

(3.24) and (3.47). We use the lattice-type versions of the approximations, since we consider
examples in which R− is(X,Y ) is a lattice variable. We observed no significant difference in
the accuracy of each approximation in similar non-lattice examples.

We consider the example given in Section 2.8, using the parameters δ0 = 0.01, δ1 = 0.05,
δ2 = 0.25, and Q = (13 ,

1
3 ,

1
3). We approximate the summations of the form (3.19) by keeping

the 1000 terms1 whose indices are closest to − b1
2b2

. We choose the free parameter s to be
the value that maximizes the error exponent at each rate. For the normal approximation, we
choose s to achieve the GMI in (1.11). Defining Rcr(Q) to be the supremum of all rates such
that ρ̂ = 1 when s is optimized, we have IGMI(Q) = 0.643 and Rcr(Q) = 0.185 bits/use.

In Figure 3.1, we plot the error probability as a function of the rate with n = 60. Despite the
fact that the block length is short, rcus and r̂cu∗s are indistinguishable at all rates. Similarly, the
gap from rcu to r̂cu∗s is small. Consistent with the fact that Theorem 3.2 gives an asymptotic
upper bound on rcu rather than an asymptotic equality, r̂cu∗s lies slightly above rcu at low
rates. The error exponent approximation is close to rcus at low rates, but it is pessimistic at
high rates. The normal approximation behaves somewhat similarly to rcus, but it is less precise
than the saddlepoint approximation, particularly at low rates.

To facilitate the computation of rcu and rcus at larger block lengths, we consider the sym-
metric setup of δ0 = δ1 = δ2 = δ = 0.1 and Q =

(
1
3 ,

1
3 ,

1
3

)
. Under these parameters, we have

I(X;Y ) = 0.633 and Rcr(Q) = 0.192 bits/use. In Figure 3.2, we plot the rate required for each
random-coding bound and approximation to achieve a given error probability ϵ = 10−8, as a
function of n. Once again, r̂cus is indistinguishable from rcus, and similarly for r̂cu∗s and rcu.
The error exponent approximation yields similar behavior to rcus at short block lengths, but
the gap widens at larger block lengths. The exact asymptotics approximations are accurate
other than a divergence near the critical rate, which is to be expected from the discussion fol-
lowing (3.24). In contrast to similar plots with larger target error probabilities (e.g. [61, Fig.
8]), the normal approximation is inaccurate over a wide range of rates.

Further examples demonstrating the accuracy of the saddlepoint approximation can be
found in [92, 94].

1The plots remained the same when this value was increased or decreased by an order of magnitude.
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3.3 Prefactor to the i.i.d. Expurgated Exponent

In this section, we obtain a refined asymptotic bound of the form pe(Cn) ≤
α(n,R)e−nE

iid
x (R)(1 + o(1)), where Eiid

x (R) is the expurgated exponent given in (2.122). We
will see that, under some technical conditions, the prefactor to rcuxρ in (2.13) behaves as
O
(

1√
n

)
, thus improving on Gallager’s O(1) prefactor. The analysis builds heavily upon that of

Section 3.2, and we thus provide a more concise treatment.

3.3.1 Preliminary Definitions

We define the sets

Y ′
1(x, x) ,

{
y : W (y|x)W (y|x) > 0

}
(3.48)

A(Q) ,

{
(x, x) : Q(x)Q(x) > 0,

q(x, y)

q(x, y)
̸= q(x, y′)

q(x, y′)
for some y, y′ ∈ Y ′

1(x, x)

}
, (3.49)

and make the following technical assumptions:

q(x, y) = 0 ⇐⇒ W (y|x) = 0 (3.50)

A(Q) ̸= ∅. (3.51)

It is easily shown that (3.27) holds whenever (3.51) holds by considering the contrapositive
statement. However, (3.27) does not imply (3.51) in general.

We proceed by defining several quantities that are analogous to those appearing in Section
3.2.3. We let

Eiid
x (Q, ρ, s) , −ρ log

∑
x,x

Q(x)Q(x)

(∑
y

W (y|x)
(
q(x, y)

q(x, y)

)s)1/ρ

(3.52)

denote the objective in (2.123) with a fixed value of s. We define the tiled distribution

P̃s(y|x, x) ,
W (y|x)

(
q(x,y)
q(x,y)

)s
∑

y′ W (y′|x)
(
q(x,y′)
q(x,y′)

)s (3.53)

P̃ns (y|x,x) ,
n∏
i=1

P̃s(yi|xi, xi), (3.54)
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and the generalized information density

js(x, x, y) , log
P̃s(y|x, x)
W (y|x) (3.55)

jns (x,x,y) ,
n∑
i=1

js(xi, xi, yi). (3.56)

Furthermore, we define the joint tilted distribution

P ∗
ρ,s(x, x) =

Q(x)Q(x)
(∑

yW (y|x)
(
q(x,y)
q(x,y)

)s)1/ρ
∑

x′,x′ Q(x′)Q(x′)
(∑

y′ W (y′|x′)
(
q(x′,y′)
q(x′,y′)

)s)1/ρ , (3.57)

and the conditional variance

c0(Q, ρ, s) , E
[
Var
[
js(X

∗, X∗, Y ∗)
∣∣X∗, X∗]], (3.58)

where (X∗, X∗, Y ∗) ∼ P ∗
ρ,s(x, x)P̃s(y|x, x). The arguments to c0 will be omitted when their

values are understood from the context. Writing Ys ∼ P̃s(·|x, x), the following arguments
show that the assumptions in (3.50)–(3.51) imply that c0 > 0 whenever s > 0:

Var[js(x, x, Ys)] = 0 ⇐⇒ js(x, x, y) is independent of y wherever P̃s(y|x, x) > 0 (3.59)

⇐⇒ q(x, y)

q(x, y)
is independent of y wherever W (y|x)q(x, y) > 0 (3.60)

⇐⇒ (x, x) /∈ A(Q), (3.61)

where (3.60) follows from the definitions of js and P̃s, and (3.61) follows from (3.50) and the
definition of A(Q). Using the assumption in (3.51), it follows that c0 > 0.

Finally, we define the set

Is ,
⋃

(x,x,y) :W (y|x)>0, (x,x)∈A(Q)

{
js(x, x, y)

}
, (3.62)

and the constant

ψs ,

1 Is does not lie on a lattice
h

1−e−h
Is lies on a lattice with span h.

(3.63)
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3.3.2 Main Result

Theorem 3.3. Fix the input distribution Q ∈ P(X ), rate R > 0, and parameters ρ ≥ 1 and

s > 0. Under the assumptions in (3.50)–(3.51), there exists a sequence of codebooks Cn with

M ≥ enR codewords whose maximal error probability satisfies

pe,max(Cn) ≤
4ρψs√
2πnc0

e−n(E
iid
x (Q,ρ,s)−ρR)

(
1 + o(1)

)
. (3.64)

Proof. See Section 3.5.5.

We observe that at any rate where the expurgated exponent and random-coding exponent
coincide (i.e. ρ = 1 in both cases), the growth rate of the prefactor in Theorem 3.3 coincides
with that of non-expurgated random coding (cf. (3.45)). Of course, Theorem 3.3 is primarily
of interest at low rates, where the expurgated exponent exceeds the random-coding exponent.

3.4 Constant-Composition Random Coding

Thus far, we have focused on obtaining refined asymptotics bounds for i.i.d. random coding.
There is substantial motivation to obtain similar refinements for the constant-composition en-
semble, since it yields improved achievable rates and error exponents when the decoding rule
is suboptimal (cf. Chapter 2). Moreover, even in the case of matched decoding, constant-
composition codes are of interest for channels with input constraints, as well as multi-user
settings [66, 97]. In this section, we study the fixed-error third-order term and the fixed-rate
asymptotic prefactor for constant-composition random coding.

3.4.1 Setup and Definitions

Similarly to Sections 3.2.3 and 3.3, we assume throughout this section that

q(x, y) > 0 ⇐⇒ W (y|x) > 0. (3.65)

We use constant-composition random coding with an input distribution Q:

PX(x) =
1

|Tn(Qn)|
1
{
x ∈ Tn(Qn)

}
, (3.66)

where Qn is a type with the same support as Q such that ∥Q − Qn∥∞ ≤ 1
n . To simplify the

statements of the definitions and results, we assume that Q(x) > 0 for all x. This is without
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loss of generality for the results we provide, since in the general case the remaining inputs can
be removed. We similarly assume that all outputs are reachable.

As in Section 2.5, we define the generalized information density

is,a(x, y) , log
q(x, y)sea(x)∑

xQ(x)q(x, y)sea(x)
, (3.67)

and its n-letter extension

ins,a(x,y) ,
n∑
i=1

is,a(xi, yi). (3.68)

The mean and conditional variance of is,a are denoted by

Is,a(Q) , E[is,a(X,Y )] (3.69)

Vs,a(Q) , E
[
Var[is,a(X,Y ) |X]

]
, (3.70)

where (X,Y ) ∼ Q×W . The relevant E0 function is given in (2.40), and can be written as

Ecc
0 (Q, ρ) = sup

s≥0,a(·)
−
∑
x

Q(x) log
∑
y

W (y|x)e−ρis,a(x,y). (3.71)

It will again be useful to define the objective with fixed values in place of the supremum:

Ecc
0 (Q, ρ, s, a) ,

∑
x

Q(x)Ecc
0,x(Q, ρ, s, a), (3.72)

where
Ecc

0,x(Q, ρ, s, a) , − log
∑
y

W (y|x)e−ρis,a(x,y). (3.73)

The optimal value of ρ and the critical rate are given by

ρ̂(Q,R, s, a) , argmax
ρ∈[0,1]

Ecc
0 (Q, ρ, s, a)− ρR (3.74)

Rcr
s,a(Q) , sup

{
R : ρ̂(Q,R, s, a) = 1

}
. (3.75)

The arguments to ρ̂ will be omitted when their values are understood from the context.
For a given channel W and decoding metric q, we define M∗

Q(n, ϵ) to be the maximum
number of messages for a given block length n and target error probability ϵ for constant-
composition codebooks with type Qn, and we define M∗(n, ϵ) similarly for arbitrary code-
books (not necessarily constant-composition). Similarly, we let p∗e,Q(n,M) and p∗e(n,M) de-
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note the smallest error probability for a given block length and number of messages, where
the former is restricted to constant-composition codebooks with type Qn.

3.4.2 Main Results

Further Definitions

We define the following sets of decoding metrics q(x, y) on X × Y:

Qcc
0 ,

{
q : There exist functions g(x), h(y) s.t. q(x, y) = g(x)h(y) wherever q(x, y) > 0

}
(3.76)

Q0 ,
{
q : There exists a function h(y) s.t. q(x, y) = h(y) wherever q(x, y) > 0

}
. (3.77)

Moreover, we define the sets of channels Wcc
0 and W0 in the same way, with the added con-

dition that each element is a conditional distribution W (y|x). We clearly have Q0 ⊆ Qcc
0 and

W0 ⊆ Wcc
0 . Observe that the condition q /∈ Q0 coincides with the condition Y1(Q) ̸= ∅ in

(3.27) (recall that we have assumed Q(x) > 0 for all x).
It was shown by Csiszár and Narayan [8] that, if the codewords have a fixed composition,

then any q ∈ Qcc
0 is equivalent to the erasures-only metric q(x, y) = 1{W (y|x) > 0}. Thus, in

the case of ML decoding (i.e. q = W ), the condition W /∈ Wcc
0 is a natural generalization of

the feasibility decoding is suboptimal (FDIS) condition from [96], namely W /∈ W0. Due to
the additional structure of constant-composition codes, there is a wider class of metrics that
are equivalent to the erasures-only metric, and a wider class of channels for which feasibility
decoding is optimal.

An alternative formulation of the condition q ∈ Qcc
0 is given in Lemma B.1 in Appendix B.

This formulation shows that a sufficient (but not necessary) condition for q /∈ Qcc
0 is that (3.51)

holds. Conversely, combining (3.65) with [8, Thm. 1], we have q ∈ Qcc
0 whenever the channel

graph is acyclic (e.g. the binary erasure channel).
Our results also vary depending on whether W is a sum channel [1] according to the

following definition.

Definition 3.1. A discrete memoryless channel W is said to be a sum of N subchannels

W1, . . . ,WN if the alphabets X and Y can be partitioned into disjoint non-empty subsets

X1, . . . ,XN and Y1, . . . ,YN such that

W (y|x) =

Wi(y|x) x ∈ Xi and y ∈ Yi (i ∈ {1, . . . , N})

0 otherwise,
(3.78)
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and the same is not true for any larger value of N . We say that W is a sum channel if it is a

sum of N ≥ 2 subchannels.

Fixed-Error Asymptotics

Previous works on the fixed-error asymptotics of constant-composition codes in the matched
setting include those of Hayashi [62], Kostina-Verdú [98], and Moulin [87]. Each of these
works provides a dispersion term of the form V = E[Var[i(X,Y ) |X]], where i(·, ·) is defined
in (1.29). The third-order term is o(

√
n) in [62], O(log n) in [98], and 1

2 log n under various
technical conditions in [87].

The following theorem provides a 1
2 log n third-order term under various technical condi-

tions using different techniques to those of [86], as well as considering the mismatched setting
and providing refined results for the case that the technical conditions fail.

Theorem 3.4. Fix an input distribution Q ∈ P(X ) such that Q(x) > 0 for all x, and the

parameters s > 0 and a(·). If (3.65) holds and W is the sum of N subchannels, then we have

for any ϵ ∈ (0, 1) that

logM∗
Q(n, ϵ) ≥ nIs,a(Q)−

√
nVs,a(Q)Q−1(ϵ)+

1

2

(
1{Q /∈ Qcc

0 }− (N − 1)
)
log n+O(1). (3.79)

Proof. See Section 3.5.6.

In the special case that W is not a sum channel (i.e. N = 1), the coefficient to log n in
(3.79) is 1

2 when q /∈ Qcc
0 , and 0 when q ∈ Qcc

0 . In the case of ML decoding (i.e. q = W ),
a matching converse for the case W /∈ Wcc

0 was given in [61, Thm. 48], and a matching
converse for the case W ∈ W0 with an optimized input distribution was given in [88, Prop. 2].
However, it is unclear whether our result is tight for ML decoding with W ∈ Wcc

0 \W0. It is
also unclear whether our result is tight for sum channels, but there are cases where the answer
is affirmative. Before stating this formally, we present the following general theorem relating
M∗
Q(n, ϵ) and M∗(n, ϵ) (cf. Section 3.4.1).

Theorem 3.5. Fix an input distribution Q such that Q(x) > 0 for all x. If (3.65) holds and W

is the sum of N subchannels, each of which has an identical transition law, then

logM∗
Q(n, ϵ) ≤ logM∗(n, ϵ)− 1

2
(N − 1) log n+O(1). (3.80)

Proof. See Section 3.5.8
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In the special case of ML decoding, we can combine Theorem 3.5 with existing asymptotic
upper bounds on M∗(n, ϵ) to obtain more concrete asymptotic expansions of M∗

Q(n, ϵ). To this
end, we let Wsymm be the set of channels that are symmetric in the sense of Gallager, i.e. the
output alphabet Y can be partitioned into subsets such that the resulting submatrices of the
transition matrix {W (y|x)} contain rows that are permutations of each other, and columns that
are permutations of each other. Furthermore, we define Wsymm

0 , Wsymm ∩W0, and we let C
and V denote the channel capacity and dispersion, as given in (1.5) and (1.30).

Corollary 1. Let q(x, y) = W (y|x), and suppose that W is the sum of N subchannels, each of

which has an identical transition law. Fix ϵ ∈ (0, 1), and suppose that V > 0. For any input

distribution Q such that Q(x) > 0 for all x, we have

logM∗
Q(n, ϵ) ≤ nC −

√
nV Q−1(ϵ) +

1

2

(
1{W /∈ Wsymm

0 } − (N − 1)
)
log n+O(1). (3.81)

Proof. This follows by combining (3.80) with the upper bounds on M∗(n, ϵ) given in [88]
(W ∈ Wsymm

0 ) and [89] (W /∈ Wsymm
0 ). The assumption V > 0 suffices to obtain a coefficient

to log n of 0 and 1
2 in [88] and [89] respectively.

Consider the expansion in (3.79) with q = W , s = 1, a(·) = 0, and Q chosen to achieve
the capacity and dispersion. Provided that Q(x) > 0 for all x, we see that the expansion
coincides with (3.81) whenever the two indicator functions yield the same value. Examples
include W equal to the sum of N identical binary symmetric channels (BSCs), or N identical
binary erasure channels (BECs). To our knowledge, these are the first known cases in which
i.i.d. random coding provably outperforms constant-composition random coding; the former
yields the optimal third-order expansion of M∗(n, ϵ) without the 1

2(N − 1) log n term [61, 88].

Fixed-Rate Asymptotics

To our knowledge, no previous works have attempted to accurately characterize the fixed-rate
prefactor for constant-composition random coding. Here we provide refined bounds that im-
prove significantly on standard prefactors containing polynomials depending on the alphabet
sizes (e.g. see [27, Ch. 10]), and that will be seen to be tight in some cases.

Theorem 3.6. Fix an input distribution Q such that Q(x) > 0 for all x, the parameters s > 0

and a(·), and the rate R ∈ (0, Is,a(Q)). If (3.65) holds and W is the sum of N subchannels,

then the following holds for sufficiently large n under the codeword distribution in (3.66):

p∗e,Q(n, ⌊enR⌋) ≤ αn(Q,R, s, a)e
−n(Ecc

0 (Q,ρ̂,s,a)−ρ̂R), (3.82)



3.4 Constant-Composition Random Coding 74

where

αn(Q,R, s, a) =


K0

n
1
2 (1+τρ̂(Q,R,s,a))

R ∈
(
Rcr
s,a(Q), Is,a(Q)

)
K0

n
1
2 τ
, R ∈

(
0, Rcr

s,a(Q)
] (3.83)

for some constant K0 depending on W , q, Q, s, a(·) and R, and where

τ , 1{q /∈ Qcc
0 } − (N − 1). (3.84)

Proof. See Section 3.5.6.

In the case that W is not a sum channel (i.e. N = 1) and q /∈ Qcc
0 (respectively, q ∈ Qcc

0 ),
Theorem 3.6 yields a prefactor of O

(
1

n
1
2 (1+ρ̂)

)
(respectively, O

(
1√
n

)
) for rates above the critical

rate, and a prefactor of O
(

1√
n

)
(respectively, O(1)) for rates below the critical rate. This is

analogous to the behavior of i.i.d. random coding [81, 91] (see also (3.21)–(3.24) and (3.45)–
(3.47)). A matching converse is given in [82] for the case that q = W , W /∈ Wcc

0 , the input
distribution Q is optimized, and the rate is above the critical rate.

In order to better understand the case that W is a sum channel, we proceed by presenting
an analog of Corollary 1. We focus on symmetric channels, since the behavior of the fixed-rate
prefactor is currently less well-understood than that of the third-order term in the fixed-error
asymptotics, and proving a result in the same generality as that of Theorem 3.5 appears to
be more difficult. We let ρ̂(R), Ecc

0 (ρ) and Rcr respectively denote the values of ρ̂(Q,R, s, a),
Ecc

0 (Q, ρ, s, a) and Rcr
s,a(Q) with s = 1

1+ρ , a(·) = 0, and Q uniform on X (i.e. the parameters
maximizing the exponent under ML decoding [2, Sec. 5.6]). The channel capacity is denoted
by C, and we use the definition of Wsymm following Theorem 3.5.

Theorem 3.7. Let q(x, y) =W (y|x), and suppose thatW ∈ Wsymm, and thatW is the sum ofN

subchannels, each of which has an identical transition law. Let Q be the uniform distribution

on X . For any rate R ∈ (Rcr, C), we have for sufficiently large n that

p∗e,Q(n, ⌊enR⌋) ≥
K ′

0

n
1
2
(1+τ ′ρ̂)

e−n(E
cc
0 (ρ̂)−ρ̂R) (3.85)

for some constant K ′
0 > 0 depending on W and R, where

τ ′ , 1{W /∈ Wsymm
0 } − (N − 1). (3.86)

Proof. See Section 3.5.8.

Theorem 3.7 provides a matching converse to Theorem 3.6 (with q =W , s = 1
1+ρ , a(·) = 0,
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and Q uniform on X ) whenever the indicator functions in (3.84) and (3.86) coincide. Anal-
ogously to the discussion following Corollary 1, we conclude that i.i.d. random coding can
outperform constant-composition random coding when N > 1 (see (3.21)–(3.24) and (3.45)–
(3.47)); notable examples again include sum BSCs and sum BECs.

3.5 Proofs

3.5.1 Properties of E iid
0 (Q, ρ, s)

Here we prove the properties of Eiid
0 (Q, ρ, s) given following (3.10), by following the argu-

ments of Gallager [2, pp. 141-143].
The continuity of ρ̂ in R follows from the continuity of Eiid

0 in ρ. A direct differentiation
reveals that the first two partial derivatives of Eiid

0 are also continuous in ρ, and that ∂E
iid
0

∂ρ

∣∣
ρ=0

=

Is(Q) and −∂2Eiid
0

∂ρ2

∣∣
ρ=0

= Us(Q).
A function is said to be log-convex if its logarithm is convex. Since the logarithm of

eρis(x,y) is linear in ρ and a sum of log-convex functions is log-convex [38, Sec. 3.5], we
conclude from (3.6) that Eiid

0 (Q, ρ, s) is concave in ρ. Moreover, the analysis of [38, Sec.
3.5] reveals that the concavity is strict (and hence c2 > 0) unless is(X,Y ) is deterministic, or
equivalently Us(Q) = 0.

The fact that Rcr
s (Q) = Is(Q) when Us(Q) = 0 follows since in this case we have from (3.6)

that Eiid
0 = ρIs(Q), and hence the maximum of Eiid

0 − ρR over ρ ∈ [0, 1] is achieved at one of
the endpoints. More specifically, we have ρ̂ = 1 if R < Is(Q), and ρ̂ = 0 if R > Is(Q).

Suppose now that Us(Q) > 0. The global minimizer ρ∗ of Eiid
0 − ρR is the unique value

such that R =
∂Eiid

0
∂ρ . Clearly, if ρ∗ ∈ [0, 1] then ρ̂ = ρ∗ and c1 = 0. Since ∂Eiid

0
∂ρ is continuous

and strictly decreasing in ρ (the latter of which follows from the strict concavity established
above), this occurs if and only if ∂Eiid

0
∂ρ

∣∣
ρ=1

≤ R ≤ ∂Eiid
0

∂ρ

∣∣
ρ=0

. It is then seen from the definition
of ρ̂ that ρ̂ = 1 for rates below the lower limit and ρ̂ = 0 for rates above the upper limit, and
these cases readily yield c1 < 0 and c1 > 0 respectively.

3.5.2 Asymptotic Behavior of the Saddlepoint Approximation

Here we prove the asymptotic relations given in (3.21)–(3.24). We will make frequent use of
the properties of ρ̂, c1 and c2 given in Section 3.2.1.

We first prove (3.21)–(3.22) in the non-lattice case. Suppose that R < Rcr
s (Q), and hence

ρ̂ = 1, c1 < 0 and c2 > 0. Using (3.18) and the identity Q(z) ≤ 1
2e

−z2
2 for z > 0, it is easily

verified that the first term in (3.14) decays to zero exponentially fast. The second term is given
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by Q
(
−c1

√
n
c2

)
, which tends to one since limz→∞Q(z) = 1. We thus obtain (3.21). When

R = Rcr
s (Q), the argument is similar except that c1 = 0, yielding the following: (i) From (3.18),

the first term in (3.14) equals Q(√nc2)enc2/2 ≍ 1√
2πnc2

, rather than decaying exponentially fast;
(ii) The second term in (3.14) equals Q(0) = 1

2 , rather than one. For R > Is(Q) (respectively,
R = Is(Q)) the argument is similar with the roles of the two terms in (3.14) reversed, and with
ρ̂ = 0 and c1 > 0 (respectively, c1 = 0).

In the lattice case, the arguments in proving (3.21)–(3.22) are similar to the non-lattice
case, so we focus on (3.21) with R < Rcr

s (Q). Similarly to the non-lattice case, it is easily
shown that the first summation in (3.16) decays to zero exponentially fast. Since ρ̂ = 1, the
second summation is given by

−1∑
i=−∞

φh(γn + ih;nc1, nc2) = (1 + o(1))

∞∑
i=−∞

φh(γn + ih;nc1, nc2) (3.87)

= 1 + o(1), (3.88)

where (3.87) follows since the added terms from i = 0 to ∞ contribute an exponentially small
amount to the sum since c1 < 0, and (3.88) is easily understood by interpreting the right-
hand side of (3.87) as approximating the integral of a Gaussian density function via discrete
sampling. Since the sampling is done using intervals of a fixed size h but the variance nc2
increases, the approximation improves with n and approaches one.

Finally, we consider the case that R ∈ (Rcr
s (Q), Is(Q)), and hence ρ̂ ∈ (0, 1), c1 = 0 and

c2 > 0. In the non-lattice case, we can substitute c1 = 0 and (3.18) into (3.14) to obtain

αn = e
1
2
nc2ρ̂2Q

(
ρ̂
√
nc2
)
+ e

1
2
nc2(1−ρ̂)2Q

(
(1− ρ̂)

√
nc2
)
. (3.89)

Using the fact that Q(z)ez2/2 ≍ 1
z
√
2π

as z → ∞, along with the identity 1
ρ +

1
1−ρ = 1

ρ(1−ρ) , we
obtain (3.23).

We now turn to the lattice case. Setting c1 = 0 in (3.16) yields

αn =
h√

2πnc2

( ∞∑
i=0

e
−ρ̂(γn+ih)− (γn+ih)2

2nc2 +

−1∑
i=−∞

e
(1−ρ̂)(γn+ih)− (γn+ih)2

2nc2

)
. (3.90)

The two summations are handled in a nearly identical fashion, so we focus on the first. Using
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the identity 1− x ≤ e−x ≤ 1, we can write∣∣∣∣∣
∞∑
i=0

e
−ρ̂(γn+ih)− (γn+ih)2

2nc2 −
∞∑
i=0

e−ρ̂(γn+ih)

∣∣∣∣∣ ≤
∞∑
i=0

e−ρ̂(γn+ih)
(γn + ih)2

2nc2
(3.91)

= O
( 1
n

)
, (3.92)

where (3.92) follows since the summation
∑∞

i=0 e
−ζip(i) is convergent for any polynomial p(i)

and constant ζ > 0. Furthermore, we have from the geometric series that

∞∑
i=0

e−ρ̂(γn+ih) = e−ρ̂γn
(

1

1− e−ρ̂h

)
, (3.93)

We have thus weakened the first summation in (3.90) to the first term in the sum in (3.24) (up
to an O

(
1
n

)
remainder term). The second term is handled in a similar fashion.

3.5.3 Proof of Theorem 3.1

Since Mn → ∞ by assumption, we have Mn−1
Mn

→ 1, and we can consider rcus(n,M + 1) in
place of rcus(n,M) without affecting the theorem statement. We begin by considering fixed
values of n, M , and R = 1

n logM .

Alternative Expressions for rcus

Let F (t) denote the cumulative distribution function (CDF) of R − is(X,Y ) with (X,Y ) ∼
Q×W , and let Z1, . . . , Zn be i.i.d. according to the tilted CDF

FZ(z) = eE
iid
0 (Q,ρ̂,s)−ρ̂R

ˆ z

−∞
eρ̂tdF (t). (3.94)

It is seen that this is indeed a CDF by writing
ˆ ∞

−∞
eρ̂tdF (t) = E

[
eρ̂(R−is(X,Y ))

]
= e−(Eiid

0 (Q,ρ̂,s)−ρ̂R), (3.95)

where we have used (3.6). The moment generating function (MGF) of Z is given by

MZ(τ) , E
[
eτZ
]

(3.96)

= eE
iid
0 (Q,ρ̂,s)−ρ̂RE

[
e(ρ̂+τ)(R−is(X,Y ))

]
(3.97)

= eE
iid
0 (Q,ρ̂,s)e−(Eiid

0 (Q,ρ̂+τ,s)−τR), (3.98)
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where (3.97) follows from (3.94), and (3.98) follows from (3.6). We can now compute the
mean and variance of Z in terms of the derivatives of the MGF, namely

E[Z] =
dMZ

dτ

∣∣∣
τ=0

= c1 (3.99)

Var[Z] =
d2MZ

dτ2

∣∣∣
τ=0

− E[Z]2 = c2, (3.100)

where c1 and c2 are defined in (3.9)–(3.10). Recall that Us(Q) > 0 by assumption, which
implies that c2 > 0 (see Section 3.2.1).

In the remainder of the proof, we omit the arguments (Q, ρ̂, s) to Eiid
0 . Following [95,

Lemma 2], we can use (3.94) to write (3.5) as follows:

rcus(n,M + 1) =

˙
Rn

min
{
1, e

∑n
i=1 ti

}
dF (t1) . . . dF (tn) (3.101)

= e−n(E
iid
0 −ρ̂R)

˙
Rn
e−ρ̂

∑n
i=1 zi min

{
1, e

∑n
i=1 zi

}
dFZ(z1) . . . dFZ(zn) (3.102)

, Ine
−n(Eiid

0 −ρ̂R). (3.103)

Defining Fn to be the CDF of
∑n

i=1 Zi, the prefactor In can be written as

In =

ˆ ∞

−∞
e−ρ̂zmin{1, ez} dFn(z) (3.104)

=

ˆ ∞

0
e−ρ̂zdFn(z) +

ˆ 0

−∞
e(1−ρ̂)z dFn(z), (3.105)

where (3.105) follows by splitting the integral according to which value achieves the min{·, ·}
in (3.104). Letting F̂n denote the CDF of

∑n
i=1 Zi−nc1√

nc2
, we can write (3.105) as

In =

ˆ ∞

− c1
√
n√

c2

e−ρ̂(z
√
nc2+nc1) dF̂n(z) +

ˆ − c1
√
n√

c2

−∞
e(1−ρ̂)(z

√
nc2+nc1) dF̂n(z). (3.106)

Non-Lattice Case

Let Φ(z) denote the CDF of a zero-mean unit-variance Gaussian random variable. In the case
that R − is(X,Y ) is non-lattice, the same is true of Z, since the two have the same support.
Hence, and using the fact that E[Z] = c1 and Var[Z] = c2 > 0 (see (3.99)–(3.100)), we have
from the Edgeworth expansion in [76, Sec. XVI.4, Thm. 1] that

F̂n(z) = Φ(z) +Gn(z) + F̃n(z), (3.107)
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where F̃n(z) = o(n−
1
2 ) uniformly in z, and

Gn(z) ,
K√
n
(1− z2)e−

1
2
z2 (3.108)

for some constantK depending only on the variance and third absolute moment of Z, the latter
of which is finite since we are considering finite alphabets. Substituting (3.107) into (3.106),
we obtain

In = I1,n + I2,n + I3,n, (3.109)

where the three terms denote the right-hand side of (3.106) with Φ, Gn and F̃n respectively in
place of F̂n. By reversing the step from (3.105) to (3.106), we see that I1,n is precisely αn in
(3.14). Furthermore, using dGn

dz = K√
n
(z3 − 3z)e−

1
2
z2 , we obtain

I2,n =
K√
n

(ˆ ∞

− c1
√
n√

c2

e−ρ̂(z
√
nc2+nc1)(z3 − 3z)e−

1
2
z2 dz

+

ˆ − c1
√
n√

c2

−∞
e(1−ρ̂)(z

√
nc2+nc1)(z3 − 3z)e−

1
2
z2 dz

)
. (3.110)

In accordance with the theorem statement, we must show that I2,n = o(αn) and I3,n = o(αn)

even when R and ρ̂ vary with n. Let Rn , 1
n logMn, ρ̂n , ρ̂(Q,Rn, s), c1,n , c1(Q,Rn, s), and

c2,n , c2(Q,Rn, s). We assume with no real loss of generality that

lim
n→∞

Rn = R∗ (3.111)

for some R∗ ≥ 0 possibly equal to ∞. Once the theorem is proved for all such R∗, the same
will follow for Rn varying with n.

Table 3.1 summarizes the growth rates αn, I2,n and I3,n for various ranges of R∗, and
indicates whether the first or second integral (see (3.106) and (3.110)) dominates the behavior
of each. We see that I2,n = o(αn) and I3,n = o(αn) for all values of R∗, as desired.

The derivations of the growth rates in Table 3.1 when R∗ /∈ {Rcr
s (Q), Is(Q)} are done in a

similar fashion to Section 3.5.2. To avoid repetition, we provide details only for R∗ = Rcr
s (Q);

this is a less straightforward case whose analysis differs slightly from the others. From Section
3.2.1, we have ρ̂→ 1 and c1,n → 0 from below, with c1,n < 0 only if ρ̂n = 1.

For any ρ̂ ∈ [0, 1], the terms e−ρ̂(·) and e(1−ρ̂)(·) in (3.110) are both upper bounded by
one across their respective ranges of integration. Since the moments of a Gaussian random
variable are finite, it follows that both integrals are O(1), and thus I2,n = O

(
1√
n

)
. The term I3,n

is handled similarly, so it only remains to show that αn = ω
(

1√
n

)
. In the case that ρ̂ = 1, the
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Table 3.1 Growth rates of αn, I2,n and I3,n when the rate converges to R∗.

ρ̂ c1 Dominant Term(s) αn I2,n I3,n

R∗ ∈ [0, Rcr
s (Q)) 1 < 0 2 Θ(1) Θ

(
1√
n

)
o
(

1√
n

)
R∗ = Rcr

s (Q) → 1 → 0 2 ω
(

1√
n

)
O
(

1√
n

)
o
(

1√
n

)
R∗ ∈ (Rcr

s (Q), Is(Q)) ∈ (0, 1) 0 1,2 Θ
(

1√
n

)
Θ
(

1
n
√
n

)
o
(

1√
n

)
R∗ = Is(Q) → 0 → 0 1 ω

(
1√
n

)
O
(

1√
n

)
o
(

1√
n

)
R∗ > Is(Q) 0 > 0 1 Θ(1) Θ

(
1√
n

)
o
(

1√
n

)

second integral in (3.14) is at least 1
2 , since c1 ≤ 0. Considering now the case that c1 = 0 and

ρ̂n → 1 with ρ̂n < 1, we observe that for any δ > 0, we have ρ̂n ≥ 1− δ for sufficiently large n.
Lower bounding αn by replacing 1− ρ̂ by δ in the second term of (3.14), we have similarly to
(3.89) that

αn ≥ e
1
2
nc2δ2Q

(
δ
√
nc2
)
≍ 1√

2πnc2δ
. (3.112)

Since δ can be arbitrarily small, we obtain αn = ω
(

1√
n

)
, as desired.

Lattice case

The arguments following (3.109) are similar in the lattice case, so we focus our attention
on obtaining the analogous expression to (3.109). Letting Pn(z) denote the probability mass
function (PMF) of

∑n
i=1 Zi, we can write (3.105) as

In =
∑
z≥0

Pn(z)e
−ρ̂z +

∑
z<0

Pn(z)e
(1−ρ̂)z. (3.113)

If R− is(X,Y ) has span h, then the same is true of Z. Hence, and using the fact that E[Z] = c1

and Var[Z] = c2 > 0, we have from the local limit theorem in [2, Eq. (5A.12)] that

Pn(z) = φh(z;nc1, nc2) + P̃n(z), (3.114)

where φh is defined in (3.12), and P̃n(z) = o
(

1√
n

)
uniformly in z. Thus, analogously to (3.109),

we can write
In = I1,n + I2,n, (3.115)

where the two terms denote the right-hand side of (3.113) with φh and P̃n respectively in place
of Pn. Using the definition of γn in (3.15) and the fact that

∑
i Zi has the same support as

nR− ins (X,Y ) (cf. (3.94)), we see that the first summation in (3.113) is over the set {γn+ ih :
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i ∈ Z, i ≥ 0}, and the second summation is over the set {γn + ih : i ∈ Z, i < 0}. It follows that
I1,n = αn, and similar arguments to the non-lattice case show that I2,n = o(αn).

3.5.4 Proof of Theorem 3.2

Throughout this subsection, we make use of the same notation as Section 3.5.3. We first
discuss the proof of (3.44). Using the definition of rcu∗s, we can follow identical arguments to
those following (3.101) to conclude that

rcu∗s(n,M) = Ine
−n(Eiid

0 (Q,ρ̂,s)−ρ̂R), (3.116)

where analogously to (3.105), we have

In =

ˆ ∞

log

√
2πnc3
ψs

e−ρ̂z dFn(z) +
ψs√
2πnc3

ˆ log

√
2πnc3
ψs

−∞
e(1−ρ̂)z dFn(z). (3.117)

The remaining arguments in proving (3.44) follow those in Section 3.5.3, and are omitted.
To prove (3.42), we make use of two technical lemmas, whose proofs are postponed until

the end of the subsection. The following lemma is a refinement of [61, Lemma 47].

Lemma 3.1. Fix an integerK, and for each n, let (n1, . . . , nK) be integers such that
∑

j nj = n.

Fix the PMFs Q1, . . . , QK on a finite subset of R, and let σ21, . . . , σ2K be the corresponding vari-

ances. Let Z1, . . . , Zn be independent random variables, nj of which are distributed according

to Qj for each j. Suppose that maxj σj > 0 and minj nj = Θ(n). Defining

I0 ,
⋃

j :σj>0

{
z : Qj(z) > 0

}
(3.118)

ψ0 ,

1 I0 does not lie on a lattice
h0

1−e−h0 I0 lies on a lattice with span h0,
(3.119)

the summation Sn ,
∑

i Zi satisfies the following uniformly in t:

E
[
e−Sn1

{
Sn ≥ t

}]
≤ e−t

(
ψ0√
2πVn

+ o
( 1√

n

))
, (3.120)

where Vn , Var[Sn].

The following lemma ensures the existence of a sufficiently high probability set in which
Lemma 3.1 can be applied to the inner probability in (2.7). We make use of the definitions in
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(3.28)–(3.30), and we define the random variables

(X,Y ,X, X̃) ∼ Qn(x)Wn(y|x)Qn(x)P̃ns (x̃|y), (3.121)

where P̃ns (x|y) ,
∏n
i=1 P̃s(xi|yi). Furthermore, we write the empirical distribution of y as P̂y,

and we let PY denote the PMF of Y .

Lemma 3.2. Fix the parameter s > 0 and the sequence {Rn}, and let ρ̂ = ρ̂(Q,Rn, s) be

defined according to (3.7). Under the assumptions in (3.26)–(3.27), the set

Fn
ρ̂,s(δ) ,

{
y : PY (y) > 0, max

y

∣∣P̂y(y)− P ∗
ρ̂,s(y)

∣∣ ≤ δ
}

(3.122)

satisfies the following properties:

1. For any y ∈ Fn
ρ̂,s(δ), we have

Var
[
ins (X̃,Y ) |Y = y

]
≥ n(c3 − r(δ)), (3.123)

where r(δ) → 0 as δ → 0.

2. For any δ > 0, we have

lim inf
n→∞

− 1

n
log

∑
x,y/∈Fnρ̂,s(δ)

Qn(x)Wn(y|x)e−ρ̂ins (x,y)∑
x,y Q

n(x)Wn(y|x)e−ρ̂ins (x,y) > 0. (3.124)

Before proving the lemmas, we show how they are used to obtain the desired result.

Proof of (3.42) based on Lemmas 3.1–3.2

By upper bounding M − 1 by M and splitting rcu (see (2.7)) according to whether or not
y ∈ Fn

ρ̂,s(δ), we obtain

rcu(n,M) ≤
∑

x,y∈Fnρ̂,s(δ)

Qn(x)Wn(y|x)min
{
1,MP[ins (X,y) ≥ ins (x,y)]

}
+M ρ̂

∑
x,y/∈Fnρ̂,s(δ)

Qn(x)Wn(y|x)e−ρ̂ins (x,y), (3.125)

where we have replaced qn by ins since each is a monotonically increasing function of the
other, and in the summation over y /∈ Fn

ρ̂,s(δ) we further weakened the bound using Markov’s
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inequality and min{1, ζ} ≤ ζ ρ̂. In order to make the inner probability in the first term of (3.125)
more amenable to an application of Lemma 3.1, we follow [85, Sec. 3.4.5] and note that the
following holds whenever P̃ns (x|y) > 0:

Qn(x) = Qn(x)
P̃ns (x|y)
P̃ns (x|y)

= P̃ns (x|y)e−i
n
s (x,y). (3.126)

For fixed y and t, summing (3.126) over all x such that ins (x,y) ≥ t yields

P[ins (X,y) ≥ t] = E
[
e−i

n
s (X̃,Y )1

{
ins (X̃,Y ) ≥ t

} ∣∣∣Y = y
]

(3.127)

under the joint distribution in (3.121).
We now observe that (3.127) is of the same form as the left-hand side of (3.120). We apply

Lemma 3.1 with Qj given by the PMF of is(X̃, yj) under X̃ ∼ P̃s( · |yj), where yj is the j-th
output symbol for which

∑
xQ(x)W (y|x) > 0. The conditions of the lemma are seen to be

satisfied for sufficiently small δ due to the definition of Fn
ρ̂,s(δ) in (3.122), the assumption in

(3.27), and (3.35)–(3.36). We have from (3.120), (3.123) and (3.127) that

P
[
ins (X,y) ≥ t

]
≤ ψs√

2πn(c3 − r(δ))
e−t(1 + o(1)) (3.128)

for all y ∈ Fn
ρ̂,s(δ), provided that δ is sufficiently small so that r(δ) < c3. Here we have used

the fact that ψ0 in (3.119) coincides with ψs in (3.32), which follows from (3.35) and the fact
that P̃s(x|y) > 0 if and only if Q(x)W (y|x) > 0 (see (3.26) and (3.28)).

Using the uniformity of the o(1) term in t in (3.128) (see Lemma 3.1), taking δ → 0 (and
hence r(δ) → 0), and using the identity

min{1, ζ1(1 + ζ2)} ≤ (1 + |ζ2|)min{1, ζ1}, (3.129)

we see that the first term in (3.125) is upper bounded by rcu∗s(n,M)(1 + o(1)). To complete
the proof of (3.42), we must show that the second term in (3.125) can be incorporated into the
multiplicative 1 + o(1) term. To see this, we note from (3.37) and (3.44) that the exponent of
rcu∗s is given by Eiid

0 (Q, ρ̂, s) − ρ̂R. From (3.6), the denominator in the logarithm in (3.124)
equals e−nEiid

0 (Q,ρ̂,s). Combining these observations, the second part of Lemma 3.2 shows that
the second term in (3.125) decays at a faster exponential rate than rcu∗s, thus yielding the
desired result.
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Proof of Lemma 3.1

The proof makes use of the local limit theorems given in [99, Thm. 1] and [100, Sec. VII.1,
Thm. 2] for the non-lattice and lattice cases respectively. We first consider the summation
S′
n ,

∑n′

i=1 Zi, where we assume without loss of generality that the first n′ = Θ(n) indices
correspond to positive variances, and the remaining n − n′ correspond to zero variances. We
similarly assume that σj > 0 for j = 1, . . . ,K ′, and σj = 0 for j = K ′+1, . . . ,K, where K ′ ≥ 1.
We clearly have Var[S′

n] = Var[Sn] = Vn.
We first consider the non-lattice case. We claim that the conditions of the lemma imply

the following local limit theorem given in [99, Thm. 1]:

P
[
S′
n ∈ [z, z + η)

]
=

η√
2πVn

e−
(z−µ′n)2

2Vn + o
( 1√

n

)
(3.130)

uniformly in z, where µ′n , E[S′
n], and η > 0 is arbitrary. To show this, we must verify the

technical assumptions given in [99, p. 593]. First, [99, Cond. (α)] states that there exists
Zmax <∞ and c > 0 such that

1

Var[Z]
E
[
(Z − E[Z])21{|Z − E[Z]| ≤ Zmax}

]
> c (3.131)

under Z ∼ Qj and each j = 1, . . . ,K ′. This is trivially satisfied since we are considering finite
alphabets, which implies that the support of each Qj is bounded. The Lindeberg condition is
stated in [99, Cond. (γ)], and is trivially satisfied since we are considering the case of finitely
many distributions {Qj}. The only non-trivial condition is [99, Cond. (β)], which can be
written as follows in the finite alphabet case: For any given lattice, there exists δ > 0 such that

1

log Vn

n′∑
i=1

P[Zi is not δ-close to a lattice point] → ∞. (3.132)

Since we are considering the case that I0 does not lie on a lattice, we have for sufficiently
small δ that the summation grows linearly in n, whereas log Vn only grows as log n. We have
thus shown that each of the technical conditions in [99] is satisfied, and hence (3.130) holds.

Upper bounding the exponential term in (3.130) by one, and noting that Sn − S′
n has vari-

ance zero, we obtain
P
[
Sn ∈ [z, z + η)

]
≤ η√

2πVn
+ o
( 1√

n

)
(3.133)
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uniformly in z. We can now prove the lemma similarly to [61, Lemma 47] by writing

E
[
e−Sn1

{
Sn ≥ t

}]
≤

∞∑
l=0

e−t−lηP
[
t+ lη ≤ Sn ≤ t+ (l + 1)η

]
(3.134)

≤
∞∑
l=0

e−t−lη
(

η√
2πVn

+ o
( 1√

n

))
(3.135)

= e−t
(

η

(1− e−η)
√
2πVn

+ o
( 1√

n

))
, (3.136)

where (3.136) follows by evaluating the summation using the geometric series. The proof is
concluded by taking η → 0 and using the identity limη→0

η
1−e−η = 1. The uniformity of (3.120)

in t follows from the uniformity of (3.133) in z.
In the lattice case, the argument is essentially unchanged, but we instead use the local limit

theorem given in [100, Sec. VII.1, Thm. 2], which yields

P[S′
n = z] =

h0√
2πVn

e−
(z−µ′n)2

2Vn + o
( 1√

n

)
(3.137)

uniformly in z on the lattice corresponding to S′
n (with span h0). The remaining arguments are

identical to the non-lattice case, with η = h0 instead of η → 0.

Proof of Lemma 3.2

We present the proof for the case that Rn, and hence ρ̂(Q,Rn, s), does not vary with n. Once
this case is established, the general case with ρ̂ varying in the range [0, 1] readily follows.

We obtain (3.123) by using the definitions of c3 and Fn
ρ̂,s (see (3.30) and (3.122)) to write

Var[ins (X̃,Y ) |Y = y] =
∑
y

nP̂y(y)Var[is(X̃, Y ) |Y = y] (3.138)

≥
∑
y

n(P ∗
ρ̂,s(y)− δ)Var[is(X̃, Y ) |Y = y] (3.139)

= n
(
c3 − o(δ)

)
, (3.140)

where (X̃|Y = y) ∼ P̃s( · | y). To prove the second property, we perform an expansion in terms
of types in the same way as Section 2.10.1 to conclude that the exponent of the denominator
in the logarithm in (3.124) is given by

min
PXY

∑
x,y

PXY (x, y) log

(
PXY (x, y)

Q(x)W (y|x)e
ρ̂is(x,y)

)
. (3.141)
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Similarly, and from the definition of Fn
ρ̂,s(δ) in (3.122), the exponent of the numerator in the

logarithm in (3.124) is given by

min
PXY :maxy |PY (y)−P ∗

ρ̂,s(y)|>δ

∑
x,y

PXY (x, y) log

(
PXY (x, y)

Q(x)W (y|x)e
ρ̂is(x,y)

)
. (3.142)

A straightforward evaluation of the Karush-Kuhn-Tucker (KKT) conditions [38, Sec. 5.5.3]
yields that the minimum (3.141) is uniquely achieved by P ∗

ρ̂,s, defined in (3.29). On the other
hand, P ∗

ρ̂,s does not satisfy the constraint in (3.142), and thus (3.142) is strictly greater than
(3.141). This concludes the proof of (3.124).

