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Abstract

Information-theoretic studies of channel coding typically seek to characterize the performance
of coded communication systems when the encoder and decoder can be optimized. In prac-
tice, however, optimal decoding rules are often ruled out due to channel uncertainty and im-
plementation constraints. This thesis studies the problem of channel coding with mismatched
decoding, in which the decoding rule is fixed and possibly suboptimal.

In the point-to-point setting, several asymptotic and non-asymptotic bounds are given char-
acterizing the tradeoff between the transmission rate, error probability, and block length. A
cost-constrained random-coding ensemble with multiple auxiliary costs is introduced, and is
shown to provide asymptotic performance gains at both fixed rates (error exponents) and vary-
ing rates (second-order coding rates and moderate deviations), while being directly applicable
to continuous channels. Improved bounds are obtained at low rates using expurgation tech-
niques, in which some of the randomly generated codewords are discarded.

For the i.i.d. ensemble, in which each symbol of each codeword is generated indepen-
dently, a saddlepoint approximation of the random-coding error probability is shown to unify
the fixed-rate and varying-rate asymptotics, while being efficiently computable and provid-
ing highly accurate estimates of the performance. For the constant-composition ensemble, in
which each codeword is drawn from the set of sequences having a given empirical distribution,
refined asymptotics are given in the fixed-rate and fixed-error regimes.

Mismatched maximum-metric decoding is studied for the multiple-access channel, in
which two users communicate to a common receiver. In the finite-alphabet setting, an ex-
ponentially tight analysis is given for constant-composition random coding, and the exponents
are shown to recover a known achievable rate region. Alternative expressions for the rates
and exponents are derived that remain valid in the continuous-alphabet setting. A mismatched
successive decoding rule is compared to the maximum-metric rule, and is shown to provide
improved rates in some cases. The fixed-error asymptotics of maximum-likelihood decoding
are studied, and an achievability result is given characterizing the speed at which the rates of
the users can approach a given point on the boundary of the capacity region.

The performance of multi-user random-coding ensembles is studied for the point-to-point
setting, with a particular focus on superposition coding, in which the codewords are generated
conditionally on auxiliary codewords. A refined version of superposition coding is introduced,
and is shown to yield rates at least as high as the standard version, with a strict improvement
possible. Once again, exponentially tight bounds are given in the finite-alphabet setting, and

generalizations to continuous alphabets are given.
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Chapter 1

Introduction

1.1 Channel Coding and Mismatched Decoding

In his groundbreaking 1948 paper, Claude E. Shannon posed the problem of determining the
conditions under which reliable communication can be achieved over a noisy channel [1]. The
general setup is shown in Figure 1.1; the channel is fixed, and the encoder and decoder are to
be designed. Modeling the channel as a probabilistic mapping from the input to the output,
Shannon proved the remarkable result that one can design the encoder and decoder to achieve
an arbitrarily small probability of error, while still transmitting information at a positive rate
per channel use. The channel coding theorem gives the supremum of all rates at which this is

possible, referred to as the channel capacity.

m x Yy m
— Encoder —— Channel —— Decoder —

Figure 1.1 Communication channel

The channel coding theorem can be split into two statements: the achievability part, stating
that the probability of error can be made arbitrarily small for any rate below the capacity, and
the converse part, stating that the probability of error is bounded away from zero for any rate
above the capacity. While the converse part must be proved for any decoder, there are several

decoders that can be used to prove the achievability part, including:

* The maximum-likelihood (ML) decoder [2, Ch. 5], which chooses the most likely code-

word under the channel law;
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* The joint typicality decoder [1, 3], which looks for a unique codeword such that the
empirical mean of a log-probability function is close to its expected value;

* The threshold decoder [4], which looks for a unique codeword whose likelihood exceeds

some threshold.

Such decoders are typically studied in the random coding setting [1], where the codewords are
independently generated according to some codeword distribution. There exists a code whose
performance is at least as good as the average, and one can therefore prove the existence
of good codes without explicitly constructing them. This is an instance of the probabilistic
method [5].

Practical communication systems are subject to complexity limitations, and many decoders
are ruled out. Furthermore, even if the computational complexity is not an issue, each of the
above-mentioned decoding rules requires perfect knowledge of the channel, which is rarely the
case in practice. Motivated by these issues, we consider the mismatched decoding problem
[6-11], in which the decoding rule is fixed and possibly suboptimal. We proceed by formally

presenting the system setup, and then discussing its applications and extensions.

1.1.1 System Setup

Here we describe the mismatched decoding setup that will be assumed throughout the thesis

(except where stated otherwise). The input and output alphabets are denoted by X and Y

respectively. The output sequence y = (yi,...,y,) 1s randomly generated from the input
sequence = (x1,...,y) according to
W (ylz) = [[W(yilzi), (1.1)

i=1

for some transition law W (y|x). Except where stated otherwise, we assume that X and )
are finite, and thus the channel is a discrete memoryless channel (DMC) and W is a condi-
tional probability mass function (PMF). In the case of continuous alphabets, 1V is instead a
conditional probability density function (PDF).

The encoder takes as input a message m equiprobable on {1,..., M}, and transmits the
corresponding codeword (™ from a codebook ¢ = {z(1),..., (™)}, The decoder receives

the vector y at the channel output, and forms the estimate

m = argmax q”(:n(j),y), (1.2)
je{l,...M}
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where ¢"(z,y) = [[\-; ¢(zi, y;). The function ¢(z,y) is a bounded non-negative function called
the decoding metric, though it need not be a metric in the topological sense. In the case of a
tie, a codeword achieving the maximum in (1.2) is selected uniformly at random.!

An error is said to have occurred if m # m, and we define the average error probability

pe(C) = Pl # m], (1.3)
and the maximal error probability
De,max (C) 2 max P[m#m|m = j]. (1.4)
j=1,ee)M

A rate R is said to be achievable if, for all 6 > 0, there exists a sequence of codes C, of length
n with M > ¢"%=9) and vanishing error probability, i.e. p.(C,) — 0; an equivalent definition
would be to use pe max 10 place of p.. The mismatched capacity is defined to be the supremum
of achievable rates.

The case ¢(z,y) = W (y|z) corresponds to maximum-likelihood (ML) decoding, which is
the rule that minimizes the probability of error. It follows that a special case of the mismatched

capacity is the (matched) capacity, given by [1]
C:mgxI(X;Y), (1.5)

where

W)
5 2 QW 5 oG (10

is the mutual information between the input X and output Y. The maximum in (1.5) is over

all probability distributions on X.

1.1.2 Applications

Perhaps the most obvious application of mismatched decoding is that in which the decoder
has an incorrect estimate /W(y\:r) of the channel, but uses the estimate as if it were perfect,
1e.q(z,y) = /W(y\m). Such channel uncertainty arises in numerous settings, including wireless
communication [13—-15].

Communication systems are often designed to combat additive Gaussian noise, and it is

therefore of interest to study the performance when a system designed in this way is used on a

'The subsequent definition of the mismatched capacity does not depend on how ties are resolved, since
breaking ties as errors increases the error probability by at most a factor of two [12].
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channel with non-Gaussian noise [16]. Mismatch may also occur due to phase offsets, arising
from imperfect phase training [9].

In some settings, it may not be possible to implement the ML rule even when the channel
is known. For example, its implementation may require infinite-precision arithmetic, and one
may therefore be interested in the case that ¢(x,y) is an approximation of W (y|x) that only
requires finite-precision arithmetic to implement [17, 18].

A widely-used technique used in practical systems is bit-interleaved coded modulation
(BICM), which allows binary error-correcting codes to be used on non-binary channels by
concatenating the binary encoder with an interleaver and a binary labeling [19]. In [20],
this setup was studied from a mismatched decoding perspective, and results on the general
mismatched decoding problem were applied to obtain performance bounds. Further studies of
BICM using mismatched decoding were presented in [21-24].

Interestingly, mismatched decoding has recently been applied to the area of neuroscience
[25, 26], with an aim to model and analyze information processing in the brain. For example,
[25] suggests that a possible decoding model is one where neural responses exhibit correla-
tions, but the decoder behaves as if they were independent.

The mismatched decoding problem is also interesting from a theoretical perspective. It
was shown in [8] that the following quantities are special cases of the mismatched capacity:
(i) the zero undetected error capacity, defined to be the supremum of rates such that the error
probability can be made arbitrarily small and the decoder knows with certainty whether or
not an error has occurred; (ii) the zero-error capacity, defined to be the supremum of rates
such that the error probability is precisely zero. These are both long-standing open problems
in information theory, suggesting that finding a computable expression for the mismatched
capacity is difficult in general.

It should be noted that, while the definition of the mismatched capacity is seemingly in-
nocuous, it may not be the most suitable performance measure in some of the above-mentioned
applications. In particular, the definition involves an optimization over all codebooks, which
is questionable unless the codebook designer has knowledge of both the channel and the de-
coding rule. Fortunately, the results obtained can usually provide insight into the system
performance even when the codebook designer does not have such knowledge. For example,
under random coding [1], the achievable rate with an optimized input distribution quantifies
the performance when the codebook designer has full knowledge of the system, whereas the
achievable rate with a fixed input distribution (e.g. uniform) may be a more appropriate per-

formance measure in other cases.
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1.1.3 Extensions

The maximum-metric decoding rule in (1.2) is one of many possible decoding rules. Here we
outline some alternatives and discuss the reasons for focusing primarily on (1.2).
A simple extension is to consider metrics ¢, (x,y) that need not be written as an n-fold

product. Such metrics are highly general, and include the following:

* Joint typicality decoding is recovered by setting ¢, (z,y) = 1{(x,y) € A}, where A is
the typical set (see [1, 3] for details).

* Threshold decoding is recovered by setting ¢, (z,y) = 1{W"(y|x) > ~} for some . Of
course, W™ may also by replaced by a different quantity, thus yielding a mismatched

version of threshold decoding.

* The maximum mutual information decoder is recovered by setting

Pry(,y

Loyr,y) 17

QTL(ma y) = pry(m,y) log
Ty

where P, denotes the empirical distribution of (z,y), and similarly for P, and P,. This
decoding rule can be used to prove the achievability of (1.5) for any DMC W [27], and

it is universal in the sense that the rule does not depend on the channel.

One can also relax the restriction that the decoding rule depends only on the pairs (z, y);
see [28] for a study of a class of decoding rules depending on all pairwise triplets (x, Z, y).
The study of iterative coding rules is highly relevant to settings such as bit-interleaved coded
modulation [19] and low-density parity check coding [29].

We focus on the single-letter decoding rule in (1.2) since it is more analytically tractable,
while still presenting an interesting and challenging problem with many applications. In con-
trast, under the more general metrics of the form ¢, (x,y), it becomes difficult to perform a
unified analysis with computable results. Furthermore, many of the above-mentioned decod-
ing rules are less relevant to practical scenarios, since there are no known efficient methods

for implementing or approximating them.
1.1.4 Previous Work on Mismatched Decoding

Achievable Rates

Achievable rates for mismatched decoding have been derived using the following random-

coding ensembles (see Section 2.3 for formal definitions):
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1. the i.i.d. ensemble, in which each symbol of each codeword is generated independently;

2. the constant-composition ensemble, in which each codeword is drawn uniformly from

the set of sequences with a given empirical distribution;

3. the cost-constrained ensemble, in which each codeword is drawn according to an

i.i.d. distribution conditioned on an auxiliary cost constraint being satisfied.

While these ensembles all yield the same achievable rate under ML decoding, i.e. the mutual
information, this is not true in general under mismatched decoding.

To our knowledge, the first study of the mismatched decoding problem was by Stiglitz
[30], who obtained an exponential bound on the error probability. Much of the proceeding
work in mismatched decoding focused on the achievable rate called the generalized cutoff rate
[17, 31, 32]. Fischer [33] considered the case that ¢(z,y) is a conditional distribution on )

given X, and used i.i.d. random coding to show that one can achieve the rate

E q(X,Y)
Elg(X,Y)|Y]

log , (1.8)

where (X,Y, X) ~ Q(z)W (y|x)Q(T), and Q is an arbitrary input distribution.
The most prominent early works on mismatched decoding are those of Hui [7] and Csiszar-
Korner [6], who independently derived the achievable rate commonly referred to as the LM

rate. This rate can be expressed in two equivalent forms. Merhav et al. [9] provided the

expression
X Y)sea(X)
I £ sup E|lo q(ﬁ : - , 1.9
Lm(Q) 32075(.) g E[q(X,Y)%cX) | Y] (1.9)
whereas the following expression was given in [6, 7]:
Im(Q) = _min I5(X;Y), (1.10)

B llog {0V S Eq o 108 406 )
where the minimization is over all joint distributions satisfying the specified constraints,
Py(y) = > . Pxy(z,y), and I Ig(X ;Y) denotes the mutual information in (1.6) under the dis-
tribution Pyy. For binary-input DMCs, a matching converse to the LM rate was reported by
Balakirsky [34]. However, in the general case, several examples have been given for which
the rate is strictly smaller than the mismatched capacity [8, 9, 35].
The derivation of the LM rate in [7] uses random coding in which the empirical distribution

of each codeword is constrained to be close to a given distribution Q(z), whereas [6] uses



1.1 Channel Coding and Mismatched Decoding 7

constant-composition random coding. Both proofs rely on the input and output alphabets
being finite. In the case of general alphabets, Kaplan and Shamai [36] derived the achievable
rate known as the Generalized Mutual Information (GMI), given by

X,Y)
I 2 qupE | log — 1Y) | 111
A R v D
This rate can equivalently be expressed as follows, using the same notation as (1.10):

Iewn(Q) = _ min D(Pxy|Q x Py), (1.12)

E[log ¢(X,Y)|>Eqxw [log ¢(X,Y)]
where
Fz(2) (1.13)

D(Pz(|Qz) £ ) Pz(2)log 0s02)

is the Kullback-Leibler divergence (or divergence for short).

Comparing (1.9) with (1.11), it is clear that Irv(Q) > Iowmi(@). Motivated by this
fact, Ganti et al. [11] proved that (1.9) is achievable for more general memoryless chan-
nels where the alphabets need not be finite. This was done by generating a number of code-
words according to an i.i.d. distribution @, and then discarding all of the codewords for which
|15 a(zi)—Egla(X)]| exceeds some threshold, where a(-) can be optimized. An alternative
derivation was given by Shamai and Sason [37] using cost-constrained random coding.

In the terminology of [11], (1.10) and (1.12) are primal expressions, and (1.9) and (1.11)
are dual expressions. Indeed, the latter can be derived from the former using Lagrange duality
techniques [38]. As well as extending readily to general alphabets, the dual expressions have
the advantage that an achievable rate can be obtained by substituting any values of s and a(-)
into (1.9) and (1.11), whereas (1.10) and (1.12) only give valid bounds after the minimization
is performed.

The primal expressions can be generalized slightly by considering decoding rules of the
form ¢, (x,y) = a(Pxy), where Pxy is the empirical distribution of (z,y). The maximum
mutual information rule in (1.7) is an example of such a rule. Subject to minor technical
conditions, (1.10) and (1.12) remain valid when each minimum is replaced by an infimum,

and each constraint containing ¢ is replaced by a(Pxy) > a(Q x W) [6, 8].
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Further Results

Since the LM rate and GMI are smaller than the mismatched capacity in general, it is of
interest to determine whether the weakness is in the random-coding ensembles or the bounding
techniques used in the analysis. Ensemble-tightness results provide an answer to this question
by proving that a given rate is the best possible for a given ensemble. For the i.i.d. ensemble
with input distribution @, it is known that the random-coding error probability p. tends to O
as n — oo when R < Iowvi(Q), whereas po — 1 as n — oo when R > Igwvi(@) [11, 16, 36].
Similarly, for the constant-composition ensemble with input distribution @, it has been shown
that p. — 0 as n — oo when R < I \(Q), whereas p. — 1 as n — oo when R > I (Q)
[9]. This was proved under mild technical conditions in [9], and can be shown to hold more
generally similarly to [16, Thm. 1].

Further properties of the LM rate were presented in [7—11]. It was shown by Csiszar and
Narayan [8] that the LM rate is positive if and only if the mismatched capacity is positive,

which in turn occurs if and only if there exists an input distribution @ such that

Eqgxwllog ¢(X,Y)] = Egxpy [log (X, Y)], (1.14)

where Py (y) 2 > Pxy(z,y). It was also shown that I;\ is continuous in the pair (Q, W)

when restricted to the set of channels satisfying
W(ylx) >0 = q(z,y) > 0. (1.15)

Channels failing this condition are of little interest, since they also fail the condition in (1.14)
whenever the corresponding input x is used.

Another property given in [8] is the following:
Im(Q) < I(X;Y), (1.16)
where I(X;Y) is defined in (1.6). Moreover, equality holds if and only if
log q(z,y) = a(z) + B(y) + v log W (y|z) (1.17)

for some «a(x), B(y) and v > 0. The sufficiency of (1.17) can be understood by noting that
for constant-composition codes, any decoding metric satisfying (1.17) has the same decision
regions as the ML decoder. An analogous property to (1.16)—(1.17) holds for the GMI, except
that a(x) is removed from (1.17) [20, 36]. It was shown by Lapidoth [35] that the mismatched
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capacity can equal the matched capacity even when (1.17) fails.

The LM rate (and the GMI) can be improved by considering products of the channel.
That is, one can apply the LM rate to the channel W ((y1, yo)|(x1,22)) = W (y1|z1) W (y2|22)
with metric ¢ ((x1, z2), (y1,22)) = q(z1,y1)q(22, y2), and similarly for higher orders W) and
¢®). Denoting the resulting LM rate by Iﬁlf\zl, it follows that %IS\}[ is an achievable rate for the
original channel. It was shown in [8] that this rate approaches the mismatched capacity as
k — oo for erasures-only metrics satisfying ¢(z,y) = max, , ¢(«’,y’) for all (z,y) such that
W (y|z) > 0. This result was also conjectured to hold for more general decoding metrics.

A multi-letter generalization of the LM rate for channels with memory was presented by
Ganti et al. [11]. A similar study was performed by Somekh-Baruch [39], who gave a general
(multi-letter) formula for the mismatched capacity in the sense of Verdu-Han [40].

A study of additive noise channels with nearest-neighbor decoding was performed by
Lapidoth [16]. It was shown that, for both i.i.d. Gaussian coding and coding uniformly on
the surface of a sphere, the random-coding rate achieved is the capacity of an additive white
Gaussian noise (AWGN) channel with the same signal-to-noise ratio as that of the original
(possibly non-Gaussian) channel.

Notions of mismatched capacity beyond that of standard fixed-length block coding were
discussed in [9]. In particular, it was shown that higher rates can be achieved if the encoder is
allowed to transmit symbols that disagree with the codebook in order to combat the mismatch.
For example, if X = Y = {0, 1}, the channel flips each bit deterministically, and the decoder
assumes that the channel output is equal to the channel input, then the mismatched capacity
(according to the definition given in this chapter) is zero. However, a rate of 1 bit/use can be
achieved if the encoder simply flips each bit before transmission.

The notion of mismatched capacity with cost constraints was studied in [11], including
an investigation of the mismatched capacity per unit cost. It was observed that I1 (@) is not
a concave function of @) in general, suggesting that the optimization over @ is difficult. A
geometric approach to the mismatched decoding problem was taken in [41] using information
geometry techniques, and the problem of choosing the best decoding rule among a given class
of decoding rules was studied.

In Appendix B, we complement the above results by providing further properties of the

GMI and LM rate, with a particular focus on the optimization of s, a(-) and Q.

Other Settings With Mismatch

The mismatched multiple-access channel (MAC) was studied by Lapidoth [35], who gave an

achievable rate region and proved its ensemble tightness. Moreover, it was shown that the
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single-user LM rate can be improved by treating the channel as a MAC and generating multi-
ple codebooks in parallel. Building on this approach, Somekh-Baruch [42] derived achievable
rates for the mismatched cognitive MAC, where one user knows both messages. The tech-
niques of [35] were applied to the mismatched degraded relay channel in [43].

In [44], Lapidoth considered a rate-distortion setup in which the encoding and decoding are
done with respect to different distortion functions. An achievable compression rate analogous
to (1.10) was given, and was shown to be asymptotically tight as £ — oo when applied to the
k-th product of the source. The problem of lossless compression with side information at the
decoder and a mismatched decoding rule was studied in [45]. It was shown that this problem is
dual to that of mismatched channel coding in the sense that any achievable rate for one setting
provides a corresponding achievable rate for the other, and similarly for converse results. The
problem of universal decoding relative to a fixed class of mismatched decoding metrics was
studied in [46].

The problem of reliable communication with imperfect knowledge of the channel has re-
ceived significant attention in the context of wireless communication. A mismatched decoding
approach was taking in [14] using Gaussian random codes and scaled nearest-neighbor decod-
ing. Extensions to the multiple-antenna setting were presented in [15], and the notion of
outage probability with mismatch was studied in [47].

The role of mismatch in practical coding techniques has also received attention. A mis-
matched version of the Viterbi decoding algorithm was studied in [48], and polar coding with

mismatch was studied in [49, 50].

1.2 Asymptotic and Non-Asymptotic Performance

The most common performance measure for information-theoretic studies of channel coding
is the capacity. This is a first-order asymptotic performance measure corresponding to an in-
creasingly large block length, and hence its utility may be limited in the presence of constraints
on the delay and complexity. In this section, we discuss several asymptotic notions beyond
the channel capacity, and then discuss a purely non-asymptotic approach. Our presentation of
the existing results is far from exhaustive; we focus on the results that are most relevant to this
thesis, and we defer many of the discussions to later sections.

While the definitions below apply to both the matched and mismatched settings, most of
the results stated will be for the matched setting, which has been the focus of the majority of
the literature. The regimes that we consider can be likened to three regimes concerning the

tail probability of a sum of i.i.d. random variables: large deviations, the central limit theorem,
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and moderate deviations. In order to elucidate this analogy and familiarize the reader with the

relevant terminology, we outline some results on i.i.d. sums in Appendix C.

1.2.1 Error Exponents

Let p%(n, M) be the smallest error probability for a given block length n» and number of mes-
sages M. The reliability function E(R) at rate R > 0 is is defined as follows:

B(R) £ liminf — logp (n, [¢""]), (1.18)

where | - | is the floor function. In other words, E(R) is the highest exponent such that one
can achieve p, < e "F(B)+o(n) at rate R. Knowledge of the reliability function provides more
insight than the capacity alone, since it not only yields conditions under which the error prob-

ability tends to zero, but it also gives the exponential rate of decay of p..

Matched Decoding

In the matched setting, lower bounds on E(R) (also known as achievable error exponents)
were given by Fano [51], Gallager [2, 52] and Csiszar-Korner [27]. In particular, Gallager
used i.i.d. random coding to obtain the exponent [52]

E,(R) £ max max Ey(Q, p) — pR, (1.19)
Q pE[O,l}

where the first maximum is over all probability distributions on X, and

1+p
é logz (ZQ y|:L‘ 1+P> . (1.20)

This exponent is positive for all rates below the capacity C, and thus proves the achievability
part of the channel coding theorem. Furthermore, the exponent coincides with an upper bound
on E(R) for all rates in an interval [R,,, C], where R, is known as the critical rate. The upper

bound, due to Shannon ef al. [53], is called the sphere packing exponent, and is given by

Es(R) £ maxsup Eo(Q, p) — pR. (1.21)
Q p>0
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The following alternative expressions for £, and Eg, were derived by Csiszar and Korner [27]

using the method of types:

E.(R) = max mliSn QD(f’XyHQ x W)+ [[5(X;Y) - R]* (1.22)
XYy ‘F’x=
Eo(R) = max miﬁn _QD@XYHQ x W), (1.23)
1;&;Y)§§_R

where the minimizations over Pxy are over all joint distributions satisfying the specified con-
straints.

At rates below the critical rate, the reliability function is unknown in general, but improved
upper and lower bounds are available. Gallager [2, Ch 5.7] considered an expurgated random-
coding ensemble in which the worst half of the codewords are thrown away, yielding the
exponent

Eex(R) £ maxsup E(Q, p) — pR, (1.24)
Q p>1

where

1/p
E(Q.0) 2 ~plox Y- Q@) S VTGO ) (1.25)

This exponent improves on the random-coding exponent at low rates, and is tight in the limit
as R — 0 [54].

A different approach to obtaining expurgated exponents was taken by Csiszar, Korner and
Marton [55] (see also [27, Ex. 10.18]), who began by proving the existence of a collection
of constant-composition codewords such that any two codewords have a joint empirical dis-
tribution satisfying certain properties. By analyzing this collection of codewords using the
method of types, an error exponent was obtained that coincides with that of Gallager after the

optimization of the input distribution:

Eex(R) = ma min Ep[dp(X,X)] +Ip(X;X) — R, 1.26
ex(R) ax, min, pldp(X, X)] + Ip(X; X) (1.26)
Ip(X;X)<R

where dg(x,Z) = — log >y VW (ylz)W (y|z) is the Bhattacharyya distance. Yet another char-

acterization was given by Csiszdr and Korner [6]:

Eex(R) = max min _ D(Pyxyl@xQxW)—R. (1.27)
Q@  Pyzy:Px=P%x=Q,Ip(X;X)<R
Eplog W(Y|X)]>Ep[log W (Y| X)]
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For both the random-coding exponent and and expurgated exponent, Gallager’s approach
yields several advantages including its simplicity and the fact that the analysis is not restricted
to finite alphabets. On the other hand, as we will see in Chapter 2 (see also [56]), the constant-
composition exponents can be higher for a given input distribution or decoding rule, even
though they do not yield an improvement for ML decoding with an optimized input distri-
bution. However, the existing proofs rely heavily on techniques that are valid only when the
input and output alphabets are finite; [55] uses the type packing lemma [27, Ch. 10], and [6]
uses a combinatorial graph decomposition lemma.

An improved converse exponent at low rates is the straight-line bound [54], which is ob-
tained by combining a vanishing-rate converse with the sphere packing bound and properties
of list decoders.

As discussed in Section 1.1.4, in the case that the upper and lower bounds on the error ex-
ponent do not coincide, it is of interest to determine whether the weakness in the achievability
results is in the random-coding ensemble itself, or the bounding techniques used in the anal-
ysis. The ensemble tightness of E.(R) was proved by Gallager [57] for i.i.d. random coding,

and by D’yachkov [58] for constant-composition random coding.

Mismatched Decoding

Existing error exponents for mismatched decoding will be discussed in detail in Chapter 2,
so we provide only a brief outline here. The constant-composition ensemble was studied in
[6], where both random-coding exponents and expurgated exponents were derived. Random-
coding exponents for the i.i.d. ensemble and cost-constrained ensemble were given in [36] and
[37] respectively. The exponents in [6, 37] recover the LM rate, while the exponent in [36]
recovers the GMI.

In [59], Poltyrev used the idea of mismatched decoding to derive random-coding expo-
nents for maximume-likelihood decoding. Various equivalent forms of (1.19) and (1.22) were
obtained by first deriving an exponent for an arbitrary decoding rule, and then performing an

optimization of the decoding rule.

1.2.2 Second-Order Coding Rates

The problem of finding the second-order asymptotic expansion of the permissible coding rate
for a given error probability was studied by Strassen [60], and later revisited by Polyanskiy
et al. [61] and Hayashi [62], among others. Such a study is dual to that of error exponents:

Instead of studying the behavior of the error probability for a fixed rate, one considers the
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behavior of the rate for a fixed target error probability. The capacity gives the first-order
characterization, whereas the second-order expansion gives a refined characterization.

For DMCs, the highest number of messages M*(n, €) for a given block length n and target
error probability € € (0, 1) satisfies [60]

log M*(n,€) = nC' — vVnV Q1(e) + o(v/n), (1.28)

where C is the channel capacity, V' is a quantity known as the channel dispersion [61], and Q!
is the inverse of the standard Gaussian tail probability Q(z) £ [ ﬁe_édz. The coefficient
to the /n term in (1.28) is often referred to as the second-order coding rate [62], and the
right-hand side of (1.28) with the remainder term omitted is often referred to as the normal
approximation.

We can interpret C' and V' as being the mean and variance of the information density

W (y|z)

>, Q@)W (ylz) (1.29)

i(z,y) = log
for some capacity-achieving input distribution @, with the function Q~*(-) appearing in (1.28)

as a result of the central limit theorem. More precisely, letting IT denote the set of capacity-

achieving input distributions, we have [60, 61]
Vinin € (0, 1
V= { <€ (0.5) (1.30)

where

Vipin 2 énel% Var[i(X,Y)] (1.31)
N .
Vinax = glgﬁ(Var[z(X, Y)] (1.32)

with (X,Y) ~ Q x W; note that i(-, -) implicitly depends on Q.

1.2.3 Moderate Deviations

In contrast to error exponents and second-order coding rates, moderate deviations results char-
acterize the asymptotic behavior when p, — 0 and R — C simultaneously.

Recall that p (n, M) is the smallest error probability for a given block length » and number
of messages M. Let ¢, be a sequence such that ¢,, — 0 and \/nv,, — oo, and let V' be the
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channel dispersion for € € (0, %) (see (1.30)). It was shown in [63, 64] that for any DMC such
that V' > 0, the following holds:

1
log p(n, [" 7V |) =

=5 (1.33)

lim —
n—oo

3

Beyond the discrete memoryless setting, it was shown in [64] that results of the form (1.28)
and (1.33) do not directly imply each other, but the values of V' must coincide whenever both

expansions hold.

1.2.4 Finite-Length Performance

While the above-mentioned asymptotic notions provide more insight into the system perfor-
mance than the capacity alone, it is often unclear which one (if any) dictates the performance at
finite block lengths. Early works providing non-asymptotic bounds include those of Feinstein
[4], Gallager [2], and Strassen [60], and a more comprehensive study was recently performed
by Polyanskiy et al. [61, Sec. II]. The most powerful of the achievability bounds therein, and

the one of most interest in this thesis, is the random-coding union (RCU) bound:
pe < reu(n, M) 2 E[min {1,(M = DPW™(Y|X) > W™(Y|X) | X,Y]}}, (1.34)

where (X,Y,X) ~ Px(x)W"(y|z)Px(z) for some random-coding distribution Px. Sev-
eral numerical examples were given in [61] for which, under i.i.d. random coding, the RCU
bound gives a tight characterization of the finite-length performance (i.e. it lies close to a non-
asymptotic converse bound). Moreover, the bound can be used to prove the achievability parts
of all of the asymptotic results outlined in the preceding subsections, with the exception of
the expurgated exponent. A notable drawback, however, is that its computation is generally

difficult beyond symmetric setups.

1.3 Overview of the Thesis

The structure of the thesis and the main contributions are outlined as follows:

* In Chapter 2, we study random coding bounds and their asymptotic behavior under
mismatched decoding. A cost-constrained random-coding ensemble with multiple aux-
iliary costs is introduced, and is shown to achieve error exponents (both expurgated and

non-expurgated), second-order coding rates and moderate deviations results matching
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those of constant-composition random coding, while being directly applicable to chan-
nels with infinite or continuous alphabets. In each case, the number of auxiliary costs

required is shown to be at most two, and sometimes fewer.

* In Chapter 3, we present refined asymptotic results for various random-coding bounds.
For i.i.d. random coding, we provide asymptotic estimates of two non-asymptotic
bounds (including the mismatched version of the RCU bound) using the saddlepoint
approximation [65]. Each expression is shown to characterize the asymptotic behavior
of the corresponding random-coding bound at both fixed and varying rates, thus unifying
the regimes characterized by error exponents, second-order rates and moderate devia-
tions. Moreover, we obtain a prefactor to the expurgated 1.1.d. exponent that behaves as
O(ﬁ), and we explicitly characterize the implied constant. Building on the analysis
of the i.i.d. ensemble, we present refined asymptotic bounds for constant-composition
random coding in the fixed-rate and fixed-error regimes, providing significant improve-

ments compared to standard methods that introduce polynomial factors in the analysis.

* In Chapter 4, we consider the mismatched multiple-access channel (MAC). In the case
of finite alphabets, we obtain error exponents that are tight with respect to the ensem-
ble average, and positive within the interior of Lapidoth’s achievable rate region [35].
In the special case of maximum-likelihood decoding, the ensemble tightness of the ex-
ponent of Liu-Hughes [66] is proved. We provide alternative expressions for the er-
ror exponents and rate regions, including expressions obtained using Lagrange duality
which extend immediately to infinite and continuous alphabets. We study a multi-letter
successive decoding rule, and we show via a numerical example that it can yield im-
proved rates compared to the corresponding maximum-metric decoder. We also study
the second-order asymptotics of the MAC, with a focus on maximum-likelihood de-
coding and constant-composition random coding. An inner bound on the set of locally
achievable second-order coding rates [62, 67] is given for any fixed point on the bound-

ary of the capacity region.

* In Chapter 5, the analysis techniques for the MAC are applied to two types of superpo-
sition coding for the point-to-point setting. The standard version is shown to yield an
achievable rate which is at least as high as that of Lapidoth’s expurgated parallel cod-
ing rate [35] after the optimization of the parameters. We introduce a refined version
of superposition coding, and show that it achieves rates at least as high as the standard
version for any set of random-coding parameters. It is shown that the gap between the

two can be significant when the input distribution is fixed. Once again, ensemble-tight
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error exponents are given in the case of finite alphabets, and extensions to more general

alphabets are given.

* In Chapter 6, we review the main contributions of the thesis, and we present various

directions for future research.

* In Appendix A, we give an overview of the method of types [27, Ch. 2], and list the
main properties used throughout the thesis. In Appendix B, we provide several proper-
ties regarding the optimization of the LM rate and GMI. An introduction to asymptotic
results on sums of independent random variables is given in Appendix C, with an aim
to familiarize the reader with the relevant concepts and terminology. Upper and lower
bounds on the probability of multiply-indexed union are presented in Appendix D; these
are used in our analysis of multi-user random-coding techniques. In Appendix E, we
provide equivalent forms of various convex optimization problems; these are used to
establish equivalences between primal and dual forms of various achievable rates and

error exponents.

1.4 Notation

Definitions of the most commonly-used mathematical symbols and abbreviations are listed
prior to Chapter 1.

We use bold symbols for vectors (e.g. ), and we denote the corresponding i-th entry using
a subscript (e.g. z;). We denote the Euclidean norm of a vector by || - ||, and the maximum
absolute value of the entries of a vector by || - ||«. The set of real numbers is denoted by R,
and the set of integers is denoted by Z.

The set of all probability distributions on an alphabet X is denoted by P(X), and the set
of all conditional distributions on ) given X is denoted by P(Y|X). More precisely, in the
case that X is finite, we write Q € P(X) when @ is a PMF on X, and similarly for conditional
PMFs. When we consider more general alphabets, we use the same notation to denote more
general probability measures; the precise meaning will be clear from the context.

The set of all empirical distributions on a vector in X™ (i.e. types [27, Sec. 2], [56]) is
denoted by P,,(X), and the set of all conditional empirical distributions (i.e. conditional types)
on )" given X" is denoted by P, ()|X). The type of a vector z is denoted by Py(-), and
similarly for conditional types P, (-|-) and joint types Pyy(-,). Given Q € P, (X), the type
class T"(Q) is defined to be the set of all sequences in X™ with type Q. Given Pxy € P, (X x))

and z € T"(Px), the conditional type class T (Pxy) (sometimes written as T3 (Py|x)) 18
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defined to be the set of all sequences y € Y™ such that (z,y) € T"(Pxy). See Appendix A for
further definitions and properties relating to types.

The probability of an event is denoted by P[-], and the symbol ~ means “distributed as”.
The marginals of a joint distribution Pxy (x,y) are denoted by Px(z) and Py (y). Similarly,
Py x(ylz) denotes the conditional distribution induced by Pyy(v,y). We write Px = Py
to denote element-wise equality between two probability distributions on the same alphabet.
Expectation with respect to a joint distribution Pxy (x,y) is denoted by Ep[-]. When the proba-
bility distribution is understood from the context, we simply write E[-]. We use similar notation
Varp[-] and Var[-] for the variance of a random variable.

Given a distribution Q(z) and a conditional distribution W (y|x), we write @ x W to
denote the joint distribution Q(x)W (y|z), and similarly when there are more than two dis-
tributions. For example, given Q1(z1), Q2(z2) and W (y|x1,z2) we have Q1 X Q2 x W ~
Q1(21)Q2(x2)W (y|x1,22). We use standard notation for the entropy H(X), conditional en-
tropy H(XY'), mutual information 7(X;Y’), conditional mutual information I(X;Y|Z) and
divergence D(P||@Q) [27]. In some cases, we explicitly state the underlying distribution of the
random variables with a subscript (e.g. Ip(X;Y) =3, Pxy(z,y)log PI; X;’) Pj@))

For two positive sequences f,, and g,, we write f, = g, if lim, oo + = log o= = 0, and
we write f, < g, if limsup,_,, % log % < 0 and analogously for >. We write f, = g, if
lim,,—s 00 g—: = 1. Furthermore, we write f,, = O(gy,) if |f.| < c|gn| for some c and sufficiently
large n, and f,, = o(gy) if lim,, ch—n = 0. We write f, = Q(gn) if g, = O(fp), fr = w(gn) if
gn = 0o(fn), and f, = ©(g,) if both f,, = O(g,) and f,, = Q(g,) hold.

We denote the tail probability of a zero-mean unit-variance Gaussian variable by Q(-), and
we denote its functional inverse by Q~!(-). All logarithms have base e, and all rates are in
units of nats except in the examples, where bits are used. We define [¢]t = max{0, ¢}, and we

denote the indicator function of an event by 1{-}. The floor function is denoted by | - |.



Chapter 2

Random Coding Bounds and Asymptotics

2.1 Introduction

Motivated by the fact that most existing work on mismatched decoding has focused on achiev-
able rates, the main goal of this chapter is to present a more detailed analysis of the error prob-
ability, including error exponents, second-order rates, and moderate deviations results. The
system setup is described in Section 1.1.1.

Recall that the average error probability for a given codebook is denoted by p,(-), and the
maximal error probability is denoted by pe max(-). We use the symbol C to denote a given (de-
terministic) codebook, and we use the symbol C to denote a random codebook with codewords
that are independent, each being drawn from some codeword distribution Px. Our main focus

is on bounding the random-coding error probability
Pe(n, M) £ E[pe(C)], 2.1

where C contains M codewords. There exists at least one codebook achieving an error proba-
bility as good as the average: p.(C) < pe(n, M) for some (deterministic) codebook C with M
codewords of length n.

The notion of ensemble tightness for rates and error exponents can now be formally defined

as follows. An achievable rate I is ensemble-tight if
sup {R : liminf pe(n, [¢"]) = o} =1, (2.2)
and an achievable error exponent E,(R) is ensemble-tight if

lim —— log pe(n, ["E]) = E,(R). 2.3)

n—oo N
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We will also be interested in analyzing p.(C) for a random codebook C containing M’
codewords, and using it to bound the error probability for a fixed codebook C containing M <
M’ codewords. We will refer to such techniques as expurgated random-coding techniques.

We will use the terminology random-coding ensemble when referring to expurgated or
non-expurgated random coding with a particular codeword distribution. We will sometimes
explicitly refer to an expurgated (or non-expurgated) random-coding ensemble, but the prefix
will be omitted when the meaning is clear from the context.

The main contributions of this chapter are as follows:

* In Section 2.2, we present non-asymptotic bounds on the error probability for an arbi-
trary codeword distribution. These are not only of interest on their own right, but will

also provide the starting point for the subsequent asymptotic derivations.

* In Section 2.3, we present a generalization of the cost-constrained ensemble in [2, Ch
7.3], [37] to include multiple auxiliary costs. This ensemble serves as an alternative to
constant-composition codes for improving the performance compared to i.i.d. coding,

while being applicable to channels with infinite or continuous alphabets.

* Random-coding error exponents, second-order coding rates, moderate deviations re-
sults, and expurgated error exponents are presented in Sections 2.4, 2.5, 2.6 and 2.7
respectively. In each case, the asymptotic bound given is seen to be attainable with at
most two auxiliary costs, and sometimes fewer. A numerical example is provided in
Section 2.8.

* In Section 2.9, we explain how the above-mentioned results can be extended to channels
with input constraints and non-finite alphabets. Our techniques are seen to provide, to
our knowledge, the most general known derivations of achievable second-order coding

rates and moderate deviations results in such cases.

As noted in Section 1.2, the asymptotic regimes considered can be likened to various regimes
concerning the tail probability of an i.i.d. sum, an outline of which is given in Appendix C.

Parts of this chapter were presented in [68—72].

2.2 Non-Asymptotic Bounds

In this section, we provide non-asymptotic performance bounds for mismatched decoding
with an arbitrary codeword distribution Px. All of the bounds given extend immediately to

general channels and decoding metrics that need not be memoryless nor have finite alphabets.



2.2 Non-Asymptotic Bounds 21

However, the computation of the bounds is generally difficult beyond memoryless channels
exhibiting a high degree of symmetry.
Throughout the section, we assume without loss of generality that the first message is

encoded, i.e. m = 1. We define the random codewords
(X35 ~ I Px (). 2.4)
i=1

We write X in place of X1, and we let X denote an arbitrary codeword X ) with i # 1. The

channel output sequence is denoted by Y, yielding
(XY, X) ~ Px(2)W"(y|z)Px (). 2.5)

The following theorem gives upper and lower bounds on the random-coding error probability
defined in (2.1). In particular, we provide a simple extension of the random-coding union
(RCU) bound of Polyanskiy et al. [61] (see (1.34)) to the mismatched setting, and show that
the bound is tight with respect to the ensemble average to within a constant factor.

Theorem 2.1. For any mismatched memoryless channel (possibly having infinite or contin-
uous alphabets), codeword distribution Px (x) and constant s > 0, the random-coding error
probability p.(n, M) satisfies

ircu(n, M) < Bo(n, M) < reu(n, M) < rous(n, M), 2.6)

where
rcu(n, M) £ E[min {1, (M — 1)P[¢"(X,Y) > ¢"(X,Y) | X,Y]}] (2.7)
reug(n, M) 2 E [min {1, (M — 1)E[QZ§€;?;! Yl }] . (2.8)

Proof. Similarly to [61], we obtain the upper bound rcu by writing

Pe(n, M) < ]P’[U {¢"(X9Y) > q“(X,Y>}} (2.9)
i#£1
=E P[U{QH(X@’Y)an(X’Y)}‘X’YH (2.10)
i#£1

<rcu(n, M), 2.11)
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where (2.9) follows by upper bounding the random-coding error probability by that of the
decoder that breaks ties as errors, and (2.11) follows by applying the truncated union bound.
To prove the lower bound in (2.6), it suffices to show that each of the upper bounds in (2.9)
and (2.11) is tight to within a factor of two. The matching lower bound to (2.9) follows since
whenever a tie occurs it must be between at least two codewords [12], and the matching lower
bound to (2.11) follows since the union is over independent events [73, Lemma A.2]. We

obtain the upper bound rcus by weakening rcu using Markov’s inequality. O]

As discussed in Section 1.2.1, improved performance bounds can be obtained at low rates
by expurgating “bad” codewords from the randomly generated codebook. Non-asymptotic
bounds resulting from such techniques are given in the following theorem, which is proved
using Gallager’s bounding techniques [2, Ch. 5.7]. Following the above terminology, we refer

to the resulting bounds as expurgated random-coding union (RCUX) bounds.

Theorem 2.2. For any mismatched memoryless channel (possibly having infinite or contin-
uous alphabets), codeword distribution Px, and parameters p > 1 and s > 0, there exists a

codebook C with M codewords of length n such that
Pe,max(C) < reux,(n, M) < rcux,s(n, M), (2.12)
where

reux,(n, M) 2 (4(M _1E [1@ (X V)2 "(X,7)| X, X] ”pr (2.13)
X, X] 1/,] > ) (2.14)

Proof. 1t was shown by Gallager [2, Sec. 7.3], using techniques that apply immediately to the

reux, s(n, M) £ (4(M - 1HE|E

mismatched setting, that there exists a codebook C of size M such that

Pemax(€) < (2B [pe(0)17])", (2.15)

where C contains M’ = 2M —1 random codewords. We obtain (2.13) from (2.15) by weakening

the expectation as follows:

1/
E[po(C)"/?] <E KZP[ (X0, y >q”(X,Y))X,X<i>]> p] (2.16)
i#1

IN

IE[2(M - 1)P[q"()?, Y) > ¢"(X,Y) ( X,)ﬂ 1/,)]’ 2.17)
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where (2.16) follows from the union bound, and (2.17) follows using M’ = 2M — 1 along with

the inequality [2, Ex. 4.15(f)]
1
(> ) eyl (2.18)
which holds for any p > 1. We obtain (2.14) by applying Markov’s inequality to the inner
probability in (2.13). U

The RCU bounds will prove useful for obtaining error exponents, second-order coding
rates and moderate deviations results, whereas the RCUX bounds will provide improved ex-

ponents at low rates.

2.3 Cost-Constrained Random Coding with Multiple Auxiliary
Costs

The most commonly-used codeword distributions in the literature are the i.i.d. distribution,
Px(z) = [[ Q). (2.19)

and the constant-composition distribution,

_ 1
T(@n

where @,, € P,(X) is a type such that max, |Q,(z) — Q(z)| < 1. The latter is of particular

interest in the mismatched setting, since it yields the LM rate, whereas the i.i.d. distribution
only yields the GMI (see Section 1.1.4). However, the constant-composition distribution relies
on the input being finite.

Here we present a codeword distribution that includes (2.19) and (2.20) as special cases,
and that will provide similar performance gains to the constant-composition distribution even

for channels with non-finite alphabets. The distribution is given by

n

Px(x) = Ml [[ Q)1 {= e D,}, 2.21)
=1
where .
Dné{m; ';Zal(:cz)—(;ﬁl gi,l:l,...,L}, (2.22)
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and where /i, is a normalizing constant (i.e. u, = P[X' € D,] with X' ~ [, Q(z})), ¢
is a positive constant, and for each [ = 1,..., L, () is a real-valued function on X, and
¢ £ Eglai(X)]. We refer to each function a;() as an auxiliary cost function, or simply a
cost. Observe that each codeword is generated according to an i.i.d. distribution conditioned
on the empirical mean of each cost function being close to the true mean. This generalizes the
codeword distribution studied in [2, Sec. 7.3], [37] by including multiple costs.

The cost functions {a;(-)}%, in (2.21) should not be viewed as being chosen to meet a
system constraint (e.g. power limitations). Rather, they are introduced in order to improve the
performance of the random-coding ensemble itself. However, system costs can be handled
similarly; see Section 2.9 for details. The constant § in (2.21) could, in principle, vary with !
and n, but a fixed value will suffice for our purposes.

In the case that L = 0, it should be understood that D,, = X™. In this case, (2.21) reduces to
the i.i.d. codeword distribution in (2.19). A less obvious special case of (2.21) is the constant-
composition distribution in (2.20), which is recovered from (2.21) by replacing @ by @,, and
choosing the parameters L = |X|, § € [0,1), and

ae)=1z=1}, l=1,...,|x| (2.23)

where we assume without loss of generality that X = {1,...,|X|}.

The following proposition shows that the normalizing constant 4, in (2.21) decays at most
polynomially fast in n. When |X| is finite, it follows immediately from the property of types
in (A.8) that u,, > (n + 1)~(¥I=D_ For the sake of generality, we present a proof that applies
to more general alphabets, subject to minor technical conditions. The case L = 1 was handled
in [2, Sec. 7.3].

Proposition 2.1. Fix the input alphabet X (possibly infinite or continuous), input distribution
Q € P(X) and auxiliary cost functions a1(-),...,ar(-). If Egla;(X)?] < oo forl =1,...,L,
then there exists a choice of 6 > 0 such that the normalizing constant in (2.21) satisfies j, =
Q(n=L/2),

Proof. This result follows from the multivariate local limit theorem in [74, Cor. 1], which
gives asymptotic expressions for probabilities of i.i.d. random vectors taking values in sets
of the form (2.22). Let ¥ denote the covariance matrix of the vector [a1(X),...,ar(X)]T.
We have by assumption that the entries of ¥ are finite. Under the additional assumption
det(X) > 0, [74, Cor. 1] states that p,, = @(n*L/ 2) provided that 6 is at least as high as the
largest span of the a;(X) (X ~ @) that are lattice variables (see Definition C.1 in Appendix

C). If all such variables are non-lattice, then § can take any positive value.
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It only remains to handle the case det(3) = 0. Suppose that ¥ has rank L’ < L, and assume
without loss of generality that a;(-),...,ar/(-) are linearly independent. Up to sets whose
probability with respect to @ is zero, the remaining costs ay/1(-),...,ar(-) can be written as
linear combinations of the first L’ costs. Letting « denote the largest magnitude of the scalar

coefficients in these linear combinations, we see that x € D,, provided that

1 < )
- N <
’n ;:1 ai(x;) — ¢

— al/n

(2.24)

for/ =1,..., L. The proposition follows by choosing § to be at least as high as «L’ times the
largest span of the a;(X) that are lattice variables, and analyzing the first L’ costs analogously
to the case that det(X) > 0. [l

In accordance with Proposition 2.1, we henceforth assume that the choice of ¢ is such that
fin = Q(n~L/2).

2.4 Random-Coding Error Exponents

2.4.1 Cost-Constrained Ensemble

Here we present the ensemble-tight error exponent for (non-expurgated) cost-constrained ran-
dom coding, yielding results for the i.i.d. and constant-composition ensembles as special cases.
We define the sets

S{a}) &£ {Pxy € P(X x D) : Epla(X)]=¢,l=1,...,L} (2.25)
T(Pxy, {a;}) 2 {ﬁxy EPX xY) : Epla(X)] = ¢, 1=1,...,1L,

Py = Py, Epllogq(X,Y)] > Epllogq(X, )]}, (226)

where the notation {q;} is used to denote dependence on a;(-),...,ar(-). The dependence of

these sets on @ (via ¢; = Eg[a;(X)]) 1s kept implicit.

Theorem 2.3. For any input distribution Q € P(X), auxiliary costs {a;}£_,, and rate R > 0,

the random-coding error probability for the cost-constrained ensemble in (2.21) satisfies

lim —loge(n, [¢"]) = B (Q, R, {ar), (2.27)

n—o0
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where
EYQ,R{w})2 min _  min D(Pxy|Q x W) + [D(Pxy|Q x Py) — R] ™.
PXYGS({al}) ny€T(ny,{al})
(2.28)
Proof. See Section 2.10.1. 0

The optimization problem in (2.28) is convex when the input distribution and cost func-
tions are fixed. The following theorem gives an alternative expression based on Lagrange
duality [38].

Theorem 2.4. The error exponent in (2.28) can be expressed as

ENQ, R {a}) = Jmax By EgNQ, p,{ar}) — (2.29)
where
Elq¢(X,Y SeZlL:l Fi(a(X)=d1) | YT\ P
B Qo) = swp g | [oX, Y)e> | }> (2.30)
520,{r, }. {71} (X, Y)seiz nla(X)=ér)
and (X,Y, X) ~ Q(z)W (y]2)Q(%).
Proof. See Section 2.10.2. O

The derivation of (2.29)—(2.30) via Theorem 2.3 is useful for proving ensemble tightness,
but has the disadvantage of being applicable only in the case of finite alphabets. We proceed by
giving a direct derivation that does not prove ensemble tightness, but that extends immediately
to more general alphabets (see Section 2.9 for further discussion).

Applying (2.21) and min{1, a} < a” (p € [0, 1]) to rcu, in (2.8), we obtain

_ (2 g™ (T S\ P
Pu(n, M) S Q@)W ><ZmEDnQ ( )(;‘!S( Y) ) 7 231)

wiDry ¢"(z,y
where Q" (z) = [, Q(=;). From (2.22), each codeword z € D, satisfies
e @)—nd) Irls > 1 (2.32)

for any real number r, where al'(z) £ > I, a;(z;). Weakening (2.31) by applying (2.32)
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multiple times, we obtain

ePZ (|7"l|+‘7"l|
Pe(n. M) S ——1—M* 3 Q"(@)W"(yle)
fn x€Dn,y
(ZweD Qn(ﬂc)qn(w,y)sezzrl(“?(w)n¢>z)>p
X n 7

qn(m’ y)SQZl ri(a} (z)—ne)

(2.33)

where {r;} and {7;} are arbitrary. Further weakening (2.33) by replacing the summations over
D,, by summations over all sequences, and expanding each term in the outer summation as

product from 1 to n, we obtain

~ P LIl +Imi)s . QE)q(T, y)Pe @@= \ P\ "
Pe(n, M) < —Mn <ZQ W (y|x) < EREER SRR .
(2.34)

Since pu,, decays to zero subexponentially in n (cf. Proposition 2.1), we conclude that the

prefactor in (2.34) does not affect the exponent. Setting M = ||, we obtain (2.29).
The preceding analysis can be considered a refinement of that of Shamai and Sason [37],

who showed that an achievable error exponent for L = 1 is given by

E“Y(Q,R,a1) £ max ESOSt,(Q,p, a1) — pR, (2.35)
p

€[0,1]
(E[ g(X,Y)Pen m)
q(X,Y)s ea1(X)

By setting r; = 71 = 1 in (2.30), we see that £ with L = 1 is at least as high as E¢>". In

where

E$Y(Q, p,a1) £ sup — log E
s>0

(2.36)

Section 2.4.4, we show that the former can be strictly higher.

2.4.2 i.i.d. and Constant-Composition Ensembles

Setting L = 0 in (2.30), we recover the exponent of Kaplan and Shamai [36], namely

E{(Q,R) £ max E;Y(Q,p) — pR, (2.37)

p€[0,1]
where -
<E[q(X, V)| Y] )p
9(X,Y)?

E(Q,p) £ sup —logE (2.38)

s>0
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In the special case of constant-composition random coding (see (2.23)), the constraints
Ezlai(X)] = ¢ for I = 1,...,]X] yield Px = Q and Px = Q in (2.25) and (2.26) respec-
tively, and thus (2.28) coincides with Csiszér’s exponent for constant-composition coding [6].
Hence, we have proved that the exponents of [6, 36] are ensemble-tight.

We henceforth denote the exponent for the constant-composition ensemble by E¢(Q, R).
We claim that

EF(Q,R) = Jfnax Eg°(Q, p) — pR, (2.39)
where
Eg°(Q, p) 25555(.)E —logEKE[ (é?; a( )’ Y]> XH (2.40)
To prove this, we first note from (2.23) that
> nla(@) = ¢) =D _ra(l{e = 7} - Q(@)) (2.41)
| = r:x) — ¢ (2.42)

where (2.41) follows since ¢, = Eg[1{z = [}] = Q(I), and (2.42) follows by defining r(z) £ r,
and ¢, £ Eg[r(X)]. Defining #(z) and ¢ in a similar fashion, we obtain the following Ej
function from (2.30):

CO(F (7 a\SeT(T)—PF\ P
ESC(Q,p)éS>Os:gr)> ~log QW i) () (2.43)
5. Q(E)(E, ) @0\ ?
< o - T won (STRECES) e
5, QE)a(z, )" @\
= o ‘ZQ log§w(y'x)< o) (2:49)

where (2.44) follows from Jensen’s inequality, and (2.45) follows by using the definitions of

¢ and ¢ to write

=%\ P P
—ZQ ) log (¢) =Y Qa)log <%)) — pér. (2.46)

T

Renaming 7(-) as a(-), we see that (2.45) coincides with (2.40). It remains to show that equality
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holds in (2.44). For p > 0, this is seen by noting that the choice

_1 > Q@)q(T, y) @\
r(x) = p logzy:W(ykv)( 2.0’ > (2.47)

makes the argument to the logarithm in (2.44) independent of z, thus ensuring that Jensen’s

inequality holds with equality. The case p = 0 is trivial.