3.5.5 Proof of Theorem 3.3

The proof is similar to that of Theorem 3.2. We make use of Lemma 3.1 in Section 3.5.4, as
well as the following lemma, which is analogous to Lemma 3.2. We postpone the proof of the
lemma until the end of the subsection.

Lemma 3.3. Fix the parameters ρ ≥ 1 and s > 0. Under the assumptions in (3.50)–(3.51), the

sequence of sets

Fn
ρ,s(δ) ,

{
(x,x) : Qn(x)Qn(x) > 0,max

x,x

∣∣∣P̂xx(x, x)− P ∗
ρ,s(x, x)

∣∣∣ ≤ δ
}

(3.143)

satisfies the following properties:

1. For any δ > 0 and (x,x) ∈ Fn
ρ,s(δ), the random variable Ỹ ∼ P̃ns (·|x,x) satisfies

Var[jns (x,x, Ỹ )] ≥ n(c0 − r(δ)), (3.144)

where r(δ) → 0 as δ → 0.

2. For any δ > 0, we have

lim inf
n→∞

− 1

n

∑
(x,x)/∈Fnρ,s(δ)Q

n(x)Qn(x)
(∑

yW
n(y|x)

(
q(x,y)
q(x,y)

)s)1/ρ
∑

x,xQ
n(x)Qn(x)

(∑
yW

n(y|x)
(
q(x,y)
q(x,y)

)s)1/ρ > 0. (3.145)
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Proof of Theorem 3.3 Based on Lemma 3.3

Using the bound rcuxρ in Theorem 2.2 with the i.i.d. codeword distribution PX = Qn, we have
for any δ > 0 that

1

4(M − 1)
rcuxρ(n,M)1/ρ =

∑
x,x

Qn(x)Qn(x)P
[
qn(x,Y ) ≥ qn(x,Y )

]1/ρ
(3.146)

=
∑

(x,x)∈Fnρ,s(δ)

Qn(x)Qn(x)P
[
qn(x,Y ) ≥ qn(x,Y )

]1/ρ
+

∑
(x,x)/∈Fnρ,s(δ)

Qn(x)Qn(x)P
[
qn(x,Y ) ≥ qn(x,Y )

]1/ρ
, (3.147)

where each probability is implicitly conditioned on X = x.
We first analyze the summation over Fn

ρ,s(δ) in (3.147). In order to make the inner proba-
bility more amenable to an application of Lemma 3.1, we write it as

P
[
qn(x,Y ) ≥ qn(x,Y )

]
= P

[(
qn(x,Y )

qn(x,Y )

)s
≥ 1

]
(3.148)

= P


(
qn(x,Y )
qn(x,Y )

)s
∑

yW
n(y|x)

(
qn(x,y)
qn(x,y)

)s ≥ 1∑
yW

n(y|x)
(
qn(x,y)
qn(x,y)

)s
 (3.149)

= P

[
jns (x,x,Y ) ≥ − log

∑
y

Wn(y|x)
(
q(x,y)

q(x,y)

)s]
, (3.150)

where jns is defined in (3.56). Next, following [85, Sec. 3.4.5], we note that the following
holds when P̃ns (y|x,x) ̸= 0:

Wn(y|x) =Wn(y|x) P̃
n
s (y|x,x)
P̃ns (y|x,x)

(3.151)

= P̃ns (y|x,x)e−njs(x,x,y). (3.152)

Summing (3.152) over all y such that js(x,x,y) ≥ t, we obtain

P
[
jns (x,x,Y ) ≥ t

]
= E

[
e−nj

n
s (x,x,Ỹ )1

{
jns (x,x, Ỹ ) ≥ t

}]
, (3.153)

where Ỹ ∼ P̃ns (·|x,x). For any (x,x) ∈ Fn
ρ,s(δ), we obtain the following using Lemma 3.1 in

Section 3.5.4, the first part of Lemma 3.3, and the fact that c0 > 0 (see the arguments following
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(3.59)):
P
[
jns (x,x,Y ) ≥ t

]
≤ ψs(1 + o(1))√

2πn(c0 − r(δ))
e−t (3.154)

uniformly in t, provided that δ is sufficiently small so that r(δ) < c0. Substituting (3.154) into
(3.150), we obtain

P
[
qn(x,Y ) ≥ qn(x,Y )

]
≤ ψs(1 + o(1))√

2πn(c0 − r(δ))

∑
y

Wn(y|x)
(
q(x,y)

q(x,y)

)s
, (3.155)

and hence

∑
(x,x)∈Fnρ,s(δ)

Qn(x)Qn(x)P
[
qn(x,Y ) ≥ qn(x,Y )

]1/ρ
≤
∑
x,x

Qn(x)Qn(x)

(
ψs(1 + o(1))√
2πn(c0 − r(δ))

∑
y

Wn(y|x)
(
q(x,y)

q(x,y)

)s)1/ρ

. (3.156)

We observe that the right-hand side of (3.156) has the same exponent as the denominator of
(3.145). Using Markov’s inequality, the summation over (x,x) /∈ Fn

ρ,s(δ) in (3.147) can be
upper bounded by the numerator of (3.145), and thus the second part of Lemma 3.3 implies

1

4(M − 1)
rcuxρ,s(n,M)1/ρ

≤
(
1 + o(1)

)∑
x,x

Qn(x)Qn(x)

(
ψs(1 + o(1))√
2πn(c0 − r(δ))

∑
y

Wn(y|x)
(
q(x,y)

q(x,y)

)s)1/ρ

, (3.157)

and hence

rcuxρ,s(n,M) ≤ 4ρψs(1 + o(1))√
2πn(c0 − r(δ))

Mρ

(∑
x,x

Qn(x)Qn(x)

(∑
y

Wn(y|x)
(
q(x,y)

q(x,y)

)s)1/ρ
)ρ

(3.158)

=
4ρψs(1 + o(1))√
2πn(c0 − r(δ))

e−n(E
iid
x (Q,ρ,s)−ρR), (3.159)

where (3.159) follows by expanding each term as a product from 1 to n and using the definition
of Eiid

x . The proof is concluded by taking δ → 0 (and hence r(δ) → 0).
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Proof of Lemma 3.3

We obtain (3.144) by expanding the variance as

Var[jns (x,x, Ỹ )] =
∑
x,x

nP̂xx(x, x)VarP̃s(·|x,x)[js(x, x, Ỹ )] (3.160)

and substituting the bound in the definition of Fn
ρ,s(δ) in (3.143). To prove the second property,

we note that a nearly identical argument to Section 2.10.4 (see (2.167)–(2.169)) yields that the
exponent of the denominator of (3.145) is equal to

min
PXX

D(PXX∥Q×Q) +
1

ρ
EP [ds(X,X)], (3.161)

where ds is defined in (2.117). By a similar argument, the exponent of the numerator of (3.145)
is given by

min
PXX :maxx,x |PXX(x,x)−P ∗

ρ,s(x,x)|>δ
D(PXX∥Q×Q) +

1

ρ
EP [ds(X,X)]. (3.162)

By a straightforward analysis of the Karush-Kuhn-Tucker (KKT) conditions [38, Sec. 5.5.3],
(3.161) is uniquely minimized by P ∗

ρ,s, defined in (3.57). On the other hand, P ∗
ρ,s does not

satisfy the constraint in in (3.162), and thus (3.162) is strictly higher than (3.161).

3.5.6 Proofs of Theorems 3.4 and 3.6

We present the proof under the assumption that Q is itself a type, and thus Qn = Q. The results
for the general case follow using the fact that ∥Q − Qn∥ = O

(
1
n

)
; this contributes only to the

O(1) term to (3.79), and affects only the constant K0 in (3.83). We similarly assume that enR

is an integer in Theorem 3.6, and hence M , ⌊enR⌋ = enR.
As usual, we define the joint distribution

(X,Y ,X) ∼ PX(x)Wn(y|x)PX(x). (3.163)

The main difference in the proofs of the theorems compared to the i.i.d. case (cf. [91], [85,
Sec. 3.4.5]) is in the first step, the result of which is given in the following lemma. We recall
the non-asymptotic bound rcu(n,M) given in Theorem 2.1.
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Lemma 3.4. Fix the parameters (s, a) and the sequence {Mn}. Under the setup of Theorems

3.4 and 3.6, there exist constants K1 and γ > 0 such that

rcu(n,Mn) ≤ rcu∗s,a(n,Mn,K1)
(
1 + e−γn

)
(3.164)

for sufficiently large n, where

rcu∗s,a(n,M,K1) , E
[
min

{
1,MK1n

− τ
2 e−i

n
s,a(X,Y )

}]
(3.165)

with τ defined in (3.84).

Proof. See Section 3.5.7.

Proof of Theorem 3.4 Based on Lemma 3.4

Using the identity in (2.77), we can write rcu∗s,a in (3.165) as

rcu∗s,a(n,M,K1) = P
[
ins,a(X,Y ) + logU ≤ log(MK1n

− τ
2 )
]
. (3.166)

Moreover, we have for all x ∈ Tn(Q) that

E[ins,a(x,Y ) |X = x] = nIs,a(Q) (3.167)

Var[ins,a(x,Y ) |X = x] = nVs,a(Q). (3.168)

Combining these observations, we can prove Theorem 3.4 in an identical fashion to Section
2.5 using the Berry-Esseen theorem (respectively, Chebyshev’s inequality) when V (Q) > 0

(respectively, V (Q) = 0). The remaining details are omitted to avoid repetition.

Proof of Theorem 3.6 for R ≤ Rcr
s,a(Q) Based on Lemma 3.4

Using the identity min{1, ζ} ≤ ζ, we obtain from (3.165) that

rcu∗s,a(n,M,K1) ≤MK1n
− τ

2E
[
e−i

n
s,a(X,Y )

]
(3.169)

=MK1n
− τ

2 e−n(E
cc
0 (Q,1,s,a)−R), (3.170)

where (3.170) follows from (3.72)–(3.73) and the fact that X has composition Q. Since ρ̂ = 1

for rates below Rcr
s,a(Q), (3.170) shows that rcu∗s,a has the desired error exponent and prefactor

(cf. (3.82)–(3.83)). The proof is concluded using (3.164).
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Proof of Theorem 3.6 for R > Rcr
s,a(Q) Based on Lemma 3.4

Using (2.77) and the identity min{1,Kζ} ≤ Kmin{1, ζ}, we obtain from (3.165) that

rcu∗s,a(n, e
nR) ≤ K1P

[ n∑
i=1

(
R− is,a(Xi, Yi)

)
≥ log

(
Un

τ
2

)]
(3.171)

= K1

∑
x

PX(x)

ˆ 1

0

∑
y

Wn(y|x)1
{ n∑

i=1

(
R− is,a(xi, yi)

)
≥ log

(
un

τ
2

)}
du

(3.172)

= K1

ˆ 1

0

∑
y

Wn(y|x)1
{ n∑

i=1

(
R− is,a(xi, yi)

)
≥ log

(
un

τ
2

)}
du, (3.173)

where (3.173) holds for an arbitrary sequence x ∈ Tn(Q) by symmetry. For i = 1, . . . , n, we
define the CDF Fi(t) , P

[
R − is,a(xi, Yi) ≤ t

]
(with Yi ∼ W (·|xi)), and we let {Zi}ni=1 be

independent random variables whose CDFs are given by

FZi(z) = e
Ecc

0,xi
(Q,ρ̂,s,a)−ρ̂R

ˆ z

−∞
eρ̂t dFi(t). (3.174)

These are seen to be valid CDFs since
ˆ ∞

−∞
eρ̂t dFi(t) = E[eρ̂(R−is,a(xi,Yi))] = e

ρ̂R−Ecc
0,xi

(Q,ρ̂,s,a)
, (3.175)

where we have used (3.73). We apply a change of measure to the summation over y in (3.173)
in the same way as (3.101)–(3.103):

∑
y

Wn(y|x)1
{ n∑

i=1

(
R− is,a(xi, yi)

)
≥ t

}
(3.176)

=

˙
∑n
i=1 ti≥t

dF1(t1) . . . dFn(tn) (3.177)

= e
−
∑n
i=1(E

cc
0,xi

(Q,ρ̂,s,a)−ρ̂R)
˙

∑n
i=1 zi≥t

e−ρ̂
∑n
i=1 zi dFZ1(z1) . . . dFZn(zn) (3.178)

= e−n(E
cc
0 (Q,ρ̂,s,a)−ρ̂R)E

[
e−ρ̂

∑n
i=1 Zi1

{
ρ̂

n∑
i=1

Zi ≥ ρ̂t

}]
, (3.179)

where in (3.179) we have used (3.72) and the fact that x has type Q.
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Before proceeding, we state the following lemma by Polyanskiy et al. [61].

Lemma 3.5. [61, Lemma 47] Let Z1, ..., Zn be independent random variables with σ2 =∑n
i=1Var[Zi] > 0 and T =

∑n
i=1 E[|Zi − E[Zi]|3] <∞. Then for any t,

E
[
e−

∑
i Zi1

{∑
i

Zi ≥ t
}]

≤ 2
( log 2√

2π
+

12T

σ2

) 1
σ
e−t. (3.180)

Since FZi is a tilted version of Fi, the variance of Zi is positive if and only of the same
is true of R − is,a(xi, Yi). The latter is guaranteed provided that xi coincides a value of x
satisfying Var[is,a(x, Y )] > 0, and such a symbol occurring Θ(n) times in x is guaranteed to
exist provided that Vs,a(Q) > 0. By a similar argument to Gallager [2, pp. 142-143] (see also
Section 3.5.1) Vs,a(Q) equaling zero would imply Rcr

s,a(Q) = Is,a(Q), so the fact that we are
operating in the range R ∈

(
Rcr
s,a(Q), Is,a(Q)

)
means that Vs,a(Q) > 0. We conclude that the

variance of
∑n

i=1 Zi grows linearly in n, thus yielding the following upon applying Lemma
3.5 to (3.179).

ˆ 1

0

∑
y

Wn(y|x)1
{ n∑

i=1

(
R− is,a(xi, yi)

)
≥ log

(
un

τ
2

)}
du

≤ K2√
n
e−n(E

cc
0 (Q,ρ̂,s,a)−ρR)E

[
e−ρ̂ log(Un

τ
2 )
]

(3.181)

=
K3

n
1
2
(1+τ ρ̂)

e−n(E
cc
0 (Q,ρ̂,s,a)−ρ̂R), (3.182)

where K2 and K3 , K2E
[
U−ρ̂] are constants. Note that we have used the fact that T in Lemma

3.5 grows linearly in n since we are considering the case of finite alphabets.
The proof is concluded by substituting (3.182) into (3.173) and using (3.164).

3.5.7 Proof of Lemma 3.4

Throughout this subsection, we assume without loss of generality that X =
{
1, . . . , |X |

}
and

Y =
{
1, . . . , |Y|

}
. Recall that we are considering the case that Q(x) > 0 for all x, all outputs

are reachable, and Q is a type (i.e. Q = Qn).
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Alternative Forms of the Codeword Distribution

We begin by writing the codeword distribution in (3.66) in various alternative forms. A
straightforward symmetry argument yields

PX(x) =
1

µn

n∏
i=1

Q(xi)1{x ∈ Tn(Q)}, (3.183)

where µn is a normalizing constant. Using the refined bounds on the size of Tn(Q) in [27, Ex
2.2], it is readily verified that

µn = Θ
(
n−

|X|−1
2

)
. (3.184)

As noted in Section 2.3, Tn(Q) can be written as

Tn(Q) ,

{
x :

∣∣P̂x(x)−Q(x)
∣∣ ≤ δ

n
, x = 1, . . . , |X |

}
, (3.185)

where δ ∈ [0, 1). We will use this formulation with δ chosen to be strictly positive.
It will prove useful to give another equivalent definition in terms of the product alphabet

X k, where k is a fixed integer. We divide the sequence x into n/k blocks of length k:

x
(k)
1 , (x1, . . . , xk)

x
(k)
2 , (xk+1, . . . , x2k)

...

x
(k)
n/k , (xn−k+1, . . . , xn). (3.186)

For clarity of exposition, it is assumed here that n/k is an integer; the extension to the general
case is straightforward. For a given product symbol x(k)j , we define the following function that
counts the number of occurrences of a given symbol x:

ξkx(x
(k)
j ) ,

jk∑
i=(j−1)k+1

1{xi = x}. (3.187)

We can now write (3.185) as

Tn(Q) =

{
x :

∣∣∣ n/k∑
i=1

ξkx(x
(k)
i )− nQ(x)

∣∣∣ ≤ δ, x = 1, . . . , |X |
}
. (3.188)

We provide some reasoning behind this block decomposition in the proof of Lemma 3.7 below.
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We will also make use of a vector ξk(x(k)) containing |X | −N of the functions {ξ(k)x }x∈X .
Specifically, we write

ξk(x(k)) ,


ξkx̃1(x

(k))
...

ξkx̃|X|−N
(x(k))

 , (3.189)

where x̃1, . . . , x̃|X |−N are chosen to include all of the symbols except one (e.g. the one with the
highest index) from each of the N subchannels.

Further Auxiliary Lemmas

Along with the definitions in Section 3.4.1, we define the tilted conditional distribution

P̃s,a(x|y) ,
Q(x)q(x, y)sea(x)∑
xQ(x)q(x, y)sea(x)

, (3.190)

the tilted joint distribution

P ∗
ρ̂,s,a(x, y) , Q(x)

W (y|x)e−ρ̂is,a(x,y)∑
y′ W (y′|x)e−ρ̂is,a(x,y′) (3.191)

and its Y -marginal P ∗
ρ̂,s,a(y), and the random variables

(X,Y ,X, X̃) ∼ PX(x)Wn(y|x)PX(x)P̃ns,a(x̃|y), (3.192)

where P̃ns,a is the n-fold product of P̃s,a. The following two lemmas play the role of Lemma
3.2 from the corresponding analysis of i.i.d. random coding in Section 3.5.4.

Lemma 3.6. Fix the parameters (s, a) and the sequence {Rn}, and let ρ̂ = ρ̂(Q,Rn, s, a) be

defined according to (3.74). Under the setup of Theorems 3.4 and 3.6, the set2

Fn
ρ̂,s,a(δ

′) ,
{
y : max

y

∣∣P̂y(y)− P ∗
ρ̂,s,a(y)

∣∣ ≤ δ′
}

(3.193)

satisfies the following properties:

1. For sufficiently small δ′ and any sequence of vectors y ∈ Fn
ρ̂,s,a(δ

′) (indexed by n), we

have miny P̂y(y) = Θ(n).

2In the absence of the assumptions that all inputs are used and all outputs are reachable, the constraint
PY (y) > 0 should be added to this set, as was done in Lemma 3.2.
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2. For any δ′ > 0 and K1 > 0, we have

lim inf
n→∞

− 1

n
log

enρ̂Rn
∑

x,y/∈Fnρ̂,s,a(δ′)
PX(x)Wn(y|x)e−ρ̂ins,a(x,y)

rcu∗s,a(n, e
nRn ,K1)

> 0. (3.194)

Lemma 3.7. Let k = |Y|, and fix the product symbol y(k) = (1, . . . , |Y|). The covariance matrix

of ξk(X̃(k)) in (3.189) has full rank under X̃(k) ∼ P̃ ks,a(·|y(k)) (i.e. the k-fold product of P̃s,a).

Moreover, if q /∈ Qcc
0 , then the covariance matrix of

[
iks,a(X̃

(k), y(k))

ξk(X̃(k))

]
(3.195)

has full rank, where iks,a is defined analogously to (3.68).

Next, we provide a strong large deviations result that can be thought of as generalizing
Lemma 3.1 to the multivariate setting.

Lemma 3.8. Fix the integersK ≥ 1 and d ≥ 2, and for each n, let (n1, . . . , nK) be integers such

that
∑

j nj = n and minj nj = Θ(n). Fix the probability mass functions (PMFs) Q1, . . . , QK

on a finite subset of Rd, let {Σj}Kj=1 be the corresponding d × d covariance matrices, and let

{Zi}ni=1 be independent d-dimensional random vectors, nj of which are distributed according

toQj for each j. Furthermore, let {Σ′
j}Kj=1 be the submatrices of {Σj}Kj=1 obtained by removing

the first row and column of each, and let {Z ′
i}ni=1 be obtained from {Zi}ni=1 by removing the

first entry of each. If det(Σ′
j) > 0 for some j, then for any constants t and δ > 0, and any

sequence of vectors φn ∈ Rd−1, we have

E

[
e−

∑n
i=1 Z1,i1

{
n∑
i=1

Z1,i ≥ t ∩
∥∥∥∥∥

n∑
i=1

Z ′
i − φn

∥∥∥∥∥
∞

≤ δ

}]
≤ βne

−t, (3.196)

where

βn = O
(
n−

d−1
2

)
(3.197)

uniformly in t and φn. Furthermore, if det(Σj) > 0 for some j, this can be strengthened to

βn = O
(
n−

d
2

)
(3.198)

uniformly in t and φn.
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Proof of Lemma 3.4 Based on Lemmas 3.6–3.8

We write the RCU bound in (2.7) as

rcu(n,M) = E
[
min

{
1,P
[
ins,a(X,Y ) ≥ ins,a(X,Y )

∣∣X,Y
]}]

. (3.199)

This is equivalent to (2.7) due to the fact that an(X) = an(X) almost surely, which follows
since X and X have the same composition.

We now analyze the inner probability in (3.199). By a standard change of measure from
constant-composition to i.i.d. [62] (see also (2.71)–(2.73)), we have for any sequence y that

P
[
ins,a(X,y) ≥ t

]
≤ p0(n)e

−t, (3.200)

where p0(n) grows polynomially in n (cf. (3.184)). The main step in the proof is to show the
following refined bound for some constants δ′ and K1, all y ∈ Fn

ρ̂,s,a(δ
′) (see (3.193)), and

sufficiently large n:
P
[
ins,a(X,y) ≥ t

]
≤ K1n

− τ
2 e−t. (3.201)

To show this, we again follow [61, Sec. 3.4.5] and note that the following holds whenever
P̃ns,a(x|y) ̸= 0:

PX(x) =
1

µn
Qn(x)

P̃ns,a(x|y)
P̃ns,a(x|y)

1
{
x ∈ Tn(Q)

}
(3.202)

=
1

µn
P̃ns,a(x|y)e−i

n
s,a(x,y)1

{
x ∈ Tn(Q)

}
. (3.203)

Summing both sides over all x such that ins,a(x,y) ≥ t yields

P
[
ins,a(X,y) ≥ t

]
=

1

µn
E
[
e−i

n
s,a(X̃,y)1

{
ins,a(X̃,y) ≥ t ∩ X̃ ∈ Tn(Q)

} ∣∣∣Y = y
]

(3.204)

under the joint distribution in (3.192).
We set k = |Y| and let y(k)1 , . . . , y

(k)
n/k denote the decomposition of y into blocks in the

same way as (3.186), and similarly for X̃(k)
1 , . . . , X̃

(k)
n/k. From the first part of Lemma 3.6,

any sequence of vectors y ∈ Fn
ρ̂,s,a(δ

′) (indexed by n) must contain Θ(n) appearances of each
output symbol. Moreover, by the symmetry of PX , the probability on the left-hand side of
(3.201) is invariant under permutations of y, and we may therefore assume that y starts with
Θ(n) repetitions of (1, . . . , |Y|). Thus, the symbol y(k) = (1, . . . , |Y|) occurs Θ(n) times in the
block decomposition.
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Using the alternative form of Tn(Q) in (3.188), we can write (3.204) as

P
[
ins,a(X,y) ≥ t

]
=

1

µn
E

[
e−

∑n/k
i=1 i

k
s,a(X̃

(k)
i ,y(k))1

{
n/k∑
i=1

iks,a(X̃
(k)
i , y(k)) ≥ t

∩
∣∣∣∣∣
n/k∑
i=1

ξkx(x
(k)
i )− nQ(x)

∣∣∣∣∣ ≤ δ, x = 1, . . . , |X |
}∣∣∣∣Y = y

]
. (3.205)

We are now in a position to prove (3.201) using Lemma 3.8. We set d = |X | − N + 1, let
each Qj therein correspond to the vector in (3.195) for some y(k), and replace n in the lemma
statement by n/k.

In the case that q /∈ Qcc
0 , we upper bound (3.205) by requiring the second event in the indi-

cator function to hold only for x ∈ {x̃1, . . . , x̃|X |−N} (see (3.189)), rather than x ∈ X . Recalling
the above observation that the symbol y(k) = (1, . . . , |Y|) occurs Θ(n) times, the second part of
Lemma 3.7 reveals that Σj (defined in Lemma 3.8) has full rank for the corresponding value
of j. Combining (3.196), (3.198) (with d = |X | − N + 1) and (3.184), we can upper bound
(3.205) by O

(
n

1
2
(N−2)

)
e−t. This coincides with (3.201), since the condition q /∈ Qcc

0 implies
that the indicator function in (3.84) equals one.

In the remaining case, i.e. q ∈ Qcc
0 , we follow similar steps, except that we also remove the

first constraint (containing iks,a) from the indicator function in (3.205), and we use the first part
of Lemma 3.7 instead of the second part, leading to a bound of the form O

(
n

1
2
(N−1)

)
e−t. This

completes the proof of (3.201).
Combining (3.200) and (3.201) with (3.199), we obtain

rcu(n,M) ≤
∑

x,y∈Fnρ̂,s,a(δ′)

PX(x)Wn(y|x)min

{
1,MK1n

− τ
2 e−i

n
s,a(x,y)

}

+
∑

x,y∈Fnρ̂,s,a(δ′)

PX(x)Wn(y|x)min

{
1,Mp0(n)e

−ins,a(x,y)
}

(3.206)

≤ rcu∗s,a(n,M,K1) +
(
Mp0(n))

ρ̂
∑

x,y∈Fnρ̂,s,a(δ′)

PX(x)Wn(y|x)e−ρ̂ins,a(x,y), (3.207)

where (3.207) follows since min{1, ζ} ≤ ζ ρ̂. The second part of Lemma 3.6 implies that
the second term in (3.207) has a strictly faster exponential rate of decay than the first, thus
completing the proof of Lemma 3.4.
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Proof of Lemma 3.6

Similarly to the proof of Lemma 3.2, it suffices to prove the case that Rn (and hence
ρ̂(Q,Rn, s, a)) is fixed, and we thus omit the dependence on n.

Observe from (3.191) and the definition of is,a in (3.67) that P ∗
ρ̂,s,a(x, y) > 0 if and only if

Q(x)W (y|x)q(x, y) > 0. Using the assumption in (3.65) and the fact that we are considering
the case that Q(x) > 0 for all x, it follows that P ∗

ρ̂,s,a(x, y) > 0 if and only if W (y|x) > 0 (or
equivalently q(x, y) > 0). Since all outputs are reachable by assumption, we obtain P ∗

ρ̂,s,a(y) >

0 for all y. The first part of the lemma follows by choosing δ′ in (3.193) to be any positive
value smaller than miny P

∗
ρ̂,s,a(y).

The proof of (3.194) is similar to that of the corresponding statement in Lemma 3.2. Using
expansions in terms of types and applying standard properties [27, Ch. 2] (e.g. see Section
2.10.1), we have rcu∗s,a(n, e

nR,K1)
.
= e−nÊr(Q,R,s,a), where

Êr(Q,R, s, a) , min
PXY :PX=Q

D(PXY ∥Q×W ) +
[
EP [is,a(X,Y )]−R

]+
. (3.208)

Writing [ζ]+ = maxρ∈[0,1] ρζ and using Fan’s minimax theorem [78], we obtain

Êr(Q,R, s, a) = max
ρ∈[0,1]

min
PXY :PX=Q

D(PXY ∥Q×W ) + ρEP [is,a(X,Y )]− ρR (3.209)

= max
ρ∈[0,1]

min
PXY :PX=Q

∑
x,y

PXY (x, y) log

(
PXY (x, y)

Q(x)W (y|x)e
ρis,a(x,y)

)
− ρR. (3.210)

An evaluation of the KKT conditions reveals that the minimum is uniquely achieved by P ∗
ρ,s,a

(see (3.191)), and yields an objective of E0(Q, ρ, s, a)−ρR. Using the definition of ρ̂ in (3.74),
we conclude that Êr(Q,R, s, a) = E0(Q, ρ̂, s, a)− ρ̂R.

Using similar steps to those used to obtain (3.210), along with the definition of Fn
ρ̂,s,a(δ

′)

in (3.193), we find that the numerator in (3.194) has an exponent given by

Ê′
r(Q,R, ρ̂, s, a) , min

PXY :PX=Q
maxy |PY (y)−P ∗

ρ̂,s,a(y)|>δ

∑
x,y

PXY (x, y) log

(
PXY (x, y)

Q(x)W (y|x)e
ρ̂is,a(x,y)

)
− ρ̂R.

(3.211)
As we established following (3.210), in the absence of the constraint maxy |PY (y)−P ∗

ρ̂,s,a(y)| >
δ, the unique minimizer is given by P ∗

ρ̂,s,a. However, P ∗
ρ̂,s,a is clearly infeasible in (3.211), and

we therefore conclude that Ê′
r > Êr, thus concluding the proof of (3.194).
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Proof of Lemma 3.7

From (3.189), the covariance matrix of ξk(X̃(k)) has determinant zero if and only if

Var
[
γx̃1ξ

k
x̃1(X̃

(k)) + · · ·+ γx̃|X|−N ξ
k
x̃|X|−N

(X̃(k))
]
= 0 (3.212)

for some (γx̃1 , . . . , γx̃|X|−N ) ̸= (0, . . . , 0). Since X̃(k) ∼ P̃ ks,a(·|y(k)) is a product distribution and
y(k) = (1, . . . , |Y|) (see the lemma statement), we can write (3.212) as

∑
y

Var
P̃s,a(·|y)

[
γx̃1ξx̃1(X̃) + · · ·+ γx̃|X|−N ξx̃|X|−N (X̃)

]
= 0, (3.213)

where ξx(x̃) , 1{x̃ = x} by (3.187). For notational convenience, we rewrite (3.213) as

∑
y

Var
P̃s,a(·|y)

[
γ1ξ1(X̃) + · · ·+ γ|X |ξ|X |(X̃)

]
= 0, (3.214)

where γx = 0 for all x /∈ {x̃1, . . . , x̃|X |−N}. We proceed by assuming that (3.214) is true,
and then arriving at a contradiction. By an identical argument to that given at the start of the
proof of Lemma 3.6 above, we have P̃s,a(x|y) > 0 if and only if W (y|x) > 0 (or equivalently
q(x, y) > 0). It follows from (3.214) that γx = γx for any pair (x, x) sharing a common output
(i.e. W (y|x)W (y|x) > 0 for some y), since otherwise the argument to Var

P̃s,a(·|y) would differ
depending on whether X̃ = x or X̃ = x, thus yielding a positive variance.

Since γx = γx for all (x, x) sharing a common output, it also holds that γx = γx for all x
that can be reached from x by following a path in the channel graph (i.e. by moving between
inputs and outputs such that W (·|·) ̸= 0). Since γx = 0 for at least one symbol of each of the
N subchannels (see (3.189)), it follows that γx = 0 for all x, thus contradicting the assumption
that (γ1, . . . , γ|X |−1) ̸= (0, . . . , 0).

The claim regarding the covariance matrix of (3.195) follows similarly using a proof by
contradiction. By the preceding argument, the submatrix of the covariance matrix obtained by
removing the first row and column has full rank. The only remaining possibility for the matrix
(3.195) to have determinant zero is that there exists a function g(x) (equal to weighted linear
combinations of {ξx}x∈X ) such that Var

P̃s,a(·|y)[is,a(X̃, y) + g(X̃)] = 0 for all y. Recalling that
P̃s,a(x|y) > 0 if and only if q(x, y) > 0, this condition is equivalent to is,a(x, y) + g(x) + h(y)

taking a constant value wherever q(x, y) > 0, for some function h(y). We conclude from the
definition of is,a in (3.67) that

q(x, y) = g′(x)h′(y)1{q(x, y) > 0} (3.215)
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for some functions g′(x) and h′(y). This contradicts the assumption q /∈ Qcc
0 (see (3.76)), and

we conclude that the covariance matrix of (3.195) has full rank.
We can now provide some intuition as to why it is beneficial to work with blocks of size

k = |Y| (cf. (3.186)). It is this decomposition that allowed us to write (3.213) with a summation
over y, but with values of {γx} not depending on y. In contrast, a similar argument considering
one symbol at a time would lead to an analogous expression to (3.213) with γx replaced by
γx,y, which is not useful.

Proof of Lemma 3.8

We begin by proving the second part of the lemma. We write

E

[
e−

∑n
i=1 Z1,i1

{
n∑
i=1

Z1,i ≥ t ∩
∥∥∥∥∥

n∑
i=1

Z ′
i − φn

∥∥∥∥∥
∞

≤ δ

}]

≤
∞∑
l=0

e−t−2lδP

[
t+ 2lδ ≤

n∑
i=1

Z1,i ≤ t+ 2(l + 1)δ ∩
∥∥∥∥∥

n∑
i=1

Z ′
i − φn

∥∥∥∥∥
∞

≤ δ

]
. (3.216)

The probability on the right-hand side of (3.219) is that of a sum of independent vectors
falling within a d-dimensional cube of side length 2δ, and can therefore be upper bounded
by the probability of the same sum falling within a sphere of radius δ

√
d. We claim that

the concentration function result of [101, Thm. 6.2] implies that this probability behaves as
O
(
n−

d
2

)
uniformly in the location of the sphere (i.e. the vector φn in (3.219)), provided that

det(Σj) > 0 for some j ∈ {1, . . . ,K} corresponding to Θ(n) of the terms in the sum. Since the
latter statement is true by assumption and

∑∞
l=1 e

−2lδ = 1
1−e−2δ is a constant, this will complete

the proof of the second part of the lemma.
The required O

(
n−

d
2

)
behavior for the probability of a falling within a sphere is proved in

a nearly identical fashion to [96, Appendix F], so we only explain the differences. According
to the concentration function result of Esseen [101, Thm. 6.2] (and choosing ρ = τ according
to the notation therein), the probability under consideration is upper bounded by

inf
u≥δ

√
d
b

(
1

u2

K∑
j=1

njχj(u)

)− d
2

(3.217)

for some constant b, where

χj(u) , inf
∥v∥2=1

∑
∥z∥2<u

Q̃j(z)(v
Tz)2, (3.218)
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and where Q̃j is the symmetrized version of Qj (i.e. if A1 and A2 are independent random
variables with distribution Qj , then A1 − A2 has PMF Q̃j). Since we are considering the case
of finite alphabets, each Q̃j has bounded support, and thus there exists a finite constant u∗

such that, for all u > u∗, the summation in (3.218) is unchanged when it is taken to be over
all z sequences. For any such u, we have χj(u) = 2λmin(Σj), where λmin denotes the smallest
eigenvalue of a square matrix [96]. The desired result now follows in the same way as [96]
by upper bounding u2 by max{(u∗)2, δ2d} in (3.217), upper bounding the infimum over u by
the specific choice u = u∗, and noting that the summation grows linearly in n due to the fact
that λmin(Σj) > 0 for at least one value of j (this follows directly from the corresponding
assumption det(Σj) > 0).

The first part of the lemma is proved similarly by writing

E

[
e−

∑n
i=1 Z1,i1

{
n∑
i=1

Z1,i ≥ t ∩
∥∥∥∥∥

n∑
i=1

Z ′
i − φn

∥∥∥∥∥
∞

≤ δ

}]
≤ e−tP

[∥∥∥∥∥
n∑
i=1

Z ′
i − φn

∥∥∥∥∥
∞

≤ δ

]
,

(3.219)
which follows immediately from the constraint

∑n
i=1 Z1,i ≥ t. The probability on the right-

hand side of (3.219) is that of a sum of independent vectors falling within a (d−1)-dimensional
cube of side length 2δ. Using the same argument as the first part of the lemma and the assump-
tion that det(Σ′

j) > 0 for some j, the probability behaves as Θ
(
n−

d−1
2

)
uniformly in t and φn.

3.5.8 Proofs of Theorems 3.5 and 3.7

Let U = {1, . . . , N} be the alphabet indexing the N subchannels (cf. Definition 3.1), and let
W1 be one such subchannel. Recall that the subchannels are identical by assumption. Let
C = {x(1), . . . ,x(M)} be an arbitrary codebook (not necessarily constant-composition), and for
a given codeword x, let u(x) be a sequence of symbols in U indicating which subchannel is
used for each channel use. By (3.65), the decoding metric qn(x,y) is zero unless the values y

are consistent with those of u (i.e. yi ∈ Yui for i = 1, . . . , n), and hence the maximum-metric
decoding rule can be interpreted as follows: Given the output sequence y, deterministically
construct the corresponding auxiliary sequence u, and then choose

m̂ = argmax
j :u(x(j))=u

qn(x(j),y). (3.220)

We claim the following: If the total fraction of u sequences used (i.e. such that u(x(j)) = u for
some j) is less than 1

ζ for some integer ζ ≥ 2, then the number of messages can be increased
by a factor of ζ without changing the error probability. To see this, first note that since the
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u sequence is known with certainty at the decoder, the determination of the message among
{j : u(x(j)) = u} simply corresponds to coding over W1; the precise values in u play no
further role. Thus, since less than a proportion 1

ζ of the u sequences are utilized, we may
take the original codebook structure and repeat it ζ times across the remaining u sequences,
without affecting the error probability.

We now specialize these observations to constant-composition codes. If all the codewords
{x(j)} have the same composition, the same is true for the auxiliary sequences {u(x(j))}. Thus,
the total number of u sequences utilized is not Nn, but instead the size of some type class
Tn(QU ) on Un. From [27, Ex 2.2], the largest type class (at least asymptotically) corresponds
to a uniform distribution QU , and yields |Tn(QU )| = Θ

(
Nnn−

N−1
2

)
. Thus, at most a fraction

Θ
(
n−

N−1
2

)
of the u sequences are utilized, and we may increase the number of messages by

a factor of Θ
(
n
N−1

2

)
without affecting the error probability. It follows that for any sequence

of constant-composition codes, there exists a sequence of general codes with an addition of
1
2(N − 1) log n+O(1) to the third-order term, as stated in (3.80).

We now turn to the proof of Theorem 3.7. Recall that we are considering symmetric chan-
nels and rates above the critical rate. Using Theorem 2.5 and the fact that the i.i.d. exponent
with a uniform input distribution equals the reliability function E(R) (cf. Section 1.2.1) above
the critical rate [2, Ch. 5], we have E(R) = Ecc

0 (ρ̂)− ρ̂R. Assuming for notational convenience
that enR is an integer, the preceding arguments yield

p∗e,Q(n, e
nR) ≥ p∗e(n, gne

nR), (3.221)

where gn = Θ
(
n−

N−1
2

)
. Moreover, the results given in [84, Ch. 5, Thms. 7-8] state that

p∗e(n, gne
nR) ≥ K ′

1

n
1
2
(1+1{W /∈Wsymm

0 }ρ̂(R−∆n))
e−nE(R−∆n), (3.222)

where ∆n , 1
n log gn, and K ′

1 is a constant depending on W and R. The proof is concluded by
Taylor expanding E(R) and ρ̂(R) in the same way as [84, Lem. 27]. In particular, letting E′(·)
denote the derivative of E(·), we have

e−nE(R−∆n) = Θ
(
n
N−1

2
|E′(R)|

)
e−nE(R), (3.223)

thus yielding the term (N − 1) in (3.84) upon identifying |E′(R)| = ρ̂(R) [84, Lem. 22].



Chapter 4

Multiple-Access Channels

4.1 Introduction

Network information theory problems with mismatched decoding are not only of independent
interest, but can also provide valuable insight into the single-user mismatched decoding prob-
lem. In particular, it was shown by Lapidoth [35] that rates exceeding the LM rate (cf. Section
1.1.4) can be achieved by treating the single-user channel as a multiple-access channel (MAC)
and generating multiple codebooks in parallel.

In this chapter, we revisit the mismatched MAC and build on the work of [35]. We derive
ensemble-tight random-coding error exponents that recover the achievable rate region of [35],
and we provide equivalent dual expressions and extensions to infinite and continuous alpha-
bets. Furthermore, we study a mismatched multi-letter successive decoding rule, as well as
second-order coding rates (cf. Section 1.2.2) for maximum-likelihood decoding.

4.1.1 System Setup

We consider a two-user memoryless MAC W (y|x1, x2) with input alphabets X1 and X2 and
output alphabet Y . In the case that each alphabet is finite, the MAC is referred to as a discrete
memoryless MAC (DM-MAC). The decoding metric is denoted by q(x1, x2, y), and we write
Wn(y|x1,x2) ,

∏n
i=1W (yi|x1,i, x2,i) and qn(x1,x2,y) ,

∏n
i=1 q(x1,i, x2,i, yi).

Encoder ν = 1, 2 takes as input a message mν uniformly distributed on the set {1, . . . ,Mν},
and transmits the corresponding codeword x

(mν)
ν from the codebook Cν = {x(1)

ν , . . . ,x
(Mν)
ν }.

Given the output sequence y, the decoder forms an estimate (m̂1, m̂2) of the message pair,
given by

(m̂1, m̂2) = argmax
(i,j) : i∈{1,...,M1}, j∈{1,...,M2}

qn(x
(i)
1 ,x

(j)
2 ,y). (4.1)
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We assume that ties are broken uniformly at random. The optimal maximum-likelihood (ML)
decoding rule is recovered from (4.1) by setting q(x1, x2, y) =W (y|x1, x2).

An error is said to have occurred if the estimate (m̂1, m̂2) differs from (m1,m2). The error
probability for a given pair of codebooks (C1, C2) is denoted by pe(C1, C2). Given two codeword
distributions PX1 and PX2 , we define the random-coding error probability

pe(n,M1,M2) , E[pe(C1,C2)], (4.2)

where C1 and C2 contain independent codewords drawn from PX1 and PX2 respectively.
A rate pair (R̃1, R̃2) is said to be achievable if, for all δ > 0, there exist sequences

of codebooks C1,n and C2,n of sizes at least en(R̃1−δ) and en(R̃2−δ) respectively such that
pe(C1,n, C2,n) → 0. The capacity region R∗ is defined to be the closure of the set of achievable
rate pairs. An error exponent Ẽ(R1, R2) is said to be achievable if there exist sequences of
codebooks C1,n and C2,n of sizes at least enR1 and enR2 such that

lim inf
n→∞

− 1

n
log pe(C1,n, C2,n) ≥ Ẽ(R1, R2). (4.3)

For a given pair of random-coding distributions (PX1 , PX2), we say that Ẽ(R1, R2) exhibits
ensemble tightness if

lim
n→∞

− 1

n
log pe(n, ⌊enR1⌋, ⌊enR2⌋) = Ẽ(R1, R2). (4.4)

4.1.2 Previous Work

The capacity region of the matched MAC (corresponding to q(x1, x2, y) = W (y|x1, x2)) is
given by [102, 103]

R∗ , cl

{ ⋃
PX1

,PX2

{
(R1, R2) : R1 ≤ I(X1;Y |X2),

R2 ≤ I(X2;Y |X1), R1 +R2 ≤ I(X1, X2;Y )
}}

, (4.5)

where cl{·} denotes the convex closure, and the mutual informations are taken with respect to
PX1 × PX2 ×W .

Error exponents for the matched MAC were presented in [66, 104–107]. In particular, Liu
and Hughes [66] derived an achievable exponent using constant-composition random coding,
and showed that in contrast to the single-user setting, the exponent can improve on that of
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Figure 4.1 Parallel BSC example [35].

i.i.d. random coding [105] even after the optimization of the input distributions. An ensemble
tightness result was proved for constant-composition random coding in [107] in the case that
both rates are sufficiently small; to our knowledge, the general case has not been handled
previously.

Lapidoth [35] obtained an achievable rate region for the mismatched MAC, and showed
the surprising fact that the single-user LM rate can be improved by treating the single-user
channel as a MAC. Moreover, it was shown that the random-coding error probability tends
to one for rate pairs outside the region, thus establishing ensemble tightness. As an example,
Lapidoth considered the channel in Figure 4.1 consisting of two parallel binary symmetric
channels (BSCs) with crossover probabilities δ1 ∈ (0, 0.5) and δ2 ∈ (0, 0.5). The mismatched
decoder assumes that both crossover probabilities are equal to δ ∈ (0, 0.5) (all such choices of δ
are equivalent). By treating the channel as a mismatched single-user channel from (X1, X2) to
(Y1, Y2) and using random coding with a uniform distribution on the quaternary input alphabet,
one can only achieve rates R satisfying

R ≤ 2

(
1−H2

(
δ1 + δ2

2

))
bits/use, (4.6)

where H2(·) is the binary entropy function in bits. On the other hand, by treating the channel
as a mismatched MAC from X1 and X2 to (Y1, Y2) and using random coding with equiprobable
input distributions on each binary input alphabet, one can achieve any rate R satisfying

R ≤
(
1−H2(δ1)

)
+
(
1−H2(δ2)

)
bits/use. (4.7)

This is the best rate possible even under maximum-likelihood (ML) decoding.
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Error exponents for the mismatched MAC were presented in [107], but they are not tight
enough to prove the achievability of Lapidoth’s rate region. For example, for the parallel
BSC example in Figure 4.1 with uniform input distributions, the exponents of [107] are only
positive when the sum-rate R satisfies (4.6).

4.1.3 Contributions

The main contributions of this chapter are as follows:

• In Section 4.2, we present our main results for the mismatched MAC. Considering
constant-composition random coding, and making use of various bounds on the proba-
bility of a multiply-indexed union, we obtain an ensemble-tight error exponent for the
DM-MAC which is positive in the interior of Lapidoth’s achievable rate region [35]. By
specializing our results to the case of ML decoding, we prove the ensemble tightness of
the exponent given in [66] for constant-composition random coding.

• Using the method of Lagrange duality [38], we provide alternative expressions for the
achievable rate region and error exponent. We show that the dual expressions can be
obtained directly using cost-constrained random coding, thus proving their validity in
the case of infinite and continuous alphabets. Furthermore, we study the number of
costs needed for the cost-constrained ensemble to match the performance of constant-
composition codes for the DM-MAC.

• In Section 4.3, we consider a multi-letter successive decoding rule which differs from
(4.1), but which still depends on the codewords only through the metrics qn(x(i)

1 ,x
(j)
2 ,y).

We derive an achievable rate region and error exponent, and show that the rate region
can yield a strictly higher sum rate than the maximum-metric rule for a given pair of
input distributions.

• In Section 4.4, we consider second-order coding rates (cf. Section 1.2.2) for maximum-
likelihood decoding. Using constant-composition random coding, coded time sharing,
and a variant of Hoeffding’s combinatorial central limit theorem [108], we provide an
inner bound on the set of locally achievable second-order coding rates for any given
point on the boundary of the capacity region. Using numerical examples, we demon-
strate the improved performance compared to i.i.d. random coding. Furthermore, we
provide an extension of our main result to the Gaussian MAC via an increasingly fine
quantization of the inputs.
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The required results on multiply-indexed unions and Lagrange duality are presented in Ap-
pendices D and E respectively.

Parts of this chapter were presented in [109–113].

4.2 Random-Coding Bounds, Exponents and Rates

We consider the random coding setup described in Section 4.1.1. We let X(i)
ν be the random

variable corresponding to the i-th codeword of user ν, yielding

(
{X(i)

1 }M1
i=1, {X

(j)
2 }M2

i=1

)
∼

M1∏
i=1

PX1(x
(i)
1 )

M2∏
j=1

PX2(x
(j)
2 ). (4.8)

We assume without loss of generality that m1 = m2 = 1, and we write X1 and X2 in place
of X

(1)
1 and X

(1)
2 . We write X1 and X2 to denote arbitrary codewords that are generated

independently of X1 and X2, and the random sequence at the output of the channel is denoted
by Y . It follows that

(X1,X2,Y ,X1,X2) ∼ PX1(x1)PX2(x2)W
n(y|x1,x2)PX1(x1)PX2(x2). (4.9)

For clarity of exposition, we focus primarily on the case that there is no time sharing (e.g. see
[66]). In Section 4.2.5, we state the corresponding results with time sharing, and discuss the
differences between the matched and mismatched settings.

We study the random-coding error probability by considering the following events:

(Type 1) qn(X
(i)
1 ,X2,Y ) ≥ qn(X1,X2,Y ) for some i ̸= 1;

(Type 2) qn(X1,X
(j)
2 ,Y ) ≥ qn(X1,X2,Y ) for some j ̸= 1;

(Type 12) qn(X
(i)
1 ,X

(j)
2 ,Y ) ≥ qn(X1,X2,Y ) for some i ̸= 1, j ̸= 1.

We refer to these as error events, but it should be noted that they do not necessarily correspond
to decoder errors when the inequalities hold with equality, since we have assumed that the
decoder breaks ties randomly.

The probabilities of the above error events are denoted by pe,1(n,M1), pe,2(n,M2) and
pe,12(n,M1,M2), and the overall random-coding error probability is denoted by pe(n,M1,M2).
Since breaking ties as errors at most doubles the error probability [12], we have

1

2
max{pe,1, pe,2, pe,12} ≤ pe ≤ pe,1 + pe,2 + pe,12. (4.10)
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4.2.1 Non-Asymptotic Bounds

The following theorem extends the random-coding union (RCU) bound for mismatched de-
coders (see Theorem 2.1) to the MAC.

Theorem 4.1. For any mismatched MAC (possibly having infinite or continuous alphabets),

we have under any random-coding distributions PX1 and PX2 that

pe,1(n,M1) ≤ rcu1(n,M1) (4.11)

pe,2(n,M2) ≤ rcu2(n,M2) (4.12)

pe,12(n,M1,M2) ≤ min
{
rcu12,1(n,M1,M2), rcu12,2(n,M1,M2)

}
, (4.13)

where

rcu1(n,M1) , E
[
min

{
1, (M1 − 1)P

[
qn(X1,X2,Y )

qn(X1,X2,Y )
≥ 1

∣∣∣∣X1,X2,Y

]}]
(4.14)

rcu2(n,M2) , E
[
min

{
1, (M2 − 1)P

[
qn(X1,X2,Y )

qn(X1,X2,Y )
≥ 1

∣∣∣∣X1,X2,Y

]}]
(4.15)

rcu12,1(n,M1,M2) ,

E

[
min

{
1, (M1 − 1)E

[
min

{
1, (M2 − 1)P

[
qn(X1,X2,Y )

qn(X1,X2,Y )
≥ 1

∣∣∣∣X1

]} ∣∣∣∣X1,X2,Y

]}]
(4.16)

rcu12,2(n,M1,M2) ,

E

[
min

{
1, (M2 − 1)E

[
min

{
1, (M1 − 1)P

[
qn(X1,X2,Y )

qn(X1,X2,Y )
≥ 1

∣∣∣∣X2

]} ∣∣∣∣X1,X2,Y

]}]
(4.17)

under the joint distribution in (4.9).

Proof. For the type-1 and type-2 error events, the bounds are obtained using the same steps as
Theorem 2.1. For the type-12 event, we write

pe,12 = P

 ⋃
i ̸=1,j ̸=1

{
qn(X

(i)
1 ,X

(j)
2 ,Y )

qn(X1,X2,Y )
≥ 1

} (4.18)
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= E

P
 ⋃
i ̸=1,j ̸=1

{
qn(X

(i)
1 ,X

(j)
2 ,Y )

qn(X1,X2,Y )
≥ 1

} ∣∣∣∣∣X1,X2,Y

 . (4.19)

We obtain (4.16)–(4.17) by applying Lemma D.1 to the union in (4.19) (with Z1(i) = X
(i)
1

and Z2(j) = X
(j)
2 ), and upper bounding the minimum of three values in (D.4) in two different

ways, each yielding a minimum of two values.

The type-1 and type-2 RCU bounds in (4.14)–(4.15) have appeared previously [114], along
with the type-12 RCU bound

rcu′12(n,M1,M2) , E
[
min

{
1, (M1 − 1)(M2 − 1)P

[
qn(X1,X2,Y )

qn(X1,X2,Y )
≥ 1

∣∣∣∣X1,X2,Y

]}]
.

(4.20)
Both rcu12,1 and rcu12,2 are always less than or equal to rcu′12, and in general they give better
bounds on the error probability. We will see that in the mismatched setting, rcu′12 yields
not only a worse non-asymptotic bound, but also a worse achievable rate region and error
exponent. While no such losses in the rates and exponents are observed under ML decoding
(see Section 4.2.4), the refined RCU bounds rcu12,1 and rcu12,2 are still of independent interest
for characterizing the non-asymptotic performance.

4.2.2 Exponents and Rates for the DM-MAC

In this subsection, we study the DM-MAC using the constant-composition ensemble, which
was studied by Liu and Hughes [66], among others. For ν = 1, 2, we fix Qν ∈ P(Xν) and let
PXν be the uniform distribution on the type class Tn(Qν,n), where Qν,n ∈ Pn(Xν) is a type
with the same support as Qν such that maxxν |Qν,n(xν)−Qν(xν)| ≤ 1

n . Thus,

PXν (xν) =
1

|Tn(Qν,n)|
1
{
xν ∈ Tn(Qν,n)

}
. (4.21)

Our analysis is based on the method of types; the properties used are given in Appendix A.
Throughout the section, we write f(Q) to denote a quantity f that depends on Q1 and Q2.
Similarly, we write f(Qn) to denote a quantity that depends on Q1,n and Q2,n.

Error Exponents

The error exponents and achievable rates are expressed in terms of the sets

S(Q) ,
{
PX1X2Y ∈ P(X1 ×X2 × Y) : PX1 = Q1, PX2 = Q2

}
(4.22)
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T1(PX1X2Y ) ,

{
P̃X1X2Y ∈ P(X1 ×X2 × Y) :

P̃X1 = PX1 , P̃X2Y = PX2Y ,EP̃ [log q(X1, X2, Y )] ≥ EP [log q(X1, X2, Y )]

}
(4.23)

T2(PX1X2Y ) ,

{
P̃X1X2Y ∈ P(X1 ×X2 × Y) :

P̃X2 = PX2 , P̃X1Y = PX1Y ,EP̃ [log q(X1, X2, Y )] ≥ EP [log q(X1, X2, Y )]

}
(4.24)

T12(PX1X2Y ) ,

{
P̃X1X2Y ∈ P(X1 ×X2 × Y) :

P̃X1 = PX1 , P̃X2 = PX2 , P̃Y = PY ,EP̃ [log q(X1, X2, Y )] ≥ EP [log q(X1, X2, Y )]

}
. (4.25)

Theorem 4.2. For any input distributions Q1 and Q2, and rates R1 > 0 and R2 > 0, we have

the following under the codeword distributions described by (4.21):

lim
n→∞

− 1

n
log pe,1(n, ⌊enR1⌋) = Ecc

r,1(Q, R1) (4.26)

lim
n→∞

− 1

n
log pe,2(n, ⌊enR2⌋) = Ecc

r,2(Q, R2) (4.27)

lim
n→∞

− 1

n
log pe,12(n, ⌊enR1⌋, ⌊enR2⌋) = Ecc

r,12(Q, R1, R2), (4.28)

where

Ecc
r,1(Q, R1) , min

PX1X2Y
∈S(Q)

min
P̃X1X2Y

∈T1(PX1X2Y
)
D(PX1X2Y ∥Q1 ×Q2 ×W )

+
[
I
P̃
(X1;X2, Y )−R1

]+ (4.29)

Ecc
r,2(Q, R2) , min

PX1X2Y
∈S(Q)

min
P̃X1X2Y

∈T2(PX1X2Y
)
D(PX1X2Y ∥Q1 ×Q2 ×W )

+
[
I
P̃
(X2;X1, Y )−R2

]+ (4.30)

Ecc
r,12(Q, R1, R2) , min

PX1X2Y
∈S(Q)

min
P̃X1X2Y

∈T12(PX1X2Y
)
D(PX1X2Y ∥Q1 ×Q2 ×W )

+
[
max

{
I
P̃
(X1;Y )−R1, IP̃ (X2;Y )−R2, D

(
P̃X1X2Y ∥Q1 ×Q2 × P̃Y

)
−R1 −R2

}]+
.

(4.31)

Proof. The random-coding error probabilities pe,1 and pe,2 can be handled similarly to the
single-user setting (cf. Theorem 2.3). Furthermore, equivalent error exponents to (4.29)–(4.30)



4.2 Random-Coding Bounds, Exponents and Rates 111

were given in [107]. We therefore focus on pe,12, which requires a more careful analysis. We
first rewrite

pe,12 = E

[
P

[ ⋃
i ̸=1,j ̸=1

{
qn(X

(i)
1 ,X

(j)
2 ,Y )

qn(X1,X2,Y )
≥ 1

}∣∣∣∣X1,X2,Y

]]
. (4.32)

in terms of the possible joint types of (X1,X2,Y ) and (X
(i)
1 ,X

(j)
2 ,Y ). To this end, we define

Sn(Qn) ,
{
PX1X2Y ∈ Pn(X1 ×X2 × Y) : PX1 = Q1,n, PX2 = Q2,n

}
(4.33)

T12,n(PX1X2Y ) , T12(PX1X2Y ) ∩ Pn(X1 ×X2 × Y). (4.34)

Roughly speaking, Sn is the set of possible joint types of (X1,X2,Y ), and T12,n(PX1X2Y ) is the
set of types of (X(i)

1 ,X
(j)
2 ,Y ) that lead to decoding errors when (X1,X2,Y ) ∈ Tn(PX1X2Y ).

The constraints on PXν and P̃Xν arise from the fact that we are using constant-composition ran-
dom coding, and the constraint E

P̃
[log q(X1, X2, Y )] ≥ EP [log q(X1, X2, Y )] holds if and only

if qn(x1,x2,y) ≥ qn(x1,x2,y) for (x1,x2,y) ∈ Tn(PX1X2Y ) and (x1,x2,y) ∈ Tn(P̃X1X2Y ).
Fixing PX1X2Y ∈ Sn(Qn) and letting (x1,x2,y) be an arbitrary triplet of sequences such that
(x1,x2,y) ∈ Tn(PX1X2Y ), it follows that the event

⋃
i ̸=1,j ̸=1

{
qn(X

(i)
1 ,X

(j)
2 ,y)

qn(x1,x2,y)
≥ 1

}
(4.35)

can be written as

⋃
i ̸=1,j ̸=1

⋃
P̃X1X2Y

∈T12,n(PX1X2Y
)

{
(X

(i)
1 ,X

(j)
2 ,y) ∈ Tn(P̃X1X2Y )

}
. (4.36)

Expanding the probability and expectation in (4.32) in terms of types, substituting (4.36), and
interchanging the order of the unions, we obtain

pe,12 =
∑

PX1X2Y
∈Sn(Qn)

P
[
(X1,X2,Y ) ∈ Tn(PX1X2Y )

]
× P

[ ⋃
P̃X1X2Y

∈T12,n(PX1X2Y
)

⋃
i ̸=1,j ̸=1

{
(X

(i)
1 ,X

(j)
2 ,y) ∈ Tn(P̃X1X2Y )

}]
(4.37)
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.
= max

PX1X2Y
∈Sn(Qn)

P
[
(X1,X2,Y ) ∈ Tn(PX1X2Y )

]
× max
P̃X1X2Y

∈T12,n(PX1X2Y
)
P

[ ⋃
i ̸=1,j ̸=1

{
(X

(i)
1 ,X

(j)
2 ,y) ∈ Tn(P̃X1X2Y )

}]
, (4.38)

where y is an arbitrary element of Tn(PY ), and (4.38) follows from the union bound and since
the number of joint types grows polynomially in n.

The exponential behavior of the first probability in (4.38) is given by the property of types
in (A.16), so it only remains to determine the exponential behavior of the second probability.
To this end, we make use of Lemma D.3 with Z1(i) = X

(i)
1 , Z2(j) = X

(j)
2 , A = Tny (P̃X1X2Y ),

A1 = Tny (P̃X1Y ) and A2 = Tny (P̃X2Y ). Using (D.12)–(D.13) and the properties of types in
(A.17) and (A.18), it follows that the second probability in (4.38) has an exponent of

[
max

{
I
P̃
(X1;Y )−R1, IP̃ (X2;Y )−R2, D

(
P̃X1X2Y ∥Q1 ×Q2 × P̃Y

)
−R1 −R2

}]+
. (4.39)

Substituting (4.39) and the property of types in (A.16) into (4.38), and using a standard conti-
nuity argument (e.g. see [58, Eq. (30)]) to replace the sets Sn and T12,n by S and T12 respec-
tively, we recover the exponent in (4.31).

From Theorem 4.2 and (4.10), the overall error exponent is given by

Ecc
r (Q, R1, R2) , min

{
Ecc

r,1(Q, R1), E
cc
r,2(Q, R2), E

cc
r,12(Q, R1, R2)

}
, (4.40)

and is tight with respect to the ensemble average. The preceding proof made use of the refined
union bound given in Lemma D.3; if we had instead used the standard truncated union bound
in (D.2), we would have obtained the type-12 exponent

Ecc′
r,12(Q, R1, R2) , min

PX1X2Y
∈S(Q)

min
P̃X1X2Y

∈T12(PX1X2Y
)

D(PX1X2Y ∥Q1 ×Q2 ×W ) +
[
D(P̃X1X2Y ∥Q1 ×Q2 × P̃Y )− (R1 +R2)

]+
, (4.41)

which coincides with an achievable exponent given in [107]. Following the proof of Theorem
2.3, one can easily show that this is the exponent of the quantity rcu′12 defined in (4.20). In
Section 4.2.6, we will see that (4.31) provides no improvement over (4.41) for maximum-
likelihood decoding, even though it can provide an improvement in the mismatched case.

In the case that there are K > 2 users, one can use Lemma D.4 in place of Lemma D.3. For
example, for the joint error event between all K users, the minimum of four terms in (4.31) is
replaced by a minimum of 2K terms, corresponding to the subsets of {1, . . . ,K}
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Achievable Rate Region

The following achievable rate region follows from Theorem 4.2 in a straightforward fashion,
and coincides with the ensemble-tight achievable rate region of Lapidoth [35].

Theorem 4.3. For any pair (Q1, Q2), the overall error exponent Ecc
r (Q, R1, R2) in (4.40) is

positive for all rate pairs (R1, R2) in the interior of RLM(Q), defined to be the set of all rate

pairs (R1, R2) satisfying

R1 ≤ min
P̃X1X2Y

∈T1(Q1×Q2×W )
I
P̃
(X1;X2, Y ) (4.42)

R2 ≤ min
P̃X1X2Y

∈T2(Q1×Q2×W )
I
P̃
(X2;X1, Y ) (4.43)

R1 +R2 ≤ min
P̃X1X2Y

∈T12(Q1×Q2×W )

I
P̃
(X1;Y )≤R1, IP̃ (X2;Y )≤R2

D(P̃X1X2Y ∥Q1 ×Q2 × P̃Y ). (4.44)

Proof. The conditions in (4.42)–(4.44) are obtained from (4.29)–(4.31) respectively. Focusing
on (4.44), we see that the objective in (4.31) is always positive when D(PX1X2Y ∥Q1 × Q2 ×
W ) > 0, I

P̃
(X1;Y ) > R1 or I

P̃
(X2;Y ) > R2. Thus, by using the continuity argument of

[35, p. 1444, Step 3], taking D(PX1X2Y ∥Q1 × Q2 ×W ) → 0, and introducing the constraints
I
P̃
(X1;Y ) ≤ R1 and I

P̃
(X2;Y ) ≤ R2, we obtain the condition in (4.44).

Using the usual time sharing argument [35, 115] (see also Section 4.2.5), it follows from
Theorem 4.3 that we can achieve any rate pair in the convex hull of

⋃
QRLM(Q), where the

union is over all distributions Q1 and Q2 on X1 and X2 respectively.
By a similar argument to the proof of Theorem 4.3, (4.41) yields the rate condition

R1 +R2 ≤ min
P̃X1X2Y

∈T12(Q1×Q2×W )
D(P̃X1X2Y ∥Q1 ×Q2 × P̃Y ). (4.45)

We proceed by numerically comparing the ensemble-tight expressions in (4.31) and (4.44)
with the weaker expressions in (4.41) and (4.45).

Numerical Examples

Here we return to the parallel BSC example given in Figure 4.1, setting Y = (Y1, Y2). As
mentioned in Section 4.1.2, the decoder assumes that both crossover probabilities are equal.
It is straightforward to show that the corresponding decoding rule is equivalent to minimizing
sum of t1 and t2, where tν is the number of bit flips from the input sequence xν to the output
sequence yν . As noted in [35], this decision rule is in fact equivalent to ML. This channel
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Figure 4.2 Error exponents Ecc
r,1 (dotted), Ecc

r,2 (dash-dot), Ecc
r,12 (solid) and Ecc′

r,12 (dashed) for
the parallel channel shown in Figure 4.1 using δ1 = 0.05, δ2 = 0.25 and equiprobable input
distributions on {0, 1}. The rate pair is given by (R1, R2) = (αC1, αC2).

could easily be analyzed by treating the two subchannels separately, but we treat it as a MAC
because it serves as a good example for comparing the ensemble-tight achievability results
with (4.41) and (4.45).

We let both Q1 and Q2 be equiprobable on {0, 1}. With this choice, it was shown in [35]
that the right-hand side of (4.45) is no greater than

2

(
1−H2

(
δ1 + δ2

2

))
bits/use. (4.46)

On the other hand, the refined condition in (4.44) can be used to prove the achievability of any

(R1, R2) within the rectangle with corners (0, 0) and (C1, C2), where Cν , 1−H2(δν) [35]. This
observation is analogous to the comparison between (4.6) and (4.7) in the introduction to the
chapter. The main difference is that the weakness in (4.6) is in the random-coding ensemble
itself, whereas the weakness in (4.46) is in the bounding techniques used in the analysis.

We evaluate the error exponents using the optimization software YALMIP [77]. Figure 4.2
plots each of the exponents as a function of α, where the rate pair is (R1, R2) = (αC1, αC2).
While the overall error exponent Ecc

r (Q, R1, R2) in (4.40) is unchanged at low to moderate val-
ues of α when Ecc′

r,12 is used in place of Ecc
r,12, this is not true for high values of α. Furthermore,

consistent with the preceding discussion, Ecc′
r,12 is non-zero only for α < 0.865, whereas Ecc

r,12

is positive for all α < 1. The fact that the curves Ecc
r,12 and Ecc′

r,12 coincide at low values of α is
consistent with [107, Cor. 5], which states that Ecc′

r,12 is ensemble-tight at low rates.
Next, we show that in contrast to the matched case, the achievable rate region RLM(Q) can



4.2 Random-Coding Bounds, Exponents and Rates 115

0 0.05 0.1 0.15 0.2 0.25 0.3
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

R1 (bits/use)

R
2
(b

it
s/
u
se
)

 

 

Ensemble-Tight Region
Standard Union Bound

Figure 4.3 Achievable rate region for the MAC associated with (4.47) using the corresponding
decoding metric in which all values of δ are equal. The crossover probabilities are δ0 = 0.02,
δ1 = 0.2, δ2 = 0.025 and δ3 = 0.25, and both input distributions are equiprobable on {0, 1}. The
ensemble-tight region is given in Theorem 4.3, whereas the naive union bound replaces (4.44)
by (4.45).

be non-convex even for a given pair (Q1, Q2). Let X1 = X2 = {0, 1} and Y = {0, 1, 2, 3}. The
channel is described by W (y|x1, x2) =W ′(y|2x1+x2), where W ′(y|x) is defined by the entries
of the matrix

W ′ =


1− 3δ0 δ0 δ0 δ0

δ1 1− 3δ1 δ1 δ1

δ2 δ2 1− 3δ2 δ2

δ3 δ3 δ3 1− 3δ3

 . (4.47)

The decoding metric is defined similarly, but with each δi replaced by a single value δ ∈
(0, 0.25) (all such choices of δ are equivalent).

Figure 4.3 plots the achievable rate region RLM(Q) with δ0 = 0.02, δ1 = 0.2, δ2 = 0.025,
δ3 = 0.25, and Q1 = Q2 = (0.5, 0.5). The boundary between the horizontal and vertical limits
is not a straight line, but instead a convex curve. To gain some insight as to how this behav-
ior arises, we discuss the condition (4.44). In this example, the constraint I

P̃
(X2;Y ) ≤ R2

is inactive, whereas the constraint I
P̃
(X1;Y ) ≤ R1 is sometimes active. As R1 increases, the

constraint is satisfied by a wider range of distributions P̃X1X2Y , and the sum rate R1 + R2 de-
creases. The corner point (0.2687,0.2392) is the same whether the ensemble-tight bound or the
weakened bound is used, indicating that the constraint I

P̃
(X1;Y ) ≤ R1 is also inactive at this

point. However, at lower values of R1, the constraint is active, and the ensemble-tight bound
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is better. In particular, the upper corner point (0.1412, 0.3944) improves on (0.1136, 0.3944),
which corresponds to the weaker rate condition in (4.45).

Alternative Expressions for the Exponents and Rates

In this subsection, we derive equivalent dual expressions for the exponents and rates given in
Theorems 4.2 and 4.3. The proofs are a non-trivial extension of the single-user setting [9], and
make use of Lemmas E.1 and E.3 in Appendix E. In Section 4.2.3, we will show that these
dual expressions generalize to infinite and continuous alphabets. As discussed in Section 1.1.4,
another advantage is that achievable performance bounds can be obtained without performing
the full optimizations.

While dual expressions for (4.29)–(4.30) can easily be obtained similarly to the single-user
setting (cf. Theorem 2.4), it is more difficult to handle (4.31) directly, due to the additional
terms containing I

P̃
(X1;Y ) and I

P̃
(X2;Y ). The following lemma provides an alternative ex-

pression for (4.31) which turns out to resolve this issue.

Lemma 4.1. The exponent Ecc
r,12 in (4.31) can be expressed as

Ecc
r,12(Q, R1, R2) = max

{
Ecc

r,12,1(Q, R1, R2), E
cc
r,12,2(Q, R1, R2)

}
, (4.48)

where

Ecc
r,12,1(Q, R1, R2) , min

PX1X2Y
∈S(Q)

min
P̃X1X2Y

∈T12(PX1X2Y
)
D(PX1X2Y ∥Q1 ×Q2 ×W )

+
[
max

{
I
P̃
(X1;Y )−R1, D

(
P̃X1X2Y ∥Q1 ×Q2 × P̃Y

)
−R1 −R2

}]+
(4.49)

Ecc
r,12,2(Q, R1, R2) , min

PX1X2Y
∈S(Q)

min
P̃X1X2Y

∈T12(PX1X2Y
)
D(PX1X2Y ∥Q1 ×Q2 ×W )

+
[
max

{
I
P̃
(X2;Y )−R2, D

(
P̃X1X2Y ∥Q1 ×Q2 × P̃Y

)
−R1 −R2

}]+
. (4.50)

Proof. This is a special case of Lemma E.3 with the following identifications:

f(z) = D(PX1X2Y ∥Q1 ×Q2 ×W ) (4.51)

g(z) = D
(
P̃X1X2Y ∥Q1 ×Q2 × P̃Y

)
−R1 −R2 (4.52)

g1(z) = I
P̃
(X1;Y )−R1 (4.53)

g2(z) = I
P̃
(X2;Y )−R2. (4.54)



4.2 Random-Coding Bounds, Exponents and Rates 117

From the latter three choices and the identity

D
(
P̃X1X2Y ∥Q1 ×Q2 × P̃Y

)
= I

P̃
(X1;Y ) + I

P̃
(X2;Y ) + I

P̃
(X1;X2|Y ), (4.55)

we see that the condition in (E.12) is satisfied.

The exponents in (4.49)–(4.50) are precisely those that are obtained by applying proper-
ties of types directly to the RCU bounds in (4.16)–(4.17), rather than directly analyzing the
random-coding error probability as in the proof of Theorem 4.2. Thus, Lemma 4.1 shows that
the RCU bounds yield the true error exponent for the constant-composition ensemble.

Lemma 4.2. The condition in (4.44) holds if and only if at least one of the following hold:

R1 +R2 ≤ min
P̃X1X2Y

∈T12(Q1×Q2×W )

I
P̃
(X1;Y )≤R1

D(P̃X1X2Y ∥Q1 ×Q2 × P̃Y ) (4.56)

R1 +R2 ≤ min
P̃X1X2Y

∈T12(Q1×Q2×W )

I
P̃
(X2;Y )≤R2

D(P̃X1X2Y ∥Q1 ×Q2 × P̃Y ). (4.57)

Proof. These conditions can be derived from (4.49)–(4.50) in an identical fashion to (4.44).
Specifically, Ecc

r,12 is positive whenever one of (4.49) and (4.50) hold, and zero otherwise. A
similar statement holds for (4.44), and thus the two formulations must be equivalent.

The conditions in (4.56)–(4.57) yield a notable advantage over the equivalent condition in
(4.44) in terms of computation. Based on (4.44), one may expect that the achievable rate region
must be generated by evaluating the minimization over a grid of (R1, R2) values. However,
from (4.56)–(4.57), we can avoid such a computationally complex search by instead evaluating
the minimization in (4.56) over a range of R1 values, and the minimization in (4.57) over
a range of R2 values. The number of minimizations performed is therefore reduced from
O(N1N2) toO(N1+N2), where for ν = 1, 2, Nν is the number of points used in the quantization
of the Rν axis.

The dual expressions for the error exponents in (4.29)–(4.30) and (4.49)–(4.50) are given
in the following theorem.
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Theorem 4.4. The exponents Ecc
r,1, Ecc

r,2, Ecc
r,12,1 and Ecc

r,12,2 can be expressed as

Ecc
r,1(Q, R1) = max

ρ∈[0,1]
Ecc

0,1(Q, ρ)− ρR1 (4.58)

Ecc
r,2(Q, R2) = max

ρ∈[0,1]
Ecc

0,2(Q, ρ)− ρR2 (4.59)

Ecc
r,12,1(Q, R1, R2) = max

ρ1∈[0,1],ρ2∈[0,1]
Ecc

0,12,1(Q, ρ1, ρ2)− ρ1(R1 + ρ2R2) (4.60)

Ecc
r,12,2(Q, R1, R2) = max

ρ1∈[0,1],ρ2∈[0,1]
Ecc

0,12,2(Q, ρ1, ρ2)− ρ2(R2 + ρ1R1), (4.61)

where

Ecc
0,1(Q, ρ) , sup

s≥0,a1(·),a′1(·),a′2(·)
− logE

[(E
[
q(X1, X2, Y )sea1(X1) |X2, Y

]
q(X1, X2, Y )sea1(X1)

)ρ
e
∑2
ν=1 a

′
ν(Xν)−φ′ν

]
(4.62)

Ecc
0,2(Q, ρ) , sup

s≥0,a2(·),a′1(·),a′2(·)
− logE

[(E
[
q(X1, X2, Y )sea2(X2) |X1, Y

]
q(X1, X2, Y )sea2(X2)

)ρ
e
∑2
ν=1 a

′
ν(Xν)−φ′ν

]
(4.63)

Ecc
0,12,1(Q, ρ1, ρ2) , sup

s≥0,a1(·),a2(·),a′1(·),a′2(·)

− logE

[(
E
[(E

[
q(X1, X2, Y )sea2(X2) |X1

]
q(X1, X2, Y )sea2(X2)

)ρ2 ea1(X1)

ea1(X1)

∣∣∣∣X1, X2, Y

])ρ1
e
∑2
ν=1 a

′
ν(Xν)−φ′ν

]
(4.64)

Ecc
0,12,2(Q, ρ1, ρ2) , sup

s≥0,a1(·),a2(·),a′1(·),a′2(·)

− logE

[(
E
[(E

[
q(X1, X2, Y )sea1(X1) |X2

]
q(X1, X2, Y )sea1(X1)

)ρ1 ea2(X2)

ea2(X2)

∣∣∣∣X1, X2, Y

])ρ2
e
∑2
ν=1 a

′
ν(Xν)−φ′ν

]
,

(4.65)

and where (X1, X2, Y,X1, X2) ∼ Q1(x1)Q2(x2)W (y|x1, x2)Q1(x1)Q2(x2) and φ′ν ,

EQν [a′ν(Xν)] (ν = 1, 2).

Proof. Each expression follows from its counterpart in (4.29)–(4.30) and (4.49)–(4.50) using
Lemma E.1 and Fan’s minimax theorem [78]; details are given in Section 4.5.1.

The expressions in (4.60)–(4.61) contain two parameters ρ1 and ρ2, thus differing from the
usual error exponents containing a single value of ρ (see Section 2.4). To our knowledge, the
first exponents of this form were by Poltyrev [116] in the setting of broadcast channels with
degraded message sets.

The following dual expression for the achievable rate region follows from Theorem 4.4.
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Theorem 4.5. The region RLM(Q) described by (4.42)–(4.44) can be expressed as the set of

rate pairs (R1, R2) satisfying

R1 ≤ sup
s≥0,a1(·)

E

[
log

q(X1, X2, Y )sea1(X1)

E
[
q(X1, X2, Y )sea1(X1) |X2, Y

]] (4.66)

R2 ≤ sup
s≥0,a2(·)

E

[
log

q(X1, X2, Y )sea2(X2)

E
[
q(X1, X2, Y )sea2(X2) |X1, Y

]] , (4.67)

and at least one of

R1 ≤ sup
ρ2∈[0,1],s≥0,a1(·),a2(·)

E

log (
q(X1, X2, Y )sea2(X2)

)ρ2ea1(X1)

E
[(

E
[
q(X1, X2, Y )sea2(X2)

∣∣X1

])ρ2
ea1(X1)

∣∣Y ]
− ρ2R2

(4.68)

R2 ≤ sup
ρ1∈[0,1],s≥0,a1(·),a2(·)

E

log (
q(X1, X2, Y )sea1(X1)

)ρ1ea2(X2)

E
[(

E
[
q(X1, X2, Y )sea1(X1)

∣∣X2

])ρ1
ea2(X2)

∣∣Y ]
− ρ1R1.

(4.69)

where (X1, X2, Y,X1, X2) ∼ Q1(x1)Q2(x2)W (y|x1, x2)Q1(x1)Q2(x2).

Proof. The conditions in (4.66)–(4.69) follow from (4.58)–(4.61) respectively using a similar
argument to Gallager’s single-user analysis [52]. For example, (4.68) follows from (4.60) by
setting a′1(·) = 0 and a′2(·) = 0, fixing s, a1(·), a2(·) and ρ2, and evaluating the partial derivative
of the objective at ρ1 = 0. The equivalence to (4.42)–(4.44) follows by using Lemma 4.2
and applying Lagrange duality techniques analogously to Theorem 4.4. For example, the
equivalence of (4.56) and (4.68) follows from Steps 1–2 of the proof of Theorem 4.4 in Section
4.5.1, using Q1 ×Q2 ×W in place of PX1X2Y .

4.2.3 Exponents and Rates for More General Alphabets

In this subsection, we show that the expressions given in Theorems 4.4 and 4.5 remain valid
for the memoryless MAC with more general alphabets. To this end, we use cost-constrained
random coding, and we avoid the use of types. Our analysis holds for input distributions
(Q1, Q2) and channels W representing discrete transition laws, density functions, or a mixture
of the two.

We make use of the cost-constrained ensemble defined in the same way as the single-user
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setting (see Section 2.3): We fix Q1 ∈ P(X1) and Q2 ∈ P(X1), and choose

PXν (xν) =
1

µν,n

n∏
i=1

Qν(xν,i)1
{
xν ∈ Dν,n

}
, (4.70)

where for ν = 1, 2, µν,n is a normalizing constant, and

Dν,n ,

{
xν :

∣∣∣∣∣ 1n
n∑
i=1

aν,l(xν,i)− φν,l

∣∣∣∣∣ ≤ δ

n
, l = 1, . . . , Lν

}
, (4.71)

where {aν,l}Lνl=1 are auxiliary cost functions, δ is a positive constant, and φν,l , EQν [aν,l(Xν)].
The case Lν = 0 should be understood as corresponding to the case that Dν,n contains all xν
sequences, thus recovering the i.i.d. distribution studied in [105].

While our focus is on unconstrained channels, a similar discussion to that of Section 2.9
applies here, and our results readily extend to multiple-access channels with input constraints.
We recall from Proposition 2.1 that µν,n = Ω(n−Lν/2) provided that EQν [aν,l(Xν)

2] < ∞ for
l = 1, . . . , Lν .

Theorem 4.6. For any mismatched memoryless MAC (possibly having infinite or continuous

alphabets) and pair (Q1, Q2), the error exponent

Ecc
r (Q, R1, R2) = min

{
Ecc

r,1(Q, R1), E
cc
r,2(Q, R2),

max
{
Ecc

r,12,1(Q, R1, R2), E
cc
r,12,2(Q, R1, R2)

}}
(4.72)

is achievable for Ecc
r,1, Ecc

r,2, Ecc
r,12,1 and Ecc

r,12,2 defined in (4.58)–(4.65), provided that (i) each

maximum over ρ ∈ [0, 1] is replaced by a supremum, and (ii) each supremum over aν(·) and

a′ν(·) is subject to EQν [aν(Xν)
2] < ∞ and EQν [a′ν(Xν)

2] < ∞ (ν = 1, 2). Furthermore, this

exponent can be achieved using the cost-constrained ensemble with L1 = L2 = 5.

Proof. We first consider Ecc
r,12,1. We define Qnν (xν) ,

∏n
i=1Qν(xν,i) for ν = 1, 2. Expanding

(4.16) and applying Markov’s inequality and min{1, α} ≤ αρ (ρ ∈ [0, 1]), we obtain1

rcu12,1(n,M1) ≤
∑

x1,x2,y

PX1(x1)PX2(x2)W
n(y|x1,x2)

×
(
M1

∑
x1

PX1(x1)

(
M2

∑
x2
PX2(x2)q

n(x1,x2,y)
s

qn(x1,x2,y)s

)ρ2)ρ1
(4.73)

1In the case of continuous alphabets, the summations should be replaced by integrals.
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for any ρ1 ∈ [0, 1], ρ2 ∈ [0, 1] and s ≥ 0. For ν = 1, 2, we let aν(x) and a′ν(x) be two of the five
cost functions in the ensemble, and we define anν (xν) ,

∑n
i=1 aν(xν,i), a

′n
ν (xν) ,

∑n
i=1 a

′
ν(xν,i),

φν , EQν [aν(Xν)], and φ′ν , EQν [a′ν(Xν)]. In accordance with the theorem statement, we
assume that EQν [aν(Xν)

2] <∞ and EQν [a′ν(Xν)
2] <∞. Using the bounds on the cost functions

in (4.71), we can weaken (4.73) to

rcu12,1(n,M1) ≤ e2δ(ρ1+ρ1ρ2+1)
∑

x1,x2,y

PX1(x1)PX2(x2)W
n(y|x1,x2)

(
M1

∑
x1

PX1(x1)

×
(
M2

∑
x2
PX2(x2)q

n(x1,x2,y)
sea

n
2 (x2)

qn(x1,x2,y)sea
n
2 (x2)

)ρ2 ean1 (x1)

ea
n
1 (x1)

)ρ1
e
∑2
ν=1 a

′n
ν (xν)−nφν . (4.74)

We further upper bound (4.74) by substituting (4.70) and replacing the summations over Dν,n

by summations over all sequences on X n
ν . Writing the resulting terms (e.g. Wn(y|x1,x2)) as a

product from 1 to n and taking the supremum over (s, ρ1, ρ2) and the cost functions, we obtain
a bound whose exponent is given by (4.60), with a prefactor of e2δ(ρ1+ρ1ρ2+1)

µ
1+ρ1
1,n µ

1+ρ1ρ2
2,n

. From Proposi-

tion 2.1 and the assumptions on the second moments of the cost functions, this prefactor is
subexponential in n.

Dealing with the other three exponents in (4.58)–(4.65) similarly, we conclude that it suf-
fices to choose L1 = L2 = 5. To see this, one can simply count the number of occurrences of
each aν(·) and a′ν(·) in (4.62)–(4.65). It suffices to let the cost functions for Ecc

0,12,1 and Ecc
0,12,2

coincide, since the error exponent for the type-12 event is the maximum of the two.

From Theorem 4.6, we immediately obtain the following generalization of Theorem 4.5.

Theorem 4.7. For any mismatched MAC (possibly having infinite or continuous alphabets)

and pair (Q1, Q2), the rate region RLM(Q) described by (4.66)–(4.69) is achievable, where

each supremum is subject to EQν [aν(Xν)
2] < ∞ (ν = 1, 2). Furthermore, any point in the

region can be achieved using cost-constrained random coding with L1 = L2 = 3.

Proof. The first part is proved similarly to Theorem 4.5, and the sufficiency of L1 = L2 = 3

follows since a′1(·) and a′2(·) are set to zero therein.

4.2.4 Application to the Matched MAC

In this subsection, we apply our results to the setting of ML decoding, where q(x1, x2, y) =

W (y|x1, x2). As mentioned in Section 4.1.2, an exponent for the constant-composition en-
semble was derived by Liu and Hughes [66], and was shown to yield a strict improvement
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over Gallager’s exponent for the i.i.d. ensemble [105] even after the optimization of the input
distributions.

Simplified Primal Expressions for the Exponents

We will show that, in contrast to the mismatched setting, the overall error exponent Ecc
r given

in (4.40) is unchanged when Ecc′
r,12 in (4.41) is used in place of Ecc

r,12. We begin with the
following proposition, which shows that the exponents (Ecc

r,1, E
cc
r,2, E

cc′
r,12) (see (4.29)–(4.30)

and (4.41)) under ML decoding coincide with those of Liu and Hughes in the absence of time
sharing [66].

Proposition 4.1. Under ML decoding (i.e. q =W ), Ecc
r,1, Ecc

r,2 and Ecc′
r,12 can be expressed as

Ecc
r,1(Q, R1) = min

PX1X2Y
∈S(Q)

D(PX1X2Y ∥Q1 ×Q2 ×W ) +
[
IP (X1;X2, Y )−R1

]+ (4.75)

Ecc
r,2(Q, R2) = min

PX1X2Y
∈S(Q)

D(PX1X2Y ∥Q1 ×Q2 ×W ) +
[
IP (X2;X1, Y )−R2

]+ (4.76)

Ecc′
r,12(Q, R1, R2) = min

PX1X2Y
∈S(Q)

D(PX1X2Y ∥Q1 ×Q2 ×W )

+
[
D(PX1X2Y ∥Q1 ×Q2 × PY )− (R1 +R2)

]+
. (4.77)

Proof. The proof is nearly identical to that of [56, Lemma 9], so we provide only an outline,
and we focus on the type-12 exponent. Consider any pair (PX1X2Y , P̃X1X2Y ) satisfying the
constraints of (4.41). If D(P̃X1X2Y ∥Q1 × Q2 × PY ) ≥ D(PX1X2Y ∥Q1 × Q2 × PY ), we can
lower bound the objective of (4.41) by that of (4.77). In the remaining case, we may use the
constraint E

P̃
[logW ] ≥ EP [logW ] to lower bound the objective in (4.41) by that of (4.77) with

P̃X1X2Y in place of PX1X2Y . This proves that (4.77) lower bounds (4.41), and the matching
upper bound follows immediately from the fact that P̃X1X2Y = PX1X2Y satisfies the constraints
of the minimization in (4.41).

The statement that Ecc
r,12 can be replaced by Ecc′

r,12 is formally given as follows.

Theorem 4.8. Under ML decoding (i.e. q = W ), we have for any input distributions (Q1, Q2)

and rates (R1, R2) that

min
{
Ecc

r,1(Q, R1), E
cc
r,2(Q, R2), E

cc
r,12(Q, R1, R2)

}
= min

{
Ecc

r,1(Q, R1), E
cc
r,2(Q, R2), E

cc′
r,12(Q, R1, R2)

}
. (4.78)
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Proof. We know that Ecc
r,12 ≥ Ecc′

r,12, and hence the left-hand side of (4.78) is greater than
or equal to the right-hand side. It remains to prove the converse. From the definition of
T12(PX1X2Y ), P̃X1X2Y = PX1X2Y always satisfies the constraints of (4.31), and hence

Ecc
r,12(Q, R1, R2) ≤ F12(Q, R1, R2), (4.79)

where

F12(Q, R1, R2) , min
PX1X2Y

∈S(Q)
D(PX1X2Y ∥Q1 ×Q2 ×W )

+
[
max

{
IP (X1;Y )−R1, IP (X2;Y )−R2, D

(
PX1X2Y ∥Q1 ×Q2 × PY

)
−R1 −R2

}]+
.

(4.80)

We will prove (4.78) by showing that

min
{
Ecc

r,1(Q, R1), E
cc
r,2(Q, R2), F12(Q, R1, R2)

}
≤ min

{
Ecc

r,1(Q, R1), E
cc
r,2(Q, R2), E

cc′
r,12(Q, R1, R2)

}
. (4.81)

It suffices to show that whenever F12 exceeds Ecc′
r,12, F12 also greater than or equal to either

Ecc
r,1 or Ecc

r,2. Comparing (4.77) and (4.80), the objective in (4.80) only exceeds that of (4.77)
when the maximum in (4.80) is achieved by IP (X1;Y )−R1 or IP (X2;Y )−R2. We show that
the former implies F12 ≥ Ecc

r,1; it can similarly be shown that the latter implies F12 ≥ Ecc
r,2. If

IP (X1;Y )−R1 achieves the maximum, we have

IP (X1;Y )−R1 ≥ D
(
PX1X2Y ∥Q1 ×Q2 × PY

)
−R1 −R2. (4.82)

Using the identity

D
(
PX1X2Y ∥Q1 ×Q2 × PY

)
= IP (X1;Y ) + IP (X2;X1, Y ), (4.83)

we can equivalently write (4.82) as IP (X2;X1, Y ) ≤ R2. For any PX1X2Y satisfying this prop-
erty, the objective in (4.76) equals D(PX1X2Y ∥Q1 × Q2 × W ), and thus cannot exceed the
objective in (4.80). It follows that F12 ≥ Ecc

r,1.

While it is possible that Ecc
r,12 > Ecc′

r,12 under ML decoding, Theorem 4.8 shows that this
never occurs in the region where Ecc

r,12 achieves the minimum in (4.40). Thus, combining
Theorem 4.8 and Theorem 4.2, we conclude that the exponent given in [66] is the true exponent
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for the constant-composition ensemble under ML decoding. While we have only proved this
in the absence of time sharing, the same holds true when time sharing is used; see Section
4.2.5 for further discussion.

Dual Expressions for the Exponents

The following theorem gives dual expressions for the exponents of Liu and Hughes [66] in a
form closely resembling Gallager’s exponents for the i.i.d. ensemble [105].

Theorem 4.9. Under ML decoding (i.e. q = W ), the error exponents in (4.75)–(4.77) can be

expressed as

Ecc
r,1(Q, R1) = max

ρ∈[0,1]
Ecc

0,1(Q, ρ)− ρR1 (4.84)

Ecc
r,2(Q, R2) = max

ρ∈[0,1]
Ecc

0,2(Q, ρ)− ρR2 (4.85)

Ecc′
r,12(Q, R1, R2) = max

ρ∈[0,1]
Ecc′

0,12(Q, ρ)− ρ(R1 +R2), (4.86)

where

Ecc
0,1(Q, ρ) = sup

a1(·),a2(·)
− log

∑
x2,y

Q2(x2)

(∑
x1

Q1(x1)W (y|x1, x2)
1

1+ρ e
∑2
ν=1 aν(xν)−φν

)1+ρ

(4.87)

Ecc
0,2(Q, ρ) = sup

a1(·),a2(·)
− log

∑
x1,y

Q1(x1)

(∑
x2

Q2(x2)W (y|x1, x2)
1

1+ρ e
∑2
ν=1 aν(xν)−φν

)1+ρ

(4.88)

Ecc′
0,12(Q, ρ) = sup

a1(·),a2(·)
− log

∑
y

( ∑
x1,x2

Q1(x1)Q2(x2)W (y|x1, x2)
1

1+ρ e
∑2
ν=1 aν(xν)−φν

)1+ρ

,

(4.89)

and φν , EQν [aν(Xν)]. Furthermore, these exponents are achievable in the case of infinite

and continuous alphabets (with the summations replaced by integrals where necessary) using

the cost-constrained ensemble with L1 = L2 = 3, provided that (i) each maximum over ρ ∈
[0, 1] is replaced by a supremum, and (ii) each supremum over aν(·) (ν = 1, 2) is subject to

EQν [aν(Xν)
2] <∞.

Proof. By definition, Ecc′
r,12 is obtained from either of (4.49)–(4.50) by removing the first term

in the max{·, ·}. From the proof of Theorem 4.4, we conclude that the analogous statement in
the dual expressions (4.58)–(4.65) is that the supremum over ρ2 in (4.64) (respectively, over
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ρ1 in (4.65)) is replaced by ρ2 = 1 (respectively, ρ1 = 1). With these substitutions, (4.64)
and (4.65) become equal. Thus, it suffices to show that (4.62)–(4.64) (with ρ2 = 1 in (4.64))
coincide with (4.87)–(4.89) under ML decoding. We focus on (4.64) and (4.89), since the
others are handled similarly.

Setting ρ2 = 1 in (4.64) and renaming ρ1 as ρ, we obtain the E0 function

Ecc′′
0,12(Q, ρ) , − log

∑
x1,x2,y

Q1(x1)Q2(x2)W (y|x1, x2)

×
(∑

x1,x2
Q1(x1)Q2(x2)W (y|x1, x2)se

∑2
ν=1 aν(xν)−φν

W (y|x1, x2)se
∑2
ν=1 aν(xν)−φν

)ρ
e
∑2
ν=1 a

′
ν(xν)−φ′ν (4.90)

= − log
∑
y

( ∑
x1,x2

Q1(x1)Q2(x2)W (y|x1, x2)1−ρse
∑2
ν=1 a

′
ν(xν)−φ′ν−ρ(aν(xν)−φν)

)
×
( ∑
x1,x2

Q1(x1)Q2(x2)W (y|x1, x2)se
∑2
ν=1 aν(xν)−φν

)ρ
, (4.91)

where in (4.90) we multiplied the numerator and denominator of the fraction by e−(φ1+φ2).
Using Hölder’s inequality in an identical fashion to (2.58)–(2.60) (see also [2, Ex. 5.6]), the
summation over y in (4.91) is lower bounded by

∑
y

( ∑
x1,x2

Q1(x1)Q2(x2)W (y|x1, x2)
1

1+ρ e
1

1+ρ

∑2
ν=1 a

′
ν(xν)−φ′ν

)1+ρ

(4.92)

and equality holds when s = 1
1+ρ and a′ν(xν) = (1 + ρ)aν(xν). By handling the other E0

functions similarly, we obtain the first part of the theorem. For the second part, it remains to
show that the choice L1 = L2 = 3 suffices. This is seen by noting that whenever two cost
functions are scalar multiples of each other (in this case, aν(·) and a′ν(·) for ν = 1, 2) one of
them can be removed without affecting the exponent obtained.