2.4.3 Achievable Rates

Achievable rates can be obtained from both the primal and dual exponents. The methods for
doing this are well-understood [2, 6, 27, 36], so we provide only an outline here. In the primal
domain, we observe that the objective in (2.28) is positive whenever the optimizing Py differs
from @ x W. Moreover, similarly to [6, Lem. 1], minﬁxyeT(ny,{az}) D(Pxy||Q x Py) is
continuous in Pxy, and hence taking Pxy — @ x W yields the rate

~ min D(Pxy||Q x Py). (2.48)
Pxy€eT(QxW/{a;})
In particular, this yields the GMI in (1.12) under the i.i.d. ensemble, and the LM rate in (1.10)
under the constant-composition ensemble.
In the dual domain, we obtain an achievable rate similarly to [2, Ch. 5] by evaluating the

partial derivative of the objective in (2.30) at p = 0, yielding the rate

q(X, Y)Sezl i (a(X)—é1)
Elq(X, Y)sezl 71(a (X)) | Y]

sup E . (2.49)

820,{7“1},{71}

log

In particular, this yields the GMI in (1.11) under the i.i.d. ensemble, and the LM rate in (1.9)
under the cost-constrained ensemble with one optimized auxiliary cost (and also under the

constant-composition ensemble). Similarly, the Ej function in (2.36) yields the rate

¢(X,Y)senr ™)
E[g(X,Y)ren (X |Y]

supE |log . (2.50)

s>0

Once again, this yields the LM rate when a;(+) is optimized, though if a4(+) is chosen subopti-

mally then it may be strictly smaller than (2.49) with L = 1.
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2.4.4 Number of Auxiliary Costs Required

We claim that
EN(Q,R) < EY(Q, R, {a1}) < ES(Q, R). (2.51)

The first inequality follows by setting 7, = 7, = 0 in (2.30), and the second inequality follows
by setting r(z) = >, ma;(z) and 7(z) = >, 7ja;(x) in (2.30), and upper bounding the objective
by taking the supremum over all »(-) and 7(-) to recover E§° in the form given in (2.43).

Here we study the number of auxiliary costs required for cost-constrained random coding
to achieve EC°. Such an investigation is of interest in gaining insight into the structure of the
codebook, and since the subexponential prefactor in (2.34) grows at a slower rate when L is

reduced (see Proposition 2.1). Our results are summarized in the following theorem.
Theorem 2.5. Fix the input distribution ) € P(X') and rate R.

1. For any decoding metric, we have

sup EI?OSt(Qa Ra {ala GZ}) = Efc(Qa R) (252)
a1(-),az2()

Ingx sup E<Y(Q, R, a;) = mgx Ef(Q, R). (2.53)
a1(")

2. If q(z,y) = W (y|x) (ML decoding), then

sup E;**(Q, R, a1) = E5°(Q, R) (2.54)
a1()
sup B (Q, R, a1) = E'Y(Q, R) (2.55)
a1 ()
man EY(Q,R) = mQaX Ef(Q,R). (2.56)

Proof. We have from (2.51) that E¢* < E°°. To obtain the reverse inequality corresponding
to (2.52), weset L = 2,7 = ro = 1 and r; = 7, = 0 in (2.30). The resulting objective
coincides with (2.43) upon identifying a1 (-) = 7(-) and az(-) = r(-).

We now turn to the proof of (2.53). In Section 2.10.3, we show that for any s > 0 and p > 0,
the logarithm in (2.40) takes the same value for all x such that Q(z) > 0 upon optimizing @
and a(-). It follows that the objective in (2.40) is unchanged when the expectation with respect

to X is moved inside the logarithm, thus yielding the objective in (2.36).
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We claim that, under ML decoding, we can write ES° as
14p
E§°(Q, p) = sup — logz (ZQ W (ylz) 757 o)~ ¢“> : (2.57)
a(-)

where ¢, = Ega(X)]. To show this, we make use of the form of ES¢ given in (2.43), and write

the summation inside the logarithm as

Z <ZQ W (yla)'~*Pe= " )(ZQ W (y|z)%e" @)~ ¢r>p. (2.58)

We now follow [2, Ex. 5.6] and apply Holder’s inequality:

1\ Hp 1\ P
<Za 1+ﬂ) < (Zai><2@”> . (2.59)
Identifying a; = Q(z)W (y|z)!~*e=P"@)=¢) and B; = (Q(z)W (y|z)*e"®~¢7)”, we conclude
that (2.58) is lower bounded by

14+p

Z (ZQ W (ylz) T e W*) , (2.60)

where 7(z) £ ﬁ(f(x) —r(z)), and ¢7 £ Eg[F(X)]. The necessary and sufficient condition
for equality is that of = (; for all ¢ and some ¢ [2, Ex. 4.15]. Some simple manipulations
show that this holds provided that s = ?1[) and 7(-) = —pr(-). Renaming 7(-) as a(-), we obtain
(2.57). We can clearly achieve ES¢ using L = 2 with the cost functions r(-) and 7(-). However,
since we have chosen one to be a scalar multiple of the other, we conclude that L = 1 suffices.

A similar argument using Holder’s inequality reveals that the objective in (2.36) is maxi-
mized by s = +p and a;(-) = 0, and the objective in (2.38) is maximized by s = +p thus
yielding (2.55). Finally, combining (2.53) and (2.55), we obtain (2.56). L]

Equation (2.52) shows that the cost-constrained ensemble recovers ES¢ using at most two
auxiliary costs. In fact, this remains true even in the generalization to more general alphabets;
see Section 2.9 for further discussion.

If the input distribution or decoding rule is optimized, then L = 1 suffices (see (2.53) and
(2.54)), and if both are optimized then L = 0 suffices (see (2.56)). The latter result is well-
known [56], and is stated for completeness. While (2.53) shows that £S5t and ErCOSt' coincide
when @ is optimized, (2.54)—(2.55) show that the former can be higher for a given @ even

when L = 1, since E* can exceed El'Y even under ML decoding [56].
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2.5 Second-Order Coding Rates

In this section, we present achievable second-order coding rates (cf. Section 1.2.2) for the
ensembles given in Section 2.3, i.e. expansions of the form (1.28) with the equality re-
placed by >. To distinguish between the ensembles, we define Mi4(Q, n, ), M(Q,n,¢) and
Mt (Q,n, €) to be the maximum number of codewords of length n such that the random-
coding error probability does not exceed e for the i.i.d., constant-composition and cost-

constrained ensembles respectively, using the input distribution Q.

2.5.1 Cost-Constrained Ensemble

We make use of the following generalization of i(z, y) in (1.29) to the mismatched setting:

s a(x)
ina(e,y) 2 log < LTI (2.61)
) O @ e
where s > 0 and a(-) are fixed parameters. We define the quantities
I5a(Q) & Elis,a(X,Y)] (2.62)
Usa(Q) £ Varfis o(X,Y)] (2.63)
Vea(Q) £ E[Var(iso(X, V) | X]], (2.64)

where (X,Y) ~ Q@ xW. From (1.9), we see that the LM rate is equal to I, ,((Q) after optimizing
s and a(-).

We can relate (2.62)—(2.64) with the E, functions defined in (2.36) and (2.40). Letting
ESY(Q, p, s,a) and E§(Q, p,s,a) denote the corresponding objectives with fixed (s,a) in

place of the supremum, we have

_ OB (Qpsia)| _ OBE(Q.prs,0)

L.4(Q) 5 - | L, (2.65)
2 rcost’

Una(@) = - 220 8(52”’ 5% |, (2.66)
2 17ce

Vio(Q) =  0*E§ (aciép,s,a) ‘pzo. (2.67)

The latter two identities generalize a well-known connection between the exponent and dis-
persion in the matched case (e.g. see [61, p. 2337]).
The main result of this section is the following theorem, which considers the cost-

constrained ensemble. Our proof differs from the usual proof using threshold-based random-
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coding bounds [60, 61], but the latter approach can also be used in the present setting [71].
Our analysis can be interpreted as performing a normal approximation of rcuy in (2.8).

Theorem 2.6. Fix the input distribution () € P(X), and the parameters s > 0 and a(-). Using

the cost-constrained ensemble in (2.21) with L = 2 and

ai(z) = a(x) (2.68)
a2 (x) = EW(|;B) [is,a('x’ Y)]’ (269)

the following expansion holds:
log M(Q,n,€) > nlsa(Q) — 1/nVsa(Q) Q' () + Ologn). (2.70)

Proof. Throughout the proof, we make use of the random variables (X,Y,X)
Q(x)W(ylz)Q(z) and (X,Y,X) ~ Px(z)W"(ylz)Px(z), and we write if,(z,y)
S Lisa(i,yi), and similarly Q™(z) = [[; Q(=;) and a™(x) = >, a(x;). Probabilities, ex-

pectations, etc. containing a realization « of X are implicitly conditioned on the event X = x.

> 2

Starting with Theorem 2.1, we weaken rcug in (2.8) as follows:

Px (%)¢"(%,Y)°
reuy(n, M) = E m{l, Lzep, n(’;xify(m’ ) H 2.71)
P Z. Y )5ed" (@)
< IE min{ 1, Me* Laep, Px(@)q (:nn e (2.72)
(X, Y )sea"(X)
26 n a™(x)
< | min [1, M 2a Q" (@)q" (@ V)’ 2.73)
i fin ¢"(X,Y)ser" (X)
r 20
—P|i?,(X,Y) +logU < log ]\i c } (2.74)
:' Mz26
< Plif (X,Y) +logU < log NXeA, | +P[X ¢ A,] (2.75)
i M625
< max Pligq(x,Y) +logU < log —i—IP’[X ¢ An], (2.76)

where (2.72) follows from (2.32), (2.73) follows by substituting the random-coding distribu-
tion in (2.21) and summing over all Z instead of € D,,, and (2.74) follows from the definition
of i¢ , and the identity

E[min{1, A}] =P[A > U], (2.77)

where A is an arbitrary non-negative random variable, and U is uniform on (0, 1) and indepen-
dent of A. Finally, (2.75) holds for any set .A,, by the law of total probability.
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We treat the cases V ,(Q) > 0 and V; ,(Q) = 0 separately. In the former case, we choose

A, = {a: €D, : ‘lvga(m’) - Vs,a(Q)‘ <¢ logn}’ (2.78)
n n
where ( is a constant, and v}/, (z) £ 37 v, 4(2;) With
Vs.o(7) £ Varlisq(z,Y)). (2.79)

Using this definition along with that of D,, in (2.22) and the choice of the cost function in
(2.69), we have for any x € A, that

Bl (2, Y)] — nlo(@)] < 6 (2.80)
[Varliz, (2, Y)] = nV2a(@)] < ¢y/nlogn. 2.81)

Since the moments of log U are finite, this implies

Elito(@, Y) +log U] - nl,4(Q)| = O(1) (2.82)
‘Var[i;a(w, Y) +logU] — nV&a(Q)‘ = O(y/nlogn). (2.83)

Using (2.21) and defining X' ~ Q"(z'), we have
P[X ¢ A, < :IP[X' ¢ A (2.84)

We claim that there exists a choice of ¢ such that the right-hand side of (2.84) behaves as

O(ﬁ) thus yielding
1

P[X ¢ A,] = o(ﬁ). (2.85)

Since p, = Q(n=L/?) (cf. Proposition 2.1), it suffices to show that P[X’ ¢ A,] can be made to

behave as O(n~(L+1)/2) by a suitable choice of ¢. This follows using Eg[vs .(X)] = Vs.4(Q),

along with the following moderate deviations result of [75, Thm. 2]: Given an i.i.d. sequence

{Z;}*_, with E[Z;] = p and Var[Z;] = 0% > 0, we have for any n > 0 that

1 — logn 2 2
PI=S " Z —ul > = /2 2.86
an “‘ "7y n] narlogn " (2-86)

provided that E[Zf””/] < oo for some ¢’ > 0. The latter condition is always satisfied in the
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present setting, since we are considering finite alphabets.

We are now in a position to apply the Berry-Esseen theorem for independent and non-
identically distributed random variables [76, Sec. XVI.5]. The relevant first and second
moments are bounded in (2.82)—(2.83), and the relevant third moment is finite since we are

considering finite alphabets. Choosing
log M = nIs,a(Q) — log pn, — 20 — &p (2.87)

for some &,,, and also using (2.76) and (2.85), we obtain from the Berry-Esseen theorem that

_ & +0(1) 1
pe§Q< )—i—O — ). (2.88)
VnVeal@ + O(VTogm) S0

By straightforward rearrangements and a first-order Taylor expansion of the square root func-

tion and the function Q 1, we obtain

€ < \/nVaa(Q) Q7 (Be) + O(y/logn). (2.89)

The proof for the case V; ,(Q) > 0 is concluded by combining (2.87) and (2.89), and noting
from Proposition 2.1 that log i, = O(logn).

In the case that V; ,(Q) = 0, we again make use of (2.82), but we handle the variance
differently. From the definition in (2.64), we in fact have Var[i, ,(«,Y")] = 0 for all = such that
Q(x) > 0. Thus, for all z € D,, we have Var[if ,(x,Y)] = 0 and hence Var[if ,(x,Y) +log U] =
O(1). Choosing M as in (2.87) and setting A,, = D,,, we can write (2.76) as

reug(n, M) < né%x ]P’[i?’a(:c, Y)+logU —nls o(Q) < —fn} (2.90)

o(1)

<G —omr (291

where (2.91) holds by (2.82) and Chebyshev’s inequality provided that &, is sufficiently large
so that the &, — O(1) term is positive. Rearranging, we see that we can achieve any target value
e of pe with &, = O(1). The proof is concluded using (2.87). [

Observe that the auxiliary cost in (2.68) represents the parameter a(-) appearing in the LM
rate in (1.9). The second cost in (2.69) plays a more subtle role, ensuring that the empirical
mean of the generalized information density is close to the true mean for all x € D,,, with a
sufficiently small remainder so that the second-order term in (2.70) is not affected.

In Section 2.9, we discuss the extension of the above analysis to input-constrained channels
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with continuous alphabets. The proof is nearly unchanged if all of the moments of i, ,(X,Y)
are finite, but we also present an alternative approach (with L > 2) that only requires finite

moments up to the sixth order.

2.5.2 i.i.d. and Constant-Composition Ensembles

The properties of the cost-constrained ensemble used in the proof of Theorem 2.6 are also
satisfied by the constant-composition ensemble, so we conclude that (2.70) remains true when
Meost is replaced by Mec.

The analogous result for i.i.d. coding does not follow directly from Theorem 2.6, since the
proof requires the cost function in (2.69) to be present. However, using similar arguments and
the identities E[i7(X,Y )] = nls(Q) and Var[i?(X,Y)] = nUs(Q) (where X ~ Q™), we obtain

log M™(Q,n,) > nI,(Q) — /nlUx(Q) Q () + O(1) (2.92)

for s > 0, where I5(Q) and U4(Q) are defined as in (2.62)—(2.63) with a(-) = 0.

The constant-composition and cost-constrained ensembles provide two advantages over
the 1.i.d. ensemble: the freedom in choosing the parameter a(-), and the conditional variance
in the second-order term instead of the unconditional variance. The latter is advantageous
since V; 4(Q) < Uso(Q) (with strict inequality possible), meaning that V; , corresponds to a

smaller backoff from the first-order term in (2.70) when € < %

2.5.3 Number of Auxiliary Costs Required

In accordance with the dispersion analysis for matched decoding [60, 61], the expansion of
(2.70) is primarily of interest when the free parameters maximize the first-order term. Here we
show that the required number of auxiliary costs can be reduced below the sufficient choice of
L = 2 in such cases.

We first show that L = 1 suffices in the case of ML decoding (i.e. ¢(z,y) = W(y|z)) when
the pair (s, a) maximizes I ,(Q). At a high level, this follows by setting s = 1 and a(-) = 0
to obtain I, ,(Q) = I(X;Y), and noting that a;(-) in (2.68) is not needed, since it equals zero.

For completeness, we must also show that no other choices yield an improved second-order



2.6 Moderate Deviations 37

term in (2.70). Defining P(z|y) £ % and P, ,(z|y) £ Z?ggg%‘(z)‘;ag@ , we have
P(xly) P a(x\y)
Q W (y|z) log (2.93)
Z Q)W (y|z) log fi (2.94)
sa(2ly)

where (2.93) follows from simple algebraic manipulations. The second term in (2.94) is a di-

vergence, and is this non-negative and equal to zero if and only if P(z|y) = P s,a(x]y) wherever
Q(x)W (y|x) > 0. Writing the information density in (1.29) as i(z,y) = log P(’f“’i and simi-
larly writing is (7, y) = log P, ”((w)w) we obtain the equivalent condition that i(z, y) = is4(x,y)

wherever Q(x)W (y|z) > 0. Thus, any choice of (s,a) maximizing I, ,(Q) yields V, ,(Q) =
E[Var[i(X,Y) | X]], and hence all such choices yield the same second-order term in (2.70).

Next, we claim that the expansion in (2.70) holds for an arbitrary decoding metric even in
the absence of the auxiliary cost in (2.69), provided that the triplet (Q, s, ) maximizes I, ,(Q).
This follows from the observation that Eyy (., [is.q(z,Y)] takes the same value for all z such
that Q(z) > 0 under any such parameters; see Section 2.10.3 for the proof. Stated differently,
we have V; ,(Q) = U, (Q) for any triplet (Q, s, a) maximizing I, ,(@), thus generalizing the
analogous result for ML decoding [61, Lemma 62].

We observe that the number of auxiliary costs required to obtain (2.70) coincides with that
of the random-coding exponent (see Theorem 2.5): L = 2 suffices in general, L = 1 suffices if
the metric or input distribution is optimized, and L = 0 (i.1.d. coding) suffices when both are

optimized.

2.6 Moderate Deviations

In this section, we consider the moderate deviations regime, which was introduced in Section
1.2.3. We again focus on the cost-constrained ensemble. We make use of the definitions of
ts.a(,Y), Isa(Q) and V ,(Q) 1n (2.61), (2.62) and (2.64), and we again let

E§(Q,p5,0) 2 =) Qw)log Y W (ylz)e selw¥) (2.95)
x Y

denote the objective in (2.40) with fixed parameters in place of the supremum. In contrast to

the preceding sections, we consider auxiliary costs that vary with n in (2.21)—(2.22).
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Theorem 2.7. Fix the input distribution Q € P(X), the parameters s > 0 and a(-), and a
sequence ), such that v, = o(1) and 1, = w(ﬁ) Suppose that V ,(Q) > 0, and define

— % Using the cost-constrained ensemble in (2.21) with L = 2 and

a1(z) = a(z) (2.96)
ax(z) = agp(x) =log Y W (ylz)e Prise®y), (2.97)
Y

we have

. . 1 — n(Is,a(Q)—¥n 1
fm i =g Tow e (n, "1+ 7)) 2 g

Proof. Let n be sufficiently large so that p,, € [0, 1]. Applying the inequality min{1,(} < (P
to (2.73) and using the definition of i, ,(z,y) in (2.61), we obtain

(2.98)

( Mpn Z PX Wn y|m)e Pn'LS a(m y) (2.99)
= Mﬁ" Z Px () exp <log Z W"(yw)e’oni?’“(w’y)> ; (2.100)
x Y

where M,, 2 Mg—fw Combining the choice of ay(-) in (2.97) (depending on n) with (2.95),
(2.100), and the definition of D,, in (2.22), we obtain

Pe(n, My) < Mpre 5 (@ omsa) 0 (2.101)
_ efn(Egc(Q,pn,S,(l)*pnﬁn)“l’é’ (2102)

where R,, 2 Llog M,,
We now Taylor expand the function E§¢ similarly to [63]. Using the derivatives given in
(2.65) and (2.67), we have the following:

2
E§(Q, pns 5,0) = pnlsa(Q) — %"Vs,a(@ +0(p2). (2.103)
Substituting (2.103) into (2.102) and recalling that p,, = . (Q) we obtain
—~ _n(L(Is,a(Q)_En)_ﬁﬁ'o(wi))+(5
pe(n7 Mn> S e Vs,a(Q) 2Vs,a(Q) . (2’104)

In accordance with the theorem statement, we set M, = e"Us.(@)~¥n): we assume this to

be an integer for notational convenience, and the general case follows similarly. Using the
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definitions of M, and R, following (2.100) and (2.102) respectively, we obtain

n Byl U (21
7y Usal@ = o) = (n ==+ ~logn). (2.105)

and hence (2.104) becomes
ﬁe (TL, Mn) S e_n(ZV;f):(Q) +nV!jZ(Q) (log un_2§)+0('¢)2))+5' (2106)

It remains to show that the exponent is dominated by the term containing %‘i@ It is easily
seen that the terms O(¢3) and § are insignificant due to the assumptions 1, = o(1) and v, =
w(ﬁ) respectively, so it remains to handle the term %(log i, — 26).

Proposition 2.1 is stated for fixed auxiliary costs, whereas in the present case, as(-) varies
with n. However, we can simply make use of the fact that z,, > (n 4 1)~ (¥=1_ which follows
using types as stated before Proposition 2.1 (A more general approach not relying on types

will be given in Section 2.9). We therefore have log u,, = O(logn), and hence

m(log i — 26) = o(@) (2.107)
’ B o logn
- o(% 7 ) (2.108)
where (2.108) follows since v, = w(ﬁ) Since 1‘\’% — 0, the proof is complete. O

The key step in the preceding proof is choosing the second auxiliary cost in order to obtain
the exponential bound in (2.102) without the polynomial prefactor given in (2.34). This is in
contrast with [63], where Gallager’s bound for i.i.d. coding is used, and the prefactor arises as
a constant using standard techniques [2, Ch. 5].

Analogously to the previous two sections, the preceding analysis remains valid for the
constant-composition ensemble, and a similar analysis can be performed for the i.i.d. ensem-
ble, with I,(Q) and Us(Q) replacing I, ,(Q) and V; ,(Q) respectively. We again proceed by
presenting conditions under which the number of auxiliary costs can be reduced.

We claim that, under ML decoding with a fixed input distribution, we can obtain (2.98)
with I,,(Q) = I(X;Y) and V;,(Q) = V(Q) £ E[Var[i(X,Y) | X]] (where i(-, ) is defined in
(1.29)) even when L = 1, provided that V(@) > 0. To see this, we use (2.54) in Theorem 2.5
to conclude that the following holds when the auxiliary cost a; ,(-) is optimized and allowed
to vary with n:

Pe(n, M,) < e—n(supsn,an«)ESC(Qapmsnvan)—pnﬁn)+57 (2.109)
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where we now have p,, = Yn_ Note that szn is bounded independently of (s, a) in the proof of
V(Q) P y p

Theorem 2.7, and thus there are no uniformity issues in (2.109). We obtain the desired result

by lower bounding the supremum by the specific choices s,, = 1 and a,(-) = 0, and repeating
the analysis following (2.102).

Consider now the case of a general decoding metric, and suppose that we use cost-
constrained random coding (L = 1) with an input distribution @,, and auxiliary cost a ,(-)
that are optimized and allowed to vary with n. We claim that (2.98) holds for any (@, s, a)
maximizing I, ,(@), provided that V ,(Q) > 0. To see this, we note that similarly to the
previous paragraph, (2.53) in Theorem 2.5 implies the following:

Pe(n, My,) < efn(SUPQ,Ls,L,any) ES“(Qn,pn,sn,w)*ﬂnﬁn)Jr57 (2.110)

where p,, = #’(Q) Once again, we obtain the desired result by lower bounding the supremum
by the specific choice (Q, s, a), and repeating the analysis following (2.102).

Finally, we note that L = 0 (i.1.d. coding) suffices to obtain (2.98) with I, ,(Q) and V; (Q)
equal to the channel capacity and dispersion respectively, provided that the latter is positive

[63, 64].

2.7 Expurgated Error Exponents

As discussed in Section 1.2.1, expurgation techniques are useful for obtaining improved
random-coding bounds and exponents at low rates. In this section, we derive expurgated error
exponents using the non-asymptotic bounds given in Theorem 2.2. We follow the general ap-

proach of Section 2.4, focusing on the cost-constrained ensemble, and stating the results for

the i.i.d. and constant-composition ensembles as special cases.!

2.7.1 Cost-Constrained Ensemble

Reusing the notation of Section 2.4, we define the sets

S{a}) £ {Pyx € P(X x X) : Ep[a)(X)] =Ep[a(X)] = ¢y, l=1,...,L} (2.111)
T({a}) 2 {Pygy € P(X x X x D) : Pyg € S{al),

Eplloga(X,Y)] = Eplloga(X,V)]},  (2.112)

"Parts of this subsection were done in collaboration with Li Peng, particularly those regarding (2.118).
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which implicitly depend on @ through {¢;}. Using the bounds rcux, and rcux,, given in
Theorem 2.2, we have the following.

Theorem 2.8. For any input distribution Q € P(X), auxiliary costs {a;}_,, and rate R > 0,
the following holds under the codeword distribution in (2.21):

sup lim ! log reux,(n, [e"]) = EX(Q, R, {a;}), (2.113)

,021 n—oo n

where

ESSN(Q,R) = min D(Py v ||Q x Q x W) — R, (2.114)
@Rr2 |, min o DPrxyl )
D(Pyx|@xQ)<R

and where Q) x QQ x W denotes the joint distribution Q(x)Q(Z)W (y|x).

Proof. See Section 2.10.4. ]

For a fixed input distribution and set of cost functions, the optimization problem in (2.114)

is convex, thus permitting the following alternative forms based on Lagrange duality.

Theorem 2.9. For any input distribution () € P(X), auxiliary costs {a;}, and rate R, we have

ESN(Q, R, {a;}) = sup min Eplds(X, X))+ D(Pyx%llQ x Q) — R (2.115)
520 PyxeS{ai}):
D(Pxxll@xQ)<R

= sup Eg™N(Q, p, {ai}) — pR, (2.116)
p=1
where
A YY)\
ds(2, %) = IOgEKq(x,Y)) ’X_x} (2.117)
X 7 (a)(X 1/p
X,Y)\ el n@X)—o) | _
E‘COSt ,R, é —_ ] E E|:<q( I ) X,X:|
@) 520,?3?{@} pos K q(X,Y) ezf_lmamxwl)‘
(2.118)

with (X, Y, X) ~ Q(z)W (y|2)Q(7)
Proof. See Section 2.10.5. ]

Observe that there are strong similarities between the equivalences in Theorem 2.9 and
those in (1.24)—(1.27). However, the former have the notable advantage of holding for any
input distribution and decoding metric, whereas (1.24)—(1.27) correspond to ML decoding

with an optimized input distribution.
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Similarly to Section 2.4, it is of interest to provide a direct derivation of ES in the form
given in (2.116) without relying on types, thus permitting generalizations beyond the finite
alphabet case. We start with (2.14), and write

/e s\ 1/p
reux, ¢(n, M)Y? = 4(M - 1)y Px(x)P (:13)( W™ (y|x) qn(xvy) ) (2.119)
x| S (S22)

L F(an(z 1/p
<M z) | > wn q"(E, y)\° ei=1 T(af (@) =)
<M P P W
=1L x () X(:L')( . (yw)<qn(m’y)> ST (@ @) )

(2.120)
s oY Filap @)-nn) ) e

> n N (= n qn(fa y)
SM%Q ()@ (:B)(Zy:W (y\w)<qn(x’y)> S m(ap @) -0

2.121)

where (2.120) holds for any {r;} and {7;} from (2.32), and (2.121) follows from (2.21) and
Proposition 2.1. We obtain (2.118) by setting M = |e"#|, expanding each term in (2.121) as

a product from 1 to n and taking the supremum over p, s, {r;} and {7;}.

2.7.2 i.i.d. and Constant-Composition Ensembles

Setting L = 0 in (2.118), we obtain the exponent

Ei(Q,R) £ sup EX(Q, p) — pR, (2.122)
p>1

)] e

The objective in (2.123) is concave in s, and under ML decoding (i.e. ¢(z,y) = W (y|z)), it is

where

EI(Q, p) £ sup —plogE
s>0

also unchanged when s is replaced by 1 — s. From these properties, it follows that s = 1 is
optimal for ML decoding, and thus the exponent is the same as that of Gallager (cf. (1.24)).
For the expurgated constant-composition ensemble, the constraints on the auxiliary cost
functions in (2.111) reduce to Px = Py = @, which in turn implies D(Py%|@ x Q) =
Ip(X; X). Thus, (2.114) is precisely the expurgated exponent of Csiszéar and Korner [6] (see
also (1.27)), which we henceforth denote by ESS(Q, R).
In the case of ML decoding, the alternative expression for ESS resulting from (2.115) coin-

cides with the exponent of Csiszar-Korner-Marton [55] (see (1.26)); this can be seen by using
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the same reasoning as that following (2.123) to conclude that s = § is optimal. We claim that

Eei(Q, R) = sup EX°(Q, p) — pR, (2.124)

p>1

where

ES(@,p)= sup E
$>0,a(-)

—plogE

= 1/p
g(X,Y)\ e
(EKQ(X»Y)) ‘XD
To see this, we follow the steps of (2.43)—(2.46), reusing the notation therein. We obtain the
following FEy function from (2.118):

X” (2.125)

s 7@)—-0r\ /P
ES(Q,p) & sup —plogZQ (ZW(y\ﬂf)<Q( ’y)> Zr(x)_¢r> (2.126)

s>0,r(-),7(+)

s er@-or\ /7
< Supr —PZQ IOgZQ(UC)(;W(y\x)(CI(x:y)) Zr(m)—@.) :

$>0,r(

(2.127)

where (2.127) follows from Jensen’s inequality. For any s > 0, p > 1 and 7(-), the choice

@)\° v
z) = plog )~ Q(7) (Z W (ylz) <Z(x;’)) e"@)—%) (2.128)

yields equality in (2.127). Hence, and by writing

I " =2 el LY _or (2.129)
O elow) =, :

we see that the supremum over r(-) in (2.126) achieved by (2.128). Renaming 7(-) as a(-) and
using the first equality in (2.129), we obtain (2.125).

2.7.3 Number of Auxiliary Costs Required

Similarly to (2.51), we have for any {q;} that

B(Q,R) < ESH(Q. R, {ar}) < BE(Q,R). (2.130)
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By setting r; = 7, = 1 in (2.118) and comparing the resulting expression with (2.126), we see
that the second inequality holds with equality when L = 2 and the costs are optimized. We
proceed by showing that, analogously to Section 2.4.4, this reduces to L = 1 in the case that
the input distribution or decoding metric is optimized.

To show that L = 1 suffices under ML decoding, we extend the argument following
(2.123). Upon setting ¢(z,y) = W(y|x) and replacing r(-) by —r(-) in (2.126) (which does
not affect the supremum), we obtain

- 1/p

BEQo)= s —plog Y Q) X Wisle) - Wiyla)rer o)

) o ! 2.131)
The objective in (2.131) is jointly concave in s, r(-) and 7(-), and it is also unchanged when
these are replaced by 1 — s, 7(-) and r(-) respectively. Combining these properties, it follows
that the objective cannot decrease upon replacing s by £ and both r(-) and 7(-) by 3(r(-)+7(-)).
Thus, the two auxiliary costs have been replaced by one without decreasing the objective, and
we conclude that L = 1 suffices.

Consider now the case of a general decoding metric with an optimized input distribution.
In Section 2.10.3, we show that for any s > 0 and p > 1, r(z0) in (2.128) takes the same
value for all  with Q(z) > 0 upon optimizing () and «a(-). Since we identified as(-) with r(-)
following (2.130), we conclude that L. = 1 suffices.

Finally, as is seen in (1.24)—(1.27), L = 0 (namely, i.i.d. coding) suffices to achieve ESS

under ML decoding with an optimized input distribution Q).

2.8 Numerical Example

Here we provide a numerical example comparing the random-coding and expurgated expo-
nents of Sections 2.4 and 2.7. We consider the channel described by the entries of the | X| x ||

matrix
1 —2dg 0o 0o
01 1—26 o1 (2.132)
59 09 1— 259

with X = Y = {0,1,2}. The mismatched decoder chooses the codeword that is closest to
y in terms of Hamming distance. For example, the decoding metric can be taken to be the
entries of the matrix in (2.132) with ¢; replaced by ¢ € (0, §) for i = 1,2,3. We let §, = 0.01,
6 =0.05,8, = 0.25and Q = (1,1, 1). Under these parameters, we have Igui(Q) = 0.643 and
It (Q) = 0.728 bits/use.
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Figure 2.1 Error exponents for the channel defined in (2.132) with 6o = 0.01, 6; = 0.05,
5, = 0.25 and Q = (3, 3, 3). The mismatched decoder uses the minimum Hamming distance
metric. The corresponding achievable rates Igy(Q) and Iy (Q) are respectively marked on
the horizontal axis.

We evaluate the exponents using the software YALMIP [77]. The exponents under consid-
eration are defined in Sections 2.4 and 2.7 with the exception of £, which is obtained from
(2.118) by setting L = 1 and r; = 71 = 1. Thus, it is related to EISOS“ (see (2.35)) in the same
way that ES is related to E£° (see (2.39) and (2.124)). For both Ecst and Eg;’St’, we optimize
the auxiliary cost a;(-).

As expected, Figure 2.1 shows that E¢¢ and ESS are the highest exponents, with the latter
dominating at low rates. The exponents E¢>* and ES* are only marginally lower, whereas
Eid and Eid are significantly lower. Moreover, Ei'd achieves the GMI, whereas £ and E<
achieve the LM rate. Interestingly, all of the expurgated exponents approach the same value
as R — 0. This behavior is in fact always observed, as was proved in [69, Thm. 4].

We did not plot E¢°* and ES%* with L = 1 and an optimized auxiliary cost, since in this
example the resulting curves were indistinguishable from E¢¢ and ESS. However, in [68], we
show that under other input distributions there may be a visible gap, as well as a larger gap
between E<¢ and E<st',
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2.9 Extensions to Channels with Input Constraints and More
General Alphabets

Suppose that each codeword « is constrained to satisfy = " | ¢(z;) < T for some (system)
cost function ¢(-). The finite-length bounds in Section 2.2 remain valid under any codeword
distribution Px that satisfies the constraint with probability one.

The i.i.d. ensemble is no longer suitable, since in all non-trivial cases it has a positive
probability of producing codewords that violate the constraint. On the other hand, the results
for the constant-composition ensemble remain unchanged provided that ) Q(z)c(xz) <T.

For the cost-constrained ensemble, the extensions are less trivial but still straightforward.
The main change required is a modification of the definition of D,, in (2.22) to include a
constraint on = 3% | ¢(z;). Unlike the auxiliary costs in (2.22), where the sample mean can
be above or below the true mean, the system cost of each codeword should be constrained to

be less than or equal to its mean. That is, the additional constraint is given by

n

1
. Zl () < g 23 Qa)e(z). (2.133)
Using this modified definition of D,,, one can prove the subexponential behavior of u, in
Proposition 2.1 provided that @ is such that ¢. < I". We proceed by outlining how the analysis
and results of Sections 2.4-2.7 are affected when the alphabets need not be finite and the
above modification is made. The input distribution () and channel W may represent discrete
transition laws, density functions, or a mixture of the two; where necessary, the summations
should be replaced by integrals.

We first observe that the dual-domain error exponent analysis in Sections 2.4 and 2.7 is un-
changed provided that E[c(X)?] < oo and E[a;(X)?] < oo foreach ! = 1,..., L, in accordance
with Proposition 2.1.

The analysis of the second-order coding rate (cf. Section 2.5) requires more care. In par-
ticular, the moderate deviations result [75, Thm. 2], which was used in the proof of Theorem
2.6, requires finite moments up to a certain order depending on ¢ in (2.78). In the case that all
moments of i, ,(X,Y’) are finite, the analysis of Section 2.5.1 is nearly unchanged, except that
the third absolute moment should be bounded in the set A, in (2.78) in the same way as the

second moment. An alternative approach is to introduce two further auxiliary costs into the
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cost-constrained ensemble, namely

a3(z) = vsa(z) (2.134)
ay(z) = Ef|isa(z,Y) — L[*], (2.135)

I
S

where v, 1s defined in (2.79), I, = Elisqo(x,Y)], and each expectation is taken with respect
to W (-|xz). Under these choices, the relevant second and third moments for the Berry-Esseen
theorem are bounded within D,, similarly to (2.82). The only further requirement (along with
Eg[c(X)?] < oo and Egla(X)?] < oo) is that Egyw[is«(X,Y)% < oo, in accordance with
Proposition 2.1.

With the preceding modifications, the techniques in Section 2.5 provide, to our knowledge,
the most general known second-order achievability proof for memoryless input-constrained
channels with infinite or continuous alphabets.> For example, when specialized to the addi-
tive white Gaussian noise (AWGN) channel with a maximal power constraint, we obtain the
achievability part of the dispersion given by Polyanskiy et al. [61], thus providing a simple
alternative to the proof therein based on the /3 bound.

For the moderate deviations analysis (cf. Section 2.6), there remains the issue that Proposi-
tion 2.1 is stated only for auxiliary costs not depending on n. Here we present a simple modifi-
cation showing that Theorem 2.7 remains valid provided that Eg[c(X)?] < oo, Eg[a(X)?] < oo,
and the auxiliary cost as(+) in (2.97) (depending on p) satisfies Eg[az(X)?] < oo uniformly in
p € [0,n], where 7 is an arbitrarily small positive constant.

We relax the constraints on ¢;(+) in D,, (cf. (2.22)) to the following:

Y ate) - of <aik 2.136)
i=1

where ,, appears in the statement of Theorem 2.7. It is readily verified using Chebyshev’s

inequality and the assumption v, = w(—=) that the probability of an ii.d. vector X’ ~ Q"

violating (2.136) tends to zero. Thus, re(;flling that the constraint in (2.133) is present in D,,,
the normalizing constant s, in (2.21) tends to 1.

The remainder of the analysis is nearly identical to that of Section 2.6, and leads to the
following analog of (2.106)

2
Be (n7 Len(ls’a(Q)_wn)J) < efn(%Jr%(% logﬂn726¢721)+0(¢721)+5¢%) ) (2137)

2 Analogous results were stated in [62], but the generality of the proof techniques therein is unclear. In
particular, the quantization arguments page 4963 therein require that the rate of convergence from I(X,,;Y) to
I(X;Y) is sufficiently fast, where X, is the quantized input variable with a support of cardinality m.
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The desired result follows by taking 6 — 0.

2.10 Proofs

2.10.1 Proof of Theorem 2.3

The proof is similar to that of Gallager for ML decoding [56], so we omit some details. The
codeword distribution in (2.21) can be written as

n

Px(z) = — [[ Q@) 1{Px € G}, (2.138)

P 55

where P, is the empirical distribution (type) of x, and G, is the set of types corresponding to
sequences x € D, (see (2.22)). We define the sets

Snu(Gn) & {Pxy € Pu(X x ) : Px € Gy} (2.139)
Ta(Pxy,Gn) 2 {Pxy € Pp(X x ) : Px € Gy,
Py = Py,Ej[logq(X,Y)] > Ep[log q(X,Y)]}. (2.140)

We have from Theorem 2.1 that p, = rcu. Expanding rcu in terms of types, we obtain

Pe= Y  P[(X,Y)eT"(Pxy)] min {1,M > P[(X,y) € T"(Pxy)] }
Pxy €Sn(Gn) Pxy €Tn(PxyGn)

(2.141)
where y denotes an arbitrary sequence with type Py. From Proposition 2.1, the normalizing
constant in (2.138) satisfies p,, = 1, and hence we can safely proceed from (2.141) as if
the codeword distribution were Px = Q™. Using the properties of types in (A.9)—(A.10), it
follows that the two probabilities in (2.141) behave as e "P(PxvllQxW) and e~nD(PxyllQxPy)
respectively. Combining this with the fact that the number of joint types grows polynomially

in n, and setting M = ||, we obtain 7, = e "Ern(Q.R9n) where

En(Q,R,G,)= min_ min D(Pxy|l@ x W)+ [D(]SXYHQ x Py) - R]+'
PxYESn(gn) nye'rn(PXngn)
(2.142)

Using a simple continuity argument (e.g. see [58, Eq. (30)]), we can replace the minimiza-
tions over types by minimizations over joint distributions, and the constraints of the form
|Ep[a;(X)] — ¢ < ¢ can be replaced by Ep[a;(X)] = ¢.
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2.10.2 Proof of Theorem 2.4

We make use of Fan’s minimax theorem [78], which states that min,sup, f(a,b) =
sup, min, f(a,b) provided that the minimum is over a compact set, f(-,b) is convex in a for all
b, and f(a,-) is concave in b for all a.

Using the identity [o]* = max,c[o 1) po and Fan’s minimax theorem, the expression in

(2.28) can be written as

E(Q, R) = max E§**(Q,p) — pR, (2.143)
p€[0,1]
where
E’SOSt(Q,p) £ min min D(Pxyl||Q x W) + pD(ﬁxyﬂQ x Py). (2.144)

PxyeS({a}) ﬁxyeT(PX%{al})

It remains to show that ES>%(Q, p) = ES*YQ,p). We prove this using parts (i) and (i) of
Lemma E.2 in Appendix E in succession. After suitable renaming, part (i) of Lemma E.2

reads as follows:

: D Q(x, y)s
_ min D(Pxy||Q x Py) = sup Pxy (z,y) log —— e
Pxy €T (Pxy.{ai}) 3>07{7"l}§,; Zf Q(x)q(x,y)seZz mi(a(@)=¢1)

(2.145)
where s and {7} correspond to the Lagrange multipliers for the constraints E5[log ¢(X,Y)] >
Ep[logq(X,Y)] and Ex[a;(X)] = ¢ respectively. It follows that the minimization in (2.144) is

equivalent to

PXY(CC,y) Q(LL‘,y)S
QW (yla) """ S Q(E)q(T, y)se> n(m(w)—@))
(2.146)

By Fan’s minimax theorem [78], the minimum and supremum can be interchanged, and we

min sup Pxy(z, lo
PXYES({az})szo,{rl}% xy (@) < &

thus consider the minimization of the objective in (2.146) over Pxy € S({a;}) with s and {7}

fixed. Using part (ii) of Lemma E.2, this minimization has a dual form given by

sup —log >  Pxy (x,y)

{Tl} x,y

S Q(E)q(E, y) el @@=\ -
gz, y)seXa rila(@) =) ; (2.147)

where {r;} correspond to Lagrange multipliers in the same way as {7;}. The proof is concluded

by taking the supremum over s and {7;}.
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2.10.3 Necessary Conditions for the Optimal Parameters

Here we consider the optimization of the achievable rates and error exponents for constant-
composition random coding over the parameters ) and a(-), considering the Karush-Kuhn-
Tucker (KKT) conditions [38, Sec. 5.5.3] corresponding to each. We treat the remaining
parameter s as a constant rather than considering its KKT conditions, since these will not be

needed for the results we provide.

Optimization of £5°(Q, p)

If p = 0 then we trivially have E§°(Q, p) = 0, so we assume that p > 0. We write the objective
in (2.40) as
E§°(Q,p,5,0) £ p)_ Q(w)a Z Q(x) log f(x (2.148)

where

Zwyyx q(z,y)” <ZQ S”>>p. (2.149)

We have the partial derivatives

-1
ZW ylx)g(z,y)~P° <ZQ )*e?®) >P q(@',y)* e (2.150)
2 hg(z, ) (2.151)
o) = Qg ), (2.152)

We proceed by analyzing the necessary KKT conditions for (Q, a) to maximize E§°(Q, p, s, a).

The KKT condition corresponding to the partial derivative with respect to a(z’) is

DEDY Q(m)w =0, (2.153)

()

which implies that either Q(2’) = 0 or

g(z,2)
x =1. 2.154
> Q@ (2.154)
Similarly, the KKT condition corresponding to Q(z') gives

pa(z') —log f(x pZQ CICALS (2.155)
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for all 2’ such that Q(z") > 0, where X is the Lagrange multiplier associated with the constraint
>, Q(z) = 1. Substituting (2.154) into (2.155) gives

—log (f(2')e™")) = X+ p. (2.156)

Using the definition of f(-) in (2.149), we see that (2.156) implies that the logarithm in (2.40)

is independent of x.

Optimization of I, ,(Q)

We write I, ,(Q) in (2.62) as
= SZQ W (y|z) log g(, y)

- ZQ p)a(z) =Y Q)W (ylx)log > Q(7)q(T,y)*e"™ (2.157)
x x,y x

and analyze the KKT conditions associated with the maximization over (@, a). We omit some
details, since the steps are similar to those above. For all 2/ such that Q(2’) > 0, the KKT

condition for a(z’) yields

q(@',y)%e
— =1 2.158
2 W) S oG, gren ~ - 1%
and the KKT condition for Q(z') yields

sZW (y|z")log q(«',y) + a(z ZW (y|") logZQ

Y

a(a")
- ;; Q)W (ylz) s g(w)zzx Sy ~A=0 (2.159)

where A is a Lagrange multiplier. Substituting (2.158) into (2.159) and performing some

simple rearrangements, we obtain

. q<x/7y)sea(x/) B
> Wi(yla')log S QE)a(E g A+ 1. (2.160)
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Optimization of E£°(Q, p)

We again omit the details to avoid repetition with the preceding analysis. We write the objec-
tive in (2.125) in the form

BY(@.p.0) = —p 3 Q) log 3 Q@I+ 5 0(ala). @161

where d; is defined in (2.117). For all 2’ such that Q(z’) > 0, we obtain the following KKT

conditions corresponding to a(z’) and Q(z'):

(—ds(w,2")+alz")/p > 162
ZQ DG ra@) s ' (2.162)
e(—ds(@.a")+a(a)) /p
- —ds(z',x)+a(T))/ no__
plogZQ pZQ e aaaraEyy T @) =2 2.163)

where A is a Lagrange multiplier. Combining these, it follows that any optimal pair (Q, a)
must be such that the logarithm in (2.125) is the same for all « such that Q(z) > 0

2.10.4 Proof of Theorem 2.8

The analysis here is similar to that of Section 2.10.1, and we make use of the definition of the
set G,, therein. Along with the definitions in (2.111)—(2.112), we define

T'(Pyx) 2 {Pygy € P(X x X x D) : Pyg = Py, Eplloga(X,Y)] = Eplloga(X,Y)]}

(2.164)
Sn(Gn) = {ng € Pu(X X X) : Px € Gy, Py € Qn} (2.165)
Ta(Pyx) 2 T'(Pyx) N Pu(X x X x V). (2.166)

It follows that Py ¢y € 7 ({a;}) if and only if Py ¢, € T’(]SX)?) for some ]—T’X)f( e SHar}).
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Using the codeword distribution in (2.21) and expanding (2.13) in terms of types, we obtain

rcux,(n, M)'/e

S/ P[(X,)?) c T"(PX)?)] 3 P[(x,f, Y) e T”(nyy)‘x - zc} e

ﬁxiesn(gn) Pyxy€Ti(Pxx)
(2.167)
. n S
=M max max _ exp(—nD(PXXHQxQ)) exp(——D(PXXYHPX)? XW))
PXXESn(gn) ny(yeﬁ{(PX;() p
(2.168)
=M max exp(—n(D(PygyllPyg x W) + Ip(X: X)), (2.169)
PX)?YET({GZ}) 1Y

where in (2.167) we define (x, ) to be an arbitrary pair with joint type JSX 5% (2.168) follows
from Proposition 2.1 and the properties of types in (A.11)—(A.12), and (2.169) follows from
the definitions of S,,, 7,] and 7, and by using a continuity argument similar to that of Section

2.10.1. We thus obtain the exponent

i D(Py vy ||Pyv X W) + p(D(Py % X — R 2.170
swp, min (PxxyllPxx x W)+ p(D(PxxllQ x Q) — R) (2.170)
= min sup D(Py 5y ||Pxx X W) 4+ p(D(Px %@ x Q)), (2.171)

PX)?Y €T ({ar}) p>1

where (2.171) follows from Fan’s minimax theorem [78], the conditions of which are satisfied
here since the objective is linear in p and convex in Py . Finally, we obtain (2.114) from
(2.171) using

o a>0
sup pa = (2.172)
p=1 a a<0
and the identity
D(Pxxyll@ X Q@ x W) = D(Px gy [|Pxx x W) + D(Pyxll@ X Q). (2.173)

2.10.5 Proof of Theorem 2.9

Recall the definitions of S({a;}), 7 ({a;}) and T’(ﬁx)?) in (2.111), (2.112) and (2.164) respec-
tively. We write (2.114) as

EC(Q,R)= _ min min_ D(Pyxyl|Pyx X W)+D(Pyxll@xQ)—R, (2.174)
PX)?ES({U,Z}) PX)?YGT(PX)?)
D(P,¢|QxQ)<R
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where the objective follows from (2.173). For a given IBX)? € S{a}), the quantity
D(Py%|Q x Q) — R is constant, and hence we consider the optimization problem

min_ D(Py gy |Pyx X W). (2.175)
PX}?YGT(PX)?)

By part (iii) of Lemma E.2 in Appendix E, this optimization has the same value as

i;l]g—;ﬁxx(m,x) log%W(y@)(ZEi:Z;) , (2.176)
where s is a Lagrange multiplier. Renaming ]5X % as Py ¢ and adding D(Py ¢ ||Q x Q) — R (see
(2.174)—(2.175)), we obtain the right-hand side of (2.115) with the minimum and supremum
in the opposite order. Using Fan’s minimax theorem [78], we can safely interchange the two.

The second statement (2.116) follows similarly from part (iv) of Lemma E.2. The param-
eter p corresponds to the Lagrange multiplier for the constraint D(Py ||@ x @) < R, and the
parameters {r;} and {7;} correspond to Lagrange multipliers for the constraints containing the

auxiliary costs.



Chapter 3

Refined Asymptotic Bounds

3.1 Introduction

Error exponents, second-order coding rates and moderate deviations results (see Sections
1.2.1-1.2.3) provide a more refined characterization of the system performance than the ca-
pacity alone. However, they all contain higher-order asymptotic terms that can be significant
at short to moderate block lengths. In this chapter, we seek refined asymptotic results that
characterize some of the higher-order terms.

Early works on characterizing the subexponential prefactor for a given rate under ML
decoding include those of Elias [12], Dobrushin [79] and Shannon [80], who studied specific
channels exhibiting a high degree of symmetry. More recently, Altug and Wagner [81-84]
obtained asymptotic prefactors for arbitrary DMCs. The growth rate of the optimal prefactor
is not yet fully understood, but matching achievability and converse results have been provided
for symmetric channels when the rate is above the critical rate [84].

There has also been substantial effort in studying the third-order term in the regime of
fixed error probability, and a complete characterization is known for most DMCs [61, 85-89],
as well as the additive white Gaussian noise (AWGN) channel [61, 90]. The achievability
techniques of Polyanskiy [85, Sec. 3.4.5] will be of particular interest in this chapter.

Throughout the chapter, we consider the setup described in Section 1.1.1, and we use the
random coding bounds and ensembles given in Sections 2.2-2.3. Our main contributions are

as follows:

1. In Section 3.2, we provide refined asymptotic results for (non-expurgated) i.i.d. ran-
dom coding. For the non-asymptotic random-coding bounds rcu and rcug introduced in

Section 2.2, we give saddlepoint approximations [65] that can be computed efficiently,
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and that characterize the asymptotic behavior of the corresponding bounds as n — oo
at both fixed and varying rates, this unifying the regimes of error exponents, second-
order rates and moderate deviations. In particular, the approximation of rcu is shown
to simultaneously capture the behavior of the third-order term of Polyanskiy at a fixed
error probability [85, Sec. 3.4.5], and the asymptotic prefactor of Altug-Wagner [81] at
a fixed rate. Moreover, in the fixed rate setting, a novel characterization of the implied
constant is obtained. Using numerical examples, it is shown that the approximations are

remarkably accurate even at short block lengths.

2. In Section 3.3, we derive Gallager’s expurgated i.i.d. exponent (and its generalization
to mismatched decoding) with a O(ﬁ) prefactor, thus improving on the original O(1)

prefactor. Once again, the implied constant is explicitly characterized.

3. In Section 3.4, we present refined asymptotic bounds for constant-composition random
coding. Under some technical conditions, we derive a fixed-error third-order term and
a fixed-rate prefactor growth rate analogous to those of i.i.d. random coding. Moreover,
we study the reduction in the performance when the technical conditions fail, showing

in particular that a loss for sum channels [1] is unavoidable in general.

Our analysis will make use of several techniques and results from the probability literature,
including strong large deviations, local limit theorems, Edgeworth expansions, and concentra-
tion functions. An introduction to these concepts is given in Appendix C.

Parts of this chapter were presented in [68, 91-93].

3.2 Saddlepoint Approximation for i.i.d. Random Coding

In this section, we obtain estimates of the non-asymptotic bounds rcu and rcug (see Theorem
2.1) based on the saddlepoint approximation [65]. We prove the asymptotic tightness in the
limit of large n for both fixed and varying rates. In particular, the approximations will be seen
to unify the regimes of exponents, second-order coding rates, and moderate deviations, includ-
ing some higher-order terms. We focus on i.i.d. random coding (i.e. Px(xz) = [["; Q(x:)),

which is particularly amenable to a precise asymptotic analysis.
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3.2.1 Preliminary Definitions and Results

As in Section 2.5, we fix Q € P(X) and s > 0, and define the quantities

; A q(ac, y)s
) R S @ ) G
Z?(:B,y) £ le<mhyz) (32)
=1
I,(Q) £ E[is(X,Y)] (3.3)
Us(Q) = Var[is(X,Y)], (3.4)

where (X,Y) ~ @ x W. We write rcu; in (2.8) (with Px = Q™) as
reug(n, M) = E[mm {1,(M - 1)6—@'?(X7Y>}] (3.5)
Furthermore, we let
E§(Q.p,8) & —log B[] (3.6)

denote the objective in (2.38) with a fixed value of s in place of the supremum. The optimal
value of p is given by

p(Q, R, s) & argmax Ey(Q, p, s) — pR, 3.7)
p€[0,1]

and the critical rate is defined as

R (Q) £sup{R : p(Q,R,s) =1}. (3.8)

We define the following derivatives associated with (3.7):

iid
0@ k)& - L0 (39)
P p=p(Q,R,5)
2 rpiid
Q. R, 5) 2 - TEG:0:0) . (3.10)
P p=h(Q.R,5)

The following properties of the above quantities are analogous to those of Gallager for ML

decoding [2, pp. 141-143], and are proved in a similar fashion (see Section 3.5.1 for details):
1. p(Q, R, s) is continuous in R.

2. For all R > 0, we have c2(Q, R,s) > 01f Us(Q) > 0, and c2(Q, R, s) = 01f U4(Q) = 0.
Furthermore, we have c»(Q, I,(Q), s) = Us(Q).
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3. fU4(Q) =0, then R (Q) = I5(Q).

4. For R € [0, R&(Q)), we have p(Q, R, s) = 1 and ¢1(Q, R, s) < 0.

5. For R € [R¥(Q), I,(Q)], p(Q, R, s) is strictly decreasing in R, and ¢;(Q, R, s) = 0.
6. For R > I,(Q), we have p(Q, R,s) = 0and ¢;(Q, R, s) > 0.

Throughout this section, the arguments to p, ¢1, etc. will be omitted, since their values will be
clear from the context.

The density function of a N(u, 02) random variable is denoted by

1 _(z=w)?
Bz p,0%) & e . (3.11)

Our results will distinguish between lattice and non-lattice random variables; see Definition

C.1 in Appendix C. In the lattice case, we will make use of

(z—w)?
¢h(Z§N702)é\/2}1—2€_ =, (3.12)
mwo

which can be interpreted as an approximation of the integral of ¢(-;u,o?) from z to z + h

when A is small.