It is possible to derive Theorem 4.9 more directly, without using the mismatched decoding
results of the previous sections; see [71, Sec. V] for details. Gallager’s exponents [105] are
recovered by setting a1(·) = a2(·) = 0 in (4.87)–(4.89).

4.2.5 Time-Sharing

In this subsection, we discuss time sharing for the MAC. We begin with a brief overview of
time sharing for the matched case, which is included in order to elucidate the subtle issues that
arise in the mismatched setting.
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Matched Setting

For any pair (Q1, Q2), the achievable rate region for ML decoding is pentagonal (or possibly
rectangular) and therefore convex. However, the region obtained by taking the union over all
(Q1, Q2) is non-convex in general [117]. To prove that the rate pairs in the convex hull of
this union are also achievable, one can use the standard time sharing argument in which, for
some λ ∈ (0, 1), one pair of codebooks is used for λn symbols of the block, and another pair
of codebooks is used for the remaining (1 − λ)n symbols. We refer to this scheme as explicit
time sharing, or simply time sharing.

A drawback of explicit time sharing is that the corresponding error exponents can be low.
If E(1)

r is the exponent for some pair (R
(1)
1 , R

(1)
2 ), and E

(2)
r is the exponent for another pair

(R
(2)
1 , R

(2)
2 ), then the resulting exponent for the weighted rate pair

Rν = λR(1)
ν + (1− λ)R(2)

ν , ν = 1, 2 (4.93)

is given by

Er(R1, R2) = min
{
λE(1)

r (R
(1)
1 , R

(1)
2 ), (1− λ)E(2)

r (R
(2)
1 , R

(2)
2 )
}
. (4.94)

This may be particularly low if λ is close to zero or one. Nevertheless, we have Er(R1, R2) > 0

provided that E(1)
r > 0 and E(2)

r > 0.
Higher error exponents can be obtained by considering the coded time sharing ensemble

[115, Sec. 4.5.3], which directly achieves any point within the capacity region. Each codeword
is generated conditionally on a (possibly random) time sharing sequence U in Un, where U is a
finite time sharing alphabet. For example, one may consider conditional i.i.d. random coding:

PXν |U (xν |u) =
n∏
i=1

Qν(xν,i|ui), (4.95)

where Q1 and Q2 are (conditional) input distributions. Let E(u)
0 denote the E0 function for

some error type under i.i.d. random coding on Q1(·|u). Using coded time sharing with U =

{1, 2}, QU = (λ, 1−λ), and U equal to a deterministic sequence u whose empirical distribution
is that closest to QU , we obtain the E0 function [105]

E0 = λE
(1)
0 + (1− λ)E

(2)
0 . (4.96)

Thus, in contrast to explicit time sharing, the exponent does not tend to zero as λ approaches
zero or one.
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Similar improvements apply for the constant-composition and cost-constrained ensembles.
For the former, we write

PXν |U (xν |u) =
1

|Tu(Qν,n)|
1
{
xν ∈ Tu(Qν,n)

}
, (4.97)

where Qν,n is the closest conditional type to Qν for ν = 1, 2, and u is the same as in the
i.i.d. ensemble. The cost-constrained ensemble is described by

PXν |U (xν |u) =
1

µν,n

n∏
i=1

Qν(xν,i|ui)1
{
xν ∈ Dν,n

}
, (4.98)

where

Dν,n ,

{
xν :

∣∣∣∣∣
n∑
i=1

aν,l(ui, xν,i)− φν,l

∣∣∣∣∣ ≤ δ

n
, l = 1, . . . , Lν

}
, (4.99)

and where each quantity is defined similarly to (4.71) (e.g. φν,l , EQU×Qν [aν,l(U,Xν)]).

Mismatched Setting

Under mismatched decoding, explicit time sharing behaves similarly to the matched setting.
For time sharing between two achievable pairs (R(1)

1 , R
(1)
2 ) and (R

(2)
1 , R

(2)
2 ) with exponents E(1)

r

and E(2)
r , one can achieve the rate pair of (4.93), with the exponent given by (4.94).

It may seem reasonable to believe that one can use coded time sharing with |U| = 2 to prove
the achievability of any point on the line segment between two achievable points (R

(1)
1 , R

(1)
2 )

and (R
(2)
1 , R

(2)
2 ). However, this is not true in general in the mismatched setting. To see this,

we outline some of the results for coded time sharing. Since the changes compared to the case
U = ∅ are similar for each error type, we focus on the type-12 event.

For general conditional codeword distributions PXν |U with a (possibly random) time shar-
ing sequence U ∼ PU , the RCU bounds in (4.14)–(4.17) should be modified so that the outer
expectations are over (U ,X1,X2,Y ). Following the analysis of Section 4.2.2, the analogous
exponent to Ecc

r,12 in (4.31) is given by

Ecc-ts
r,12 (Q, R1, R2) , min

PUX1X2Y
∈Sts(Q)

min
P̃X1X2Y

∈T ts
12 (PUX1X2Y

)

D(PUX1X2Y ∥QU ×Q1 ×Q2 ×W ) +
[
max

{
I
P̃
(X1;Y |U)−R1,

I
P̃
(X2;Y |U)−R2, D

(
P̃UX1X2Y ∥QU ×Q1 ×Q2 × P̃Y

)
−R1 −R2

}]+
, (4.100)
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where

Sts(Q) ,

{
PUX1X2Y ∈ P(U × X1 ×X2 × Y) : PU = QU , PX1|U = Q1, PX2|U = Q2

}
(4.101)

T ts
12 (PUX1X2Y ) ,

{
P̃UX1X2Y ∈ P(U × X1 ×X2 × Y) : P̃X1|U = PX1|U , P̃X2|U = PX2|U ,

P̃UY = PUY ,EP̃ [log q(X1, X2, Y )] ≥ EP [log q(X1, X2, Y )]

}
. (4.102)

In the dual domain, the analogous quantity to Ecc
0,12,1 in (4.64) is given by

Ecc-ts
0,12,1(Q, ρ1, ρ2) , sup

s≥0,a1(·,·),a2(·,·),a′1(·,·),a′2(·,·)
−
∑
u

QU (u) logE

[
(
E
[(E

[
q(X1, X2, Y )sea2(u,X2) |X1

]
q(X1, X2, Y )sea2(u,X2)

)ρ2 ea1(u,X1)

ea1(u,X1)

∣∣∣∣X1, X2, Y

])ρ1
e
∑2
ν=1 a

′
ν(u,Xν)−φ′ν

]
, (4.103)

where for each u, the expectations are taken with respect to the conditional distribution
(X1, X2, Y,X1, X2 |U = u) ∼ Q1(x1|u)Q2(x2|u)W (y|x1, x2)Q1(x1|u)Q2(x2|u). Similarly, the
rate condition corresponding to (4.44) is

R1 +R2 ≤ min
P̃UX1X2Y

∈T ts
12 (QU×Q1×Q2×W )

I
P̃
(X1;Y |U)≤R1, IP̃ (X2;Y |U)≤R2

D(P̃UX1X2Y ∥QU ×Q1 ×Q2 × P̃Y ), (4.104)

and the rate condition corresponding to (4.68) is

R1 ≤ sup
ρ2∈[0,1],s≥0,a1(·,·),a2(·,·)

E

log (
q(X1, X2, Y )sea2(U,X2)

)ρ2ea1(U,X1)

E
[(

E
[
q(X1, X2, Y )sea2(U,X2)

∣∣X1

])ρ2
ea1(U,X1)

∣∣U, Y ]
− ρ2R2, (4.105)

where U ∼ QU .
We now compare the above rate conditions with those obtained by explicit time sharing,

focusing on the case that U = {1, 2}. We again write QU (1) = λ and QU (2) = 1 − λ, and we
assume that the time sharing is done using the input distribution pairs Q(1) and Q(2), and the
rate pairs (R

(1)
1 , R

(1)
2 ) and (R

(2)
1 , R

(2)
2 ). We make use of R1 and R2 defined in (4.93).

We first consider the primal domain expressions. We have from (4.94) that under explicit
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time sharing, the condition corresponding to (4.44) is given by

R1 ≤ λ min
P̃X1X2Y

D(P̃X1X2Y ∥Q
(1)
1 ×Q

(1)
2 × P̃Y ) + (1− λ) min

P̃X1X2Y

D(P̃X1X2Y ∥Q
(2)
1 ×Q

(2)
2 × P̃Y ),

(4.106)
where the minimizations are subject to constraints of the form in (4.44), the first using
Q(1) and the second using Q(2). By writing the first minimization variable in (4.106) as
P̃X1X2Y |U (·, ·, ·|1) and the second as P̃X1X2Y |U (·, ·, ·|2), we can combine these into a single
minimization over P̃UX1X2Y , where P̃U = QU . The resulting condition has the same form as
(4.104), but with the constraint E

P̃
[log q(X1, X2, Y )] ≥ EP [log q(X1, X2, Y )] replaced by

E
P̃
[log q(X1, X2, Y ) |U = u] ≥ EP [log q(X1, X2, Y ) |U = u], u = 1, 2, (4.107)

and each constraint I
P̃
(Xν ;Y |U) ≤ Rν (ν = 1, 2) replaced by

I
P̃
(Xν ;Y |U = u) ≤ R(u)

ν , u = 1, 2. (4.108)

It follows that the constraints on P̃UX1X2Y are stricter for explicit time sharing than for coded
time sharing; the former must hold for each value of u, while the latter only need to hold for
the average over u with respect to QU . Since the minimization for the coded time sharing
ensemble is over a larger set, its rate cannot be higher, and can in fact be strictly lower.

A similar observation applies in the dual domain. Let us write I12,1(Q, s, ρ2) to denote
(4.68) with fixed values of s and ρ2 in place of the suprema. Using explicit time sharing, the
condition corresponding to (4.68) is given by

R1 ≤ λ sup
s≥0,ρ2∈[0,1]

I12,1(Q
(1), s, ρ2) +

(
1− λ

)
sup

s≥0,ρ2∈[0,1]
I12,1(Q

(2), s, ρ2), (4.109)

whereas from (4.105), coded time sharing only permits

R1 ≤ sup
s≥0,ρ2∈[0,1]

(
λI12,1(Q

(1), s, ρ2) +
(
1− λ

)
I12,1(Q

(2), s, ρ2)
)
. (4.110)

In other words, the coded time sharing ensemble only allows a single choice of (s, ρ2), whereas
explicit time sharing allows (s, ρ2) to vary with u. An analogy to the discussion regarding the
primal expressions can be seen by interpreting (s, ρ2) as Lagrange multipliers.

In summary, the achievable rate regions of the coded time sharing ensembles can be strictly
smaller than those of explicit time sharing in the mismatched setting, in contrast to the matched
setting. However, from the discussion preceding (4.94), we expect coded time sharing to yield
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higher error exponents for many channels, metrics, and rate pairs. It remains an open question
as to whether the rate region of explicit time sharing can be achieved using a different approach
that yields better exponents.

4.2.6 Application to Single-User Mismatched Channels

The parallel BSC example [35] given in Section 4.1.2 shows that the achievable rate region for
the MAC can be used to improve on the LM rate in the single-user setting. In [35, Thm. 4],
Lapidoth showed that we can in fact do even better by expurgating all codeword pairs except
for those having a fixed joint type approximately equal to Q1 × Q2. Such expurgation is not
possible for the MAC, since it requires cooperation between the users.

We state the achievable rate region of [35, Thm. 4] in the following theorem, making use
of the sets

T ex
ν (Q1 ×Q2 ×W ) , Tν(Q1 ×Q2 ×W ) ∩

{
P̃X1X2Y : P̃X1X2 = Q1 ×Q2

}
(4.111)

for ν = 1, 2, 12, where the sets Tν are defined in (4.23)–(4.25).

Theorem 4.10. [35, Thm. 4] Let the DMC W ′(y|x) and metric q′(x, y) be given, and let

W (y|x1, x2) = W ′(y|ψ(x1, x2)) and q(x1, x2, y) = q′(ψ(x1, x2), y) for some finite alphabets X1,

X2 and function ψ : X1 ×X2 → X . For any pair (Q1, Q2), the rate R = R1 +R2 is achievable

for W ′ with the metric q′ provided that

R1 ≤ min
P̃X1X2Y

∈T ex
1 (Q1×Q2×W )

I
P̃
(X1;Y |X2) (4.112)

R2 ≤ min
P̃X1X2Y

∈T ex
2 (Q1×Q2×W )

I
P̃
(X2;Y |X1) (4.113)

R1 +R2 ≤ min
P̃X1X2Y

∈T ex
12 (Q1×Q2×W )

I
P̃
(X1;Y )≤R1, IP̃ (X2;Y )≤R2

I
P̃
(X1, X2;Y ). (4.114)

Analogously to Lemma 4.2, we have the following.

Lemma 4.3. The condition in (4.114) holds if and only if at least one of the following hold:

R1 +R2 ≤ min
P̃X1X2Y

∈T ex
12 (Q1×Q2×W )

I
P̃
(X1;Y )≤R1

I
P̃
(X1, X2;Y ) (4.115)

R1 +R2 ≤ min
P̃X1X2Y

∈T ex
12 (Q1×Q2×W )

I
P̃
(X2;Y )≤R2

I
P̃
(X1, X2;Y ). (4.116)
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Proof. The condition in (4.114) can equivalently be written as

0 ≤ min
P̃X1X2Y

∈T ex
12 (Q1×Q2×W )

max
{
I
P̃
(X1;Y )−R1, IP̃ (X2;Y )−R2, IP̃ (X1, X2;Y )−R1 −R2

}
.

(4.117)
The lemma follows by writing (4.115)–(4.116) in a similar form and applying Lemma E.3,
analogously to the proof of Lemma 4.1.

The following theorem is analogous to Theorem 4.4, and can be proved similarly using La-
grange duality techniques. The only significant differences in the derivation are the additional
constraint P̃X1X2 = Q1 × Q2 in each primal expression, and the presence of joint functions
a(x1, x2) in each dual expression rather than separate functions a1(x1) and a2(x2). The proof
is omitted to avoid repetition.

Theorem 4.11. Under the setup of Theorem 4.10, the pair (R1, R2) satisfies (4.112)–(4.114)
if and only if it satisfies

R1 ≤ sup
s≥0,a(·,·)

E

[
log

q(X1, X2, Y )sea(X1,X2)

E
[
q(X1, X2, Y )sea(X1,X2) |X2, Y

]] (4.118)

R2 ≤ sup
s≥0,a(·,·)

E

[
log

q(X1, X2, Y )sea(X1,X2)

E
[
q(X1, X2, Y )sea(X1,X2) |X1, Y

]] , (4.119)

and at least one of

R1 ≤ sup
ρ2∈[0,1],s≥0,a(·,·)

E

log (
q(X1, X2, Y )sea(X1,X2)

)ρ2
E
[(

E
[
q(X1, X2, Y )sea(X1,X2)

∣∣X1

])ρ2 ∣∣Y ]
− ρ2R2 (4.120)

R2 ≤ sup
ρ1∈[0,1],s≥0,a(·,·)

E

log (
q(X1, X2, Y )sea(X1,X2)

)ρ1
E
[(

E
[
q(X1, X2, Y )sea(X1,X2)

∣∣X2

])ρ1 ∣∣Y ]
− ρ1R1, (4.121)

where (X1, X2, Y,X1, X2) ∼ Q1(x1)Q2(x2)W (y|x1, x2)Q1(x1)Q2(x2).

A possible approach to generalizing (4.118)–(4.121) to more general alphabets is to com-
bine the expurgation arguments of [35, Thm. 4] with the cost-constrained coding ideas of
Section 4.2.3, using joint costs a(x1, x2) in place of the separate costs a1(x1) and a2(x2). We
instead take a different approach: We show in Chapter 5 that superposition coding yields
an achievable rate at least as high as that of Theorem 4.10 for any DMC, and we provide a
straightforward extension to more general alphabets without the need for expurgation.
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4.3 Multi-Letter Successive Decoding

Given that the decoder only knows the metric qn(x
(i)
1 ,x

(j)
2 ,y) corresponding to each code-

word pair, one may question whether there exists a decoding rule with better performance
than the maximum-metric rule in (4.1). In general, this question is only interesting if “reason-
able” decoding rules are considered. For example, if the values {log q(x1, x2, y)} are rationally
independent (i.e. no value can be written as linear combinations of the others with rational co-
efficients), then there is a one-to-one correspondence between the joint empirical distribution
of (x1,x2,y) and the possible values of qn(x1,x2,y), and hence the decoder can implement
the maximum-likelihood (ML) rule.

In this section, we consider successive decoding of the form

m̂1 = argmax
i

∑
j

qn(x
(i)
1 ,x

(j)
2 ,y) (4.122)

m̂2 = argmax
j
qn(x

(m̂1)
1 ,x

(j)
2 ,y). (4.123)

We define the error probability, achievable rate pairs, and achievable error exponents in the
same way as maximum-metric decoding.

In the case that q(x1, x2, y) = W (y|x1, x2), then (4.122) is the decision rule that minimizes
P[m̂1 ̸= m1]. We can therefore view (4.122) as being a mismatched version of the optimal
decoding rule for (one user of) the interference channel. Thus, as well as giving an achievable
rate region for the MAC with mismatched successive decoding, our results will quantify the
loss due to mismatch for the interference channel, at least in the setting of random coding with
independent codewords.

The following proposition shows that successive decoding and simultaneous decoding be-
have similarly when q = W . In contrast, we will see that when q ̸= W , the two can behave
significantly differently.

Proposition 4.2. For any MAC, a rate pair or error exponent is achievable under maximum-

likelihood (ML) decoding if and only if it is achievable under the successive rule in (4.122)–
(4.123) with q(x1, x2, y) =W (y|x1, x2).

Proof. See Section 4.5.2.
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4.3.1 Achievable Rate Region

Our achievable rate region is written in terms of the functions

F (P̃X1X2Y , P̃
′
X1X2Y , R2) , max

{
E
P̃
[log q(X1, X2, Y )],

E
P̃ ′ [log q(X1, X2, Y )] +

[
R2 − I

P̃ ′(X2;X1, Y )
]+} (4.124)

F (PX1X2Y , R2) , max

{
EP [log q(X1, X2, Y )],

max
P ′
X1X2Y

∈T ′
1 (PX1X2Y

,R2)
EP ′ [log q(X1, X2, Y )] +R2 − IP ′(X2;X1, Y )

}
, (4.125)

and the sets

T1(PX1X2Y , R2) ,
{
(P̃X1X2Y , P̃

′
X1X2Y ) : P̃X2Y = PX2Y , P̃X1 = PX1 ,

P̃ ′
X1Y = P̃X1Y , P

′
X2

= PX2 , F (P̃X1X2Y , P̃
′
X1X2Y , R2) ≥ F (PX1X2Y , R2)

}
(4.126)

T ′
1 (PX1X2Y , R2) ,

{
P ′
X1X2Y : P ′

X1Y = PX1Y , P
′
X2

= PX2 , IP ′(X2;X1, Y ) ≤ R2

}
(4.127)

T2(PX1X2Y ) ,
{
P̃X1X2Y : P̃X2 = PX2 , P̃X1Y = PX1Y ,

E
P̃
[log q(X1, X2, Y )] ≥ EP [log q(X1, X2, Y )]

}
. (4.128)

Here we have reused the symbol T1 (cf. (4.23)), whereas the definition of T2 in (4.128) coin-
cides with (4.24).

Theorem 4.12. For any input distributions Q1 and Q2, the pair (R1, R2) is achievable for the

successive decoder in (4.122)–(4.123) provided that

R1 ≤ min
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T1(Q1×Q2×W,R2)
I
P̃
(X1;X2, Y ) +

[
I
P̃ ′(X2;X1, Y )−R2

]+ (4.129)

R2 ≤ min
P̃X1X2Y

∈T2(Q1×Q2×W )
I
P̃
(X2;X1, Y ). (4.130)

Proof. See Section 4.5.3.

The minimization in (4.129) is a non-convex optimization problem, but it can be cast in
terms of convex optimization problems, thus facilitating its computation. Details are provided
in Section 4.5.4.

While our focus is on achievable rates, the proof of Theorem 4.12 also provides error
exponents. The exponent corresponding to (4.130) is precisely Ecc

r,2 in (4.30), and the exponent
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Figure 4.4 Achievable rate regions for the channel given in (4.132).

corresponding to (4.129) is given by

min
PX1X2Y

:PX1
=Q1,PX2

=Q2

D(PX1X2Y ∥Q1 ×Q2 ×W ) +
[
I0(PX1X2Y , R2)−R1

]+
, (4.131)

where I0(PX1X2Y , R2) denotes the right-hand side of (4.129) with an arbitrary distribution
PX1X2Y in place of Q1 ×Q2 ×W . Unlike the rate conditions, we have thus far been unable to
express (4.131) in terms of convex optimization problems, thus making a numerical compari-
son with existing exponents (e.g. [118]) difficult.

4.3.2 Numerical Example

We consider the MAC with X1 = X2 = {0, 1}, Y = {0, 1, 2}, and

W (y|x1, x2) =

1− 2δx1x2 y = x1 + x2

δx1x2 otherwise,
(4.132)

where {δx1x2} are constants. The mismatched decoder uses q(x1, x2, y) of a similar form, but
with a fixed value δ ∈

(
0, 13
)

in place of {δx1x2}. While all such choices of δ are equivalent for
maximum-metric decoding, this is not true for successive decoding.

We set δ00 = 0.01, δ01 = 0.1, δ10 = 0.01, δ11 = 0.3, δ = 0.15, and Q1 = Q2 = (0.5, 0.5). Fig-
ure 4.4 plots the achievable rates regions of successive decoding (Theorem 4.12), maximum-
metric decoding (Theorem 4.3), and matched decoding (yielding the same region whether
successive or maximum-metric).
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Interestingly, neither of the mismatched rate regions dominates the other, thus suggesting
that the two decoding rules are fundamentally different. For the given input distribution, the
sum rate for successive decoding exceeds that of maximum-metric decoding. Furthermore,
upon taking the convex hull (which is justified by a time sharing argument, cf. Section 4.2.5),
the region for successive decoding is strictly larger. While we observed similar behaviors
for other choices of Q1 and Q2, it remains unclear as to whether this is always the case.
Furthermore, while the rate region for maximum-metric decoding is tight with respect to the
ensemble average, it is unclear whether the same is true of the region given in Theorem 4.12.

The vertical line at R1 ≈ 0.1 is analogous to the interference channel, where for R1 below
a certain threshold, R2 can be arbitrarily large while still ensuring that user 1’s message is
estimated correctly [118]. Due to the mismatch, this induces a non-pentagonal shape in the
present example.

4.4 Second-Order Asymptotics for ML Decoding

In this section, we study second-order coding rates (cf. Section 1.2.2) for the MAC. We limit
our attention to maximum-likelihood decoding (i.e. (4.1) with q =W ), as it provides the most
insight into the techniques and ideas presented.

4.4.1 Preliminaries

Notation

Along with the notations given in Section 1.4, we make use of the following. The vectors
(or matrices) of all zeros and all ones are denoted by 0 and 1 respectively, and the identity
matrix is denoted by I; the sizes will be clear from the context. The symbols ≺, ≼, etc. denote
element-wise inequalities for vectors, and inequalities on the positive semidefinite cone for
matrices (e.g. V ≻ 0 means V is positive definite). We denote the transpose of a vector or
matrix by (·)T , the inverse of a matrix by (·)−1, the positive definite matrix square root by (·) 1

2 ,
and its inverse by (·)− 1

2 . The multivariate Gaussian distribution with mean µ and covariance
matrix Σ is denoted by N(µ,Σ).

We denote the cross-covariance matrix of two random vectors by Cov[Z1,Z2] = E
[
(Z1 −

E[Z1])(Z2−E[Z2])
T
]
, and we write Cov[Z] in place of Cov[Z,Z]. For a set S of vectors and a

vector c, we write S + c, or equivalently c+S, to denote the set {s+ c : s ∈ S}. We similarly
write cS = {cs : s ∈ S} for a given constant c. A vector or matrix is said to be O(fn) if all of
its entries are O(fn) in the scalar sense, and similarly for o(·).
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Definitions

A rate pair (R1, R2) is said to be (n, ϵ)-achievable if there exist codebooks with M1 ≥ enR1 and
M2 ≥ enR2 codewords of length n for users 1 and 2 respectively such that the average error
probability does not exceed ϵ.

We consider constant-composition random coding with coded time sharing, similarly to
Section 4.2.5. The precise description of the ensemble is postponed until Section 4.5.7; here
we simply provide the definitions required to state the results. We fix a finite time sharing
alphabet U , as well as the input distributions QU (u), Q1(x1|u) and Q2(x2|u). We define the
joint distribution

PUX1X2Y (u, x1, x2, y) , QU (u)Q1(x1|u)Q2(x2|u)W (y|x1, x2) (4.133)

and denote the induced marginal distributions by PY |X1U , PY |U , etc. Defining the rate vector

R ,


R1

R2

R1 +R2

 (4.134)

and the mutual information vector

I ,


I(X1;Y |X2, U)

I(X2;Y |X1, U)

I(X1, X2;Y |U)

 , (4.135)

we can write the capacity region (see (4.5)) as follows [115, Thm. 4.3]:

R∗ =
⋃
U

⋃
QU ,Q1,Q2

{
(R1, R2) : R ≼ I

}
. (4.136)

Moreover, the union over U may be restricted to satisfy |U| ≤ 2. The three conditions in
the element-wise inequality R ≼ I correspond to the type-1, type-2 and type-12 conditions
respectively (see Section 4.2).

A key quantity in our analysis is the information density vector [97, 119]

i(u, x1, x2, y) ,


i1(u, x1, x2, y)

i2(u, x1, x2, y)

i12(u, x1, x2, y)

 , (4.137)
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where

i1(u, x1, x2, y) , log
W (y|x1, x2)

PY |X2U (y|x2, u)
(4.138)

i2(u, x1, x2, y) , log
W (y|x1, x2)

PY |X1U (y|x1, u)
(4.139)

i12(u, x1, x2, y) , log
W (y|x1, x2)
PY |U (y|u)

. (4.140)

Averaging i with respect to (4.133) yields the mutual information vector in (4.135).
We consider the local notion of second-order asymptotics introduced by Nomura-Han for

the Slepian-Wolf problem [67]; see also Hayashi [62] for the analogous definitions in the
single-user setting. We proceed by presenting similar definitions for the present setting, albeit
in a slightly different form. A pair (ℓ1, ℓ2) is said to be (n, ϵ,R∗

1, R
∗
2)-achievable if there exist

codebooks with Mν ≥ enR
∗
ν+

√
nℓν codewords of length n for ν = 1, 2 such that the average

error probability pe does not exceed ϵ. The second-order rate region L(ϵ, R∗
1, R

∗
2) is defined as

the closure of the set of pairs (ℓ1, ℓ2) that are (n, ϵ,R∗
1, R

∗
2)-achievable for sufficiently large n.

In other words, L(ϵ, R∗
1, R

∗
2) is the set of all (ℓ1, ℓ2) pairs for which there exists an ϵ-reliable

code with logMν = nR∗
ν +

√
nℓν + o(

√
n) for ν = 1, 2. While this definition is valid for any

pair (R∗
1, R

∗
2), our focus will be on pairs on the boundary of the capacity region R∗; in all other

cases we trivially have either L = ∅ or L = R2.
Finally, we define the set

Qinv(V , ϵ) ,
{
z ∈ Rd : P

[
Z ≼ z] ≥ 1− ϵ

}
, (4.141)

where Z ∼ N(0,V ), and V is a d×d dispersion matrix. This definition applies for an arbitrary
dimension d, which is dictated by the first argument.

Previous Work

One approach to characterizing the second-order asymptotics is to seek global asymptotic
expansions, stated as follows: For any triplet (QU , Q1, Q2), rate vectors R satisfying

nR ∈ nI −√
nQinv(V , ϵ) + g(n)1, (4.142)

are (n, ϵ)-achievable for some dispersion matrix V and function g(n) = o(
√
n), where I is the

3× 1 mutual information vector appearing in (4.136).
The first global result for the MAC was given by Tan and Kosut [97], who used i.i.d. ran-
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dom coding to obtain (4.142) with I = E[i(U,X1, X2, Y )] and V = Cov[i(U,X1, X2, Y )] (see
also [120]). Huang and Moulin [119] showed that the improved dispersion matrix

V iid , E
[
Cov

[
i(U,X1, X2, Y )

∣∣U]] (4.143)

can be obtained by using a constant-composition time sharing sequence.
As discussed by Haim et al. [114], expansions of the form (4.142) are more difficult to

interpret than the scalar counterpart in (1.28). While the scalar dispersion V in (1.28) corre-
sponds to a concrete operational definition [61], it appears difficult to directly give any such
meaning to the matrix V . In fact, non-global asymptotic studies in [97] indicate that, in most
cases of interest, entries (1, 2) and (2, 1) of the matrix do not play a fundamental role in charac-
terizing the performance. Furthermore, it may be difficult to compare two dispersion matrices,
since the partial positive definite ordering does not guarantee that at least one of V1 ≼ V2 or
V2 ≼ V1 hold. These issues are even more troublesome when one considers taking the union
over all input distributions, particularly since standard proofs often yield a non-uniform re-
mainder term g(n) in (4.142). These limitations motivate the study of local asymptotics, such
as L(ϵ, R∗

1, R
∗
2) defined above.

The second-order rate region L has been characterized for very few multi-user problems
[67, 121, 122]. The one most relevant to this section is the Gaussian MAC with degraded
message sets [121], which has the notable feature of having a curved capacity region, giving
rise to a non-standard derivative term in the expression for L. Our analysis will yield a similar
term using different techniques.

Other local notions of second-order achievability were considered in [97] and [123]. In
particular, both of these works considered the problem of finding the backoff from the rates
when a point (R∗

1, R
∗
2) is approached from a given angle. As demonstrated in [121], this prob-

lem can be solved numerically in a straightforward fashion once L(ϵ, R∗
1, R

∗
2) is characterized.

4.4.2 Main Results

Further Definitions

Our main result is written in terms of a dispersion matrix of the form

V , E
[
Cov

[
i(U,X1, X2, Y )

∣∣U]− Cov
[
i(1)(U,X1)

∣∣U]− Cov
[
i(2)(U,X2)

∣∣U]], (4.144)
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where

i(1)(u, x1) , E
[
i(U,X1, X2, Y )

∣∣ (U,X1) = (u, x1)
]

(4.145)

i(2)(u, x2) , E
[
i(U,X1, X2, Y )

∣∣ (U,X2) = (u, x2)
]
. (4.146)

We can interpret (4.144) as follows: The term Cov[i] represents the variations in (X1, X2, Y )

in the i.i.d. case (see (4.143)), and the terms Cov[i(1)] and Cov[i(2)] represent the reduced vari-
ations in X1 and X2, resulting from the codewords having a fixed composition. We henceforth
write the entries of I (see (4.135)) and V using subscripts:

I =


I1

I2

I12

 , V =


V1 V1,2 V1,12

V1,2 V2 V2,12

V1,12 V2,12 V12

 . (4.147)

For a fixed point (R∗
1, R

∗
2) on the boundary of R∗, we let T̂− , T̂−(R

∗
1, R

∗
2) and T̂+ ,

T̂+(R
∗
1, R

∗
2) respectively denote the left and right unit tangent vectors along the boundary of

R∗ in (R1, R2)-space; see Figure 4.5. It is understood that T̂− (respectively, T̂+) is undefined
when R∗

1 = 0 (respectively, R∗
2 = 0). In all other cases, the vectors are well-defined due to

the fact that the capacity region is convex. The case T̂− = −T̂+ corresponds to a smooth
or curved or straight-line part of the boundary, whereas T̂− ̸= −T̂+ corresponds to a sudden
change in slope (e.g. at a corner point).

We construct the following vectors in the same way as (4.134):

T− ,


T̂−,1

T̂−,2

T̂−,1 + T̂−,2

 , T+ ,


T̂+,1

T̂+,2

T̂+,1 + T̂+,2

 , (4.148)

where T̂(·),i denotes the i-th entry of the corresponding unit tangent vector. To ease some of
the subsequent discussions, we define the following scalars that correspond to T̂− and T̂+ in
a one-to-one fashion:

D− ,
T̂−,2

T̂−,1
, D+ ,

T̂+,2

T̂+,1
(4.149)

These are the left and right derivatives of R∗
2 as a function of R∗

1; they are non-positive, and
are understood to equal −∞ when T̂(·),1 = 0. Observe that T̂− is obtained by normalizing
[−1 −D−] and T̂+ is obtained by normalizing [1 D+], and hence T̂− = −T̂+ if and only if
D− = D+.
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R∗

R1

R2

T̂− T̂+

T̂−

T̂+

(a) Pentagonal region

R1

R2

T̂+

T̂+

T̂−

T̂−

R∗

(b) Curved region

Figure 4.5 Illustration of the vectors T̂− and T̂+ for various boundary points of two hypothet-
ical capacity regions (solid lines). The dashed pentagon in (b) corresponds to a fixed input
distribution achieving one of the boundary points.

Given the pairs (R∗
1, R

∗
2) and (ℓ1, ℓ2), we define

R∗ ,


R∗

1

R∗
2

R∗
1 +R∗

2

 , ℓ ,


ℓ1

ℓ2

ℓ1 + ℓ2

 . (4.150)

For a non-empty set K ⊆ {1, 2, 12}, we let ℓ(K) denote the subvector of ℓ where only the indices
corresponding to K are kept; similarly for R(K), R∗(K), T (K)

− , T (K)
+ and I(K). Similarly, V (K)

denotes the |K|× |K| submatrix of V where only the rows and columns indexed by K are kept.

Statement of Main Result

We use the usual terminology that the triplet (QU , Q1, Q2) achieves the rate pair (R1, R2) if
R ≼ I. In the following theorem, K can be thought of as the set of error types that are active
for a given input distribution and boundary point (e.g. if the boundary point is achieved by the
corner point of the pentagonal region corresponding to the type-2 and type-12 conditions, then
K = {2, 12}).

Theorem 4.13. Fix ϵ ∈ (0, 1), let (R∗
1, R

∗
2) be a point on the boundary of the capacity region

R∗ in (4.136), let (QU , Q1, Q2) be an arbitrary triplet achieving that point, and consider I and

V in (4.135) and (4.144) respectively. Letting K ⊆ {1, 2, 12} be the set of indices of the largest
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cardinality such that R∗(K) = I(K), we have

L(ϵ, R∗
1, R

∗
2) ⊇

{
(ℓ1, ℓ2) : ℓ(K) ∈

⋃
β≥0

{
βT

(K)
− − Qinv(V

(K), ϵ)
}}

∪
{
(ℓ1, ℓ2) : ℓ(K) ∈

⋃
β≥0

{
βT

(K)
+ − Qinv(V

(K), ϵ)
}}

, (4.151)

where the first (respectively, second) set is understood to be empty when R∗
1 = 0 (respectively,

R∗
2 = 0).

Proof. See Section 4.5.5.

We make the following remarks on Theorem 4.13:

1. To provide some intuition as to why the terms βT (K)
− and βT

(K)
+ in (4.151) are useful,

we discuss the hypothetical example in Figure 4.5b. If ϵ < 0.5 and we consider random
coding with the fixed input distribution whose first-order region is the dashed pentagon,
then we can only approach the boundary point from directions within that pentagon
(e.g. along the dashed arrow). The terms involving the tangent vectors arise from ar-
guments based on coded time sharing, and allow the boundary point to be approached
from all directions within R∗ (e.g. along the dotted arrow).

2. In the case that T̂− = −T̂+, or equivalently D− = D+ (i.e. a curved or straight-line
part of the boundary), the two sets in (4.151) can be combined into a single set con-
taining a coefficient β ∈ R (with negative values allowed) and the vector T

(K)
+ . In

this case, the inner bound on L(ϵ, R∗
1, R

∗
2) is a half-space. We will see in Section 4.4.3

that this does not always occur, and combinations other than (D−, D+) = (0,−1) and
(D−, D+) = (−1,−∞) are possible (these are the combinations that are observed for
standard pentagonal regions).

3. In the case that K contains only a single entry ν ∈ {1, 2, 12}, the unions over β can be
replaced by β = 0, yielding a simpler inner bound given by

L(ϵ, R∗
1, R

∗
2) ⊇

{
(ℓ1, ℓ2) : ℓν ≤ −

√
VνQ

−1(ϵ)
}
, (4.152)

where ℓ12 , ℓ1 + ℓ2. The fact that β = 0 suffices is shown in the same way for each ν, so
we consider the case ν = 12. Since (R∗

1, R
∗
2) lies on the diagonal part of the pentagonal

region corresponding to (QU , Q1, Q2) (and away from the corners), both (R∗
1− δ,R∗

2+ δ)

and (R∗
1 + δ,R∗

2 − δ) are achievable for sufficiently small δ, and hence D− ∈ [−1,−∞]
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and D+ ∈ [0,−1]. The convexity of the capacity region implies that D+ ≤ D−, and
it follows that D− = D+ = −1. From (4.148), we see that D− = D+ = −1 implies
T

(K)
− = T

(K)
+ = 0, and hence each coefficient β in (4.151) is simply multiplying zero.

4. More generally, if the input distribution achieving (R∗
1, R

∗
2) also achieves each boundary

point in a neighborhood of (R∗
1, R

∗
2), then the unions over β can be replaced by β = 0.

In particular, this is true when the entire capacity region is achieved by a single input
distribution. This will be observed for the Gaussian MAC in Section 4.4.2.

5. All non-empty subsets K of {1, 2, 12} can occur with the exception of {1, 2}. Focusing
on the case that time sharing is absent, the case K = {1, 2} is impossible since

I(X1, X2;Y ) = I(X1;Y ) + I(X2;Y |X1) (4.153)

≤ I(X1;X2, Y ) + I(X2;Y |X1) (4.154)

= I(X1;Y |X2) + I(X2;Y |X1), (4.155)

where (4.155) follows since X1 and X2 are independent. Whenever K includes {1, 2},
we have R∗

1 = I(X1;Y |X2) and R∗
2 = I(X2;Y |X1), and it follows from (4.155) that R∗

1+

R∗
2 = I(X1, X2;Y ). Therefore, we have K = {1, 2, 12}, corresponding to a rectangular

achievable rate region.

6. The inner bound in (4.151) is of a similar form to the set appearing in [121, Thm. 3]
for the Gaussian MAC with degraded message sets. The main differences are (i) The
left and right tangent vectors are treated separately here, since unlike in [121], the two
do not have the same slope in general (e.g. see Figure 4.5 and the example in Section
4.4.3); (ii) There are six cases here corresponding to the different subsets K of {1, 2, 12}
(see the previous item), whereas in [121] there are only two possibilities for the set of
active rate conditions.

7. The proof of Theorem 4.13 can be followed using i.i.d. codeword distributions, yielding
an analogous result with V iid (see (4.143)) in place of V . Using the fact that V ≼ V iid,
it is not difficult to show that the inner bounds on L(ϵ, R∗

1, R
∗
2) obtained using V include

those obtained using V iid whenever ϵ < 1
2 . In Section 4.4.3, we will see that the inclusion

may be strict.

8. It is also of interest to compare V to a hypothetical dispersion matrix of the form

V joint , E
[
Cov

[
i(U,X1, X2, Y )

∣∣U,X1, X2

]]
. (4.156)
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This is the matrix that would be obtained if the joint composition of (U ,X1,X2) were
fixed, which is impossible in the absence of cooperation. It should therefore be unsur-
prising that V joint ≼ V ; as we show in [124], this can be proved using the matrix version
of the law of total variance, along with the identity E[ZZT ] ≽ E[Z]E[ZT ].

9. We make no attempt to present analytical expressions for T̂− and T̂+, but two numerical
approaches to their computation are presented in Section 4.4.3. In general, if the capac-
ity region is characterized numerically, then one can easily obtain numerical bounds or
approximations for these tangent vectors.

Application to the Gaussian Multiple-Access Channel

The preceding results are concerned with the DM-MAC, thus permitting proofs based on com-
binatorial arguments. Here we show that Theorem 4.13 can be extended to the Gaussian MAC
via an increasingly fine quantization of the input, similarly to Hayashi [62, Thm. 3] and Tan
[125].2 The channel is described by

Y =
√
P1X1 +

√
P2X2 + Z, (4.157)

where Z ∼ N(0, 1), and where the codewords for user ν = 1, 2 are constrained to satisfy
1
n∥xν∥2 ≤ 1. The quantities P1 and P2 represent the signal-to-noise ratios for users 1 and
2 respectively; for convenience, we have factored them into the channel itself. We use the
definition of L(ϵ, R∗

1, R
∗
2) in Section 4.4.1 with the additional condition that the the codewords

of each user must satisfy the respective power constraints.
The capacity region is pentagonal [3, Sec. 15.1], and is achieved using Gaussian input

distributions, namely Q1, Q2 ∼ N(0, 1). The quantities I and V in (4.135) and (4.144) can be
written explicitly as follows:

I =


1
2 log(1 + P1)
1
2 log(1 + P2)

1
2 log(1 + P1 + P2)

 (4.158)

V =


P1(2+P1)
2(1+P1)2

P1P2
2(1+P1)(1+P2)

P1(2+P1+P2)
2(1+P1)(1+P1+P2)

P1P2
2(1+P1)(1+P2)

P2(2+P2)
2(1+P2)2

P2(2+P1+P2)
2(1+P2)(1+P1+P2)

P1(2+P1+P2)
2(1+P1)(1+P1+P2)

P2(2+P1+P2)
2(1+P2)(1+P1+P2)

(P1+P2)(2+P1+P2)+2P1P2

2(1+P1+P2)2

 . (4.159)

2We thank Vincent Tan for recommending the use of this technique.
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We use a quantization argument followed by constant-composition random coding to provide
an alternative proof of the following result, which was recently proved by MolavianJazi and
Laneman using random coding with a uniform distribution over the surface of a sphere [126].
We use the same notation as that used in Theorem 4.13.

Theorem 4.14. Fix the parameters P1, P2 > 0 and target error probability ϵ ∈ (0, 1), and let

K ⊂ {1, 2, 12} be the set of indices of the largest cardinality such that R∗(K) = I(K). Then we

have

L(ϵ, R∗
1, R

∗
2) ⊇

{
(ℓ1, ℓ2) : L(K) ∈ −Qinv(V

(K), ϵ)
}
. (4.160)

Proof. See Section 4.5.8.

Unlike Theorem 4.13, no tangent vectors appear in (4.160), and the proof does not use any
form of time sharing. This is due to the fact that every point on the boundary of the capacity
region is simultaneously achieved by Gaussian inputs.

4.4.3 Examples

The Collision Channel

Here we consider the channel with alphabets X1 = X2 = {0, 1, 2} and Y =

{(0, 0), (0, 1), (0, 2), (1, 0), (2, 0), c}, and

W (y|x1, x2) =


1 y = (x1, x2) and min{x1, x2} = 0

1 y = c and min{x1, x2} ≠ 0

0 otherwise.

(4.161)

In words, if either user transmits the zero symbol then the output is (x1, x2), whereas if both
users transmit a non-zero symbol then the output is c, meaning “collision”.

We recall the following observations by Gallager [105]: (i) The capacity region can be
obtained without time sharing;3 (ii) By symmetry, the points on the boundary of the capacity
region are achieved by input distributions of the form Q1 = (1 − 2p1, p1, p1) and Q2 = (1 −
2p2, p2, p2), where U = ∅; (iii) The achievable rate region corresponding to any such (Q1, Q2)

pair is rectangular. The capacity region is shown in Figure 4.6. The left and right tangent
vectors coincide (i.e. T̂− = −T̂+ and hence D− = D+) at all boundary points (R∗

1, R
∗
2) with

R∗
1 > 0 and R∗

2 > 0, and the case of interest in Theorem 4.13 is K = {1, 2, 12}.

3In the more general case of K non-zero symbols, time sharing is required for K ≥ 8 [105].
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Figure 4.6 Capacity region of the collision channel. The tangent line corresponds to the bound-
ary point (R∗

1, R
∗
2) = (1.25, 1.25), and we have D− = D+ = −1.

One approach to characterizing the inner bound in (4.151) for a given boundary point
(R∗

1, R
∗
2) is to first find the pair (p1, p2) achieving that point, and then calculate T̂− and T̂+

(e.g. see the example in Section 4.4.3). In this example, the reverse approach turns out to be
more convenient: We start with a given derivative D < 0, and perform an optimization over
(p1, p2) to find the corresponding (unique) boundary point (R∗

1, R
∗
2).

As stated above, the achievable rate region for a given pair (p1, p2) is a rectangle with a
corner point given by (I1, I2). The straight line of slope D passing through this point is given
by R2 = D(R1 − I1) + I2. Thus, finding the desired boundary point (R∗

1, R
∗
2) simply amounts

to maximizing I2 −DI1 over (p1, p2), which is a straightforward optimization problem.
For concreteness, we provide a numerical example for the case that D = −1, which cor-

responds to T̂− = −T̂+ =
[−1√

2
1√
2

]T . Using a brute force search to three decimal places, we
found the optimal parameters to be p1 = p2 = 0.25, yielding R∗

1 = R∗
2 = 1.25 bits/use. The

inner bound on L(ϵ, R∗
1, R

∗
2) from Theorem 4.13, and its counterpart for i.i.d. random coding

(cf. (4.143)), are shown in Figure 4.7, where we set ϵ = 0.01. For comparison, we also plot
the weaker inner bounds in which β is set to zero and only −Qinv remains (cf. (4.151)). The
boundaries of these regions are shown, and the regions lie to the bottom-left of these bound-
aries.

We see that the region resulting from constant-composition random coding is strictly larger
than that resulting from i.i.d. random coding. This is primarily due to the fact that the diagonal
entries of V are strictly smaller than the respective entries of V iid, though the off-diagonal
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Figure 4.7 Inner bounds on L(ϵ, R∗
1, R

∗
2) for the collision channel, with R∗

1 = R∗
2 = 1.25 and

ϵ = 0.01. The regions are to the bottom-left of the boundaries shown.

terms also play a role (see the shapes of the regions corresponding to β = 0 in Figure 4.7). In
this example, the strict inclusion holds for all points on the boundary of the capacity region
other than the endpoints corresponding to R∗

1 = 0 or R∗
2 = 0.

The improved performance of constant-composition random coding over i.i.d. coding is
analogous to a similar gain in the error exponent [66]. These gains are in contrast to the
(matched) single-user setting, where the two ensembles yield the same second-order term and
error exponent after the optimization of the input distribution [56, 61].

A Non-Deterministic Example

Here we provide an example showing that the two unions in (4.151) cannot, in general, be
combined into one. In other words, it is necessary to consider the left and right tangent vectors
separately. We set X1 = X2 = Y = {0, 1}, and

W (y|x1, x2) =


1 x1 = x2 = y

0.5 x1 ̸= x2

0 otherwise.

(4.162)

Thus, the channel is noiseless if x1 = x2, and completely noisy if x1 ̸= x2. We write the input
distributions as Q1 = (1− p1, p1) and Q2 = (1− p2, p2).

The capacity region is shown in Figure 4.8. Observe that there are two “corner points”,
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but unlike those of standard pentagonal regions, neither of them corresponds to a change in
angle of 45 degrees. More precisely, the middle segment shown in the plot has slope −1, but
the other two segments are neither vertical nor horizontal (in fact, they are not even straight
line segments, even though they may appear to be). Both corner points are achieved by p1 =

p2 = 0.5.
Here we focus on characterizing the set L(ϵ, R∗

1, R
∗
2) for the upper corner point (R∗

1, R
∗
2) =

(0.272, 0.449); identical arguments apply for the lower corner point. The case of interest in
Theorem 4.13 is K = {2, 12}. Since the middle segment in Figure 4.8 has slope −1, we have
T̂+ =

[
1√
2

−1√
2

]
. The idea used to compute T̂− is to shift the point (p1, p2) = (0.5, 0.5) by a

small amount (∆ cos θ,∆sin θ), and observe the behavior of the corner point (I12 − I2, I2) for
θ ∈ [0, 2π), where for each θ we are interested in the limiting behavior as ∆ → 0. Making the
dependence of I2 and I12 on (p1, p2) explicit, a second-order Taylor expansion yields

Iν(p1 +∆cos θ, p2 +∆sin θ) = Iν(p1, p2) + fν(θ)∆
2 +O(∆3) (4.163)

for ν = 2, 12, where

fν(θ) ,
[
cos θ sin θ

]  ∂2Iν
∂p21

∂2Iν
∂p1∂p2

∂2Iν
∂p1∂p2

∂2Iν
∂p22

[ cos θ

sin θ

]
. (4.164)

Note that the first-order term in (4.163) is absent, since the derivatives ∂Iν
∂p1

and ∂Iν
∂p2

are zero
at (p1, p2) = (0.5, 0.5) for ν = 2, 12. We conclude from (4.163) that for a fixed choice of θ,
(I12 − I2, I2) moves in the direction (f12(θ) − f2(θ), f2(θ)) in the limit as ∆ → 0. Evaluating
the direction for 10000 equally spaced angles over the range θ ∈ [0, 2π], we obtained T̂− =[
−0.99783 0.06586

]
, corresponding to θ = 0.221 radians and D− = −0.0660.

Figure 4.9 shows the resulting inner bound on L(ϵ, R∗
1, R

∗
2) given in Theorem 4.13, with ϵ =

0.01. In this example, the region is identical for i.i.d. random coding and constant-composition
random coding. It is interesting to observe the different shape of the region compared to
the previous example, resulting from the differing left and right tangent vectors. It is only
the former that plays a role in enlarging the achievable region, since the set −Qinv(V

(2,12), ϵ)

already satisfies the property that if a given point is in the set, so are all points on the right-hand
side of the line of slope D+ = −1 passing through that point.
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Figure 4.8 Capacity region of the channel described by (4.162).
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4.5 Proofs 149

4.5 Proofs

4.5.1 Proof of Theorem 4.4

Each expression in the theorem statement is derived similarly, so we focus on Ecc
r,12,1. We

claim that (4.49) is equivalent to

Ecc
r,12,1(Q, R1, R2) = max

ρ1∈[0,1],ρ2∈[0,1]
Êcc

0,12,1(Q, ρ1, ρ2)− ρ1(R1 + ρ2R2), (4.165)

where

Êcc
0,12,1(Q, ρ1, ρ2) , min

PX1X2Y
∈S(Q)

min
P̃X1X2Y

∈T12(PX1X2Y
)

D(PX1X2Y ∥Q1 ×Q2 ×W ) + ρ1
(
I
P̃
(X1;Y ) + ρ2IP̃ (X2;X1, Y )

)
. (4.166)

To see this, we follow the steps of Section 2.10.2. Using (4.83), we can write

Ecc
r,12,1(Q, R1, R2) = min

PX1X2Y
∈S(Q)

min
P̃X1X2Y

∈T12(PX1X2Y
)

D(PX1X2Y ∥Q1 ×Q2 ×W ) +
[
I
P̃
(X1;Y ) +

[
I
P̃
(X2;X1, Y )−R2

]+ −R1

]+
(4.167)

Next, we apply the identity [α]+ = max0≤ρ1≤1 ρ1α to the outer [·]+ function in (4.167). The
resulting objective is linear in ρ1 and jointly convex in (PX1X2Y , P̃X1X2Y ), so we can apply
Fan’s minimax theorem [78] to interchange the maximization and minimizations. Applying
the same argument to the remaining [·]+ term yields (4.165)–(4.166).

We define the sets

T ′
12(PX1X2Y , P̂X1Y ) ,

{
P̃X1X2Y ∈ P(X1 ×X2 × Y) : P̃X2 = PX2 ,

P̃X1Y = P̂X1Y ,EP̃ [log q(X1, X2, Y )] ≥ EP [log q(X1, X2, Y )]
}

(4.168)

T ′′
12(PX1X2Y ) ,

{
P̂X1Y ∈ P(X1 × Y) : P̂X1 = PX1 , P̂Y = PY

}
. (4.169)

It follows that P̃X1X2Y ∈ T12(PX1X2Y ) (see (4.25)) if and only if P̃X1X2Y ∈ T ′
12(PX1X2Y , P̂X1Y )

for some P̂X1Y ∈ T ′′
12(PX1X2Y ). We can therefore replace the minimization over P̃X1X2Y ∈

T12(PX1X2Y ) in (4.166) with minimizations over P̂X1Y ∈ T ′′
12(PX1X2Y ) and P̃X1X2Y ∈

T ′
12(PX1X2Y , P̂X1Y ).

We prove the theorem by performing the minimization in several steps, and performing
multiple applications of Lemma E.1. Each application will yield an overall optimization of
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the form supmin sup{·}, and we will implicitly use Fan’s minimax theorem [78] to obtain an
equivalent expression of the form sup supmin{·}. Thus, we will leave the optimization of the
dual variables (i.e. the suprema) until the final step.

Step 1

We first consider the minimization of the term I
P̃
(X1;X2, Y ) over P̃X1X2Y when PX1X2Y ∈

S(Q) and P̂X1Y ∈ T ′′
12(PX1X2Y ) are fixed, and thus all of the terms in the objective in (4.166)

other than I
P̃
(X1;X2, Y ) are fixed. The minimization is given by

min
P̃X1X2Y

∈T ′
12(PX1X2Y

,P̂X1Y
)
I
P̃
(X1;X2, Y ). (4.170)

Applying Lemma E.1 with PZ1 = PX2 , PZ2 = P̂X1Y and µ1(·) = a2(·), we obtain the dual
expression

F1 , −
∑
x1,y

P̂X1Y (x1, y) log
∑
x2

PX2(x2)q(x1, x2, y)
sea2(x2)

+ s
∑

x1,x2,y

PX1X2Y (x1, x2, y) log q(x1, x2, y) +
∑
x2

PX2(x2)a2(x2). (4.171)

Step 2

After Step 1, the overall objective (see (4.166)) is given by

D(PX1X2Y ∥Q1 ×Q2 ×W ) + ρ1
(
IP̂ (X1;Y ) + ρ2F1

)
, (4.172)

where we have replaced I
P̃
(X1;Y ) by IP̂ (X1;Y ) due to the constraint P̃X1Y = P̂X1Y in (4.168).

Since the only terms involving P̂X1Y are IP̂ (X1;Y ) and the first term in (4.171), we consider
the minimization

min
P̂X1Y

∈T ′′
12(PX1X2Y

)
IP̂ (X1;Y )− ρ2

∑
x1,y

P̂X1Y (x1, y) log
∑
x2

PX2(x2)q(x1, x2, y)
sea2(x2). (4.173)

Applying Lemma E.1 with PZ1 = PX1 , PZ2 = PY and µ1(·) = a1(·), we obtain

F2 , −
∑
y

PY (y) log
∑
x1

PX1(x1)

(∑
x2

PX2(x2)q(x1, x2, y)
sea2(x2)

)ρ2
ea1(x1)

+
∑
x1

PX1(x1)a1(x1). (4.174)
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Step 3

From (4.171), (4.172) and (4.174), the overall objective is now given by

F3 , D(PX1X2Y ∥Q1 ×Q2 ×W ) + ρ1F2 + ρ1ρ2
∑

x1,x2,y

PX1X2Y (x1, x2, y) log q(x1, x2, y)
sea2(x2).

(4.175)
By expanding the divergence and writing aν(xν) = log eaν(xν) (ν = 1, 2), (4.175) can equiva-
lently be expressed as

F3 = −
∑

x1,x2,y

PX1X2Y (x1, x2, y) log
g3(x1, x2, y)

PX1X2Y (x1, x2, y)
, (4.176)

where

g3(x1, x2, y) , Q1(x1)Q2(x2)W (y|x1, x2)

×
(∑

x1

PX1(x1)

(∑
x2
PX2(x2)q(x1, x2, y)

sea2(x2)

q(x1, x2, y)sea2(x2)

)ρ2
ea1(x1)

ea1(x1)

)ρ1
. (4.177)

We are interested in minimizing F3 over PX1X2Y ∈ S(Q) (see (4.166)). We first minimize
over PY |X1X2

for a fixed PX1X2 . Rather than using Lagrange duality, we can simply write
PX1X2Y = PX1X2 × PY |X1X2

, and apply Jensen’s inequality to (4.176) to obtain

F3 ≥ −
∑

x1,x2,y

PX1X2(x1, x2) log
∑
y

g3(x1, x2, y)

PX1X2(x1, x2)
. (4.178)

It follows that the minimizing PY |X1X2
is the one that makes g3(x1,x2,y)

PX1X2Y
(x1,x2,y)

independent of y
for any given x1 and x2, so that equality holds in (4.178).

Step 4

Combining (4.178) and the definition of g3, we obtain the optimization

min
PX1X2

:PX1
=Q1,PX2

=Q2

IP (X1;X2)− EP [log g4(X1, X2)], (4.179)

where

g4(x1, x2) ,
∑
y

W (y|x1, x2)
(∑

x1

PX1(x1)

(∑
x2
PX2(x2)q(x1, x2, y)

sea2(x2)

q(x1, x2, y)sea2(x2)

)ρ2
ea1(x1)

ea1(x1)

)ρ1
.

(4.180)
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Applying Lemma E.1 with PZ1 = Q2, PZ2 = Q1 and µ1(·) = a′2(·), we obtain the dual expres-
sion

F4 , −
∑
x1

Q1(x1) log
∑
x2

Q2(x2)g4(x1, x2)e
a′2(x2) +

∑
x2

Q2(x2)a
′
2(x2). (4.181)

Step 5

From (4.181), we have

F4 = −
∑
x1

Q1(x1) log

(
ea

′
1(x1)−φ′1

∑
x2

Q2(x2)g4(x1, x2)e
a′2(x2)−φ′2

)
(4.182)

≥ − log
∑
x1,x2

Q1(x1)Q2(x2)g4(x1, x2)e
a′2(x2)−φ′2ea

′
1(x1)−φ′1 , (4.183)

where (4.182) follows for any a′1(·) with φ′ν , EQν [a′ν(Xν)] (ν = 1, 2) by expanding the loga-
rithm, and (4.183) follows from Jensen’s inequality. We observe that equality holds in (4.182)
when a′1(·) is chosen to make the argument to the logarithm in independent of x1. Thus, we
obtain the desired result by substituting (4.180) into (4.183), and taking the supremum over
s ≥ 0, a1(·), a2(·), a′1(·) and a′2(·).

4.5.2 Proof of Proposition 4.2

It suffices to show that, for any fixed codebooks C1 = {x(i)
1 }M1

i=1 and C2 = {x(j)
2 }M2

j=1, the error
probability under ML decoding is lower bounded by a constant times the error probability
under successive decoding. It also suffices to consider the variations of these decoders where
ties are broken as errors, since doing so reduces the error probability by at most a factor of
two [12]. Formally, we consider the following:

1. The ML decoder maximizing Wn(y|x(i)
1 ,x

(j)
2 );

2. The successive decoder in (4.122)–(4.123);

3. The genie-aided successive decoder using the true value of m1 on the second step rather
than m̂1 [127]:

m̂1 = argmax
i

∑
j

Wn(x
(i)
1 ,x

(j)
2 ,y) (4.184)

m̂2 = argmax
j
Wn(x

(m1)
1 ,x

(j)
2 ,y). (4.185)
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We denote the probabilities under these decoders by P(ML)[·], P(S)[·] and P(Genie)[·] respectively.
Denoting the random message pair by (m1,m2), the resulting estimate by (m̂1, m̂2), and the
output sequence by Y , we have

P(ML)[(m̂1, m̂2) ̸= (m1,m2)]

≥ max

{
P(ML)[m̂1 ̸= m1],P(ML)

[ ⋃
j ̸=m2

{
Wn(x

(m1)
1 ,x

(j)
2 ,Y ) ≥Wn(x

(m1)
1 ,x

(m2)
2 ,Y )

}]}
(4.186)

≥ max

{
P(Genie)[m̂1 ̸= m1],P(Genie)

[ ⋃
j ̸=m2

{
Wn(x

(m1)
1 ,x

(j)
2 ,Y ) ≥Wn(x

(m1)
1 ,x

(m2)
2 ,Y )

}]}
(4.187)

≥ 1

2
P(Genie)[(m̂1, m̂2) ̸= (m1,m2)] (4.188)

=
1

2
P(S)[(m̂1, m̂2) ̸= (m1,m2)], (4.189)

where (4.187) follows since the two steps of the genie-aided decoder minimize the two terms
in the max{·, ·}, (4.188) follows by writing max{P[A],P[B]} ≥ 1

2(P[A] + P[B]) ≥ 1
2P[A ∪ B],

and (4.189) follows since the overall error probability is unchanged by the genie [127].

4.5.3 Proof of Theorem 4.12

Here we present the proof of Theorem 4.12. Our analysis is based on the method of type
class enumeration (e.g. see [118, 128, 129]), and is perhaps most similar to that of Somekh-
Baruch and Merhav [129]. We use the same random-coding ensemble as that of Section 4.2.2,
which we define again here for completeness. For ν = 1, 2 we let Qν,n be a type with the
same support as Qν such that maxxν |Qν,n(xν) − Qν,n(xν)| ≤ 1

n , and we define the constant-
composition codeword distribution

PXν (xν) =
1

|Tn(Qν,n)|
1
{
xν ∈ Tn(Qν,n)

}
. (4.190)

The (independent) random codewords are denoted by {X(i)
ν }Mν

i=1. We assume without loss of
generality that m1 = m2 = 1, and we write Xν = X

(1)
ν and let Xν denote an arbitrary codeword

X
(j)
ν with j ̸= 1. Thus,

(X1,X2,Y ,X1,X2) ∼ PX1(x1)PX2(x2)W
n(y|x1,x2)PX1(x1)PX2(x2). (4.191)
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We define the following error events:

(Type 1)
∑

j q
n(X

(i)
1 ,X

(j)
2 ,Y ) ≥∑j q

n(X1,X
(j)
2 ,Y ) for some i ̸= 1;

(Type 2) qn(X1,X
(j)
2 ,Y ) ≥ qn(X1,X2,Y ) for some j ̸= 1.

Denoting the probabilities of these events by pe,1 and pe,2 respectively, it follows that the
overall random-coding error probability pe is upper bounded by pe,1 + pe,2.

The analysis of the type-2 error event is precisely that of Section 4.2, yielding the rate
condition in (4.130). We thus focus on the type-1 event. We let pe,1(x1,x2,y) denote the
probability of the type-1 event conditioned on (X

(1)
1 ,X

(1)
2 ,Y ) = (x1,x2,y), and we denote

the joint type of (x1,x2,y) by PX1X2Y . We write the objective function in (4.122) as

Ξx2y(x1) , qn(x1,x2,y) +
∑
j ̸=1

qn(x1,X
(j)
2 ,y). (4.192)

This quantity is random due to the randomness of {X(j)
2 }. The starting point of our analysis is

the union bound:

pe,1(x1,x2,y) ≤ (M1 − 1)P
[
Ξx2y(X1) ≥ Ξx2y(x1)

]
. (4.193)

The difficulty in analyzing (4.193) is that for two different codewords x1 and x1, Ξx2y(x1) and
Ξx2y(x1) are not independent, and their joint statistics are complicated. We will circumvent
this issue by conditioning on high probability events under which these random quantities can
be bounded by deterministic values.

From (4.192), we have

Ξx2y(x1) = qn(P̃X1X2Y ) +
∑

P̃ ′
X1X2Y

Nx1y(P̃
′
X1X2Y )q

n(P̃ ′
X1X2Y ), (4.194)

where Nx1y(P̃
′
X1X2Y

) is the random number of X
(j)
2 (j ̸= 1) such that (x1,X

(j)
2 ,y) ∈

Tn(P̃ ′
X1X2Y

), P̃X1X2Y is the joint type of (x1,x2,y), and we write qn(P̃ ′
X1X2Y

) , qn(x1,x2,y)

for an arbitrary triplet (x1,x2,y) ∈ Tn(P̃ ′
X1X2Y

). Since the codewords are generated in-
dependently, Nx1y(P̃

′
X1X2Y

) is binomially distributed with M2 − 1 trials and success prob-
ability P

[
(x1,X2,y) ∈ Tn(P̃ ′

X1X2Y
)
]
. By construction, we have Nx1y(P̃

′
X1X2Y

) = 0 unless
P̃ ′
X1X2Y

∈ S ′
1,n(Q2,n, P̃X1Y ), where

S ′
1,n(Q2,n, P̃X1Y ) ,

{
P̃ ′
X1X2Y ∈ Pn(X1 ×X2 × Y) : P̃ ′

X1Y = P̃X1Y , P̃
′
X2

= Q2,n

}
. (4.195)

The following lemma characterizes the behavior of Nx1y(P̃
′
X1X2Y

) for various choices of R2
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and P̃ ′
X1X2Y

. The proof can be found in [118, 129], and is based on the fact that

P
[
(x1,X2,y) ∈ Tn(P̃ ′

X1X2Y )
] .
= e−nIP̃ ′ (X2;X1,Y ), (4.196)

which follows from the property of types in (A.17).

Lemma 4.4. [118, 129] Fix the pair (x1,y) ∈ Tn(P̃X1Y ), a constant δ > 0, and a type

P̃ ′
X1X2Y

∈ S ′
1,n(Q2,n, P̃X1Y ).

(i) If R2 ≥ I
P̃ ′(X2;X1, Y ) + δ, then

M2e
−n(I

P̃ ′ (X2;X1,Y )+δ) ≤ Nx1y(P̃
′
X1X2Y ) ≤M2e

−n(I
P̃ ′ (X2;X1,Y )−δ) (4.197)

with probability approaching one super-exponentially fast.

(ii) If R2 < I
P̃ ′(X2;X1, Y ) + δ, then

Nx1y(P̃
′
X1X2Y ) ≤ e−n 2δ (4.198)

with probability approaching one super-exponentially fast.

Roughly speaking, Lemma 4.4 states that if R2 > I
P̃ ′(X2;X1, Y ) then the type enumerator

is highly concentrated about its mean, whereas if R2 < I
P̃ ′(X2;X1, Y ) then the type enumera-

tor takes a subexponential value (possibly zero) with overwhelming probability.
Given a joint type P̃X1Y , let Aδ(P̃X1Y ) denote the union of the high-probability events in

Lemma 4.4 taken over all P̃ ′
X1X2Y

∈ S ′
1,n(Q2, P̃X1Y ). By the union bound, P[Aδ(P̃X1Y )] → 1

super-exponentially fast, and hence we can safely condition any event on Aδ(P̃X1Y ) without
changing the exponential behavior of the corresponding probability. This can be seen by
writing the following for any event E:

P[E ] = P[E ∩ A] + P[E ∩ Ac] (4.199)

≤ P[E |A] + P[Ac] (4.200)

P[E ] ≥ P[E ∩ A] (4.201)

= (1− P[Ac])P[E |A] (4.202)

≥ P[E |A]− P[Ac]. (4.203)
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Conditioned on Aδ(PX1Y ), we have the following:

Ξx2y(x1) = qn(PX1X2Y ) +
∑

P ′
X1X2Y

Nx1y(P
′
X1X2Y )q

n(P ′
X1X2Y ) (4.204)

≥ qn(PX1X2Y ) + max
P ′
X1X2Y

∈S′
1,n(Q2,n,PX1Y

)

R2≥IP ′ (X2;X1,Y )+δ

Nx1y(P
′
X1X2Y )q

n(P ′
X1X2Y ) (4.205)

≥ qn(PX1X2Y ) + max
P ′
X1X2Y

∈S′
1,n(Q2,n,PX1Y

)

R2≥IP ′ (X2;X1,Y )+δ

M2e
−n(IP ′ (X2;X1,Y )+δ)qn(P ′

X1X2Y ) (4.206)

, Gδ,n(PX1X2Y ), (4.207)

where (4.206) follows from (4.197). Unlike Ξx2y(x1), the quantity Gδ,n(PX1X2Y ) is deter-
ministic. Substituting (4.207) into (4.193) and using the fact that P

[
Aδ(P̃X1Y )

]
→ 1 super-

exponentially fast, we obtain

pe,1(x1,x2,y) ≤̇M1P
[
Ξx2y(X1) ≥ Gδ,n(PX1X2Y )

]
. (4.208)

Since the statistics of Ξx2y(x1) depend on x1 only through the joint type of (x1,x2,y), we can
write (4.208) as follows:

pe,1(x1,x2,y) ≤̇M1

∑
P̃X1X2Y

P
[
(X1,x2,y) ∈ Tn(P̃X1X2Y )

]
P
[
Ξx2y(x1) ≥ Gδ,n(PX1X2Y )

]
(4.209)

.
=M1 max

P̃X1X2Y
∈S1,n(Q1,n,PX2Y

)
e−nIP̃ (X1;X2,Y )P

[
Ξx2y(x1) ≥ Gδ,n(PX1X2Y )

]
,

(4.210)

where x1 denotes an arbitrary sequence such that (x1,x2,y) ∈ Tn(P̃X1X2Y ), and

S1,n(Q1,n, PX2Y ) ,
{
P̃X1X2Y ∈ Pn(X1 ×X2 × Y) : P̃X1 = Q1,n, P̃X2Y = PX2Y

}
. (4.211)

In (4.210), we have used an analogous property to (4.196) and the fact that by construction,
the joint type of (X1,x2,y) is in S1,n(Q1,n, PX2Y ) with probability one.

Next, we again use Lemma 4.4 in order to replace Ξx2y(x1) in (4.210) by a deterministic
quantity. We have from (4.194) that

Ξx2y(x1) ≤ qn(P̃X1X2Y ) + p0(n) max
P̃ ′
X1X2Y

Nx1y(P̃
′
X1X2Y )q

n(P̃ ′
X1X2Y ), (4.212)
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where p0(n) is a polynomial corresponding to the total number of joint types. Substituting
(4.212) into (4.210), we obtain

pe,1(x1,x2,y)

≤̇M1 max
P̃X1X2Y

∈S1,n(Q1,n,PX2Y
)

max
P̃ ′
X1X2Y

∈S′
1(Q2,n,P̃X1Y

)
e−nIP̃ (X1;X2,Y )P

[
E
P,P̃

(P̃ ′
X1X2Y )

]
, (4.213)

where

E
P,P̃

(P̃ ′
X1X2Y ) ,

{
qn(P̃X1X2Y ) + p0(n)Nx1y(P̃

′
X1X2Y )q

n(P̃ ′
X1X2Y ) ≥ Gδ,n(PX1X2Y )

}
, (4.214)

and we have used the union bound to take the maximum over P̃ ′
X1X2Y

outside the probability
in (4.213). Continuing, we have for any P̃X1X2Y ∈ S1,n(Q1,n, PX2Y ) that

max
P̃ ′
X1X2Y

∈S′
1,n(Q2,n,P̃X1Y

)
P
[
E
P,P̃

(P̃ ′
X1X2Y )

]
= max

{
max

P̃ ′
X1X2Y

∈S′
1,n(Q2,n,P̃X1Y

)

R2≥IP̃ ′ (X2;X1,Y )+δ

P
[
E
P,P̃

(P̃ ′
X1X2Y )

]
,

max
P̃ ′
X1X2Y

∈S′
1,n(Q2,n,P̃X1Y

)

R2<IP̃ ′ (X2;X1,Y )+δ

P
[
E
P,P̃

(P̃ ′
X1X2Y )

]}
.

(4.215)

For the first maximization in (4.215), observe that conditioned on Aδ(P̃X1Y ) (defined following
Lemma 4.4), we have for P̃ ′

X1X2Y
satisfying R2 ≥ I

P̃ ′(X2;X1, Y ) + δ that

Nx1y(P̃
′
X1X2Y )q

n(P̃ ′
X1X2Y ) ≤M2e

−n(I
P̃ ′ (X2;X1,Y )−δ)qn(P̃ ′

X1X2Y ), (4.216)

where we have used (4.197). Hence, and since P
[
Aδ(P̃X1Y )

]
→ 1 super-exponentially fast, we

have

P
[
E
P,P̃

(P̃ ′
X1X2Y )

]
≤̇1
{
qn(P̃X1X2Y ) +M2p0(n)e

−n(I
P̃ ′ (X2;X1,Y )−δ)qn(P̃ ′

X1X2Y ) ≥ Gδ,n(PX1X2Y )
}
. (4.217)

For the second maximization in (4.215), we define the event B ,
{
Nx1y(P̃

′
X1X2Y

) > 0
}

,
yielding

P[B] ≤̇M2e
−nI

P̃ ′ (X2;X1,Y ), (4.218)
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which follows from the union bound and (4.196). Whenever R2 < I
P̃ ′(X2;X1, Y )+δ, we have

P
[
E
P,P̃

(P̃ ′
X1X2Y )

]
≤ P

[
E
P,P̃

(P̃ ′
X1X2Y )

∣∣Bc]+ P[B]P
[
E
P,P̃

(P̃ ′
X1X2Y )

∣∣B] (4.219)

≤̇1
{
qn(P̃X1X2Y ) ≥ Gδ,n(PX1X2Y )

}
+M2e

−nI
P̃ ′ (X2;X1,Y )P

[
E
P,P̃

(P̃ ′
X1X2Y )

∣∣B], (4.220)

≤̇1
{
qn(P̃X1X2Y ) ≥ Gδ,n(PX1X2Y )

}
+M2e

−nI
P̃ ′ (X2;X1,Y )1

{
qn(P̃X1X2Y ) + p0(n)e

−n 2δqn(P̃ ′
X1X2Y ) ≥ Gδ,n(PX1X2Y )

}
, (4.221)

where (4.220) follows using (4.218) and (4.214) along with the fact that Bc implies
Nx1y(P̃

′
X1X2Y

) = 0, and (4.221) follows by conditioning on Aδ(P̃X1Y ) and using (4.198).
Observe that F (PX1X2Y , R2) in (4.125) equals the exponent of Gδ,n in (4.207) in the limit

as δ → 0 and n→ ∞. Similarly, the exponents corresponding to the other quantities appearing
in the indicator functions in (4.217) and (4.221) tend toward the following:

F 1(P̃X1X2Y , P̃
′
X1X2Y , R2) , max

{
E
P̃
[log q(X1, X2, Y )],

E
P̃ ′ [log q(X1, X2, Y )] +R2 − I

P̃ ′(X2;X1, Y )
}

(4.222)

F 2(P̃X1X2Y , P̃
′
X1X2Y ) , max

{
E
P̃
[log q(X1, X2, Y )],E

P̃ ′ [log q(X1, X2, Y )]
}
. (4.223)

Combining these expressions with (4.213), (4.215), (4.217) and (4.221), taking δ → 0, and
using the continuity of the underlying terms in the optimizations, we obtain

pe,1(x1,x2,y) ≤̇ max

{
max

(P̃X1X2Y
,P̃ ′
X1X2Y

)∈T (1)
1 (PX1X2Y

,R2)

M1e
−nI

P̃
(X1;X2,Y ),

max
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T (2)
1 (PX1X2Y

,R2)

M1e
−nI

P̃
(X1;X2,Y )M2e

−nI
P̃ ′ (X2;X1,Y )

}
, (4.224)

where4

T (1)
1 (PX1X2Y , R2) ,

{
(P̃X1X2Y , P̃

′
X1X2Y ) : P̃X1X2Y ∈ S1(Q1, PX2Y ),

P̃ ′
X1X2Y ∈ S ′

1(Q2, P̃X1Y ), IP̃ ′(X2;X1, Y ) ≤ R2, F 1(P̃X1X2Y , P̃
′
X1X2Y , R2) ≥ F (PX1X2Y , R2)

}
(4.225)

4Strictly speaking, these sets depend on (Q1, Q2), but this dependence need not be explicit, since we have
PX1

= Q1 and PX2
= Q2.
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T (2)
1 (PX1X2Y , R2) ,

{
(P̃X1X2Y , P̃

′
X1X2Y ) : P̃X1X2Y ∈ S1(Q1, PX2Y ),

P̃ ′
X1X2Y ∈ S ′

1(Q2, P̃X1Y ), IP̃ ′(X2;X1, Y ) ≥ R2, F 2(P̃X1X2Y , P̃
′
X1X2Y ) ≥ F (PX1X2Y , R2)

}
,

(4.226)

and

S1(Q1, PX2Y ) ,
{
P̃X1X2Y ∈ P(X1 ×X2 × Y) : P̃X1 = Q1, P̃X2Y = PX2Y

}
(4.227)

S ′
1(Q2, P̃X1Y ) ,

{
P̃ ′
X1X2Y ∈ P(X1 ×X2 × Y) : P̃ ′

X1Y = P̃X1Y , P̃
′
X2

= Q2

}
. (4.228)

The two terms in the maximization in (4.224) respectively correspond to (4.217) and the sec-
ond term in (4.221). The first term in (4.221) is upper bounded by the right-hand side of
(4.217), and thus need not be included in the maximum in (4.224).

The property of types in (A.16) implies that P
[
(X1,X2,Y ) ∈ Tn(PX1X2Y )

]
decays to zero

exponentially fast when PX1X2Y is bounded away from Q1 × Q2 ×W . Therefore, similarly
to the proof of Theorem 4.3, we can safely substitute PX1X2Y = Q1 × Q2 ×W to obtain the
following rate conditions for the first decoding step:

R1 ≤ min
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T (1)
1 (Q1×Q2×W,R2)

I
P̃
(X1;X2, Y ) (4.229)

R1 +R2 ≤ min
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T (2)
1 (Q1×Q2×W,R2)

I
P̃
(X1;X2, Y ) + I

P̃ ′(X2;X1, Y ). (4.230)

Finally, using the definitions of F , S1, S ′
1, T

(1)
1 and T (2)

1 (see (4.124) and (4.225)–(4.228)) to
unite (4.229)–(4.230), we obtain (4.129).

4.5.4 Formulation of (4.129) in terms of Convex Optimization Problems

Here we write (4.129) in terms of convex optimization problems, starting with the alternative
formulation in (4.229)–(4.230). We first note that (4.230) holds if and only if

R1 ≤ min
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T (2)
1 (Q1×Q2×W,R2)

I
P̃
(X1;X2, Y ) +

[
I
P̃ ′(X2;X1, Y )−R2

]+
, (4.231)

since the argument to the [·]+ is always non-negative due to the constraint I
P̃ ′(X2;X1, Y ) ≥ R2.

Next, we claim that when combining (4.229) and (4.231), the rate region is unchanged if the
constraint I

P̃ ′(X2;X1, Y ) ≥ R2 is omitted from (4.231). This is seen by noting that whenever
I
P̃ ′(X2;X1, Y ) < R2, the objective in (4.231) coincides with that of (4.229), whereas the latter
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has a less restrictive constraint since F 1 > F 2 (see (4.222)–(4.223)).
We now deal with the non-concavity of the functions F 1 and F 2 appearing in the sets T (1)

1

and T (2)
1 . Using the identity

min
x≤max{a,b}

f(x) = min
{
min
x≤a

f(x),min
x≤b

f(x)
}
, (4.232)

we obtain the following rate conditions from (4.229) and (4.231):

R1 ≤ min
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T (1,1)
1 (Q1×Q2×W,R2)

I
P̃
(X1;X2, Y ) (4.233)

R1 ≤ min
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T (1,2)
1 (Q1×Q2×W,R2)

I
P̃
(X1;X2, Y ) (4.234)

R1 ≤ min
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T (2,1)
1 (Q1×Q2×W,R2)

I
P̃
(X1;X2, Y ) +

[
I
P̃ ′(X2;X1, Y )−R2

]+ (4.235)

R1 ≤ min
(P̃X1X2Y

,P̃ ′
X1X2Y

)∈T (2,2)
1 (Q1×Q2×W,R2)

I
P̃
(X1;X2, Y ) +

[
I
P̃ ′(X2;X1, Y )−R2

]+
, (4.236)

where

T (1,1)
1 (PX1X2Y , R2) ,

{
(P̃X1X2Y , P̃

′
X1X2Y ) : P̃X1X2Y ∈ S1(Q1, PX2Y ),

P̃ ′
X1X2Y ∈ S ′

1(Q2, P̃X1Y ), IP̃ ′(X2;X1, Y ) ≤ R2,EP̃ [log q(X1, X2, Y )] ≥ F (PX1X2Y , R2)
}

(4.237)

T (1,2)
1 (PX1X2Y , R2) ,

{
(P̃X1X2Y , P̃

′
X1X2Y ) : P̃X1X2Y ∈ S1(Q1, PX2Y ),

P̃ ′
X1X2Y ∈ S ′

1(Q2, P̃X1Y ), IP̃ ′(X2;X1, Y ) ≤ R2,

E
P̃ ′ [log q(X1, X2, Y )] +R2 − I

P̃ ′(X2;X1, Y ) ≥ F (PX1X2Y , R2)
}

(4.238)

T (2,1)
1 (PX1X2Y , R2) ,

{
(P̃X1X2Y , P̃

′
X1X2Y ) : P̃X1X2Y ∈ S1(Q1, PX2Y ),

P̃ ′
X1X2Y ∈ S ′

1(Q2, P̃X1Y ),EP̃ [log q(X1, X2, Y )] ≥ F (PX1X2Y , R2)
}

(4.239)

T (2,2)
1 (PX1X2Y , R2) ,

{
(P̃X1X2Y , P̃

′
X1X2Y ) : P̃X1X2Y ∈ S1(Q1, PX2Y ),

P̃ ′
X1X2Y ∈ S ′

1(Q2, P̃X1Y ),EP̃ ′ [log q(X1, X2, Y )] ≥ F (PX1X2Y , R2)
}
. (4.240)

These are obtained from T (k) (k = 1, 2) by keeping only one term in the definition of F k
(see (4.222)–(4.223)), and by removing the constraint I

P̃ ′(X2;X1, Y ) ≥ R2 when k = 2 in
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accordance with the discussion following (4.231).
The variable P̃ ′

X1X2Y
can be removed from both (4.233) and (4.235), since in each case

the choice P̃ ′
X1X2Y

(x1, x2, y) = Q2(x2)P̃X1Y (x1, y) is feasible and yields I
P̃ ′(X2;X1, Y ) = 0.

It follows that (4.233) and (4.235) yield the same value, and we conclude that (4.129) can
equivalently be expressed in terms of three conditions: (4.234), (4.236), and

R1 ≤ min
P̃X1X2Y

∈T (1,1′)
1 (Q1×Q2×W,R2)

I
P̃
(X1;X2, Y ), (4.241)

where the set

T (1,1′)
1 (PX1X2Y , R2) ,

{
P̃X1X2Y ∈ S1(Q1, PX2Y ) : E

P̃
[log q(X1, X2, Y )] ≥ F (PX1X2Y , R2)

}
(4.242)

is obtained by eliminating P̃ ′
X1X2Y

from either (4.237) or (4.239). These three conditions are
all written as convex optimization problems, as desired.

4.5.5 Proof of Theorem 4.13

While Theorem 4.13 is presented in terms of a single triplet (QU , Q1, Q2), the random-coding
ensemble used in the proof will, in general, depend on a second triplet (Q′

U , Q
′
1, Q

′
2) on the

same alphabets. We define P ′
UX1X2Y

, i′, i′(1), i′(2), I ′ and V ′ in the same way as Sections 4.4.1
and 4.4.2, with (Q′

U , Q
′
1, Q

′
2) replacing (QU , Q1, Q2). In particular, we have

I ′ , E
[
i′(U ′, X ′

1, X
′
2, Y

′)
]

(4.243)

V ′ , E
[
Cov

[
i′(U ′, X ′

1, X
′
2, Y

′)
∣∣U ′]− Cov

[
i′(1)(U ′, X ′

1)
∣∣U ′]− Cov

[
i′(2)(U ′, X ′

2)
∣∣U ′]],

(4.244)

where (U ′, X ′
1, X

′
2, Y

′) ∼ P ′
UX1X2Y

. As an intermediate step towards obtaining our local result,
we present the following global result.

Theorem 4.15. Fix any finite time sharing alphabet U , and the input distributions (QU , Q1, Q2)

and (Q′
U , Q

′
1, Q

′
2). For any β ≥ 0 and ϵ ∈ (0, 1), there exists a function g(n) = O

(
n

1
4

)
(depend-

ing on (QU , Q1, Q2), (Q′
U , Q

′
1, Q

′
2), β and ϵ) such that all rate pairs (R1, R2) satisfying

nR ∈ nI +
√
n
(
β(I ′ − I)− Qinv(V , ϵ)

)
+ g(n)1 (4.245)

are (n, ϵ)-achievable.
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Proof. For clarity of exposition, we present the proof in two parts. In Section 4.5.6, we handle
the case that β = 0 and U = ∅. The changes required to handle the general case are presented
in Section 4.5.7.

In the case that β = 0, Theorem 4.15 gives the second-order asymptotics for a fixed triplet
(QU , Q1, Q2). In this case, the proof reveals that the behavior g(n) = O

(
n

1
4

)
can be strength-

ened to g(n) = O(log n) if the argument to the expectation in (4.144) has full rank for all u,
and g(n) = O

(
n

1
6

)
more generally.

The case β > 0 is proved by applying an extended version of coded time sharing (cf. Sec-
tion 4.2.5) in which a fraction 1− β√

n
of the symbols are generated using (QU , Q1, Q2), and the

remaining symbols are generated using (Q′
U , Q

′
1, Q

′
2).

We proceed by proving Theorem 4.13 using Theorem 4.15. We write R12 , R1 + R2

and R∗
12 , R∗

1 + R∗
2 (recall that (R∗

1, R
∗
2) is the boundary point of interest). We have from the

definition of K that R∗
ν < Iν for all ν ∈ Kc, and we can thus weaken (4.245) to

nR ∈ nR∗ + nδ1Kc +
√
n
(
β(I ′ − I)− Qinv(V , ϵ)

)
+O

(
n

1
4

)
, (4.246)

where δ , minν∈Kc Iν −R∗
ν > 0, and 1Kc contains ones at the indices corresponding to Kc, and

zeros elsewhere.
Let z be a 3 × 1 vector, and let z(K) and z(Kc) be the corresponding subvectors indexed

by the superscript. From the definition of Qinv, the set −Qinv(V
(K), ϵ) contains the vectors

z(K) such that z ∈ −Qinv(V , ϵ) in the limit as the entries of z(Kc) tend towards −∞ [67].
Moreover, since nδ grows faster than O(

√
n), the elements of nR corresponding to Kc in

(4.246) may incur an addition of ℓ
√
n to the first-order term for any value of ℓ. Combining

these observations with the definition of L, we obtain

L(ϵ, R∗
1, R

∗
2) ⊇

{
(ℓ1, ℓ2) : ℓ(K) ∈

⋃
β≥0

{
β(I ′(K) − I(K))− Qinv(V

(K), ϵ)
}}

. (4.247)

Suppose for the time being that R∗
2 > 0, and let (Q′

U , Q
′
1, Q

′
2) be chosen to achieve a boundary

point (R′
1, R

′
2) to the right of (R∗

1, R
∗
2) (more precisely, one such that R′

1 ≥ R∗
1 and R′

2 ≤ R∗
2,

with at least one of the inequalities being strict). We define R′
12, R

′ and R′(K) in the same
way as R12, R and R(K). Since (R′

1, R
′
2) is achieved by (Q′

U , Q
′
1, Q

′
2), we have R′ ≼ I ′, and

in particular, R′(K) ≼ I ′(K). Moreover, from the definition of K, we have I(K) = R∗(K).



4.5 Proofs 163

Combining these, we deduce from (4.247) that

L(ϵ, R∗
1, R

∗
2) ⊇

{
(ℓ1, ℓ2) : ℓ(K) ∈

⋃
β≥0

{
β(R′(K) −R∗(K))− Qinv(V

(K), ϵ)
}}

. (4.248)

By the definition of T+ (see (4.148)), the direction5 of the vector R′(K) − R∗(K) approaches
that of T (K)

+ as (R′
1, R

′
2) approaches (R∗

1, R
∗
2) along the boundary from the right. By taking this

limiting choice and using the fact that L is defined using a closure operation, we obtain the
second set in (4.151). When R∗

1 > 0, the first set is obtained in an identical fashion by letting
(Q′

U , Q
′
1, Q

′
2) achieve a boundary point approaching (R∗

1, R
∗
2) from the left.

4.5.6 Proof of Theorem 4.15 (β = 0, U = ∅)

In this subsection, we consider the case that β = 0 and U = ∅, and we omit the arguments u to
the functions defined in Section 4.4 (e.g. i(u, x1, x2, y) is replaced by i(x1, x2, y)).

For ν = 1, 2, we are given the input distribution Qν ∈ P(Xν), and we let Qν,n ∈ Pn(Xν) be
a type with the same support as Qν such that maxxν |Qν(xν)−Qν,n(xν)| ≤ 1

n . We generate the
Mν codewords of user ν = 1, 2 independently according to

PXν (xν) =
1

|Tn(Qν)|
1
{
xν ∈ Tn(Qν,n)

}
. (4.249)

For clarity of exposition, we assume thatQ1 andQ2 are themselves types, and henceQ1,n = Q1

and Q2,n = Q1; the analysis for the more general case introduces an additive O(1) term that
can be incorporated into g(n) in (4.245).

We define the random variables

(X1,X2,Y ,X1,X2) ∼ PX1(x1)PX2(x2)W
n(y|x1,x2)PX1(x1)PX2(x2). (4.250)

Using standard threshold-based arguments (e.g. see [126, Thm. 4]), we have

pe ≤ 1− P
[
in(X1,X2,Y ) ≻ γ

]
+M1P

[
in1 (X1,X2,Y ) > γ1

]
+M2P

[
in2 (X1,X2,Y ) > γ2

]
+M1M2P

[
in12(X1,X2,Y ) > γ12

]
, (4.251)

5If |K| = 1, the “direction” should be interpreted as being the sign.
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where γ = [γ1 γ2 γ12]
T is arbitrary, and

in(x1,x2,y) ,
n∑
i=1

i(x1,i, x2,i, yi) (4.252)

inν (x1,x2,y) ,
n∑
i=1

iν(x1,i, x2,i, yi). (4.253)

By applying a standard change of measure from constant-composition to i.i.d. [27, 62], we
can upper bound the second, third and fourth terms of (4.251) by Mνp0(n)e

−γν for ν = 1, 2, 12

respectively, where p0(n) , (n+ 1)|X1|+|X2|−2, and M12 ,M1M2. We thus obtain

pe ≤ 1− P
[
in(X1,X2,Y ) ≻ γ

]
+ p0(n)

∑
ν=1,2,12

Mνe
−γν . (4.254)

Using this bound with
γν = logMν +

(
d+

1

2

)
log n, (4.255)

where d , |X1| + |X2| − 2 is the order of the polynomial p0(n), the desired result in (4.245)
(with β = 0 and U = ∅) will follow using identical steps to [97, Thm. 4] once we prove the
following:

1. E[in(X1,X2,Y )] = nI and Cov[in(X1,X2,Y )] = nV +O(1), where I and V are given
in (4.135) and (4.144).

2. In the case that V ≻ 0, the probability on the right-hand side of (4.254) can be approxi-
mated using a multivariate Berry-Esseen theorem with O

(
1√
n

)
convergence.

3. In the case that V is singular, the problem can be reduced to a lower dimension using
Chebyshev’s inequality, and the Berry-Esseen theorem can again be applied.

We formalize and prove these statements in the remainder of this subsection. The remaining
details of the proof of Theorem 4.15 are omitted to avoid repetition with [97].

Calculation of Moments

The first moment of in is easily found by writing

E
[
in(X1,X2,Y )

]
=

n∑
i=1

E
[
i(X1,i, X2,i, Yi)

]
= nI, (4.256)
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where the last equality follows since, by symmetry, X1,i ∼ Q1 and X2,i ∼ Q2 for all i. To
compute the covariance matrix of in, we write

Cov
[
in(X1,X2,Y )

]
= Cov

[ n∑
i=1

i(X1,i, X2,i, Yi)

]
(4.257)

=

n∑
i=1

n∑
j=1

Cov
[
i(X1,i, X2,i, Yi), i(X1,j , X2,j , Yj)

]
(4.258)

= nCov
[
i(X1, X2, Y )

]
+ (n2 − n)Cov

[
i(X1, X2, Y ), i(X†

1, X
†
2, Y

†)
]
,

(4.259)

where (X1, X2, Y ) and (X†
1, X

†
2, Y

†) correspond to two arbitrary different indices in {1, . . . , n}
(e.g. (X1, X2, Y ) = (X1,1, X2,1, Y1) and (X†

1, X
†
2, Y

†) = (X1,2, X2,2, Y2)). In (4.259), we have
used the fact that, by the symmetry of the codebook construction, the n terms in (4.258) with
i = j are equal, and similarly for the n2 − n terms with i ̸= j.