3.2.2 Approximation for rcu,(n, M)

In the proof of Theorem 3.1 below, we derive an approximation rcug of rcu, taking the form
i (n, M) 2 0 (Q, R, s)e™"(E0 (@) =PR), (3.13)

where R = Llog M, and the prefactor o, varies depending on whether is(X,Y) is a lattice

variable. In the non-lattice case, the prefactor is given by

00 0
agl(Q,R, s) é/ e_f’ng(z;ncl,ncz)dz—}—/ e(l_ﬁ)ng(z;ncl,an)dz. (3.14)
0

—00

In the lattice case, it will prove convenient to consider R — i5(X,Y) rather than i5(X,Y).
Denoting the offset and span of R—i4(X,Y") by v and h respectively, we see that nR—i?(X,Y")

has span h, and its offset can be chosen as

'ynémin{n’y—l-ih : iGZ,n’y—i—ihzO}. (3.15)
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The prefactor for the lattice case is given by

o) -1
a,(Q, R, s) £ Z e Pt gy (v + ihs ey, nea) + Z U= PY0n i) 6y (3, + ih; ney, nea),
i=0 i=—o00
(3.16)

and the overall prefactor in (3.13) is defined as

Q. R, R —i4(X,Y) is non-lattice
0n(Q. Ry 2 (@I () (3.17)
ol (Q,R,s) R—is(X,Y) has offset vy and span h.

It is generally easy to verify whether or not R — i,(X,Y’) is a lattice variable by evaluating its
values on the support of @ x W. A notable example of the lattice case is that in which there
are only two distinct values among these; this occurs in several symmetric settings.

Before proceeding, we give a high-level comparison of the saddlepoint approximation and
the normal approximation (the latter corresponding to (2.92) with the remainder term omit-
ted). As stated in Section 3.2.1, we have ¢1(Q, I;(Q),s) = 0 and c2(Q, I5(Q),s) = Us(Q);
hence, at least at an intuitive level, we expect the two approximations to behave similarly
when R =~ I;(Q). For more general choices of R, the saddlepoint approximation is obtained
by first performing an exponential change of measure, and then applying a normal-type ap-
proximation. This yields an expression having the correct exponential behavior, and yielding
significantly better estimates in many cases. The values of ¢; and ¢, are the mean and variance
of the exponentially tilted version of R —is(X,Y).

While (3.14) and (3.16) are written in terms of integrals and summations, both prefactors
are single-letter, and can be computed efficiently to a high degree of accuracy. In the non-

lattice case, this is done using the identity

00 o, 2
/ e’ (2 1, 0)dz = e“”+%02’72Q(u). (3.18)

o

In the lattice case, we can write each of the summations in (3.16) in the form

b2 .
S chrtbiit? iyt § el ) (3.19)
7 7
where by < 0. We can thus obtain an accurate approximation by keeping only the terms in
the sum such that i is sufficiently close to —2%12. Overall, the computational complexity of the

saddlepoint approximation is similar to that of the exponent alone.
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Theorem 3.1. Fix an input distribution Q € P(X) and parameter s > 0 such that Us(Q) > 0.

For any sequence of integers { M, } such that M, — oo, we have

i S0 Mn) (3.20)

n—oo reug(n, My,)
Proof. See Section 3.5.3. O

A heuristic derivation of the non-lattice version of rcu; was provided in [94]; Theorem 3.1
provides a formal derivation, and a treatment of the lattice case. It should be noted that the
assumption Ug(Q) > 0 is not restrictive, since in the case that Us(Q)) = 0 the argument to the
expectation in (3.5) is deterministic, and hence rcu, can easily be computed exactly.

In the case that the rate R is fixed, simpler asymptotic expressions can be obtained. In

Section 3.5.2, we prove the following (here f,, < g, denotes the relation lim,, é% =1):

* If R [0,R(Q)) or R > I4(Q), then

an(Q, R, 5) = 1. (3.21)
e If R = R¥(Q) or R = 1,(Q), then
an(Q, R, 5) = % (3.22)
« If R € (R¥(Q), I,(Q)), then
a2 (Q, R, s) = ! (3.23)

T V2rncyp(l — p)
h ~ 1 ~ 6_(1_ﬁ)h
1 - —hn (1=p)n
a,(Q,R,s) < s (e <1 — e—ﬁh> +e (1 — e—(l—ﬁ)h>>' (3.24)

The asymptotic prefactors in (3.21)—(3.24) are related to exact asymptotics studies in the statis-

tics literature, which seek to characterize the subexponential prefactor for probabilities that
decay at an exponential rate (e.g. see [95]). These prefactors are useful in gaining further in-
sight into the behavior of the error probability compared to the error exponent alone. However,
there is a notable limitation which is best demonstrated here using (3.23). The right-hand side
of (3.23) characterizes the prefactor to within a multiplicative 1 + o(1) term for a given rate,
but it diverges as p — 0 or p — 1. Thus, unless n is large, the estimate obtained by omitting

the higher-order terms is inaccurate for rates slightly above RS (Q) or slightly below I5(Q).
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In contrast, the right-hand side of (3.14) (and similarly (3.16)) remains bounded for all
p € [0,1]. Furthermore, as Theorem 3.1 shows, this expression characterizes the true behavior
of rcug to within a multiplicative 1 + o(1) term not only for fixed rates, but also when the rate
varies with the block length. Thus, it remains suitable for characterizing the behavior of rcug
even when the rate approaches I5(Q) (or RY'(Q)), as is the case in the regimes of second-order
coding rates and moderate deviations. Moreover, in the former regime, the proof of Theorem
3.1 reveals that rcti, = rcu,; + O(—=), which implies (via a Taylor expansion of Q') that rcu,

vn
captures the behavior in (2.92) up to the O(1) term.

3.2.3 Approximation for rcu(n, M)

In the proof of Theorem 2.1, we obtained rcu, from rcu using Markov’s inequality. In this sub-
section, we will see that, under some technical assumptions, a refined analysis yields a bound

which is tighter than rcug, but still amenable to the techniques of the previous subsection.

Technical Assumptions

We define the set

Vi(Q) = {y : q(z,y) # q(Z,y) for some z, T such that Q(x)Q(Z)W (y|z)W (y|Z) > 0},

(3.25)

and make the following technical assumptions on (W, ¢, Q):
q(x,y) >0 <= Wi(ylz) >0 (3.26)
V1(Q) # 0. (3.27)

When ¢(z,y) = W(y|x), (3.26) is trivial, and (3.27) is the non-singularity or feasibility decod-
ing is suboptimal condition of [81, 96]. A notable example where this condition fails is the
binary erasure channel (BEC). It should be noted that if (3.26) holds but (3.27) fails then we
in fact have rcu = rcu, for any s > 0, and hence rcu, also approximates rcu. This can be seen
by noting that rcu; is obtained from rcu using the inequality 1{g > ¢} < (Z)°, which holds
with equality when { € {0,1}.
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Definitions

Along with the definitions given in Section 3.2.1, we make use of the reverse conditional

distribution

By(zly) 2 Q(”;);f(x’y)s : (3.28)

the joint tilted distribution

Q)W (yfz)e -

Py (,y) = s (3.29)
g Doy QU)W (y'|a)ePis(@ )
and its Y-marginal P; (y), and the conditional variance
3(Q, R, 5) 2 E[Var [ia(X*, Y*)\Y*” , (3.30)
where (X*,Y*) ~ ngs(y)ﬁs(ﬂy). Furthermore, we define the set
I, 2 U {ia(z, )}, (3.31)
(z.y): Q)W (y|2)>0,y€N1(Q)
and let
e T, does not lie on a lattice
Q;Z)s = — . (332)
1_275 Z, lies on a lattice with span h.

The set Z; is the support of a random variable that will appear in the analysis of the inner
probability in (2.7). It should be noted that 4 in (3.32) can differ from & (the span of i5(X,Y))
in general, and it may even be the case that Z; lies on a lattice even though is(X,Y") is non-
lattice. A straightforward example of this phenomenon is seen when is(X,Y") takes values on
{—V/2,—1,1,/2}, with only the values {—1,1} corresponding to y € Y;(Q).

We claim that the assumptions in (3.26)—(3.27) imply that ¢z > 0 for any R and s > 0. To

see this, we write

Varg 1, [is(X,y)] =0 <= log PZQ((J;’?)J) is independent of = wherever P,(z|y) >0 (3.33)
<= ¢(z,y) is independent of z wherever Q(z)q(z,y) >0 (3.34)
— y & N1(Q), (3.35)

where (3.33) and (3.34) follow from the definition of P, in (3.28) and the assumption s > 0,
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and (3.35) follows from (3.26) and the definition of ), (@) in (3.25). Using (3.1), (3.26) and
(3.29), we have
P (y) >0 < > Qz)W(ylx) > 0. (3.36)

Thus, from (3.27), we have P; (y) > 0 for some y € 1 (Q), which (along with (3.35)) proves
that c3 > 0.

Main Result

The main result of this subsection is written in terms of an approximation of the form
1 (n, M) £ 3,(Q, R, s)e " F0(@re)=0h), (3.37)

where we again have R = % log M. Analogously to the previous subsection, we treat the lattice

and non-lattice cases separately:

(Q, R, R —i4(X,Y) is non-lattice
Bn(Q, R, s) = PriQ, R, 2) WX ) (3.38)
BL(Q,R,s) R—is(X,Y) has offset v and span h,

where
/2rney
B Q, R, s) 2 /OO e P p(z;ner, ne)dz + Ys /log v e1=P2 (2 ney, ney)dz
n ) ) log \/ib:TCfS bl 17 2 \/m = b 17 2
(3.39)
6111(62’ R7 8) £ Z e_ﬁ(7n+ih)¢h(fyn + Zh, ncy, an)
B y i*—1 ) ‘
T e 2 POt ikinenney),  (340)
and where in (3.40) we use v, in (3.15) along with
i* émin{ieZ . vy +ih > log Vz”””’}. (3.41)

Theorem 3.2. Under the setup of Theorem 3.1 and the assumptions in (3.26)—(3.27), we have

rcu(n, My,) < rcui(n, M,)(1+ o(1)), (3.42)
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where
reus(n, M) £ E {min {1, \/];%e"’?(x’” H : (3.43)
Furthermore, we have .,
Jim e, (3.44)
Proof. See Section 3.5.4. O]

When the rate does not vary with n, we can apply the same arguments as those given in
Section 3.5.2 to obtain the following analogues of (3.21)—(3.24):

* If R €]0,RS(Q)), then

Vs
2 (Q, R, s) < , 3.45
Bu(@Q, By s) 2mncs ( )
and similarly for R = RS'(Q) after multiplying the right-hand side by 1.
* If R e (RY(Q), 15(Q)), then
nl ¢s ’ 1
- 3.46
(@, R, 5) <\/27rn03> V2mneap(l — p) (3.46)

| 1/15 P h L 1 (1—p)! e—(l—f))h
Q R — PYn _ P)Vn _—
bul(@: R 5) <\/27m03> V2mney (e <1 - e‘Ph> te 1—e(=p)h ) |’

(3.47)

where 7/, £ 7, +i*h — log 7%”03 € [0,h) (see (3.41)).
* For R > I,(Q), the asymptotics of (3,, coincide with those of a,, (see (3.21)—(3.22)).

When combined with Theorem 3.2, these expansions provide an alternative proof of the main
result of Altug-Wagner [81], along with a characterization of the multiplicative ©(1) terms
that were left unspecified in [81]. A simpler version of our analysis can also be used to obtain
the prefactors with unspecified constants [91].

Analogously to the previous subsection, in the regime of fixed target error probability

1
Vvn
expansions of the rates corresponding to rcu? and rcu;; coincide up to the O(1) term. From the

we can write (3.44) more precisely as rcu; = rcu} + O(—=), implying that the asymptotic

analysis given in [85, Sec. 3.4.5], rcu} yields an expansion of the form (2.92) with the O(1)
term replaced by logn + O(1), and it follows that the same is true of rcu.
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3.2.4 Numerical Examples

Here we provide numerical examples to demonstrate the utility of the saddlepoint approxi-
mations given above. Along with rcus and rcul, we consider (i) the normal approximation,
obtained by omitting the remainder term in (2.92), (ii) the error exponent approximation
pe ~ e E(QR) and (iii) the exact asymptotics approximations on the right-hand sides of
(3.24) and (3.47). We use the lattice-type versions of the approximations, since we consider
examples in which R —i,(X,Y) is a lattice variable. We observed no significant difference in
the accuracy of each approximation in similar non-lattice examples.

We consider the example given in Section 2.8, using the parameters jp = 0.01, 6; = 0.05,
2 = 0.25, and Q = (3, 3, 3). We approximate the summations of the form (3.19) by keeping
the 1000 terms! whose indices are closest to —2%. We choose the free parameter s to be
the value that maximizes the error exponent at each rate. For the normal approximation, we
choose s to achieve the GMI in (1.11). Defining R..(() to be the supremum of all rates such
that p = 1 when s is optimized, we have Igyi(Q) = 0.643 and R, (Q) = 0.185 bits/use.

In Figure 3.1, we plot the error probability as a function of the rate with n = 60. Despite the
fact that the block length is short, rcus and rcu;, are indistinguishable at all rates. Similarly, the
gap from rcu to rcu; is small. Consistent with the fact that Theorem 3.2 gives an asymptotic
upper bound on rcu rather than an asymptotic equality, rcu; lies slightly above rcu at low
rates. The error exponent approximation is close to rcu, at low rates, but it is pessimistic at
high rates. The normal approximation behaves somewhat similarly to rcu,, but it is less precise
than the saddlepoint approximation, particularly at low rates.

To facilitate the computation of rcu and rcu, at larger block lengths, we consider the sym-
metric setup of 6y = & = 6, = § = 0.1 and Q = (3, 3, 3). Under these parameters, we have
I(X;Y) = 0.633 and R, (Q) = 0.192 bits/use. In Figure 3.2, we plot the rate required for each
random-coding bound and approximation to achieve a given error probability ¢ = 1078, as a
function of n. Once again, rcus is indistinguishable from rcug, and similarly for rcu; and rcu.
The error exponent approximation yields similar behavior to rcu, at short block lengths, but
the gap widens at larger block lengths. The exact asymptotics approximations are accurate
other than a divergence near the critical rate, which is to be expected from the discussion fol-
lowing (3.24). In contrast to similar plots with larger target error probabilities (e.g. [61, Fig.
8]), the normal approximation is inaccurate over a wide range of rates.

Further examples demonstrating the accuracy of the saddlepoint approximation can be

found in [92, 94].

I'The plots remained the same when this value was increased or decreased by an order of magnitude.
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Error Probability
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Figure 3.1 1.1.d. random-coding bounds for the channel defined in (2.132) with minimum Ham-
ming distance decoding. The parameters are n = 60, o = 0.01, 6; = 0.05, d2 = 0.25 and
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Figure 3.2 Rate required to achieve a target error probability ¢ for the channel defined in

(2.132) with ML decoding. The parameters are ¢ = 1078, §g = 6; = do = § = 0.1 and

Q= (33 73)
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3.3 Prefactor to the i.i.d. Expurgated Exponent

In this section, we obtain a refined asymptotic bound of the form p.(C,) <

a(n, R)e‘”EEd(R)(l + o(1)), where EI4(R) is the expurgated exponent given in (2.122). We
will see that, under some technical conditions, the prefactor to rcux, in (2.13) behaves as

1
O(7)
Section 3.2, and we thus provide a more concise treatment.

thus improving on Gallager’s O(1) prefactor. The analysis builds heavily upon that of

3.3.1 Preliminary Definitions

We define the sets

i(w,x) 2 {y : Wiyl)W(ylz) > 0] (3.48)

A@Q) = {@c,x) . Q@)QE) >0, 1Y), AT

y/; for some y,y’ € y{(x,x)}, (3.49)
and make the following technical assumptions:

q(z,y) =0 <= W(ylz) =0 (3.50)

A(Q) # 0. (3.51)

It is easily shown that (3.27) holds whenever (3.51) holds by considering the contrapositive
statement. However, (3.27) does not imply (3.51) in general.

We proceed by defining several quantities that are analogous to those appearing in Section
3.2.3. We let

z,y)

_ S\ 1/p
EQ.p.5) 2 —plog Y Qla Wyl (q(x’”) (3.52)
(Q,p,s P Z (T) Ey: (y|x) o
denote the objective in (2.123) with a fixed value of s. We define the tiled distribution

. Wl ()
S, Wyle) (4223

P (y|z, E) HP (yilzi, Ti), (3.54)

(3.53)

f’s(@/m j)
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and the generalized information density

. _ ]53 (y|$7 E)
s(2, 7, y) & log == 3.55
Js(x,Z,y) = log Wl (3.55)
HCRRNED P NETRRIE (3.56)
i=1
Furthermore, we define the joint tilted distribution
200\ 5\ /P
O awe@ (s, Wk (£28))
P (z,T) = e (3.57)
S QENQ@) (2, Wwle) (4543 )
and the conditional variance

0(Q, p,5) 2 E[Var [s(X*, X7, Y*)\X*,X*H, (3.58)

where (X*, X*,Y*) ~ P (z, T)P,(y|z, 7). The arguments to ¢y will be omitted when their
values are understood from the context. Writing Yy ~ P(-|z,Z), the following arguments

show that the assumptions in (3.50)—(3.51) imply that ¢y > 0 whenever s > 0:

Var[js(z,7,Ys)] =0 < js(x,7,y) is independent of y wherever ]Bs(y|x,a?) >0 (3.59)

— ZE? Zi is independent of y wherever W (y|z)q(Z,y) >0 (3.60)
= (2,7) ¢ AQ), (3.61)

where (3.60) follows from the definitions of j; and P,, and (3.61) follows from (3.50) and the
definition of .A(Q). Using the assumption in (3.51), it follows that ¢y > 0.
Finally, we define the set

T, 2 U {Js(z, 2, 9)}, (3.62)

(z,7,y) : W (y|x)>0, (z,7)€A(Q)

and the constant

(3.63)

b 2 {1 T, does not lie on a lattice
s =

— T, lies on a lattice with span h.



3.4 Constant-Composition Random Coding 69

3.3.2 Main Result

Theorem 3.3. Fix the input distribution Q € P(X), rate R > 0, and parameters p > 1 and
s > 0. Under the assumptions in (3.50)—(3.51), there exists a sequence of codebooks C,, with

M > e codewords whose maximal error probability satisfies

4P _n(Eii §)—
Pemax(Cn) < \/27:”7606 (B (Qo)=pR) (1 1 o(1)). (3.64)
Proof. See Section 3.5.5. O

We observe that at any rate where the expurgated exponent and random-coding exponent
coincide (i.e. p = 1 in both cases), the growth rate of the prefactor in Theorem 3.3 coincides
with that of non-expurgated random coding (cf. (3.45)). Of course, Theorem 3.3 is primarily

of interest at low rates, where the expurgated exponent exceeds the random-coding exponent.

3.4 Constant-Composition Random Coding

Thus far, we have focused on obtaining refined asymptotics bounds for i.i.d. random coding.
There is substantial motivation to obtain similar refinements for the constant-composition en-
semble, since it yields improved achievable rates and error exponents when the decoding rule
is suboptimal (cf. Chapter 2). Moreover, even in the case of matched decoding, constant-
composition codes are of interest for channels with input constraints, as well as multi-user
settings [66, 97]. In this section, we study the fixed-error third-order term and the fixed-rate

asymptotic prefactor for constant-composition random coding.

3.4.1 Setup and Definitions

Similarly to Sections 3.2.3 and 3.3, we assume throughout this section that
q(z,y) >0 <= W(ylz) > 0. (3.65)
We use constant-composition random coding with an input distribution Q:

Px(z) = T”(lQn)\]l{w e T"(Qu)), (3.66)

where Q,, is a type with the same support as @ such that |Q — Q,||cc < £. To simplify the

— n

statements of the definitions and results, we assume that Q(z) > 0 for all . This is without
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loss of generality for the results we provide, since in the general case the remaining inputs can
be removed. We similarly assume that all outputs are reachable.

As in Section 2.5, we define the generalized information density

. A q(z,y)*er®
isa(z,y) = log — 7 —, (3.67)
(2:0) =108 S ) (7 )
and its n-letter extension .
Z?,a(mvy) = Zis,a(mivyi)- (368)

i=1

The mean and conditional variance of i, , are denoted by

I5.4(Q) £ Elisa(X,Y)] (3.69)
Vea(Q) 2 E[Varfisq(X,Y) | X]], (3.70)

where (X,Y) ~ @ x W. The relevant Ey function is given in (2.40), and can be written as

E§¢(Q.p) = up —ZQ )log Y W (y|a)e Pieaty), (3.71)

$>0,a( y

It will again be useful to define the objective with fixed values in place of the supremum:
E(Q,p,s,a) Z Q(z)EG, (@, p, 5, a), (3.72)

where

E§S(Q,p,s,a) £ —log Y W (y|z)e Pisaly), (3.73)
Yy

The optimal value of p and the critical rate are given by

ﬁ(Q,R,S,CL) £ argmaXEgc(vaasva) - pR (374)
p€0,1]
RS.(Q) £sup{R : p(Q,R,s,a) =1}. (3.75)

The arguments to p will be omitted when their values are understood from the context.

For a given channel W and decoding metric ¢, we define M (n,€) to be the maximum
number of messages for a given block length n and target error probability e for constant-
composition codebooks with type @,, and we define M*(n,¢) similarly for arbitrary code-

books (not necessarily constant-composition). Similarly, we let p ,(n, M) and pi(n, M) de-
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note the smallest error probability for a given block length and number of messages, where

the former is restricted to constant-composition codebooks with type Q,,.

3.4.2 Main Results
Further Definitions

We define the following sets of decoding metrics ¢(z,y) on X x ):

o5 & {q : There exist functions g(z), h(y) s.t. ¢(x,y) = g(x)h(y) wherever q(z,y) > 0}
(3.76)

Qo = {q : There exists a function h(y) s.t. ¢(x,y) = h(y) wherever ¢(z,y) > O}. (3.77)

Moreover, we define the sets of channels W§¢ and W, in the same way, with the added con-
dition that each element is a conditional distribution W (y|z). We clearly have Q, C Qf° and
Wo € W§°. Observe that the condition ¢ ¢ Qg coincides with the condition Y;(Q) # 0 in
(3.27) (recall that we have assumed Q(z) > 0 for all x).

It was shown by Csiszar and Narayan [8] that, if the codewords have a fixed composition,
then any ¢ € Qf° is equivalent to the erasures-only metric ¢(z,y) = 1{W (y|z) > 0}. Thus, in
the case of ML decoding (i.e. ¢ = W), the condition W ¢ W(° is a natural generalization of
the feasibility decoding is suboptimal (FDIS) condition from [96], namely W ¢ W),. Due to
the additional structure of constant-composition codes, there is a wider class of metrics that
are equivalent to the erasures-only metric, and a wider class of channels for which feasibility
decoding is optimal.

An alternative formulation of the condition ¢ € Qf° is given in Lemma B.1 in Appendix B.
This formulation shows that a sufficient (but not necessary) condition for ¢ ¢ Qf° is that (3.51)
holds. Conversely, combining (3.65) with [8, Thm. 1], we have ¢ € Qf° whenever the channel
graph is acyclic (e.g. the binary erasure channel).

Our results also vary depending on whether W is a sum channel [1] according to the

following definition.

Definition 3.1. A discrete memoryless channel W is said to be a sum of N subchannels
Wh,...,Wn if the alphabets X and Y can be partitioned into disjoint non-empty subsets
Xi,..., Xy and Yy, ..., YN such that

(3.78)

Wi(ylz) ze€X,andye Y (ie{l,...,N})
W(ylz) =
0 otherwise,
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and the same is not true for any larger value of N. We say that W is a sum channel if it is a

sum of N > 2 subchannels.

Fixed-Error Asymptotics

Previous works on the fixed-error asymptotics of constant-composition codes in the matched
setting include those of Hayashi [62], Kostina-Verdd [98], and Moulin [87]. Each of these
works provides a dispersion term of the form V' = E[Var[i(X,Y) | X]], where i(-, -) is defined
in (1.29). The third-order term is o(y/n) in [62], O(logn) in [98], and 3 logn under various
technical conditions in [87].

The following theorem provides a 3 log n third-order term under various technical condi-
tions using different techniques to those of [86], as well as considering the mismatched setting

and providing refined results for the case that the technical conditions fail.

Theorem 3.4. Fix an input distribution Q € P(X) such that Q(x) > 0 for all x, and the
parameters s > 0 and a(-). If (3.65) holds and W is the sum of N subchannels, then we have
forany e € (0,1) that

log M{(n, €) > nls o(Q) — \/1Vsa(Q) Q7 '(e) —i—%(]l{@ ¢ Ot — (N —1))logn+0(1). (3.79)

Proof. See Section 3.5.6. 0

In the special case that ¥ is not a sum channel (i.e. N = 1), the coefficient to logn in
(3.79) is % when ¢ ¢ QFF, and 0 when ¢ € Qf°. In the case of ML decoding (i.e. ¢ = W),
a matching converse for the case W ¢ Wg® was given in [61, Thm. 48], and a matching
converse for the case W € W, with an optimized input distribution was given in [88, Prop. 2].
However, it 1s unclear whether our result is tight for ML decoding with W' € W§\Wj. It is
also unclear whether our result is tight for sum channels, but there are cases where the answer
is affirmative. Before stating this formally, we present the following general theorem relating
Mg (n, €) and M~ (n, €) (cf. Section 3.4.1).

Theorem 3.5. Fix an input distribution Q) such that Q(x) > 0 for all z. If (3.65) holds and W

is the sum of N subchannels, each of which has an identical transition law, then
1
log M¢)(n,€) < log M*(n,e) — §(N —1)logn + O(1). (3.80)

Proof. See Section 3.5.8 ]



3.4 Constant-Composition Random Coding 73

In the special case of ML decoding, we can combine Theorem 3.5 with existing asymptotic
upper bounds on M*(n, €) to obtain more concrete asymptotic expansions of Mg (n, €). To this
end, we let WY™™ be the set of channels that are symmetric in the sense of Gallager, i.e. the
output alphabet ) can be partitioned into subsets such that the resulting submatrices of the
transition matrix {W (y|x)} contain rows that are permutations of each other, and columns that
are permutations of each other. Furthermore, we define W;¥™™ £ Wsymm 0 W, and we let C

and V' denote the channel capacity and dispersion, as given in (1.5) and (1.30).

Corollary 1. Let q(x,y) = W(y|x), and suppose that W is the sum of N subchannels, each of
which has an identical transition law. Fix e € (0,1), and suppose that V' > 0. For any input
distribution Q such that Q(z) > 0 for all z, we have

log Mgy(n,€) < nC V¥V Q' (€) + L (L{IW ¢ W™} — (N — 1)) logn + O(1). ~ (381)

Proof. This follows by combining (3.80) with the upper bounds on M*(n,¢) given in [88]
(W € W™ ™) and [89] (W ¢ W;"™™). The assumption V > 0 suffices to obtain a coefficient
to logn of 0 and % in [88] and [89] respectively. O

Consider the expansion in (3.79) with ¢ = W, s = 1, a(-) = 0, and @ chosen to achieve
the capacity and dispersion. Provided that (z) > 0 for all =, we see that the expansion
coincides with (3.81) whenever the two indicator functions yield the same value. Examples
include W equal to the sum of N identical binary symmetric channels (BSCs), or N identical
binary erasure channels (BECs). To our knowledge, these are the first known cases in which
i.i.d. random coding provably outperforms constant-composition random coding; the former

yields the optimal third-order expansion of M*(n, €) without the (N — 1)logn term [61, 88].

Fixed-Rate Asymptotics

To our knowledge, no previous works have attempted to accurately characterize the fixed-rate
prefactor for constant-composition random coding. Here we provide refined bounds that im-
prove significantly on standard prefactors containing polynomials depending on the alphabet

sizes (e.g. see [27, Ch. 10]), and that will be seen to be tight in some cases.

Theorem 3.6. Fix an input distribution Q such that Q(x) > 0 for all x, the parameters s > 0
and a(-), and the rate R € (0, 1;,(Q)). If (3.65) holds and W is the sum of N subchannels,
then the following holds for sufficiently large n under the codeword distribution in (3.66):

piq(n, ["]) < an(Q, R, s,a)e” "I (@00 =PR), (3.82)
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where

——2___ Re (R sa
on(Q, R, s,a) = { n2FTA@ R € (A(Q):La(Q) (3.83)
R

i € (0, RE,(Q)]

nat’
for some constant K depending on W, q, Q, s, a(-) and R, and where

T2 1{g ¢ Q) - (N -1). (3-84)

Proof. See Section 3.5.6. O

In the case that W is not a sum channel (ie. N =1)and g ¢ QfF (respectively, ¢ € QFF),

Theorem 3.6 yields a prefactor of O(—1—) (respectively, O (ﬁ)) for rates above the critical

L
rate, and a prefactor of O( ) (respec(tl;e)ly, O(1)) for rates below the critical rate. This is
analogous to the behavior of i.i.d. random coding [81, 91] (see also (3.21)—(3.24) and (3.45)—
(3.47)). A matching converse is given in [82] for the case that ¢ = W, W ¢ W, the input
distribution @ is optimized, and the rate is above the critical rate.

In order to better understand the case that W is a sum channel, we proceed by presenting
an analog of Corollary 1. We focus on symmetric channels, since the behavior of the fixed-rate
prefactor is currently less well-understood than that of the third-order term in the fixed-error
asymptotics, and proving a result in the same generality as that of Theorem 3.5 appears to
be more difficult. We let p(R), E§°(p) and R., respectively denote the values of p(Q, R, s, a),
E§(Q, p,s,a) and RS, (Q) with s = ﬁ,
maximizing the exponent under ML decoding [2, Sec. 5.6]). The channel capacity is denoted

a(-) = 0, and @ uniform on X" (i.e. the parameters

by C, and we use the definition of WsY™™ following Theorem 3.5.

Theorem 3.7. Let q(x,y) = W (y|x), and suppose that W € W™ and that W is the sum of N
subchannels, each of which has an identical transition law. Let Q) be the uniform distribution

on X. For any rate R € (R, C), we have for sufficiently large n that

* nR|y 0 —n(ES¢(p)—pR)
Peq(n, e J)_in%(1+T,ﬁ)e 0 (3.85)

for some constant K|, > 0 depending on W and R, where
T E LW ¢ WP — (N —1). (3.86)

Proof. See Section 3.5.8. [

Theorem 3.7 provides a matching converse to Theorem 3.6 (with g = W, s = =, a(-) = 0,



3.5 Proofs 75

and @ uniform on X) whenever the indicator functions in (3.84) and (3.86) coincide. Anal-
ogously to the discussion following Corollary 1, we conclude that i.i.d. random coding can
outperform constant-composition random coding when N > 1 (see (3.21)—(3.24) and (3.45)-

(3.47)); notable examples again include sum BSCs and sum BECs.

3.5 Proofs

3.5.1 Properties of £i4(Q, p, s)

Here we prove the properties of Ei4(Q, p,s) given following (3.10), by following the argu-

ments of Gallager [2, pp. 141-143].
The continuity of p in R follows from the continuity of Eii in p. A direct differentiation

.. . . iid
reveals that the first two partial derivatives of Ei¢ are also continuous in p, and that 8?2 }p: 0=

1,(Q) and 22| = U.(Q).

A function is said to be log-convex if its logarithm is convex. Since the logarithm of

er’s(@¥) is linear in p and a sum of log-convex functions is log-convex [38, Sec. 3.5], we
conclude from (3.6) that Ei4(Q, p, s) is concave in p. Moreover, the analysis of [38, Sec.
3.5] reveals that the concavity is strict (and hence c2 > 0) unless i5(X,Y) is deterministic, or
equivalently Uy (Q) = 0.

The fact that RS (Q) = I,(Q) when Us(Q) = 0 follows since in this case we have from (3.6)
that Eid = pI,(Q), and hence the maximum of Eli4 — pR over p € [0,1] is achieved at one of
the endpoints. More specifically, we have p = 1 if R < I3(Q), and p = 0 if R > I4(Q).

Suppose now that Us(Q) > 0. The global minimizer p* of Ei¢ — pR is the unique value
such that R = 8g§d.
and strictly decreasing in p (the latter of which follows from the strict concavity established
oo, < R< 5

of p that p = 1 for rates below the lower limit and p = 0 for rates above the upper limit, and

iid
Clearly, if p* € [0,1] then p = p* and ¢; = 0. Since 852 is continuous

above), this occurs if and only if

| ,—o- It is then seen from the definition

these cases readily yield ¢; < 0 and ¢; > 0 respectively.

3.5.2 Asymptotic Behavior of the Saddlepoint Approximation

Here we prove the asymptotic relations given in (3.21)—(3.24). We will make frequent use of
the properties of p, ¢; and ¢y given in Section 3.2.1.

We first prove (3.21)—(3.22) in the non-lattice case. Suppose that R < R (Q), and hence
p=1,¢1 < 0andcy > 0. Using (3.18) and the identity Q(z) < %e%; for z > 0, it is easily
verified that the first term in (3.14) decays to zero exponentially fast. The second term is given
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by Q(—ca1 \/g), which tends to one since lim, .o, Q(z) = 1. We thus obtain (3.21). When
R = R (@), the argument is similar except that ¢; = 0, yielding the following: (i) From (3.18),
the first term in (3.14) equals Q(,/ncz)e™?/? < \/ﬁ,
(ii) The second term in (3.14) equals Q(0) = 1, rather than one. For R > I,(Q) (respectively,

rather than decaying exponentially fast;

R = I,(Q)) the argument is similar with the roles of the two terms in (3.14) reversed, and with
p =0 and ¢; > 0 (respectively, ¢; = 0).

In the lattice case, the arguments in proving (3.21)—(3.22) are similar to the non-lattice
case, so we focus on (3.21) with R < R{'(Q). Similarly to the non-lattice case, it is easily
shown that the first summation in (3.16) decays to zero exponentially fast. Since p = 1, the

second summation is given by

—-1 00
> Gnlyn +ihsnerney) = (L+0(1) Y ¢u(n + ih;ner, nes) (3.87)

1=—00 1=—00

=1+o0(1), (3.88)

where (3.87) follows since the added terms from ¢ = 0 to co contribute an exponentially small
amount to the sum since ¢; < 0, and (3.88) is easily understood by interpreting the right-
hand side of (3.87) as approximating the integral of a Gaussian density function via discrete
sampling. Since the sampling is done using intervals of a fixed size h but the variance ncy
increases, the approximation improves with n and approaches one.

Finally, we consider the case that R € (RY'(Q),I5(Q)), and hence p € (0,1), ¢; = 0 and
co > 0. In the non-lattice case, we can substitute ¢; = 0 and (3.18) into (3.14) to obtain

an = e3P Q(py/ncy) + e2" 2P’ Q((1 — p)y/nca). (3.89)

1

pi—p) W€

Using the fact that Q(z)e**/2 <
obtain (3.23).

We now turn to the lattice case. Setting ¢; = 0 in (3.16) yields

1 : : : 1 1 _
Vo 482 = 00, along with the identity St 1, =

oo ih)2

S (b= (1=9) i) - O " 3.90

Qp = ———— e 2+ 2. (3.90)
V2mnes P

1=—00

The two summations are handled in a nearly identical fashion, so we focus on the first. Using
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the identity 1 — z < e™* < 1, we can write

(7n+7«h)

g e 'Yn+7'h 2nco — § e p'yn—"_lh

< Ze pynin) (i +ih) (3.91)

2ncy

- o(ﬁ), (3.92)

where (3.92) follows since the summation > %, e~%‘p(i) is convergent for any polynomial p()

and constant ¢ > 0. Furthermore, we have from the geometric series that

z o—POm+ih) _ o=pn <1 — 16—/3h> 7 (3.93)

=0

We have thus weakened the first summation in (3.90) to the first term in the sum in (3.24) (up

toan O (%) remainder term). The second term is handled in a similar fashion.

3.5.3 Proof of Theorem 3.1

Mn 1

Since M,, — oo by assumption, we have — 1, and we can consider rcus(n, M + 1) in

place of rcus(n, M) without affecting the theorem statement. We begin by considering fixed
values of n, M, and R = 1 log M.

Alternative Expressions for rcu;
Let F(t) denote the cumulative distribution function (CDF) of R — i,(X,Y) with (X,Y) ~
Q x W,and let Zy,..., Z, be 1.1.d. according to the tilted CDF

Fy(z) = e84 Qa0 —5R / LA (1). (3.94)

It is seen that this is indeed a CDF by writing

/00 eﬁtdF(t) — E[eﬁ(R_ZS(va))} — e_(Eé)id(Qvﬁvs)_ﬁR), (3.95)

where we have used (3.6). The moment generating function (MGF) of Z is given by
Mz (1) 2 E[e"] (3.96)

= ePEHQpS) PR [+ (R=is(XY))] (3.97)
— B09(Q79) o~ (B3 (Qp+T8)-TR) (3.98)
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where (3.97) follows from (3.94), and (3.98) follows from (3.6). We can now compute the
mean and variance of Z in terms of the derivatives of the MGF, namely

Bz) = YMz|  _ (3.99)
dr lr=0
_ d*My 9
Var[Z] = 2 |, E[Z]* = ¢2, (3.100)

where ¢; and ¢, are defined in (3.9)—(3.10). Recall that U,(Q) > 0 by assumption, which
implies that ¢, > 0 (see Section 3.2.1).
In the remainder of the proof, we omit the arguments (Q, p,s) to Elid. Following [95,

Lemma 2], we can use (3.94) to write (3.5) as follows:

rcug(n, M + 1) = // min {1, eXi=1t Y dF () ... dF(t,) (3.101)
— ¢ MEG=PR) // e P2z % min {1, izt Y dFy(z1)...dFz(z,) (3.102)

N Ine—n(E(i)idprR)' (3.103)

Defining F;, to be the CDF of " | Z;, the prefactor I,, can be written as

I, = / P min{1, %} dFy(2) (3.104)
o] 0

= / e P2dF, () + / =P dF, (2), (3.105)
0 —00

where (3.105) follows by splitting the integral according to which value achieves the min{-, -}
in (3.104). Letting F}, denote the CDF of M;"cl, we can write (3.105) as

/nc2
0o _cavn
I, = / fe_ﬁ(z‘/@Jr”Cl)an(z)—l— / V2 =P evnertney) g (), (3.106)
_Cl n — 00
NG

Non-Lattice Case

Let ®(z) denote the CDF of a zero-mean unit-variance Gaussian random variable. In the case
that R — i5(X,Y’) is non-lattice, the same is true of Z, since the two have the same support.
Hence, and using the fact that E[Z] = ¢; and Var[Z] = c2 > 0 (see (3.99)—(3.100)), we have
from the Edgeworth expansion in [76, Sec. XVI.4, Thm. 1] that

Fpu(z) = ®(2) + Gu(2) + Fo(2), (3.107)
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where F,(z) = o(n*%) uniformly in z, and

A K 2 _ 1.2
n(z) = —(1 - z A
Gn(z) \/ﬁ( z%)e 2 (3.108)
for some constant K depending only on the variance and third absolute moment of Z, the latter
of which is finite since we are considering finite alphabets. Substituting (3.107) into (3.106),
we obtain

In - Il,n + IQ,n + I3,n7 (3109)

where the three terms denote the right-hand side of (3.106) with ®, G,, and F,, respectively in

place of F,. By reversing the step from (3.105) to (3.106), we see that I ,, is precisely a,, in

(3.14). Furthermore, using %= = %(z?’ — 32)e 27", we obtain

K o0 R 3 1,2
Ihn = \f</ . e~PlEvneatnel) (3 _ 3,)673% (I
n _Cl n

NG
_avn
—I—/ v eU=P)(zv/neatnen) (3 _ 32)6_%22 dz). (3.110)

In accordance with the theorem statement, we must show that I, = o(a,) and I3,, = o(a,)
even when R and p vary with n. Let R, £ Llog My, p, = p(Q, R, 8), c1n = c1(Q, Ry, s), and

n

can = c2(Q, Ry, s). We assume with no real loss of generality that

lim R, = R* (3.111)

n—o0

for some R* > 0 possibly equal to co. Once the theorem is proved for all such R*, the same
will follow for R,, varying with n.

Table 3.1 summarizes the growth rates «,, I», and Is, for various ranges of R*, and
indicates whether the first or second integral (see (3.106) and (3.110)) dominates the behavior
of each. We see that I5,, = o(«a,,) and I3, = o(«,,) for all values of R*, as desired.

The derivations of the growth rates in Table 3.1 when R* ¢ { RS (Q), Is(Q)} are done in a
similar fashion to Section 3.5.2. To avoid repetition, we provide details only for R* = R (Q);
this is a less straightforward case whose analysis differs slightly from the others. From Section
3.2.1, we have p — 1 and ¢; ,, — 0 from below, with ¢; ,, < 0 only if p,, = 1.

For any / € [0,1], the terms e=?() and ¢(!=?() in (3.110) are both upper bounded by
one across their respective ranges of integration. Since the moments of a Gaussian random
variable are finite, it follows that both integrals are O(1), and thus I ,, = O(ﬁ) The term I3,

1

is handled similarly, so it only remains to show that «,, = w(ﬁ) In the case that p = 1, the



3.5 Proofs 80

Table 3.1 Growth rates of «,,, I2, and I3, when the rate converges to R*.

\ p \ c1 \ Dominant Term(s) \ an \ 2m \ I3y ‘
R* € [0, R¥(Q)) 1 | <0 2 o(1) @(ﬁ) O(Ln)
R* = R%(Q) 51 | =0 2 w<%) 0(%) O(Ln)
R* € (Rcr(Q),IS(Q)) c0,1)] o 1,2 9(%) e(ﬁ) o(in)
1,(Q) 50 | =0 1 w<in> 0(%) o(in)
R* > L,(Q) 0 | >0 1 o(1) @(ﬁ) 0(%)

second integral in (3.14) is at least %, since ¢; < 0. Considering now the case that ¢; = 0 and
pn — 1 with p,, < 1, we observe that for any ¢ > 0, we have p,, > 1 — ¢ for sufficiently large n.
Lower bounding «, by replacing 1 — p by ¢ in the second term of (3.14), we have similarly to

(3.89) that
1

> 2" Q(§\ /ncy) = ———. 3.112
On = €2 Q( ne ) v/ 2mnesd ( )
Since § can be arbitrarily small, we obtain «,, = w (7) as desired.

Lattice case

The arguments following (3.109) are similar in the lattice case, so we focus our attention
on obtaining the analogous expression to (3.109). Letting P,(z) denote the probability mass
function (PMF) of >"" , Z;, we can write (3.105) as

In =) Pu(2)e P+ > Pu(z)el! ) (3.113)

z>0 2<0

If R—is(X,Y) has span h, then the same is true of Z. Hence, and using the fact that E[Z] = ¢;
and Var[Z] = ¢z > 0, we have from the local limit theorem in [2, Eq. (5A.12)] that

P, (2) = ¢n(z;ner,nea) + Po(2), (3.114)

where ¢y, is defined in (3.12), and P,(z) = (7) uniformly in z. Thus, analogously to (3.109),
we can write

I, = Il,n + IQ,ny (31 15)

where the two terms denote the right-hand side of (3.113) with ¢;, and P, respectively in place
of P,. Using the definition of ~, in (3.15) and the fact that )", Z; has the same support as
nR—i2(X,Y) (cf. (3.94)), we see that the first summation in (3.113) is over the set {~,, + ih :
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i € Z,i > 0}, and the second summation is over the set {v,, +ih : i € Z,i < 0}. It follows that

I , = oy, and similar arguments to the non-lattice case show that I ,, = o(ay,).

3.5.4 Proof of Theorem 3.2

Throughout this subsection, we make use of the same notation as Section 3.5.3. We first
discuss the proof of (3.44). Using the definition of rcu?, we can follow identical arguments to
those following (3.101) to conclude that

reut(n, M) = [ne—”(Eéid(Q»ﬁﬂs)—ﬁR)’ (3.116)

where analogously to (3.105), we have

\/2mncg
Ps

00 . ¢s /log - s
I, = P dF, 1=z gF (2). 3.117
[Og v 212:03 ‘ <Z) * vV 27’(’7103 —00 ¢ (Z) ( )

The remaining arguments in proving (3.44) follow those in Section 3.5.3, and are omitted.
To prove (3.42), we make use of two technical lemmas, whose proofs are postponed until

the end of the subsection. The following lemma is a refinement of [61, Lemma 47].

Lemma 3.1. Fix an integer K, and for eachn, let (n1, ..., nk) be integers such that 3 ; nj = n.
Fix the PMFs Q1, .. .,Qk on a finite subset of R, and let o2, . .., 0% be the corresponding vari-
ances. Let 71, . . ., Z,, be independent random variables, n; of which are distributed according

to Q; for each j. Suppose that max; o; > 0 and minj n; = ©(n). Defining

2 |J {z:Qj(») >0} (3.118)
j:o;>0
A1 7y does not lie on a lattice
o = (3.119)
17';9,10 Ty lies on a lattice with span hy,

the summation S,, =", Z; satisfies the following uniformly in t:

E[e 5 1{s, >t} < et(\/;%n + o(\/lﬁ» (3.120)

where V,, £ Var[S,,).

The following lemma ensures the existence of a sufficiently high probability set in which

Lemma 3.1 can be applied to the inner probability in (2.7). We make use of the definitions in
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(3.28)—(3.30), and we define the random variables
(X,Y,X,X) ~ Q"(x)W"(ylz)Q"(®) P} (@|y), (3.121)

where P"(z|y) £ I, P,(z;|y;). Furthermore, we write the empirical distribution of y as P,
and we let Py denote the PMF of Y.

Lemma 3.2. Fix the parameter s > 0 and the sequence {R,}, and let p = p(Q, Ry, s) be
defined according to (3.7). Under the assumptions in (3.26)—(3.27), the set

Fpo(0) 2 {y : Pr(y) >0, max |Py(y) - P (v)| <3} (3.122)
satisfies the following properties:

1. Forany y € F} (0), we have
Var[i(X,Y)|Y = y] > n(cz — 7(9)), (3.123)

where r(6) — 0.as 6 — 0.

2. Forany $ > 0, we have

1. Xaygrr, () Q™ ()W (y|x)e P (@)
liminf —— log by

i 0. 3.124
nee Dey Q" (z)W" (y|x)e—Pi(@y) = ( )

Before proving the lemmas, we show how they are used to obtain the desired result.

Proof of (3.42) based on Lemmas 3.1-3.2

By upper bounding M — 1 by M and splitting rcu (see (2.7)) according to whether or not
y € F; ,(9), we obtain

reu(n, M) < Y. Q@)W (yle) min {1, MPiZ (X y) > i% (@, y)]}
m,ye]-'gis(é)

+MPY T QM)W (ylz)e PE®Y), (3.125)

z,y¢Fy (6)

where we have replaced ¢ by 7 since each is a monotonically increasing function of the

other, and in the summation over y ¢ 77 (5) we further weakened the bound using Markov’s
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inequality and min{1, ¢} < ¢?. In order to make the inner probability in the first term of (3.125)
more amenable to an application of Lemma 3.1, we follow [85, Sec. 3.4.5] and note that the

following holds whenever P*(Z|y) > 0:

Q@) = Q" (@) = EW) _ pr(gly)e@w), (3.126)

P (zly)

For fixed y and ¢, summing (3.126) over all  such that i (z,y) > ¢ yields
Plit(X,y) > t] = E[e‘i?(s‘”’)ﬂ{i?(i, Y) >t} ] Y = y] (3.127)

under the joint distribution in (3.121).

We now observe that (3.127) is of the same form as the left-hand side of (3.120). We apply
Lemma 3.1 with @; given by the PMF of is(X, y;) under X ~ Py(- ly;), where y; is the j-th
output symbol for which > Q(x)W(y|z) > 0. The conditions of the lemma are seen to be
satisfied for sufficiently small § due to the definition of F7 () in (3.122), the assumption in
(3.27), and (3.35)—(3.36). We have from (3.120), (3.123) and (3.127) that

Pil(X.y) 21 <
v/ 2mn(cs — r(9))
for all y € F7 (), provided that ¢ is sufficiently small so that r(d) < c3. Here we have used
the fact that vy in (3.119) coincides with v; in (3.32), which follows from (3.35) and the fact
that P,(xz|y) > 0 if and only if Q(z)W (y|z) > 0 (see (3.26) and (3.28)).
Using the uniformity of the o(1) term in ¢ in (3.128) (see Lemma 3.1), taking 6 — 0 (and

e'(1+ o(1)) (3.128)

hence () — 0), and using the identity

min{1, (1 + C2)} < (1 + |Ca|) min{1, ¢1}, (3.129)

we see that the first term in (3.125) is upper bounded by rcu’(n, M)(1 + o(1)). To complete
the proof of (3.42), we must show that the second term in (3.125) can be incorporated into the
multiplicative 1 + o(1) term. To see this, we note from (3.37) and (3.44) that the exponent of
rcu? is given by ENY(Q, p,s) — pR. From (3.6), the denominator in the logarithm in (3.124)
equals e~"%o Q). Combining these observations, the second part of Lemma 3.2 shows that
the second term in (3.125) decays at a faster exponential rate than rcuf, thus yielding the

desired result.
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Proof of Lemma 3.1

The proof makes use of the local limit theorems given in [99, Thm. 1] and [100, Sec. VIL.1,
Thm. 2] for the non-lattice and lattice cases respectively. We first consider the summation
A Z?;l Z;, where we assume without loss of generality that the first »’ = ©O(n) indices
correspond to positive variances, and the remaining n — n’ correspond to zero variances. We
similarly assume thato; > 0forj=1,...,K’,and o; =0forj = K'+1,..., K, where K’ > 1.
We clearly have Var[S)] = Var[S,,| = V,,.

We first consider the non-lattice case. We claim that the conditions of the lemma imply

the following local limit theorem given in [99, Thm. 1]:

Z_/""/IL 2
P[S, €[22 4+ 1)] = e T 1o = (3.130)
" V27V, LD

uniformly in z, where p!, £ E[S}], and > 0 is arbitrary. To show this, we must verify the
technical assumptions given in [99, p. 593]. First, [99, Cond. («)] states that there exists
Zmax < oo and ¢ > 0 such that

1
Var[Z]

E[(Z — E[2))1{|Z — E[Z)| < Zuax}] > (3.131)

under Z ~ @Q; and each j = 1,..., K'. This is trivially satisfied since we are considering finite
alphabets, which implies that the support of each @; is bounded. The Lindeberg condition is
stated in [99, Cond. (v)], and is trivially satisfied since we are considering the case of finitely
many distributions {Q;}. The only non-trivial condition is [99, Cond. (f)], which can be

written as follows in the finite alphabet case: For any given lattice, there exists § > 0 such that

1
log Vi,

Z P[Z; is not d-close to a lattice point] — oo. (3.132)
=1

Since we are considering the case that Z; does not lie on a lattice, we have for sufficiently
small § that the summation grows linearly in n, whereas log V;,, only grows as logn. We have
thus shown that each of the technical conditions in [99] is satisfied, and hence (3.130) holds.

Upper bounding the exponential term in (3.130) by one, and noting that S,, — S], has vari-
ance zero, we obtain

P[S, € [2,2 +1)] < 2:7% + o(\/lﬁ) (3.133)

;



3.5 Proofs 85

uniformly in z. We can now prove the lemma similarly to [61, Lemma 47] by writing

3

E{e_s"]l{snzt}} SZ —t— l”P[t+ln<S <t+(+1) } (3.134)
< 1
S; . ln(WM(ﬁ)) (3.135)
- 77 L
. t<(1_€_n)m+o(\/ﬁ)>, (3.136)

where (3.136) follows by evaluating the summation using the geometric series. The proof is
concluded by taking n — 0 and using the identity lim, o ;== = 1. The uniformity of (3.120)
in ¢ follows from the uniformity of (3.133) in z.

In the lattice case, the argument is essentially unchanged, but we instead use the local limit
theorem given in [100, Sec. VIIL.1, Thm. 2], which yields

h _ mup)? 1
P[S;:z]:\/%e B0 +o(%) (3.137)

uniformly in z on the lattice corresponding to S/, (with span k). The remaining arguments are

identical to the non-lattice case, with n = hg instead of n — 0.

Proof of Lemma 3.2

We present the proof for the case that R, and hence p(Q, R,, s), does not vary with n. Once
this case is established, the general case with p varying in the range [0, 1] readily follows.
We obtain (3.123) by using the definitions of ¢3 and Fis (see (3.30) and (3.122)) to write

Var[i’(X,Y)|Y =y = an )Var[is(X,Y)|Y =y (3.138)
> Z §)Varlis(X,Y)|Y =] (3.139)
= n(C3 —0(9)), (3.140)

where (X|Y = y) ~ P,(-|y). To prove the second property, we perform an expansion in terms
of types in the same way as Section 2.10.1 to conclude that the exponent of the denominator

in the logarithm in (3.124) is given by

. P ( ’ ) 0is(x,
mmZPXy(:c,y)log (M@p ( y)>. (3.141)
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Similarly, and from the definition of 77 (4) in (3.122), the exponent of the numerator in the

logarithm in (3.124) is given by

. PXY(.’L’, y) pis (
min Pxy(z,y)log [ =222 _ePis(@y) | 3.142
Pxy :maxy \Py(y)—ngs(y)b(S ;y XY( y) & <Q($)W(y|x) ( )

A straightforward evaluation of the Karush-Kuhn-Tucker (KKT) conditions [38, Sec. 5.5.3]
defined in (3.29). On the other
hand, ngs does not satisfy the constraint in (3.142), and thus (3.142) is strictly greater than
(3.141). This concludes the proof of (3.124).

IS’

yields that the minimum (3.141) is uniquely achieved by P}

3.5.5 Proof of Theorem 3.3

The proof is similar to that of Theorem 3.2. We make use of Lemma 3.1 in Section 3.5.4, as
well as the following lemma, which is analogous to Lemma 3.2. We postpone the proof of the

lemma until the end of the subsection.

Lemma 3.3. Fix the parameters p > 1 and s > 0. Under the assumptions in (3.50)—(3.51), the

sequence of sets

Fpo(0) 2 {(@.®) : Q"@)Q"(®) > 0, max | Pas(e.7) — Py (. 7)| < 5} (3.143)

satisfies the following properties:
1. Forany >0 and (z,x) € F,4(5), the random variable Y ~ P(-|x,T) satisfies
Var[j"(z, %, Y)] > n(co — r(9)), (3.144)
where r(6) — 0 as 6 — 0.