To compute the cross-covariance matrix in (4.259), we need the joint distribution of
(X1, X2, Y ) and (X†

1, X
†
2, Y

†). This distribution can be understood by noting that the uni-
form distribution on Tn(Q) is obtained by randomly permuting the symbols of an arbitrary
sequence x ∈ Tn(Q). This, in turn, can be interpreted as successively performing uniform
sampling from a collection of symbols without replacement (n times in total), where the ini-
tial collection contains nQ(x) occurrences of each symbol x ∈ X . By considering the first two
steps of such a procedure, we readily obtain P[Xν = xν ] = Qν(xν), and

P[X†
ν = x†ν |Xν = xν ] =

nQν(x
†
ν)− 1{xν = x†ν}
n− 1

(4.260)

for ν = 1, 2. Letting P †
ν (x

†
ν |xν) denote the right-hand side of (4.260), the cross-covariance

matrix in (4.259) is given by

Cov
[
i(X1, X2, Y ), i(X†

1, X
†
2, Y

†)
]

= E
[(
i(X1, X2, Y )− I

)(
i(X†

1, X
†
2, Y

†)− I
)T ] (4.261)

=
∑

x1,x2,y

Q1(x1)Q2(x2)W (y|x1, x2)

×
∑

x†1,x
†
2,y

†

P †
1 (x

†
1|x1)P †

2 (x
†
2|x2)W (y†|x†1, x†2)

(
i(x1, x2, y)− I

)(
i(x†1, x

†
2, y

†)− I
)T (4.262)

, F 1 + F 2 + F 3 + F 4, (4.263)
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where the four terms in (4.263) correspond to the four terms in the expansion of
(
nQ1(x

†
1) −

1{x1 = x†1}
)(
nQ2(x

†
2)− 1{x2 = x†2}

)
resulting from (4.260). These can be written as

F 1 =
n2

(n− 1)2
E
[
i(X1, X2, Y )− I

]
E
[
i(X1, X2, Y )− I

]T
(4.264)

F 2 = − n

(n− 1)2
E
[(
i(X1, X2, Y )− I

)(
i(X1, X2, Y )− I

)T ] (4.265)

F 3 = − n

(n− 1)2
E
[(
i(X1, X2, Y )− I

)(
i(X1, X2, Y )− I

)T ] (4.266)

F 4 =
1

(n− 1)2
E
[(
i(X1, X2, Y )− I

)(
i(X1, X2, Ỹ )− I

)T ]
, (4.267)

where

(X1, X2, Y,X1, X2, Y , Y , Ỹ ) ∼ Q1(x1)Q2(x2)W (y|x1, x2)
×Q1(x1)Q2(x2)W (y|x1, x2)W (y|x1, x2)W (ỹ|x1, x2). (4.268)

Observe that F 1 is the zero matrix, and F 4 = O
(

1
n2

)
. Furthermore, recalling the definition and

i(2) (4.146), the expectation in (4.265) can be written as

E
[
E
[(
i(X1, X2, Y )− I

)∣∣∣X2

]
E
[(
i(X1, X2, Y )− I

)∣∣∣X2

]T]
(4.269)

= Cov
[
i(2)(X2)

]
. (4.270)

It follows that
F 2 =

−n
(n− 1)2

Cov
[
i(2)(X2)

]
, (4.271)

and we similarly have
F 3 =

−n
(n− 1)2

Cov
[
i(1)(X1)

]
. (4.272)

Using the identity n
(n−1)2

= 1
n + O

(
1
n2

)
and combining (4.259), (4.263), (4.271) and (4.272),

we obtain
Cov

[
in(X1,X2,Y )

]
= nV +O(1), (4.273)

where V is defined as in (4.144) with U = ∅.

A Combinatorial Berry-Esseen Theorem

The Berry-Esseen theorem required to bound the probability in (4.254) is a special case of
a result by Loh [130, Thm. 2] for a problem known as Latin hypercube sampling. This
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result builds on a combinatorial central limit theorem due to Hoeffding [108]; for other related
works, see [131, 132] and the references therein.

We define the quantities

Σn ,
1

n
Cov

[
in(X1,X2,Y )

]
, (4.274)

Ŝn , Σ
− 1

2
n

(
1√
n

(
in(X1,X2,Y )− nI

))
(4.275)

Λn(x1, x2) , Σ
− 1

2
n

(
i
(
x1, x2, Y (x1, x2)

)
− i(1)(x1)− i(2)(x2) + I

)
(4.276)

ξn ,
∑
x1,x2

Q1(x1)Q2(x2)E
[
∥Λn(x1, x2)∥3

]
, (4.277)

where Y (x1, x2) ∼ W (·|x1, x2). From (4.273), we have Σn = V + O
(
1
n

)
. It follows that

whenever V ≻ 0, we have for sufficiently large n that Σn ≻ 0, and Σ
− 1

2
n is well-defined.

Theorem 4.16. (Corollary of [130, Thm. 2]) Fix the pair (Q1, Q2), and consider the quantities

(X1,X2,Y ), I, V , Ŝn and ξn respectively defined in (4.250), (4.135), (4.144), (4.275) and

(4.277). If V ≻ 0, then we have for sufficiently large n that∣∣∣P[Ŝn ∈ A
]
− P

[
Z ∈ A

]∣∣∣ ≤ 1√
n

K

ξn
(4.278)

for any convex, Borel-measurable set A ⊆ R3, where Z ∼ N(0, I), and K is a universal

constant.

Proof. We describe how the theorem can be inferred from [130]. Throughout the proof, we
write A1

d
= A2 if the random variables A1 and A2 have the same distribution.

We set the dimension of the hypercube in [130] to 2, corresponding to the number of
users of the MAC. We let π1(·) and π2(·) be independent random permutations of {1, . . . , n},
uniformly distributed over the n! possible permutations. For ν = 1, 2 and j1, j2 = 1, . . . , n, we
define the random variables Uν(j1, j2) uniformly distributed on (0, 1) independently of each
other and of π1(·) and π2(·), and we set

Bν(j1, j2) ,
jν − Uν(j1, j2)

n
, ν = 1, 2. (4.279)

The following sample mean is considered in [130]:

µ̂n ,
1

n

n∑
j=1

f
(
B1

(
π1(j), π2(j)

)
, B2

(
π1(j), π2(j)

))
, (4.280)



4.5 Proofs 168

where f(·) is a vector-valued function with two arguments. We wish to choose f such that,
for each (j1, j2), we obtain

f
(
B1(j1, j2), B2(j1, j2)

) d
= i
(
x1,j1 , x2,j2 , Y (j1, j2)

)
, (4.281)

where x1 = (x1,1, . . . , x1,n) and x2 = (x2,1, . . . , x2,n) are arbitrary sequences of type Q1 and
Q2 respectively, and Y (j1, j2) ∼ W (·|x1,j1 , x2,j2) with independence between different (j1, j2)
pairs. Since drawing a codeword uniformly over a type class is equivalent to randomly per-
muting any codeword of the given type, such an identification will yield µ̂n in (4.280) with the
same distribution as 1

ni
n(X1,X2,Y ) in (4.254).

Since Uν(j1, j2) ∈ (0, 1) almost surely, any realization bν of Bν uniquely determines both
the index jν and the variable Uν in the numerator of (4.279). Thus, overloading the symbol f ,
we can write f(z1, z2) = f(j1, j2, u1, u2) without ambiguity. We choose

f(j1, j2, u1, u2) = i
(
x1,j1 , x2,j2 , F

−1
Y (j1,j2)

(u1 ⊕ u2)
)
, (4.282)

where F−1
Y (j1,j2)

(u) = inf
{
y : FY (j1,j2)(y) ≥ u

}
is the inverse CDF of Y (j1, j2), and ⊕ denotes

real addition modulo one. Clearly U1 ⊕ U2 is uniform on (0, 1), and since F−1
X (U)

d
= X for

any random variable X (discrete or continuous) with CDF FX , it follows that F−1
Y (j1,j2)

(U1 ⊕
U2)

d
= Y (j1, j2), as desired. While the choice of the function in (4.282) to recover the desired

distribution may not be unique, it yields a simpler analysis when either u1 or u2 is fixed. In
particular, we have F−1

Y (j1,j2)
(u1⊕U2(j1, j2))

d
= Y (j1, j2) and F−1

Y (j1,j2)
(U1(j1, j2)⊕u2) d

= Y (j1, j2)

for all (u1, u2), thus simplifying the evaluation of several quantities in [130].
Using the choice of f in (4.282), one can obtain the following equivalences between quan-

tities defined in [130] (left-hand sides) and the present paper (right-hand sides):

µ̂ =
1

n
in(X1,X2,Y ) (4.283)

µ = I (4.284)ˆ
[0,1]2

frem(x)frem(x)
Tdx = V (4.285)

Σlhs =
1

n
Σn (4.286)

µ(j1, j2) =
∑
y

W (y|x1,j1 , x2,j2)i(x1,j1 , x2,j2 , y) (4.287)

µ−ν(jν) = i(ν)(xν,jν ), ν = 1, 2 (4.288)

W = Ŝn (4.289)
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Y (j1, j2) =
1√
n
Λn(x1,j1 , x2,j2) (4.290)

Cd,p = K (4.291)

β3 =
ξn√
n
. (4.292)

Using these equivalences, we see that Theorem 4.16 coincides with [130, Thm. 2].

In the setting of finite alphabets under consideration, one can show that ξn = Θ(1) using
the fact that the relevant third moments are finite (e.g. they can be bounded in terms of the
alphabet sizes [97, Appendix D]). Thus, the convergence in (4.278) is O

(
1√
n

)
.

Singular Dispersion Matrices

The dispersion matrix V may not have full rank, in which case Theorem 4.16 does not directly
apply. We deal with this case by reducing the problem to a lower dimension, similarly to [97,
Sec. VIII-A]. The argument here is more involved, since nV is not necessarily the exact
covariance matrix of in(X1,X2,Y ), due to the additional O(1) term in (4.273).

Suppose that V has rank r < 3, and consider the matrix Σn in (4.274), which equals
V +O

(
1
n

)
. Using an eigenvalue decomposition, we obtain

Σn = ΘnΩnΘ
T
n , (4.293)

where Θn is a unitary matrix, and Ωn is a diagonal matrix whose first r diagonals are Θ(1),
and whose last 3 − r diagonals are O

(
1
n

)
. Noting that Σn is the covariance matrix of An ,

1√
n

(
in(X1,X2,Y )− nI

)
, we see that Ωn is the covariance matrix of Ãn , ΘT

nAn.
Supposing for the time being that r ≥ 1, we conclude from the structure of Ωn that

Ãn =

 Ã
(1)

n

Ã
(2)

n

 , (4.294)

where Ã
(1)

n and Ã
(2)

n have dimension r and 3 − r respectively, and the covariance matrix of
Ã

(2)

n has O
(
1
n

)
entries. Since Θn is unitary (i.e. ΘnΘ

T
n = I), we have An = ΘnÃn, and hence

An = Θn

 Ã
(1)

n

0

+Θn

 0

Ã
(2)

n

 (4.295)

, Θ′
nÃ

(1)

n +∆n, (4.296)
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where Θ′
n is obtained from Θn by keeping only the first r columns, and ∆n denotes the second

term in (4.295). Since An has mean zero by construction, we conclude that the same is true
of Ãn, and hence of ∆n. Furthermore, since Cov[Ã

(2)

n ] has O
(
1
n

)
entries, the same is true of

Cov[∆n], and hence Chebyshev’s inequality implies for any δn > 0 that

P
[
∥∆n∥∞ ≥ δn

]
= O

(
1

nδ2n

)
. (4.297)

We are now in a position to bound the probability appearing in (4.254). The following holds
for any δn > 0:

P
[
in(X1,X2,Y ) ≻ γ

]
= P

[
An ≻ 1√

n

(
γ − nI

)]
(4.298)

= P
[
Θ′
nÃ

(1)

n +∆n ≻ 1√
n

(
γ − nI

)]
(4.299)

≥ P
[
Θ′
nÃ

(1)

n ≻ 1√
n

(
γ − nI

)
+ δn1

]
− P

[
∥∆n∥∞ ≥ δn

]
(4.300)

= P
[
Θ′
nÃ

(1)

n ≻ 1√
n

(
γ − nI

)
+ δn1

]
+O

(
1

nδ2n

)
, (4.301)

where the final three steps respectively make use of (4.296), [97, Lemma 9], and (4.297).
Since the entries of Ã

(1)

n are shifted and weighted sums of the entries of in(X1,X2,Y ), and
since the corresponding covariance matrix is positive definite by construction, we can analyze
(4.301) in the same way as the case V ≻ 0 (other than the terms δn1 and O

(
1
nδ2n

)
, which are

handled in the following paragraph). The fact that the resulting second-order term can be
written as −√

nQinv(V , ϵ) follows in the same way as the i.i.d. case [97].
The remainder term in (4.301) contributes an additive O

(
1√
nδ2n

)
term to the expansion in

(4.245), whereas the addition of δn1 in the first probability in (4.301) contributes an additive
O(δn

√
n) term to the expansion. The overall contribution O

(
1√
nδ2n

+ δn
√
n
)

is minimized by
δn = Θ(n−

1
3 ), yielding g(n) = O(n

1
6 ).

The case r = 0 (i.e. V = 0) is handled similarly; by following the steps of (4.298)–(4.301),
we readily obtain the following analog of (4.301):

P
[
in(X1,X2,Y ) ≻ γ

]
≥ 1

{
0 ≻ 1√

n

(
γ − nI

)
+ δn1

}
+O

(
1

nδ2n

)
(4.302)

Setting γ = nI − c
√
n1 for some c > 0, we see that the indicator function equals one for

sufficiently large n. Since c can be arbitrarily small, we obtain (4.245) (with β = 0 and U = ∅)
by noting that Qinv(0, ϵ) equals the set of all vectors with non-negative components.
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4.5.7 Proof of Theorem 4.15 (General Case)

Here we provide the changes required in the previous subsection to prove Theorem 4.15 in
full generality. We recall the definitions of P ′

UX1X2Y
, i′, etc. at the start of Section 4.5.5.

Coded Time-Sharing with β = 0

In the case that β = 0 but U ̸= ∅, we modify the constant-composition ensemble (cf. (4.249))
as follows. Given the triplet (QU , Q1, Q2), we define (QU,n, Q1,n, Q2,n) to be the corresponding
(conditional) types. We fix an arbitrary time sharing sequence u with type QU,n, and generate
the Mν codewords of user ν = 1, 2 independently according to

PXν |U (xν |u) =
1

|Tnu (Qν,n)|
1
{
xν ∈ Tnu (Qν,n)

}
. (4.303)

Similarly to (4.250), we define the random variables

(X1,X2,Y ,X1,X2) ∼ PX1|U (x1|u)PX2|U (x2|u)Wn(y|x1,x2)PX1|U (x1|u)PX2|U (x2|u).
(4.304)

The procedure described in Section 4.5.6 for generating a codeword uniformly over the type
class is modified as follows. Let x be an arbitrary element of the conditional type class Tu(·).
Instead of randomly permuting the entire sequence x, a random permutation of the subse-
quence x(u) corresponding to the indices where u equals u is applied independently for each
value of u ∈ U . Due to this independence, we can handle the summation

in(u,X1,X2,Y ) ,
n∑
i=1

i(ui, X1,i, X2,i, Yi) =
∑
u

nQU (u)∑
i=1

i(u,X
(u)
1,i , X

(u)
2,i , Y

(u)
i ) (4.305)

by considering each value of u ∈ U separately. For the values of u corresponding to singular
dispersion matrices, we can perform a reduction to a lower dimension as discussed following
(4.293). From Theorem 4.16, we conclude that each inner summation in (4.305) is asymp-
totically normal with O

(
1√

nQU (u)

)
= O

(
1√
n

)
convergence. It follows that the overall sum is

also asymptotically normal with O
(

1√
n

)
convergence. More concretely, letting Ŝ1,n and Ŝ2,n

be asymptotically normal in the sense of (4.278), and letting Z1 and Z2 be the associated
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Gaussian random variables, we have

P
[
Ŝ1,n + Ŝ2,n ∈ A

]
= E

[
P
[
Ŝ1,n + Ŝ2,n ∈ A

∣∣ Ŝ2,n

]]
(4.306)

= E
[
P
[
Z1 + Ŝ2,n ∈ A

∣∣ Ŝ2,n

]]
+O

( 1√
n

)
(4.307)

= P
[
Z1 + Ŝ2,n ∈ A

]
+O

( 1√
n

)
(4.308)

= P
[
Z1 +Z2 ∈ A

]
+O

( 1√
n

)
, (4.309)

where (4.309) follows using similar steps to (4.306)–(4.308). Using this observation and re-
peating the analysis of Section 4.5.6 and [97], we obtain the more general result of Theorem
4.15 with β = 0.

Coded Time-Sharing with β > 0

In the case that β > 0, we apply a variant of coded time sharing depending on an extended
alphabet Ũ , U ×{1, 2} and the triplets (QU , Q1, Q2) and (Q′

U , Q
′
1, Q

′
2). Specifically, we define

(Q̃U,n, Q̃1,n, Q̃2,n) with Q̃U,n ∈ P(Ũ), Q̃1,n ∈ P(X1 | Ũ) and Q̃2,n ∈ P(X2 | Ũ) as follows:

Q̃U,n(u, 1) =
(
1− β√

n

)
QU (u) (4.310)

Q̃U,n(u, 2) =
β√
n
Q′
U (u) (4.311)

Q̃ν,n(xν |u, 1) = Qν(xν |u) (4.312)

Q̃ν,n(x1|u, 2) = Q′
ν(xν |u) (4.313)

for ν = 1, 2. We consider the constant-composition ensemble in (4.303) with (Q̃U,n, Q̃1,n, Q̃2,n)

playing the rule of (QU , Q1, Q2), and we set P̃UX1X2Y,n , Q̃U,n × Q̃1,n × Q̃2,n ×W . We follow
the same arguments as the case that β = 0 and U ̸= ∅, but with care taken to handle the fact that
some of the time sharing values ũ ∈ Ũ correspond to subsequences of u having length Θ(

√
n),

rather than Θ(n). Since we consider the limit of large n, we may assume that 1− β√
n
> 0.

The role of the information density vector i is now played by the quantity

ĩ(ũ, x1, x2, y) ,

i(u, x1, x2, y) ũ = (u, 1)

i′(u, x1, x2, y) ũ = (u, 2).
(4.314)
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The corresponding mean vector and dispersion matrix are given by

Ĩn ,
(
1− β√

n

)
I +

β√
n
I ′ (4.315)

Ṽn ,
(
1− β√

n

)
V +

β√
n
V ′ (4.316)

where I ′ and V ′ are defined in (4.243)–(4.244). Further generalizing the above analysis for
U ̸= ∅ to the case of varying input distributions, we conclude that rate pairs (R1, R2) satisfying

nR ∈ nĨn −
√
nQinv(Ṽn, ϵ) +O

(
n

1
4

)
(4.317)

are (n, ϵ)-achievable. Here the remainder term is O
(
n

1
4

)
since, for the subsequences of u

with length Θ(
√
n), the rate of convergence in the Berry-Esseen theorem is O

(
n−

1
4

)
, rather

than O
(

1√
n

)
. The proof is concluded by substituting (4.315)–(4.316) into (4.317) and using a

Taylor expansion of Qinv (in the same way as [97, 121]) to replace Qinv(Ṽn, ϵ) by Qinv(V , ϵ).

4.5.8 Proof of Theorem 4.14

The key result used in the proof is the following lemma, which states that there exists a se-
quence of discrete input distributions Qm1 and Qm2 of cardinality m such that the correspond-
ing vector-matrix pair (Im,Vm) converges to (I,V ) (see (4.158)–(4.159)), with the conver-
gence Im → I being exponentially fast in m. This generalizes a result by Wu and Verdú for
the scalar case [133], and is proved similarly.

Lemma 4.5. There exist sequences of discrete input distributions Qm1 and Qm2 of cardinality

m with a corresponding matrix-vector pair (Im,Vm) defined according to (4.135) and (4.144)
such that (i) ∥Im−I∥∞ ≤ e−γm for some γ > 0 and sufficiently large m, (ii) ∥Vm−V ∥∞ → 0,

and (iii) the third absolute moment of each entry of i(Xm1, Xm2, Y ) under Qm1 ×Qm2 × Y is

uniformly bounded in m.

Proof. The proof closely follows that of [133, Thm. 8], so we only explain the differences. We
choose Qm1 and Qm2 according the Gauss quadrature rule Qg [133, Sec. II], which satisfies
the property of having the same moments as those of a standard Gaussian random variable up
to order 2m − 1 [133, Thm. 2]. Since Qg converges weakly to N(0, 1) [133], we immediately
obtain parts (ii) and (iii) of Lemma 4.5, so it remains to prove part (i).

Define (Xm1, Xm2, Ym) ∼ Qm1×Qm2×W and (X1, X2, Y ) ∼ Q1×Q2×W , where Q1, Q2 ∼
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N(0, 1). Using the identity [3, Eq. (15.142)]

I(Xm1;Ym|Xm2) = H
(√

P1Xm1 + Z
)
−H(Z), (4.318)

we see that the convergence of the first entry of Im to that of I is precisely that studied in
[133], and similarly for the second entry. It remains to study the third entry, i.e. to show that
I(Xm1, Xm2;Ym) → I(X1, X2;Y ) exponentially fast. Analogously to [133, Eq. (5)], we have

I(X1, X2;Y )− I(Xm1, Xm2;Ym) = D
(√

P1X1 +
√
P2X2 + Z∥

√
P1Xm1 +

√
P2Xm2 + Z

)
(4.319)

, Dm. (4.320)

Using nearly identical arguments to [133, Sec. V] with an “optimal” output distribution of
N(0, 1 + P1 + P2), we obtain analogously to [133, Eq. (54)] that

Dm ≤
∑
k≥1

1

k!

( P1 + P2

1 + P1 + P2

)k∣∣∣∣E[Hk

(√P1Xm1 +
√
P2Xm2√

P1 + P2

)]∣∣∣∣, (4.321)

where Hk is the Hermite polynomial of degree k (see [133, Eq. (15)]). As shown in [133], we
obtain the desired exponential convergence rate of the mutual information provided that the
expectation appearing in (4.321) is zero for odd values of k, and also for k ≤ 2m− 1. For odd
values of k, we use the same symmetry argument as that of [133]; since the distributions of
Xm1 and Xm2 are both symmetric, so is that of their weighted sum. To handle the remaining
values k ≤ 2m− 1, we write

Hk(a+ b) =

k∑
i=0

k∑
j=0

cija
ibj (4.322)

for some constants cij , which follows since Hk has degree k. By the independence of Xm1

and Xm2, the expectation E
[
Hk

(√
P1Xm1+

√
P2Xm2√

P1+P2

)]
depends only on the first k moments of

Xm1 and Xm2. Since the i-th moment of Xmν coincides with the corresponding moment of
Xν ∼ N(0, Pν) for i = 1, . . . , 2m− 1 [133, Thm. 2], we have for k ≤ 2m− 1 that

E
[
Hk

(√P1Xm1 +
√
P2Xm2√

P1 + P2

)]
= E

[
Hk

(√P1X1 +
√
P2X2√

P1 + P2

)]
(4.323)

= 0, (4.324)

where (4.324) follows since for any k, we have Hk(X) = 0 under X ∼ N(0, 1) [133].
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We proceed by proving that, analogously to Theorem 4.15, there exists g(n) = o(
√
n) such

that all rate pairs (R1, R2) satisfying

R ∈ nI −√
nQinv(V , ϵ) + g(n)1 (4.325)

are (n, ϵ)-achievable. This is done by following the analysis of Section 4.5.6: We consider ran-
dom coding with the constant-composition codeword distribution in (4.249), using (Qm1, Qm2)

as the input distribution pair. As was done in [62, Thm. 3], [125], we set m = n
1
4 . By part (i)

of Lemma 4.5, we have ∥nIm−nI∥∞ ≤ ne−γn
1
4 , which behaves as o(

√
n). Similarly, parts (ii)

and (iii) of Lemma 4.5 show that Vm → V and the relevant third moments associated with i

are bounded. The analysis of Section 4.5.6 reveals the remainder term g(n) in (4.325) depends
on the alphabet sizes through (|X1| + |X2| + 2) log n (see the choice of d following (4.255)),
which is again o(

√
n) due to the fact that |X1| = |X2| = n

1
4 .

Finally, using (4.325), we obtain (4.160) using identical steps to Section 4.5.6 with β = 0

(see also [67]).



Chapter 5

Superposition Coding Techniques

5.1 Introduction

In this chapter, we return to the single-user mismatched decoding problem described in Section
1.1.1. Building on the techniques of Section 4.2, we study achievable rates, as well as error
exponents and non-asymptotic bounds, for two types of superposition coding (e.g. see [134,
135]). In particular, we introduce a refined version of superposition coding which, to our
knowledge, has not appeared previously.

In a work that developed independently of ours, Somekh-Baruch [42] gave error expo-
nents and rate regions for the cognitive MAC (i.e. the MAC where one user knows both mes-
sages and the other only knows its own) using two multi-user coding schemes: superposition
coding and random binning. When applied to single-user mismatched channels, these yield
achievable rates that can improve on those of Lapidoth [35] (see Theorem 4.10) when certain
auxiliary variables are fixed. There is some overlap in our work and the superposition coding
results given in [42], but throughout the chapter we focus primarily on the results for which
there is no overlap.

The main contributions of this chapter are as follows:

• In Section 5.2, we present achievable rates and error exponents for the standard version
of superposition coding, and show that the rate is at least as that of Lapidoth’s expur-
gated MAC ensemble [35, Thm. 4] (see Section 4.2.6) after the optimization of the
parameters.

• In Section 5.3, we present a refined version of superposition coding, and show that it
yields rates at least as high as the standard version for any input distribution. Using a
numerical example, it is shown that the improvement can be strict.
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• The rates for each ensemble are expressed in both primal and dual forms, and the latter
are shown to remain valid in the case of infinite and continuous alphabets.

Our analysis will make use of the upper and lower bounds on multiply indexed unions in
Appendix D, as well as the results on convex optimization problems in Appendix E.

The results of this chapter can be summarized by the following list of random-coding
constructions, in decreasing order of rate (see Section 5.3.3 for numerical examples):

1. Refined superposition coding (Theorems 5.6 and 5.8),

2. Standard superposition coding (Theorems 5.3 and 5.5),

3. Expurgated parallel coding (Theorems 4.11 and 4.11),

4. Constant-composition or cost-constrained coding with independent codewords (LM
rate, cf. (1.9)),

5. i.i.d. coding with independent codewords (GMI, cf. (1.11)).

Parts of this chapter were presented in [109, 136].

5.2 Standard Superposition Coding

In this section, we study the standard version of superposition coding (SC) [134, 135, 137].
The parameters of the ensemble are an auxiliary alphabet U , an auxiliary codeword distribution
PU , and a conditional codeword distribution PX|U . An auxiliary codebook {U (i)}M0

i=1 with M0

codewords is generated, with each auxiliary codeword independently distributed according to
PU . For each i = 1, . . . ,M0, a codebook {X(i,j)}M1

j=1 with M1 codewords is generated, with
each codeword conditionally independently distributed according to PX|U . The message m

at the input to the encoder is indexed as (m0,m1), and for any such pair, the corresponding
transmitted codeword is X(m0,m1). Thus, the overall number of messages is M = M1M2,
yielding a rate of R = R1 +R2. More compactly, we have

{(
U (i), {X(i,j)}M1

j=1

)}M0

i=1

∼
M0∏
i=1

(
PU (u(i))

M1∏
j=1

PX|U (x(i,j)|u(i))

)
. (5.1)

We assume without loss of generality that message (1, 1) is transmitted, and we write U and
X in place of U (1) and X(1,1) respectively. We write X̃ to denote an arbitrary codeword X(1,j)

with j ̸= 1. Moreover, we let U denote an arbitrary auxiliary codeword U (i) with i ̸= 1, let
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X(j) (j = 1, · · · ,M1) denote the corresponding codeword X(i,j), and let X denote X(j) for an
arbitrary choice of j. Thus, defining Y to be the channel output, we have

(U ,X,Y , X̃,U ,X) ∼ PU (u)PX|U (x|u)Wn(y|x)PX|U (x̃|u)PU (u)PX|U (x|u). (5.2)

The decoder estimates m̂ = (m̂0, m̂1) according to the decoding rule in (1.2). We define the
following error events:

(Type 0) qn(X(i,j),Y ) ≥ qn(X,Y ) for some i ̸= 1, j;
(Type 1) qn(X(1,j),Y ) ≥ qn(X,Y ) for some j ̸= 1.

The probabilities of these events are denoted by pe,0(n,M0,M1) and pe,1(n,M1) respectively.
Analogously to (4.10), the overall random-coding error probability pe(n,M0,M1) satisfies

1

2
max{pe,0, pe,1} ≤ pe ≤ pe,0 + pe,1. (5.3)

5.2.1 Non-Asymptotic Bounds

In Section 4.2, we used Lemma D.3 to obtain ensemble-tight error exponents for the mis-
matched MAC. Since the proof used the method of types, the corresponding subexponential
prefactors differ by a polynomial factor depending on the alphabet sizes. For superposition
coding, we can in fact obtain non-asymptotic upper and lower bounds that coincide to within
a constant factor.

Theorem 5.1. For any mismatched memoryless channel (possibly having infinite or continu-

ous alphabets) and codeword distributions PU and PX|U , we have

1

4
rcu0(n,M0,M1) ≤ pe,0(n,M0,M1) ≤ rcu0(n,M0,M1), (5.4)

1

2
rcu1(n,M1) ≤ pe,1(n,M1) ≤ rcu1(n,M1), (5.5)

where

rcu0(n,M0,M1) , E

[
min

{
1, (M0 − 1)E

[
min

{
1,M1P

[
qn(X,Y )

qn(X,Y )
≥ 1
∣∣∣U]} ∣∣∣∣U ,X,Y

]}]
(5.6)

rcu1(n,M1) , E

[
min

{
1, (M1 − 1)P

[
qn(X̃,Y )

qn(X,Y )
≥ 1

∣∣∣U ,X,Y

]}]
. (5.7)
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Proof. Equation (5.5) follows using an identical argument to that of Theorem 2.1, so we focus
on (5.4). We have

pe,0 = P
[ ⋃
i ̸=1,j ̸=1

{qn(X(i,j),Y )

qn(X,Y )
≥ 1
}]
. (5.8)

Writing the probability as an expectation given (U ,X,Y ) and applying the truncated union
bound to the union over i, we obtain

pe,0 ≤ E

[
min

{
1, (M0 − 1)P

[ ⋃
j ̸=1

{qn(X(j),Y )

qn(X,Y )
≥ 1
} ∣∣∣∣U ,X,Y

]}]
. (5.9)

Applying the same argument to the union over j, we obtain the upper bound in (5.4). The
lower bound follows since each truncated union bound was applied to independent events,
thus guaranteeing tightness to within a factor of 1

2 [73, Lemma A.2].

5.2.2 Exponents and Rates for DMCs

In this subsection, we assume that |U|, |X | and |Y| are finite. We consider the constant-
composition superposition coding ensemble, which depends on a joint input distribution
QUX ∈ P(U × X ). We let QUX,n be a type with the same support as QUX such that
|QUX,n(u, x)−QUX(u, x)| ≤ 1

n for all (u, x), and we denote the marginals by QU,n and QX|U,n.
The codeword distributions are given by

PU (u) =
1

|Tn(QU,n)|
1
{
u ∈ Tn(QU,n)

}
(5.10)

PX|U (x|u) = 1

|Tnu (QX|U,n)|
1
{
x ∈ Tnu (QX|U,n)

}
. (5.11)

We state the exponents and rates corresponding to the non-asymptotic bounds in Theorem
5.1 without proof, since the proofs are similar to those in Section 4.2, and since equivalent
exponents and rates in a slightly different form were given in [42]. We define the sets

S(QUX) ,
{
PUXY ∈ P(U × X × Y) : PUX = QUX

}
(5.12)

T0(PUXY ) ,
{
P̃UXY ∈ P(U × X × Y) :

P̃UX = PUX , P̃Y = PY , EP̃ [log q(X,Y )] ≥ EP [log q(X,Y )]
}

(5.13)

T1(PUXY ) ,
{
P̃UXY ∈ P(U × X × Y) :

P̃UX = PUX , P̃UY = PUY , EP̃ [log q(X,Y )] ≥ EP [log q(X,Y )]
}
. (5.14)
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Theorem 5.2. For any input distribution QUX and pair (R0, R1), we have under the constant-

composition superposition coding ensemble in (5.10)–(5.11) that

lim
n→∞

− 1

n
log pe,0(n, ⌊enR0⌋, ⌊enR1⌋) = Ecc

r,0(QUX , R0, R1) (5.15)

lim
n→∞

− 1

n
log pe,1(n, ⌊enR1⌋) = Ecc

r,1(QUX , R1), (5.16)

where

Ecc
r,0(QUX , R0, R1) , min

PUXY ∈S(QUX)
min

P̃UXY ∈T0(PUXY )

D(PUXY ∥QUX ×W ) +
[
I
P̃
(U ;Y ) +

[
I
P̃
(X;Y |U)−R1

]+ −R0

]+
(5.17)

Ecc
r,1(QUX , R1) , min

PUXY ∈S(QUX)
min

P̃UXY ∈T1(PUXY )
D(PUXY ∥QUX ×W ) +

[
I
P̃
(X;Y |U)−R1

]+
.

(5.18)

From (5.3), the overall error exponent is given by

Ecc
r (QUX , R0, R1) , min

{
Ecc

r,0(QUX , R0, R1), E
cc
r,1(QUX , R1)

}
, (5.19)

and is tight with respect to the ensemble average. Following the steps of Section 4.2.4, it can
be shown that in the case of ML decoding (i.e. q(x, y) =W (y|x)), we have

Ecc
r (QUX , R0, R1) = min

{
Ecc′

r,0 (QUX , R0, R1), E
cc
r,1(QUX , R1)

}
, (5.20)

where

Ecc′
r,0 (QUX , R0, R1) , min

PUXY ∈S(QUX)
D(PUXY ∥QUX ×W ) + [IP (U,X;Y )− (R0 +R1)]

+

(5.21)

Ecc
r,1(QUX , R1) = min

PUXY ∈S(QUX)
D(PUXY ∥QUX ×W ) + [IP (X;Y |U)−R1]

+. (5.22)

These exponents coincide with those of the primary user of the broadcast channel with de-
graded message sets given in [137]. Thus, the exponents given in [137] are tight with respect
to the ensemble average for ML decoding.

Next, we provide the achievable rates resulting from Theorem 5.2.
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Theorem 5.3. For any input distribution QUX , the overall error exponent Ecc
r (QUX , R0, R1)

is positive for all rate pairs (R1, R2) in the interior of the region of pairs (R0, R1) satisfying

R1 ≤ min
P̃UXY ∈T1(QUX×W )

I
P̃
(X;Y |U) (5.23)

R0 +R1 ≤ min
P̃UXY ∈T0(QUX×W )

I
P̃
(U ;Y )≤R0

I
P̃
(U,X;Y ). (5.24)

It follows from Theorem 5.3 that the rate

R = R0 +R1 (5.25)

is achievable for any (R0, R1) satisfying (5.23)–(5.24). The corresponding ensemble tightness
result was proved in [42] using the techniques of [35, Thm. 3]. Using (5.21)–(5.22), we re-
cover the rate conditions for the primary user of the broadcast channel with degraded message
sets [134] when q(x, y) =W (y|x).

The following theorem gives dual expressions for the rates. In the following subsection,
we will use cost-constrained coding to show that these expressions remain valid for more
general alphabets. Similar arguments can be applied to the exponents, but we focus on the
rates the sake of brevity.

Theorem 5.4. The conditions in (5.23)–(5.24) can be expressed as

R1 ≤ sup
s≥0,a(·,·)

E

[
log

q(X,Y )sea(U,X)

E[q(X̃, Y )sea(U,X̃) |U, Y ]

]
(5.26)

R0 ≤ sup
ρ1∈[0,1],s≥0,a(·,·)

E

log (
q(X,Y )sea(U,X)

)ρ1
E
[(

E
[
q(X,Y )sea(U,X)

∣∣U])ρ1 ∣∣Y ]
− ρ1R1, (5.27)

where (U,X, Y, X̃, U,X) ∼ QUX(u, x)W (y|x)QX|U (x̃|u)QUX(u, x).

Proof. The proof is nearly identical to that of Theorem 4.5, and we thus omit the details.
Equation (5.26) follows from (5.23) analogously to the steps in obtaining (4.66)–(4.67) from
(4.42)–(4.43), and (5.27) follows from (5.24) analogously to the steps in obtaining (4.68)–
(4.69) from (4.56)–(4.57).
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5.2.3 Comparison to Expurgated Parallel Coding

The achievable rate of Theorem 5.3 has a similar form to that of Theorem 4.10. The following
proposition states that the former can be weakened to the latter.

Proposition 5.1. The achievable rate Rsc , maxR0,R1 R0 + R1 described by (5.23)–(5.24)
with optimized parameters U and QUX is at least as high as the achievable rate Rex ,

maxR1,R2 R1 + R2 described by (4.112)–(4.114) with optimized parameters X1, X2, Q1, Q2

and ψ(·, ·).

Proof. We make use of the equivalent type-12 conditions in (4.115)–(4.116) for the expurgated
parallel coding rate. To avoid ambiguity between overloaded symbols (e.g. R1), we use a
superscript to specify the relevant ensemble for some quantities (e.g. Rsc

1 , Rex
1 ). We will show

that by identifying U sc = Xex
2 , Rsc

1 = Rex
1 and Rsc

0 = Rex
2 , we can weaken (5.23) to (4.112) and

(5.24) to (4.116). A similar argument with U sc = Xex
1 , Rsc

1 = Rex
2 and Rsc

0 = Rex
1 shows that

we can weaken (5.23) to (4.113) and (5.24) to (4.115). Combining these results, it follows
that Theorem 5.3 implies the achievability of any R = R1 + R2 such that (R1, R2) satisfies
(4.112)–(4.113) and at least one of (4.115)–(4.116), as desired.

The process of weakening (5.23) to (4.112) is similar to that of weakening (5.24) to
(4.116), so we focus on the former. Recalling that U sc = Xex

2 , the optimization in (5.23)
can be written as

min
P̃Y |X2X

∑
x2,x,y

QX2X(x2, x)P̃Y |X2X(y|x2, x) log
P̃Y |X2X(y|x2, x)∑

xQX|X2
(x|x2)W (y|x) (5.28)

subject to the constraints

∑
x

QX2X(x2, x)P̃Y |X2X(y|x2, x) =
∑
x

QX2X(x2, x)W (y|x) (5.29)∑
x2,x,y

QX2X(x2, x)P̃Y |X2X(y|x2, x) log q(x, y) ≥
∑
x,y

QX(x)W (y|x) log q(x, y). (5.30)

Since QX2X = QUX can be chosen arbitrarily, we set

QX2X(x2, x) =
∑
x1

Q1(x1)Q2(x2)1{x = ψ(x1, x2)} (5.31)
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for some Q1, Q2 and ψ(·, ·). Under this choice, the objective in (5.28) is given by

∑
x1,x2,y

Q1(x1)Q2(x2)P̃Y |X2X(y|x2, ψ(x1, x2)) log
P̃Y |X2X(y|x2, ψ(x1, x2))∑
x1
Q1(x1)W (y|ψ(x1, x2))

, (5.32)

and the constraints in (5.29)–(5.30) are written similarly with ψ(x1, x2) playing the role
of x. Since the objective and constraints depend on P̃Y |X1X(y|x1, x) only through
P̃Y |X1X(y|x1, ψ(x1, x2)), we can lower bound the minimization by instead taking it over all
conditional distributions P̃Y |X1X2

. Thus, we recover the minimization

min
P̃Y |X1X2

∑
x1,x2,y

Q1(x1)Q2(x2)P̃Y |X1X2
(y|x1, x2) log

P̃Y |X1X2
(y|x1, x2)∑

x1
Q1(x1)W (y|ψ(x1, x2))

(5.33)

subject to the constraints

∑
x1

Q1(x1)Q2(x2)P̃Y |X1X2
(y|x1, x2) =

∑
x1

Q1(x1)Q2(x2)W (y|ψ(x1, x2)) (5.34)

∑
x1,x2,y

Q1(x1)Q2(x2)P̃Y |X1X2
(y|x1, x2) log q(ψ(x1, x2), y)

≥
∑

x1,x2,y

Q1(x1)Q2(x2)W (y|ψ(x1, x2)) log q(ψ(x1, x2), y). (5.35)

Rewriting this minimization as a minimization over joint distributions P̃X1X2Y subject to
P̃X1X2 = Q1 ×Q2, we recover the right-hand side of (4.112).

The rate condition in (4.44) may appear to improve on (5.24) via the inclusion of two
constraints of the form I

P̃
(Xν ;Y ) ≤ Rν instead of just one, but Lemma 4.3 shows that at

most one of these constraints is active for any given rate pair. Conversely, it may appear that
the ability to choose QUX in (5.23)–(5.24) provides more freedom than the ability to choose
Q1 and Q2 in (4.42)–(4.44), but it is known that in the latter setting, any joint distribution of
(X1, X) (or (X2, X)) can be induced by a suitable choice of ψ(·, ·) [115, p. 626]. This suggests
that it may be possible to obtain a matching converse to Proposition 5.1.

Regardless of whether the two rates are equivalent, the SC rate appears to be more
amenable to local optimization techniques, since the optimization over (X1,X2, Q1, Q2, ψ) is
replaced by a seemingly simpler optimization over (U , QUX). The optimization of the input
distribution is a non-convex problem in general even for the single-user LM rate [11], and thus
the ability to perform local optimizations is of significant interest.
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5.2.4 Rates for More General Alphabets

The following theorem shows that the expressions in Theorem 5.4 remain valid in the setting
of infinite and continuous alphabets.

Theorem 5.5. For any mismatched channel (possibly having infinite or continuous alphabets),

auxiliary alphabet U , and input distribution QUX ∈ P(U × X ), the rate R = R0 + R1 is

achievable for any pair (R0, R1) satisfying (5.26)–(5.27), where each supremum over a(·, ·) is

taken over all functions such that EQ[a(U,X)2] <∞.

To prove Theorem 5.5, we consider superposition coding of the form

PU (u) =
1

µ1,n

n∏
i=1

QU (ui)1{u ∈ D1,n} (5.36)

PX|U (x|u) = 1

µ2,n(u)

n∏
i=1

QX|U (xi|ui)1{x ∈ D2,n(u)} (5.37)

with D1,n and D2,n(u) chosen such that (i) limn→∞
1
n logµ1,n = 0, (ii) limn→∞

1
n logµ2,n(u) = 0

for all u ∈ D1,n, and (iii) there exist constants {φl} and δ such that for each l = 1, . . . , L, we
have

∣∣ 1
n

∑n
i=1 al(ui, xi)−φl

∣∣ ≤ δ
n for all (u,x) on the support of PU ×PX|U . Once this ensem-

ble is established, the proof of Theorem 5.5 will follow using similar steps to Section 4.2.3,
starting with the RCU bounds given in Theorem 5.1. These remaining details are omitted to
avoid repetition.

We fix a sequence gn and choose

D1,n ,

{
u : P

[
X ′(u) ∈ D2,n(u)

]
≥ 1

gn

}
(5.38)

D2,n(u) ,

{
x :

∣∣∣∣ 1n
n∑
i=1

al(ui, xi)− φl

∣∣∣∣ ≤ δ

n
, l = 1, . . . , L

}
, (5.39)

where X ′(u) ∼ QnX|U (x|u) and φl , EQ[al(U,X)]. For any u ∈ D1,n, we have from (5.38)
that µ2,n(u) decays subexponentially provided that gn grows subexponentially. Hence, it only
remains to show that there exists a subexponential sequence gn such that µ1,n decays subexpo-
nentially. Defining

(U ′,X ′) ∼ QnU (u
′)QnX|U (x

′|u′), (5.40)

we have from Proposition 2.1 that

P
[
X ′ ∈ D2,n(U

′)
]
=

1

fn
(5.41)
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for some fn growing at most polynomially in n. Since µ1,n = P[U ′ ∈ D1,n] by definition, we
can expand (5.41) as

1

fn
= P

[
X ′ ∈ D2,n(U

′)
∣∣U ′ ∈ D1,n

]
µ1,n + P

[
X ′ ∈ D2,n(U

′)
∣∣U ′ /∈ D1,n

]
(1− µ1,n) (5.42)

≤ µ1,n +
1

gn
, (5.43)

where (5.43) follows by upper bounding the first probability in (5.42) by one, and upper
bounding the second probability by 1

gn
using (5.38). Choosing gn = 2fn, we see that gn

grows polynomially fast, and µ1,n ≥ 1
2fn

decays polynomially fast, as desired.
Since the conditions (5.26)–(5.27) each contain a supremum over a(·, ·), it suffices to

choose L = 2 in (5.39) to prove Theorem 5.5.

5.3 Refined Superposition Coding

In this section, we introduce a refined version of the superposition coding ensemble that can
yield higher achievable rates than the standard version studied in Section 5.2. While our
analysis of the error probability will yield non-asymptotic bounds and error exponents as in-
termediate steps, we focus on the resulting achievable rates for clarity.

The ensemble is defined as follows. We fix a finite alphabet U , an input distribution QU ∈
P(U), and the integers M0 and {M1u}u∈U . We let PU (u) be the uniform distribution on the
type class Tn(QU,n), where QU,n ∈ Pn(U) approximates QU in the same way as Section 5.2.2.
As in (5.10), we set

PU (u) =
1

|Tn(QU,n)|
1
{
u ∈ Tn(QU,n)

}
(5.44)

and generate the length-n auxiliary codewords {U (i)}M0
i=1 independently according to PU . The

difference here is that the codewords are not generated conditionally independently given U (i).
Instead, we generate a number of partial codewords, and construct the length-n codeword by
placing the entries of a partial codeword in the indices where U takes a particular value.

A more precise description is as follows. For each u ∈ U , we define

nu , QU,n(u)n (5.45)

and fix a partial codeword distribution PXu ∈ P(X nu). For each i = 1, . . . ,M0 and u ∈ U , we
generate the length-nu partial codewords {X(i,ju)

u }M1u
ju=1 independently according to PXu . For
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x1 = aabc

u

x

1 3 2 1 3 2 3 3 2 1 1 2

a c b a a b a a b b cc

x2 = bbbc

x3 = caaa

Figure 5.1 The construction of the codeword from the auxiliary sequence u and the partial
codewords x1, x2 and x3 for refined superposition coding. Here we have n = 12 and n1 =

n2 = n3 = 4.

example, when U = {1, 2} we have

{(
U (i),

{
X

(i,j1)
1

}M11

j1=1
,
{
X

(i,j2)
2

}M12

j2=1

)}M0

i=1

∼
M0∏
i=1

(
PU (u(i))

M11∏
j1=1

PX1(x
(i,j1)
1 )

M12∏
j2=1

PX2(x
(i,j2)
2 )

)
. (5.46)

The message m at the encoder is indexed as (m0,m11, . . . ,m1|U|). To transmit a given message,
we treat U (m0) as a time sharing sequence; at the indices where U (m0) equals u, we transmit
the symbols of X(m0,m1u)

u . The total number of codewords is M =M0
∏
uM1u. An example of

the construction of the codeword x from the auxiliary sequence u and partial codewords x1,
x2 and x3 is shown in Figure 5.1, where we have U = {1, 2, 3} and X = {a, b, c}.

While our main result is stated for an arbitrary finite alphabet U , the analysis will be
presented for U = {1, 2} for clarity. We proceed by presenting several definitions for this
specific choice. We let Ξ(u,x1,x2) denote the function for constructing the length-n codeword
from the auxiliary sequence and partial codewords, and we write

X(i,j1,j2) , Ξ(U (i),X
(i,j1)
1 ,X

(i,j2)
2 ). (5.47)

We let yu(u) denote the subsequence of y corresponding to the indices where u equals u, and
similarly for Yu(u)

We assume without loss of generality that (m0,m1,m2) = (1, 1, 1). We let U , X1, X2 and
X be the codewords corresponding to (1, 1, 1), yielding X = Ξ(U ,X1,X2). We let U , X1

and X2 be the codewords corresponding to an arbitrary message with m0 ̸= 1. For the index i
corresponding to U , we write X

(j1)
1 , X(j2)

2 and X(j1,j2) in place of X(i,j1)
1 , X(i,j2)

2 and X(i,j1,j2)

respectively. It follows that X(j1,j2) = Ξ(U ,X
(j1)
1 ,X

(j2)
2 ).
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Upon receiving a realization y of the output sequence Y , the decoder forms the estimate

(m̂0, m̂1, m̂2) = argmax
(i,j1,j2)

qn(x(i,j1,j2),y) (5.48)

= argmax
(i,j1,j2)

qn1
(
x
(i,j1)
1 ,y1(u

(i))
)
qn2
(
x
(i,j2)
2 ,y2(u

(i))
)
, (5.49)

where the objective in (5.49) follows by separating the indices where u = 1 from those where
u = 2. By writing the objective in this form, it is easily seen that for any given i, the pair
(j1, j2) with the highest metric is the one for which j1 maximizes qn1(x

(i,j1)
1 ,y1(u

(i))) and j2
maximizes qn2(x

(i,j2)
2 ,y2(u

(i))). We may therefore consider the following error events:

(Type 0) qn(X(i,j1,j2),Y ) ≥ qn(X,Y ) for some i ̸= 1, j1, j2;
(Type 1) qn1(X

(1,j1)
1 ,Y1(U)) ≥ qn1(X1,Y1(U)) for some j1 ̸= 1;

(Type 2) qn2(X
(1,j2)
2 ,Y2(U)) ≥ qn2(X2,Y2(U)) for some j2 ̸= 1.

The corresponding probabilities are denoted by pe,0(n,M0,M11,M12), pe,1(n,M11) and
pe,2(n,M12) respectively. Analogously to (4.10), the overall random-coding error probabil-
ity pe(n,M0,M11,M12) satisfies

1

2
max{pe,0, pe,1, pe,2} ≤ pe ≤ pe,0 + pe,1 + pe,2. (5.50)

5.3.1 Rates for DMCs

In this subsection, we assume that the channel is a DMC. We fix a joint distribution QUX , and
we use the definitions of QUX,n, QU,n and QX|U,n in Section 5.2.2. We let PXu be the uniform
distribution on the type class Tnu

(
QX|U,n(·|u)

)
, yielding

PXu(xu) =
1∣∣Tnu(QX|U,n(·|u)

)∣∣1{xu ∈ Tnu
(
QX|U,n(·|u)

)}
. (5.51)

Combining this with (5.44), a straightforward symmetry argument reveals that each pair
(U (i),X(i,j1,j2)) is uniformly distributed on Tn(QUX), as was the case for standard SC in Sec-
tion 5.2.2. The difference is in the dependence among the codewords.

The main result of this section is stated in the following theorem, which makes use of the
LM rate defined in (1.10) and the set T0 defined in (5.13):

T0(PUXY ) ,
{
P̃UXY ∈ P(U × X × Y) :

P̃UX = PUX , P̃Y = PY , EP̃ [log q(X,Y )] ≥ EP [log q(X,Y )]
}
. (5.52)
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Theorem 5.6. For any finite set U and input distribution QUX ∈ P(U × X ), the rate

R = R0 +
∑
u

QU (u)R1u (5.53)

is achievable provided that R0 and {R1u}|U|
u=1 satisfy

R1u ≤ ILM
(
QX|U (·|u)

)
, u ∈ U (5.54)

R0 ≤ min
P̃UXY ∈T0(QUX×W )

I
P̃
(U ;Y ) +

[
max

K⊆U ,K≠∅

∑
u∈K

QU (u)
(
I
P̃
(X;Y |U = u)−R1u

)]+
. (5.55)

Proof. As mentioned above, the proof is presented only for U = {1, 2}; the same arguments
apply in the general case. Observe that the type-1 error event corresponds to the error event
for the standard constant-composition ensemble with rate R11, length n1 = nQU (1), input
distribution QX|U (·|1), and ties broken as errors. A similar statement holds for the type-2 error
probability pe,2, and the analysis for these error events is identical to the derivation of the LM
rate (see Section 2.4), yielding (5.54).

The error probability for the type-0 event is given by

pe,0 = P

[⋃
i ̸=1

⋃
j1,j2

{
qn(X(i,j1,j2),Y )

qn(X,Y )
≥ 1

}]
, (5.56)

where (Y |X = x) ∼ Wn(·|x). Writing the probability as an expectation given (U ,X,Y ) and
applying the truncated union bound, we obtain

pe,0 = ζ0E

[
min

{
1, (M0 − 1)E

[
P
[ ⋃
j1,j2

{
qn(X(j1,j2),Y )

qn(X,Y )
≥ 1

} ∣∣∣∣U]
∣∣∣∣∣U ,X,Y

]}]
, (5.57)

where ζ0 ∈ [12 , 1], since for independent events the truncated union bound is tight to within a
factor of 1

2 [73, Lemma A.2]. We have written the probability of the union over j1 and j2 as an
expectation given U .

Let the joint types of (U ,X,Y ) and (U ,X(j1,j2),Y ) be denoted by PUXY and P̃UXY re-
spectively. We claim that the condition

qn(X(j1,j2),Y )

qn(X,Y )
≥ 1 (5.58)
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can be written as

P̃UXY ∈ T0,n(PUXY ) , T0(PUXY ) ∩ Pn(U × X × Y). (5.59)

The constraint P̃UX = PUX follows from the construction of the random coding ensemble,
P̃Y = PY follows since (U ,X,Y ) and (U ,X(j1,j2),Y ) share the same Y sequence, and
E
P̃
[log q(X,Y )] ≥ EP [log q(X,Y )] coincides with the condition in (5.58). Thus, expanding

(5.57) in terms of types, we obtain

pe,0 = ζ0
∑
PUXY

P
[(
U ,X,Y

)
∈ Tn(PUXY )

]
min

{
1, (M0 − 1)

×
∑

P̃UXY ∈T0,n(PUXY )

P
[(
U ,y

)
∈ Tn(P̃UY )

]
P
[ ⋃
j1,j2

{(
u,X(j1,j2),y

)
∈ Tn(P̃UXY )

}]}
, (5.60)

where we write (u,y) to denote an arbitrary pair with y ∈ Tn(PY ) and (u,y) ∈ Tn(P̃UY ).
Similarly to the discussion following (5.49), we observe that

(
u,X(j1,j2),y

)
∈ Tn(P̃UXY )

if and only if
(
X

(ju)
u ,yu(u)

)
∈ Tnu(P̃XY |U (·, ·|u)) for u = 1, 2. Thus, applying Lemma D.3

with Z1(j1) = X
(j1)
1 , Z2(j2) = X

(j2)
2 , A1 = Tn1

y1(u)
(P̃XY |U (·, ·|1)), A2 = Tn2

y2(u)
(P̃XY |U (·, ·|2)),

and A =
{
(X1,X2) : Xu ∈ Tnuyu(u)

(P̃XY |U (·, ·|u)), u = 1, 2
}

, we obtain

P
[ ⋃
j1,j2

{(
u,X(j1,j2),y

)
∈ Tn(P̃UXY )

}]
= ζ ′0min

{
1, min
u=1,2

M1uP
[(
Xu,yu(u)

)
∈ Tnu

(
P̃XY |U (·, ·|u)

)]
,

M11M12P
[ ⋂
u=1,2

{(
Xu,yu(u)

)
∈ Tnu

(
P̃XY |U (·, ·|u)

)}]}
, (5.61)

where ζ ′0 ∈ [14 , 1]. The four terms in the minimization correspond to the subsets of {1, 2}.
Fix the rates (R0, R11, R12), and let M0 = ⌊enR0⌋, and M1u = ⌊enR1u⌋ (u = 1, 2). Substitut-

ing (5.61) into (5.60), applying the properties of types in (A.16) and (A.17), and using the fact
that the number of joint types grows polynomially in n, we obtain

lim
n→∞

− 1

n
log pe,0 = min

PUXY :PUX=QUX
min

P̃UXY ∈T0(PUXY )
D(PUXY ∥QUX ×W )

+

[
I
P̃
(U ;Y ) +

[
max

K⊆U ,K≠∅

∑
u∈K

QU (u)
(
I
P̃
(X;Y |U = u)−R1u

)]+
−R0

]+
, (5.62)
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where we have replaced the minimizations over types by minimizations over all distributions
in the same way as the proof of Theorem 4.2. Taking PUXY → QUX ×W and using a similar
continuity argument to [35, p. 1444, Step 3], we see that the right-hand side of (5.62) is
positive whenever (5.55) holds with strict inequality, thus completing the proof.

The proof of Theorem 5.6 gives an exponentially tight analysis yielding the exponent in
(5.62). However, this does not prove that the resulting rate is ensemble-tight, since a subexpo-
nential decay of the error probability to zero is possible in principle. We can prove the ensem-
ble tightness of the rate using (5.60)–(5.61), and dealing with the summation over PUXY more
carefully by following [35]. Instead of replacing the first summation in (5.60) by a maximum,
we restrict the summation to types that are δ-close to QUX ×W in terms of the ∞-norm. The
probability of (U ,X,Y ) having such a joint type approaches one as n → ∞ for any δ > 0.
Since ζ0 in (5.57) is greater than or equal to 1

2 , the resulting error probability is lower bounded
by 1

2(1 + o(1)) for rates exceeding R∗
0 +∆(δ), where R∗

0 denotes the right-hand side of (5.55),
and ∆(δ) → 0 as δ → 0 by a similar continuity argument to [8, Lemma 1]. It follows that the
error probability is bounded away from zero whenever (5.55) fails. The analogous claim for
(5.54) follows using identical arguments to the single-user setting [9, 16].

5.3.2 Comparison to Standard Superposition Coding

In this subsection, we show that the conditions in (5.54)–(5.55) can be weakened to (5.23)–
(5.24) upon identifying

R1 =
∑
u

QU (u)R1u. (5.63)

We show this to hold for any auxiliary alphabet and input distribution (in contrast with Propo-
sition 5.1, which states an analogous with optimized parameters).

Proposition 5.2. For any finite set U and input distribution QUX ∈ P(U × X ), the rate

maxR0,R11,...,R1|U| R0 +
∑

uQU (u)R1u resulting from Theorem 5.6 is at least as high as the

rate maxR0,R1 R0 +R1 resulting from Theorem 5.3.

Proof. We begin by weakening (5.55) to (5.24). We lower bound the right-hand side of (5.55)
by replacing the maximum over K by the particular choice K = U , yielding

R0 ≤ min
P̃UXY ∈T0(QUX×W )

I
P̃
(U ;Y ) +

[
I
P̃
(X;Y |U)−R1

]+
, (5.64)

where we have used (5.63) and the definition of conditional mutual information. We can
weaken (5.64) to (5.24) using the chain rule for mutual information, and noting that (5.64) is
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always satisfied when the minimizing P̃UXY satisfies I
P̃
(U ;Y ) > R0.

Next, we show that highest value of R1 permitted by the |U| conditions in (5.54), denoted
by R∗

1, is lower bounded by the right-hand side of (5.23). From (5.63) and (5.54), we have

R∗
1 =

∑
u

QU (u)IP̃ ∗(X;Y |U = u), (5.65)

where P̃ ∗
XY |U (·, ·|u) is the distribution that achieves the minimum in (1.10) under QX|U (·|u).

Defining the joint distribution P̃ ∗
UXY accordingly with P̃ ∗

U = QU , we can write (5.65) as

R∗
1 = I

P̃ ∗(X;Y |U). (5.66)

Thus, we can lower bound R∗
1 by the right-hand side of (5.23) provided that P̃ ∗

UXY ∈ T1(QUX×
W ). The constraints P̃ ∗

UX = QUX and P̃ ∗
UY = PUY in (5.14) are satisfied since we have chosen

P̃ ∗
U = QU , and since the constraints in (1.10) imply P̃ ∗

X|U (·|u) = QX|U (·|u) and P̃ ∗
Y |U (·|u) =

PY |U (·|u) for all u ∈ U . The constraint E
P̃ ∗ [log q(X,Y )] ≥ EP [log q(X,Y )] is satisfied since,

from (1.10), we have E
P̃ ∗ [log q(X,Y ) |U = u] ≥ EP [log q(X,Y ) |U = u] for all u ∈ U .

Intuitively, one can think of the gain of the refined SC ensemble as being due to a stronger
dependence among the codewords. For standard SC, the codewords {X(i,j)}M1

j=1 are condi-
tionally independent given U (i), whereas for refined SC this is generally not the case. The
additional structure leads to further constraints in the minimizations, and further [·]+ functions
in the objective functions, both leading to higher overall rates.

It should be noted, however, that the exponents for standard SC may be higher, particularly
at low to moderate rates. In particular, we noted in the proof of Theorem 5.6 that the type-1
and type-2 error events are equivalent to a single-user channel, but the corresponding block
lengths are only n1 and n2. Thus, if either QU (1) or QU (2) is close to zero, the corresponding
exponent is small. These observations are analogous to the comparison of explicit time sharing
and coded time sharing for the MAC, given in Section 4.2.5.

5.3.3 Numerical Examples

In this subsection, we provide examples comparing the two versions of superposition coding
and the LM rate. The computations are done using the optimization software YALMIP [77].
We do not explicitly give values for Lapidoth’s rate [35] (see Theorem 4.3), since for each
example given, we found it to coincide with the SC rate (see Theorem 5.3). This was done by
taking the input distribution for SC, and using it to choose the parameters for the MAC using
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similar ideas to those given in Section 5.2.3 (e.g. see (5.31)).

Example 1: Sum Channel

Here we provide an example that can be seen as an analog of Lapidoth’s parallel channel
example [35] (see Section 4.1.2).

Given two channels (W1,W2) respectively defined on the alphabets (X1,Y1) and (X2,Y2),
the sum channel is defined to be the channel W (y|x) with |X | = |X1|+|X2| and |Y| = |Y1|+|Y2|
such that one subchannel is used on each transmission [1] (see also Definition 3.1). One can
similarly combine two metrics q1(x1, y1) and q2(x2, y2) to form a sum metric q(x, y). Assuming
without loss of generality that X1 and X2 are disjoint and Y1 and Y2 are disjoint, we have

q(x, y) =


q1(x1, y1) x1 ∈ X1 and y1 ∈ Y1

q2(x2, y2) x2 ∈ X2 and y2 ∈ Y2

0 otherwise,

(5.67)

and similarly for W (y|x). Let Q̂1 and Q̂2 be the distributions that maximize the LM rate in
(1.10) on the respective subchannels. We set U = {1, 2}, QX|U (·|1) = (Q̂1,0) and QX|U (·|2) =
(0, Q̂2), where 0 denotes the zero vector. We leave QU to be specified.

Combining the constraints P̃UX = QUX and E
P̃
[log q(X,Y )] ≥ EP [log q(X,Y )] in (5.52), it

is straightforward to show that the minimizing P̃UXY in (5.55) only takes on non-zero values
for (u, x, y) such that (i) u = 1, x ∈ X1 and y ∈ Y1, or (ii) u = 2, x ∈ X2 and y ∈ Y2. It follows
that U is a deterministic function of Y under the minimizing P̃UXY , and hence

I
P̃
(U ;Y ) = H(QU )−H

P̃
(U |Y ) = H(QU ). (5.68)

Therefore, the right-hand side of (5.55) is lower bounded by H(QU ). Using (5.53), it follows
that we can achieve the rate

H(QU ) +QU (1)I
LM
1 (Q̂1) +QU (2)I

LM
2 (Q̂2), (5.69)

= log
(
eI

LM
1 (Q̂1) + eI

LM
2 (Q̂2)

)
(5.70)

where ILMν is the LM rate for subchannel ν, and (5.70) follows by optimizing QU in the same
way as [1, Sec. 16], yielding QU (1) = eI

LM
1 (Q̂1)

eI
LM
1

(Q̂1)+eI
LM
2

(Q̂2)
. It should be noted that the LM rate

with an optimized input distribution can be strictly less than (5.70) even for simple examples
(e.g. binary symmetric subchannels).
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Example 2: Zero Undetected Error Capacity

As mentioned in Section 1.1.2, the zero-undetected error capacity is a special case of the
mismatched capacity, corresponding to the decoding metric q(x, y) = 1{W (y|x) > 0} [8]. We
consider an example from [138],1 where X = Y = {0, 1, 2}, and the channel and metric are
described by the entries of the matrices

W =


0.75 0.25 0

0 0.75 0.25

0.25 0 0.75

 , q =


1 1 0

0 1 1

1 0 1

 , (5.71)

where x indexes the rows and y indexes the columns.
Using an exhaustive search to three decimal places, we found the optimized LM rate to

be R∗
LM = 0.599 bits/use, using the input distribution Q = (0.449, 0.551, 0).2 It was stated in

[138] that the rate obtained by considering the second-order product of the channel and metric
(see Section 4.1.2) is equal to R∗

LM2 = 0.616 bits/use. Using local optimization techniques,
we verified that this rate is achieved with Q = (0, 0.250, 0, 0.319, 0, 0, 0, 0.181, 0.250), where the
order of the inputs is (0, 0), (0, 1), (0, 2), (1, 0), . . . , (2, 2).

The global optimization of (5.23)–(5.24) over U and QUX is difficult. Setting |U| = 2

and applying local optimization techniques using a number of starting points, we obtained an
achievable rate of R∗

sc = 0.695 bits/use, with QU = (0.645, 0.355), QX|U (·|1) = (0.3, 0.7, 0) and
QX|U (·|2) = (0, 0, 1). Thus, SC not only yields an improvement over the single-letter LM rate,
but also over the two-letter version. We obtained the same rate and input distribution as that
of standard SC when applying local optimization techniques to refined SC.

Example 3

Here we consider the channel and decoding metric described by the entries of the matrices

W =


0.99 0.01 0 0

0.01 0.99 0 0

0.1 0.1 0.7 0.1

0.1 0.1 0.1 0.7

 , q =


1 0.5 0 0

0.5 1 0 0

0.05 0.15 1 0.05

0.15 0.05 0.5 1

 . (5.72)

We have intentionally chosen a highly asymmetric channel and metric, since such examples
often yield larger gaps between the various achievable rates. Using an exhaustive search to

1We thank Christoph Bunte for helpful discussions regarding this example.
2The rate of 0.6128 bits/use reported in [138] appears to be erroneous.



5.3 Refined Superposition Coding 194

Table 5.1 Achievable rates (bits/use) for the mismatched channel in (5.72).

Input Distribution Refined SC Standard SC

Q
(1)
UX 1.313 1.060

Q
(2)
UX 1.236 1.236

Q
(LM)
UX 1.111 1.111

three decimal places, we found the optimized LM rate to be R∗
LM = 1.111 bits/use, which is

achieved by the input distribution Q∗
X = (0.403, 0.418, 0, 0.179).

Setting |U| = 2 and applying local optimization techniques using a number of starting
points, we obtained an achievable rate of R∗

rsc = 1.313 bits/use, with QU = (0.698, 0.302),
QX|U (·|1) = (0.5, 0.5, 0, 0) and QX|U (·|u) = (0, 0, 0.528, 0.472). We denote the corresponding
input distribution by Q(1)

UX .
Applying similar techniques to the standard superposition coding rate in (5.23)–(5.24), we

obtained an achievable rate of R∗
sc = 1.236 bits/use, with QU = (0.830, 0.170), QX|U (·|1) =

(0.435, 0.450, 0.115, 0) and QX|U (·|2) = (0, 0, 0, 1). We denote the corresponding input distribu-
tion by Q(2)

UX .
The achievable rates for this example are summarized in Table 5.1, where Q(LM)

UX denotes
the distribution in which U is deterministic and the X-marginal maximizes the LM rate. While
the achievable rate of Theorem 5.6 coincides with that of Theorem 5.3 under Q(2)

UX , the former
is significantly higher under Q(1)

UX . Both types of superposition coding yield a strict improve-
ment over the LM rate.

Our parameters may not be globally optimal, and thus we cannot conclude from this exam-
ple that refined SC yields a strict improvement over standard SC (and hence over Lapidoth’s
rate [35]) after optimizing U and QUX . However, as discussed in Section 5.2.3, improvements
for a fixed set of random-coding parameters are still of significant interest due to the fact that
global optimizations are prohibitively complex in general.

5.3.4 Dual Expressions and More General Alphabets

In this subsection, we present a dual expression for the rate given in Theorem 5.6 in the case
that |U| = 2, as well as extending the result to more general alphabets X and Y . Generalizations
to the case that |U| > 2 are possible, but cumbersome. It should be noted that the random-
coding ensemble relies on |U| being finite.
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With U = {1, 2}, the condition in (5.55) is given by

R0 ≤ min
P̃UXY ∈T0(QUX×W )

I
P̃
(U ;Y ) +

[
max

{
QU (1)

(
I
P̃
(X;Y |U = 1)−R11

)
,

QU (2)
(
I
P̃
(X;Y |U = 2)−R12

)
, I
P̃
(X;Y |U)−R1

}]+
, (5.73)

where
R1 ,

∑
u

QU (u)R1u. (5.74)

Similarly to Lemma 4.1 for the MAC, the following lemma gives an alternative expression for
(5.73) which is more amenable to Lagrange duality techniques.

Lemma 5.1. The condition in (5.73) holds if and only if at least one of the following hold:

R0 ≤ min
P̃UXY ∈T0(QUX×W )

I
P̃
(U ;Y )

+
[
max

{
QU (1)

(
I
P̃
(X;Y |U = 1)−R11

)
, I
P̃
(X;Y |U)−R1

}]+
(5.75)

R0 ≤ min
P̃UXY ∈T0(QUX×W )

I
P̃
(U ;Y )

+
[
max

{
QU (2)

(
I
P̃
(X;Y |U = 2)−R12

)
, I
P̃
(X;Y |U)−R1

}]+
. (5.76)

Proof. This is a special case of Lemma E.3 with the following identifications:

f(z) = I
P̃
(U ;Y ) (5.77)

g(z) = I
P̃
(X;Y |U)−R1 (5.78)

g1(z) = QU (1)
(
I
P̃
(X;Y |U = 1)−R11

)
(5.79)

g2(z) = QU (2)
(
I
P̃
(X;Y |U = 2)−R12

)
. (5.80)

In this case, the condition in (E.12) holds with equality.

Since the right-hand side of (5.54) is the LM rate, we can make use of the dual expression
in (1.9). The following theorem gives the dual expressions for (5.75)–(5.76).
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Theorem 5.7. The conditions in (5.75)–(5.76) can respectively be written as

R0 ≤ sup
s≥0,ρ1∈[0,1],ρ2∈[0,1],a(·,·)

E

log (
q(X,Y )s

′(u)ea(U,X)
)ρ′(U)

E
[(

E
[
q(X,Y )s′(U)ea(U,X)

∣∣U])ρ′(U) ∣∣∣Y ]


−
∑
u=1,2

ρ′(u)QU (u)R1u (5.81)

R0 ≤ sup
s≥0,ρ1∈[0,1],ρ2∈[0,1],a(·,·)

E

log (
q(X,Y )s

′′(u)ea(U,X)
)ρ′′(U)

E
[(

E
[
q(X,Y )s′′(U)ea(U,X)

∣∣U])ρ′′(U) ∣∣∣Y ]


−
∑
u=1,2

ρ′′(u)QU (u)R1u, (5.82)

where

ρ′(1) = ρ1, ρ
′(2) = ρ1ρ2, s

′(1) = ρ2s, s
′(2) = s (5.83)

ρ′′(1) = ρ1ρ2, ρ
′′(2) = ρ2, s

′′(1) = s, s′′(2) = ρ1s (5.84)

and (U,X, Y, U,X) ∼ QUX(u, x)W (y|x)QUX(u, x).

Proof. See Section 5.5.1.

The conditions in (5.81)–(5.82) bear a strong resemblance to the standard SC condition in
(5.27). In particular, the latter can be recovered by setting ρ2 = 1 in (5.81) or ρ1 = 1 in (5.82),
thus providing an alternative proof of Proposition 5.2 for the case that |U| = 2.

In order to extend Theorem 5.7 to more general alphabets, we again use cost-constrained
coding. We allow for conditional distributions QX|U and channels W that are discrete transi-
tion laws, conditional density functions, or a mixture of the two. We consider the ensemble
given in (5.46), with PXu given by

PXu(xu) =
1

µu,nu

nu∏
i=1

QX|U (xu,i|ui)1
{
xu ∈ Du,nu

}
, (5.85)

where

Du,nu ,

{
xu :

∣∣∣∣∣ 1nu
nu∑
i=1

au,l(xu,i)− φu,l

∣∣∣∣∣ ≤ δ

nu
, l = 1, . . . , Lu

}
(5.86)

φu,l , EQ
[
au,l(X) |U = u

]
, (5.87)

and where µu,nu , {au,l} and δ are defined analogously to Section 2.3, and nu is given in (5.45).
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Theorem 5.8. For any mismatched memoryless channel (possibly having infinite or con-

tinuous alphabets) and input distribution QUX ∈ P(U × X ) with U = 1, 2, the rate R =

R0 +
∑

u=1,2QU (u)R1u is achievable for any triplet (R0, R11, R12) satisfying (5.54) (with ILM
defined in (1.9)) and at least one of (5.81)–(5.82). The supremum in (1.9) is subject to

EQ[a(X)2] < ∞, and those in (5.81)–(5.82) are subject to EQ[a(U,X)2] < ∞. Furthermore,

the rate is achievable using cost-constrained coding in (5.85) with L1 = L2 = 2.

Proof. The direct derivation of (5.81)–(5.82) is given in Section 5.5.2. The choice L1 = L2 = 2

suffices since for u = 1, 2, one cost is required for (5.54) and another for (5.81)–(5.82). It
suffices to let the cost functions for (5.81)–(5.82) coincide, since the theorem only requires
that one of the two hold.

5.4 Discussion: Primal and Dual Connections

Throughout this chapter and Chapter 4, we considered several variations of constant-
composition random coding and cost-constrained random coding. Furthermore, we have given
sufficient conditions on the number of costs required for the cost-constrained ensemble to
match the performance of the constant-composition ensemble. From Lemma E.1, we see that
each dual optimization variable (e.g. a1(·)) corresponds to a primal constraint on a marginal
(e.g. PX1 = Q1). Since the dual variables also correspond to cost functions, we can use this
observation to relate the number of costs with the number of marginal constraints. For ex-
ample, consider the exponents for the mismatched MAC (Theorems 4.2 and 4.4) and those
for ML decoding (Theorems 4.8 and 4.9). In the primal domain, ML decoding yields two
fewer constraints on the Xν marginals for each ν = 1, 2, due to the absence of the sets Tν for
ν = 1, 2, 12 (see (4.23)–(4.25)). Analogously, in the dual domain, the number of cost functions
per user is reduced by two.

5.5 Proofs

5.5.1 Proof of Theorem 5.7

We focus on showing the equivalence of (5.75) and (5.81), since identical arguments apply to
(5.76) and (5.82). The primal expression is written in terms of a minimization over P̃UXY . It
is convenient to split this distribution into three distributions: P̃UY , P̂XY , P̃XY |U (·, ·|1) and
ˆ̂
PXY , P̃XY |U (·, ·|2). Using an identical argument to the start of Section 4.5.1, we can write
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the right-hand side of (5.75) as

sup
ρ1∈[0,1],ρ2∈[0,1]

min
P̃UY ,P̂XY ,

ˆ̂
PXY

I
P̃
(U ;Y ) + ρ1QU (1)IP̂ (X;Y ) + ρ1ρ2QU (2)I ˆ̂

P
(X;Y )

− ρ1R11 − ρ1ρ2R12. (5.88)

Defining PUXY , QUX ×W , the minimization is subject to the constraints (i) P̃U = QU , (ii)
P̂X = QX|U (·|1), (iii) ˆ̂

PX = QX|U (·|2), (iv) P̃Y = PY , (v) P̂Y = P̃Y |U (·|1), (vi) ˆ̂
PY = P̃Y |U (·|2),

(vii) QU (1)EP̂ [log q(X,Y )] +QU (2)E ˆ̂
P
[log q(X,Y )] ≥ EP [log q(X,Y )].

Similarly to Section 4.5.1, we apply the minimization in several steps, making repeated
use of Lemma E.1. We implicitly apply Fan’s minimax theorem [78] after each step, so that
the supremum over the dual variables can be left until the end. We provide less detail than the
amount given in Section 4.5.1, since the general steps are similar.

Step 1

For given joint distributions P̃UY and P̂XY , the minimization min ˆ̂
PXY

I ˆ̂
P
(X;Y ) subject to the

constraints (iii), (vi) and (vii) has a dual expression given by

F1 , −F1,1 + F1,2 + F1,3 − sQU (1)F1,4, (5.89)

where

F1,1 ,
∑
y

P̃Y |U (y|2) log
∑
x

QX|U (x|2)q(x, y)sQU (2)ea2(x) (5.90)

F1,2 ,
∑
x2

QX|U (x|2)a2(x) (5.91)

F1,3 , s
∑
x,y

PXY (x, y) log q(x, y) (5.92)

F1,4 ,
∑
x,y

P̂XY (x, y) log q(x, y), (5.93)

and where s ≥ 0 and a2(·) are dual variables.
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Step 2

For a given joint distribution P̃UY , the minimization minP̂XY IP̂ (X;Y ) − sρ2QU (2)F1,4(P̂XY )

subject to (ii) and (v) has a dual expression given by

F2 , −F2,1 + F2,2, (5.94)

where

F2,1 ,
∑
y

P̃Y |U (y|1) log
∑
x

QX|U (x|1)q(x, y)sρ2QU (2)ea1(x) (5.95)

F2,2 ,
∑
x

QX|U (x|1)a1(x), (5.96)

and where a1(·) is a dual variable.

Step 3

Next, we consider the minimization min
P̃UY

I
P̃
(U ;Y ) − ρ1QU (1)F2,1 − ρ1ρ2QU (2)F1,1 subject

to (i) and (iv). The objective can equivalently be expressed as

F3 , I
P̃
(U ;Y )−

∑
u

ρ′(u)
∑
y

P̃UY (u, y) log
∑
x

QX|U (x|u)q(x, y)s
′(u)ea(u,x) (5.97)

using the definitions in (5.83) along with a(u, x) , au(x). The dual expression is given by

F3 = −
∑
y

PY (y) log
∑
u

QU (u)

(∑
x

QX|U (x|u)q(x, y)s
′(u)ea(u,x)

)ρ′(u)
eb(u) +

∑
u

QU (u)b(u),

(5.98)
where b(·) is a dual variable.

Step 4

The final objective is given by

F4 , F3 + ρ1QU (1)F2,1 + ρ1ρ2QU (2)
(
F1,2 + F1,3)−

∑
u=1,2

ρ′(u)QU (u)R1u. (5.99)
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Applying some algebraic manipulations, we obtain the dual expression

∑
u,x,y

PUXY (u, x, y) log

(
q(x, y)s

′(u)ea(u,x)
)ρ′(u)

eb(u)∑
uQU (u)

(∑
xQX|U (x|u)q(x, y)s′(u)ea(u,x)

)ρ′(u)
eb(u)

−
∑
u=1,2

ρ′(u)QU (u)R1u. (5.100)

To conclude the proof, we must show that the variable b(u) can be removed from the numerator
and denominator in (5.100) without affecting the final dual optimization. For ρ1 > 0 and
ρ2 > 0, this follows by simply factoring b(u) into a(u, x). Using the identity E[eb(U)] ≥ eE[b(U)]

(by Jensen’s inequality), it is readily verified that the optimal value of the objective is zero
when ρ1 = 0, regardless of whether b(u) is present. For the remaining case, namely ρ1 > 0

and ρ2 = 0, the objective depends on a(u, x) only for u = 1. Moreover, since (5.100) depends
on b(·) only through the difference b(2)− b(1), we may set b(2) = 0 without loss of generality.
The remaining parameter b(1) can be factored into a(1, x).

5.5.2 Proof of Theorem 5.8

We focus on the derivation of (5.81), since (5.82) can be derived similarly. The ideas used
here are similar to those in the proof of Theorem 4.6, but the details are more involved.

Applying Lemma D.1 to (5.57) with Z1(i) = X
(1,i)
1 and Z2(j) = X

(1,j)
2 , we obtain

pe,0 ≤ E

[
min

{
1, (M0 − 1)E

[
min

{
1,

M11E
[
min

{
1,M12P

[
qn
(
X,Y

)
qn(X,Y )

≥ 1
∣∣∣X1

]} ∣∣∣U]} ∣∣∣∣∣U ,X,Y

]}]
. (5.101)

Using (5.49), Markov’s inequality, and min{1, ζ} ≤ ζρ (ρ ∈ [0, 1]), we obtain3

pe,0 ≤ (M0M
ρ1
11M

ρ1ρ2
12 )ρ0

∑
u,x1,x2

PU (u)PX1(x1)PX2(x2)
∑
y

Wn(y|Ξ(u,x1,x2))

×
(∑

u

PU (u)×
(∑

x1

PX1(x1)

(
qn1
(
x1,y1(u))

qn1(x1,y1(u))

)ρ2s)ρ1
×
(∑

x2

PX2(x2)

(
qn2
(
x2,y2(u))

qn2(x2,y2(u))

)s)ρ1ρ2)ρ0
, (5.102)

3In the case of continuous alphabets, the summations should be replaced by integrals as necessary.
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where s ≥ 0 and ρ1, ρ2 ∈ [0, 1] are arbitrary. Using the definition of the cost-constrained
ensemble in (5.85)–(5.87), we obtain

pe,0 ≤̇ (M0M
ρ1
11M

ρ1ρ2
12 )ρ0

∑
u,x1,x2

PU (u)PX1(x1)PX2(x2)
∑
y

Wn(y|Ξ(u,x1,x2))

×
(∑

u

PU (u)

(∑
x1

PX1(x1)

(
qn1
(
x1,y1(u))

qn1(x1,y1(u))

)ρ2s ean11 (x1)

ea
n1
1 (x1)

)ρ1
×
(∑

x2

PX2(x2)

(
qn2
(
x2,y2(u))

qn2(x2,y2(u))

)s ean22 (x2)

ea
n2
2 (x2)

)ρ1ρ2)ρ0
, (5.103)

where for u = 1, 2, au(·) is one of the Lu = 2 cost functions in (5.86), and anuu (xu) ,∑nu
i=1 au(xu,i). For each (u,x1,x2,y), we write the argument to the summation over y in

(5.103) as a product of two terms, namely

T1 ,Wn(y|Ξ(u,x1,x2))

×
(
qn1(x1,y1(u))

−ρ1ρ2se−ρ1a
n1
1 (x1)qn2(x2,y2(u))

−ρ1ρ2se−ρ1ρ2a
n2
2 (x2)

)ρ0
(5.104)

T2 ,

(∑
u

PU (u)

(∑
x1

PX1(x1)q
n1
(
x1,y1(u))

ρ2sea
n1
1 (x1)

)ρ1
×
(∑

x2

PX2(x2)q
n2
(
x2,y2(u))

sea
n2
2 (x2)

)ρ1ρ2)ρ0
. (5.105)

Since PXu(xu) is upper bounded by a subexponential prefactor times
∏n
i=1QX|U (xu,i|u) for

u = 1, 2 (see Proposition 2.1), we have

∑
x1

PX1(x1)q
n1
(
x1,y1(u))

ρ2sea
n1
1 (x1) ≤̇

n1∏
i=1

∑
x1

QX|U (x1|1)q(x1, y1,i(u))ρ2sea1(x1) (5.106)

∑
x2

PX2(x2)q
n2
(
x2,y2(u))

sea
n2
2 (x2) ≤̇

n2∏
i=1

∑
x2

QX|U (x2|2)q(x2, y2,i(u))sea2(x2), (5.107)

where for u = 1, 2, yu,i(u) is the i-th entry of yu(u). Using the definitions in (5.83) along with
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a(u, x) , au(x), we thus obtain(∑
x1

PX1(x1)q
n1
(
x1,y1(u))

ρ2sea
n1
1 (x1)

)ρ1(∑
x2

PX2(x2)q
n2
(
x2,y2(u))

sea
n2
2 (x2)

)ρ1ρ2
(5.108)

≤̇
( n1∏
i=1

∑
x1

QX|U (x1|1)q(x1, y1,i(u))ρ2sea1(x1)
)ρ1

×
( n2∏
i=1

∑
x2

QX|U (x2|2)q(x2, y2,i(u))sea2(x2)
)ρ1ρ2

(5.109)

=

n∏
i=1

(∑
x

QX|U (x|ui)q(x, yi)s
′(ui)ea(ui,x)

)ρ′(ui)
. (5.110)

Hence, and using the fact that PU (u) ≤̇QnU (u) (see (A.14)), we obtain

T2 ≤̇
n∏
i=1

(∑
u

QU (u)

(∑
x

Q(x|u)q(x, yi)s
′(u)ea(u,x)

)ρ′(u))ρ0
. (5.111)

A similar argument (without the need for the ≤̇ steps) gives

T1 =

n∏
i=1

W (yi|xi)
(
q(xi, yi)

−ρ′(ui)s′(ui)e−ρ
′(ui)a(ui,xi)

)ρ0
, (5.112)

where we have used the fact that Wn(y|Ξ(u,x1,x2)) = Wn1(y1(u)|x1)W
n2(y2(u)|x2). Sub-

stituting (5.111) and (5.112) into (5.103), we obtain

pe,0 ≤̇ (M0M
ρ1
11M

ρ1ρ2
12 )ρ0

∑
u,x

PUX(u,x)

×
n∏
i=1

∑
y

W (y|xi)
(∑

u

QU (u)

(∑
x

QX|U (x|ui)
(
q(x, yi)

q(xi, yi)

)s′(ui) ea(ui,x)
ea(ui,xi)

)ρ′(ui))ρ0
, (5.113)

where
PUX(u,x) ,

∑
x1,x2

PU (u)PX1(x1)PX2(x2)1{x = Ξ(u,x1,x2)}. (5.114)

If PUX were i.i.d. on QUX , then (5.113) would yield an error exponent which is positive when
(5.81) holds with strict inequality, by taking ρ0 → 0 similarly to Theorem 4.5. The same can
be done in the present setting by upper bounding PUX by a subexponential prefactor times
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QnUX , analogously to (5.106)–(5.107). More precisely, we have

PUX(u,x) ≤̇
∑
x1,x2

PU (u)

( n∏
i=1

QX|U (x1,i|1)
)( n∏

i=1

QX|U (x2,i|2)
)
1{x = Ξ(u,x1,x2)}

(5.115)

= PU (u)QnX|U (x|u) (5.116)

≤̇ QnU (u)Q
n
X|U (x|u) (5.117)

= QnUX(u,x). (5.118)



Chapter 6

Conclusions and Future Work

As we discussed in Chapter 1, the problem of channel coding with a mismatched decoding
rule is relevant to a diverse range of practical communication settings, and has interesting
connections with theoretical problems such as zero-error communication. We have presented
a variety of information-theoretic performance bounds for the mismatched decoding problem,
with a particular focus on the asymptotics of single-user and multi-user random-coding en-
sembles. A recurring theme, both in this thesis and in the existing literature, is that the perfor-
mance is improved by certain kinds of structure: Constant-composition and cost-constrained
codes outperform i.i.d. codes, and multi-user coding techniques provide benefits over standard
single-user coding techniques.

We proceed by presenting an overview of the main contributions of each chapter, and
discussing some possibilities for further research.

Motivated by the fact that most of the literature has focused on achievable rates, we pre-
sented a more comprehensive study of the random-coding performance in Chapters 2 and 3. In
Chapter 2, we introduced a cost-constrained random ensemble with multiple auxiliary costs,
and used it to derive achievable asymptotic bounds in the regimes of error exponents (both
expurgated and non-expurgated), second-order coding rates, and moderate deviations. This
ensemble serves as an attractive alternative to the constant-composition ensemble for improv-
ing the performance compared to i.i.d. coding, since it is directly applicable to channels with
infinite and continuous alphabets. We showed that two auxiliary costs suffice to obtain the
given asymptotic expansions in each of the preceding regimes, and that fewer may suffice if
the input distribution or decoding rule is optimized.

We proved that our random-coding error exponents are tight with respect to the ensemble
average for any mismatched DMC; determining whether the same holds true for the second-
order rates and moderate deviations results remains an open problem. Moreover, even in
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the fixed-rate regime, it remains open as to whether the exponents are ensemble-tight for
continuous channels. Such an investigation may require more advanced techniques from large
deviations theory [139].

In Chapter 3, we provided refined asymptotic results for both the i.i.d. and constant-
composition ensembles. For the former, we derived saddlepoint approximations [65] of the
random-coding bounds rcu and rcus (see Theorem 2.1) that unify the fixed-rate and varying-
rate regimes, including several higher-order terms. For the constant-composition ensemble,
we focused separately on the fixed-rate prefactor and the fixed-error third-order term, and we
provided significant refinements to standard techniques that introduce polynomials depending
on the alphabet sizes. In the special case of maximum-likelihood decoding, our bounds were
seen to be tight in several cases of interest. In particular, a loss for sum channels [1] was
shown to be unavoidable in general.

The technical assumptions considered for i.i.d. and constant-composition coding were re-
lated yet different, and it would be of interest to determine whether the cost-constrained en-
semble can unify or generalize the two. Our saddlepoint approximation of rcu in Theorem 3.2
was proved in two steps, and only the second was proved to be asymptotically tight. The result
would be more powerful still if both steps were proved to be tight; alternatively, a different
analysis may yield an asymptotically tight bound of a different form. Saddlepoint approxima-
tions for the constant-composition and cost-constrained ensembles would be highly valuable,
since these yield higher achievable rates and exponents in general when the decoding rule is
suboptimal. Generalizations to continuous channels may also be possible; we believe that the
changes would be minimal for the approximation of rcus in Section 3.2.2, whereas the analy-
sis of rcu in Section 3.2.3 would require alternative methods that avoid the use of (or use an
alternative notion of) types. While we focused on random-coding bounds, similar approxima-
tions for non-asymptotic converse bounds in the matched setting (e.g. the meta-converse [61])
would be of great interest. The analysis of [79, 83] suggests that symmetric channels may be
significantly easier to handle compared to the general case.

In Chapters 4 and 5, we presented a framework for deriving achievable rates and error
exponents for multi-user random-coding ensembles in the presence of mismatch. We derived
ensemble-tight error exponents for the mismatched MAC that recover Lapidoth’s achievable
rate region [35], and we proved the ensemble tightness of the exponent of Liu-Hughes [66] for
maximum-likelihood decoding. In the point-to-point setting, we studied two types of super-
position coding, and showed that a refined version can yield improved rates compared to the
standard version, which in turn is at least as high as Lapidoth’s expurgated parallel coding rate
[35]. For each ensemble, alternative expressions of the rates were presented using Lagrange
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duality, and cost-constrained random coding was again used to prove their validity for infinite
and continuous alphabets.

The multi-user coding techniques that we considered are far from exhaustive, and it is
therefore of interest to determine whether the performance can be improved further by con-
sidering other coding techniques. We observed that the ensembles yielding the highest rates
(e.g. refined SC) can yield worse error exponents and low to moderate rates, thus raising the
question of whether there is a single ensemble that achieves the best of both worlds. More-
over, while we demonstrated that refined superposition coding can improve on the standard
version for a given input distribution, it is yet to be determined whether the same is true after
optimizing the input distribution. A limitation of refined SC is that it relies on the auxiliary
alphabet U being finite; another direction for future research is to seek a variant that can be
applied with more general auxiliary alphabets.

In Section 4.3, we presented an achievable rate region for a multi-letter successive decod-
ing rule, and showed that performance gains over the corresponding maximum-metric rule are
possible. It would be of interest to quantify the performance gain analytically; for example,
by presenting conditions under which a strict improvement is observed. We are also yet to
determine whether the region that we presented is ensemble-tight.

In Section 4.4, we presented an inner bound on the set of locally achievable second-order
coding rates for the matched MAC. We used a variant of coded time-sharing to obtain non-
standard tangent vector terms that enlarge the inner bound, and we showed that constant-
composition random coding can provide improved bounds compared to i.i.d. random cod-
ing. A direction for further research is to extend the result to continuous channels via cost-
constrained random coding; the main hurdle in doing so appears to be finding a suitable al-
ternative to the combinatorial central limit theorem. Perhaps more challenging still is the
problem of obtaining second-order asymptotic converse results. While the strong converse
has been proved (e.g. see [140]), it appears that significant refinements are needed in order to
obtain a non-trivial outer bound on the second-order rate region.

The definition of the mismatched capacity that we considered is the “classical” definition,
and has thus far received the most attention in the literature. As discussed by Merhav et al. [9,
Sec. VII] and Alsan-Telatar [50], there are several variations that lead to rates exceeding the
classical mismatched capacity. Further studies of these variations and their consequences may
help in understanding the effect of mismatch in a wider variety of settings. Moreover, there
are several related problems in information theory where it may be of interest to study the
effect of mismatch, including joint source-channel coding [115, Sec. 3.9], channel coding
with feedback [115, Ch. 17], and variable-rate channel coding [141]. Once again, there are
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several ways to formulate the mismatched versions of these problems, and care should be
taken in deciding which of them are of the most interest and relevance.

Finally, a highly challenging open problem is to obtain upper bounds on the mismatched
capacity. While a multi-letter characterization has recently been given [39], little is known in
the way of single-letter converse results. As discussed in Section 1.1.4, a computable charac-
terization of the mismatched capacity may be formidable in general due to the fact that it yields
the zero-error capacity as a special case. However, the zero-error capacity is indeed known for
input alphabet sizes up to six [142], so it is conceivable that the mismatched capacity could be
found in such cases. Moreover, even if a complete characterization cannot be found, it is of
significant interest to obtain single-letter converse results that improve on the trivial converse,
i.e. the matched capacity. Another interesting open problem that was raised in [8], and that is
yet to be solved, is whether the strong converse holds (i.e. the error probability tends to one
for any rate above the mismatched capacity).



Appendix A

The Method of Types

In this appendix, we give an overview of the method of types [27, Ch. 2], and present the
properties that are used throughout the thesis. We do not provide proofs, since we only present
well-known properties of simple variations thereof (e.g. see [27, Ch. 2], [56], [59]).

Let X be a finite alphabet. The type of a sequence x = (x1, . . . , xn) ∈ X n is its empirical
distribution, defined by

P̂x(x) ,
1

n

n∑
i=1

1{xi = x}. (A.1)

The set of all types on X n is denoted by Pn(X ). For a given PX ∈ Pn(X ), the type class
Tn(PX) is the set of all sequences in X n with type PX ,

Tn(PX) ,
{
x ∈ X n : P̂x = PX

}
. (A.2)

For two finite alphabets X and Y , the quantities P̂xy(x, y), Pn(X ×Y) and Tn(PXY ) are defined
analogously. In this case, the type is also referred to as a joint type.

The conditional type of y given x is defined by

P̂y|x(y|x) ,


P̂xy(x,y)

P̂x(x)
P̂x(x) > 0

1
|Y| otherwise.

(A.3)

The set of all conditional types on Yn given X n is denoted by Pn(Y|X ). For any PXY ∈
Pn(X ×Y) and sequence x, the conditional type class Tnx (PXY ) is the set of all sequences y in
Yn such that (x,y) has joint type PXY ,

Tnx (PXY ) ,
{
y ∈ Yn : P̂xy = PXY

}
. (A.4)
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Similarly, given x ∈ Tn(PX), we define

Tnx (PY |X) ,
{
y ∈ Yn : P̂xy = PX × PY |X

}
. (A.5)

The key property of types permitting an exponentially tight analysis of certain quantities is
that the number of (possibly joint or conditional) types grows polynomially in n:

|Pn(X )| ≤ (n+ 1)|X |−1 (A.6)

|Pn(Y|X )| ≤ (n+ 1)|X ||Y|−1. (A.7)

A.1 Properties for the Single-User Setting

Here we present several properties of types that will be used for the single-user setting. We
define (X ′,Y ,X ′) ∼∏n

i=1Q(xi)W (yi|xi)Q(xi); while we consider random-coding ensembles
that need not be i.i.d., the properties given here will suffice. Recalling the notations .