2. Forany $ > 0, we have

n n (= n (1(573/) s l/p
| Semer. o Q@@ (2, W ylz) (L24)")

liminf —— ———i/ > 0. (3.145)
S Q@) (@) T, W (yle) (122)

n—oo n




3.5 Proofs 87

Proof of Theorem 3.3 Based on Lemma 3.3

Using the bound rcux, in Theorem 2.2 with the i.i.d. codeword distribution Px = Q", we have
for any ¢ > 0 that

4(Mll)rcuxp(n, M) =3 Q" (@)Q"(@)P¢" (&, Y) = ¢"(x,Y)] e (3.146)
- Y Q@e@PlrEYy) > @y
(@@)e734(6)

fY Q@e@Rr@Y) > @y, G147

(x.2)¢F 5 ()

where each probability is implicitly conditioned on X = x.
We first analyze the summation over 7 () in (3.147). In order to make the inner proba-

bility more amenable to an application of Lemma 3.1, we write it as

Pl¢"(z,Y) > q"(w,Y)} = P{(W) > 1} (3.148)
i (@Y))*
=P (qn(m,Y))n _ _ Z 1 __ s] (3149)
=, Wl (Fe) S, Wl (558
i . @.9)\°
=P _]s (z,Z,Y) > —logzy:W (y’@(Z(z,Z)) ] , (3.150)

where ;7' is defined in (3.56). Next, following [85, Sec. 3.4.5], we note that the following
holds when P (y|x, Z) # 0:

P (y|z, )

W(yle) = W"(ylz)= — (3.151)
Pl (y|z, )
— ﬁsn(y‘w, E)efnjs(zvivy)_ (3.152)
Summing (3.152) over all y such that js(x, Z,y) > ¢, we obtain
Pji (e, Y) 2 ] = B[ o7, V) 2 1}, (3153)

where Y ~ P"(-|z, Z). For any (z,Z) € Fps(0), we obtain the following using Lemma 3.1 in

Section 3.5.4, the first part of Lemma 3.3, and the fact that ¢y > 0 (see the arguments following
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(3.59)):

o Ys(+o(1) 3.154
P[]s( Z,Y) 2 t] = 2mn(co — 7(4)) ( )

uniformly in ¢, provided that § is sufficiently small so that r(4) < ¢y. Substituting (3.154) into
(3.150), we obtain

Pli"@ ¥) > 0"(2.Y)] < \/§§73;Zf17,§EIVV" o) (S50} sy
and hence

Y Q@ @@ Y) e @y)”

(@.@)eFy ,(5)
n n (= ws 1 +O n y) ° 1/,0
SEQWWQKWWW_TZW 2(5am) ) 61

We observe that the right-hand side of (3.156) has the same exponent as the denominator of

(3.145). Using Markov’s inequality, the summation over (z,z) ¢ F, ,(6) in (3.147) can be
upper bounded by the numerator of (3.145), and thus the second part of Lemma 3.3 implies

1

o(n, M)Y/P
100 = 1)1"C11Xp7 (n, M)

S (1))

and hence

o s L (ST () )

2mn(co —r(9))

(3.158)

_ (4 01)) nm@ps)-om), (3.159)
27n(co — r(9))

where (3.159) follows by expanding each term as a product from 1 to n and using the definition
of Eid, The proof is concluded by taking 6 — 0 (and hence r(5) — 0).
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Proof of Lemma 3.3

We obtain (3.144) by expanding the variance as

Va'r[jg(ajv 57 i})] = Z npa:f(x7 ‘f)varﬁs(.‘x j) [js(xa f? ?)] (3160)
and substituting the bound in the definition of 7 (5) in (3.143). To prove the second property,
we note that a nearly identical argument to Section 2.10.4 (see (2.167)—(2.169)) yields that the

exponent of the denominator of (3.145) is equal to

1 _
min D(Py¢[|Q x Q) + ~Ep[dy(X, X)]. (3.161)
Pxx p

where d; is defined in (2.117). By a similar argument, the exponent of the numerator of (3.145)

is given by

1 _
min D(P, %||Q x Q) + ~Ep[ds(X, X)]. 3.162

PX}?:maxgc’f|PX)?(x,E)—P/;‘YS(x,C?)\>6 ( XXHQ Q) P P[ ( )] ( )
By a straightforward analysis of the Karush-Kuhn-Tucker (KKT) conditions [38, Sec. 5.5.3],
(3.161) is uniquely minimized by P, defined in (3.57). On the other hand, P}, does not
satisfy the constraint in in (3.162), and thus (3.162) is strictly higher than (3.161).

3.5.6 Proofs of Theorems 3.4 and 3.6

We present the proof under the assumption that @ is itself a type, and thus @Q,, = Q. The results
for the general case follow using the fact that [|Q — Q.|| = O(2); this contributes only to the
O(1) term to (3.79), and affects only the constant K in (3.83). We similarly assume that "
is an integer in Theorem 3.6, and hence M £ || = " E,

As usual, we define the joint distribution
(X,Y,X) ~ Px(2)W"(y|lz)Px (). (3.163)

The main difference in the proofs of the theorems compared to the i.i.d. case (cf. [91], [85,
Sec. 3.4.5]) is in the first step, the result of which is given in the following lemma. We recall

the non-asymptotic bound rcu(n, M) given in Theorem 2.1.
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Lemma 3.4. Fix the parameters (s,a) and the sequence {M,}. Under the setup of Theorems
3.4 and 3.6, there exist constants K1 and ~v > 0 such that

reu(n, My) < reuj ,(n, My, K1)(14€e") (3.164)
for sufficiently large n, where
rew? o (n, M, Ky) 2 E [ min {1, MK n~3e % a(X.Y) H (3.165)
with T defined in (3.84).
Proof. See Section 3.5.7. 0
Proof of Theorem 3.4 Based on Lemma 3.4
Using the identity in (2.77), we can write rcuj , in (3.165) as
reul ,(n, M, K1) = P[iZ (X,Y) +log U < log(MKn"2)]. (3.166)
Moreover, we have for all x € 7"(Q) that

E[i" (2, Y)| X = x] = nl,(Q) (3.167)

S,

Var[ig,(2,Y) | X = x] = nV;4(Q). (3.168)

Combining these observations, we can prove Theorem 3.4 in an identical fashion to Section
2.5 using the Berry-Esseen theorem (respectively, Chebyshev’s inequality) when V(Q) > 0

(respectively, V(Q) = 0). The remaining details are omitted to avoid repetition.

Proof of Theorem 3.6 for R < R{,(Q) Based on Lemma 3.4
Using the identity min{1, {} < ¢, we obtain from (3.165) that

reul,(n, M, K1) < MKin 2R [e%a(5Y)] (3.169)
= MKn~ 2 "E(@Lsa)=R) (3.170)

where (3.170) follows from (3.72)—(3.73) and the fact that X has composition @. Since p = 1
for rates below R, (Q), (3.170) shows that rcuy , has the desired error exponent and prefactor
(cf. (3.82)—(3.83)). The proof is concluded using (3.164).
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Proof of Theorem 3.6 for R > R, (Q) Based on Lemma 3.4

Using (2.77) and the identity min{1, K(} < K min{1, (}, we obtain from (3.165) that

reug ,(n, ey < Klp[zn: (R —isa(X;,Y;)) > log (Ung)] (3.171)
i=1
1 n
=K, pr(a})/o an(y|m)]1{ > (R —isalwi,y:) > log (unE)} du
T y =1
(3.172)

n

1 T
=K /0 ; W"(y|a:)]l{ D (R —isalwiy:) > log (un?) } du, (3.173)

=1

where (3.173) holds for an arbitrary sequence = € T"(Q) by symmetry. Fori = 1,...,n, we
define the CDF F(t) £ P[R — isq(2i,Y;) < t] (with Y; ~ W(-|z;)), and we let {Z;}7, be
independent random variables whose CDFs are given by

Fy(z) = ™0, (@P50)=0R / Pt dFy(t). (3.174)
These are seen to be valid CDFs since
/ P ARy (1) = M FisalenYO)| 2 (PR B, @psa) (3.175)

where we have used (3.73). We apply a change of measure to the summation over y in (3.173)
in the same way as (3.101)—(3.103):

S W] 3 (R = (i) = ¢} (3.176)
Yy

=1

= // dFy(t1) ... dF,(ty) (3.177)
Z?:l tizt

— ¢~ Zizi (Foa, (@ s =pl) // e PLimn A dFy (). .. dFy,(z)  (3.178)
i mt
e P2 Zi]]_{pz Z: > [)t}
i=1

where in (3.179) we have used (3.72) and the fact that  has type Q.

_ B (Qps.a) R , (3.179)
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Before proceeding, we state the following lemma by Polyanskiy et al. [61].

Lemma 3.5. [61, Lemma 47] Let Zi,...,Z, be independent random variables with o> =
S Var[Z)] > 0and T =31 | E[|Z; — E[Z;]|3] < co. Then for any t,

E[e—zi%n{z@ Zt}} gz(ljiéJrljf)ie—t. (3.180)

Since Fy, is a tilted version of F;, the variance of Z; is positive if and only of the same
is true of R — i,4(x;,Y;). The latter is guaranteed provided that x; coincides a value of x
satisfying Var[is ,(z,Y)] > 0, and such a symbol occurring ©(n) times in « is guaranteed to
exist provided that V; ,(Q) > 0. By a similar argument to Gallager [2, pp. 142-143] (see also
Section 3.5.1) V; .(Q) equaling zero would imply R (Q) = I5.(Q), so the fact that we are
operating in the range R € (RY,(Q), Is(Q)) means that V, ,(Q) > 0. We conclude that the
variance of )" ; Z; grows linearly in n, thus yielding the following upon applying Lemma
3.5to (3.179).

/01 ; W"(y|a:)]1{ i (R — isa(s, yz)) > log (ung) } du

=1

K2 —n(B5:(Q.p,5.0)-pR) [ ,—plog(Un?)
< n 10,5,8)—p plog(Un .
< \/ﬁe 0 E[e } (3.181)
K (B0 pos.a)—5
= l(l—iTﬁ)e (EO (Q7p7 7) pR)’ (3.182)
n2

where K, and K3 £ K,E[U "] are constants. Note that we have used the fact that T in Lemma
3.5 grows linearly in n since we are considering the case of finite alphabets.
The proof is concluded by substituting (3.182) into (3.173) and using (3.164).

3.5.7 Proof of Lemma 3.4

Throughout this subsection, we assume without loss of generality that X = {1,...,|X|} and
Y ={1,...,]Y|}. Recall that we are considering the case that Q(x) > 0 for all z, all outputs
are reachable, and @ is a type (i.e. Q = Q).
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Alternative Forms of the Codeword Distribution

We begin by writing the codeword distribution in (3.66) in various alternative forms. A

straightforward symmetry argument yields

Px(z) = — [[ Q1 {z € T"(@Q)}, (3.183)

Hn o=

where (i, 1S a normalizing constant. Using the refined bounds on the size of 7"(Q) in [27, Ex
2.2], it is readily verified that

_[x[=t
2

un:@(n ) (3.184)

As noted in Section 2.3, T"((Q) can be written as

9
n

™(Q) {x |Bale) — Q)| <

,z:1,...,|2c|}, (3.185)

where § € [0,1). We will use this formulation with § chosen to be strictly positive.
It will prove useful to give another equivalent definition in terms of the product alphabet

X*, where k is a fixed integer. We divide the sequence x into n/k blocks of length k:

xgk) 2 (21,...,7%)
xgk) é (xk+17 o 7372]6)
2 Tkt ). (3.186)

For clarity of exposition, it is assumed here that n/k is an integer; the extension to the general
(k)
J

counts the number of occurrences of a given symbol z:

case is straightforward. For a given product symbol z:", we define the following function that

jk
e Y e =a). (3.187)
i=(j—1)k+1
We can now write (3.185) as
n/k
™(Q) = {a: : ‘Zé”;(xgk)) —nQ(x)| <d,x=1,..., \X|}. (3.188)
i=1

We provide some reasoning behind this block decomposition in the proof of Lemma 3.7 below.
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We will also make use of a vector £*(x(*)) containing |X| — N of the functions {gék)}xe X

Specifically, we write

5 W)
g ™) 2 : : (3.189)
k k
ffc‘x‘_N(l"( ))
where 71, ..., ¥ y|—y are chosen to include all of the symbols except one (e.g. the one with the

highest index) from each of the N subchannels.

Further Auxiliary Lemmas

Along with the definitions in Section 3.4.1, we define the tilted conditional distribution

P&a(w]y) £

Q(x)q(x, y)sea(ﬁ?)
S Q(@)q(T, y)sea®)’ (3.190)

the tilted joint distribution

W (gla)ePiee e

P o(2,y) 2 Q(a) S (3.191)
’ =y Wy fr)e P
and its Y-marginal P;  (y), and the random variables
(X,Y,X,X) ~ Px(x)W"(y|z)Px (T) P, (Z|y), (3.192)

where ]?’;fa is the n-fold product of 155,,1. The following two lemmas play the role of Lemma

3.2 from the corresponding analysis of i.i.d. random coding in Section 3.5.4.

Lemma 3.6. Fix the parameters (s,a) and the sequence {R,}, and let p = p(Q, Ry, s,a) be
defined according to (3.74). Under the setup of Theorems 3.4 and 3.6, the set>

0y8,a P,S,a

Fsal®) 2 {y : max|Py(y) - i) < o'} (3.193)

satisfies the following properties:

1. For sufficiently small §' and any sequence of vectors y € F%_ (&) (indexed by n), we

pys,a

~

have miny Py(y) = O(n).

’In the absence of the assumptions that all inputs are used and all outputs are reachable, the constraint
Py (y) > 0 should be added to this set, as was done in Lemma 3.2.
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2. Forany ¢’ > 0and K1 > 0, we have

1 e"Phin Zx,ygf;m(af) PX(w)Wn(y|$)€7ﬁi?’“(w’y)

lﬂgf - log et (n, o, ) > 0. (3.194)
Lemma 3.7. Let k = |Y|, and fix the product symbol y*) = (1,...,|Y|). The covariance matrix

of €¥(X®)) in (3.189) has full rank under X*) ~ P (-|y®) (i.e. the k~fold product of Py.,).
Moreover, if ¢ ¢ QfF, then the covariance matrix of
[ if (X0, ) ]

) (3.195)

has full rank, where i’;a is defined analogously to (3.68).

Next, we provide a strong large deviations result that can be thought of as generalizing

Lemma 3.1 to the multivariate setting.

Lemma 3.8. Fix the integers K > 1 and d > 2, and for each n, let (n1, ... ,ng) be integers such
that . n; = n and min;n; = ©(n). Fix the probability mass functions (PMFs) Q1,...,Qxk
on a finite subset of R%, let {3; }]K: 1 be the corresponding d x d covariance matrices, and let
{Z;}7, be independent d-dimensional random vectors, n; of which are distributed according
10 Qj for each j. Furthermore, let {2, }]K:1 be the submatrices of {3; }jK:1 obtained by removing
the first row and column of each, and let {Z}"_, be obtained from {Z;}"_, by removing the
first entry of each. If det(X) > 0 for some j, then for any constants t and 6 > 0, and any

sequence of vectors ¢,, € R¥~1, we have

E|e T an{ S zuzin|Y zi- e, < 5}] < B, (3.196)
i=1 i=1 oo
where
f=0(n""") (3.197)

uniformly in t and ¢,,. Furthermore, if det(X;) > 0 for some j, this can be strengthened to
n=0(n"%) (3.198)

uniformly in t and ¢,,.
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Proof of Lemma 3.4 Based on Lemmas 3.6-3.8

We write the RCU bound in (2.7) as
reu(n, M) = E[min {1,1?[@?;7@()?,1/) > i (X,Y)| X,Y] }] (3.199)

This is equivalent to (2.7) due to the fact that a”(X) = a"(X) almost surely, which follows
since X and X have the same composition.
We now analyze the inner probability in (3.199). By a standard change of measure from

constant-composition to i.i.d. [62] (see also (2.71)—(2.73)), we have for any sequence y that

P[i} (X, y) > ] < po(n)e ™, (3.200)

where pg(n) grows polynomially in n (cf. (3.184)). The main step in the proof is to show the

following refined bound for some constants ¢’ and K1, all y € F7_ (') (see (3.193)), and

0,8,a
sufficiently large n:

P[i?,(X,y) > ] < Kin~2e". (3.201)

To show this, we again follow [61, Sec. 3.4.5] and note that the following holds whenever
P, (®ly) # 0:

o BE),
Px(@) = —-Q (m)ﬁga(mw)]l{m eT"(Q)) (3.202)
_ :ﬁga(w\y)e_i?va($’y)ll{w eT"(Q)). (3.203)

Summing both sides over all  such that i ,(Z,y) > t yields
Plif(X.y) > 1] = B[ 5 F01{i1 (X y) >t 0 X e '@} |V =9]  (3.204)
) l,l/n k)

under the joint distribution in (3.192).
We set £ = || and let yik), e ,ygk/)k denote the decomposition of y into blocks in the

same way as (3.186), and similarly for X gk), X ge/)k From the first part of Lemma 3.6,
any sequence of vectors y € 7', ,(¢') (indexed by n) must contain ©(n) appearances of each

output symbol. Moreover, by the symmetry of Px, the probability on the left-hand side of
(3.201) is invariant under permutations of y, and we may therefore assume that y starts with
O(n) repetitions of (1,...,|Y|). Thus, the symbol y*) = (1,... |V|) occurs ©(n) times in the

block decomposition.
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Using the alternative form of 77 (@) in (3.188), we can write (3.204) as

n/k
— 1 n/k . 3 (k) ~
P[ir,(X,y) > ] = B[ Sk it (K ,y““’)]l{ S it (X W) >t
n i=1

n/k

D) = nQ()

N

gé,le,...,])(]}’Y:y]. (3.205)

We are now in a position to prove (3.201) using Lemma 3.8. We set d = |X| — N + 1, let
each Q; therein correspond to the vector in (3.195) for some y*), and replace n in the lemma
statement by n/k.

In the case that ¢ ¢ QF°, we upper bound (3.205) by requiring the second event in the indi-
cator function to hold only for z € {Z1,..., % x_n} (see (3.189)), rather than x € X'. Recalling
the above observation that the symbol ¥) = (1,...,|)|) occurs ©(n) times, the second part of
Lemma 3.7 reveals that ¥; (defined in Lemma 3.8) has full rank for the corresponding value
of j. Combining (3.196), (3.198) (with d = |X| — N + 1) and (3.184), we can upper bound
(3.205) by O(n2™=2))e~t. This coincides with (3.201), since the condition ¢ ¢ Q¢ implies
that the indicator function in (3.84) equals one.

In the remaining case, i.e. ¢ € Qf°, we follow similar steps, except that we also remove the
first constraint (containing i% ,) from the indicator function in (3.205), and we use the first part
of Lemma 3.7 instead of the second part, leading to a bound of the form O(n%(N _1))e‘t. This
completes the proof of (3.201).

Combining (3.200) and (3.201) with (3.199), we obtain

rcu(n, M) < Z Px (x)W"(y|x) min {1, MKlngei?’a(T”y)}
m,yE]—'ﬁS’a(é’)

+ > PX(w)W”(y|ac)min{1,Mp0(n)e_i?va(m’y)} (3.206)
zyeFy ()

<reul,(n, M, K1) + (Mpo(n))? > Px(z)W"(ylw)e Pal®¥), (3.207)
zyery . ,(8)

where (3.207) follows since min{1,¢} < ¢?. The second part of Lemma 3.6 implies that
the second term in (3.207) has a strictly faster exponential rate of decay than the first, thus

completing the proof of Lemma 3.4.
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Proof of Lemma 3.6

Similarly to the proof of Lemma 3.2, it suffices to prove the case that R, (and hence
p(Q, Ry, s,a)) 1s fixed, and we thus omit the dependence on n.

Observe from (3.191) and the definition of 4, , in (3.67) that P} (z,y) > 0 if and only if
Q(x)W (y|lz)q(x,y) > 0. Using the assumption in (3.65) and the fact that we are considering
the case that Q(z) > 0 for all z, it follows that P} (z,y) > 0 if and only if W (y|z) > 0 (or
equivalently g(x,y) > 0). Since all outputs are reachable by assumption, we obtain P;_ (y) >
0 for all y. The first part of the lemma follows by choosing 4’ in (3.193) to be any positive
value smaller than miny, P; ().

The proof of (3.194) is similar to that of the corresponding statement in Lemma 3.2. Using
expansions in terms of types and applying standard properties [27, Ch. 2] (e.g. see Section

2.10.1), we have rcu} ,(n, e"?, K1) = e~ Pr(QR5.0) where

E(Q,R,s,a) 2 pomin o D(Pxy|Q x W) + [Eplisa(X,Y)] - R]". (3.208)

xy : Px=

Writing [¢]* = max (9 1) p¢ and using Fan’s minimax theorem [78], we obtain

E(Q,R,s,a) = max  min _D(Pxy||Q x W) + pEplisq(X,Y)] — pR (3.209)
p€l0,1] Pxy : Px=Q

. PXY(QL', y) ]
— j2) 1 _—AY\ I opisa(zy) | — SR (3.210
pelont] Pxy - Px=Q ny xy(@.y) log (Q(w)W(ylw)e PR G210

An evaluation of the KKT conditions reveals that the minimum is uniquely achieved by P} ,
(see (3.191)), and yields an objective of Ey(Q, p, s,a) — pR. Using the definition of p in (3.74),
we conclude that £.(Q, R, s,a) = Fo(Q, p, s,a) — pR.

Using similar steps to those used to obtain (3.210), along with the definition of 77, ,(¢')

in (3.193), we find that the numerator in (3.194) has an exponent given by

Pxy : Px=Q Q(z)W (y|x

N P N
EI’"(Q’ R’ ﬁ7 S, a) é mln Z PXY(xy y) log <‘Xv(aj7y))epls,a($7y)> _ ﬁR
maxy, |Py(y)—P57S’a(y)|>5 T,y

(3.211)
As we established following (3.210), in the absence of the constraint max,, |Py (y)—P5  ,(y)| >

¢, the unique minimizer is given by P} . However, P; is clearly infeasible in (3.211), and

we therefore conclude that E; > E,, thus concluding the proof of (3.194).
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Proof of Lemma 3.7

From (3.189), the covariance matrix of £*(X(*)) has determinant zero if and only if
Var |:fyfl£§1 (X(k)) + e+ 75|X|7N€’£‘X‘,N (X(k))] — O (3'212)

for some (Vz,., .-, Yix_y) # (0,..-,0). Since X*) ~ Pk (-|y®) is a product distribution and

yk) = (1,...,|Y]) (see the lemma statement), we can write (3.212) as

Sovarg o b (X) 4 4 9 o (X)) =0, (3.213)
)

where ¢,(%) £ 1{Z = x} by (3.187). For notational convenience, we rewrite (3.213) as
> Varg [+ g (X)] =0, (3.214)
Y

where v, = 0 for all # ¢ {#1,...,%x—ny}. We proceed by assuming that (3.214) is true,
and then arriving at a contradiction. By an identical argument to that given at the start of the
proof of Lemma 3.6 above, we have ﬁs,a(ﬂy) > 0 if and only if W (y|z) > 0 (or equivalently
q(z,y) > 0). It follows from (3.214) that ~, = ~z for any pair (x, z) sharing a common output
(.e. W(y|lx)W (y|z) > 0 for some y), since otherwise the argument to Var Boally) would differ
depending on whether X = x or X = Z, thus yielding a positive variance.

Since v, = ~z for all (z,Z) sharing a common output, it also holds that ~, = ~z for all Z
that can be reached from z by following a path in the channel graph (i.e. by moving between
inputs and outputs such that W (:|-) # 0). Since v, = 0 for at least one symbol of each of the
N subchannels (see (3.189)), it follows that , = 0 for all z, thus contradicting the assumption
that (y1,...,7x-1) # (0,...,0).

The claim regarding the covariance matrix of (3.195) follows similarly using a proof by
contradiction. By the preceding argument, the submatrix of the covariance matrix obtained by
removing the first row and column has full rank. The only remaining possibility for the matrix
(3.195) to have determinant zero is that there exists a function g(z) (equal to weighted linear
combinations of {¢,},ex) such that Vary . [isa(X,y) +g(X)] = 0 for all y. Recalling that
P, o(x|y) > 0 if and only if ¢(z,y) > 0, this condition is equivalent to i, q(x,y) + g(x) + h(y)
taking a constant value wherever ¢(x,y) > 0, for some function i(y). We conclude from the
definition of i, , in (3.67) that

q(z,y) = g'(x)h' (y)1{q(z,y) > 0} (3.215)
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for some functions ¢'(z) and A/(y). This contradicts the assumption ¢ ¢ Qf° (see (3.76)), and
we conclude that the covariance matrix of (3.195) has full rank.

We can now provide some intuition as to why it is beneficial to work with blocks of size
k = |Y| (cf. (3.186)). It is this decomposition that allowed us to write (3.213) with a summation
over y, but with values of {7, } not depending on y. In contrast, a similar argument considering
one symbol at a time would lead to an analogous expression to (3.213) with ~, replaced by

Va,y» Which is not useful.

Proof of Lemma 3.8

We begin by proving the second part of the lemma. We write

n n
E[e_zy—lzlvi]l{zzm >N ZZg_ﬁbn Sé}]
i=1 i=1 )

o) n
<Y e P26 <Y Z1 <t +2(141)6 N
=0 =1

i=1

< 6]. (3.216)

The probability on the right-hand side of (3.219) is that of a sum of independent vectors
falling within a d-dimensional cube of side length 20, and can therefore be upper bounded
by the probability of the same sum falling within a sphere of radius §v/d. We claim that
the concentration function result of [101, Thm. 6.2] implies that this probability behaves as
O(n‘%) uniformly in the location of the sphere (i.e. the vector ¢,, in (3.219)), provided that
det(X;) > 0 for some j € {1,..., K} corresponding to ©(n) of the terms in the sum. Since the

latter statement is true by assumption and > 7%, e ™2 = —L;

is a constant, this will complete
the proof of the second part of the lemma.

The required O (n*g) behavior for the probability of a falling within a sphere is proved in
a nearly identical fashion to [96, Appendix F], so we only explain the differences. According
to the concentration function result of Esseen [101, Thm. 6.2] (and choosing p = 7 according

to the notation therein), the probability under consideration is upper bounded by

K _d
. 1 2
e D) @20
for some constant b, where
xj(w) & inf Y Qi(2) (v 2), (3.218)

lzll2<u
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and where @j is the symmetrized version of @; (i.e. if A; and A, are independent random
variables with distribution @);, then A; — A, has PMF @j). Since we are considering the case
of finite alphabets, each ij has bounded support, and thus there exists a finite constant u*
such that, for all v > «*, the summation in (3.218) is unchanged when it is taken to be over
all z sequences. For any such u, we have x;(u) = 2Amin(X;), where Api, denotes the smallest
eigenvalue of a square matrix [96]. The desired result now follows in the same way as [96]
by upper bounding u? by max{(u*)?,62d} in (3.217), upper bounding the infimum over u by
the specific choice u = u*, and noting that the summation grows linearly in n due to the fact
that Amin(3;) > 0 for at least one value of j (this follows directly from the corresponding
assumption det(X;) > 0).

E <9

oo

The first part of the lemma is proved similarly by writing

< 5}] < e P
= 219)

which follows immediately from the constraint )" ; Z;; > t. The probability on the right-

n
e~ it Zl,iﬂ{ Z Zyi>tn
i=1

n
=1

n
=1

hand side of (3.219) is that of a sum of independent vectors falling within a (d—1)-dimensional

cube of side length 26. Using the same argument as the first part of the lemma and the assump-
-1

tion that det(X}) > 0 for some j, the probability behaves as @(n‘dz ) uniformly in ¢ and ¢,,.

3.5.8 Proofs of Theorems 3.5 and 3.7

Let 4 = {1,..., N} be the alphabet indexing the N subchannels (cf. Definition 3.1), and let
W, be one such subchannel. Recall that the subchannels are identical by assumption. Let
C = {zW,... £} be an arbitrary codebook (not necessarily constant-composition), and for
a given codeword «, let u(x) be a sequence of symbols in ¢/ indicating which subchannel is
used for each channel use. By (3.65), the decoding metric ¢"(x, y) is zero unless the values y
are consistent with those of u (i.e. y; € Y, fori = 1,...,n), and hence the maximum-metric
decoding rule can be interpreted as follows: Given the output sequence y, deterministically

construct the corresponding auxiliary sequence u, and then choose

m = argmax q”(a:(j),y). (3.220)
jru(x@))=u

We claim the following: If the total fraction of u sequences used (i.e. such that u(z)) = u for
some j) is less than % for some integer ¢ > 2, then the number of messages can be increased

by a factor of ¢ without changing the error probability. To see this, first note that since the
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u sequence is known with certainty at the decoder, the determination of the message among
{j : u(xY)) = u} simply corresponds to coding over W;; the precise values in u play no
further role. Thus, since less than a proportion % of the u sequences are utilized, we may
take the original codebook structure and repeat it ¢ times across the remaining u sequences,
without affecting the error probability.

We now specialize these observations to constant-composition codes. If all the codewords
{21} have the same composition, the same is true for the auxiliary sequences {u(z?))}. Thus,
the total number of u sequences utilized is not N, but instead the size of some type class
T™"(Qu) onU™. From [27, Ex 2.2], the largest type class (at least asymptotically) corresponds
to a uniform distribution Qy, and yields |T"(Qu)| = ©(N ”n_%). Thus, at most a fraction
@(n7¥) of the u sequences are utilized, and we may increase the number of messages by
a factor of @(n¥) without affecting the error probability. It follows that for any sequence
of constant-composition codes, there exists a sequence of general codes with an addition of
$(N —1)logn + O(1) to the third-order term, as stated in (3.80).

We now turn to the proof of Theorem 3.7. Recall that we are considering symmetric chan-
nels and rates above the critical rate. Using Theorem 2.5 and the fact that the i.i.d. exponent
with a uniform input distribution equals the reliability function E(R) (cf. Section 1.2.1) above
the critical rate [2, Ch. 5], we have E(R) = E§°(p) — pR. Assuming for notational convenience

that e" is an integer, the preceding arguments yield
Peq(n, ") > pi(n, gne™™), (3.221)
where g, = @(n_¥). Moreover, the results given in [84, Ch. 5, Thms. 7-8] state that

K/
* niy ~ 1 —nE(R—Ay) 2292
pe (n7 gne ) - n%(l‘F_ﬂ-{WiWSymm}pA(R—An)) € 9 (3 )

where A, £ Llog gy, and K7 is a constant depending on W and R. The proof is concluded by
Taylor expanding E(R) and p(R) in the same way as [84, Lem. 27]. In particular, letting E’(-)

denote the derivative of E(-), we have
e—nE(R—An) -0 <n¥|E’(R)|>e—nE(R)’ (3.223)

thus yielding the term (N — 1) in (3.84) upon identifying |E’'(R)| = p(R) [84, Lem. 22].



Chapter 4

Multiple-Access Channels

4.1 Introduction

Network information theory problems with mismatched decoding are not only of independent
interest, but can also provide valuable insight into the single-user mismatched decoding prob-
lem. In particular, it was shown by Lapidoth [35] that rates exceeding the LM rate (cf. Section
1.1.4) can be achieved by treating the single-user channel as a multiple-access channel (MAC)
and generating multiple codebooks in parallel.

In this chapter, we revisit the mismatched MAC and build on the work of [35]. We derive
ensemble-tight random-coding error exponents that recover the achievable rate region of [35],
and we provide equivalent dual expressions and extensions to infinite and continuous alpha-
bets. Furthermore, we study a mismatched multi-letter successive decoding rule, as well as

second-order coding rates (cf. Section 1.2.2) for maximum-likelihood decoding.

4.1.1 System Setup

We consider a two-user memoryless MAC W (y|z1, x2) with input alphabets X} and A% and
output alphabet ). In the case that each alphabet is finite, the MAC is referred to as a discrete
memoryless MAC (DM-MAC). The decoding metric is denoted by ¢(x1,z2,y), and we write
W(ylxy, x2) = [Ty W(yilzri, #2,0) and ¢"(x1, 22, y) = [Ty a(21, 22,4, vi)-

Encoder v = 1, 2 takes as input a message m,, uniformly distributed on the set {1,..., M, },
and transmits the corresponding codeword z{™) from the codebook C, = {m(yl), . ,ac,(,M”)}.
Given the output sequence y, the decoder forms an estimate (m;,my) of the message pair,
given by

(M, mMy) = arg max q”(wgi),mgj),y). 4.1

(’LJ)ZE{]' 7777 Ml}vje{]- 7777 MQ}
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We assume that ties are broken uniformly at random. The optimal maximum-likelihood (ML)
decoding rule is recovered from (4.1) by setting q(z1, z2,y) = W(y|z1, z2).

An error is said to have occurred if the estimate (mq, ms) differs from (m;, msy). The error
probability for a given pair of codebooks (C;,C2) is denoted by pe(C1,C2). Given two codeword

distributions Px, and Px,, we define the random-coding error probability
Pe(n, M1, Ma) = E[pe(C1, Ca)), (4.2)

where C; and C, contain independent codewords drawn from Px, and Px, respectively.

A rate pair (Ry, Ry) is said to be achievable if, for all 6 > 0, there exist sequences
of codebooks C;, and Cs, of sizes at least e(R1=0) and n(fa—9) respectively such that
Pe(Cim,C2r) — 0. The capacity region R* is defined to be the closure of the set of achievable
rate pairs. An error exponent E(R;, Ry) is said to be achievable if there exist sequences of

codebooks C; ,, and Cs ,, of sizes at least et and /2 such that

lim inf —% 10g pe(Cin, Con) > E(R1, Ra). 4.3)

n—00 -

For a given pair of random-coding distributions (Px,, Px,), we say that E(Ry, R,) exhibits
ensemble tightness if

lim _l lnge(nv LenR1J7 LenR2J) = E(Rla RZ) (44)

n—oo M

4.1.2 Previous Work

The capacity region of the matched MAC (corresponding to ¢(z1,x2,y) = W (y|zi,x2)) 1S
given by [102, 103]

PN d{ U {(31,32) : Ry < I(X1;Y|Xa),

Px,,Px,

Ry < I(X;Y|X1), Ry + Ro < I(Xl,XQ;Y)}}, (4.5)

where cl{-} denotes the convex closure, and the mutual informations are taken with respect to
Px, x Px, x W.

Error exponents for the matched MAC were presented in [66, 104—107]. In particular, Liu
and Hughes [66] derived an achievable exponent using constant-composition random coding,

and showed that in contrast to the single-user setting, the exponent can improve on that of
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Figure 4.1 Parallel BSC example [35].

1.1.d. random coding [105] even after the optimization of the input distributions. An ensemble
tightness result was proved for constant-composition random coding in [107] in the case that
both rates are sufficiently small; to our knowledge, the general case has not been handled
previously.

Lapidoth [35] obtained an achievable rate region for the mismatched MAC, and showed
the surprising fact that the single-user LM rate can be improved by treating the single-user
channel as a MAC. Moreover, it was shown that the random-coding error probability tends
to one for rate pairs outside the region, thus establishing ensemble tightness. As an example,
Lapidoth considered the channel in Figure 4.1 consisting of two parallel binary symmetric
channels (BSCs) with crossover probabilities 4; € (0,0.5) and d, € (0,0.5). The mismatched
decoder assumes that both crossover probabilities are equal to § € (0, 0.5) (all such choices of &
are equivalent). By treating the channel as a mismatched single-user channel from (X, X5) to
(Y71, Ys2) and using random coding with a uniform distribution on the quaternary input alphabet,

one can only achieve rates R satisfying

R<2 (1 —H <51 ;52>> bits/use, (4.6)

where H,(-) is the binary entropy function in bits. On the other hand, by treating the channel
as a mismatched MAC from X; and X to (Y1, Y2) and using random coding with equiprobable

input distributions on each binary input alphabet, one can achieve any rate R satisfying
R < (1— H(61)) + (1 — Ha(d2)) bits/use. 4.7

This is the best rate possible even under maximum-likelihood (ML) decoding.
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Error exponents for the mismatched MAC were presented in [107], but they are not tight
enough to prove the achievability of Lapidoth’s rate region. For example, for the parallel
BSC example in Figure 4.1 with uniform input distributions, the exponents of [107] are only

positive when the sum-rate R satisfies (4.6).

4.1.3 Contributions

The main contributions of this chapter are as follows:

* In Section 4.2, we present our main results for the mismatched MAC. Considering
constant-composition random coding, and making use of various bounds on the proba-
bility of a multiply-indexed union, we obtain an ensemble-tight error exponent for the
DM-MAC which is positive in the interior of Lapidoth’s achievable rate region [35]. By
specializing our results to the case of ML decoding, we prove the ensemble tightness of

the exponent given in [66] for constant-composition random coding.

* Using the method of Lagrange duality [38], we provide alternative expressions for the
achievable rate region and error exponent. We show that the dual expressions can be
obtained directly using cost-constrained random coding, thus proving their validity in
the case of infinite and continuous alphabets. Furthermore, we study the number of
costs needed for the cost-constrained ensemble to match the performance of constant-
composition codes for the DM-MAC.

* In Section 4.3, we consider a multi-letter successive decoding rule which differs from
(4.1), but which still depends on the codewords only through the metrics q”(azgi)7 mgj ), Y).
We derive an achievable rate region and error exponent, and show that the rate region
can yield a strictly higher sum rate than the maximum-metric rule for a given pair of

input distributions.

* In Section 4.4, we consider second-order coding rates (cf. Section 1.2.2) for maximum-
likelihood decoding. Using constant-composition random coding, coded time sharing,
and a variant of Hoeffding’s combinatorial central limit theorem [108], we provide an
inner bound on the set of locally achievable second-order coding rates for any given
point on the boundary of the capacity region. Using numerical examples, we demon-
strate the improved performance compared to i.i.d. random coding. Furthermore, we
provide an extension of our main result to the Gaussian MAC via an increasingly fine

quantization of the inputs.
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The required results on multiply-indexed unions and Lagrange duality are presented in Ap-
pendices D and E respectively.

Parts of this chapter were presented in [109-113].

4.2 Random-Coding Bounds, Exponents and Rates

We consider the random coding setup described in Section 4.1.1. We let X % be the random

variable corresponding to the i-th codeword of user v, yielding

My M )
(X3 (xS 5) ~ T Px @) T] P @), (4.8)
i=1 j=1

We assume without loss of generality that m; = my = 1, and we write X; and X5 in place
of X §1> and X ;”. We write X1 and X to denote arbitrary codewords that are generated
independently of X; and X, and the random sequence at the output of the channel is denoted
by Y. It follows that

(X1,X2, Y, X1,Xs) ~ Px,(21)Px,(x2) W" (y|a1, 2) Px, (1) Px, (T2). 4.9)

For clarity of exposition, we focus primarily on the case that there is no time sharing (e.g. see
[66]). In Section 4.2.5, we state the corresponding results with time sharing, and discuss the
differences between the matched and mismatched settings.

We study the random-coding error probability by considering the following events:

(Tpe 1) (XY, X5, Y) > ¢"(X1, X5, Y) for some i # 1;

(Type2) (X1, X5, Y) > ¢"(X1, Xo,Y) for some j # 1;

(Type 12) ¢"(X{), XY, Y) > ¢"(X1, X2, Y) for some i # 1, j # 1.

We refer to these as error events, but it should be noted that they do not necessarily correspond
to decoder errors when the inequalities hold with equality, since we have assumed that the
decoder breaks ties randomly.

The probabilities of the above error events are denoted by pc1(n, M1), pe2(n, M) and
De,12(n, M1, M>), and the overall random-coding error probability is denoted by p.(n, M, M>).

Since breaking ties as errors at most doubles the error probability [12], we have

1 L _ _ _ _
5 max{Pe,1,De,2; De,12} < Pe < De,1 + Pe,2 + De,12- (4.10)
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4.2.1 Non-Asymptotic Bounds

The following theorem extends the random-coding union (RCU) bound for mismatched de-
coders (see Theorem 2.1) to the MAC.

Theorem 4.1. For any mismatched MAC (possibly having infinite or continuous alphabets),

we have under any random-coding distributions Px, and Px, that

De1(n, My) < rcuy(n, M) “4.11)
De2(n, Ma) < rcug(n, Ma) 4.12)
Pe,12(n, My, M) < min {rcuia(n, My, Ms),rcuiga(n, My, Ma)}, (4.13)
where
' (X1, X5, Y) T
reug (n, M1) 2 E |min 1,M—1]P’q<1’—2’>1 X,X,Y} 4.14
1(n, M) _ { (M —1) (X0, X0 V) L X2 Y| o 4.14)
A [ . _qn(Xla‘YQ?Y) N
rcug(n, Ma) = E _mln{l,(Mg UP_q"(Xl,XQ,Y) >1 X1,X2,Y_ | 4.15)

reuye,1 (n, My, M) £

E [min {1, (M, — 1)E[min {1, (M2 — 1)1@[% =1 ‘ Xl} } ‘XI’X2’Y] H

(4.16)

rcuye2(n, My, Ma) £

E lmin {1, (My — 1)E[min {1, (My — 1)P[m = ‘ XQ} } ‘XLX%Y] }]
4.17)

under the joint distribution in (4.9).

Proof. For the type-1 and type-2 error events, the bounds are obtained using the same steps as

Theorem 2.1. For the type-12 event, we write

n(x (@) x )
_ "(X7', X5°.Y) }
et2=P| || >1 4.18
le{ (X1 XY o
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n(x (@) ()
(X, X5.Y)
=E|P >1:|X1,X9,Y

{ L&UM{ ETE R T

] : (4.19)

We obtain (4.16)—(4.17) by applying Lemma D.1 to the union in (4.19) (with Z,(i) = X"
and Z5(j) = X gj )), and upper bounding the minimum of three values in (D.4) in two different

ways, each yielding a minimum of two values. ]

The type-1 and type-2 RCU bounds in (4.14)—(4.15) have appeared previously [114], along
with the type-12 RCU bound

"(X1,X0,Y
rcu/u(n,Ml,MQ)éE[min{l,(Ml—l)(Mg—l)P (X1, Xy, ; > 1’X1,X2,Y]H.

¢ (X1,X2,Y
(4.20)

Both rcuj2; and rcujg 2 are always less than or equal to rcu),, and in general they give better
bounds on the error probability. We will see that in the mismatched setting, rcu}, yields
not only a worse non-asymptotic bound, but also a worse achievable rate region and error
exponent. While no such losses in the rates and exponents are observed under ML decoding
(see Section 4.2.4), the refined RCU bounds rcu;z; and rcuyz 2 are still of independent interest

for characterizing the non-asymptotic performance.

4.2.2 Exponents and Rates for the DM-MAC

In this subsection, we study the DM-MAC using the constant-composition ensemble, which
was studied by Liu and Hughes [66], among others. For v = 1,2, we fix Q, € P(&,) and let
Px, be the uniform distribution on the type class T7"(Q, ), where Q,.,, € P,(X,) 1s a type
with the same support as @, such that max,, |Qyn(2,) — Qu(z,)| < . Thus,

PXy(xv) ! )|]l{wu € Tn(Ql/,n)}' (421)

T Q)]

Our analysis is based on the method of types; the properties used are given in Appendix A.
Throughout the section, we write f(Q) to denote a quantity f that depends on @; and Q.
Similarly, we write f(Q,,) to denote a quantity that depends on Q1 ,, and Q2 ,,.

Error Exponents

The error exponents and achievable rates are expressed in terms of the sets

S(Q) £ {PX1X2Y EPX x Xox)): Px, =Q1, Px, = Qz} 4.22)
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Ti(Px,x,v) £ {ﬁxlxrzy EPX x Xox)) :

Px, = Px,, Px,y = Px,v,Epllog q(X1,X2,Y)] > Epllog ¢(X1, Xo, Y)]} (4.23)

T2(Px, x,v) = {nglxzy EPX x Xax)) :

Px, = Px,, Px,y = Px,y,Ep[logq(X1, X2,Y)] > Ep[log ¢(X1, Xa, Y)]} (4.24)

Ti2(Px,x,v) = {15X1X2Y EP(X x Xy x)) :

Px, = Px,, Px, = Px,, Py = Py,E5[logq(X1,X»,Y)] > Epllog Q(X1,X27Y)]}- (4.25)

Theorem 4.2. For any input distributions Q1 and Q9, and rates R; > 0 and Ry > 0, we have
the following under the codeword distributions described by (4.21):

: 1 = n CC
Jim ——log e, (n, [e"]) = E{5(Q. R) (4.26)
. 1 —_ n CC
Jim ——logpes(n, ")) = E{5(Q, Ra) (4.27)
3 1 = n. n CC
nh—>nc}o 75 logpe,12(nv Le RlJa Le RQJ) = r,12(Q’ Ry, R2)7 (4.28)
where
f,(i(Qle) = min . min D(PX1X2YHQ1 X QQ X W)
Pxyx,7€8(Q) Py, x,v €Ti(Px, x,v)
+ [[p(X1: X0, Y) - Ri]T (4.29)
19(Q,R)=  min_ - min D(Px,x,v Q1 x Q2 x W)
Px;x,v€5(Q) Py, x,v €T2(Px, x,v)
+ [I5(X2; X1,Y) — Ro] T (4.30)
E{95(Q,R1,Ry) £ min min D(Px, x,v[|Q1 x Q2 x W)

Px;x,7€5(Q) Py, x,v€Ti2(Px, x,v)

~ ~ +
+ [max {Ilg(Xl;Y) — Ry, I5(X2;Y) — Ry, D(Px, x,v | @1 x Qo x Py) — Ry — RQH
4.31)

Proof. The random-coding error probabilities p.; and p. o can be handled similarly to the

single-user setting (cf. Theorem 2.3). Furthermore, equivalent error exponents to (4.29)—(4.30)
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were given in [107]. We therefore focus on p. 12, which requires a more careful analysis. We

first rewrite

n(y(® x0U)
_ ¢"(X;, X5.Y) H
1y =E|P > 14X, X, Y| | 432
Pe,12 L#LJJ#{ (X1, X0 V) 1, Xo (4.32)

in terms of the possible joint types of (X, X2,Y’) and (Xgi), Xéj), Y'). To this end, we define

5:(Qu) 2 {Pxixar € PalX x Xy x V) : Py, = Qi Py = Qon})  (433)
Ti2n(Px,x,v) = Ti2(Px, x,v) N Pr(X1 x Xa x V). (4.34)

Roughly speaking, S, is the set of possible joint types of (X1, X2, Y"), and 712, (Px, x,v) 1s the
set of types of (Xgi), ng), Y') that lead to decoding errors when (X1, X2,Y) € T"(Px, x,v)-
The constraints on Py, and Py, arise from the fact that we are using constant-composition ran-
dom coding, and the constraint Ez [log ¢(X1, X2,Y)] > Ep[log ¢(X1, X2,Y)] holds if and only
if ¢"(Z1, T2, y) > ¢" (1, o, y) for (z1,22,9) € T"(Px,x,v) and (Z1, E2,y) € T"(Px,x,v)-
Fixing Px, x,y € Sn(Q,,) and letting (x1, x2,y) be an arbitrary triplet of sequences such that
(x1,x2,y) € T"(Px, x,v ), it follows that the event

ny (@ x0)
SR T wss)
i£1,j£1 q (:Bl7 2, y)
can be written as
U U {(Xﬁi)7X§j), y) € Tn(lgxl)@y)}. (4.36)

i#1,j#1 ]5X1X2y6732,n(PX1X2Y)

Expanding the probability and expectation in (4.32) in terms of types, substituting (4.36), and

interchanging the order of the unions, we obtain

pe,lZ = Z ]P)[(XLXQ?Y) S Tn(PX1X2y)]
Px) x,v €5n(Qy)
x P U U {()(gi)7 ng)’ y) € T"(]BXIXQY)}] 4.37)

Px, x,v €Ti2,n(Px, xpv) #LI71
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= P[(X1,X2,Y e T (P
lexﬁg}s(n(Qn) (X1, X5,Y) (Px,x,v)]

X max P
Px, x5y €T12,n(Px, X5Y)

U {(Xg“, X9 y) e T"(Px, x,v) }] . (4.38)
i#1,j#1

where y is an arbitrary element of 7" (Py-), and (4.38) follows from the union bound and since
the number of joint types grows polynomially in n.

The exponential behavior of the first probability in (4.38) is given by the property of types
in (A.16), so it only remains to determine the exponential behavior of the second probability.
To this end, we make use of Lemma D.3 with 7, (i) = Xgi), Zy(j) = Xéj), A= T;(ﬁXIXQY),
A = Tg(ﬁxly) and A, = Tg(ﬁ;@y). Using (D.12)—(D.13) and the properties of types in
(A.17) and (A.18), it follows that the second probability in (4.38) has an exponent of

{max {Ilg(XhY) — Rl,[ﬁ(XQ; Y) — R27D(§X1X2YHQ1 X QQ X ﬁy) — R1 — RQ}:|+. (439)

Substituting (4.39) and the property of types in (A.16) into (4.38), and using a standard conti-
nuity argument (e.g. see [58, Eq. (30)]) to replace the sets S,, and 712, by S and 712 respec-
tively, we recover the exponent in (4.31). ]

From Theorem 4.2 and (4.10), the overall error exponent is given by

Ee*(Q, Ry, o) 2 min { ES5(Q, R), BE5(Q, Ro), BiSp(Q, R, Ro) o (4.40)

and is tight with respect to the ensemble average. The preceding proof made use of the refined
union bound given in Lemma D.3; if we had instead used the standard truncated union bound
in (D.2), we would have obtained the type-12 exponent

’ A . :
Ef,CIQ(Qa R17 RQ) = min ~ p—
Px1x,v€5(Q) Py, x,v €Ti2(Px, x,v)

D(Px,x,v[|Q1 X Q2 x W) + [D(Px, x,v||Q1 x Q2 x Py) — (Ry + Rz)]ﬁ (4.41)

which coincides with an achievable exponent given in [107]. Following the proof of Theorem
2.3, one can easily show that this is the exponent of the quantity rcu), defined in (4.20). In
Section 4.2.6, we will see that (4.31) provides no improvement over (4.41) for maximum-
likelihood decoding, even though it can provide an improvement in the mismatched case.

In the case that there are K > 2 users, one can use Lemma D.4 in place of Lemma D.3. For
example, for the joint error event between all K users, the minimum of four terms in (4.31) is

replaced by a minimum of 2X terms, corresponding to the subsets of {1,..., K}
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Achievable Rate Region

The following achievable rate region follows from Theorem 4.2 in a straightforward fashion,

and coincides with the ensemble-tight achievable rate region of Lapidoth [35].

Theorem 4.3. For any pair (Q1,Q2), the overall error exponent ES°(Q, Ry, R2) in (4.40) is
positive for all rate pairs (R1, Ro) in the interior of Rim(Q), defined to be the set of all rate
pairs (R1, Rs) satisfying

R1 S _ min I]B(Xla XQ, Y) (442)
Px, x,vy €T1(Q1XQ2xXW)
R2 S _ min I’ﬁ(XQ, Xl, Y) (443)
Px, x,vy €T2(Q1XQ2xXW)
R1 =+ RQ < ~ min D(§X1X2y”Q1 X QQ X ﬁy) (444)
Px X,y €T12(Q1 XQ2xW)

I5(X1;Y)<R1, I5(X2;Y)<R2

Proof. The conditions in (4.42)—(4.44) are obtained from (4.29)—(4.31) respectively. Focusing
on (4.44), we see that the objective in (4.31) is always positive when D(Px, x,v|@1 X Q2 X
W) > 0, I}g(Xl;Y) > Ry or Iﬁ(XQ;Y) > Ry. Thus, by using the continuity argument of
[35, p. 1444, Step 3], taking D(Px, x,v||@1 X Q2 x W) — 0, and introducing the constraints
I5(X1;Y) < Ry and I5(X2;Y) < Ry, we obtain the condition in (4.44). O

Using the usual time sharing argument [35, 115] (see also Section 4.2.5), it follows from
Theorem 4.3 that we can achieve any rate pair in the convex hull of Jg Rim(Q), where the
union is over all distributions @; and Q)2 on &} and X, respectively.

By a similar argument to the proof of Theorem 4.3, (4.41) yields the rate condition

Ri+Ry < min D(Px, x,v[|Q1 % Q2 x Py). (4.45)
Px, x,v€T12(Q1xQ2xW)

We proceed by numerically comparing the ensemble-tight expressions in (4.31) and (4.44)
with the weaker expressions in (4.41) and (4.45).

Numerical Examples

Here we return to the parallel BSC example given in Figure 4.1, setting Y = (Y1,Y2). As
mentioned in Section 4.1.2, the decoder assumes that both crossover probabilities are equal.
It is straightforward to show that the corresponding decoding rule is equivalent to minimizing
sum of ¢; and to, where ¢, is the number of bit flips from the input sequence «, to the output

sequence y,. As noted in [35], this decision rule is in fact equivalent to ML. This channel
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o
A

Error Exponent

Figure 4.2 Error exponents E9 (dotted), E¢$ (dash-dot), EY9, (solid) and Eﬁf{Q (dashed) for
the parallel channel shown in Figure 4.1 using §; = 0.05, 62 = 0.25 and equiprobable input
distributions on {0, 1}. The rate pair is given by (R1, R2) = (aC1, aCs).

could easily be analyzed by treating the two subchannels separately, but we treat it as a MAC
because it serves as a good example for comparing the ensemble-tight achievability results
with (4.41) and (4.45).

We let both @; and Q2 be equiprobable on {0, 1}. With this choice, it was shown in [35]
that the right-hand side of (4.45) is no greater than

2 <1 — <51 ; 52)) bits /use. (4.46)

On the other hand, the refined condition in (4.44) can be used to prove the achievability of any
(R1, R2) within the rectangle with corners (0, 0) and (Cy, Cs), where C, = 1— Hy(9,) [35]. This

observation is analogous to the comparison between (4.6) and (4.7) in the introduction to the

chapter. The main difference is that the weakness in (4.6) is in the random-coding ensemble
itself, whereas the weakness in (4.46) is in the bounding techniques used in the analysis.

We evaluate the error exponents using the optimization software YALMIP [77]. Figure 4.2
plots each of the exponents as a function of «, where the rate pair is (R, R2) = (aCq,aCs).
While the overall error exponent E£¢(Q, R1, R2) in (4.40) is unchanged at low to moderate val-
ues of o when Eﬁﬁé is used in place of E79,, this is not true for high values of . Furthermore,
consistent with the preceding discussion, Effl/z is non-zero only for o < 0.865, whereas E[9,
is positive for all v < 1. The fact that the curves E79, and Effl’Q coincide at low values of « is
consistent with [107, Cor. 5], which states that Ercfll2 is ensemble-tight at low rates.

Next, we show that in contrast to the matched case, the achievable rate region R\ (Q) can
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Figure 4.3 Achievable rate region for the MAC associated with (4.47) using the corresponding
decoding metric in which all values of ¢ are equal. The crossover probabilities are 5, = 0.02,
91 = 0.2, 62 = 0.025 and d3 = 0.25, and both input distributions are equiprobable on {0, 1}. The
ensemble-tight region is given in Theorem 4.3, whereas the naive union bound replaces (4.44)
by (4.45).

be non-convex even for a given pair (Q1,Q2). Let X1 = A3 = {0,1} and Y = {0,1,2,3}. The
channel is described by W (y|z1,z2) = W/(y|2z1 +xz2), where W (y|x) is defined by the entries

of the matrix

[ 1— 399 do 9o do
5 1-36 5 5
W' = ! ! ! ! (4.47)
5 6y 1—38, 6y
53 53 53 1— 36

The decoding metric is defined similarly, but with each §; replaced by a single value § €
(0,0.25) (all such choices of § are equivalent).

Figure 4.3 plots the achievable rate region Ry (Q) with 6y = 0.02, 6; = 0.2, 2 = 0.025,
d3 = 0.25, and @; = Q2 = (0.5,0.5). The boundary between the horizontal and vertical limits
is not a straight line, but instead a convex curve. To gain some insight as to how this behav-
ior arises, we discuss the condition (4.44). In this example, the constraint /5(X2;Y) < Ry
is inactive, whereas the constraint I5(X;;Y) < Ry is sometimes active. As R increases, the
constraint is satisfied by a wider range of distributions ]5X1 X,v, and the sum rate R; + R, de-
creases. The corner point (0.2687,0.2392) is the same whether the ensemble-tight bound or the
weakened bound is used, indicating that the constraint /5(X1;Y) < R; is also inactive at this

point. However, at lower values of R, the constraint is active, and the ensemble-tight bound
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is better. In particular, the upper corner point (0.1412,0.3944) improves on (0.1136,0.3944),

which corresponds to the weaker rate condition in (4.45).

Alternative Expressions for the Exponents and Rates

In this subsection, we derive equivalent dual expressions for the exponents and rates given in
Theorems 4.2 and 4.3. The proofs are a non-trivial extension of the single-user setting [9], and
make use of Lemmas E.1 and E.3 in Appendix E. In Section 4.2.3, we will show that these
dual expressions generalize to infinite and continuous alphabets. As discussed in Section 1.1.4,
another advantage is that achievable performance bounds can be obtained without performing
the full optimizations.

While dual expressions for (4.29)—(4.30) can easily be obtained similarly to the single-user
setting (cf. Theorem 2.4), it is more difficult to handle (4.31) directly, due to the additional
terms containing I5(X1;Y) and I5(X2;Y). The following lemma provides an alternative ex-

pression for (4.31) which turns out to resolve this issue.