=, ≤̇,
etc. defined in Section 1.4, we have the following:

• There exists a type Qn ∈ Pn(X ) such that

P
[
X ∈ Tn(Qn)

]
≥ (n+ 1)−(|X |−1). (A.8)

• For any joint distribution PXY , we have

P
[
(X ′,Y ) ∈ Tn(PXY )

] .
= e−nD(PXY ∥Q×W ). (A.9)

• If y ∈ Tn(PY ), then we have

P
[
(X ′,y) ∈ Tn(P̃XY )

] .
= e−nD(P̃XY ∥Q×PY ) (A.10)

for any P̃XY such that P̃Y = PY .

• For any joint distribution P̃XX , we have

P
[
(X ′,X ′) ∈ Tn(P̃XX)

] .
= e−nD(P̃XX∥Q×Q). (A.11)

• If (x,x) ∈ Tn(P̃XX), then we have

P
[
(x,x,Y ) ∈ Tn(PXXY )

∣∣X = x
] .
= e−nD(PXXY ∥P̃XX×W ) (A.12)
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for any PXXY such that PXX = P̃XX .

A.2 Properties for the MAC

Here we present several properties of types in the context of the multiple-access channel
(cf. Chapter 4), though the properties are also used in other settings throughout the thesis.
We fix the conditional input distributions Q1 ∈ P(X1) and Q2 ∈ P(X2). For ν = 1, 2, we let
Qν,n ∈ Pn(Xν) be a type with the same support as Qν such that maxxν |Qν(xν)−Qν,n(xν)| ≤ 1

n ,
and we let PXν be uniform on Tn(Qν,n) (see (4.21)). Defining the random variables

(X1,X2,Y ,X1,X2) ∼ PX1(x1)PX2(x2)W
n(y|x1,x2)PX1(x1)PX2(x2), (A.13)

we have the following:

• For any sequence x1, we have

P[X1 = x1] ≤̇
n∏
i=1

Q1(x1,i). (A.14)

• For any PX1X2 such that PX1 = Q1,n and PX2 = Q2,n, we have

P
[
(X1,X2) ∈ Tn(PX1X2)

] .
= e−nIP (X1;X2). (A.15)

• For any PX1X2Y such that PX1 = Q1,n and PX2 = Q2,n, we have

P
[
(X1,X2,Y ) ∈ Tn(PX1X2Y )

] .
= e−nD(PX1X2Y

∥Q1×Q2×W ). (A.16)

• For ν = 1, 2, if y ∈ Tn(PY ), then

P
[
(Xν ,y) ∈ Tn(P̃XνY )

] .
= e−nIP̃ (Xν ;Y ) (A.17)

for any P̃XνY such that P̃Xν = Qν,n and P̃Y = PY .

• If y ∈ Tn(PY ), then

P
[
(X1,X2,y) ∈ Tn(P̃X1X2Y )

] .
= e−nD(P̃X1X2Y

∥Q1×Q2×P̃Y ) (A.18)

for any P̃X1X2Y such that P̃X1 = Q1,n, P̃X2 = Q2,n and P̃Y = PY .



Appendix B

Properties of the LM Rate and GMI

In this appendix, we provide some properties of the LM rate and GMI to complement the
existing properties outlined in Section 1.1.4. The observations and results presented here can
easily be extended to the functions Eiid

0 (Q, ρ) and Ecc
0 (Q, ρ) defined in Section 2.4.2 (see (2.38)

and (2.40)) for any fixed ρ ∈ (0, 1], but we limit our attention to the rates for brevity.

B.1 Suprema over s and a(·)
We first show the the suprema in (1.9) and (1.11) are not achieved in general, and then provide
a simple sufficient condition under which they are achieved. Consider the binary erasure
channel (BEC) with q(x, y) = 1 + 1{W (y|x) > 0}:

W =

[
1− ϵ ϵ 0

0 ϵ 1− ϵ

]
, q =

[
2 2 1

1 2 2

]
. (B.1)

Under the uniform distribution Q =
(
1
2 ,

1
2

)
, the objective function in (1.11) equals

(1− ϵ) log
2s

1
2(2

s + 1)
+ ϵ log

2s

1
2(2

s + 2s)
= (1− ϵ)

(
log 2 + log

2s

2s + 1

)
. (B.2)

Taking s → ∞, it follows that IGMI(Q) = (1 − ϵ) log 2, which equals the matched capacity.
However, no finite value of s achieves this value.

Next, consider the noiseless channel with an additional non-zero value in the metric:

W =

[
1 0

0 1

]
, q =

[
1 0

1 1

]
. (B.3)
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Under the uniform distribution Q =
(
1
2 ,

1
2

)
, the objective function in (1.9) equals

1

2
log

ea(0)

1
2e
a(0)

+
1

2
log

ea(1)

1
2(e

a(0) + ea(1))
=

1

2
log 2 +

1

2

(
log 2 + log

ea(1)

ea(0) + ea(1)

)
. (B.4)

We obtain ILM(Q) = log 2, which is the matched capacity, by choosing a(·) such that a(1) −
a(0) → ∞. However, this value is not achieved for any finite values of a(0) and a(1).

The crucial property in the preceding examples is that q(x, y) takes a non-zero value where
W (y|x) is zero. If the opposite is true (i.e. there exists a pair (x, y) such that q(x, y) = 0

and W (y|x) > 0), then the LM rate and GMI are zero when the corresponding input is used
(see Section 1.1.4). We will show that in all other cases, the suprema in (1.9) and (1.11) are
achieved. Before doing so, we present the following technical lemma.

Lemma B.1. For any non-negative function q(x, y) on the finite sets X and Y , the following

statements are equivalent:

1. There exist functions g(x) and h(y) such that q(x, y) = g(x)h(y)1{q(x, y) > 0}.

2. (i) For all (x, y, x) such that q(x, y)q(x, y) > 0, the ratio q(x,y)
q(x,y) is equal to some function

r(x, x) not depending on y; (ii) Given any positive integer m and any sequence of the

form (x1, . . . , xm, x1) such that each consecutive pair (x, x) satisfies q(x, y)q(x, y) > 0

for some y, the following holds:

r(x1, x2)r(x2, x3) . . . r(xm−1, xm)r(xm, x1) = 1. (B.5)

Proof. We begin by showing that the first condition implies the second. A direct substitution
yields q(x,y)

q(x,y) = g(x)
g(x) whenever both q(·, ·) terms are positive; as desired, this ratio does not

depend on y. Moreover, the left-hand side of (B.5) is given by

g(x1)

g(x2)

g(x2)

g(x3)
. . .

g(xm−1)

g(xm)

g(xm)

g(x1)
, (B.6)

which equals one.
It remains to prove that the second condition implies the first. We let G denote the bipartite

graph with vertices given by the elements of X and Y such that there is an edge between x and
y if and only if q(x, y) > 0. We limit our attention to the case that G is connected, i.e. there
exists a path between any two vertices. More generally, the graph can be split into connected
components and the subsequent arguments can be applied separately for each component.
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We define the set

A ,
{
(x, x) : q(x, y)q(x, y) > 0 for some y

}
. (B.7)

We select an arbitrary symbol x0 ∈ X and set g(x0) = 1. We then repeatedly set g(x) =

r(x, x)g(x) for all (x, x) such that g(x) has been assigned a value, g(x) has not been assigned a
value, and (x, x) ∈ A. Since we have assumed that G is connected, all values g(·) are assigned
after finitely many steps.

We wish to show that q(x, y) = g(x)h(x)1{q(x, y) > 0} for some h(y). Let (x, x) be an
arbitrary pair in A. By the above procedure, we have

g(x) = r(x1, x0)r(x2, x1) . . . r(xm, xm−1)r(x, xm), (B.8)

for some integer m and sequence (x0, x1, . . . , xm) such that consecutive elements (xi, xi+1) are
in A (and similarly for (xm, x)). An analogous statement to (B.8) holds for g(x), for some
integer m and sequence (x0, x1, . . . , xm). Moreover, since r(x′, x′′)r(x′′, x′) = 1 whenever
(x′, x′′) ∈ A (see the lemma statement), we have

1

g(x)
= r(x0, x1)r(x1, x2) . . . r(xm−1, xm)r(xm, x). (B.9)

Combining (B.8) and (B.9), we obtain

g(x)

g(x)
= r(x, xm) . . . r(x1, x0)r(x0, x1) . . . r(xm, x) (B.10)

= r(x, xm) . . . r(x1, x0)r(x0, x1) . . . r(xm, x)r(x, x)r(x, x) (B.11)

= r(x, x), (B.12)

where (B.11) follows since r(x, x)r(x, x) = 1, and (B.12) follows from (B.5). Substituting the
definition of r(x, x) into (B.12) and rearranging, we obtain

q(x, y)

g(x)
=
q(x, y)

g(x)
(B.13)

for all y such that q(x, y)q(x, y) > 0. Thus, among the pairs (x, y) such that q(x, y) > 0, the
ratio q(x,y)

g(x) is only a function of y; the lemma follows by naming this function h(y).

We now have the following.
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Lemma B.2. For any input distribution Q and pair (W, q) such that

q(x, y) > 0 ⇐⇒ W (y|x) > 0, (B.14)

the supremum in (1.9) is achieved by at least one pair (s, a) having finite values, and the

supremum in (1.11) is achieved by at least one finite value of s.

Proof. We assume without loss of generality that Q(x) > 0 for all x, and we begin by consid-
ering the GMI. We write the objective in (1.11) as

Is , −
∑
x,y

Q(x)W (y|x) log
∑
x

Q(x)

(
q(x, y)

q(x, y)

)s
. (B.15)

In the case that there exists (x, y, x) such that W (y|x)W (y|x) > 0 and q(x, y) > q(x, y), we have

Is ≤ −Q(x)W (y|x) log Q(x)q(x, y)s

q(x, y)s
. (B.16)

This bound tends to −∞ as s→ ∞, and hence the supremum cannot be achieved in this limit.
Since Is is continuous in s, we conclude that the supremum is achieved by a finite value. If the
above-mentioned condition fails, then we have q(x, y) = q(x, y) wherever W (y|x)W (y|x) > 0.
Recalling the condition in (B.14), we see that Is does not depend on s, since the argument to
(·)s is always zero or one. Thus, any s > 0 achieves the supremum.

We prove the claim regarding the LM rate using similar ideas. The objective in (1.9) is
denoted by

Is,a , −
∑
x,y

Q(x)W (y|x) log
∑
x

Q(x)

(
q(x, y)

q(x, y)

)s ea(x)
ea(x)

. (B.17)

We consider sequences of parameters {sk}k≥1 and {ak}k≥1 such that some ak(·) is unbounded,
and show that if the LM rate is achieved as k → ∞, then it is also achieved by different choices
that remain bounded. This will prove that ak(·) can be chosen to be bounded without loss of
optimality, from which it follows via the same arguments as those for the GMI that sk can be
assumed bounded. The lemma will then follow from the fact that Is,a is continuous in (s, a).

Let A denote the set of triplets (x, y, x) such thatW (y|x)W (y|x) > 0 (which is equivalent to
q(x, y)q(x, y) > 0 by (B.14)). By the assumption in (B.14), Is,a depends on (s, a) only through
the values of

ψs,a(x, y, x) ,

(
q(x, y)

q(x, y)

)s ea(x)
ea(x)

(B.18)

for triplets within A.



B.2 Optimization of the LM Rate Over Q 215

Let {sk}k≥1 and {ak}k≥1 be sequences achieving the supremum in (1.9) in the limit as
k → ∞. For any (x, y, x) ∈ A, ψsk,ak(x, y, x) must not tend towards ∞, since this would imply
Isk,ak → −∞; this can be seen by upper bounding (B.17) by replacing each summation by a
single value. By reversing the roles of x and x, we conclude that ψsk,ak(x, y, x) must not tend
towards 0. Thus, logψsk,ak is bounded.

Consider the case that the ratio eak(x)

eak(x)
tends to ∞ for some (x, x). From (B.18) and the

fact that ψsk,ak ̸→ ∞, this is only possible if q(x,y)
q(x,y) < 1 and sk → ∞. This, in turn, implies

that within A, q(x,y)
q(x,y) does not depend on y; otherwise, the two different values of y would

have a different argument to (·)s in (B.18), and at least one would yield logψsk,ak growing
unbounded. Moreover, writing r(x, x) , q(x,y)

q(x,y) , we have the following for any sequence of the
form (x1, . . . , xm, x1) such that adjacent symbols share a common output:

ψs,a(x1, x2, y) . . . ψs,a(xm−1, xm, y)ψs,a(xm, x1, y) =
(
r(x1, x2) . . . r(xm−1, xm)r(xm, x1)

)s
.

(B.19)
This follows by observing that the a(·) terms in (B.18) cancel. Since we have established that
sk → ∞ and logψsk,ak is bounded, we conclude that the argument to (·)s in (B.19) equals one.
We have thus shown that q(x, y) satisfies the conditions in second item of Lemma B.1, and we
conclude that q(x, y) = g(x)h(y)1{q(x, y) > 0} for some functions g(x) and h(y). Given the
original parameters sk and ak(·), we choose alternative parameters as follows: Set s′ = 1, and
choose a′k(·) such that (

g(x)

g(x)

)sk eak(x)
eak(x)

=
g(x)

g(x)

ea
′
k(x)

ea
′
k(x)

. (B.20)

Any such choice yields ψs′,a′k(x, y, x) = ψsk,ak(x, y, x) within A, and hence Is′,a′k = Isk,ak .
There are infinitely many such choices (e.g. one can always shift a′k(·) by a constant), and at
least one has bounded values, since the logarithm of the left-hand side of (B.20) (i.e. logψsk,ak)
is bounded.

B.2 Optimization of the LM Rate Over Q

For a given input distribution Q, the LM rate can be computed efficiently using (1.9) or (1.10),
since the optimization problems are convex. However, the optimization over Q is difficult,
since ILM(Q) is non-concave in general [11]. It should be noted that, unlike the parameters
(s, a), the maximum overQ is always achieved; this follows from a simple continuity argument
and the fact that P(X ) is compact.

Here we provide an alternative form for ILM(Q) that permits an extension of the Arimoto-
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Blahut algorithm [143, 144] that finds a local optimum. Interestingly, the additional parameter
a(·) in (1.9) compared to (1.11) is seen to be beneficial (rather than making the computation
more difficult), at least for the algorithm that we provide.

Maximizing (1.9) with respect to Q yields an overall optimization given by

maximizes≥0,a(·),Q
∑
x,y

Q(x)W (y|x) log q(x, y)sea(x)∑
xQ(x)q(x, y)sea(x)

. (B.21)

Suppose for the the time being that Q is restricted to satisfy Q(x) > 0 for all x. Defining ã(·)
such that eã(x) = Q(x)ea(x), we can equivalently write (B.21) as

maximizes≥0,ã(·),Q
∑
x,y

Q(x)W (y|x) log q(x, y)seã(x)

Q(x)
∑

x q(x, y)
seã(x)

. (B.22)

In this form, the objective is concave inQ for fixed (s, ã), and vice versa. Thus, we can obtain a
sequence of parameters such that the objective is monotonically non-decreasing by alternating
between the following two steps:

1. Maximize the objective over the input distributionQwith (s, ã) fixed. Using the Karush-
Kuhn-Tucker conditions [38], it is readily verified that the maximizing Q is given by

Q(x) =
exp

(∑
yW (y|x) logP ′

s,ã(x|y)
)∑

x exp
(∑

yW (y|x) logP ′
s,ã(x|y)

) , (B.23)

where
P ′
s,ã(x|y) ,

q(x, y)seã(x)∑
x q(x, y)

seã(x)
. (B.24)

2. Maximize the objective over s ≥ 0 and ã(·) withQ fixed. This can be done using efficient
convex optimization algorithms [38].

A suitable choice of initial parameters is s = 1, ã(x) = 0 and Q(x) = 1
|X | .

We conclude by discussing the possibility that Q(x) = 0 for some values of x. As men-
tioned in Section 1.1.4, if the metric satisfies (1.15), then the LM rate is continuous in Q, and
thus the constraint Q(x) > 0 is not restrictive. On the other hand, if (1.15) fails, then the LM
rate is always zero when the corresponding inputs are used, so one can simply set Q(x) = 0

accordingly and repeat the above steps for the channel with the corresponding inputs removed.



Appendix C

Sums of Independent Random Variables

Many of the results of this thesis are proved by studying the behavior of sums of random
variables. The goal of this appendix is to provide an introductory overview of the relevant
terminology and results. For clarity, and to avoid presenting cumbersome technical conditions,
we limit our attention to simple cases, rather than stating the results in their most general
form. In particular, we focus on independent and identically distributed (i.i.d.) scalar random
variables, even though we will be interested in varying distributions, dependent variables, and
multivariate settings throughout the thesis. Comprehensive treatments can be found in the
books of Feller [76], Petrov [100], and Dembo-Zeitouni [139].

We let {Zi}ni=1 be an i.i.d. sequence with distribution PZ , which we assume to have mean
zero and variance σ2 ∈ (0,∞). The former assumption is without loss of generality, since in
the general case the mean can be subtracted. We are interested in characterizing the behavior
of the summation Sn ,

∑n
i=1 Zi. The following definition will be useful.

Definition C.1. We say that Z is a lattice random variable with offset γ and span h if its

support is a subset of {γ + ih : i ∈ Z}, and the same is not true for any such set with a larger

value of h. We say that Z is a non-lattice random variable if it is not supported on any set of

the form {γ + ih : i ∈ Z}.

C.1 Asymptotic Behavior of the Tail Probability

A basic result of probability theory is the law of large numbers [76, Ch. VII], which can be
written as follows:

lim
n→∞

P
[
1

n
Sn ≥ z

]
=

0 z > 0

1 z < 0.
(C.1)
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That is, Sn concentrates about its mean in the limit of large n. A refinement of this statement
is the central limit theorem (CLT), which states that [76, Ch. VIII]

lim
n→∞

P
[

Sn√
nσ2

≥ z

]
= Q(z). (C.2)

That is, Sn√
n

is asymptotically normal in the limit of large n.
Equation (C.2) is concerned with the tail probability of Sn at values that deviate from the

mean by a Θ(
√
n) term. In many cases, one is interested in the behavior for deviations of a

larger order. We proceed by presenting examples of such results. For simplicity, we assume
that E[eτZ ] <∞ for Z ∼ PZ and any real number τ ; more general cases can be handled [139],
but they are omitted here.

Large deviations theory is concerned with probabilities of the form P
[
1
nSn ≥ z] for fixed

z > 0. The asymptotics in this regime can be written in terms of the cumulant transform
κ(τ) , logE[eτZ ] as follows [139, Sec. 2.2.1]:

lim
n→∞

− 1

n
logP

[
1

n
Sn ≥ z

]
= E(z), (C.3)

where
E(z) , sup

τ∈R
τz − κ(τ). (C.4)

That is, the probability in (C.3) decays to zero exponentially fast, and the exponent is given by
E(z). A particularly simple non-asymptotic upper bound can be obtained using the Chernoff
bound: P

[
1
nSn ≥ z

]
≤ e−nE(z). Studies of the exact asymptotics (or strong large deviations)

seek to provide a refined characterization of the prefactor to e−nE(z), and the behavior turns
out to vary depending on whether or not Z is a lattice random variable. In the non-lattice case,
we have [139, Thm. 3.7.4]

P
[
1

n
Sn ≥ z

]
≍ 1

τ̂
√

2πnκ′′(τ̂)
e−nE(z), (C.5)

where τ̂ , argmaxτ{τz − κ(τ)}, and κ′′ is the second derivative of κ. A similar result holds
in the lattice case, except that the right-hand side of (C.5) is multiplied by an extra Θ(1) term
which, in general, depends on both n and the lattice parameters (span and offset).

Another regime of interest is that of moderate deviations, which is concerned with prob-
abilities of the form P

[
1
nSn ≥ zn

]
for some positive sequence zn satisfying zn = ω

(
1√
n

)
and

zn = o(1). In such cases, the tail probability decays to zero, but the rate of decay is no longer



C.2 Variations of the Central Limit Theorem 219

exponential. More precisely, we have [139, Thm. 3.7.1]

lim
n→∞

− 1

nz2n
logP

[
1

n
Sn ≥ zn

]
=

1

2σ2
. (C.6)

For example, if zn = K
√

logn
n for some K > 0, then the tail probability behaves as O

(
n−γ

)
for

some constant γ > 0 depending on K and σ.
While the preceding results are asymptotic, they are often accompanied by non-asymptotic

bounds (e.g. the Chernoff bound stated above). At an intuitive level, large deviations results
are more suited to characterizing the behavior of the probability pn , P[Sn ≥ γn] when pn

is small and γn is far above E[Sn]. Conversely, results based on the CLT are generally more
suited to higher values of pn, corresponding to values of γn closer to E[Sn]. The moderate
deviations regime can be thought of as being in between the other two.

C.2 Variations of the Central Limit Theorem

A more precise statement of (C.2) is given by the Berry-Esseen theorem, a simple version of
which is as follows [76, Sec. XVI.5]:

sup
z∈R

∣∣∣∣∣P
[

Sn√
nσ2

≥ z

]
− Q(z)

∣∣∣∣∣ ≤ 6T√
nσ3/2

, (C.7)

where T , EP [|Z|3]. This result strengthens (C.2) by showing that the tail probability dif-
fers from the Q-function by O

(
1√
n

)
. It has the notable feature of being non-asymptotic, and

depending only on σ and T .
A further refinement of the CLT is given by the Edgeworth expansion, which is stated

separately for lattice and non-lattice random variables. Assuming that the third moment T0 ,

EP [Z3] is finite, we have the following in the non-lattice case [76, Sec. XVI.4]:

P
[

Sn√
nσ2

≥ z

]
= Q(z) +

T0
6σ3

√
n
(1− z2)φ(z) + o

( 1√
n

)
(C.8)

uniformly in z, where φ(z) , 1√
2π
e−

z2

2 is the standard normal density. In the lattice case, the
expansion in (3.107) holds when z is the midpoint of two consecutive points on the lattice of
Sn√
nσ2

, and a similar expansion can be inferred for general values of z. Under some further
assumptions of finite moments, higher-order expansions can be obtained.

The preceding results characterize the behavior of the tail probability of Sn. Another result
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of significant interest throughout this thesis is the local limit theorem, which characterizes the
behavior of probabilities of the form P[Sn ∈ [z, z+ η)] for some η > 0. In the case that Z ∼ PZ

is a non-lattice random variable, we have the following uniformly in z [99]:

P
[
Sn ∈ [z, z + η)

]
=

η√
2πnσ2

e−
z2

2nσ2 + o
( 1√

n

)
. (C.9)

One can think of this result as stating that Sn is asymptotically distributed as N(0, nσ2), since
the first term approximately equals the integral of the corresponding density over [z, z + η).

In the lattice case, a natural choice of η is the span h of the lattice of Z. In this case, Sn
is also a lattice variable with span h, and P[Sn ∈ [z, z + η)] is the probability mass function
of Sn evaluated at the unique lattice point in the range [z, z + η). Assuming for notational
convenience that this point is z itself, we have the following uniformly in z [100, Sec. VII.1]:

P[Sn = z] =
h√

2πnσ2
e−

z2

2nσ2 + o
( 1√

n

)
. (C.10)

Closely related to the local limit theorem is the concentration function (e.g. see [101]),
which is defined as follows:

G(Sn, η) , sup
z∈R

P
[
Sn ∈ [z, z + η)

]
. (C.11)

We immediately obtain from (C.9) that, in the non-lattice case,

G(Sn, η) =
η√

2πnσ2
+ o
( 1√

n

)
. (C.12)

The asymptotic behavior of G(Sn, η) can similarly be inferred from (C.10) in the lattice case.
We conclude with some comments on settings beyond the scalar i.i.d. case. Throughout

the thesis, we will often be interested in sums of independent variables with varying distri-
butions. In the case that there are finitely many such distributions, each of which is discrete,
the distinction between the lattice and non-lattice case turns out to depend on the union of the
mass points of the distributions that have a positive variance (e.g. see [100, Ch. VII]).

We will also be interested in the multivariate setting, where one considers sums of d-
dimensional vectors of the form Sn =

∑n
i=1Zi. One may no longer consider the lattice and

non-lattice cases alone, as it may be the case that some entries of the vector have a lattice
distribution and others do not. Moreover, there are multiple ways to generalize the local limit
theorem and concentration function; the two most common ones consider the probability of
Sn lying in a d-dimensional cube [74], and a d-dimensional sphere [101].



Appendix D

Bounds on the Probability of a
Multiply-Indexed Union

In channel coding settings, bounds on the random-coding error probability are often obtained
using the union bound, which states that for any set of events {Ai}Ni=1,

P
[⋃

i

Ai

]
≤
∑
i

P[Ai]. (D.1)

In many cases, the right-hand side of (D.1) is greater than one, and hence a tighter bound is
given by the truncated union bound, namely

P
[⋃

i

Ai

]
≤ min

{
1,
∑
i

P[Ai]
}
. (D.2)

We will also be interested in lower bounds on the probability of a union, which are used to
prove ensemble tightness results. In particular, we will make use of de Caen’s bound [145]:

P
[⋃

i

Ai

]
≥
∑
i

P[Ai]2∑
i′ P[Ai ∩Ai′ ]

. (D.3)

In the case that the events are pairwise independent and identically distributed, it is easily
verified that (D.3) proves the tightness of (D.2) to within a factor of 1

2 [70]. This tightness
result in fact holds even when the events are not identically distributed [73, Lemma A.2].

In this appendix, we provide a number of upper and lower bounds on the probability of a
multiply-indexed union. In several cases of interest, the upper and lower bounds coincide to
within a constant factor, and generalize the above-mentioned tightness result of [70] to certain
settings where pairwise independence need not hold.
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Lemma D.1. Let {Z1(i)}N1
i=1 and {Z2(j)}N2

j=1 be independent sequences of identically dis-

tributed random variables on the alphabets Z1 and Z2 respectively, with Z1(i) ∼ PZ1 and

Z2(j) ∼ PZ2 . For any set A ⊆ Z1 ×Z2, we have

P
[⋃
i,j

{(
Z1(i), Z2(j)

)
∈ A

}]
≤ min

{
1, N1E

[
min

{
1, N2P

[
(Z1, Z2) ∈ A

∣∣Z1

]}]
,

N2E
[
min

{
1, N1P

[
(Z1, Z2) ∈ A

∣∣Z2

]}]}
, (D.4)

where (Z1, Z2) ∼ PZ1 × PZ2 .

Proof. Applying the union bound to the union over i, we obtain

P
[⋃
i,j

{(
Z1(i), Z2(j)

)
∈ A

}]
≤ N1P

[⋃
j

{(
Z1, Z2(j)

)
∈ A

}]
(D.5)

= N1E
[
P
[⋃

j

{(
Z1, Z2(j)

)
∈ A

} ∣∣∣∣Z1

]]
. (D.6)

Applying the truncated union bound to the union over j, we recover the second term in the
outer minimization in (D.4). The third term is obtained similarly by applying the union bounds
in the opposite order, and the first term is trivial.

Lemma D.2. Let {Z1(i)}N1
i=1 and {Z2(j)}N2

j=1 be independent sequences of pairwise indepen-

dent and identically distributed random variables on the alphabets Z1 and Z2 respectively,

with Z1(i) ∼ PZ1 and Z2(j) ∼ PZ2 . For any set A ⊆ Z1 ×Z2, we have

P
[⋃
i,j

{(
Z1(i), Z2(j)

)
∈ A

}]
≥ 1

4
min

{
1, N1

P
[
(Z1, Z2) ∈ A

]2
P
[
(Z1, Z2) ∈ A ∩ (Z1, Z ′

2) ∈ A
] ,

N2
P
[
(Z1, Z2) ∈ A

]2
P
[
(Z1, Z2) ∈ A ∩ (Z ′

1, Z2) ∈ A
] , N1N2P

[
(Z1, Z2) ∈ A

]}
, (D.7)

where (Z1, Z2, Z
′
1, Z

′
2) ∼ PZ1(z1)PZ2(z2)PZ1(z

′
1)PZ2(z

′
2).

Proof. We make use of de Caen’s bound in (D.3). Noting by symmetry that each term in the
outer summation is equal, and splitting the inner summation according to which of the (i, j)
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indices coincide with (i′, j′), we obtain

P
[⋃
i,j

{(
Z1(i), Z2(j)

)
∈ A

}]
≥ N1N2P

[
(Z1, Z2) ∈ A

]2(P[(Z1, Z2) ∈ A
]
+ (N1 − 1)(N2 − 1)P

[
(Z1, Z2) ∈ A

]2
+ (N2 − 1)P

[
(Z1, Z2) ∈ A ∩ (Z1, Z

′
2) ∈ A

]
+ (N1 − 1)P

[
(Z1, Z2) ∈ A ∩ (Z ′

1, Z2) ∈ A
])−1

(D.8)

≥ N1N2P
[
(Z1, Z2) ∈ A

]2(
4max

{
P
[
(Z1, Z2) ∈ A

]
, N1N2P

[
(Z1, Z2) ∈ A

]2
,

N2P
[
(Z1, Z2) ∈ A ∩ (Z1, Z

′
2) ∈ A

]
, N1P

[
(Z1, Z2) ∈ A ∩ (Z ′

1, Z2) ∈ A
]})−1

, (D.9)

from which the lemma follows.

The following lemma gives conditions under which a weakened version of (D.4) coincides
with (D.7) to within a factor of four.

Lemma D.3. Let {Z1(i)}N1
i=1 and {Z2(j)}N2

j=1 be independent sequences of identically dis-

tributed random variables on the alphabets Z1 and Z2 respectively, with Z1(i) ∼ PZ1 and

Z2(j) ∼ PZ2 . Fix a set A ⊆ Z1 ×Z2, and define

A1 ,
{
z1 ∈ Z1 : (z1, z2) ∈ A for some z2 ∈ Z2

}
(D.10)

A2 ,
{
z2 ∈ Z2 : (z1, z2) ∈ A for some z1 ∈ Z1

}
. (D.11)

1. A general upper bound is given by

P
[⋃
i,j

{(
Z1(i), Z2(j)

)
∈ A

}]
≤ min

{
1, N1P

[
Z1 ∈ A1

]
,

N2P
[
Z2 ∈ A2

]
, N1N2P

[
(Z1, Z2) ∈ A

]}
, (D.12)

where (Z1, Z2) ∼ PZ1 × PZ2 .

2. If (i) {Z1(i)}N1
i=1 are pairwise independent, (ii) {Z2(j)}N2

j=1 are pairwise independent, (iii)

P
[
(z1, Z2) ∈ A

]
is the same for all z1 ∈ A1, and (iv) P

[
(Z1, z2) ∈ A

]
is the same for all
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z2 ∈ A2, then

P
[⋃
i,j

{(
Z1(i), Z2(j)

)
∈ A

}]
≥ 1

4
min

{
1, N1P

[
Z1 ∈ A1

]
,

N2P
[
Z2 ∈ A2

]
, N1N2P

[
(Z1, Z2) ∈ A

]}
. (D.13)

Proof. We obtain (D.12) by weakening (D.4) in multiple ways. The second term in (D.12)
follows since the inner probability in the second term of (D.4) is zero whenever P[Z1 /∈ A],
and since min{1, ζ} ≤ 1. The third term in (D.12) is obtained similarly, and the fourth term
follows from the fact that min{1, ζ} ≤ ζ.

The lower bound in (D.13) follows from (D.7), and since the additional assumptions in the
second part of the lemma statement imply

P
[
(Z1, Z2) ∈ A

]2
P
[
(Z1, Z2) ∈ A ∩ (Z1, Z ′

2) ∈ A
] = P

[
Z1 ∈ A1

]2P[(z1, Z2) ∈ A
]2

P
[
Z1 ∈ A1

]
P
[
(z1, Z2) ∈ A

]2 (D.14)

= P
[
Z1 ∈ A1

]
, (D.15)

where z1 is an arbitrary element of A1. The third term in the minimization in (D.7) can be
handled similarly.

While we will primarily be interested in doubly-indexed unions, we also give the following
generalization of Lemma D.3 to the probability of a union indexed by K values, which is
stated without proof. For a given subset K = {k1, . . . , k|K|} of {1, . . . ,K}, we write ZK as
a shorthand for (Zk1 , . . . , Zk|K|), and similarly for ZKc . The corresponding realizations are
written by zK = (zk1 , . . . , zk|K|), and similarly for zKc .

Lemma D.4. Let {Z1(i1)}N1
i1=1, . . . , {ZK(iK)}NKiK=1 be independent sequences of identically dis-

tributed random variables on the alphabets Z1, . . . ,ZK respectively, with Zk(ik) ∼ PZk for

k = 1, . . . ,K. Fix A ⊆ Z1 × · · · × ZK , and for each K = {k1, . . . , k|K|} ⊆ {1, . . . ,K}, define

AK ,
{
zK : (z1, . . . , zK) ∈ A for some zKc

}
. (D.16)
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1. A general upper bound is given by

P
[ ⋃
i1,...,iK

{(
Z1(i1), . . . , ZK(iK)

)
∈ A

}]
≤ min

{
1,

min
K⊆{1,...,K},K≠∅

(∏
k∈K

Nk

)
P
[
ZK ∈ AK

]}
, (D.17)

where (Z1, . . . , ZK) ∼∏K
k=1 PZk .

2. If (i) {Zk(i)}Nki=1 are pairwise independent for any given k, and (ii) for any given K ⊆
{1, . . . ,K} (K ̸= ∅), P

[
(Z1, . . . , ZK) ∈ A

∣∣ZK = zK
]

is the same for all zK ∈ AK, then

P
[ ⋃
i1,...,iK

{(
Z1(i1), . . . , ZK(iK)

)
∈ A

}]
≥ 2−K min

{
1,

min
K⊆{1,...,K},K≠∅

(∏
k∈K

Nk

)
P
[
ZK ∈ AK

]}
, (D.18)

where (Z1, . . . , ZK) ∼∏K
k=1 PZk .



Appendix E

Convex Optimization and Lagrange
Duality

In this appendix, we provide a number of general lemmas based on Lagrange duality [38] that
will be used throughout the thesis. The following lemma generalizes the result that (1.9) and
(1.10) are equivalent, which was proved in [9].

Lemma E.1. Fix the finite alphabets Z1 and Z2, the non-negative functions f(z1, z2) and

g(z1, z2), the distributions PZ1 ∈ P(Z1) and PZ2 ∈ P(Z2), and a constant β. The optimization

min
P̃Z1Z2

: P̃Z1
=PZ1

,P̃Z2
=PZ2

,

E
P̃
[log f(Z1,Z2)]≥β

I
P̃
(Z1;Z2)− E

P̃
[log g(Z1, Z2)] (E.1)

has the same value as

sup
λ≥0,µ1(·)

−
∑
z2

PZ2(z2) log
∑
z1

PZ1(z1)f(z1, z2)
λg(z1, z2)e

µ1(z1) +
∑
z1

PZ1(z1)µ1(z1) + λβ, (E.2)

where the supremum over µ1(·) is taken over all real-valued functions on Z1.

Proof. See Section E.1.

When using Lemma E.1, we will typically be interested the case that either g(·, ·) is absent
from (E.1), or the constraint E

P̃
[log f(Z1, Z2)] ≥ β is absent. In the former case, the dual

expression is given by (E.2) with g(·, ·) = 1, and in the latter case, the dual expression is given
by (E.2) with λ = 0. By the symmetry of (E.1) in Z1 and Z2, the roles of the two can also be
swapped in (E.2).
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Lemma E.1 allows us to obtain dual expressions for the rates and exponents for constant-
composition random coding. The following lemma provides variations that will be useful for
cost-constrained random coding (see Section 2.3).

Lemma E.2. Fix the finite alphabets Z1 and Z2 and the distribution PZ1 ∈ P(Z1). For l =

1, . . . , L, let al(z1) be a function with mean φl ,
∑

z1
PZ1(z1)al(z1), and define the set

A ,
{
P̃Z1 ∈ P(Z1) : E

P̃
[al(Z1)] = φl, l = 1, . . . , L

}
. (E.3)

(i) For any non-negative function f(z1, z2), distribution PZ2 ∈ P(Z2), and constant β, the

optimization

min
P̃Z1Z2

: P̃Z1
∈A,P̃Z2

=PZ2
,

E
P̃
[log f(Z1,Z2)]≥β

D(P̃Z1Z2∥PZ1 × PZ2) (E.4)

has the same value as

sup
λ≥0,{θl}

−
∑
z2

PZ2(z2) log
∑
z1

PZ1(z1)f(z1, z2)
λe

∑L
l=1 θl(al(z1)−φl) + λβ, (E.5)

where the supremum over each θl is over all real numbers.

(ii) For any non-negative function g(z1, z2) and conditional distribution PZ2|Z1
∈ P(Z2|Z1),

the optimization

min
P̃Z1Z2

: P̃Z1
∈A

D(P̃Z1Z2∥PZ1 × PZ2|Z1
)− E

P̃
[log g(Z1, Z2)] (E.6)

has the same value as

sup
{θl}

− log
∑
z1,z2

PZ1(z1)PZ2|Z1
(z2|z1)g(z1, z2)e

∑L
l=1 θl(al(z1)−φl). (E.7)

(iii) For any non-negative function f(z1, z2), distribution PZ1 ∈ P(Z1), conditional distri-

bution PZ2|Z1
∈ P(Z2|Z1), and constant β, the optimization

min
P̃Z1Z2

: P̃Z1
=PZ1

,

E
P̃
[log f(Z1,Z2)]≥β

D(P̃Z1Z2∥PZ1 × PZ2|Z1
) (E.8)

has the same value as

sup
λ≥0

−
∑
z1

PZ1(z1) log
∑
z2

PZ2|Z1
(z2|z1)f(z1, z2)λ + λβ. (E.9)
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(iv) For any non-negative function g(z1, z1), the optimization

min
P̃Z1Z1

: P̃Z1
∈A,P̃Z1

∈A

D(P̃Z1Z1
∥PZ1

×PZ1
)≤R

−E
P̃
[log g(Z1, Z1)] +D(P̃Z1Z1

∥PZ1 × PZ1)−R (E.10)

has the same value as

sup
λ≥0,{θl},{θl}

−(1 + λ) log
∑
z1,z1

PZ1(z1)PZ1(z1)

(
g(z1, z1)e

∑
l θl(al(z1)−φl)e

∑
l θl(al(z1)−φl)

) 1
1+λ

− (1 + λ)R. (E.11)

Proof. The proof is similar to that of Lemma E.1, and is thus omitted.

The following lemma will allow certain convex optimization problems to be expressed in
a form where, after some simple manipulations, Lemma E.1 can be applied.

Lemma E.3. Fix a positive integer d, and let A be a convex subset of Rd. Let f(z), g(z), g1(z)

and g2(z) be convex functions mapping Rd to R such that

g1(z) + g2(z) ≤ g(z) (E.12)

for all z ∈ A. Then the optimization

min
z∈A

f(z) +
[
max

{
g1(z), g2(z), g(z)

}]+
(E.13)

has the same value as

max

{
min
z∈A

f(z) +
[
max

{
g1(z), g(z)

}]+
,min
z∈A

f(z) +
[
max

{
g2(z), g(z)

}]+}
. (E.14)

Proof. See Section E.2.
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E.1 Proof of Lemma E.1

The Lagrangian [38, Sec. 5.1.1] of the optimization problem in (E.1) is given by

L =
∑
z1,z2

P̃Z1Z2(z1, z2)

(
log

P̃Z1Z2(z1, z2)

PZ1(z1)PZ2(z2)
− log g(z1, z2)− λ log f(z1, z2)

)
+
∑
z1

µ1(z1)
(
PZ1(z1)− P̃Z1(z1)

)
+
∑
z2

µ2(z2)
(
PZ2(z2)− P̃Z2(z2)

)
+ λβ, (E.15)

where λ ≥ 0, µ1(·) and µ2(·) are Lagrange multipliers. Since the objective in (E.1) is convex
and the constraints are affine, the optimal value equals L for some choices of P̃Z1Z2 and the
Lagrange multipliers satisfying the Karush-Kuhn-Tucker (KKT) conditions [38, Sec. 5.5.3].

We proceed to simplify (E.15) using the KKT conditions. Setting ∂L

∂P̃Z1Z2
(z1,z2)

= 0 yields

1 + log
P̃Z1Z2(z1, z2)

PZ1(z1)PZ2(z2)f(z1, z2)
λg(z1, z2)

− µ1(z1)− µ2(z2) = 0, (E.16)

and hence

P̃Z1Z2(z1, z2) = PZ1(z1)PZ2(z2)f(z1, z2)
λg(z1, z2)e

−1+µ1(z1)+µ2(z2). (E.17)

Applying the constraint P̃Z2 = PZ2 yields

∑
z1

PZ1(z1)f(z1, z2)
λg(z1, z2)e

µ1(z1) = e1−µ2(z2), (E.18)

and hence
µ2(z2) = 1− log

∑
z1

PZ1(z1)f(z1, z2)
λg(z1, z2)e

µ1(z1). (E.19)

Substituting (E.16) into (E.15) yields

L = −1 +
∑
z1

µ1(z1)PZ1(z1) +
∑
z2

µ2(z2)PZ2(z2) + λβ. (E.20)

Applying (E.19) and taking the supremum over λ ≥ 0 and µ1(·), we obtain (E.2).
Since we took the supremum over λ ≥ 0 and µ1(·) without verifying that the resulting

parameters satisfy the KKT conditions, we have only proved that (E.2) is an upper bound to
(E.1). To obtain a matching lower bound, we follow [9, Appendix A] and make use of the
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log-sum inequality [3, Thm. 2.7.1]: For non-negative sequences {αi}ni=1 and {βi}ni=1,

n∑
i=1

αi log
αi
βi

≥
( n∑
i=1

αi

)
log

∑n
i=1 αi∑n
i=1 βi

. (E.21)

For any P̃Z1Z2 satisfying the constraints in (E.1), we can lower bound the objective in (E.1) as
follows:

∑
z1,z2

P̃Z1Z2(z1, z2) log
P̃Z1Z2(z1, z2)

PZ1(z1)PZ2(z2)g(z1, z2)
(E.22)

≥
∑
z1,z2

P̃Z1Z2(z1, z2) log
P̃Z1Z2(z1, z2)

PZ1(z1)PZ2(z2)f(z1, z2)
λg(z1, z2)

+ λβ (E.23)

=
∑
z1,z2

P̃Z1Z2(z1, z2) log
P̃Z1Z2(z1, z2)

PZ1(z1)PZ2(z2)f(z1, z2)
λg(z1, z2)eµ1(z1)

+
∑
z1

PZ1(z1)µ1(z1) + λβ,

(E.24)

where (E.23) holds for any λ ≥ 0 due to the constraint E
P̃
[log f(Z1, Z2)] ≥ β, and (E.24) holds

for any µ1(·) by a simple expansion of the logarithm. Applying (E.21) to the summation over
z1 in (E.24) and using the constraint P̃Z2 = PZ2 , we can lower bound (E.24) by the objective
in (E.2). Since λ ≥ 0 and µ1(·) are arbitrary, the proof is complete.

E.2 Proof of Lemma E.3

We define the functions

Φ0(z) , f(z) +
[
g(z)

]+ (E.25)

Φ1(z) , f(z) +
[
max

{
g1(z), g(z)

}]+
(E.26)

Φ2(z) , f(z) +
[
max

{
g2(z), g(z)

}]+
. (E.27)

Since f(·), g(·), g1(·) and g2(·) are convex by assumption, it follows from the composition rules
in [38, Sec. 3.2.4] that Φ0(·), Φ1(·) and Φ2(·) are also convex.

We wish to show that

min
z∈A

max
{
Φ1(z),Φ2(z)

}
= max

{
min
z∈A

Φ1(z),min
z∈A

Φ2(z)

}
. (E.28)
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We define the regions

R1 =
{
z : Φ1(z) > Φ0(z)

}
(E.29)

R2 =
{
z : Φ2(z) > Φ0(z)

}
. (E.30)

The key observation is that R1 and R2 are disjoint. To see this, we observe from (E.25)–
(E.27) that any z ∈ R1 ∩ R2 must satisfy g1(z) > g(z) and g2(z) > g(z). When combined
with (E.12), these imply g1(z) < 0 and g2(z) < 0, and it follows from (E.25)–(E.27) that
Φ0(z) = Φ1(z) = Φ2(z) = f(z), in contradiction with the assumption that z ∈ R1 ∩R2. Thus,
R1 ∩ R2 = ∅, and hence g1(z) and g2(z) cannot simultaneously be the unique maximizers in
(E.26) and (E.27) respectively. Combining this observation with (E.25), we obtain

Φ0(z) = min
{
Φ1(z),Φ2(z)

}
. (E.31)

To prove (E.28), we use a proof by contradiction. Let the left-hand side and right-hand
side be denoted by f∗ and f̃∗ respectively. It is easily seen that f∗ ≥ f̃∗ always holds, so we
assume that f∗ > f̃∗. Let z∗

1 and z∗
2 minimize Φ1 and Φ2 respectively on the right-hand side of

(E.28), so that
f̃∗ = max

{
Φ1(z

∗
1),Φ2(z

∗
2)
}
. (E.32)

The assumption f∗ > f̃∗ implies that

Φ2(z
∗
1) > Φ1(z

∗
1) (E.33)

Φ1(z
∗
2) > Φ2(z

∗
2). (E.34)

Next, we define

Φ̂0(λ) , Φ0

(
λz∗

1 + (1− λ)z∗
2

)
(E.35)

Φ̂1(λ) , Φ1

(
λz∗

1 + (1− λ)z∗
2

)
(E.36)

Φ̂2(λ) , Φ2

(
λz∗

1 + (1− λ)z∗
2

)
(E.37)

for λ ∈ [0, 1]. Since any convex function is also convex when restricted to a straight line [38,
Section 3.1.1], it follows that Φ̂0, Φ̂1 and Φ̂2 are convex in λ. From (E.33)–(E.34), we have

Φ̂2(1) > Φ̂1(1) (E.38)

Φ̂1(0) > Φ̂2(0). (E.39)
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Since Φ̂1 and Φ̂2 are convex, they are also continuous (at least in the region that they are finite),
and it follows that the two must intersect somewhere in (0, 1), say at λ∗. Therefore,

Φ̂0(λ
∗) = min

{
Φ̂1(λ

∗), Φ̂2(λ
∗)
}

(E.40)

= max
{
Φ̂1(λ

∗), Φ̂2(λ
∗)
}

(E.41)

≥ min
z∈A

max
{
Φ1(z),Φ2(z)

}
(E.42)

= f∗, (E.43)

where (E.40) follows from (E.31). Finally, we have the following contradiction:

• Combining (E.43) with the assumption that f∗ > f̃∗, we have

Φ̂0(λ
∗) > f̃∗ = max{Φ̂1(1), Φ̂2(0)}, (E.44)

where the equality follows from (E.32).

• From (E.31), we have Φ̂0(λ) = min{Φ̂1(λ), Φ̂2(λ)}, and it follows from (E.38)–(E.39)
that Φ̂0(1) = Φ̂1(1) and Φ̂0(0) = Φ̂2(0). Hence, using the convexity of Φ̂0 and Jensen’s
inequality, we have

Φ̂0(λ
∗) ≤ λ∗Φ̂1(1) + (1− λ∗)Φ̂2(0) (E.45)

≤ max{Φ̂1(1), Φ̂2(0)}. (E.46)
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