Lemma 4.1. The exponent E;S, in (4.31) can be expressed as

ErC,C12(Q7 Rla RQ) = Inax {EﬁClQ,l(Qv Rla RQ)’ EI?,CIZZ(Q) Rla RQ)}? (448)
where
Ef591(Q,R1, Ry) £ min N min D(Px,x,v||Q1 x Q2 x W)
Px1x3v€5(Q) Py, xpy €Ti2(Px, Xov)
~ ~ +
+ [maX {Iﬁ(XBY) — R1, D(Px,x,v||Q1 X Q2 x Py) — Ry — R2}] (4.49)
E{99(Q.R1,R2) £ min min D(Px, x,v||@1 x Q2 x W)

Px;x,v€5(Q) Py, x,v €Ti2(Px, x5v)

~ ~ +
n [max{lﬁ(Xg;Y) — Ry, D(Px, x,v||Q1 x Q2 x Py) — Ry — RQH . (4.50)

Proof. This is a special case of Lemma E.3 with the following identifications:

f(2) = D(Px, x,v||Q1 x Q2 x W) 4.51)
9(2) = D(Px,x,v Q1 x Q2 x Py) — Ry — Ry (4.52)
91(2) = I5(X;;Y) - 4 (4.53)
92(2) = I5(X2;Y) — Ro. (4.54)
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From the latter three choices and the identity
D(Px,x,v||Q1 X Q2 x Py) = Iz(X1;Y) + I5(X2;Y) + I5(X1; Xo|Y), (4.55)

we see that the condition in (E.12) is satisfied. L]

The exponents in (4.49)—(4.50) are precisely those that are obtained by applying proper-
ties of types directly to the RCU bounds in (4.16)—(4.17), rather than directly analyzing the
random-coding error probability as in the proof of Theorem 4.2. Thus, Lemma 4.1 shows that

the RCU bounds yield the true error exponent for the constant-composition ensemble.

Lemma 4.2. The condition in (4.44) holds if and only if at least one of the following hold:

Ri+ Ry < _ min D(Px, x,v||Q1 x Q2 x Py) (4.56)
Px,x,y €T12(Q1 xQ2xW)
I5(X1;Y)<R1

Ri+ Ry < min D(Px,x,v||Q1 x Q2 x Py). (4.57)

Px, x,v€T12(Q1xQ2xW)
I5(X2;Y)<R»
Proof. These conditions can be derived from (4.49)—(4.50) in an identical fashion to (4.44).
Specifically, E79, is positive whenever one of (4.49) and (4.50) hold, and zero otherwise. A

similar statement holds for (4.44), and thus the two formulations must be equivalent. L]

The conditions in (4.56)—(4.57) yield a notable advantage over the equivalent condition in
(4.44) in terms of computation. Based on (4.44), one may expect that the achievable rate region
must be generated by evaluating the minimization over a grid of (R, R2) values. However,
from (4.56)—(4.57), we can avoid such a computationally complex search by instead evaluating
the minimization in (4.56) over a range of R; values, and the minimization in (4.57) over
a range of Ry values. The number of minimizations performed is therefore reduced from
O(N1N3) to O(N1+ N3), where for v = 1,2, N, is the number of points used in the quantization
of the R, axis.

The dual expressions for the error exponents in (4.29)—(4.30) and (4.49)—(4.50) are given

in the following theorem.
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Theorem 4.4. The exponents Eq, EXS, EXq, 1 and EfS, 5 can be expressed as

11(Q, 1) = max Eg(Q, p) — pRy (4.58)
p€[0,1]
r2(Q, Ra) = max Eg5(Q, p) — pRo (4.59)
p€[0,1]
;Cl?,l(Q’Rl’R?) max 8?12,1(Q7P1,02) — p1(R1 + p2R) (4.60)
p1€[0,1],02€[0,1]
ErG92(Q, Ry, Ro) = max  E§999(Q, p1,p2) — p2(Ra + p1R1), (4.61)
p1€[0,1],p26[071]
where
(E[q(X1, Xo, V) (X1) | Xy V] 1
E§(Q,p) = sup —logE ( [9(X1, Xp, V) X‘ 2 ]> oo AL (Xy) =6
’ 5>0,a1(+),a} (),a} () I q(X1, Xa,Y)senr(X1) |
(4.62)
[ E[q(X1, Xo,Y)%e2X2) | X1, Y]\ 1
Es5(Q.p) = sup —logE ( [4(X1, X, V)% X‘ L ]> eXroy al(Xu)—¢
’ 5>0,a2(*),a} (),a} (") I q(X1, X2, Y)sea(X2) |
(4.63)

(>

E8?12,1(Q, 1, PQ) sup

5>0,a1(-),a2(-),a; (-),a5(-)
(E |: (E [q(le X?a Y)SSGQ(XZ) | Xl] )p2 eal()?l)

_ IOgE q(Xl,XQ,Y)Sea2(X2) eal(Xl)

P1 9 , ,
Xl,XQ,Y:|) QZV:I a‘u(XV)f(f)y

(4.64)

(1>

E5?12,2(Q, P1, P2) sup

520,a1(),az2(-),a1 (),a5(")

<E|:<E[Q(X1,X2,Y)5 al(X1)| ])PleaQ(Xg)
1)

—logE
* 4(X1, Xo,Y)renr X coal(Xa)

P2
Xl,Xz,YD i al(X)-d, |

(4.65)

and where (X1,X2,Y,X1,X3) ~ Q1(21)Q2(z2)W (y|z1,22)Q1(Z1)Q2(T2) and ¢, =
Eq,[a,(Xu)] (v = 1,2).

Proof. Each expression follows from its counterpart in (4.29)—(4.30) and (4.49)—(4.50) using
Lemma E.1 and Fan’s minimax theorem [78]; details are given in Section 4.5.1. O]

The expressions in (4.60)—(4.61) contain two parameters p; and po, thus differing from the
usual error exponents containing a single value of p (see Section 2.4). To our knowledge, the
first exponents of this form were by Poltyrev [116] in the setting of broadcast channels with
degraded message sets.

The following dual expression for the achievable rate region follows from Theorem 4.4.
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Theorem 4.5. The region Ri\(Q) described by (4.42)—(4.44) can be expressed as the set of
rate pairs (R1, Re) satisfying

s, a1(X1)
Ry < sup E |log E(Xl’XZ’Y) € (4.66)
$>0,a1(-) ]E[q(Xl, Xo, Y)Seal(Xl) |X2,Y]
X1, Xy, Y)%e®2(X2)
Ry < sup E|log a( D22 )e, , (4.67)
s>0,a2(") E[q(X1, X2,Y)%e®(X2) | X1,Y]
and at least one of
[ X1, X5, Y)* a2(X2)\P2 ja1(X1) 1
R, < sup E (log (E( E— )6, z epz - — p2 R
p2€[0,1],5>0,01(-),a2() EKE [¢(X1, Xo,Y)see2(X2) | Xl]) ea(X1) \Y}
(4.68)
[ X X, Y)S a1(X1)\P1 ja2(X2) i
Ry < sup E |log (E( 2 2 )67 z eﬂl - — p1Ry.
pre0.1],520.01().az() E[(E [4(X1, Ko, ¥)rem (X | X,] )" eoata ]y}
(4.69)

where (X1, X2,Y, X1,X2) ~ Q1(21)Q2(z2)W (y|z1, 22)Q1(ZT1)Q2(T2).

Proof. The conditions in (4.66)—(4.69) follow from (4.58)—(4.61) respectively using a similar
argument to Gallager’s single-user analysis [52]. For example, (4.68) follows from (4.60) by
setting a} (-) = 0 and a}(-) = 0, fixing s, a1(-), a2(-) and p, and evaluating the partial derivative
of the objective at p; = 0. The equivalence to (4.42)—(4.44) follows by using Lemma 4.2
and applying Lagrange duality techniques analogously to Theorem 4.4. For example, the
equivalence of (4.56) and (4.68) follows from Steps 1-2 of the proof of Theorem 4.4 in Section
4.5.1, using Q1 x Q2 x W in place of Px, x,y- O

4.2.3 Exponents and Rates for More General Alphabets

In this subsection, we show that the expressions given in Theorems 4.4 and 4.5 remain valid
for the memoryless MAC with more general alphabets. To this end, we use cost-constrained
random coding, and we avoid the use of types. Our analysis holds for input distributions
(Q1,Q2) and channels W representing discrete transition laws, density functions, or a mixture
of the two.

We make use of the cost-constrained ensemble defined in the same way as the single-user
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setting (see Section 2.3): We fix @1 € P(X1) and Q2 € P(X1), and choose

Px, (33,,) = ! HQV(xV,i)]l{mu € Du,n}7 4.70)

Hun i1

where for v = 1,2, u, ,, 1S a normalizing constant, and

A
Dyn = {:cl, :

where {a,,yl}le”l are auxiliary cost functions, § is a positive constant, and ¢,; = Eq, [a,(X,)].

1 n
7za’y,l($l/,i)_¢y,l < ga lzla"'aLV}7 (471)
n im1 n

The case L, = 0 should be understood as corresponding to the case that D, ,, contains all x,
sequences, thus recovering the i.i.d. distribution studied in [105].

While our focus is on unconstrained channels, a similar discussion to that of Section 2.9
applies here, and our results readily extend to multiple-access channels with input constraints.
We recall from Proposition 2.1 that ,,, = Q(n~"»/2) provided that Eq, [a,;(X,)? < oo for
l=1,...,L,.

Theorem 4.6. For any mismatched memoryless MAC (possibly having infinite or continuous

alphabets) and pair (Q1,Q2), the error exponent

ES(Q, Ry, By) — min {Ef,‘i(Q, R) ESS(Q. o),
max {EE,C12,1 (Q. R, R2), Ey525(Q, R, Ro) }} 4.72)

is achievable for EXq, EXS, EYq,, and EXq, 5 defined in (4.58)—(4.65), provided that (i) each
maximum over p € [0, 1] is replaced by a supremum, and (ii) each supremum over a,(-) and
a,(+) is subject to Eq,[a,(X,)?] < oo and Eg,la,,(X,)?] < oo (v = 1,2). Furthermore, this

exponent can be achieved using the cost-constrained ensemble with Ly = Ly = 5.

Proof. We first consider E9,,. We define Qj(z,) 2 [T, Qu(xy;) for v = 1,2. Expanding
(4.16) and applying Markov’s inequality and min{1, a} < o” (p € [0,1]), we obtain'

reupg(n, Mi) < Y Px,(21)Px, (x2) W™ (y|z1, 22)

T1,L2,Y

X (Ml Z Px,(Z1) <M2 2y X (@)0" (@1, T2,y ) PZ) (4.73)

g (1, x2,Y)*

T

'In the case of continuous alphabets, the summations should be replaced by integrals.
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for any p; € [0,1], p2 € [0,1] and s > 0. For v = 1,2, we let a,(x) and a),(z) be two of the five
cost functions in the ensemble, and we define a?(z,) £ >0 | ay (2,4), aM(x,) £ Y0, al(z,4),
¢ = Eg,lan(X,)], and ¢, £ Eq,[al,(X,)]. In accordance with the theorem statement, we
assume that Eg, [a,(X,)?] < oo and Eg, [a,(X,)?] < co. Using the bounds on the cost functions
in (4.71), we can weaken (4.73) to

reugg 1 (n, My) < e20(prteipatl) Z Px,(x1) Px, (x2)W" (y|z1, 22) <M1 prl(fl)

1,22,y 1

=\ (7. = s,a%(Z2) a (T P1
X <M22m2 PXQ(a:Q)q (w17w27y) etz )er 1(m1)> 6212/:1 a;n(wy)fn(bu_ (474)

qn(ml’m%y)seag(m) €01 (w1)

We further upper bound (4.74) by substituting (4.70) and replacing the summations over D, ,,
by summations over all sequences on X)'. Writing the resulting terms (e.g. W"(y|x1,x2)) as a
product from 1 to n and taking the supremum over (s, p1, p2) and the cost functions, we obtain

. . . 25(pq+ +1
a bound whose exponent is given by (4.60), with a prefactor of %

1,n 2,n

tion 2.1 and the assumptions on the second moments of the cost functions, this prefactor is

From Proposi-

subexponential in n.

Dealing with the other three exponents in (4.58)—(4.65) similarly, we conclude that it suf-
fices to choose L; = Ly = 5. To see this, one can simply count the number of occurrences of
each a, () and a;,(-) in (4.62)—(4.65). It suffices to let the cost functions for E§, ; and Eg9, 5

coincide, since the error exponent for the type-12 event is the maximum of the two. ]
From Theorem 4.6, we immediately obtain the following generalization of Theorem 4.5.

Theorem 4.7. For any mismatched MAC (possibly having infinite or continuous alphabets)
and pair (Q1,Q2), the rate region Rin(Q) described by (4.66)—(4.69) is achievable, where
]

each supremum is subject to Eg,[a,(X,)?] < oo (v = 1,2). Furthermore, any point in the

region can be achieved using cost-constrained random coding with Ly = Loy = 3.

Proof. The first part is proved similarly to Theorem 4.5, and the sufficiency of L; = Ly = 3

follows since a] (-) and a,(-) are set to zero therein. O

4.2.4 Application to the Matched MAC

In this subsection, we apply our results to the setting of ML decoding, where ¢(z1, z2,y) =
W (y|z1,22). As mentioned in Section 4.1.2, an exponent for the constant-composition en-

semble was derived by Liu and Hughes [66], and was shown to yield a strict improvement
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over Gallager’s exponent for the i.i.d. ensemble [105] even after the optimization of the input

distributions.

Simplified Primal Expressions for the Exponents

We will show that, in contrast to the mismatched setting, the overall error exponent E£¢ given
in (4.40) is unchanged when EffllQ in (4.41) is used in place of Ef9,. We begin with the
following proposition, which shows that the exponents (Eﬁﬁ,Eﬁé,Eﬁﬁ/2) (see (4.29)—(4.30)
and (4.41)) under ML decoding coincide with those of Liu and Hughes in the absence of time
sharing [66].

Proposition 4.1. Under ML decoding (i.e. ¢ = W), Eq, E and Eﬁﬁlg can be expressed as

ES(Q,Ri) = min__ D(Px,x,v||Q1 X Qo x W) + [Ip(X1; X2,Y) — Ri]" (4.75)
Px,x,v€S(Q)
ES(Q,Ry) =  min__ D(Px,x,v||Q1 X Qo x W) + [Ip(Xo; X1,Y) — Re] " (4.76)
Px,x,v€S(Q)
Eﬁ,cll2(Q,R1,R2) = min _ D(Px,x,v|Q1 x Q2 x W)

Px,x,v€S(Q)

+ [D(Px, x,v]|Q1 X Q2 x Py) — (Ri+Ry)| ", (4.77)

Proof. The proof is nearly identical to that of [56, Lemma 9], so we provide only an outline,
and we focus on the type-12 exponent. Consider any pair (Pyx,x,v, Px,x,y) satisfying the
constraints of (4.41). If D(]3X1X2y||Q1 X Q2 X Py) > D(Px,x,v||Q1 x Q2 x Py), we can
lower bound the objective of (4.41) by that of (4.77). In the remaining case, we may use the
constraint Es[log W] > Ep[log W] to lower bound the objective in (4.41) by that of (4.77) with
]5X1 X,y 1n place of Py, x,y. This proves that (4.77) lower bounds (4.41), and the matching
upper bound follows immediately from the fact that ]3X1 x,v = Px, x,v satisfies the constraints

of the minimization in (4.41). [l
The statement that £79, can be replaced by Effl'Q is formally given as follows.

Theorem 4.8. Under ML decoding (i.e. ¢ = W), we have for any input distributions (Q1, Q2)
and rates (R1, Ro) that

min {Eﬁcl(Q7 R1)7 Ef,%(Qv R?)u ErC,C12(Q7 Rla RQ)}
= min { E{§(Q. R1), Ef9(Q, Rz), Ef52(Q, Ri, Ra) }. (4.78)
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Proof. We know that E79, > Efﬁ'Q, and hence the left-hand side of (4.78) is greater than
or equal to the right-hand side. It remains to prove the converse. From the definition of

Ti2(Px,x,Y)s ﬁxl x,v = Px, x,v always satisfies the constraints of (4.31), and hence

EﬁZ(QaRhRQ) < F12(Q7R17R2)7 (479)

where

Fi2(Q,Ri, Ry) = min )D(PX1X2YHQ1 X Q2 x W)

PX1X2ye$(
+
+ [max {Ip(Xl;Y) — Ry, Ip(X2;Y) — Ra, D(Px,x,v||Q1 % Q2 x Py) — Ry — RQH
(4.80)
We will prove (4.78) by showing that
min { £75(Q, R1), E{$(Q, Ry), F12(Q, Ry, R2) }
< min {Eﬁcl (Qa R1)7 ;:,CQ(Q> R2)> f,({Q(Q7 Ry, RQ)} (481)

It suffices to show that whenever Fj5 exceeds Efﬁ'Q, Fy5 also greater than or equal to either
Exq or EXS. Comparing (4.77) and (4.80), the objective in (4.80) only exceeds that of (4.77)
when the maximum in (4.80) is achieved by Ip(X;;Y) — Ry or Ip(X9;Y) — Re. We show that
the former implies Fjo > ErS; it can similarly be shown that the latter implies Fj, > ES. If

Ip(X1;Y) — Ry achieves the maximum, we have

Ip(X1;Y) — Ry > D(Px, x,v||Q1 x Q2 X Py) — Ry — Ry. (4.82)
Using the identity

D(Px,x,v||Q1 X Q2 X Py) = Ip(X1;Y) + Ip(X2; X1,Y), (4.83)

we can equivalently write (4.82) as Ip(Xs; X1,Y) < Rs. For any Px, x,y satisfying this prop-
erty, the objective in (4.76) equals D(Px, x,v||@1 x Q2 x W), and thus cannot exceed the
objective in (4.80). It follows that F}5 > ELS. O

While it is possible that E75, > Eﬁﬁ'Q under ML decoding, Theorem 4.8 shows that this
never occurs in the region where Ef9, achieves the minimum in (4.40). Thus, combining

Theorem 4.8 and Theorem 4.2, we conclude that the exponent given in [66] is the true exponent
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for the constant-composition ensemble under ML decoding. While we have only proved this
in the absence of time sharing, the same holds true when time sharing is used; see Section
4.2.5 for further discussion.

Dual Expressions for the Exponents

The following theorem gives dual expressions for the exponents of Liu and Hughes [66] in a

form closely resembling Gallager’s exponents for the 1.1.d. ensemble [105].

Theorem 4.9. Under ML decoding (i.e. ¢ = W), the error exponents in (4.75)—(4.77) can be

expressed as

Ei1(Q, Ra) = max E3(Q.p) — pRa (4.84)
p€E[0,1]

Ef5(Q, o) = max E§5(Q,p) — pha (4.85)
p€0,1]

Ey5(Q. B, Ry) = max Ef15(Q. p) = p(R1 + Ba), (4.86)

where

1+p
E5i(Q.p) = sup IOgZQ2 (z2) (ZQ1 (1) W (|1, w2) T+7 eXwmr (20 d)”)

ar(-).az(: 2,y
(4.87)
1+p
E52(Q.p) = (S)up —log > Qu(as (ZQQ L)W (y|1, @2) T evmr ()~ d)")
al a 1,y
(4.88)

14p
/ _1 2
E512(Q, p) = sup 10%2 < > Qi) Qa(w2) W (ylay, w2) T ez”‘la”(x")d)”) ;

a(-),a2( T1,%2

(4.89)

and ¢, = Eq,[a,(X,)]. Furthermore, these exponents are achievable in the case of infinite
and continuous alphabets (with the summations replaced by integrals where necessary) using
the cost-constrained ensemble with L1 = Lo = 3, provided that (i) each maximum over p €
[0,1] is replaced by a supremum, and (ii) each supremum over a,(-) (v = 1,2) is subject to
Eq, lav(X,)?] < oc.

Proof. By definition, ErcfllQ is obtained from either of (4.49)—(4.50) by removing the first term
in the max{-, -}. From the proof of Theorem 4.4, we conclude that the analogous statement in

the dual expressions (4.58)—(4.65) is that the supremum over p, in (4.64) (respectively, over



4.2 Random-Coding Bounds, Exponents and Rates 125

p1 1n (4.65)) is replaced by ps = 1 (respectively, p; = 1). With these substitutions, (4.64)
and (4.65) become equal. Thus, it suffices to show that (4.62)—(4.64) (with p; = 1 in (4.64))
coincide with (4.87)—(4.89) under ML decoding. We focus on (4.64) and (4.89), since the
others are handled similarly.

Setting py = 1 in (4.64) and renaming p; as p, we obtain the F; function

E§i5(Q,p) & —log Y Qu(x1)Qa(w2)W (ylar, w2)

T1,T2,Y
> <Z$1,$2 Ql(fl)QQ(.fQ)W(y’fh f2)8623:1 a (T — v
W (y|z1, m2)se2n= av(@)—dv

= —log ) ( . Q1($1)Q2($2)W(y\901,$2>1_p8623_1a;’(x")_d’_p(a”(x”)_%)>
v

1,22

P 2 / /
) ev—1 % (@)=, (4.90)

2 _ P
g ( > Q1<x1>Qz<xz)W<y|x1,xzfezv-l“”““)“’”) , 4.91)

T1,T2

where in (4.90) we multiplied the numerator and denominator of the fraction by e~ (¢1+¢2),
Using Holder’s inequality in an identical fashion to (2.58)—(2.60) (see also [2, Ex. 5.6]), the

summation over y in (4.91) is lower bounded by

1 / / 1+p
Z ( Z Q1($1)Q2($2)W(y\$1,96'2)@6?1” Z’z’_la"(zy)_(b”) (4.92)

Yy 1,22

and equality holds when s = ﬁ and a/,(x,) = (1 + p)a,(x,). By handling the other E
functions similarly, we obtain the first part of the theorem. For the second part, it remains to
show that the choice L; = Lo = 3 suffices. This is seen by noting that whenever two cost
functions are scalar multiples of each other (in this case, a,(-) and a,,(-) for v = 1,2) one of

them can be removed without affecting the exponent obtained. U

It is possible to derive Theorem 4.9 more directly, without using the mismatched decoding
results of the previous sections; see [71, Sec. V] for details. Gallager’s exponents [105] are
recovered by setting a;(-) = a(-) = 0 in (4.87)—(4.89).

4.2.5 Time-Sharing

In this subsection, we discuss time sharing for the MAC. We begin with a brief overview of
time sharing for the matched case, which is included in order to elucidate the subtle issues that

arise in the mismatched setting.
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Matched Setting

For any pair (@1, @Q2), the achievable rate region for ML decoding is pentagonal (or possibly
rectangular) and therefore convex. However, the region obtained by taking the union over all
(Q1,Q2) is non-convex in general [117]. To prove that the rate pairs in the convex hull of
this union are also achievable, one can use the standard time sharing argument in which, for
some A € (0,1), one pair of codebooks is used for An symbols of the block, and another pair
of codebooks is used for the remaining (1 — A\)n symbols. We refer to this scheme as explicit
time sharing, or simply time sharing.

A drawback of explicit time sharing is that the corresponding error exponents can be low.
If £V is the exponent for some pair (Rgl), Rgl)), and B is the exponent for another pair

(R?), Rg)), then the resulting exponent for the weighted rate pair

R, =ARM + (1 -NR?, v=1,2 (4.93)
is given by
Ey(R1, Ry) = min {AEMRP, Ry, (1 - NE@ (R, Rg2>)}. (4.94)

This may be particularly low if A is close to zero or one. Nevertheless, we have E(R1, R2) > 0
provided that EY > 0and E? > 0.

Higher error exponents can be obtained by considering the coded time sharing ensemble
[115, Sec. 4.5.3], which directly achieves any point within the capacity region. Each codeword
is generated conditionally on a (possibly random) time sharing sequence U in ", where U is a

finite time sharing alphabet. For example, one may consider conditional i.i.d. random coding:

n

Py, (xolu) = [ [ Qu(vilui), (4.95)

i=1
where Q1 and @, are (conditional) input distributions. Let Eé“) denote the E, function for
some error type under i.i.d. random coding on Qi (-|u). Using coded time sharing with & =
{1,2}, Qu = (A\,1—=X), and U equal to a deterministic sequence u whose empirical distribution

is that closest to @7, we obtain the E, function [105]
Eo=XEY + (1= 0EP. (4.96)

Thus, in contrast to explicit time sharing, the exponent does not tend to zero as A approaches

Z€10 Or one.
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Similar improvements apply for the constant-composition and cost-constrained ensembles.

For the former, we write

Py, v (@ lu) = Wn{my € Tu(Qu) ). 4.97)

where @), is the closest conditional type to @, for v = 1,2, and w is the same as in the

1.1.d. ensemble. The cost-constrained ensemble is described by

n

1

Px,ju(@|u) = [T (@vilui)1{z, € Dpn}, (4.98)
v,n i=1
where
A . §
- : 1y tvi) — Pu Siv = 1,..., Ly 9 .
Dyn {my ;aw(u Tyi) — bul - =1 L} (4.99)

and where each quantity is defined similarly to (4.71) (e.g. ¢»; = Egp <o, [avi (U, X1))).

Mismatched Setting

Under mismatched decoding, explicit time sharing behaves similarly to the matched setting.
For time sharing between two achievable pairs (Rgl), Rél)) and (R?), RéQ)) with exponents g
and E'?, one can achieve the rate pair of (4.93), with the exponent given by (4.94).

It may seem reasonable to believe that one can use coded time sharing with |/| = 2 to prove
the achievability of any point on the line segment between two achievable points (Rgl), Rgl))
and (R?), RéQ)). However, this is not true in general in the mismatched setting. To see this,
we outline some of the results for coded time sharing. Since the changes compared to the case
U = () are similar for each error type, we focus on the type-12 event.

For general conditional codeword distributions Px |y with a (possibly random) time shar-
ing sequence U ~ Py, the RCU bounds in (4.14)—(4.17) should be modified so that the outer
expectations are over (U, X1, X2,Y ). Following the analysis of Section 4.2.2, the analogous

exponent to ES, in (4.31) is given by

cc-ts A 3 :
B9 (Q, Ry, Rp) = min min
Pux,x,v€8%(Q) Py, x,v €T (Pux, x,v)

D(Pyx,x,v||Qu X Q1 X Q2 x W) + {max{fﬁ(Xl;Y’U) - Ry,

~ ~ +
Ip(X5Y|U) = B, D(Puxixav |Qu % @1 x Qo x Py) = Ri = Ra}| 7, (4.100)
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where

S*(Q) £ {PUX1X2Y EPUx X1 x Xy xY) : Puy=Qu,Px,u= Q1 Px,u= QZ} (4.101)

TS (Pux,x,v) = {JSUX1X2Y € P(U x X1 x Xy x V) : Px,ju = Px,jv, Px,ju = Pxayus

Puy = Puy, Epllog g(X1, X2, V)] > Epllog (X1, Xa, Y)]}. 4.102)

In the dual domain, the analogous quantity to E§%, ; in (4.64) is given by

E(%,Cl_tzs,l(Q, p1,p2) = sup — Z Qu(u)logE

52070’1('7')7a2('7')7a/1('7')70‘/2(’7') u

E E[q()?h)i(%y)seaz(u,)?g) ’XI] P2 eal(u,)?l)
q(Xl,XQ, Y)sea2(“7X2) eal(u,Xl)

P1
X1, Xo, YD eXomt aé(“aXﬁ—q’v] . (4.103)

where for each u, the expectations are taken with respect to the conditional distribution
(Xl,XQ,Y,Xl,XQ | U= u) ~ Ql(:c1|u)Q2(:r2\u)W(y]a:1,xQ)Ql(fllu)Qg(fﬂu). Slmllarly, the
rate condition corresponding to (4.44) is

Ri+ Ry < _ min D(Pyx,x,v[Qu x Qi x Qo x Py), (4104
Pyx; X,y €T15(Qu xQ1xQ2xW)
I5(X1;;Y|U)SR1, I5(X2;Y|U)<SR2

and the rate condition corresponding to (4.68) is

Ry < sup
p2€[0,1],6>0,a1(:,-),a2(-,")

(q(le Xo, Y)Sea2(UvX2))P2ea1(U,X1)
E[(Ba(X1, Xo, ¥)renXe) | X, ) Mem X0 |0,y |

E log —pgRQ, (4105)

where U ~ Q.

We now compare the above rate conditions with those obtained by explicit time sharing,
focusing on the case that &/ = {1,2}. We again write Qu(1) = X and Qu(2) = 1 — A, and we
assume that the time sharing is done using the input distribution pairs Q") and Q®, and the
rate pairs (Rgl), Rgl)) and (R§2), Rf)). We make use of R; and R» defined in (4.93).

We first consider the primal domain expressions. We have from (4.94) that under explicit
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time sharing, the condition corresponding to (4.44) is given by

R <A min D(Px,xv|QM x QY x Py)+(1—)) min D(Px,x,v[|Q x QP x Py),
Px, x5y Px, x5y

(4.106)
where the minimizations are subject to constraints of the form in (4.44), the first using
Q" and the second using Q®. By writing the first minimization variable in (4.106) as
ﬁX1X2y|U(~, -,-|1) and the second as 15X1X2y|U(-, -,+|2), we can combine these into a single
minimization over Py X, X,v, Where Py = Qu. The resulting condition has the same form as
(4.104), but with the constraint E 5[log ¢(X1, X2,Y)] > Ep|log ¢(X1, X2,Y)] replaced by

Ez[log ¢(X1, X2, Y) |U = u] > Ep[log ¢(X1, X2,Y)|U = u], u=1,2, (4.107)
and each constraint I5(X,;Y|U) < R, (v = 1,2) replaced by
I5(X,; YU =u) <RM™, u=1,2. (4.108)

It follows that the constraints on ﬁU X, X,y are stricter for explicit time sharing than for coded
time sharing; the former must hold for each value of u, while the latter only need to hold for
the average over u with respect to Q. Since the minimization for the coded time sharing
ensemble is over a larger set, its rate cannot be higher, and can in fact be strictly lower.

A similar observation applies in the dual domain. Let us write I121(Q, s, p2) to denote
(4.68) with fixed values of s and p; in place of the suprema. Using explicit time sharing, the
condition corresponding to (4.68) is given by

Rl S A sup IlQ,l(Q(l)a S, PQ) + (1 - )\) sup IIQ,I(Q(Q)a S, P2)7 (4109)
$>0,p2€[0,1] $>0,p2€[0,1]

whereas from (4.105), coded time sharing only permits

Ri< s (Ah2a(@Y,s,p2) + (1= A)1121(Q®, 5,2) ) (4.110)
§>0,02€[0,1]
In other words, the coded time sharing ensemble only allows a single choice of (s, p2), whereas
explicit time sharing allows (s, p2) to vary with u. An analogy to the discussion regarding the
primal expressions can be seen by interpreting (s, p2) as Lagrange multipliers.
In summary, the achievable rate regions of the coded time sharing ensembles can be strictly
smaller than those of explicit time sharing in the mismatched setting, in contrast to the matched

setting. However, from the discussion preceding (4.94), we expect coded time sharing to yield
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higher error exponents for many channels, metrics, and rate pairs. It remains an open question
as to whether the rate region of explicit time sharing can be achieved using a different approach

that yields better exponents.

4.2.6 Application to Single-User Mismatched Channels

The parallel BSC example [35] given in Section 4.1.2 shows that the achievable rate region for
the MAC can be used to improve on the LM rate in the single-user setting. In [35, Thm. 4],
Lapidoth showed that we can in fact do even better by expurgating all codeword pairs except
for those having a fixed joint type approximately equal to )1 x Q2. Such expurgation is not
possible for the MAC, since it requires cooperation between the users.

We state the achievable rate region of [35, Thm. 4] in the following theorem, making use
of the sets

T(Q1 X Qa x W) 2 T (Q1 x Q2 x W) N {ﬁxlxzy . Px,x, = Q1 X Qz} (4.111)

for v = 1, 2,12, where the sets 7, are defined in (4.23)—(4.25).

Theorem 4.10. [35, Thm. 4] Let the DMC W'(y|x) and metric ¢'(x,y) be given, and let
W (ylz1, m2) = W (ylY(z1, 22)) and q(z1,22,y) = ¢ (Y (21, 22),y) for some finite alphabets Xy,
Xy and function ¢ : Xy x Xy — X. For any pair (Q1,Q2), the rate R = Ry + Ry is achievable
for W' with the metric q' provided that

Rl S _ min I]g(Xl,Y’XQ) (4112)
Px, x,y €T (Q1xQ2xW)

RQ S _ min Iﬁ(XQ;Y’Xl) (4113)
Px x5y €T3 (Q1X Q2 X W)

Ri+ Ry < min Iﬁ(Xl,XQ;Y). 4.114)

Px, x,v €T3 (Q1XQ2x W)
I5(X1;Y)<R1, I5(X2;Y)<Ro

Analogously to Lemma 4.2, we have the following.

Lemma 4.3. The condition in (4.114) holds if and only if at least one of the following hold:

Rit Ro< min I5(X1, XaY) 4.115)
Px, x,y €T3 (Q1XQ2x W)
I5(X1Y)<R:
Rit Ro< min I5(X1, XaY). (4.116)

Px, x,v €T{5(Q1x Q2 xW)
[5(Xa3Y)<R:
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Proof. The condition in (4.114) can equivalently be written as

0< min max{I];(Xl;Y)—Rl,IJ;(XQ;Y) — Ry, I5(X1,X2;Y) — Ry —Rg}.
Px x,v €T5(Q1xQ2xW)

4.117)

The lemma follows by writing (4.115)—(4.116) in a similar form and applying Lemma E.3,

analogously to the proof of Lemma 4.1. [

The following theorem is analogous to Theorem 4.4, and can be proved similarly using La-
grange duality techniques. The only significant differences in the derivation are the additional
constraint ﬁxl x, = @1 X Q2 in each primal expression, and the presence of joint functions
a(x1,x2) in each dual expression rather than separate functions a;(x1) and as(x2). The proof

is omitted to avoid repetition.

Theorem 4.11. Under the setup of Theorem 4.10, the pair (R, Ry) satisfies (4.112)—(4.114)
if and only if it satisfies

s a(X1,X2)
R < sup E|log— dXuX2 V)¢ (4.118)
$>0,a(-,") E[q(Xl, XQ,Y)Sea(le)Q) |X2, Y}
X, X, V)S a(X1,X2)
Ry < sup E |log a D2 )°e — , (4.119)
s>0,a(-,") E[Q(X1, Xo, Y)sea(X1,X2) ’ X1, Y}
and at least one of
[ X:. X5 V)5 a(X1,X2))P2 i
Ri<  sup  E|log (a1, X, V) e ) 7 — Ry (4.120)
po€l0,1],s>0,a(-,) E KE [¢(X1, X, Y)sea(X1.X2) | X1]> | Y]
[ X, X, YV)S a(X1,X2)\P1 i
Ry < sup E |log (E( 2% )ef - z 1 —p1Ri,  (4.121)
p1€[0,1},520,a(~,-) E[(E [q(X17X27 Y)Sea(XhXQ) ’XQ]) ’Y]

where (X1, X2,Y, X1, X2) ~ Q1(z1)Q2(z2)W (y|z1, 22)Q1(Z1) Q2(T2).

A possible approach to generalizing (4.118)—(4.121) to more general alphabets is to com-
bine the expurgation arguments of [35, Thm. 4] with the cost-constrained coding ideas of
Section 4.2.3, using joint costs a(z1,x2) in place of the separate costs a;(x1) and az(x2). We
instead take a different approach: We show in Chapter 5 that superposition coding yields
an achievable rate at least as high as that of Theorem 4.10 for any DMC, and we provide a

straightforward extension to more general alphabets without the need for expurgation.
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4.3 Multi-Letter Successive Decoding

Given that the decoder only knows the metric q”(a:gi),azgj), y) corresponding to each code-
word pair, one may question whether there exists a decoding rule with better performance
than the maximum-metric rule in (4.1). In general, this question is only interesting if “reason-
able” decoding rules are considered. For example, if the values {log ¢(z1, x2,y)} are rationally
independent (i.e. no value can be written as linear combinations of the others with rational co-
efficients), then there is a one-to-one correspondence between the joint empirical distribution
of (x1,x9,y) and the possible values of ¢"(x1,x2,vy), and hence the decoder can implement
the maximum-likelihood (ML) rule.

In this section, we consider successive decoding of the form

) = arg mlaxz (" 2V y) (4.122)
J
ty = argmax ¢" (™), z{) | y). (4.123)
J

We define the error probability, achievable rate pairs, and achievable error exponents in the
same way as maximum-metric decoding.

In the case that ¢(x1, x2,y) = W (y|z1, z2), then (4.122) is the decision rule that minimizes
P[m; # mi]. We can therefore view (4.122) as being a mismatched version of the optimal
decoding rule for (one user of) the interference channel. Thus, as well as giving an achievable
rate region for the MAC with mismatched successive decoding, our results will quantify the
loss due to mismatch for the interference channel, at least in the setting of random coding with
independent codewords.

The following proposition shows that successive decoding and simultaneous decoding be-
have similarly when ¢ = W. In contrast, we will see that when ¢ # W, the two can behave

significantly differently.

Proposition 4.2. For any MAC, a rate pair or error exponent is achievable under maximum-
likelihood (ML) decoding if and only if it is achievable under the successive rule in (4.122)—
(4.123) with q(z1, 22,y) = W (y]e1, 7).

Proof. See Section 4.5.2. O
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4.3.1 Achievable Rate Region

Our achievable rate region is written in terms of the functions

F(]SXLXQY? ﬁ)l(ngYv RQ) = max {Eﬁ[logQ(XlaX% Y)]a

Ep logg(X1, Xo, V)] + [Ro — I, (X5 X1, ¥)] T} (4.124)
F(Px, x,v, R2) = max {Ep[log q(X1,X2,Y)],

max Ep[log (X1, X2,Y)] + R — IP’(X2;X1»Y)}7 (4.125)

Px x,v €71 (Px; x,v,R2)

and the sets

Ti(Px, x,v, R2) = {(ﬁX1X2Ya]3)/(1X2Y) : Px,y = Px,v, Px, = Px,,
Phyy = Py Py, = Py F(Px oy, Py B2) 2 (P oy, Ro)p - (4.126)
T (Pxixars B2) 2 { Py Py = Pruy, P, = P, I (Xoi X1,Y) < Rpp - (44127)
T2(Px,x,v) {ﬁX1X2Y : Px, = Px,, Px,y = Px,v,
Epllog (X1, Xz, Y)] = Epllog (X1, X2, V)] | (4.128)

Here we have reused the symbol 77 (cf. (4.23)), whereas the definition of 75 in (4.128) coin-
cides with (4.24).

Theorem 4.12. For any input distributions Q1 and Q», the pair (R1, Rs) is achievable for the
successive decoder in (4.122)—(4.123) provided that

R < ~ min I5(X1: X2, Y) + [I5(X2; X1,Y) — Ro] " (4.129)
(PX1X2Y7P$(1X2y)€7—1(Q1 XQQXW,RQ)
RQ < _ min Iﬁ(XQ;Xl,Y). (4130)
Px, x,y €T2(Q1xXQ2xW)
Proof. See Section 4.5.3. ]

The minimization in (4.129) is a non-convex optimization problem, but it can be cast in
terms of convex optimization problems, thus facilitating its computation. Details are provided
in Section 4.5.4.

While our focus is on achievable rates, the proof of Theorem 4.12 also provides error

exponents. The exponent corresponding to (4.130) is precisely £75 in (4.30), and the exponent
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Figure 4.4 Achievable rate regions for the channel given in (4.132).
corresponding to (4.129) is given by

min D(Px, x,v |Q1 x Q2 x W) + [Io(Px, x,v, R2) — R1]+, (4.131)
Px,xqv 1 Px1=Q1,Px,=Q2
where Iy(Px, x,y, R2) denotes the right-hand side of (4.129) with an arbitrary distribution
Px, x,v in place of Q1 x Q2 x W. Unlike the rate conditions, we have thus far been unable to
express (4.131) in terms of convex optimization problems, thus making a numerical compari-

son with existing exponents (e.g. [118]) difficult.

4.3.2 Numerical Example

We consider the MAC with X; = A, = {0,1}, Y = {0, 1,2}, and

1—203,0, y=2x1+ 22
W(y|xy, x2) = (4.132)

Oy a0 otherwise,

where {0,,.,} are constants. The mismatched decoder uses ¢(x1, z2,y) of a similar form, but
with a fixed value 6 € (0, 3) in place of {0,,,}. While all such choices of § are equivalent for
maximum-metric decoding, this is not true for successive decoding.

We set o = 0.01, do1 = 0.1, d19 = 0.01, 611 = 0.3, 6 = 0.15, and Q1 = Q2 = (0.5,0.5). Fig-
ure 4.4 plots the achievable rates regions of successive decoding (Theorem 4.12), maximum-
metric decoding (Theorem 4.3), and matched decoding (yielding the same region whether

successive or maximum-metric).
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Interestingly, neither of the mismatched rate regions dominates the other, thus suggesting
that the two decoding rules are fundamentally different. For the given input distribution, the
sum rate for successive decoding exceeds that of maximum-metric decoding. Furthermore,
upon taking the convex hull (which is justified by a time sharing argument, cf. Section 4.2.5),
the region for successive decoding is strictly larger. While we observed similar behaviors
for other choices of @; and Q-, it remains unclear as to whether this is always the case.
Furthermore, while the rate region for maximum-metric decoding is tight with respect to the
ensemble average, it is unclear whether the same is true of the region given in Theorem 4.12.

The vertical line at Ry = 0.1 is analogous to the interference channel, where for R; below
a certain threshold, Ry can be arbitrarily large while still ensuring that user 1’s message is
estimated correctly [118]. Due to the mismatch, this induces a non-pentagonal shape in the

present example.

4.4 Second-Order Asymptotics for ML Decoding

In this section, we study second-order coding rates (cf. Section 1.2.2) for the MAC. We limit
our attention to maximum-likelihood decoding (i.e. (4.1) with ¢ = W), as it provides the most

insight into the techniques and ideas presented.

4.4.1 Preliminaries
Notation

Along with the notations given in Section 1.4, we make use of the following. The vectors
(or matrices) of all zeros and all ones are denoted by 0 and 1 respectively, and the identity
matrix is denoted by I; the sizes will be clear from the context. The symbols <, <, etc. denote
element-wise inequalities for vectors, and inequalities on the positive semidefinite cone for
matrices (e.g. V > 0 means V is positive definite). We denote the transpose of a vector or
matrix by ()7, the inverse of a matrix by (-)~!, the positive definite matrix square root by () 2,
and its inverse by (-)*%. The multivariate Gaussian distribution with mean p and covariance
matrix X is denoted by N(u, ¥).

We denote the cross-covariance matrix of two random vectors by Cov[Z1, Z3] = E [( 7z —
E[Z1])(Z2—E[Z,])T], and we write Cov[Z] in place of Cov[Z, Z]. For a set S of vectors and a
vector ¢, we write S + ¢, or equivalently ¢ + S, to denote the set {s+ ¢ : s € S}. We similarly
write ¢S = {cs : s € S} for a given constant c. A vector or matrix is said to be O(f,,) if all of

its entries are O( f,,) in the scalar sense, and similarly for o(-).
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Definitions

A rate pair (R1, Rz) is said to be (n, €)-achievable if there exist codebooks with M; > et and
My > e™?2 codewords of length n for users 1 and 2 respectively such that the average error
probability does not exceed e.

We consider constant-composition random coding with coded time sharing, similarly to
Section 4.2.5. The precise description of the ensemble is postponed until Section 4.5.7; here
we simply provide the definitions required to state the results. We fix a finite time sharing
alphabet U/, as well as the input distributions Qu(u), Q1(x1|u) and Q2(x2|u). We define the

joint distribution

Pux, x,v (u, 1,22, y) £ Qu () Q1 (a1]u) Q2 (x2|u) W (y|a1, z2) (4.133)
and denote the induced marginal distributions by Py x, 17, Py |y, etc. Defining the rate vector

Ry
R2| R, (4.134)
R+ Ry

and the mutual information vector

I(X1;Y|Xo,U)
I£ | (X Y|X,U0) |, (4.135)
I(Xl,XQ;Y‘U)

we can write the capacity region (see (4.5)) as follows [115, Thm. 4.3]:

R = U {®.R):R=1}. (4.136)
U Qu,Q1,Q2

Moreover, the union over ¢/ may be restricted to satisfy |/| < 2. The three conditions in
the element-wise inequality R < I correspond to the type-1, type-2 and type-12 conditions

respectively (see Section 4.2).

A key quantity in our analysis is the information density vector [97, 119]

/L'l(ua X1, T2, y)
ia(u, r1,22,y) | (4.137)

i12(u, x1, x2,Y)

i(uv Z1,T2, y) =
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where

W(y’%,%z)

i(u, 1, 22,y) £ lo 4.138
1( 1,42 y) gPY|X2U(y‘x2,u) ( )
- W (ylzy, z2)

io(u, x1,2,y) £ lo 4.139
2( 1,72,9) gPY|X1U(y\1171,U) ( )

i12(u, 1, 73,y) 2 log LUTLT2) (4.140)

Pyy(ylu)

Averaging ¢ with respect to (4.133) yields the mutual information vector in (4.135).

We consider the local notion of second-order asymptotics introduced by Nomura-Han for
the Slepian-Wolf problem [67]; see also Hayashi [62] for the analogous definitions in the
single-user setting. We proceed by presenting similar definitions for the present setting, albeit
in a slightly different form. A pair (41, ¢2) 1s said to be (n, €, R}, R3)-achievable if there exist
codebooks with M, > e"f+vnl codewords of length n for v = 1,2 such that the average
error probability p. does not exceed e. The second-order rate region L(e, R}, R3) is defined as
the closure of the set of pairs (¢1,¢2) that are (n, €, R, R%)-achievable for sufficiently large n.
In other words, L(e, R, R3) is the set of all (41, ¢2) pairs for which there exists an e-reliable
code with log M,, = nR}, + \/nl, + o(y/n) for v = 1,2. While this definition is valid for any
pair (RF, R%), our focus will be on pairs on the boundary of the capacity region R*; in all other
cases we trivially have either £ = () or £ = R2.

Finally, we define the set
Qu(V,e) 2 {zeR!: P[Z 22] 2 1€}, (4.141)

where Z ~ N(0,V), and V is a d x d dispersion matrix. This definition applies for an arbitrary
dimension d, which is dictated by the first argument.
Previous Work

One approach to characterizing the second-order asymptotics is to seek global asymptotic

expansions, stated as follows: For any triplet (Qy, Q1, Q2), rate vectors R satisfying
nR € nl — v/nQu(V,e€) + g(n)1, (4.142)

are (n, €)-achievable for some dispersion matrix V' and function g(n) = o(y/n), where I is the
3 x 1 mutual information vector appearing in (4.136).
The first global result for the MAC was given by Tan and Kosut [97], who used i.i.d. ran-
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dom coding to obtain (4.142) with I = E[i(U, X1, X»,Y)] and V' = Cov[i(U, X1, X2,Y)] (see
also [120]). Huang and Moulin [119] showed that the improved dispersion matrix

yiid & IE[COV [i(U, X1, X5, Y) | U]] (4.143)

can be obtained by using a constant-composition time sharing sequence.

As discussed by Haim et al. [114], expansions of the form (4.142) are more difficult to
interpret than the scalar counterpart in (1.28). While the scalar dispersion V' in (1.28) corre-
sponds to a concrete operational definition [61], it appears difficult to directly give any such
meaning to the matrix V. In fact, non-global asymptotic studies in [97] indicate that, in most
cases of interest, entries (1, 2) and (2, 1) of the matrix do not play a fundamental role in charac-
terizing the performance. Furthermore, it may be difficult to compare two dispersion matrices,
since the partial positive definite ordering does not guarantee that at least one of V; < V5 or
V, =< V7 hold. These issues are even more troublesome when one considers taking the union
over all input distributions, particularly since standard proofs often yield a non-uniform re-
mainder term g(n) in (4.142). These limitations motivate the study of local asymptotics, such
as L(e, Ry, R3) defined above.

The second-order rate region £ has been characterized for very few multi-user problems
[67, 121, 122]. The one most relevant to this section is the Gaussian MAC with degraded
message sets [121], which has the notable feature of having a curved capacity region, giving
rise to a non-standard derivative term in the expression for £. Our analysis will yield a similar
term using different techniques.

Other local notions of second-order achievability were considered in [97] and [123]. In
particular, both of these works considered the problem of finding the backoff from the rates
when a point (R}, R3) is approached from a given angle. As demonstrated in [121], this prob-

lem can be solved numerically in a straightforward fashion once L(e, R}, R3) is characterized.

4.4.2 Main Results
Further Definitions

Our main result is written in terms of a dispersion matrix of the form

V 2 E|Cov [i(U, X1, X2, Y) | U] = Cov[i(U, X1) | U] = Cov[i® (U, Xo) [U] |, (4.144)



4.4 Second-Order Asymptotics for ML Decoding 139

where

i (u,21) 2E[(U, X1, X2,Y) | (U, X1) = (u, 21)] (4.145)
i (u,22) £ E[i(U, X1, X2,Y) | (U, X2) = (u, z2)]. (4.146)

We can interpret (4.144) as follows: The term Cov/[¢] represents the variations in (X, X2,Y)
in the i.i.d. case (see (4.143)), and the terms Cov[¢(")] and Cov[(?)] represent the reduced vari-
ations in X; and X5, resulting from the codewords having a fixed composition. We henceforth
write the entries of I (see (4.135)) and V using subscripts:

L Vi Vig Vi
I=| 1L |, V=| Via Vo Vaia |- (4.147)
I Viie Vei2 Vi

For a fixed point (R}, R}) on the boundary of R*, we let T_ 2 T_(R*,R3) and T, £
T, (R%, R3) respectively denote the left and right unit tangent vectors along the boundary of
R* in (Ry, Ro)-space; see Figure 4.5. It is understood that 7' (respectively, T',) is undefined
when R} = 0 (respectively, R; = 0). In all other cases, the vectors are well-defined due to
the fact that the capacity region is convex. The case T_ = —T, corresponds to a smooth
or curved or straight-line part of the boundary, whereas T_ # —T',. corresponds to a sudden
change in slope (e.g. at a corner point).

We construct the following vectors in the same way as (4.134):

T 1 Ty
T- = T—,Q ) T+ < T+72 ) (4148)
T 1+T Tyq+ Ty

where T(,)’i denotes the i-th entry of the corresponding unit tangent vector. To ease some of
the subsequent discussions, we define the following scalars that correspond to T'_ and T' in

a one-to-one fashion:

T T
p_&-=2  p & 2 (4.149)
T ;4 Tya

)

These are the left and right derivatives of R} as a function of Rj; they are non-positive, and
are understood to equal —oco when T(,)J = 0. Observe that T_ is obtained by normalizing
[-1 —D_] and T, is obtained by normalizing [1 D.], and hence T_ = —T if and only if
D_=Dj.
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R2 RQ

Ry

(a) Pentagonal region (b) Curved region

Figure 4.5 Illustration of the vectors 7'_ and T'.. for various boundary points of two hypothet-
ical capacity regions (solid lines). The dashed pentagon in (b) corresponds to a fixed input
distribution achieving one of the boundary points.

Given the pairs (R}, R%) and (¢1,¢2), we define

R} b
R* £ R , L 0y . (4.150)
R} + R} 0+ 0y

For a non-empty set K C {1,2,12}, we let £*) denote the subvector of £ where only the indices
corresponding to K are kept; similarly for R®), R*(), ™, TSFK ) and 1%, Similarly, V(%)

denotes the || x |K| submatrix of V' where only the rows and columns indexed by K are kept.

Statement of Main Result
We use the usual terminology that the triplet (Qu, Q1,Q2) achieves the rate pair (R, Re) if

R < I. In the following theorem, K can be thought of as the set of error types that are active
for a given input distribution and boundary point (e.g. if the boundary point is achieved by the
corner point of the pentagonal region corresponding to the type-2 and type-12 conditions, then
K ={2,12}).

Theorem 4.13. Fix ¢ € (0,1), let (R}, R3) be a point on the boundary of the capacity region
R* in (4.136), let (Qu, Q1,Q2) be an arbitrary triplet achieving that point, and consider I and
V in (4.135) and (4.144) respectively. Letting K C {1,2,12} be the set of indices of the largest
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cardinality such that R*®) = 1) ywe have

L(e, RY,R3) 2 {W» e e | {pr® - Qm<v<’<>,e>}}

B=0

U {(ﬂm) oM e | {pr - Qinv<v<’c>7e>}}, (4.151)

B=0

where the first (respectively, second) set is understood to be empty when R} = 0 (respectively,
R5=0).

Proof. See Section 4.5.5. ]
We make the following remarks on Theorem 4.13:

1. To provide some intuition as to why the terms ﬁT(_’C ) and BTS:C ) in (4.151) are useful,
we discuss the hypothetical example in Figure 4.5b. If € < 0.5 and we consider random
coding with the fixed input distribution whose first-order region is the dashed pentagon,
then we can only approach the boundary point from directions within that pentagon
(e.g. along the dashed arrow). The terms involving the tangent vectors arise from ar-
guments based on coded time sharing, and allow the boundary point to be approached

from all directions within R* (e.g. along the dotted arrow).

2. In the case that T_ = —T',, or equivalently D_ = D, (i.e. a curved or straight-line
part of the boundary), the two sets in (4.151) can be combined into a single set con-
taining a coefficient 5 € R (with negative values allowed) and the vector TSFIC U
this case, the inner bound on L(e, R}, R3) is a half-space. We will see in Section 4.4.3
that this does not always occur, and combinations other than (D_,Dy) = (0,—1) and
(D_,D4) = (—1,—00) are possible (these are the combinations that are observed for

standard pentagonal regions).

3. In the case that K contains only a single entry v € {1, 2,12}, the unions over 3 can be

replaced by 5 = 0, yielding a simpler inner bound given by
£ie, By 75 2 { (0. 0) + 6, < —V/V,Q N0}, (4.152)

where (15 £ (1 + £5. The fact that 8 = 0 suffices is shown in the same way for each v, so
we consider the case v = 12. Since (R7, R3) lies on the diagonal part of the pentagonal
region corresponding to (Q, @1, Q2) (and away from the corners), both (R} — ¢, R + )
and (R} + 0, R; — 0) are achievable for sufficiently small §, and hence D_ € [—1, —o0]
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and D, € [0,—1]. The convexity of the capacity region implies that Dy < D_, and
it follows that D_ = D, = —1. From (4.148), we see that D_ = D, = —1 implies
7™ = T(f) = 0, and hence each coefficient 5 in (4.151) is simply multiplying zero.

4. More generally, if the input distribution achieving (R, R%) also achieves each boundary
point in a neighborhood of (R}, R%), then the unions over § can be replaced by g = 0.
In particular, this is true when the entire capacity region is achieved by a single input
distribution. This will be observed for the Gaussian MAC in Section 4.4.2.

5. All non-empty subsets K of {1,2,12} can occur with the exception of {1,2}. Focusing

on the case that time sharing is absent, the case K = {1, 2} is impossible since

I(X1, X, Y) = I(X1;Y) + I(X2; Y[ X1) (4.153)
< I(Xp5 X2, Y) + 1(X2; Y[ X) (4.154)
= I(X1;Y[X2) + I(X2; Y[ X1), (4.155)

where (4.155) follows since X; and X, are independent. Whenever K includes {1, 2},
we have R} = I(X1;Y|X2) and R} = I(X»;Y|X1), and it follows from (4.155) that R} +
R; = I(X1,X9;Y). Therefore, we have K = {1,2,12}, corresponding to a rectangular

achievable rate region.

6. The inner bound in (4.151) is of a similar form to the set appearing in [121, Thm. 3]
for the Gaussian MAC with degraded message sets. The main differences are (i) The
left and right tangent vectors are treated separately here, since unlike in [121], the two
do not have the same slope in general (e.g. see Figure 4.5 and the example in Section
4.4.3); (i1) There are six cases here corresponding to the different subsets IC of {1,2,12}
(see the previous item), whereas in [121] there are only two possibilities for the set of

active rate conditions.

7. The proof of Theorem 4.13 can be followed using i.i.d. codeword distributions, yielding
an analogous result with Vi (see (4.143)) in place of V. Using the fact that V' < Viid,
it is not difficult to show that the inner bounds on L(e, R}, R;) obtained using V' include
those obtained using V" whenever e < 3. In Section 4.4.3, we will see that the inclusion

may be strict.

8. It is also of interest to compare V' to a hypothetical dispersion matrix of the form

VIOt 2 B[ Cov[i(U, X1, X5, Y) | U, X1, X |. (4.156)
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This is the matrix that would be obtained if the joint composition of (U, X, X5) were
fixed, which is impossible in the absence of cooperation. It should therefore be unsur-
prising that V3°" < V; as we show in [124], this can be proved using the matrix version
of the law of total variance, along with the identity E[Z ZT] = E[Z]|E[ZT].

9. We make no attempt to present analytical expressions for T'_ and 7', , but two numerical
approaches to their computation are presented in Section 4.4.3. In general, if the capac-
ity region is characterized numerically, then one can easily obtain numerical bounds or

approximations for these tangent vectors.

Application to the Gaussian Multiple-Access Channel

The preceding results are concerned with the DM-MAC, thus permitting proofs based on com-
binatorial arguments. Here we show that Theorem 4.13 can be extended to the Gaussian MAC
via an increasingly fine quantization of the input, similarly to Hayashi [62, Thm. 3] and Tan
[125].% The channel is described by

Y =vVvPXi+VPXo+ Z, (4.157)

where Z ~ N(0,1), and where the codewords for user v = 1,2 are constrained to satisfy
1llx,||> < 1. The quantities P, and P represent the signal-to-noise ratios for users 1 and
2 respectively; for convenience, we have factored them into the channel itself. We use the
definition of L(¢, R, R%) in Section 4.4.1 with the additional condition that the the codewords
of each user must satisfy the respective power constraints.

The capacity region is pentagonal [3, Sec. 15.1], and is achieved using Gaussian input
distributions, namely Q1, @2 ~ N(0,1). The quantities I and V in (4.135) and (4.144) can be

written explicitly as follows:

tlog(1+ Py)
I= tlog(1 + P) (4.158)
slog(1+ P + P»)

P1(2+P1) PPy P (2+P1+Ps)
2(14+Py)? 2(1+P1)(1+P2) 2(1+P)(1+P1+ )
- PPy Py(2+P;) Py(2+P14Ps)
Vv 2(1+P1)(14-P2) 2(1+P2)2 2(1+P2)(1+P1+P2) : (4'159)
P (2+P1+Ps) Py(2+P1+Ps) (P1+P2)(2+P1+P2)+2P1 P2
2(1+P)(1+Pi+P2)  2(1+P)(1+Pi+P) 2(14+P1+P2)?

2We thank Vincent Tan for recommending the use of this technique.
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We use a quantization argument followed by constant-composition random coding to provide
an alternative proof of the following result, which was recently proved by MolavianJazi and
Laneman using random coding with a uniform distribution over the surface of a sphere [126].

We use the same notation as that used in Theorem 4.13.

Theorem 4.14. Fix the parameters P;, P, > 0 and target error probability € € (0,1), and let
K c {1,2,12} be the set of indices of the largest cardinality such that R*®) = 1), Then we
have

£le, B, RB5) 2 { (0, 62) + LM € —Qun (VI 0)}. (4.160)

Proof. See Section 4.5.8. []

Unlike Theorem 4.13, no tangent vectors appear in (4.160), and the proof does not use any
form of time sharing. This is due to the fact that every point on the boundary of the capacity

region is simultaneously achieved by Gaussian inputs.

4.4.3 Examples
The Collision Channel

Here we consider the channel with alphabets A3 = A, = {0,1,2} and Y =
{(0,0),(0,1),(0,2),(1,0),(2,0),c}, and

1 y=(x1,22) and min{zy, 22} =0
W(ylr1,22) = {1 y=cand min{z,zo} # 0 (4.161)

0 otherwise.

In words, if either user transmits the zero symbol then the output is (x1,x2), whereas if both
users transmit a non-zero symbol then the output is ¢, meaning “collision”.

We recall the following observations by Gallager [105]: (i) The capacity region can be
obtained without time sharing;?® (ii) By symmetry, the points on the boundary of the capacity
region are achieved by input distributions of the form @1 = (1 — 2p1,p1,p1) and Q2 = (1 —
2p9, p2, p2), Where U = (); (iii) The achievable rate region corresponding to any such (Q1, Q2)
pair is rectangular. The capacity region is shown in Figure 4.6. The left and right tangent
vectors coincide (i.e. T_ = —T, and hence D_ = D) at all boundary points (R*, R}) with
R > 0 and R; > 0, and the case of interest in Theorem 4.13 is K = {1, 2, 12}.

3In the more general case of K non-zero symbols, time sharing is required for K > 8 [105].
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Figure 4.6 Capacity region of the collision channel. The tangent line corresponds to the bound-
ary point (R}, R5) = (1.25,1.25), and we have D_ = D, = —1.

One approach to characterizing the inner bound in (4.151) for a given boundary point
(R%, R3) is to first find the pair (p1,p2) achieving that point, and then calculate T and T
(e.g. see the example in Section 4.4.3). In this example, the reverse approach turns out to be
more convenient: We start with a given derivative D < 0, and perform an optimization over
(p1,p2) to find the corresponding (unique) boundary point (R7, R3).

As stated above, the achievable rate region for a given pair (p1,p2) is a rectangle with a
corner point given by (11, I2). The straight line of slope D passing through this point is given
by Ry = D(R; — I) + I2. Thus, finding the desired boundary point (R;, R;) simply amounts

to maximizing Iy — DI, over (p1, p2), which is a straightforward optimization problem.

For concreteness, we provide a numerical example for the case that D = —1, which cor-
responds to T_ = —T', = [% %]T Using a brute force search to three decimal places, we

found the optimal parameters to be p; = py = 0.25, yielding R} = R = 1.25 bits/use. The
inner bound on L(¢, R, R%) from Theorem 4.13, and its counterpart for i.i.d. random coding
(cf. (4.143)), are shown in Figure 4.7, where we set ¢ = 0.01. For comparison, we also plot
the weaker inner bounds in which § is set to zero and only —Qj,, remains (cf. (4.151)). The
boundaries of these regions are shown, and the regions lie to the bottom-left of these bound-
aries.

We see that the region resulting from constant-composition random coding is strictly larger
than that resulting from i.i.d. random coding. This is primarily due to the fact that the diagonal
entries of V are strictly smaller than the respective entries of V4, though the off-diagonal
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Figure 4.7 Inner bounds on L(e, R}, R%) for the collision channel, with R} = RS = 1.25 and
e = 0.01. The regions are to the bottom-left of the boundaries shown.

terms also play a role (see the shapes of the regions corresponding to 5 = 0 in Figure 4.7). In
this example, the strict inclusion holds for all points on the boundary of the capacity region
other than the endpoints corresponding to R} = 0 or R = 0.

The improved performance of constant-composition random coding over i.i.d. coding is
analogous to a similar gain in the error exponent [66]. These gains are in contrast to the
(matched) single-user setting, where the two ensembles yield the same second-order term and

error exponent after the optimization of the input distribution [56, 61].

A Non-Deterministic Example

Here we provide an example showing that the two unions in (4.151) cannot, in general, be
combined into one. In other words, it is necessary to consider the left and right tangent vectors
separately. We set X} = X, =Y = {0,1}, and

1 xl = :L'2 = y
W(ylzy,22) = 0.5 21 # 22 (4.162)

0 otherwise.

Thus, the channel is noiseless if z; = x9, and completely noisy if z; # x2. We write the input
distributions as Q1 = (1 — p1,p1) and Q2 = (1 — pa, p2).

The capacity region is shown in Figure 4.8. Observe that there are two “corner points”,
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but unlike those of standard pentagonal regions, neither of them corresponds to a change in
angle of 45 degrees. More precisely, the middle segment shown in the plot has slope —1, but
the other two segments are neither vertical nor horizontal (in fact, they are not even straight
line segments, even though they may appear to be). Both corner points are achieved by p; =
po = 0.5.

Here we focus on characterizing the set L(e, R}, R3) for the upper corner point (R}, R%) =
(0.272,0.449); identical arguments apply for the lower corner point. The case of interest in
Theorem 4.13 is £ = {2,12}. Since the middle segment in Figure 4.8 has slope —1, we have
T, = [% &—%} The idea used to compute T'_ is to shift the point (p1,ps) = (0.5,0.5) by a
small amount (A cosf, Asin @), and observe the behavior of the corner point (112 — Io, I5) for
0 € [0, 27), where for each 6 we are interested in the limiting behavior as A — 0. Making the

dependence of I, and I;2 on (p1, p2) explicit, a second-order Taylor expansion yields
L(p1+ Acos,ps + Asin) = I, (p1,p2) + f,(0)A + O(A?) (4.163)

for v = 2,12, where

8212” 21y cos 0
fu(0) 2 [cos® sing] | 1 OniOe [ _ ] . (4.164)
o onk sin ¢
Note that the first-order term in (4.163) is absent, since the derivatives g}]) ‘ and g; £ are zero

at (p1,p2) = (0.5,0.5) for v = 2,12. We conclude from (4.163) that for a fixed choice of 6,
(I12 — I, Is) moves in the direction (f12(6) — f2(0), f2(#)) in the limit as A — 0. Evaluating
the direction for 10000 equally spaced angles over the range € [0, 27], we obtained T =
[—0.99783 0.06586], corresponding to § = 0.221 radians and D_ = —0.0660.

Figure 4.9 shows the resulting inner bound on L(e, R}, R3) given in Theorem 4.13, with e =
0.01. In this example, the region is identical for 1.i.d. random coding and constant-composition
random coding. It is interesting to observe the different shape of the region compared to
the previous example, resulting from the differing left and right tangent vectors. It is only
the former that plays a role in enlarging the achievable region, since the set —Qiny (V312 ¢)
already satisfies the property that if a given point is in the set, so are all points on the right-hand

side of the line of slope D = —1 passing through that point.
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Figure 4.8 Capacity region of the channel described by (4.162).
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4.5 Proofs

4.5.1 Proof of Theorem 4.4

Each expression in the theorem statement is derived similarly, so we focus on E¢9, ;. We

claim that (4.49) is equivalent to

Ef91(Q,R1, Ro) = max  E§551(Q. p1,p2) — pi(Bi + p2Ra), (4.165)
yLe, p1€[071]’P2€[0’1] Y

where

Fhce a i i
E071271 (Q, p1, P2) = i ~ min
X1 XY €5(Q) Py, x,v €T12(Px, x5v)

D(Px, %, [|Q1 X Q2 x W) + p1 (I5(X1;Y) + p2l5(X2; X1,Y)).  (4.166)

To see this, we follow the steps of Section 2.10.2. Using (4.83), we can write

cc i i
112,1(Q, R1, R2) = min < n
Pxyx,v€5(Q) Py, x,v €Ti2(Px, x,v)

D(PXlXQYHQl X QQ X W) + [Ilg(XhY) + [Iﬁ(XQ,Xl’Y) — R2}+ _ RI]JF (4167)

Next, we apply the identity [a]T = max<,, <1 p1c to the outer [-]* function in (4.167). The
resulting objective is linear in p; and jointly convex in (Px,x,v, Px,x,v), S0 we can apply
Fan’s minimax theorem [78] to interchange the maximization and minimizations. Applying
the same argument to the remaining [-|* term yields (4.165)—(4.166).

We define the sets

Tio(Px, x,v, Px,y) 2 {ﬁxl)@y € P(X; x Xy x ) : Px, = Px,,
Px,y = Px,y Eplloga(X1, Xo,Y)] = Eplloga(X1, X, V)] | (4.168)

Tis(Pxixar) 2 { Pxiy € P(X x V) 5 Px, = Px, Py = Py |, (4.169)

It follows that Py, x,y € Tia(Px,x,y) (see (4.25)) if and only if Py, x,y € T{5(Px,x,v: Px,v)
for some ley € T/5(Px,x,v). We can therefore replace the minimization over 15)(1 X,y €
Tia(Px, x,y) in (4.166) with minimizations over Px,y € T{5(Px,x,y) and Px.x,y €
Tia(Px,xav, P,y )

We prove the theorem by performing the minimization in several steps, and performing

multiple applications of Lemma E.1. Each application will yield an overall optimization of
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the form sup min sup{-}, and we will implicitly use Fan’s minimax theorem [78] to obtain an
equivalent expression of the form sup sup min{-}. Thus, we will leave the optimization of the

dual variables (i.e. the suprema) until the final step.

Step 1

We first consider the minimization of the term I5(X1; X2,Y’) over ﬁxl x,y when Px x,y €
S(Q) and Px,y € T/4(Px,x,y) are fixed, and thus all of the terms in the objective in (4.166)
other than 7 Ig(X 1; X2,Y) are fixed. The minimization is given by

N min A I5(X1; X2,Y). (4.170)
Pxx,v €T{5(Pxy x5, Pxyv)
Applying Lemma E.1 with Pz, = Px,, Pz, = ley and p1(-) = az(-), we obtain the dual

expression

Fi 2 =) Pxy(a1,9)log Y Px,(T2)q(z1, T2, y) e ™)

1,y T2

+5 > Pxxov (w1, w2, 9) logg(ar, w2, y) + Y Px,(z2)ag(x2). (4.171)

1,22,y x2

Step 2

After Step 1, the overall objective (see (4.166)) is given by
D(Px, x,v |Q1 x Q2 x W) + p1(Ip(X1;Y) + paF1), 4.172)

where we have replaced I5(X1;Y) by I5(X1;Y') due to the constraint Px,y = Px,y in (4.168).
Since the only terms involving Ple are I5(X1;Y) and the first term in (4.171), we consider

the minimization

min Ip(X0;Y) = p2 > Pxyy(w1,9)1og Y | P, (B2)q(w1, Ta, ) ™). (4.173)

Px, vy €T/5(Px; x5Y) o1,y o

Applying Lemma E.1 with Pz, = Px,, Pz, = Py and u1(-) = a1(-), we obtain

Fo2 =Y Pr(y)logy_ Px, <x1>(ZPX2<x2>q<x1,m,yfe@(“)) e (™)
Y

z1 T2

+ ) Px,(z1)as(x1). (4.174)

1
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Step 3

From (4.171), (4.172) and (4.174), the overall objective is now given by

F3 £ D(Px,x,v [|Q1 % Q2 x W) + p1Fa + p1p2 Z Px, x,v (21, 72,y) log (21, 22, y)*e®2(¥2),
r1,22,Y

(4.175)
By expanding the divergence and writing a, (z,) = loge®™ @) (v = 1,2), (4.175) can equiva-
lently be expressed as

Fs3 = — Z Px, x,v(x1,22,y) log 93(21, 23, ) (4.176)

P 1,7 ’
1,72,y X1X2Y( 1 27y)

where

93(w1, w2,y) £ Q1(w1)Qa(x2)W (y|w1, z2)
_ 7 T1 T s50a2(Z2) \ 72 _ay(z1) \ "
% (Z PX1 (fl) (ng PX2 (xQ)Q(xlvx%y) e ) € ) . (4177)

q(x1, 22, y)%e®2(2) eat(@1)

We are interested in minimizing F3 over Px,x,y € S(Q) (see (4.166)). We first minimize
over Py |x, x, for a fixed Py, x,. Rather than using Lagrange duality, we can simply write

Px, x,y = Px,x, x Py|x, x,, and apply Jensen’s inequality to (4.176) to obtain

x 71. 7
F3>— Z PX1X2 T1,T2 logz 93 ! 2 (4178)

P T, T
1,82,y X1X2 1 2

It follows that the minimizing Py x, x, is the one that makes % independent of y
1 2 k) b

for any given z; and z-, so that equality holds in (4.178).

Step 4

Combining (4.178) and the definition of g3, we obtain the optimization

min Ip(X1; X2) — Epllo X1, X)), 4.179
PX1X2:PX1:Q17PX2:Q2 P( 1 2) P[ gg4( 1 2)] ( )

where

27 PXQ(‘TQ)q(‘Tlaf27y)sea2(f2) 2 eal(fl) P

2 -

ga(x1,x2) —zy: (y|z1, z2) (prl ( g(1, 0, )P ea2(@2) el IR
(4.180)
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Applying Lemma E.1 with Pz, = Q2, Pz, = Q1 and p1(-) = a5(-), we obtain the dual expres-

sion
Fi=— Z Q1(z1) log Z Qa(x2)ga(w1, 22)e™™) + Z Q2(w2)ay(w2). (4.181)

Step 5§

From (4.181), we have

Fa=-— Z Q1 (1) log <€a/1(x1)_¢l1 Z Q2(2)g4(x1, 332)6‘15(352)_%) (4.182)
z1 Z2
> —log Z Q1(21)Qa(2)ga(1, zo)e®2(2) ~2 et (@1) =01 (4.183)
1,22

where (4.182) follows for any a/(-) with ¢!, £ Eq, [a/,(X,)] (v = 1,2) by expanding the loga-
rithm, and (4.183) follows from Jensen’s inequality. We observe that equality holds in (4.182)
when df (-) is chosen to make the argument to the logarithm in independent of z;. Thus, we
obtain the desired result by substituting (4.180) into (4.183), and taking the supremum over
5 20, a1(-), az("), ay(-) and ay(-).

4.5.2 Proof of Proposition 4.2

It suffices to show that, for any fixed codebooks C; = {acgi)}i]\ill and Cy = {mgj )}?4:21, the error
probability under ML decoding is lower bounded by a constant times the error probability
under successive decoding. It also suffices to consider the variations of these decoders where
ties are broken as errors, since doing so reduces the error probability by at most a factor of

two [12]. Formally, we consider the following:
1. The ML decoder maximizing W”(y|acgi), a:éj ));
2. The successive decoder in (4.122)—(4.123);

3. The genie-aided successive decoder using the true value of m; on the second step rather
than m; [127]:

fy = arg max S w25 y) (4.184)
J

Mo = arg max W"(mgml),mgj),y). (4.185)
j
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We denote the probabilities under these decoders by PME)[], P[] and P(Gerie)[] respectively.
Denoting the random message pair by (mi, m2), the resulting estimate by (m, ms), and the

output sequence by Y, we have

PMU[(fry, g) # (M1, my)]

> max {P(ML)[r’ﬁl ” ml],P(ML) [ U {Wn($§m1)7$gj)7y) > Wn(wgml),mémQ),Y)}] }

J#ma

(4.186)

> max {]P)(Genle)[ml + ml] P(Genle)[ U {Wn(w(lml),w(éj),Y) > Wn(wgm1)7 gm2)7Y)}:| }
J#m2

(4.187)

> PO (g, ) # (my, mo) (4.188)
1 S

= PO [(y, o) # (m1,my)] (4.189)

where (4.187) follows since the two steps of the genie-aided decoder minimize the two terms
in the max{-, -}, (4.188) follows by writing max{P[A], P[B]} > 3(P[A] + P[B]) > ;P[AU B,
and (4.189) follows since the overall error probability is unchanged by the genie [127].

4.5.3 Proof of Theorem 4.12

Here we present the proof of Theorem 4.12. Our analysis is based on the method of type
class enumeration (e.g. see [118, 128, 129]), and is perhaps most similar to that of Somekh-
Baruch and Merhav [129]. We use the same random-coding ensemble as that of Section 4.2.2,

which we define again here for completeness. For v = 1,2 we let @), , be a type with the
1

same support as (), such that max,, [Q,n(7,) — Qua(z,)| < -, and we define the constant-

composition codeword distribution

1

Pxo(@) =m0l

1{a, € T"(Qun)}- (4.190)

The (independent) random codewords are denoted by {X l(,i)}f‘i”l. We assume without loss of
generality that m; = my = 1, and we write X, = X 1(,1) and let X, denote an arbitrary codeword

Xl(,j) with j # 1. Thus,

(le X2, Y, Xl? 22) ~ PX1 (wl)PXQ(xQ)Wn(y‘xla $2)PX1 (EI)PXQ (i2) (4-191)
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We define the following error events:

(Type 1) Zj q”(Xgi),ng),Y) > Zj q"(Xl,ng),Y) for some i # 1;

(Tpe 2) q"(X1, X5 Y) > ¢*(X1, X5, Y) for some j # 1.

Denoting the probabilities of these events by p.; and p. 2 respectively, it follows that the
overall random-coding error probability p. is upper bounded by pe 1 + De,2-

The analysis of the type-2 error event is precisely that of Section 4.2, yielding the rate
condition in (4.130). We thus focus on the type-1 event. We let pe 1(x1,z2,y) denote the
probability of the type-1 event conditioned on (X gl), X él), Y) = (@1, x2,y), and we denote
the joint type of (x1, 2, y) by Px, x,y. We write the objective function in (4.122) as

oy (1) 2 " (T, 22,y) + Y ¢" (@1, XY, y). (4.192)
i#1

This quantity is random due to the randomness of { X gj ) }. The starting point of our analysis is

the union bound:
Pt (1, w2,y) < (M1 — 1)P[Ea,y(X1) > Egyy(x1)]. (4.193)

The difficulty in analyzing (4.193) is that for two different codewords x; and Z1, Z4,4 (1) and
Ez,y(Z1) are not independent, and their joint statistics are complicated. We will circumvent
this issue by conditioning on high probability events under which these random quantities can
be bounded by deterministic values.

From (4.192), we have

szy(fl) = qn(ﬁ)ﬁXzy) + z N51y(ﬁ),(1X2Y)qn(ﬁ),(1X2Y)a (4194)

Pl
X1XoY

where Nfly(ﬁjﬁ&y) is the random number of X(Qj) (j # 1) such that (il,Xéj),y) €
T”(?)’(IXQY), Px, x,y is the joint type of (Z;, x2,y), and we write q”(ﬁ)’ﬁxﬂ) 2 ¢"(Z1, To,Y)
for an arbitrary triplet (z;,x2,y) € T”(JB)’(1 x,y)- Since the codewords are generated in-
dependently, Nily(ﬁ)’(l x,y) 18 binomially distributed with A — 1 trials and success prob-
ability P[(z1, X2,y) € T"(Py, x,y)]- By construction, we have Nz, (P, x,yy) = 0 unless

ﬁ)lleQY € Si,n(QQ,nv ﬁXlY), where
Sin(Qan; Pray) £ {ﬁg(lX?Y € Pu(X1 x Xy x V) : P,y = Px,y, Py, = Q2,n}- (4.195)

The following lemma characterizes the behavior of N@y(ﬁ)’(l x,y) for various choices of R
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and ]5)’(1 x,y- T'he proof can be found in [118, 129], and is based on the fact that
P(@1, X2,y) € T"(Py, x,y)] = e "Xy, (4.196)

which follows from the property of types in (A.17).

Lemma 4.4. [118, 129] Fix the pair (x,,y) € T"(Px,y), a constant § > 0, and a type

P),(1X2Y € Si,n(QZn? Ple)
(i) Ing > Ilg,(XQ;Xl,Y) + 0, then

Mae ™I o0 0) < Ng (P ) < Mpe U (2X00=0) - (4.197)
with probability approaching one super-exponentially fast.
(ii) If Ry < I5,(X2; X1,Y) + 6, then

Nayy (P, x,y) < e ™2 (4.198)

with probability approaching one super-exponentially fast.

Roughly speaking, Lemma 4.4 states that if Ry > I5,(X5; X1,Y) then the type enumerator
is highly concentrated about its mean, whereas if Ry < I,(X2; X1,Y’) then the type enumera-
tor takes a subexponential value (possibly zero) with overwhelming probability.

Given a joint type Px,y, let As(Px,y) denote the union of the high-probability events in
Lemma 4.4 taken over all ﬁ)’(l X,y € S1.,(Q2, Px,v). By the union bound, P[A4s5(Px,y)] — 1
super-exponentially fast, and hence we can safely condition any event on A;(Py,y) without
changing the exponential behavior of the corresponding probability. This can be seen by

writing the following for any event &:

P[€] = P[E N A] + P[€ N A°] (4.199)
PIE | A] + P[A°] (4.200)
P[€] > PE N A] (4.201)
= (1 -PADP[E | A] (4.202)

> PE| A] - P[AY. (4.203)
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Conditioned on As(Px,y ), we have the following:

Ezoy(T1) = ¢"(Pxx,v) + Z Nz (P, x,v)0" (Px, x,y) (4.204)
P)/(lxzy
> q"(P + a Ny o (P4 "( PX 4.205
> q"(Px,x,v) P&1x2y€5?,1n(}é22,mpxlif) 1y X1X2Y)q ( X1X2Y) ( )
Ro>1pi(X2;X1,Y)+0

> qn(PXlXQY) + max M2e_n(lpl (XZ;XhY)—HS)qn(P;(lXQY) (4206)

PX,xov €510 (Q2,n:Px;v)

RQZIP/ (XQ;Xl,Y)+5

2 Gy, (Px, xav ), (4.207)

where (4.206) follows from (4.197). Unlike =4,y (1), the quantity Gy, (Px,x,y) 18 deter-
ministic. Substituting (4.207) into (4.193) and using the fact that ]P’[.Ag(]sxly)] — 1 super-

exponentially fast, we obtain
Pei(x1, 2, y) < MiP[Eany(X1) > G5, (Px x,v)]- (4.208)

Since the statistics of =, (1) depend on Z; only through the joint type of (Z1,x2,y), we can
write (4.208) as follows:

Pe1(z1,T2,y) < M Z P[(X1,22,Y) € T"(Px, X, )| P[Baoy (F1) > Gsn(Px,x,v)]

Px, XyY
(4.209)
=M; _ max e B YIP[E, (@) > Gy (Pxixav)] s
Px, x5y €51,n(Q1,n,Px,v)
(4.210)

where Z; denotes an arbitrary sequence such that (z;, x2,y) € T”(JBX1 X,v ), and

S1.0(Q1.n, Pxyy) £ {ﬁxlxzy € Pu(X1 X X x ) = Px, = Qun, Pxyy = PXQY}- (4.211)

In (4.210), we have used an analogous property to (4.196) and the fact that by construction,
the joint type of (X1, x2,y) is in S1,,,(Q1,n, Px,y) With probability one.

Next, we again use Lemma 4.4 in order to replace =;,,(Z1) in (4.210) by a deterministic
quantity. We have from (4.194) that

Zaay(®1) < ¢"(Pxixay) +po(n) max Nay(Ph, x,v)d" (P, x,v), (4.212)

/
Py, Xoy
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where po(n) is a polynomial corresponding to the total number of joint types. Substituting
(4.212) into (4.210), we obtain

Pep(T1, x2,Y)
<My max - max e MpXVIple (PL )], (4.213)
Px1 X,y €51,n(Q1,n,Pxyy) Py, x,y €51(Q2,n,Px,v) '

where

Ep 5Pk, xav) 2 {0 (Prixay) + 20(m) Nawy (P, )" (P xpy) = Gon(Prixar) o (4214)

and we have used the union bound to take the maximum over ]5)’(1 x,y outside the probability
in (4.213). Continuing, we have for any ﬁxl X7 € S1.n(Q1,n, Px,y) that

D! 5%
- max ]P)[gp,ﬁ(PXngY)] = max{ . max P[Ep,ﬁ(PXleY)]=
PXIXQYesl,n(QZ,naple) PX1X2y681’n(Q2,n7PX1Y)

Ro>15,(X2;X1,Y)+6

5%
~, I,naX - P[6P7ﬁ(PX1X2Y)j| }
Py Xy v €51,n(Q2,n,Px,v)

Ro<Ig(X2;X1,Y)+0

(4.215)

For the first maximization in (4.215), observe that conditioned on As(Pyx,y) (defined following
Lemma 4.4), we have for 15)’(1X2Y satisfying Ry > I5,(X2; X1,Y) + ¢ that

Ny (Py, xv 0" (P, x,y) < Mpe MU (XnXa¥)=8)gn(pL oy, (4.216)

where we have used (4.197). Hence, and since P [.Al;(ﬁ)(ly)] — 1 super-exponentially fast, we

have

P[€p 5Pk, xor)]
< ]l{qn(ﬁxlXQY) + Mapo(n)e "Up (X2 XY= gn (Pl ) > Qa,n(le)(zY)}- (4.217)
For the second maximization in (4.215), we define the event B £ {Ng,(P% x,y) > 0},

yielding
P[B] < Mpe "o (X2:X0Y), (4.218)
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which follows from the union bound and (4.196). Whenever Ry < I5,(X2; X1,Y) + 46, we have

P[gP,ﬁ(f)éﬁXzY)]
<PE, 5Py, x,v) | B +PBIP[E, 5(P, x,v) | B] (4.219)
S1{q" (Px,x2v) > G5 (Pxyxov) ) + Mae Mo X0 VIPg, S(Py )y | B], (4.220)

< ]l{q”(ﬁxlxﬁ/) > Qa,n(PX1X2Y)}

+ Mye™ Mo XX g™ (Px, x,v) + po(n)e " 2°¢" (P, x,y) > Gsn(Pxixov)},  (4.221)

where (4.220) follows using (4.218) and (4.214) along with the fact that B¢ implies
Nfly(ﬁ)’(lxﬂ) =0, and (4.221) follows by conditioning on A;s(Px,y) and using (4.198).

Observe that F'(Px, x,y, R2) in (4.125) equals the exponent of Gsn in (4.207) in the limit
as § — 0 and n — oo. Similarly, the exponents corresponding to the other quantities appearing
in the indicator functions in (4.217) and (4.221) tend toward the following:

Fy(Pxyxav, P,y Ba) 2 max { E pllog (X1, X, V)
Eﬁ/[IOgQ(leX%Y)]+R2_Iﬁ/(X2;X1>Y)} (4.222)
Fa(Px, x,v+ P, xpy) £ max {Eﬁ[log q(X1, X2, Y)], Eg, [log (X1, X27Y)]}- (4.223)

Combining these expressions with (4.213), (4.215), (4.217) and (4.221), taking 6 — 0, and

using the continuity of the underlying terms in the optimizations, we obtain

Pe(x1, 2, y) < maX{ max Mye Mp(X1X2,Y)
5 5 1
(PX1X2Y7P)I(1X2Y)ET1< )(PX1X2Y7R2)

max Mye ™MBp(XuX2Y) yp e=nlp (X2:X0,Y) } . (4.224)

(ﬁXlXQY,ﬁé(IXzY)E'Tl@) (PX1X2y7R2)
where*

7-1(1)(PX1X2Y7R2) £ {(ﬁXlXQY;ﬁ)/(lxgy) . Px,x,v € S1(Q1, Px,y),

Py, x,y € S1(Q2, Px,y), I5,(X2; X1,Y) < Ry, F1(Px, x,v+ Pk, x,v+ R2) > F(Px, x,v Rz)}
(4.225)

4Strictly speaking, these sets depend on (Q1, Q2), but this dependence need not be explicit, since we have
Px, = Q1 and Px, = Qo.
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7-1(2)(PX1X2Y7R2) £ {(ﬁxlxzy,ﬁ)/(l)@y) . Px,x,v € S1(Q1, Px,y),

ﬁéleQY c S:ll_(Q27ﬁX1Y)7Iﬁ/(X2;X17Y) 2 R27F2(ﬁX1X2Y7§3{1X2Y) Z E(PX1X2Y7R2)}7

(4.226)

and
S1(Q1, Px,y) = {ﬁxl)@y EPX x XoxY) : ﬁxl = Q17§X2Y = PXQY} (4.227)
1@, Pxiy) 2 {Phyxyy € P x X x D)« Py = Py, P, = @} (4228)

The two terms in the maximization in (4.224) respectively correspond to (4.217) and the sec-
ond term in (4.221). The first term in (4.221) is upper bounded by the right-hand side of
(4.217), and thus need not be included in the maximum in (4.224).

The property of types in (A.16) implies that P[(X 1, X2, Y) € T"(Px, x,y)| decays to zero
exponentially fast when Px, x,y is bounded away from Q; x Q2 x W. Therefore, similarly
to the proof of Theorem 4.3, we can safely substitute Py, x,y = Q1 x Q2 x W to obtain the

following rate conditions for the first decoding step:

R1 < _ _ min Ilg(Xl;XQ,Y) (4229)
(Px1x2Y,P§(lx2y)€7—1(1)(Q1 X Q2xW,Rz)

R+ Ry < N N min Ilg(Xl;XQ,Y)—‘rIIg,(XQ;Xl,Y). (4.230)
(PX1X2Y7P§(1)(2y)67—1(2)(Q1 X Q2 xW,Ra)

Finally, using the definitions of F, &y, 8/, 7;") and T (see (4.124) and (4.225)~(4.228)) to
unite (4.229)—(4.230), we obtain (4.129).

4.5.4 Formulation of (4.129) in terms of Convex Optimization Problems

Here we write (4.129) in terms of convex optimization problems, starting with the alternative
formulation in (4.229)—(4.230). We first note that (4.230) holds if and only if

R < min I5(X15 X2,Y) + [I5(X2; X1,Y) — R2]+, (4.231)
~ ~, (2) P P
(PX1X2Y7PX1x2y)€7—1 (Q1xQ2xW,R2)

since the argument to the [-]* is always non-negative due to the constraint I, (X2; X1,Y) > Ro.
Next, we claim that when combining (4.229) and (4.231), the rate region is unchanged if the
constraint / B (X2; X1,Y) > Ry is omitted from (4.231). This is seen by noting that whenever
I5,(X2; X1,Y) < Ry, the objective in (4.231) coincides with that of (4.229), whereas the latter
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has a less restrictive constraint since F'; > F (see (4.222)—(4.223)).
We now deal with the non-concavity of the functions F'; and F» appearing in the sets 7'1(1)

and 7'1(2). Using the identity

min  f(z) = min { min f(z), min f(a:)}, (4.232)

z<max{a,b} <b

we obtain the following rate conditions from (4.229) and (4.231):

Rl < ~ _ min Ilg(XngQ,Y) (4233)
(Pxy x3v P, 3,y ) €T (QuxQax Wi Ry)

R1 < ~ ~ min I}S(Xla XQ, Y) (4234)
(Pxy x3v P, x, ) €T (QuxQax Wi Ry)

Ry < _ min I5(X1: X0, Y) + [I5,(X2; X1,Y) — Ro] © (4.235)
(Pxy xv 3Py 3y JET Y (Qux Q2 x Wi o)

Ry < min I5(X1: X2, Y) + [I5,(X2; X1,Y) — Ro] 7, (4.236)

(ISX1X2YJS)'(1X2y)ET1<2’2) (Q1xQ2xW,R2)

where

7'1(1’1)(PX1X2% Ry) £ {(ﬁxl)@y,ﬁ}(lxzy) . Px,x,v € 81(Q1, Px,y),
Pl x,y € S1(Q2, Px,y), I5,(X2: X1,Y) < Ra, E5[log q(X1, X2,Y)] > F(Px, x,v R2)}
(4.237)
T2 (Px,x,y, Re) 2 {(ﬁxlxzy,ﬁﬁgl)@y) t Px,x,y € S1(Q1, Pxyy )
Pyixoy € S1(Q2, Pryy) Ip (X2: X1,Y) < Ry,
Egz [log ¢(X1, X2,Y)] + Ro — I5,(X2; X1,Y) > F(Px, x,v, R2)} (4.238)

7-1(2’1)(PX1X2Y7R2) = {(15X1X2Y715§(1X2y) . Px,x,v € S1(Q1, Pxyy),

ﬁ,;{IXQY € Si (Q27 ﬁX1Y)7E]3[IOg q(X17 X27 Y)] Z E(PX1X2Y7 RQ)} (4239)
ﬂ(Q’Z)(lexgy,R2) = {(ﬁXngYy-ZS)/(lX2Y) : Px,xov € S1(Q1, Pxyy),
Pl v,y € S1(Qs, ﬁxly),Eﬁl log q(X1, X2,Y)] > F(Px,x,v» R2)}- (4.240)

These are obtained from 7 (k = 1,2) by keeping only one term in the definition of F,
(see (4.222)—(4.223)), and by removing the constraint I3, (Xo; X1,Y) > Ry when k = 2 in
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accordance with the discussion following (4.231).

The variable ﬁ)/ﬁ X,y can be removed from both (4.233) and (4.235), since in each case
the choice Py v,y (z1,%2,y) = Q2(22)Px,y(x1,y) is feasible and yields I3 (Xa; X1,Y) = 0.
It follows that (4.233) and (4.235) yield the same value, and we conclude that (4.129) can
equivalently be expressed in terms of three conditions: (4.234), (4.236), and

R1 < _ Ipin Ilg(Xl;XQ,Y), (4241)
lex2yé7'1(1’l )(Q1XQaxW,Ry)

where the set

7-1(1’1/)(PX1X2%R2) = {ﬁxlxgy € 81(Q1, Px,y) : Epllogq(X1, Xo,Y)] > E(PXngYaR2>}
(4.242)
is obtained by eliminating ]33(1 x,y from either (4.237) or (4.239). These three conditions are

all written as convex optimization problems, as desired.

4.5.5 Proof of Theorem 4.13

While Theorem 4.13 is presented in terms of a single triplet (Qu, Q1, Q2), the random-coding
ensemble used in the proof will, in general, depend on a second triplet (Qj;, @}, Q5) on the
same alphabets. We define P,y x,y» i/, 4D, ¢@ I and V' in the same way as Sections 4.4.1

and 4.4.2, with (Qy;, Q}, Q%) replacing (Qu, Q1,Q2). In particular, we have

I' 2E[{(U', X], X5,Y")] (4.243)
V' A E[cov [&/(U', X1, X5,Y") | U] — Cov[¢/D(U', X1) | U'] — Cov[@ (U, X3}) | U’]] ,
(4.244)

where (U', X1, X5,Y") ~ P/ x, x,y- As an intermediate step towards obtaining our local result,

we present the following global result.

Theorem 4.15. Fix any finite time sharing alphabet U, and the input distributions (Qu, Q1, Q2)
and (Qp;,Q1,Q%). Forany B> 0and e € (0,1), there exists a function g(n) = O(ni) (depend-
ing on (Qu,Q1,Q2), (Q,Q1,Q%), 5 and €) such that all rate pairs (Ry, Ry) satisfying

nR e nl + ﬁ(B(I’ D) - Qu(V, e)) +g(n)1 (4.245)

are (n, €)-achievable.
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Proof. For clarity of exposition, we present the proof in two parts. In Section 4.5.6, we handle
the case that 8 = 0 and &/ = (). The changes required to handle the general case are presented
in Section 4.5.7. [

In the case that 5 = 0, Theorem 4.15 gives the second-order asymptotics for a fixed triplet
(Qu, @1, Q2). In this case, the proof reveals that the behavior g(n) = O(ni) can be strength-
ened to g(n) = O(logn) if the argument to the expectation in (4.144) has full rank for all u,
and g(n) = O(n%) more generally.

The case § > 0 is proved by applying an extended version of coded time sharing (cf. Sec-
tion 4.2.5) in which a fraction 1 — % of the symbols are generated using (Qu, @1, Q2), and the
remaining symbols are generated using (Qy;, @}, Q5).

We proceed by proving Theorem 4.13 using Theorem 4.15. We write R12 £ Ry + Ry
and R}, £ R} + R} (recall that (R}, R}) is the boundary point of interest). We have from the
definition of K that R}, < I, for all v € K¢, and we can thus weaken (4.245) to

nR € nR* + ndlce + \/E(B(I’ 1) - Qu(V, e)) +0(ni), (4.246)

where § 2 min,cxe I, — R% > 0, and 1. contains ones at the indices corresponding to K¢, and
zeros elsewhere.

Let z be a 3 x 1 vector, and let z®) and z(*) be the corresponding subvectors indexed
by the superscript. From the definition of Qi,y, the set —Qinv(V(’C), €) contains the vectors
z(&) such that z € —Quv(V,€) in the limit as the entries of z(*°) tend towards —oo [67].
Moreover, since nd grows faster than O(y/n), the elements of nR corresponding to K¢ in
(4.246) may incur an addition of ¢,/n to the first-order term for any value of ¢. Combining

these observations with the definition of £, we obtain

L(e, R}, R3) 2 {(51,62) o™ e [ {Ba® - 1% - Qinv<v<’<>,e>}}. (4.247)

B>0

Suppose for the time being that R > 0, and let (Q7;, @}, Q%) be chosen to achieve a boundary
point (R}, R),) to the right of (R}, R}) (more precisely, one such that R} > R} and R, < R},
with at least one of the inequalities being strict). We define R/,, R’ and R’ in the same
way as Rz, R and R™). Since (R;, R}) is achieved by (Q;, Q},Q%), we have R’ < I', and
in particular, R < '), Moreover, from the definition of K, we have I® = R*(X),
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Combining these, we deduce from (4.247) that

L(e,R},R}) D {(51,52) FIORNY {5(1—2’(’@ — R0 QinV(V(’C),e)}}. (4.248)
B=>0

By the definition of T, (see (4.148)), the direction® of the vector R"®) — R*X) approaches
that of T(f) as (R}, R)) approaches (R}, R3) along the boundary from the right. By taking this
limiting choice and using the fact that £ is defined using a closure operation, we obtain the
second set in (4.151). When R} > 0, the first set is obtained in an identical fashion by letting

(Qp, @}, Q%) achieve a boundary point approaching (R}, R%) from the left.

4.5.6 Proof of Theorem 4.15 (3 = 0, = ()

In this subsection, we consider the case that 5 = 0 and &/ = (), and we omit the arguments u to
the functions defined in Section 4.4 (e.g. i(u, x1, x2,y) 1s replaced by i(x1, z2,y)).

For v = 1,2, we are given the input distribution @, € P(X, ), and we let Q,,, € P,(X,) be
a type with the same support as Q,, such that max;, |Q,(2,) — Qun(z,)| < L. We generate the

M,, codewords of user v = 1, 2 independently according to

P, () = —— 1z e @} (4.249)

T (Qv

For clarity of exposition, we assume that ); and @), are themselves types, and hence Q1 , = Q1
and @2, = Q1; the analysis for the more general case introduces an additive O(1) term that
can be incorporated into g(n) in (4.245).

We define the random variables
(X1, X2, Y, X1, X3) ~ Px,(x1)Px,(x2) W" (y|x1, 22) Px, (1) Px, (T2). (4.250)

Using standard threshold-based arguments (e.g. see [126, Thm. 4]), we have

Po<1— P[i"(Xl,Xg, Y) - 7] n Mlp[i’f()?l, X,,Y) > 71]

+ MgP[iS(Xl,XQ,Y) > ’)/2} + MlMQP[i%(Xl,XQ,Y) > ")/12], (4251)

SIf |K| = 1, the “direction” should be interpreted as being the sign.
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where v = [y1 72 y12]7 is arbitrary, and

n

i (@1, @9, y) £ Y i1, 2,0, Y1) (4.252)
=1
n

e, @,y) 2 i (21, 22, 40). (4.253)

=1

By applying a standard change of measure from constant-composition to i.i.d. [27, 62], we
can upper bound the second, third and fourth terms of (4.251) by M,po(n)e=" forv =1,2,12
respectively, where po(n) = (n + 1)%1+1%21=2 and My, £ M, M,. We thus obtain

Pe 1—P[i"(X1, X2, Y) =] +po(n) > Me " (4.254)
v=1,2,12

Using this bound with
v, = log M, + (d + %) log n, (4.255)

where d £ |X)| + |X| — 2 is the order of the polynomial py(n), the desired result in (4.245)
(with 8 = 0 and & = () will follow using identical steps to [97, Thm. 4] once we prove the

following:

1. E[¢"(X1,X2,Y)] =nI and Cov[¢" (X1, X2,Y)] =nV +0O(1), where I and V are given
in (4.135) and (4.144).

2. In the case that V' - 0, the probability on the right-hand side of (4.254) can be approxi-

mated using a multivariate Berry-Esseen theorem with O( \F) convergence.

3. In the case that V' is singular, the problem can be reduced to a lower dimension using

Chebyshev’s inequality, and the Berry-Esseen theorem can again be applied.

We formalize and prove these statements in the remainder of this subsection. The remaining

details of the proof of Theorem 4.15 are omitted to avoid repetition with [97].

Calculation of Moments

The first moment of 4" is easily found by writing

E[i"(X1, X2, Y)] =) E[i(X1,, X2, Y5)] = nl, (4.256)
=1
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where the last equality follows since, by symmetry, X;; ~ @ and X,; ~ @ for all i. To

compute the covariance matrix of 4", we write

Cov in(Xl,XQ,Y)} - Cov[Zi(XM-,Xg,i,Yi)] (4.257)
=1
=33 Cov [i(Xu, Xo.4, Vi), 4(X1,, X, Yj)} (4.258)
i=1 j=1

= nCov [i(Xl, XQ,Y)} + (n2 — n)Cov [i(Xl, Xa,Y), i(XI,Xg,YT)},
(4.259)

where (X7, Xo,Y) and (XI , Xg , Y1) correspond to two arbitrary different indices in {1,...,n}
(e.g. (X1, Xo,Y) = (X1.1,X0,1,Y1) and (X, XJ, Y1) = (X129, X0, 3)). In (4.259), we have
used the fact that, by the symmetry of the codebook construction, the n terms in (4.258) with
i = j are equal, and similarly for the n? — n terms with i # j.

To compute the cross-covariance matrix in (4.259), we need the joint distribution of
(X1,X>2,Y) and (XlT ,X; ,Y'1). This distribution can be understood by noting that the uni-
form distribution on 7"(Q) is obtained by randomly permuting the symbols of an arbitrary
sequence x € T"(Q). This, in turn, can be interpreted as successively performing uniform
sampling from a collection of symbols without replacement (n times in total), where the ini-
tial collection contains nQ(x) occurrences of each symbol x € X'. By considering the first two
steps of such a procedure, we readily obtain P[X, = z,] = Q,(z,), and

BLX] = af X, = 2] = "Oh) = Lo =) (4.260)

n—1

for v = 1,2. Letting P} (ml\azy) denote the right-hand side of (4.260), the cross-covariance
matrix in (4.259) is given by

Cov [i(Xl, Xo,Y),4(X], XJ, YT)}

= B[ (i1, %2, ¥) - D) (i(x], XL v - )] (4.261)
= Z Q1(x1)Q2(w2) W (y|x1, x2)
r1,22,Y
x> Plalle) Pablen)W(yllal, ob) (i1, 22,9) = I) (], 2hy") = 1) (4.262)
xi,a:g,yT

£ F1+Fy+ Fs+ Fy, (4.263)
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where the four terms in (4.263) correspond to the four terms in the expansion of (an(xD -
1{z) = 21}) (nQa(z}) — 1{xs = x}}) resulting from (4.260). These can be written as

F, = (n Bl X ) - I}E[i(xl,XQ,Y) _I]T (4.264)
Fa= —<nf1> E[( (X1, X2,Y) = I)(i(X1,X2,Y) —I)T} (4.265)
Fy = _ﬁE[(i(XI,X%Y) —I)(i(X1, X9,Y) — I)T} (4.266)
Fi=a - 1)2E[(i(X1’X27Y) - 1) (i(X1, X2, V) - 1) (4.267)

where

(X1, X2, Y, X1, X2,V Y, Y) ~ Qi) Qa(w2) W (y1, 22)
><Ql(fl)QQ(fg)W(g|51,xQ)W(§’$17fg)W(g|LE1,.’Eg). (4268)

Observe that F'; is the zero matrix, and Fy, = O (n%) Furthermore, recalling the definition and
2) (4.146), the expectation in (4.265) can be written as

E[E[(i(Xl,Xg, V)~ I)| Xa| B[ (i(X1, X2, V) - I) | Xa T} (4.269)
= Cov[i?(X,)]. (4.270)
It follows that
Fy= ﬁcw [ (X)), (4.271)
and we similarly have
Fs = mcov[ i (x1)]. (4.272)

Using the identity @ + O( ) and combining (4.259), (4.263), (4.271) and (4.272),

1)2 -
we obtain
Cov[i"(X1,X2,Y)] =nV +0(1), (4.273)

where V is defined as in (4.144) with U = 0.

A Combinatorial Berry-Esseen Theorem

The Berry-Esseen theorem required to bound the probability in (4.254) is a special case of
a result by Loh [130, Thm. 2] for a problem known as Latin hypercube sampling. This
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result builds on a combinatorial central limit theorem due to Hoeffding [108]; for other related
works, see [131, 132] and the references therein.

We define the quantities

S 2 Cov[i"(X1, X5, V)], (4.274)
5,23, (\}ﬁ(i"(Xl,Xg, Y) - nI)) (4.275)
An(z1,20) 2 552 (z’(azl, 2, Y (21, 29)) — i (1) — i () + I) (4.276)
602 > Qulw)Qalw2)E| | An(z,2)], (4277)

Z1,T2

where Y (z1,22) ~ W(-|z1,22). From (4.273), we have X, = V + O(%). It follows that

1
whenever V = 0, we have for sufficiently large n that X,, = 0, and X,, ? is well-defined.
Theorem 4.16. (Corollary of [130, Thm. 2]) Fix the pair (Q1,Q2), and consider the quantities
(X1,X.,Y), I, V, S, and &, respectively defined in (4.250), (4.135), (4.144), (4.275) and
4.277). If V = 0, then we have for sufficiently large n that

P[5, c Al -z A<= (4.278)

for any convex, Borel-measurable set A C R3, where Z ~ N(0,I), and K is a universal

constant.

Proof. We describe how the theorem can be inferred from [130]. Throughout the proof, we
write A; 4 A, if the random variables A; and A, have the same distribution.

We set the dimension of the hypercube in [130] to 2, corresponding to the number of
users of the MAC. We let 7;(-) and m3(-) be independent random permutations of {1,...,n},
uniformly distributed over the n! possible permutations. For v = 1,2 and j1,j2 = 1,...,n, we
define the random variables U, (j1, j2) uniformly distributed on (0, 1) independently of each

other and of 7 (-) and m2(+), and we set

B,(jr, o) & =0T gy (4.279)

n

The following sample mean is considered in [130]:

in 2 13" (B (), m0)). Ba (m (), m2() ) (4.280)

j=1
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where f(-) is a vector-valued function with two arguments. We wish to choose f such that,

for each (j1, j2), we obtain

F(B1(j1,42), B2(j1, j2)) L (21,50, T2,js, Y (J1, 42)), (4.281)

where 1 = (z11,...,21,,) and 2 = (221,...,22,) are arbitrary sequences of type @); and
Q- respectively, and Y (j1, jo) ~ W (-|z1,,22,,) with independence between different (71, jo)
pairs. Since drawing a codeword uniformly over a type class is equivalent to randomly per-
muting any codeword of the given type, such an identification will yield /i, in (4.280) with the
same distribution as 14"(X1, X»,Y) in (4.254).

Since U, (j1,j2) € (0,1) almost surely, any realization b, of B, uniquely determines both
the index j, and the variable U, in the numerator of (4.279). Thus, overloading the symbol f,
we can write f(z1, z2) = f(j1,J2, u1, u2) without ambiguity. We choose
uy @ ug)), (4.282)

.. . -1
f(]l)]2uu1au2) - ’L(-’Ele,ﬂfg,jQ,F (j1,j2)(

1
(J1.J2
real addition modulo one. Clearly U; @ Us is uniform on (0,1), and since Fi'(U) 2 X for

where Iy, )(u) =inf {y : Fy(j j,(y) > u} is the inverse CDF of Y (j1, j2), and & denotes

any random variable X (discrete or continuous) with CDF F, it follows that F;(ljl jz)(Ul P

Us) 4 Y (41, j2), as desired. While the choice of the function in (4.282) to recover the desired

distribution may not be unique, it yields a simpler analysis when either u; or us is fixed. In

. d L
(lleQ)(Ul(jl,jz)@UQ) =Y (j1, jo)

for all (u1,u2), thus simplifying the evaluation of several quantities in [130].

. _ N U _
particular, we have FY(ljl,jz) (u1®Us(j1, j2)) = Y (j1, j2) and F,

Using the choice of f in (4.282), one can obtain the following equivalences between quan-
tities defined in [130] (left-hand sides) and the present paper (right-hand sides):

A= %i"(Xl, X5,Y) (4.283)
p=1 (4.284)
O (4.285)
S = %zn (4.286)
pljrga) = Y W(ylwnjy, w2, )61,y 02,520 9) (4.287)

)
(o) = ¥ (5,), v =1,2 (4.288)

W=25, (4.289)
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1
Y (j1,72) = %An(m,ﬁ,@,ﬁ) (4.290)
Cip=K (4.291)
_ Sn
p3 = N (4.292)
Using these equivalences, we see that Theorem 4.16 coincides with [130, Thm. 2]. ]

In the setting of finite alphabets under consideration, one can show that &, = (1) using
the fact that the relevant third moments are finite (e.g. they can be bounded in terms of the
alphabet sizes [97, Appendix D]). Thus, the convergence in (4.278) is O (ﬁ)
Singular Dispersion Matrices

The dispersion matrix V' may not have full rank, in which case Theorem 4.16 does not directly
apply. We deal with this case by reducing the problem to a lower dimension, similarly to [97,
Sec. VIII-A]. The argument here is more involved, since nV is not necessarily the exact
covariance matrix of ¢" (X, X2,Y), due to the additional O(1) term in (4.273).

Suppose that V' has rank » < 3, and consider the matrix X, in (4.274), which equals
V +0(%). Using an eigenvalue decomposition, we obtain

>, =0,2,0% (4.293)

where ©,, is a unitary matrix, and €2, is a diagonal matrix whose first r diagonals are ©(1),

and whose last 3 — r diagonals are O(2). Noting that %, is the covariance matrix of A, £

ﬁ (¢"(X1,X2,Y) — nI), we see that £2,, is the covariance matrix of A, 2074,
Supposing for the time being that » > 1, we conclude from the structure of €2,, that

n
~ A
An=| _1 |- (4.294)
A,
where AS) and KS) have dimension r and 3 — r respectively, and the covariance matrix of
ES) has O(%) entries. Since ©,, is unitary (i.e. ®,0. =T), we have A,, = ©®,,A,,, and hence
Al 0
A,=0, N RS2 Y (4.295)
0 A,
20 A LA, (4.296)
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where @/, is obtained from ©,, by keeping only the first » columns, and A,, denotes the second
term in (4.295). Since A,, has mean zero by construction, we conclude that the same is true
(2)

n

of A, and hence of A,,. Furthermore, since Cov[;l | has O(%) entries, the same is true of

Cov[A,], and hence Chebyshev’s inequality implies for any 6,, > 0 that

Plla =) =05 ) (4.297)

2
néz

We are now in a position to bound the probability appearing in (4.254). The following holds
for any 4,, > 0:

Pli"(X 1, X2,Y) -] =P|A, > \}ﬁ(v—nI)} (4.298)
—pleaV + A, - ;ﬁ (v —nI) (4.299)
>ple, 4 \}5(7 —nd) 6,1 | —P[|Aullee > 6,]  (4.300)
_ ooy A0 Ly D)+ ] of (4.301)
- I n*tn \/’ﬁ Y n | n5% } .

where the final three steps respectively make use of (4.296), [97, Lemma 9], and (4.297).
Since the entries of ;17(11) are shifted and weighted sums of the entries of ¢"(X, X2,Y), and
since the corresponding covariance matrix is positive definite by construction, we can analyze
(4.301) in the same way as the case V' = 0 (other than the terms §,,1 and O(#), which are
handled in the following paragraph). The fact that the resulting second—ordern term can be
written as —/nQiny(V, €) follows in the same way as the i.i.d. case [97].

The remainder term in (4.301) contributes an additive O(#ﬁ) term to the expansion in
(4.245), whereas the addition of §,,1 in the first probability in (4.301) contributes an additive
O(d,+/n) term to the expansion. The overall contribution O(ﬁ@g + 6ny/n) is minimized by
5, = ©(n~3), yielding g(n) = O(ns).

The case r = 0 (i.e. V = 0) is handled similarly; by following the steps of (4.298)—(4.301),
we readily obtain the following analog of (4.301):

o 1 1
P[e"(X1,X2,Y) = v] > ]1{0 - %(’y —nl) + 6n1} + O<n§%) (4.302)
Setting v = nI — ¢y/nl for some ¢ > 0, we see that the indicator function equals one for
sufficiently large n. Since ¢ can be arbitrarily small, we obtain (4.245) (with 5 = 0 and & = ()

by noting that Qi, (0, €) equals the set of all vectors with non-negative components.
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4.5.7 Proof of Theorem 4.15 (General Case)

Here we provide the changes required in the previous subsection to prove Theorem 4.15 in

full generality. We recall the definitions of P}y v,y %', etc. at the start of Section 4.5.5.

Coded Time-Sharing with 5 =0

In the case that 8 = 0 but &/ # (), we modify the constant-composition ensemble (cf. (4.249))
as follows. Given the triplet (Qu, Q1, Q2), we define (Qu pn, Q1,n, Q2,n) to be the corresponding
(conditional) types. We fix an arbitrary time sharing sequence u with type Qu ,,, and generate

the M, codewords of user » = 1, 2 independently according to

Px, \U($V|u)

1 mn
mﬂ{% < Tu(Qw}- (4.303)

Similarly to (4.250), we define the random variables

(X1, X2, Y, X1, X2) ~ Px,ju(®1|w) Px,ju (@2 w) W (y|z1, ©2) Px, |0 (Z1]w) Px,ju (Z2|w).
(4.304)
The procedure described in Section 4.5.6 for generating a codeword uniformly over the type
class is modified as follows. Let « be an arbitrary element of the conditional type class T(-).
Instead of randomly permuting the entire sequence x, a random permutation of the subse-
quence = corresponding to the indices where u equals u is applied independently for each

value of u € U. Due to this independence, we can handle the summation

n nQu (u)
i, X1, X0, Y) 2 iy, X1, Xo, Vi) =) Z i(u, X, X3, V) (4.305)
=1 u
by considering each value of v € U separately. For the values of v corresponding to singular
dispersion matrices, we can perform a reduction to a lower dimension as discussed following

(4.293). From Theorem 4. 16 we conclude that each inner summation in (4.305) is asymp-

totically normal with O( ) = O(ﬁ) convergence. It follows that the overall sum is

QU( )

also asymptotically normal with O( convergence. More concretely, letting S, n and S, n

7
be asymptotically normal in the sense of (4.278), and letting Z; and Z, be the associated
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Gaussian random variables, we have

P[S1, + S2n € Al = E[P[S1, + Sa,, € A| S]] (4.306)
—E[P[Z) + Sa, € A|85,]] + 0(\/15) (4.307)
—P[Z1+8a, € A + o(\/lﬁ) (4.308)
—P[Z)+ Zyc Al + o(\}ﬁ), (4.300)

where (4.309) follows using similar steps to (4.306)—(4.308). Using this observation and re-
peating the analysis of Section 4.5.6 and [97], we obtain the more general result of Theorem
4.15 with g = 0.

Coded Time-Sharing with 3 > 0

In the case that 5 > 0, we apply a variant of coded time sharing depending on an extended
alphabet U £ U x {1, 2} and the triplets (Qu, @1, Q2) and (Qy, @}, Q5). Specifically, we define
(QVUJL, QVM, Qvgm) with QVUJL e PU), Qvlm € P(X; |U) and @gm € P(Xy |U) as follows:

Qun(u,1) = (1 - jﬁ)QU(U) (4.310)
Qunlu,2) = jﬁQb(u) (4.311)
@I/,n(xl/|u7 1) = Qu($u|u) (4312)
Quan(z1|u,2) = Q) (2, |u) (4.313)

for v = 1,2. We consider the constant-composition ensemble in (4.303) with @U,m él,m égyn)
playing the rule of (Qu, @1, @2), and we set ﬁUX1X2Y7n £ éUﬂ X @m X QVM x W. We follow
the same arguments as the case that 3 = 0 and ¢/ # (), but with care taken to handle the fact that
some of the time sharing values % € ¢/ correspond to subsequences of u having length ©(y/n),
rather than ©(n). Since we consider the limit of large n, we may assume that 1 — % > 0.

The role of the information density vector ¢ is now played by the quantity

7/(/17’7 T1,T2, y)

(1>

{i(u,xl,l“%y) = (u,1) (4.314)

(w1, 10,y) @ = (u,2).
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The corresponding mean vector and dispersion matrix are given by

I,2 (1 _ jﬁ)l + ﬁ;I' (4.315)
v, 2 (1—\%)v+\fﬁv’ (4.316)

where I' and V' are defined in (4.243)—(4.244). Further generalizing the above analysis for

U # () to the case of varying input distributions, we conclude that rate pairs (R, R2) satisfying

PN

nR € nl, — /nQiny (Vy, €) +O(n7) (4.317)

are (n,e€)-achievable. Here the remainder term is O(ni) since, for the subsequences of u
with length ©(y/n), the rate of convergence in the Berry-Esseen theorem is O(n*%), rather
than O(ﬁ) The proof is concluded by substituting (4.315)—(4.316) into (4.317) and using a
Taylor expansion of Qi (in the same way as [97, 121]) to replace Qiny(Vi, €) by Qinv(V, €).

4.5.8 Proof of Theorem 4.14

The key result used in the proof is the following lemma, which states that there exists a se-
quence of discrete input distributions Q,,1 and @,,,2 of cardinality m such that the correspond-
ing vector-matrix pair (I,,,V,,) converges to (I,V) (see (4.158)—(4.159)), with the conver-
gence I,, — I being exponentially fast in m. This generalizes a result by Wu and Verdu for

the scalar case [133], and is proved similarly.

Lemma 4.5. There exist sequences of discrete input distributions Q,1 and Q2 of cardinality
m with a corresponding matrix-vector pair (I,,,V,,) defined according to (4.135) and (4.144)
such that (i) || I,, — I||co < €7 for some ~v > 0 and sufficiently large m, (ii) |V, — Voo — 0,
and (iii) the third absolute moment of each entry of i(X;n1, Xme,Y) under Q1 X Qma x Y is

uniformly bounded in m.

Proof. The proof closely follows that of [133, Thm. 8], so we only explain the differences. We
choose Q1 and @Qy,2 according the Gauss quadrature rule @, [133, Sec. II], which satisfies
the property of having the same moments as those of a standard Gaussian random variable up
to order 2m — 1 [133, Thm. 2]. Since @, converges weakly to N(0, 1) [133], we immediately
obtain parts (ii) and (iii) of Lemma 4.5, so it remains to prove part (i).

Define (X1, Xim2, Yin) ~ Qm1 X Qme x W and (X1, X2,Y) ~ Q1 X Q2 x W, where Q1, Q2 ~
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N(0,1). Using the identity [3, Eq. (15.142)]
I(Xon1; Y| Xm2) = H(V PiXm1 + Z) — H(Z), (4.318)

we see that the convergence of the first entry of I,, to that of I is precisely that studied in
[133], and similarly for the second entry. It remains to study the third entry, i.e. to show that
I( X1, Xmo; Vi) — 1(X1, Xo;Y) exponentially fast. Analogously to [133, Eq. (5)], we have

](XlaXQ;Y)_I(XmlaXmZ;Ym):D(\/ P1X1+ \V P2X2+ZH Ple1+ P2Xm2+Z>
(4.319)

£ Dy (4.320)

Using nearly identical arguments to [133, Sec. V] with an “optimal” output distribution of
N(0,1+ P; + P,), we obtain analogously to [133, Eq. (54)] that

D <Zl( Pt P )k
m_k>1k! 1+ P+ P

E{Hk(\/ﬁXml + \/Eszﬂ

N , (4.321)

where Hj, is the Hermite polynomial of degree & (see [133, Eq. (15)]). As shown in [133], we
obtain the desired exponential convergence rate of the mutual information provided that the
expectation appearing in (4.321) is zero for odd values of k, and also for £ < 2m — 1. For odd
values of k, we use the same symmetry argument as that of [133]; since the distributions of
X1 and X, are both symmetric, so is that of their weighted sum. To handle the remaining

values k£ < 2m — 1, we write
Hy(a+b) =Y cija'ty (4.322)

for some constants ¢;;, which follows since Hj, has degree k. By the independence of X,

and X,,2, the expectation E[H k(\/’TIXyI;LEXW’)} depends only on the first £ moments of

Xm1 and X,,2. Since the i-th moment of X,,, coincides with the corresponding moment of
X, ~N(0,P,)) fori=1,...,2m — 1 [133, Thm. 2], we have for £ < 2m — 1 that

B[, (VPR R | _ gl (VTR (4.323)
=0 (4.324)

where (4.324) follows since for any &, we have Hy(X) = 0 under X ~ N(0,1) [133]. [
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We proceed by proving that, analogously to Theorem 4.15, there exists g(n) = o(y/n) such
that all rate pairs (R, R2) satisfying

R enl — vnQumy(V,e) +g(n)l (4.325)

are (n, €)-achievable. This is done by following the analysis of Section 4.5.6: We consider ran-
dom coding with the constant-composition codeword distribution in (4.249), using (@1, Qm2)
as the input distribution pair. As was done in [62, Thm. 3], [125], we set m = ni. By part (i)
of Lemma 4.5, we have ||nI,,, —nl | < ne‘V”% , which behaves as o(y/n). Similarly, parts (ii)
and (iii) of Lemma 4.5 show that V,,, — V and the relevant third moments associated with ¢
are bounded. The analysis of Section 4.5.6 reveals the remainder term g(n) in (4.325) depends
on the alphabet sizes through (|X;| + |X2| + 2) logn (see the choice of d following (4.255)),
which is again o(y/n) due to the fact that |X;| = |As| = ni.

Finally, using (4.325), we obtain (4.160) using identical steps to Section 4.5.6 with 5 =0
(see also [67]).



Chapter 5

Superposition Coding Techniques

5.1 Introduction

In this chapter, we return to the single-user mismatched decoding problem described in Section
1.1.1. Building on the techniques of Section 4.2, we study achievable rates, as well as error
exponents and non-asymptotic bounds, for two types of superposition coding (e.g. see [134,
135]). In particular, we introduce a refined version of superposition coding which, to our
knowledge, has not appeared previously.

In a work that developed independently of ours, Somekh-Baruch [42] gave error expo-
nents and rate regions for the cognitive MAC (i.e. the MAC where one user knows both mes-
sages and the other only knows its own) using two multi-user coding schemes: superposition
coding and random binning. When applied to single-user mismatched channels, these yield
achievable rates that can improve on those of Lapidoth [35] (see Theorem 4.10) when certain
auxiliary variables are fixed. There is some overlap in our work and the superposition coding
results given in [42], but throughout the chapter we focus primarily on the results for which
there is no overlap.

The main contributions of this chapter are as follows:

* In Section 5.2, we present achievable rates and error exponents for the standard version
of superposition coding, and show that the rate is at least as that of Lapidoth’s expur-
gated MAC ensemble [35, Thm. 4] (see Section 4.2.6) after the optimization of the

parameters.

* In Section 5.3, we present a refined version of superposition coding, and show that it
yields rates at least as high as the standard version for any input distribution. Using a

numerical example, it is shown that the improvement can be strict.
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* The rates for each ensemble are expressed in both primal and dual forms, and the latter

are shown to remain valid in the case of infinite and continuous alphabets.

Our analysis will make use of the upper and lower bounds on multiply indexed unions in
Appendix D, as well as the results on convex optimization problems in Appendix E.
The results of this chapter can be summarized by the following list of random-coding

constructions, in decreasing order of rate (see Section 5.3.3 for numerical examples):
1. Refined superposition coding (Theorems 5.6 and 5.8),
2. Standard superposition coding (Theorems 5.3 and 5.5),
3. Expurgated parallel coding (Theorems 4.11 and 4.11),

4. Constant-composition or cost-constrained coding with independent codewords (LM
rate, cf. (1.9)),

5. i.i.d. coding with independent codewords (GMI, cf. (1.11)).

Parts of this chapter were presented in [109, 136].

5.2 Standard Superposition Coding

In this section, we study the standard version of superposition coding (SC) [134, 135, 137].
The parameters of the ensemble are an auxiliary alphabet ¢/, an auxiliary codeword distribution
Py, and a conditional codeword distribution Px ;. An auxiliary codebook {U(i)}fvj1 with M
codewords is generated, with each auxiliary codeword independently distributed according to
Py. For each i = 1,..., My, a codebook {X I} with M, codewords is generated, with
each codeword conditionally independently distributed according to Px;. The message m
at the input to the encoder is indexed as (mg, m;), and for any such pair, the corresponding
transmitted codeword is X (™™ Thus, the overall number of messages is M = My Mo,

yielding a rate of R = R; + Ry. More compactly, we have

]\/[() J\/IO

M,
{0 xepm) - T (o) T P e (5.1)
i= i=1 Jj=1

We assume without loss of generality that message (1, 1) is transmitted, and we write U and
X in place of UM and X ('Y respectively. We write X to denote an arbitrary codeword X (/)

with j # 1. Moreover, we let U denote an arbitrary auxiliary codeword U with i # 1, let
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X (j =1,---, M) denote the corresponding codeword X /), and let X denote X /) for an

arbitrary choice of j. Thus, defining Y to be the channel output, we have
(U, X.Y.X,U,X) ~ Pu(u)Pxy(@/u)W" (yle) Pxjy (&) Pu(@) Pxp @[@).  (5.2)

The decoder estimates m = (g, m;) according to the decoding rule in (1.2). We define the

following error events:

(Type 0) ¢*(XD.Y) > ¢*(X,Y) for some i # 1, j;
(Type 1) ¢*(X19) V) > ¢"(X,Y) for some j # 1.

The probabilities of these events are denoted by pe o(n, My, M) and pe1(n, M) respectively.
Analogously to (4.10), the overall random-coding error probability pe(n, My, M) satisfies

1 o o _
9 max{pe,()?pe,l} < Pe < Pe,0 + Pe,1- (5.3)

5.2.1 Non-Asymptotic Bounds

In Section 4.2, we used Lemma D.3 to obtain ensemble-tight error exponents for the mis-
matched MAC. Since the proof used the method of types, the corresponding subexponential
prefactors differ by a polynomial factor depending on the alphabet sizes. For superposition
coding, we can in fact obtain non-asymptotic upper and lower bounds that coincide to within

a constant factor.

Theorem 5.1. For any mismatched memoryless channel (possibly having infinite or continu-
ous alphabets) and codeword distributions Py and Px |y, we have

1

ZTCUO(T% Mo, M1) < Peo(n, Mo, M1) < reug(n, Mo, My), (54)

Srew(n, M) < s (n, My) < rew (n, My), (5.5)

where

oin {11 S0 2 1] o}

(5.6)

reug(n, Mo, My) 2 E

min {1, (My—1)E

reus(n, Mi) 2 E [min {1, (M, — 1)1@[;1:%:;;; >1 ‘ U,X,Y] }] . (5.7)
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Proof. Equation (5.5) follows using an identical argument to that of Theorem 2.1, so we focus
on (5.4). We have

- (X", Y) }
pe’O_P[z‘#lL,yJ';él{ ¢ (X,Y) 21} . 58)

Writing the probability as an expectation given (U, X,Y’) and applying the truncated union

bound to the union over ¢, we obtain

min{l,(Mo—l)]P’[U{qn(X(j)’Y)Zl}IU,X,Y} }] (5.9)

Peo < E -
‘ S eXY)

Applying the same argument to the union over j, we obtain the upper bound in (5.4). The
lower bound follows since each truncated union bound was applied to independent events,

thus guaranteeing tightness to within a factor of ; [73, Lemma A.2]. ]

5.2.2 Exponents and Rates for DMCs

In this subsection, we assume that |U{/|, |X| and || are finite. We consider the constant-
composition superposition coding ensemble, which depends on a joint input distribution
Qux € PU x X). We let Qux,, be a type with the same support as Qux such that
|Qux.n(u,z) — Qux(u,x)| < % for all (u, ), and we denote the marginals by Qu, and Q x|y,

The codeword distributions are given by

1 n
Py(u) = Wﬂ{u eT (QU,n)} (5.10)
Pxy(z|u) = Wﬂ{m € TS(QX\U,n)}- (5.1D)

We state the exponents and rates corresponding to the non-asymptotic bounds in Theorem
5.1 without proof, since the proofs are similar to those in Section 4.2, and since equivalent

exponents and rates in a slightly different form were given in [42]. We define the sets

8(@(]){) £ {PUXY S P(U X X X y) : PUX = QUX} (512)
To(Puxy) £ {ﬁUXY EPUXXxY) :
Pyx = Pyx, Py = Py, Epllogq(X,Y)] > Epllog Q(X7Y)]} (5.13)

Ti(Puxy) & {ﬁUXY EPUXXxY) :

ﬁUX = PUX7 ﬁUy = PUy, E];[logq(X, Y)} Z Ep[log q(X,Y)]} (514)
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Theorem 5.2. For any input distribution Qux and pair (Ry, R1), we have under the constant-

composition superposition coding ensemble in (5.10)—(5.11) that

: 1 = n n CC
Jim ——logpeo(n, [e" ], [e"™ ]) = E{5(Qux, Ro, B1) (5.15)
: 1 = n CC
Jim ——logpe,1(n, ")) = EXS(Qux, Ra), (5.16)
where
E% (Qux, Ro, R1) = min min
9(Qux, Ro, 1) Posxre R 00) By o)
+
D(Pyxy |Qux x W)+ [I(UsY) + [I(X:Y[U) = Ri] " = | (5.17)
ES(Qux,R)2  min_ min  D(Puxyl|Qux x W) + [[5(X;Y|U) — Ri] ™.
PUXYES(QUX)PUXYe'Tl(Pny)
(5.18)
From (5.3), the overall error exponent is given by
ES(Qux, Ro, R1) 2 min { B (Quix, Ro, B), ESS (Qu, R) }, (5.19)

and is tight with respect to the ensemble average. Following the steps of Section 4.2.4, it can

be shown that in the case of ML decoding (i.e. q(x,y) = W (y|x)), we have

B (Qux, Ro, Ry) = min { B (Qux, Ro, ), B (Qux, Ri) | (5.20)
where

Erc,%/(QUXaRle) £ min D(Pyxy||Qux x W)+ [Ip(U, X;Y) — (Ro + Ry)]*
Pyxy€S(Qux)

(5.21)
EYfS(Qux,Ri)= _ min  D(PuxylQux x W)+ [Ip(X;Y|U) - Ri]".  (5.22)

Pyxy€eS(Qux)
These exponents coincide with those of the primary user of the broadcast channel with de-
graded message sets given in [137]. Thus, the exponents given in [137] are tight with respect
to the ensemble average for ML decoding.

Next, we provide the achievable rates resulting from Theorem 5.2.



5.2 Standard Superposition Coding 181

Theorem 5.3. For any input distribution Qux, the overall error exponent ES(Qux, Ro, R1)

is positive for all rate pairs (R1, Ry) in the interior of the region of pairs (Ry, R1) satisfying

R < _ min I5(X;Y|0) (5.23)
Puxy€Ti(Qux xW)
Ro+ Ry < min Ilg(U,X7Y) (5.24)
Pyxy€To(Qux xW)
I5(U;Y)<Ro

It follows from Theorem 5.3 that the rate
R=Ry+ Ry (5.25)

is achievable for any (Ry, R;) satisfying (5.23)—(5.24). The corresponding ensemble tightness
result was proved in [42] using the techniques of [35, Thm. 3]. Using (5.21)—(5.22), we re-
cover the rate conditions for the primary user of the broadcast channel with degraded message
sets [134] when ¢(z,y) = W (y|x).

The following theorem gives dual expressions for the rates. In the following subsection,
we will use cost-constrained coding to show that these expressions remain valid for more
general alphabets. Similar arguments can be applied to the exponents, but we focus on the

rates the sake of brevity.

Theorem 5.4. The conditions in (5.23)—(5.24) can be expressed as

s ,a(U,X)
R < sup E|log (i(X’Y) c (5.26)
$>0,a(,) E[q(X, Y)sea(U,X) ‘ U, Y]
X.V)5ex(UX))P1
RO < sSup E log ((]£ : ) 6* — )7 Pl - p1R17 (527)
pre.1]520.a(-,) E[(E[o(X, )@ |T])" | 7]

where (U, X,Y,X,U, X) ~ Qux (u, 2)W (y2)Qx|0 (Z|u) Qux (T, T).

Proof. The proof is nearly identical to that of Theorem 4.5, and we thus omit the details.
Equation (5.26) follows from (5.23) analogously to the steps in obtaining (4.66)—(4.67) from
(4.42)—(4.43), and (5.27) follows from (5.24) analogously to the steps in obtaining (4.68)—
(4.69) from (4.56)—(4.57). O
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5.2.3 Comparison to Expurgated Parallel Coding

The achievable rate of Theorem 5.3 has a similar form to that of Theorem 4.10. The following

proposition states that the former can be weakened to the latter.

Proposition 5.1. The achievable rate R*° = maxp, r, Ro + R1 described by (5.23)—(5.24)
with optimized parameters U and Qux is at least as high as the achievable rate R 2

maxp, g, R1 + Ra described by (4.112)—(4.114) with optimized parameters X, Xa, Q1, Q2
and w(a )

Proof. We make use of the equivalent type-12 conditions in (4.115)—(4.116) for the expurgated
parallel coding rate. To avoid ambiguity between overloaded symbols (e.g. R;), we use a
superscript to specify the relevant ensemble for some quantities (e.g. R{¢, R{*). We will show
that by identifying U = X§*, R = R{* and R’ = RS*, we can weaken (5.23) to (4.112) and
(5.24) to (4.116). A similar argument with U*® = X{*, R}® = R$* and R’ = R{* shows that
we can weaken (5.23) to (4.113) and (5.24) to (4.115). Combining these results, it follows
that Theorem 5.3 implies the achievability of any R = R; + R» such that (R;, Ry) satisfies
(4.112)—(4.113) and at least one of (4.115)—(4.116), as desired.

The process of weakening (5.23) to (4.112) is similar to that of weakening (5.24) to
(4.116), so we focus on the former. Recalling that U*¢ = X§*, the optimization in (5.23)

can be written as

Py x,x (y|r2, )

puin w;yQ)QX(?U% 2) Py |x, x (yle2, 7) log S Qe W (5] (5.28)
subject to the constraints
ZQXQX 22, %) Py |x,x (y]a2, @) ZQXQX 2, T)W (ylz) (5.29)
> Qxox (w2, 2) Pyjx,x (yloa, ) log g, y) > ZQX 2)W (y|x)log q(z, y). (5.30)
22y oy

Since Qx,x = Qux can be chosen arbitrarily, we set

Qx,x (w2, ZQl 21)Q2(w2) 1{x = (21, 72)} (5.3D
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for some @1, Q2 and ¥ (-, -). Under this choice, the objective in (5.28) is given by

ﬁY|X2X(y’x27 ¢($17 .%'2))
>z, QuE)W (Yl (T, 22))

> Qi(x1)Qa(w2) Py x, x (ylwa, (21, 72)) log (5.32)

Z1,22,Y
and the constraints in (5.29)—(5.30) are written similarly with ¢ (z1,x9) playing the role
of z. Since the objective and constraints depend on ﬁy‘ x,x(|z1,2) only through
ﬁy‘ x,x (Wlz1, ¢ (21, 22)), we can lower bound the minimization by instead taking it over all

conditional distributions Py x, x,. Thus, we recover the minimization

Py x, x,(ylz1, x2)

B w%yQ1(m)QQ(zz)ﬁnXlXQ(yrxhx2>log S oG WeRGE) O
subject to the constraints
D Q@) Qa(w2) Py, x, (ylw1, w2) = Y Qu(w1)Qa(wa) W (y|h (w1, 72)) (5.34)
D Qu(@1)Qa(w2) Py (x, x, (Y1, 2) log q(4 (w1, 72), y)
o172
> ) Qix1)Qa(wa)W (ylt (w1, 72)) log g((w1, w2), y). (5.35)

x1,22,Y

Rewriting this minimization as a minimization over joint distributions 15X1 X,y subject to
ﬁxl X, = Q1 X Q2, we recover the right-hand side of (4.112). [l

The rate condition in (4.44) may appear to improve on (5.24) via the inclusion of two
constraints of the form I ]3(XZ,; Y) < R, instead of just one, but Lemma 4.3 shows that at
most one of these constraints is active for any given rate pair. Conversely, it may appear that
the ability to choose Qux 1n (5.23)—(5.24) provides more freedom than the ability to choose
@1 and Q- in (4.42)—(4.44), but it is known that in the latter setting, any joint distribution of
(X1, X) (or (X3, X)) can be induced by a suitable choice of ¥ (+,-) [115, p. 626]. This suggests
that it may be possible to obtain a matching converse to Proposition 5.1.

Regardless of whether the two rates are equivalent, the SC rate appears to be more
amenable to local optimization techniques, since the optimization over (X7, Xs, Q1,Q2,v) is
replaced by a seemingly simpler optimization over (U, Qux). The optimization of the input
distribution is a non-convex problem in general even for the single-user LM rate [11], and thus

the ability to perform local optimizations is of significant interest.
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5.2.4 Rates for More General Alphabets

The following theorem shows that the expressions in Theorem 5.4 remain valid in the setting

of infinite and continuous alphabets.

Theorem 5.5. For any mismatched channel (possibly having infinite or continuous alphabets),
auxiliary alphabet U, and input distribution Qux € PU x X), the rate R = Ry + R; is
achievable for any pair (Ry, Ry) satisfying (5.26)—(5.27), where each supremum over a(-,-) is
taken over all functions such that Eg[a(U, X)?] < oc.

To prove Theorem 5.5, we consider superposition coding of the form

Py (u) ;T HQU u)1{u € Dy ,} (5.36)
=1

n

Pxy(z|u) = )1{x € Dy p(u)} (5.37)

with Dy, and D5, (u) chosen such that (i) lim, oo L log 11, = 0, (ii) limy,_se0 L log p1 (w) = 0
for all u € D1 n» and (ii1) there exist constants {¢;} and ¢ such that for each ! = 1,..., L, we
have |1 570 ) ay(us, 23) — ¢y| < 9 for all (u,z) on the support of Py x Px 7. Once this ensem-
ble is established, the proof of Theorem 5.5 will follow using similar steps to Section 4.2.3,
starting with the RCU bounds given in Theorem 5.1. These remaining details are omitted to
avoid repetition.

We fix a sequence g,, and choose
Dip & {u : P[X'(u) € Dop(u)] > 1} (5.38)

Do :{ ‘Zazuz,wz ¢

35,521,...,L}, (5.39)
n

where X' (u) ~ Q% p(xlu) and ¢, £ Egla/(U, X)]. For any u € D;,,, we have from (5.38)
that 2 ,,(u) decays subexponentially provided that g,, grows subexponentially. Hence, it only
remains to show that there exists a subexponential sequence g,, such that p; ,, decays subexpo-

nentially. Defining
(U, X') ~ Qp () Qs (@), (5.40)

we have from Proposition 2.1 that

P[X' € Dy, (U")] = (5.41)
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for some f,, growing at most polynomially in n. Since u;, = P[U’ € Dy ,] by definition, we

can expand (5.41) as

fl =P[X' € Dop(U')|U' € Dip|pin +P[X' € Dop(U)|U' ¢ D1p](1—p1n)  (5.42)

1
< i+ —, (5.43)

n

where (5.43) follows by upper bounding the first probability in (5.42) by one, and upper
bounding the second probability by g% using (5.38). Choosing g, = 2f,, we see that g,
grows polynomially fast, and i ,, > ﬁ decays polynomially fast, as desired.

Since the conditions (5.26)—(5.27) each contain a supremum over a(-,-), it suffices to

choose L = 2in (5.39) to prove Theorem 5.5.

5.3 Refined Superposition Coding

In this section, we introduce a refined version of the superposition coding ensemble that can
yield higher achievable rates than the standard version studied in Section 5.2. While our
analysis of the error probability will yield non-asymptotic bounds and error exponents as in-
termediate steps, we focus on the resulting achievable rates for clarity.

The ensemble is defined as follows. We fix a finite alphabet ¢/, an input distribution Qy €
P(U), and the integers My and { M, }uecy. We let Py(u) be the uniform distribution on the
type class 7" (Qu,»), where Qu., € P, (U) approximates y; in the same way as Section 5.2.2.
Asin (5.10), we set

Pu(u) L ; ]l{u c T”(QU,,Z)} (5.44)

~ T(Qua
and generate the length-n auxiliary codewords {U(i)}f‘iol independently according to Py;. The
difference here is that the codewords are not generated conditionally independently given U.
Instead, we generate a number of partial codewords, and construct the length-n codeword by
placing the entries of a partial codeword in the indices where U takes a particular value.

A more precise description is as follows. For each u € U, we define

Ny = Qun(u)n (5.45)

and fix a partial codeword distribution Px, € P(X™*). Foreachi =1,..., My and u € U, we

generate the length-n,, partial codewords {X { ’j“)}%lz“l independently according to Px,. For
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X9 = bbbc

Figure 5.1 The construction of the codeword from the auxiliary sequence u and the partial
codewords x1, 2 and x3 for refined superposition coding. Here we have n = 12 and n; =
ng = ng = 4.

example, when I/ = {1, 2} we have
Mo

{(oo iy x|

i=1

Mo My . My o
~T] (pU(u@)) IT Px. ) IT PXQ(ng)). (5.46)
i=1 =1 j2=1
The message m at the encoder is indexed as (mg, m11, ..., my,). To transmit a given message,

we treat U(™) as a time sharing sequence; at the indices where UM equals u, we transmit
the symbols of X &mo’ml“). The total number of codewords is M = M [[,, M1,. An example of
the construction of the codeword x from the auxiliary sequence u and partial codewords x,
x2 and x3 1s shown in Figure 5.1, where we have U/ = {1,2,3} and X = {a,b, c}.

While our main result is stated for an arbitrary finite alphabet ¢/, the analysis will be
presented for &/ = {1,2} for clarity. We proceed by presenting several definitions for this
specific choice. We let Z(u, 1, 2) denote the function for constructing the length-n codeword

from the auxiliary sequence and partial codewords, and we write
X (1i1.42) & E(U(i),Xgi’jl),X;i7j2))_ 5.47)

We let y,,(u) denote the subsequence of y corresponding to the indices where u equals u, and
similarly for Y, (u)

We assume without loss of generality that (mg, my,me) = (1,1,1). We let U, X, X5 and
X be the codewords corresponding to (1,1,1), yielding X = =Z(U, X1, X3). We let U, X,
and X, be the codewords corresponding to an arbitrary message with mg # 1. For the index i
corresponding to U, we write X ), X and X012 in place of X "'V, x{"72) and X (1.32)

respectively. It follows that X (1:92) = 2(T7, XV, X ().
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Upon receiving a realization y of the output sequence Y, the decoder forms the estimate

(o, iy, ) = arg max ¢" (x(7172), ) (5.48)

(i7j17j2)
= argmax g™ (2{"7), y, (u)) " (257, yo (D)), (5.49)

(i7j17j2)
where the objective in (5.49) follows by separating the indices where u = 1 from those where
u = 2. By writing the objective in this form, it is easily seen that for any given i, the pair
1.y, () and js

yo(u®)). We may therefore consider the following error events:

(71, 72) with the highest metric is the one for which j; maximizes ¢"* (x

maximizes ¢"2 (z$"?

(Type 0) q"(X 6.J1,72) ,Y) > ¢"(X,Y) for some i # 1, j1, j2;
(Tpe 1) ¢ (X1 Yi(U)) > ¢ (X1, Y1(U)) for some j; # 1;
(Type 2)  q"2(X592) Y (U)) > ¢2 (X, Ya(U)) for some jy # 1.

The corresponding probabilities are denoted by peo(n, Mo, M11, Mi2), Pea(n,Mi1) and
Pe2(n, My2) respectively. Analogously to (4.10), the overall random-coding error probabil-
ity f)e(n, My, M1, Mlg) satisfies

1

3 max{Pe,0; De,1;De,2} < Pe < De,0 + Pe,1 + De,2- (5.50)

5.3.1 Rates for DMCs

In this subsection, we assume that the channel is a DMC. We fix a joint distribution Qy x, and
we use the definitions of Qux ., Qun and Q x|y, in Section 5.2.2. We let Px, be the uniform

distribution on the type class 7" (Q y|u,,(+|v)), yielding

Px, (zy) =

= (Q;Um Tl 1{a, € T™(Qxwalln) }. (5.51)
Combining this with (5.44), a straightforward symmetry argument reveals that each pair
(U®, X :1:72)) is uniformly distributed on 7" (Qyrx ), as was the case for standard SC in Sec-
tion 5.2.2. The difference is in the dependence among the codewords.

The main result of this section is stated in the following theorem, which makes use of the
LM rate defined in (1.10) and the set 7y defined in (5.13):

To(Puxy) = {PUXY EPUXXXY) :

Pyx = Pyx, Py = Py, Epllogq(X,Y)] > Epllog q(X, Y)]}- (5.52)
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Theorem 5.6. For any finite set U and input distribution Qux € P(U x X), the rate

R= Ro+ZQU )Ry (5.53)

is achievable provided that Ry and {Rm}lﬂl satisfy

Riy < Iv(@xju(-u), weld (5.54)
+
Ry < min U;Y) max (X;Y|U =u) — Ryy . (5.55)
’ Pyxy €To(Qux xW) P( [ICCU ’C7£@ Z o ( | )= )}

Proof. As mentioned above, the proof is presented only for ¢/ = {1,2}; the same arguments
apply in the general case. Observe that the type-1 error event corresponds to the error event
for the standard constant-composition ensemble with rate R, length n; = nQu(1), input
distribution Q x;7(+|1), and ties broken as errors. A similar statement holds for the type-2 error
probability pe 2, and the analysis for these error events is identical to the derivation of the LM
rate (see Section 2.4), yielding (5.54).

The error probability for the type-0 event is given by

P YU {CE ) 1}] (5.56)

i#1 j1,J2

pe,O —

where (Y| X = ) ~ W"(-|z). Writing the probability as an expectation given (U, X,Y) and

applying the truncated union bound, we obtain

Peo zgoE[min{l,(Mo— 1)1@[1@[ U {W > 1} 'U] 'U,X,Y] H (5.57)

J1,j2

where (y € [3, 1], since for independent events the truncated union bound is tight to within a
factor of % [73, Lemma A.2]. We have written the probability of the union over j; and j, as an
expectation given U.

Let the joint types of (U, X,Y) and (U, XU142) Y') be denoted by Pyxy and Pyxy re-

spectively. We claim that the condition

n X(jly]’Q),Y
q <qn(X - ) o1 (5.58)
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can be written as
Puxy € Tom(Puxy) 2 To(Puxy) N Pod x X x V). (5.59)

The constraint ]5U x = Pyx follows from the construction of the random coding ensemble,
Py = Py follows since (U, X,Y) and (U, X(72)Y) share the same Y sequence, and
E5llogq(X,Y)] > Epllogq(X,Y)] coincides with the condition in (5.58). Thus, expanding

(5.57) in terms of types, we obtain

Peo=C0 > P[(U,X,Y) c T”(PUXY)] min {1, (My — 1)

Puxy

x 3 P|(T,y) ET”(ﬁUy)}IP’{ U {(@ X0, y) eT“(ﬁUm}]}, (5.60)

Pyxy€Ton(Puxy) 71,42

where we write (@, y) to denote an arbitrary pair with y € 7"(Py) and (@, y) € T"(Pyy).
Similarly to the discussion following (5.49), we observe that (@, X U1:2) y) € T"(Pyxy)

if and only if ( ) oy (@ )) € T (Pxy|u(-,-|u)) for u = 1,2. Thus, applying Lemma D.3

with 7, (j1) = X§ Y, Zo(in) = X5, A1 = T o (Pxyiu(o[1), A2 = T2 (Pyiu(-,-2),

Yo (W)
and A= {(X,X,) : X, € Ty (Pxyiu (s Jw)), u = 1,2}, we obtain

IP’[ U {(17, X012) y) ¢ T”(ﬁUXy)}]

J1,J2

= (pmin {1,5211112 M P[ (X 9,(@) € T (Pryp (- )|

M11M12IP’[ ﬂ {(Xuvyu(ﬂ)) eTm™ (f)XY|U(‘u'|U)) }] }7 (5.61)

u=1,2

where ¢}, € [1,1]. The four terms in the minimization correspond to the subsets of {1, 2}.
Fix the rates (Ro, R11, R12), and let My = [e™f0], and My, = e« | (u = 1,2). Substitut-
ing (5.61) into (5.60), applying the properties of types in (A.16) and (A.17), and using the fact

that the number of joint types grows polynomially in n, we obtain

1
lim —flogpeo = min _ min D(Pyxy||Qux x W)
n—00 Puxy : Pux=Qux PyxyeTo(Puxy)

_l’_

[I (U;Y) + [ max ZQU ( (X;Y|U = u) — Rlu)r—Ro] . (5.62)

Kcu IC;/E@
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where we have replaced the minimizations over types by minimizations over all distributions
in the same way as the proof of Theorem 4.2. Taking Pyxy — Qux x W and using a similar
continuity argument to [35, p. 1444, Step 3], we see that the right-hand side of (5.62) is
positive whenever (5.55) holds with strict inequality, thus completing the proof. [

The proof of Theorem 5.6 gives an exponentially tight analysis yielding the exponent in
(5.62). However, this does not prove that the resulting rate is ensemble-tight, since a subexpo-
nential decay of the error probability to zero is possible in principle. We can prove the ensem-
ble tightness of the rate using (5.60)—(5.61), and dealing with the summation over Py xy more
carefully by following [35]. Instead of replacing the first summation in (5.60) by a maximum,
we restrict the summation to types that are d-close to Qux x W in terms of the co-norm. The
probability of (U, X,Y) having such a joint type approaches one as n — oo for any 6 > 0.
Since (p in (5.57) is greater than or equal to 3, the resulting error probability is lower bounded
by 1(1+ o(1)) for rates exceeding Rj + A(J), where R} denotes the right-hand side of (5.55),
and A(9) — 0 as 6 — 0 by a similar continuity argument to [8, Lemma 1]. It follows that the
error probability is bounded away from zero whenever (5.55) fails. The analogous claim for

(5.54) follows using identical arguments to the single-user setting [9, 16].

5.3.2 Comparison to Standard Superposition Coding

In this subsection, we show that the conditions in (5.54)—(5.55) can be weakened to (5.23)—
(5.24) upon identifying
Ry = Z Qu(u) Ry (5.63)

We show this to hold for any auxiliary alphabet and input distribution (in contrast with Propo-

sition 5.1, which states an analogous with optimized parameters).

Proposition 5.2. For any finite set U and input distribution Qux € PU x X), the rate

-----

rate maxp, r, Ro + R resulting from Theorem 5.3.
Proof. We begin by weakening (5.55) to (5.24). We lower bound the right-hand side of (5.55)

by replacing the maximum over K by the particular choice K = U, yielding

_l’_
Ry< _ min I5(U;Y) + [Jﬁ(x;yw) R, (5.64)
Pyxy €To(Qux xW)

where we have used (5.63) and the definition of conditional mutual information. We can

weaken (5.64) to (5.24) using the chain rule for mutual information, and noting that (5.64) is
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always satisfied when the minimizing Py xy satisfies I 5(U;Y) > Ry.
Next, we show that highest value of R; permitted by the |U{/| conditions in (5.54), denoted
by R}, is lower bounded by the right-hand side of (5.23). From (5.63) and (5.54), we have

Ri =) Quwlp(X;Y|U = u), (5.65)

where 15)*(” (- -lu) is the distribution that achieves the minimum in (1.10) under Q x i (-|u).

Defining the joint distribution ]5{} vy accordingly with P? = Qu, we can write (5.65) as
R} = I5.(X;Y|U). (5.66)

Thus, we can lower bound Rj by the right-hand side of (5.23) provided that 15{} vy € Ti(Qux %
W). The constraints ﬁ(j v = Qux and ]Sﬁy = Pyy in (5.14) are satisfied since we have chosen
ﬁ,j = Qu, and since the constraints in (1.10) imply ﬁ§|U(-|u) = Qxv(-|u) and ﬁ;|U(-|u) =
Pyy(-lu) for all u € U. The constraint E5, [logq(X,Y)] > Epllogq(X,Y)] is satisfied since,
from (1.10), we have Ez, [log ¢(X,Y) |U = u] > Ep[logq(X,Y) |U = u] for all u € U. []

Intuitively, one can think of the gain of the refined SC ensemble as being due to a stronger
dependence among the codewords. For standard SC, the codewords {X ("J)};”:ll are condi-
tionally independent given U, whereas for refined SC this is generally not the case. The
additional structure leads to further constraints in the minimizations, and further [-]* functions
in the objective functions, both leading to higher overall rates.

It should be noted, however, that the exponents for standard SC may be higher, particularly
at low to moderate rates. In particular, we noted in the proof of Theorem 5.6 that the type-1
and type-2 error events are equivalent to a single-user channel, but the corresponding block
lengths are only n; and ny. Thus, if either Qy (1) or Qu(2) is close to zero, the corresponding
exponent is small. These observations are analogous to the comparison of explicit time sharing

and coded time sharing for the MAC, given in Section 4.2.5.

5.3.3 Numerical Examples

In this subsection, we provide examples comparing the two versions of superposition coding
and the LM rate. The computations are done using the optimization software YALMIP [77].
We do not explicitly give values for Lapidoth’s rate [35] (see Theorem 4.3), since for each
example given, we found it to coincide with the SC rate (see Theorem 5.3). This was done by

taking the input distribution for SC, and using it to choose the parameters for the MAC using
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similar ideas to those given in Section 5.2.3 (e.g. see (5.31)).

Example 1: Sum Channel

Here we provide an example that can be seen as an analog of Lapidoth’s parallel channel
example [35] (see Section 4.1.2).

Given two channels (W71, Ws) respectively defined on the alphabets (X7, );) and (A3, )a),
the sum channel is defined to be the channel W (y|z) with |X'| = |X1|+|Xs| and | Y] = [ V1| +]D%|
such that one subchannel is used on each transmission [1] (see also Definition 3.1). One can
similarly combine two metrics ¢ (1, y1) and g2(x2, y2) to form a sum metric ¢(x, y). Assuming

without loss of generality that X} and X» are disjoint and ) and ), are disjoint, we have

qi(z1,91) 71 € Xrandy; € Y
Q(‘T’y) = q2($2, yg) T9 € Xy and Y2 € Yo (567)

0 otherwise,

and similarly for W (y|z). Let Q; and Q5 be the distributions that maximize the LM rate in
(1.10) on the respective subchannels. We set U = {1,2}, Qx| (-|1) = (Q1,0) and Qxw(-2) =
(0,Q5), where 0 denotes the zero vector. We leave Q to be specified.

Combining the constraints Pyx = Qux and Ez[logq(X,Y)] > Ep[logq(X,Y)] in (5.52), it
is straightforward to show that the minimizing ﬁU xy 1n (5.55) only takes on non-zero values
for (u,z,y)suchthat ) u =1,z € Xy and y € Yy, or (ii) u = 2, x € X3 and y € Vs. It follows

that U is a deterministic function of Y under the minimizing ISU xv, and hence
I5(U;Y) = H(Qu) — Hp(U[Y) = H(Qu). (5.68)

Therefore, the right-hand side of (5.55) is lower bounded by H (Q). Using (5.53), it follows

that we can achieve the rate

H(Qu) + Qu()IT™(Q1) + Qu(2) EM(Q2), (5.69)
= log (ef%M(Ql) + eszM(Q2)) (5.70)

where I'M is the LM rate for subchannel v, and (5.70) follows by optimizing @y in the same
LM /A
et @ It should be noted that the LM rate

eI%M(Q1)+6]%N1(Q2> .
with an optimized input distribution can be strictly less than (5.70) even for simple examples

way as [1, Sec. 16], yielding Qu (1) =

(e.g. binary symmetric subchannels).
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Example 2: Zero Undetected Error Capacity

As mentioned in Section 1.1.2, the zero-undetected error capacity is a special case of the
mismatched capacity, corresponding to the decoding metric ¢(z,y) = 1{W (y|x) > 0} [8]. We
consider an example from [138],! where X = ¥ = {0, 1,2}, and the channel and metric are

described by the entries of the matrices

0.75 025 0 1 1 0
W = 0 075 025, g=| 0 1 1 |, (5.71)
025 0 0.75 1 0 1

where x indexes the rows and y indexes the columns.

Using an exhaustive search to three decimal places, we found the optimized LM rate to
be Rf,; = 0.599 bits/use, using the input distribution @ = (0.449,0.551,0).> It was stated in
[138] that the rate obtained by considering the second-order product of the channel and metric
(see Section 4.1.2) is equal to Rf,;, = 0.616 bits/use. Using local optimization techniques,
we verified that this rate is achieved with @ = (0, 0.250,0,0.319, 0,0, 0,0.181,0.250), where the
order of the inputs is (0, 0), (0,1),(0,2),(1,0),...,(2,2).

The global optimization of (5.23)—(5.24) over U and Qux is difficult. Setting || = 2
and applying local optimization techniques using a number of starting points, we obtained an
achievable rate of R. = 0.695 bits/use, with Qu = (0.645,0.355), Q x(-|1) = (0.3,0.7,0) and
Qx| (:[2) = (0,0,1). Thus, SC not only yields an improvement over the single-letter LM rate,
but also over the two-letter version. We obtained the same rate and input distribution as that

of standard SC when applying local optimization techniques to refined SC.

Example 3

Here we consider the channel and decoding metric described by the entries of the matrices

[ 0.99 0.01

0 0 1 0.5 0 0
0.01 099 O 0 0.5 1 0 0
W= q= (5.72)
01 01 07 0.1 0.05 0.15 1 0.05
0.1 01 0.1 0.7 0.15 0.05 0.5 1

We have intentionally chosen a highly asymmetric channel and metric, since such examples

often yield larger gaps between the various achievable rates. Using an exhaustive search to

"We thank Christoph Bunte for helpful discussions regarding this example.
’The rate of 0.6128 bits/use reported in [138] appears to be erroneous.
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Table 5.1 Achievable rates (bits/use) for the mismatched channel in (5.72).

Input Distribution Refined SC  Standard SC

QW 1.313 1.060
2
@ 1.236 1.236
LM
(M) 1111 1111

three decimal places, we found the optimized LM rate to be Rf,, = 1.111 bits/use, which is
achieved by the input distribution Q% = (0.403,0.418,0,0.179).

Setting /| = 2 and applying local optimization techniques using a number of starting
points, we obtained an achievable rate of R, = 1.313 bits/use, with Qy = (0.698,0.302),
Qxr(-|1) = (0.5,0.5,0,0) and Qx| (-|u) = (0,0,0.528,0.472). We denote the corresponding
input distribution by QS;(

Applying similar techniques to the standard superposition coding rate in (5.23)—(5.24), we
obtained an achievable rate of R;, = 1.236 bits/use, with Qu = (0.830,0.170), Qx|z(-[1) =
(0.435,0.450,0.115,0) and Q x|y (-|2) = (0,0,0, 1). We denote the corresponding input distribu-
tion by Qg;(

The achievable rates for this example are summarized in Table 5.1, where Q(J‘y ) denotes
the distribution in which U is deterministic and the X -marginal maximizes the LM rate. While
the achievable rate of Theorem 5.6 coincides with that of Theorem 5.3 under ng the former
is significantly higher under Q(Ul;( Both types of superposition coding yield a strict improve-
ment over the LM rate.

Our parameters may not be globally optimal, and thus we cannot conclude from this exam-
ple that refined SC yields a strict improvement over standard SC (and hence over Lapidoth’s
rate [35]) after optimizing U and Qy x. However, as discussed in Section 5.2.3, improvements
for a fixed set of random-coding parameters are still of significant interest due to the fact that

global optimizations are prohibitively complex in general.

5.3.4 Dual Expressions and More General Alphabets

In this subsection, we present a dual expression for the rate given in Theorem 5.6 in the case
that [U/| = 2, as well as extending the result to more general alphabets X and ). Generalizations
to the case that |U/| > 2 are possible, but cumbersome. It should be noted that the random-

coding ensemble relies on |I/| being finite.
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With U = {1, 2}, the condition in (5.55) is given by

Ro< _ min I(U;Y) + [max {QU(1)(I]3(X;Y\U =1) - Ryy),
Pyxy €To(Qux xW)

.
Qu2)(Ip(X;Y|U =2) = Ruo), Ip(X;Y[U) ~ Ruf | (5.73)

where

R 23" Qulu)Ry. (5.74)

Similarly to Lemma 4.1 for the MAC, the following lemma gives an alternative expression for

(5.73) which is more amenable to Lagrange duality techniques.

Lemma 5.1. The condition in (5.73) holds if and only if at least one of the following hold:

Ry < _ min I5(U;Y)
Pyxy €To(Qux xW)
: 1+
+ [ max {QU(I)(Iﬁ(X; YU =1) = Ru), I[5(X; Y|U) - Rl} (5.75)
Ry < _ min I5(U;Y)
Puxy€To(Qux xW)
- 1+
+ | max {QU(z)(Iﬁ(X; YU =2) - Ria), [5(X;Y|U) - Rl} . (5.76)
Proof. This is a special case of Lemma E.3 with the following identifications:
f(z) = I5(U;Y) (5.77)
9(z) = [(X;Y|U) — Ry (5.78)
91(2) = Qu()(Ip(X;Y|U =1) — Ru) (5.79)
92(2) = Qu(2)(I3(X;Y|U = 2) — Rya). (5.80)
In this case, the condition in (E.12) holds with equality. [

Since the right-hand side of (5.54) is the LM rate, we can make use of the dual expression

in (1.9). The following theorem gives the dual expressions for (5.75)—(5.76).
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Theorem 5.7. The conditions in (5.75)—(5.76) can respectively be written as

(Q(X, Y)S/(U)ea(U,X))p’(U)

Ry < sup E |log T
520,p1€[0,1],p2€[0,1)a(-,") E[(E [¢(X, V)" @)eal.X) | U])p ‘ y}
- Y AWQu(w)R, (581
u=1,2
XY s"(u) ,a(U,X) p"(U)
Ry < sup E (log (q( ) ¢ ) ")
5>0,p1€[0,1],p2€[0,1],a(,") E[(E [¢(X, V)" @) eaT.X) | UD” ‘ y}
=Y P(wQu(u)Riu,  (5.82)
u=1,2
where
(1) = p1, 0'(2) = prpa, §'(1) = pos, §'(2) = s (5.83)
p"(1) = pip2, p"(2) = p2, s"(1) = 5, s"(2) = p1s (5.84)
and (U, XY, (7, X) ~ QUx(u, LE)W(y‘l‘)QUx(ﬂ, .f)
Proof. See Section 5.5.1. ]

The conditions in (5.81)—(5.82) bear a strong resemblance to the standard SC condition in
(5.27). In particular, the latter can be recovered by setting po = 1in (5.81) or p; = 1 in (5.82),
thus providing an alternative proof of Proposition 5.2 for the case that |U/| = 2.

In order to extend Theorem 5.7 to more general alphabets, we again use cost-constrained
coding. We allow for conditional distributions @ x|y and channels ¥ that are discrete transi-
tion laws, conditional density functions, or a mixture of the two. We consider the ensemble

given in (5.46), with Px, given by

1 Ny
Px, (@) = [ @xi (@uilui)i{@, € Dun,}, (5.85)
i =1
where
R 1 5
Dy, = {xu o Ay (Tui) — Gug| < —, 1=1,.. .,Lu} (5.86)
[ M
Guy = Eglau (X)|U =ul, (5.87)

and where jiy 5, , {a,,;} and ¢ are defined analogously to Section 2.3, and n,, is given in (5.45).
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Theorem 5.8. For any mismatched memoryless channel (possibly having infinite or con-
tinuous alphabets) and input distribution Qux € P(U x X) with U = 1,2, the rate R =
Ry + Zu:m Qu (u) Ry, is achievable for any triplet (Ry, R11, R12) satisfying (5.54) (with I
defined in (1.9)) and at least one of (5.81)—(5.82). The supremum in (1.9) is subject to
Egla(X)?] < oo, and those in (5.81)—(5.82) are subject to Egla(U, X)?] < co. Furthermore,

the rate is achievable using cost-constrained coding in (5.85) with L1 = Lo = 2.

Proof. The direct derivation of (5.81)—(5.82) is given in Section 5.5.2. The choice L; = Ly = 2
suffices since for v = 1,2, one cost is required for (5.54) and another for (5.81)—(5.82). It
suffices to let the cost functions for (5.81)—(5.82) coincide, since the theorem only requires
that one of the two hold. ]

5.4 Discussion: Primal and Dual Connections

Throughout this chapter and Chapter 4, we considered several variations of constant-
composition random coding and cost-constrained random coding. Furthermore, we have given
sufficient conditions on the number of costs required for the cost-constrained ensemble to
match the performance of the constant-composition ensemble. From Lemma E.1, we see that
each dual optimization variable (e.g. a;(-)) corresponds to a primal constraint on a marginal
(e.g. Px, = @Q1). Since the dual variables also correspond to cost functions, we can use this
observation to relate the number of costs with the number of marginal constraints. For ex-
ample, consider the exponents for the mismatched MAC (Theorems 4.2 and 4.4) and those
for ML decoding (Theorems 4.8 and 4.9). In the primal domain, ML decoding yields two
fewer constraints on the X, marginals for each v = 1,2, due to the absence of the sets 7, for
v=1,2,12 (see (4.23)—(4.25)). Analogously, in the dual domain, the number of cost functions

per user is reduced by two.

5.5 Proofs

5.5.1 Proof of Theorem 5.7

We focus on showing the equivalence of (5.75) and (5.81), since identical arguments apply to
(5.76) and (5.82). The primal expression is written in terms of a minimization over Puxy. It
is convenient to split this distribution into three distributions: Pyy, Pxy 2 ﬁxyw(-, -|1) and

Pxy 2 ﬁxyw(-, -|2). Using an identical argument to the start of Section 4.5.1, we can write
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the right-hand side of (5.75) as

sup o omin - IE(U3Y) + mQu(DIp(X;Y) + p1p2Qu(2)1 5(X;Y)
Ple[o’” 7p2€[071] PUy,ﬁxy,PXY

— p1R11 — p1p2Ry2. (5.88)

Defining Pyxy £ Qux x W, the minimization is subject to the constraints (i) Py = Qu, (1)
Px = Qxp(-|1), (i) Px = Qxju(+2), (v) Py = Py, (v) Py = Pyjy (1), (Vi) Py = Pyp(-]2),
(vii) Qu(1)Ep[log ¢(X,Y)] + Qu(2)E s [log ¢(X, Y)] = Ep[log ¢(X,Y)].

Similarly to Section 4.5.1, we apply the minimization in several steps, making repeated
use of Lemma E.1. We implicitly apply Fan’s minimax theorem [78] after each step, so that
the supremum over the dual variables can be left until the end. We provide less detail than the

amount given in Section 4.5.1, since the general steps are similar.

Step 1

For given joint distributions Py and Py, the minimization min 4 Iﬁ(X ;Y") subject to the
XY

constraints (iii), (vi) and (vii) has a dual expression given by

Fi £ —F11+Fi2 4 Fi3— sQu(1)F14, (5.89)
where
Fii% Z f’Y\U(y|2) log Z Qx| (z]2)q(Z, y)* Qv o) (5.90)
y z
Fio 2 ) Qxp(z2)as (@) (5.91)
2
Fi32 s Pxy(z,y)logq(z,y) (5.92)
2.y
Fia 2> Pxy(z,y)logq(z,y), (5.93)
z,y

and where s > 0 and ao(-) are dual variables.
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Step 2

For a given joint distribution Py, the minimization min Py 1 p(X5Y) — spQQU(Q)FlA(PXy)

subject to (i1) and (v) has a dual expression given by

Fo & —Fa1 + Fao, (5.94)
where
For 2> Prp(yl)log Y Qxpu(@[1)g(, y)*2 @0 e ) (5.95)
Yy x
Fop 2> Qxu((l)a(z), (5.96)

and where a;(+) is a dual variable.

Step 3

Next, we consider the minimization minﬁuy I5(U;Y) — p1Qu(1)F21 — p1p2Qu(2)F1,1 subject

to (i) and (iv). The objective can equivalently be expressed as

Fs £ Tp(U;Y) =Y p'(w) Y Poy(u,y)log Y Qxju(Tlu)g(z,y)* e (5.97)
U Yy x

using the definitions in (5.83) along with a(u, z) £ a, (). The dual expression is given by

N\
Fa= = 3 Prltor 3 Qu(m (X Qupaima(e. o) @e @ )0 15 Qu o)
Y u T u
(5.98)

where b(+) is a dual variable.
Step 4
The final objective is given by

Fi2 F3+ pQu(1)Fa1 + p1p2Qu(2) (Fro +Fi3) — Y ' (w)Qu(u)Ruy. (5.99)

u=1,2
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Applying some algebraic manipulations, we obtain the dual expression

> Puxy(u,z,y)log ————
UL, Y ZEQU(E)(Z QX\U( ’u) ( )s’(u)ea(u,:v)> eb(u)
- )Ry (5.100)

u=1,2

To conclude the proof, we must show that the variable b(u) can be removed from the numerator
and denominator in (5.100) without affecting the final dual optimization. For p; > 0 and
pa2 > 0, this follows by simply factoring b(u) into a(u, ). Using the identity E[e*(V)] > ¢Flb(U)]
(by Jensen’s inequality), it is readily verified that the optimal value of the objective is zero
when p; = 0, regardless of whether b(u) is present. For the remaining case, namely p; > 0
and py = 0, the objective depends on a(u, z) only for u = 1. Moreover, since (5.100) depends
on b(-) only through the difference b(2) — b(1), we may set b(2) = 0 without loss of generality.

The remaining parameter b(1) can be factored into a(1, z).

5.5.2 Proof of Theorem 5.8

We focus on the derivation of (5.81), since (5.82) can be derived similarly. The ideas used
here are similar to those in the proof of Theorem 4.6, but the details are more involved.
Applying Lemma D.1 to (5.57) with Z;(i) = Xgl’i) and Z»(j) = Xgl’j), we obtain

mm{l,
MHE[min{l,MlgP[(m >1 ‘ Xl} } ‘ U} } ‘U,X,Y] }] (5.101)

Using (5.49), Markov’s inequality, and min{1, ¢} < ¢? (p € [0, 1]), we obtain’

Peo <E [min {17 (Mo —1)E

Peo < (MoM{} M37)7° " Py(u)Px,(@1)Px, (22 ZW"(y\E(u,wth))

u,xT1,T

(g (T (i)Y
(ST

3In the case of continuous alphabets, the summations should be replaced by integrals as necessary.
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where s > 0 and pi,p2 € [0,1] are arbitrary. Using the definition of the cost-constrained
ensemble in (5.85)—(5.87), we obtain

Beo < (MoM{ M) 3" Py(u)Px, (1) Px,(x2) > W™ (y|Z(u, 21, 22))
u,r1,Tr2 y
% - (1, y1 (@) 72" e @)\ 71
( = <ZPX1 1 ( ”1(2131,1/1(“))) a1 >
>< (ZPX2<332><61 (@2, 92(®)

et (®1)

8 pay?(@2) \ P1p2\ 7°
qm(scz,yQ(u))) e@?(%z)) :

(5.103)
where for v = 1,2, a,(-) is one of the L, = 2 cost functions in (5.86), and a]*(x,)
Z?:ul au(xu7i)' )
(5.103) as a product of two terms, namely

For each (u,x1,x2,y), we write the argument to the summation over y in

£
Tl W”(y‘ (U,ZD17:122))

PO

X (q (21, y1(u)) 1% Pla?l(a?l)qHQ(x2’yQ(U))—p1p25 —p1paay (m2)>
(ZPU (ZPX1 :1:1 wl;yl( ))pzs ay (w1)>
u

(5.104)
P
( Z Px,(Z2)q

g pip2\ PO
"2 (@2, yo (w) e <‘”2>> . (5.105)
Since Px,(x,) is upper bounded by a subexponential prefactor times [[;"; Qx|u(zu,i|u) for
u = 1,2 (see Proposition 2.1), we have

prl (Z1)q

Zlfl

n1
M@y (@)t @) ST Quu (@ D@ yai(@) e )
prz (Z2)q
=1 To

(5.106)
" (@0, 13(@) e 2 [] 5 Qo @al2)a(ea, vas(@)F ™),

(5.107)
where for u = 1,2, y,, ;(w) s the i-th entry of y,(@). Using the definitions in (5.83) along with
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a(u,r) £ a,(zr), we thus obtain

" p1p2
(ZPXI o)™ @ (@)ee @) <ZPX2 o)™ (2, 5() e )

(5.108)
p1
(HZQXW 7111)q(T1, y1,4(@)) 2% e (@ ))
=1 x
P1P2
(HZQXU T2|2)q(T2, y2,i(w))’e ‘”(“)) (5.109)
=1 X2
n L L Pl(ﬂi)
= H <ZQXU(~T|U¢)Q($, vi)® (ui)ea(ui’x)> : (5.110)
=1\ 7

Hence, and using the fact that Py (u) < Q% (u) (see (A.14)), we obtain

L L \P@\"
T2 <[] (ZQU(U)<ZQ(96!U)Q(96, yi)® <U)ea(u,x)> ) , (5.111)
=1 u x
A similar argument (without the need for the < steps) gives
Ti= H W (yilz;) (q(ﬂ% @/z’)_p,(u")sl(“")e_pl(u")a(u“xi))poa (5.112)
=1

where we have used the fact that W"(y|Z(u, x1,x2)) = W™ (y;(u)|x1)W"2 (yy(u)|xe). Sub-
stituting (5.111) and (5.112) into (5.103), we obtain

Peo < (MoMpl Mﬂlpz PO Z PUX w w)

(@) \T @) ea@n@) \ PEDN Po
X HZW y|xz (ZQU (EQ)(|U(:L‘|UZ)<C]($ y)) ea(uzy&ti)) > , (5.113)
=1 vy T 1y Y1
where
Pux(u,x) £ Y Py(u)Px,(@1) Px, (@) 1{z = Z(u, z1,32)}. (5.114)
r1,r2

If Pyx werei.i.d. on Qux, then (5.113) would yield an error exponent which is positive when
(5.81) holds with strict inequality, by taking pp — 0 similarly to Theorem 4.5. The same can
be done in the present setting by upper bounding Py x by a subexponential prefactor times
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Q7 x» analogously to (5.106)—(5.107). More precisely, we have

Pux(u,z)< > PU(u)<

L1,L2

[T Qxwtonsn) ([T Qw2 e = =war.20)
=1 =1

(5.115)
(5.116)
(5.117)
(5.118)



Chapter 6
Conclusions and Future Work

As we discussed in Chapter 1, the problem of channel coding with a mismatched decoding
rule is relevant to a diverse range of practical communication settings, and has interesting
connections with theoretical problems such as zero-error communication. We have presented
a variety of information-theoretic performance bounds for the mismatched decoding problem,
with a particular focus on the asymptotics of single-user and multi-user random-coding en-
sembles. A recurring theme, both in this thesis and in the existing literature, is that the perfor-
mance is improved by certain kinds of structure: Constant-composition and cost-constrained
codes outperform i.i.d. codes, and multi-user coding techniques provide benefits over standard
single-user coding techniques.

We proceed by presenting an overview of the main contributions of each chapter, and
discussing some possibilities for further research.

Motivated by the fact that most of the literature has focused on achievable rates, we pre-
sented a more comprehensive study of the random-coding performance in Chapters 2 and 3. In
Chapter 2, we introduced a cost-constrained random ensemble with multiple auxiliary costs,
and used it to derive achievable asymptotic bounds in the regimes of error exponents (both
expurgated and non-expurgated), second-order coding rates, and moderate deviations. This
ensemble serves as an attractive alternative to the constant-composition ensemble for improv-
ing the performance compared to i.i.d. coding, since it is directly applicable to channels with
infinite and continuous alphabets. We showed that two auxiliary costs suffice to obtain the
given asymptotic expansions in each of the preceding regimes, and that fewer may suffice if
the input distribution or decoding rule is optimized.

We proved that our random-coding error exponents are tight with respect to the ensemble
average for any mismatched DMC; determining whether the same holds true for the second-

order rates and moderate deviations results remains an open problem. Moreover, even in
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the fixed-rate regime, it remains open as to whether the exponents are ensemble-tight for
continuous channels. Such an investigation may require more advanced techniques from large
deviations theory [139].

In Chapter 3, we provided refined asymptotic results for both the i1.i.d. and constant-
composition ensembles. For the former, we derived saddlepoint approximations [65] of the
random-coding bounds rcu and rcu; (see Theorem 2.1) that unify the fixed-rate and varying-
rate regimes, including several higher-order terms. For the constant-composition ensemble,
we focused separately on the fixed-rate prefactor and the fixed-error third-order term, and we
provided significant refinements to standard techniques that introduce polynomials depending
on the alphabet sizes. In the special case of maximum-likelihood decoding, our bounds were
seen to be tight in several cases of interest. In particular, a loss for sum channels [1] was
shown to be unavoidable in general.

The technical assumptions considered for i.i.d. and constant-composition coding were re-
lated yet different, and it would be of interest to determine whether the cost-constrained en-
semble can unify or generalize the two. Our saddlepoint approximation of rcu in Theorem 3.2
was proved in two steps, and only the second was proved to be asymptotically tight. The result
would be more powerful still if both steps were proved to be tight; alternatively, a different
analysis may yield an asymptotically tight bound of a different form. Saddlepoint approxima-
tions for the constant-composition and cost-constrained ensembles would be highly valuable,
since these yield higher achievable rates and exponents in general when the decoding rule is
suboptimal. Generalizations to continuous channels may also be possible; we believe that the
changes would be minimal for the approximation of rcus in Section 3.2.2, whereas the analy-
sis of rcu in Section 3.2.3 would require alternative methods that avoid the use of (or use an
alternative notion of) types. While we focused on random-coding bounds, similar approxima-
tions for non-asymptotic converse bounds in the matched setting (e.g. the meta-converse [61])
would be of great interest. The analysis of [79, 83] suggests that symmetric channels may be
significantly easier to handle compared to the general case.

In Chapters 4 and 5, we presented a framework for deriving achievable rates and error
exponents for multi-user random-coding ensembles in the presence of mismatch. We derived
ensemble-tight error exponents for the mismatched MAC that recover Lapidoth’s achievable
rate region [35], and we proved the ensemble tightness of the exponent of Liu-Hughes [66] for
maximum-likelihood decoding. In the point-to-point setting, we studied two types of super-
position coding, and showed that a refined version can yield improved rates compared to the
standard version, which in turn is at least as high as Lapidoth’s expurgated parallel coding rate

[35]. For each ensemble, alternative expressions of the rates were presented using Lagrange
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duality, and cost-constrained random coding was again used to prove their validity for infinite
and continuous alphabets.

The multi-user coding techniques that we considered are far from exhaustive, and it is
therefore of interest to determine whether the performance can be improved further by con-
sidering other coding techniques. We observed that the ensembles yielding the highest rates
(e.g. refined SC) can yield worse error exponents and low to moderate rates, thus raising the
question of whether there is a single ensemble that achieves the best of both worlds. More-
over, while we demonstrated that refined superposition coding can improve on the standard
version for a given input distribution, it is yet to be determined whether the same is true after
optimizing the input distribution. A limitation of refined SC is that it relies on the auxiliary
alphabet ¢/ being finite; another direction for future research is to seek a variant that can be
applied with more general auxiliary alphabets.

In Section 4.3, we presented an achievable rate region for a multi-letter successive decod-
ing rule, and showed that performance gains over the corresponding maximum-metric rule are
possible. It would be of interest to quantify the performance gain analytically; for example,
by presenting conditions under which a strict improvement is observed. We are also yet to
determine whether the region that we presented is ensemble-tight.

In Section 4.4, we presented an inner bound on the set of locally achievable second-order
coding rates for the matched MAC. We used a variant of coded time-sharing to obtain non-
standard tangent vector terms that enlarge the inner bound, and we showed that constant-
composition random coding can provide improved bounds compared to i.i.d. random cod-
ing. A direction for further research is to extend the result to continuous channels via cost-
constrained random coding; the main hurdle in doing so appears to be finding a suitable al-
ternative to the combinatorial central limit theorem. Perhaps more challenging still is the
problem of obtaining second-order asymptotic converse results. While the strong converse
has been proved (e.g. see [140]), it appears that significant refinements are needed in order to
obtain a non-trivial outer bound on the second-order rate region.

The definition of the mismatched capacity that we considered is the “classical” definition,
and has thus far received the most attention in the literature. As discussed by Merhav et al. [9,
Sec. VII] and Alsan-Telatar [50], there are several variations that lead to rates exceeding the
classical mismatched capacity. Further studies of these variations and their consequences may
help in understanding the effect of mismatch in a wider variety of settings. Moreover, there
are several related problems in information theory where it may be of interest to study the
effect of mismatch, including joint source-channel coding [115, Sec. 3.9], channel coding

with feedback [115, Ch. 17], and variable-rate channel coding [141]. Once again, there are
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several ways to formulate the mismatched versions of these problems, and care should be
taken in deciding which of them are of the most interest and relevance.

Finally, a highly challenging open problem is to obtain upper bounds on the mismatched
capacity. While a multi-letter characterization has recently been given [39], little is known in
the way of single-letter converse results. As discussed in Section 1.1.4, a computable charac-
terization of the mismatched capacity may be formidable in general due to the fact that it yields
the zero-error capacity as a special case. However, the zero-error capacity is indeed known for
input alphabet sizes up to six [142], so it is conceivable that the mismatched capacity could be
found in such cases. Moreover, even if a complete characterization cannot be found, it is of
significant interest to obtain single-letter converse results that improve on the trivial converse,
1.e. the matched capacity. Another interesting open problem that was raised in [8], and that is
yet to be solved, is whether the strong converse holds (i.e. the error probability tends to one

for any rate above the mismatched capacity).



Appendix A

The Method of Types

In this appendix, we give an overview of the method of types [27, Ch. 2], and present the
properties that are used throughout the thesis. We do not provide proofs, since we only present
well-known properties of simple variations thereof (e.g. see [27, Ch. 2], [56], [59]).

Let X be a finite alphabet. The type of a sequence = (x1,...,z,) € X™ is its empirical
distribution, defined by

Poz) & %Z]l{a:i — 2} (A1)
=1

The set of all types on &A™ is denoted by P, (X). For a given Py € P,(X), the type class
T™(Px) is the set of all sequences in X™ with type Py,

T"(Px) 2 {x € X" : P, = Px}. (A.2)

For two finite alphabets X’ and ), the quantities Py (,y), Py (X x V) and T"(Pxy) are defined
analogously. In this case, the type is also referred to as a joint type.

The conditional type of y given x is defined by

. Peyle)  p () >0
Bya(ylr) 2 @ 77 (A3)

|—31,| otherwise.

The set of all conditional types on V" given X™ is denoted by P,()|X). For any Pxy €
Pn(X x V) and sequence x, the conditional type class T} (Pxy ) is the set of all sequences y in

V" such that (x, y) has joint type Pxy,

T2 (Pxy) 2 {y € V" : Py = Pxv}. (A4)
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Similarly, given « € T"(Px ), we define
T3 (Pyix) 2 {y € V" : Poy = Px x Pyx}. (A.5)

The key property of types permitting an exponentially tight analysis of certain quantities is

that the number of (possibly joint or conditional) types grows polynomially in n:

< (n+ DEIVI-L (A7)

|Pn(X)

A.1 Properties for the Single-User Setting

Here we present several properties of types that will be used for the single-user setting. We
define (X', Y, X') ~ [T, Q(z:)W (yi|x;)Q(Z:); while we consider random-coding ensembles
that need not be i.i.d., the properties given here will suffice. Recalling the notations =, <,

etc. defined in Section 1.4, we have the following:

* There exists a type @, € P, (X) such that

P[X € T"(Qn)] > (n+ 1)~ (¥1=D. (A.8)

* For any joint distribution Pxy, we have

P[(X',Y) € T"(Pxy)] = e "PPxvll@xW), (A.9)

If y € T"(Py), then we have
P[(X',y) € T"(Pxy)] = e "P(PxrlQxy) (A.10)

for any ]BXY such that sz =Py.

* For any joint distribution ﬁx %> we have

P[(X',X') € T"(Py )] = e "PPxxlQx@), (A.11)

e If (x,) € T"(Py %), then we have

Pl(,Z,Y) € T"(Pygy) | X = @] = e P Pxxvl PxxxW) (A.12)



A.2 Properties for the MAC 210

for any Py 5, such that Py = ]5X %

A.2 Properties for the MAC

Here we present several properties of types in the context of the multiple-access channel
(cf. Chapter 4), though the properties are also used in other settings throughout the thesis.
We fix the conditional input distributions @ € P(&}) and Q2 € P(A). For v = 1,2, we let
Qun € Pa(X,) be a type with the same support as Q,, such that max,, |Q,(z,) — Qun(zy)| < L,
and we let Px, be uniform on 7"(Q,,,) (see (4.21)). Defining the random variables

(X1,X2,Y,X1,X>5) ~ Px,(x1)Px,(x2) W"(y|x1, 2) Px, (1) Px, (%2), (A.13)

we have the following:

* For any sequence x1, we have

PIX1 =a1] < [[ Qi(z1,)- (A.14)
=1

For any Py, x, such that Px, = @1, and Px, = ()2, we have

P[(X1, X3) € T"(Px,x,)] = e /P2, (A.15)

For any Py, x,y such that Px, = Q1 and Py, = Q2 ,, we have

P[(X1,X2,Y) € T"(Px, x,v)] = e "PFxixavlQuxQxW), (A.16)
e Forv=1,2,ify € T"(Py), then
P[(X,,y) € T"(Px,y)] = e 7Y (A.17)

for any Py, y such that Py, = Qv,n and Py = Py.

If y € T"(Py), then
P[(X1, X2,y) € T"(Px,x,v)] = e nD(Px1x3v [Q1xQaxPy) (A.18)

for any ﬁxl X,y such that ﬁxl = Q1n, ﬁxg = @2, and Py = Py.



Appendix B

Properties of the LM Rate and GMI

In this appendix, we provide some properties of the LM rate and GMI to complement the
existing properties outlined in Section 1.1.4. The observations and results presented here can
easily be extended to the functions Ei4(Q, p) and ES°(Q, p) defined in Section 2.4.2 (see (2.38)
and (2.40)) for any fixed p € (0, 1], but we limit our attention to the rates for brevity.

B.1 Suprema over s and a(-)

We first show the the suprema in (1.9) and (1.11) are not achieved in general, and then provide
a simple sufficient condition under which they are achieved. Consider the binary erasure
channel (BEC) with ¢(z,y) =1+ 1{W (y|z) > 0}:

1— 0 2 2 1
W — c . gq= . (B.1)
0 e 1—e¢ 1 2 2
Under the uniform distribution @ = (%, %), the objective function in (1.11) equals

2 25 2
1—e)log 1 +elog = (1—¢)( log2+1 . B.2
(1—¢)log Tt I ( 6)( 0g 0g25+1> (B.2)

Taking s — oo, it follows that Igyi(Q) = (1 — €)log 2, which equals the matched capacity.
However, no finite value of s achieves this value.

Next, consider the noiseless channel with an additional non-zero value in the metric:

wz[”], q:[”]. ®3)
01 11
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Under the uniform distribution @) = (%, %) , the objective function in (1.9) equals

1 e2(0) 1 ea(l)

slog +—— + - log 5

Lo Y, e o
2% Tea0) 28 T(ea® 4 o0 2% +2<0g+ogea). (B.4)

0) 4 ea(1)
We obtain I(Q) = log 2, which is the matched capacity, by choosing a(-) such that a(1) —
a(0) — oo. However, this value is not achieved for any finite values of a(0) and a(1).

The crucial property in the preceding examples is that ¢(z, y) takes a non-zero value where
W (y|x) is zero. If the opposite is true (i.e. there exists a pair (x,y) such that ¢(z,y) = 0
and W (y|x) > 0), then the LM rate and GMI are zero when the corresponding input is used
(see Section 1.1.4). We will show that in all other cases, the suprema in (1.9) and (1.11) are

achieved. Before doing so, we present the following technical lemma.

Lemma B.1. For any non-negative function q(x,y) on the finite sets X and Y, the following

statements are equivalent:
1. There exist functions g(x) and h(y) such that q(x,y) = g(x)h(y)1{q(z,y) > 0}.

2. (i) For all (x,y,7) such that q(x,y)q(T,y) > 0, the ratio ggg; is equal to some function

r(x,T) not depending on y, (ii) Given any positive integer m and any sequence of the

form (x1,...,xm, z1) such that each consecutive pair (x,7) satisfies q(x,y)q(Z,y) > 0

for some vy, the following holds:
T(:L‘la $2)T($27 $3) cee 7/‘('1"7?171’ xm)r(xma :El) =1 (BS)

Proof. We begin by showing that the first condition implies the second. A direct substitution

yields % = % whenever both ¢(-,-) terms are positive; as desired, this ratio does not

depend on y. Moreover, the left-hand side of (B.5) is given by

g(x1) g(x2) 9(m—1) g(zm)
g(x2) g(zs) " g(zm) g(21)’ (B.6)

which equals one.

It remains to prove that the second condition implies the first. We let G denote the bipartite
graph with vertices given by the elements of X and ) such that there is an edge between z and
y if and only if ¢(z,y) > 0. We limit our attention to the case that G is connected, 1.e. there
exists a path between any two vertices. More generally, the graph can be split into connected

components and the subsequent arguments can be applied separately for each component.
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We define the set

AL {(x,:f) . q(z,y)q(z,y) > 0 for some y}. (B.7)

We select an arbitrary symbol zp € X and set g(z9) = 1. We then repeatedly set g(x) =
r(z,x)g(z) for all (z, ) such that ¢(Z) has been assigned a value, g(z) has not been assigned a
value, and (z,Z) € A. Since we have assumed that G is connected, all values g(-) are assigned
after finitely many steps.

We wish to show that ¢(z,y) = g(x)h(z)1{q(z,y) > 0} for some h(y). Let (z,Z) be an
arbitrary pair in .A. By the above procedure, we have

g(z) = r(x1,x0)r(xe, 1) -« . 7 (Timy Ten—1)7 (T, T ) (B.8)

for some integer m and sequence (zg, z1, . . ., ;) such that consecutive elements (x;, z;11) are
in A (and similarly for (z,,,x)). An analogous statement to (B.8) holds for g(z), for some
integer m and sequence (z,Z1,...,Tm). Moreover, since r(z’,2")r(z”,2') = 1 whenever

(«',2") € A (see the lemma statement), we have

[

m = r(zo, Z1)r(Z1,T2) - . . "(Tp—1, Tin)7 (T, T). (B.9)

Combining (B.8) and (B.9), we obtain

ﬁ =r(z,xy)...r(x1,20)r(x0,T1) ... 7(Tpn, T) (B.10)
=r(z,xm)...1r(x1, 20)r (0, T1) . . . 7(Tpn, T)r (T, x)r (2, T) (B.11)
=r(x,T), (B.12)

where (B.11) follows since r(z, z)r(x,z) = 1, and (B.12) follows from (B.5). Substituting the

definition of r(x, Z) into (B.12) and rearranging, we obtain

a(z.y) _ q(@,y) (B.13)

9(x) 9(7)

for all y such that ¢(z,y)q(Z,y) > 0. Thus, among the pairs (z,y) such that ¢(x,y) > 0, the

ratio qég(”;f)’) is only a function of y; the lemma follows by naming this function A (y). O

We now have the following.
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Lemma B.2. For any input distribution Q) and pair (W, q) such that
q(z,y) >0 <= W(ylx) >0, (B.14)

the supremum in (1.9) is achieved by at least one pair (s,a) having finite values, and the

supremum in (1.11) is achieved by at least one finite value of s.

Proof. We assume without loss of generality that Q(x) > 0 for all z, and we begin by consid-
ering the GMI. We write the objective in (1.11) as

2 — x z)lo T a(@.y) )’
I, 2 ;ym YW (ylz)1 g§Q< )(q(x,y)) : (B.15)

In the case that there exists (z,y, Z) such that W (y|z)W (y|Z) > 0 and ¢(Z,y) > q(x,y), we have

Q@)a(@,y)* (B.16)
q(x,y)s

This bound tends to —oco as s — oo, and hence the supremum cannot be achieved in this limit.

I; < =Q(z)W(yl|z)log

Since I, is continuous in s, we conclude that the supremum is achieved by a finite value. If the
above-mentioned condition fails, then we have ¢(Z,y) = ¢(x,y) wherever W (y|z)W (y|z) > 0.
Recalling the condition in (B.14), we see that I; does not depend on s, since the argument to
(+)® is always zero or one. Thus, any s > 0 achieves the supremum.

We prove the claim regarding the LM rate using similar ideas. The objective in (1.9) is
denoted by

z * (%)
Lo 2 =Y Q@)W (ylx) logzcxx)(q( y;) . (B.17)

q(z,y) ) eal®)

We consider sequences of parameters {s }r>1 and {a }r>1 such that some a(-) is unbounded,
and show that if the LM rate is achieved as k — oo, then it is also achieved by different choices
that remain bounded. This will prove that ax(-) can be chosen to be bounded without loss of
optimality, from which it follows via the same arguments as those for the GMI that s; can be
assumed bounded. The lemma will then follow from the fact that I, , is continuous in (s, a).

Let A denote the set of triplets (x, y, Z) such that W (y|z)W (y|z) > 0 (which is equivalent to
q(z,y)q(Z,y) > 0 by (B.14)). By the assumption in (B.14), I, , depends on (s, a) only through
the values of

s a(x)
Vsa(,y,T) £ <ZE”)> " (B.18)

for triplets within A.
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Let {sx}r>1 and {a;}r>1 be sequences achieving the supremum in (1.9) in the limit as
k — oo. For any (z,y,7) € A, 15, o, (z,y,Z) must not tend towards oo, since this would imply
1

SkyQk

— —oo; this can be seen by upper bounding (B.17) by replacing each summation by a
single value. By reversing the roles of « and z, we conclude that v, ,, (z,y, Z) must not tend

towards 0. Thus, log 15, 4, is bounded.

Consider the case that the ratio 2::22 tends to oo for some (z, 7). From (B.18) and the
fact that 1)y, 4, # oo, this is only possible if % < 1 and s; — oco. This, in turn, implies

that within A, % does not depend on y; otherwise, the two different values of y would
have a different argument to (-)® in (B.18), and at least one would yield log s, o, growing
unbounded. Moreover, writing r(x, T) = %, we have the following for any sequence of the
form (z1,...,xm,,x1) such that adjacent symbols share a common output:

Vs a(T1,22,Y) . . Vs.a(Tm—1, Tm, Y)Vs,a(Tm, x1,Yy) = (r(wl, 22) o T (Tim—1, T )7 (T, xl))s.
(B.19)
This follows by observing that the a(-) terms in (B.18) cancel. Since we have established that
s — oo and log ¢s, 4, 1s bounded, we conclude that the argument to (-)® in (B.19) equals one.
We have thus shown that ¢(z, y) satisfies the conditions in second item of Lemma B.1, and we
conclude that ¢(x,y) = g(x)h(y)1{q(x,y) > 0} for some functions g(z) and h(y). Given the

original parameters s, and a(-), we choose alternative parameters as follows: Set s’ = 1, and

o)\ * e gla) el
<9(SU)> e@(@)  g(T) %@ (B.20)

Any such choice yields vy o (2,y,7) = s q,(7,y,T) within A, and hence Iy, = I, -

choose aj () such that

There are infinitely many such choices (e.g. one can always shift a} (-) by a constant), and at
least one has bounded values, since the logarithm of the left-hand side of (B.20) (i.e. log 95, 4,)
is bounded. []

B.2 Optimization of the LM Rate Over ()

For a given input distribution (), the LM rate can be computed efficiently using (1.9) or (1.10),
since the optimization problems are convex. However, the optimization over @ is difficult,
since I\ (Q) is non-concave in general [11]. It should be noted that, unlike the parameters
(s,a), the maximum over () is always achieved; this follows from a simple continuity argument
and the fact that P(X’) is compact.

Here we provide an alternative form for I1,,;(Q) that permits an extension of the Arimoto-
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Blahut algorithm [143, 144] that finds a local optimum. Interestingly, the additional parameter
a(-) in (1.9) compared to (1.11) is seen to be beneficial (rather than making the computation
more difficult), at least for the algorithm that we provide.

Maximizing (1.9) with respect to @ yields an overall optimization given by

q(z,y) e
>z Q(T)q(T, y)%er®

maximize,o4().q > Q@)W (ylz)log (B.21)

$7y

Suppose for the the time being that @ is restricted to satisfy Q(z) > 0 for all z. Defining a(-)
such that e*®) = Q(z)e®®), we can equivalently write (B.21) as

z,y)5ed@)
maximize g (.) ZQ W (y|z)log o )é ?(JJ)( L@ (B.22)

In this form, the objective is concave in @ for fixed (s, a), and vice versa. Thus, we can obtain a
sequence of parameters such that the objective is monotonically non-decreasing by alternating

between the following two steps:

1. Maximize the objective over the input distribution @) with (s, a) fixed. Using the Karush-

Kuhn-Tucker conditions [38], it is readily verified that the maximizing @ is given by

exp (Y2, W(ylz) log P, 4 (xly))
Sozexp (2, W(ylz)log P, ;(zly))’

Qx) = (B.23)
where

s a(x)
P (aly) & L@u)e™ (B.24)
) ( ‘ ) qu(f’ y)sea(ac)

2. Maximize the objective over s > 0 and a(-) with @ fixed. This can be done using efficient

convex optimization algorithms [38].

A suitable choice of initial parameters is s = 1, a(z) = 0 and Q(z) = ﬁ

We conclude by discussing the possibility that Q(z) = 0 for some values of z. As men-
tioned in Section 1.1.4, if the metric satisfies (1.15), then the LM rate is continuous in @, and
thus the constraint Q(z) > 0 is not restrictive. On the other hand, if (1.15) fails, then the LM
rate is always zero when the corresponding inputs are used, so one can simply set Q(z) = 0

accordingly and repeat the above steps for the channel with the corresponding inputs removed.



Appendix C

Sums of Independent Random Variables

Many of the results of this thesis are proved by studying the behavior of sums of random
variables. The goal of this appendix is to provide an introductory overview of the relevant
terminology and results. For clarity, and to avoid presenting cumbersome technical conditions,
we limit our attention to simple cases, rather than stating the results in their most general
form. In particular, we focus on independent and identically distributed (i.i.d.) scalar random
variables, even though we will be interested in varying distributions, dependent variables, and
multivariate settings throughout the thesis. Comprehensive treatments can be found in the
books of Feller [76], Petrov [100], and Dembo-Zeitouni [139].

We let {Z;}? | be an 1.1.d. sequence with distribution Pz, which we assume to have mean
zero and variance o2 € (0,00). The former assumption is without loss of generality, since in
the general case the mean can be subtracted. We are interested in characterizing the behavior

of the summation S, = > | Z;. The following definition will be useful.

Definition C.1. We say that Z is a lattice random variable with offset v and span h if its
support is a subset of {y + ih : i € Z}, and the same is not true for any such set with a larger
value of h. We say that Z is a non-lattice random variable if it is not supported on any set of
the form {~ +ih : i € Z}.

C.1 Asymptotic Behavior of the Tail Probability

A basic result of probability theory is the law of large numbers [76, Ch. VII], which can be

1 0 z>0
lim P[nSn > z] = { (C.1)

written as follows:

oo 1 2<0.
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That is, S,, concentrates about its mean in the limit of large n. A refinement of this statement
is the central limit theorem (CLT), which states that [76, Ch. VIII]

. Sn
nl;r{:oP[m > z] = Q(z). (C.2)

That is, % is asymptotically normal in the limit of large n.

Equation (C.2) is concerned with the tail probability of S,, at values that deviate from the
mean by a ©(y/n) term. In many cases, one is interested in the behavior for deviations of a
larger order. We proceed by presenting examples of such results. For simplicity, we assume
that E[e™#] < oo for Z ~ Pz and any real number 7; more general cases can be handled [139],
but they are omitted here.

Large deviations theory is concerned with probabilities of the form P[1 S, > 2] for fixed
z > 0. The asymptotics in this regime can be written in terms of the cumulant transform
k(1) £ logE[e™#] as follows [139, Sec. 2.2.1]:

lim 1 log]P’[lSn > z] = E(z), (C.3)
n—oo N n
where
E(z) 2 sup7z — k(7). (C4)

T€R
That is, the probability in (C.3) decays to zero exponentially fast, and the exponent is given by
E(z). A particularly simple non-asymptotic upper bound can be obtained using the Chernoff
bound: P[15, > 2] < e "F(2)_ Studies of the exact asymptotics (or strong large deviations)

~nE(2) and the behavior turns

seek to provide a refined characterization of the prefactor to e
out to vary depending on whether or not Z is a lattice random variable. In the non-lattice case,
we have [139, Thm. 3.7.4]

P[lSn > z] O S O (C.5)
n

7/ 2mnk" (T)
where 7 £ argmax_ {72 — k(7)}, and x” is the second derivative of x. A similar result holds
in the lattice case, except that the right-hand side of (C.5) is multiplied by an extra ©(1) term
which, in general, depends on both n and the lattice parameters (span and offset).
Another regime of interest is that of moderate deviations, which is concerned with prob-
1

abilities of the form P[1S, > z,| for some positive sequence z, satisfying z, = w(ﬁ) and

zn, = o(1). In such cases, the tail probability decays to zero, but the rate of decay is no longer
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exponential. More precisely, we have [139, Thm. 3.7.1]

. 1 1 1

n—oo  NZf

logn
n

some constant v > 0 depending on K and o.

For example, if z,, = K

for some K > 0, then the tail probability behaves as O(n~7) for

While the preceding results are asymptotic, they are often accompanied by non-asymptotic
bounds (e.g. the Chernoff bound stated above). At an intuitive level, large deviations results
are more suited to characterizing the behavior of the probability p,, £ P[S,, > ~,] when p,
is small and ~, is far above E[S,]. Conversely, results based on the CLT are generally more
suited to higher values of p,,, corresponding to values of ~, closer to E[S,]. The moderate

deviations regime can be thought of as being in between the other two.

C.2 Variations of the Central Limit Theorem

A more precise statement of (C.2) is given by the Berry-Esseen theorem, a simple version of
which is as follows [76, Sec. XVIL.5]:

Sh 6T
sup P[\/ﬂ > Z] -Q(2)| < Nk (C.7)

where T' £ Ep[|Z|3]. This result strengthens (C.2) by showing that the tail probability dif-
fers from the Q-function by O(ﬁ) It has the notable feature of being non-asymptotic, and
depending only on o and 7T'.

A further refinement of the CLT is given by the Edgeworth expansion, which is stated
separately for lattice and non-lattice random variables. Assuming that the third moment Ty =

Ep[Z3] is finite, we have the following in the non-lattice case [76, Sec. XVI.4]:

IP’[\/% > z] — Q) + 60?\%(1 _26(2) + o(\/lﬁ) (C.8)

22 . . .
uniformly in z, where ¢(z) = \/#27(7 is the standard normal density. In the lattice case, the

expansion in (3.107) holds when z is the midpoint of two consecutive points on the lattice of

\/SLQ, and a similar expansion can be inferred for general values of z. Under some further
no

assumptions of finite moments, higher-order expansions can be obtained.

The preceding results characterize the behavior of the tail probability of S,,. Another result



C.2 Variations of the Central Limit Theorem 220

of significant interest throughout this thesis is the local limit theorem, which characterizes the
behavior of probabilities of the form P[S,, € [z, z 4+ n)] for some 7 > 0. In the case that Z ~ P

is a non-lattice random variable, we have the following uniformly in z [99]:

P[S, € [2,2 4+ 1)] = \/2:?6_2;; + o(\/lﬁ> (C.9)

One can think of this result as stating that S,, is asymptotically distributed as N(0, no?), since
the first term approximately equals the integral of the corresponding density over [z, z + 7).
In the lattice case, a natural choice of 7 is the span h of the lattice of Z. In this case, S,
is also a lattice variable with span h, and P[S,, € [z,z + n)] is the probability mass function
of S,, evaluated at the unique lattice point in the range [z,z + 7). Assuming for notational

convenience that this point is z itself, we have the following uniformly in z [100, Sec. VIIL.1]:

oo 1
== = no2 R —
PlSh = 2] = ——pc 3 —i—o(\/ﬁ). (C.10)

Closely related to the local limit theorem is the concentration function (e.g. see [101]),

which is defined as follows:

G(Sn,n) = supIP’[Sn € [z,z2+ 77)] (C.11
zeR

We immediately obtain from (C.9) that, in the non-lattice case,

n 1
GlSns) = = + o(%). (C.12)

The asymptotic behavior of G(S,,, n) can similarly be inferred from (C.10) in the lattice case.

We conclude with some comments on settings beyond the scalar i.i.d. case. Throughout
the thesis, we will often be interested in sums of independent variables with varying distri-
butions. In the case that there are finitely many such distributions, each of which is discrete,
the distinction between the lattice and non-lattice case turns out to depend on the union of the
mass points of the distributions that have a positive variance (e.g. see [100, Ch. VII]).

We will also be interested in the multivariate setting, where one considers sums of d-
dimensional vectors of the form S, = "' ; Z,. One may no longer consider the lattice and
non-lattice cases alone, as it may be the case that some entries of the vector have a lattice
distribution and others do not. Moreover, there are multiple ways to generalize the local limit
theorem and concentration function; the two most common ones consider the probability of

S, lying in a d-dimensional cube [74], and a d-dimensional sphere [101].



Appendix D

Bounds on the Probability of a
Multiply-Indexed Union

In channel coding settings, bounds on the random-coding error probability are often obtained

using the union bound, which states that for any set of events {4;}¥ ,
P[UAZ} <3 P4 (D.1)

In many cases, the right-hand side of (D.1) is greater than one, and hence a tighter bound is

given by the truncated union bound, namely
IP’[UAz} < min{l,ZP[Ai]}. (D.2)

We will also be interested in lower bounds on the probability of a union, which are used to

prove ensemble tightness results. In particular, we will make use of de Caen’s bound [145]:
P[UA} >ZL@']Q (D.3)
2 T Y PlA N Ay] '

In the case that the events are pairwise independent and identically distributed, it is easily
verified that (D.3) proves the tightness of (D.2) to within a factor of % [70]. This tightness
result in fact holds even when the events are not identically distributed [73, Lemma A.2].

In this appendix, we provide a number of upper and lower bounds on the probability of a
multiply-indexed union. In several cases of interest, the upper and lower bounds coincide to
within a constant factor, and generalize the above-mentioned tightness result of [70] to certain

settings where pairwise independence need not hold.
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Lemma D.1. Ler {Z; (z)}f\[:ll and {ZQ(j)}jyjl be independent sequences of identically dis-

tributed random variables on the alphabets Z, and Zs respectively, with Z,(i) ~ Pz and
Z5(j) ~ Pgz,. For any set A C 21 x Z5, we have

]P’[U {(Zl(z‘), Z5(j)) € A}} < min {1,N1E[min {1,N21P[(Zl, Z) € A| 71] }]

1,J

N,E {min {1, NiP[(Z1, 25) € Al 25 }} } (D.4)

where (Zy,Z3) ~ Pz, X Pz,.

Proof. Applying the union bound to the union over i, we obtain

IP’[U {(Zl(z'), Z5(j)) € A}] < NﬂP’[U {(zl, Z,(5)) € A}} (D.5)

Y]
:N1E|:]P)|:U{(Z1,Z2(j)) EA}'Z1:|:| (D6)
J
Applying the truncated union bound to the union over j, we recover the second term in the

outer minimization in (D.4). The third term is obtained similarly by applying the union bounds

in the opposite order, and the first term is trivial. ]

Lemma D.2. Let {Zl(i)}f\f:l1 and {Zs(j )};le be independent sequences of pairwise indepen-
dent and identically distributed random variables on the alphabets Z, and Z, respectively,
with Z1(i) ~ Py, and Z5(j) ~ Pz,. For any set A C Z; x Z,, we have

o 1 P((21, %) € A’
P[U {(2:0).2:09)) € A}} = 4m1n{1’N11P’[(Zl,Zg) c AN (21, 2y € A’

1,J

P((2Z1, Zy) € A]?

N.
*P[(Z1,22) € AN (2], Zs) € A

 N1NoP[(Z1, Z5) € A } (D.7)

where (Zl, Zg, Z{, Zé) ~ PZ1 (zl)PZ2 (ZQ)PZ1 (Zi)PZ2 (zé)

Proof. We make use of de Caen’s bound in (D.3). Noting by symmetry that each term in the

outer summation is equal, and splitting the inner summation according to which of the (i, j)
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indices coincide with (¢, j'), we obtain

]P’[U{(Zl(z'),ZQ(j)) S A}]

(2]
> N1NoP[(Z1,22) € A]2<P[(Zl, Zy) € Al + (N1 — 1)(No — 1)P[(Z1, Z2) € A]2

L (o~ V)P[(Z1,Z2) € AN (21, Z5) € A + (N, — DP[(Z1, Z2) € AN (2, 20) € A])*l

(D.8)

> N\ NoP[(Z1, Zo) € Al (4 max {P[(Zl, Zs) € A], NiNoP[(Z1, Z2) € A]?,
-1
NoP((Zy, Z3) € AN (Zh, Zy) € A|, NiP[(Z1, Z2) € A N (Z1, Z2) € Al }) ., (D.9)

from which the lemma follows. ]

The following lemma gives conditions under which a weakened version of (D.4) coincides
with (D.7) to within a factor of four.

Lemma D.3. Let {Z,(i)}Y', and {Zz(j)}j-vﬁl be independent sequences of identically dis-
tributed random variables on the alphabets Z, and Z, respectively, with Z,(i) ~ Pz, and
Z5(j) ~ Pgz,. Fix a set A C Z, x 2y, and define

A2 {21 € 21 ¢ (21, 2) € Afor some z € ZQ} (D.10)

Azé{zzezz : (Zl,ZQ)EAfOFSOn’LeZlEZl}. (D.11)

1. A general upper bound is given by

IP[U {(Zl(i),Zg(j)) € A}] < min {1,N1P[Z1 € A,

1,J

NoP[2 € As), NiNoP[(Z1, Z2) € A]}, (D.12)

where (Z1,Z3) ~ Pz, X Pg,.

2. If (i) { Z1(i)} 2, are pairwise independent, (ii) { Zs(j) ;V:Ql are pairwise independent, (iii)

P[(z1,Z2) € A] is the same for all z; € Ay, and (iv) P[(Z1, 22) € A is the same for all
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29 € Ao, then

]P’[U {(Zl(i),Zg(j)) € A}] > %min{LNlP[Zl € A,

NoP[Z; € Ao), NiN2P((Z1, Z) € A]}. (D.13)

Proof. We obtain (D.12) by weakening (D.4) in multiple ways. The second term in (D.12)
follows since the inner probability in the second term of (D.4) is zero whenever P[Z; ¢ A],
and since min{1,{} < 1. The third term in (D.12) is obtained similarly, and the fourth term
follows from the fact that min{1, (} < .

The lower bound in (D.13) follows from (D.7), and since the additional assumptions in the

second part of the lemma statement imply

P[(Z1, Z,) € A]* _P[Z1 e AT’P[(21,20) € A]? D.14)
P((Z1,22) € AN (Z1,Zh) € Al P[Z) € AP[(21, %) € A '
= ]P[Z1 S ./41], (D.15)

where z; is an arbitrary element of A;. The third term in the minimization in (D.7) can be
handled similarly. U

While we will primarily be interested in doubly-indexed unions, we also give the following
generalization of Lemma D.3 to the probability of a union indexed by K values, which is

stated without proof. For a given subset K = {k1,..., Kk} of {1,..., K}, we write Zx as

a shorthand for (Z,, ..., Zk,, ), and similarly for Zx.. The corresponding realizations are
written by zx = (2x,, - -, 2k ), and similarly for zje.
Lemma D4. Let {7, (il)}ﬁ\fl:l, ey {ZK(iK)}f\;Kzl be independent sequences of identically dis-

tributed random variables on the alphabets Z., ..., Zi respectively, with Zy(iy) ~ Pz, for
k=1,...,K. Fix AC Z1 x --- x 2k, and for each K = {k1,..., kg } C{1,..., K}, define

A 2 {z;c - (21,...,2K) € Afor some z,@}. (D.16)
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1. A general upper bound is given by

IP’[ U {(Zl(il),...,ZK(iK)) eA}} §min{1,

115l

/Cg{l?%l},/cyéw ( H Nk>P[Z’C € Ar] } (D.17)

kek
where (Z1,..., Zk) ~ [Ir, Pz,.

2. If (i) {Zk(z)}i\fl are pairwise independent for any given k, and (ii) for any given K C
{1,...,K} (K #0), P[(Zl, o, ZK) € A\Z,c = z,g] is the same for all zx € Ak, then

]P’{ U {(Zl(il),...,ZK(iK))eA}} 22_Kmin{1,

U150t K

Icg{l,?lfl[{l}x;ﬁ@ <lchk>P[ZK € Ax] }, (D.18)

where (Zl, .. ,ZK) ~ Hszl PZk-



Appendix E

Convex Optimization and Lagrange
Duality

In this appendix, we provide a number of general lemmas based on Lagrange duality [38] that
will be used throughout the thesis. The following lemma generalizes the result that (1.9) and

(1.10) are equivalent, which was proved in [9].

Lemma E.1. Fix the finite alphabets Z, and Z,, the non-negative functions f(z1,z2) and
9(z1, 22), the distributions Py, € P(Z1) and Py, € P(Z22), and a constant . The optimization

min I5(Z1; Z2) — Epllog g(Z1, Z5)) (E.1)

ﬁzl Zo ﬁzl =Pz,,Pz,=Pz,,
Ezllog f(Z1,22)]>8

has the same value as

sup : — Z Py, (z2) logz Py, (z1)f(z1, 22))\9(217 22)6“1(Z1) + Z Pz, (z1)p1(21) + A8, (E.2)

AZO’,U‘l( 21

where the supremum over p(-) is taken over all real-valued functions on 2.
Proof. See Section E. 1. 0

When using Lemma E.1, we will typically be interested the case that either g(-, -) is absent
from (E.1), or the constraint Ex[log f(Z1,Z2)] > [ is absent. In the former case, the dual
expression is given by (E.2) with g(-,-) = 1, and in the latter case, the dual expression is given
by (E.2) with A = 0. By the symmetry of (E.1) in Z; and Z», the roles of the two can also be
swapped in (E.2).
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Lemma E.1 allows us to obtain dual expressions for the rates and exponents for constant-
composition random coding. The following lemma provides variations that will be useful for

cost-constrained random coding (see Section 2.3).

Lemma E.2. Fix the finite alphabets Z, and Z5 and the distribution Pz, € P(Z;). Forl =
1,...,L, let aj(z1) be a function with mean ¢; = Y., Pz (21)ai(21), and define the set

AL {1321 €P(2) : Epla(Z)] = o, I =1,... ,L}. (E.3)

(i) For any non-negative function f(z1, z2), distribution Py, € P(Z2), and constant (3, the
optimization
_ ~ min~ D(PZ1Z2”P21 X PZQ) (E4)
PZIZ2 :PZ1€A7PZ2:PZ2’
Esllog f(Z1,%2)]>f

has the same value as

sup — > Pz, (22)10g Y Pz, (21) f (21, za) eXima @ =00 4 \g, (E.5)

A207{9l} 22 21

where the supremum over each 0, is over all real numbers.
(ii) For any non-negative function g(z1, z2) and conditional distribution Pz, 2, € P(Z2|21),

the optimization

_ min  D(Pzz||Pz X Pgyz) — Esllogg(Z1, 25)] (E.6)
Pz,zy: Pz €A

has the same value as

sup — log Z Py, (zl)PZQ‘Z1 (22]21)g(z1, ZQ)@ZZLZI Ou(ar(z1)=d0) (E.7)
{91} 21,22

(iii) For any non-negative function f(z1, z2), distribution Pz, € P(2,), conditional distri-

bution Py, 12, € P(22|21), and constant 3, the optimization

_ min  D(Pz2|Pz x Pz, z,) (E.8)
Pz, 2y : Pz, =Pz,
E5[log f(21,22)]>8

has the same value as

sup — Z Pz (z1)log Z Pz, 7, (22|21) f (21, 2) + AB. (E.9)

AZ0 22
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(iv) For any non-negative function g(z1,z1), the optimization

_ min —E5[log g(Z1, Z1)] + D(P, 7z ||Pz, x Pz,) — R (E.10)
PZ}'ZI ZF.Z1 EA,PZI G.A
D(Py 7, 1Pz, %Pz, )<R

has the same value as

1
1+A

s —(1+N)log 3 PP (z1) <g<zl, 21 )e S ila) o0 9“%“”‘”)
AZO?{el}v{él} 21,21

—(14+MR. (E.11)
Proof. The proof is similar to that of Lemma E.1, and is thus omitted. [

The following lemma will allow certain convex optimization problems to be expressed in

a form where, after some simple manipulations, Lemma E.1 can be applied.

Lemma E.3. Fix a positive integer d, and let A be a convex subset of R%. Let f(z), g(2), g1(2)

and g»(z) be convex functions mapping R? to R such that

91(2) + 92(2) < g(2) (E.12)

for all z € A. Then the optimization

min () + [max {g1(2), 92(2), 9()}] " (E.13)

has the same value as

max { min f(z) + [max {gl(z),g(z)}}+,min f(z)+ [max {gg(z),g(z)}} +}. (E.14)

zeA z€eA

Proof. See Section E.2. 0
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E.1 Proof of Lemma E.1

The Lagrangian [38, Sec. 5.1.1] of the optimization problem in (E.1) is given by
o =g §Z1Z2(217Z2) B _
L= Z PZ1Z2(21722)<10g PZ1(21)PZ2(22) logg(zlsz) /\logf(zb‘z?)

+ " m(=21) (P (21) = Poy(21)) + ) pa(22) (Pzy(22) — Pry(22)) + A8, (E.15)

zZ1 z2

21,22

where A > 0, u1(+) and po(-) are Lagrange multipliers. Since the objective in (E.1) is convex
and the constraints are affine, the optimal value equals L for some choices of Py, z, and the
Lagrange multipliers satisfying the Karush-Kuhn-Tucker (KKT) conditions [38, Sec. 5.5.3].

We proceed to simplify (E.15) using the KKT conditions. Setting m = 0 yields
1+ log 5 PZiZ;2§2Jff;£’ij>Ag(Z1, Sl ) =0, (B16)
and hence
Pyy72,(21, 22) = Pz, (21) Py, (22) (21, 22) g1, 22)e” M HHn (20 Fhaz2), (E.17)
Applying the constraint P, = P, yields
> Py (21)f(Z1, 22) g(71, 2p)et (F1) = el mr2(z2) (E.18)
and hence
f12(22) = 1 — log Z Py, (z1) f(21,22) (21, z2)e"1 (V). (E.19)
Substituting (E.16) into (E.15) yielclls
L=-1+ Z p1(21) Pz, (21) + Z p2(22) Pz, (22) + AB. (E.20)

21 22

Applying (E.19) and taking the supremum over A > 0 and y; (-), we obtain (E.2).

Since we took the supremum over A > 0 and p;(-) without verifying that the resulting
parameters satisfy the KKT conditions, we have only proved that (E.2) is an upper bound to
(E.1). To obtain a matching lower bound, we follow [9, Appendix A] and make use of the
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log-sum inequality [3, Thm. 2.7.1]: For non-negative sequences {«;}; ; and {5;}" ;.

a;log =4 > «o; | lo Zn_il E.21
For any P, z, satisfying the constraints in (E.1), we can lower bound the objective in (E.1) as
follows:

5 Py, 2,21, 22)

P 21,22)lo 122 E.22

ZIZ;Q 7z 208 B PGy Ger, ) (22

g /-PVZ1Z2 (Z].) ZQ)
> Y Pyz,(21,2)log + A (E.23)

PZI (Z]-)PZQ (ZQ)f(Zla 22))\9(21’ ZQ)

Py,2,(21, 22)
Pz, (21) Pz, (22) f (21, 22) g (21, 22) et (B1

21,22

=Y Pz,(21,2) log

21,22

) + ZPZI (Zl)ﬂl(zl) + B,

(E.24)

where (E.23) holds for any A > 0 due to the constraint E5[log f(Z1, Z2)] > 3, and (E.24) holds
for any () by a simple expansion of the logarithm. Applying (E.21) to the summation over
2 in (E.24) and using the constraint P, = P, we can lower bound (E.24) by the objective

in (E.2). Since A > 0 and p, (+) are arbitrary, the proof is complete.

E.2 Proof of Lemma E.3

We define the functions

Bo(2) 2 f(2) + [9(z)] " (E.25)
+

@1(2) 2 f(2) + | max{g1(2). 9(2)} | (E.26)
+

Da(2) £ f(2) + [ max {g2(2), 9(2)}] (E27)

Since f(-), g(+), g1(-) and g2(-) are convex by assumption, it follows from the composition rules
in [38, Sec. 3.2.4] that ®y(-), ®;1(-) and P,(-) are also convex.
We wish to show that

ggatl max {®1(2), P2(2z)} = max { rzréli‘l D(2), Lrgi <I>2(z)}. (E.28)
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We define the regions

Ry = {z : (I>1(Z> > (I)Q(Z)} (E29)
Ry ={z: By(z) > By(2)}. (E.30)

The key observation is that R; and Ry are disjoint. To see this, we observe from (E.25)-
(E.27) that any z € R; N Re must satisfy ¢1(z) > ¢g(z) and g2(z) > g(z). When combined
with (E.12), these imply ¢1(z) < 0 and g2(z) < 0, and it follows from (E.25)—(E.27) that
®y(z) = ®1(2) = P2(z) = f(z), in contradiction with the assumption that z € R; N Rs. Thus,
R1NRe =0, and hence g;(z) and g2(z) cannot simultaneously be the unique maximizers in

(E.26) and (E.27) respectively. Combining this observation with (E.25), we obtain
P(z) = min {®1(2), P2(2)}. (E.31)

To prove (E.28), we use a proof by contradiction. Let the left-hand side and right-hand
side be denoted by f* and f* respectively. It is easily seen that f* > f* always holds, so we
assume that f* > f*. Let z* and z% minimize ®, and ®, respectively on the right-hand side of
(E.28), so that

f* = max {®1(21), @2(25) }. (E.32)

The assumption f* > f* implies that

Do(27) > By(27) (E.33)
P1(23) > Po(23). (E.34)
Next, we define
D(N) £ Bo(A2] + (1 —N)z3) (E.35)
d1(N) £ &1 (A2 + (1—N)z3) (E.36)
Dy(N) 2 Do (A2} + (1 — N)z23) (E.37)

for A € [0, 1]. Since any convex function is also convex when restricted to a straight line [38,
Section 3.1.1], it follows that &, ®; and &, are convex in A. From (E.33)—(E.34), we have

By(1) > d1(1) (E.38)
$1(0) > dy(0). (E.39)
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Since &, and &, are convex, they are also continuous (at least in the region that they are finite),

and it follows that the two must intersect somewhere in (0, 1), say at \*. Therefore,

Do(A\*) = min { &1 (\*), P2 (N)} (E.40)
= max {®1(\*), P2(\)} (E.41)
> Izrélill max {®1(2), P2(2)} (E.42)
= f*, (E.43)

where (E.40) follows from (E.31). Finally, we have the following contradiction:

+ Combining (E.43) with the assumption that f* > f*, we have
do(N) > f* = max{®;(1), $5(0)}, (E.44)

where the equality follows from (E.32).

* From (E.31), we have ®;(\) = min{®;()\), Po(\)}, and it follows from (E.38)—(E.39)
that $o(1) = (1) and $((0) = P2(0). Hence, using the convexity of &, and Jensen’s
inequality, we have

Do (A*) < AP (1) + (1= A*)d5(0) (E.45)
< max{®; (1), $5(0)}. (E.46)
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