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CS3230 — Design and Analysis of Algorithms
(S1 AY2025/26)

Lecture 6: Dynamic Programming



Fibonacci numbers

* Recall: Two approaches to compute Fibonacci numbers.
* |terative algorithm.
* Recursive algorithm.

IFib(n)
e Ifn<1
e returnn
Fib(n) * Else,
e Ifn <1, returnn. e prev2=0
 Else, return Fib(n — 1) + Fib(n — 2). * prevli=1

e fori=2ton
* temp = prevl
* prevl = prevl+prev2
* prev2 =temp

* return prevl



Fibonacci numbers

* Recall: Two approaches to compute Fibonacci numbers.
* |terative algorithm. 0(n) time
* Recursive algorithm.

IFib(n)
. <
Q(2"2) time tn<1
* returnn
Fib(n) * Else,
e Ifn<1,returnn. * prev2=0
* Else, return Fib(n — 1) + Fib(n — 2). * prevli=1
e fori=2ton
What is the source of inefficiency? * temp = prevl

* prevl = prevl+prev2
* prev2 =temp
* return prevl



VisuAlgo (just recursion tree): https://visualgo.net/en/recursion?slide=4-1

Recursion tree Fib(n)

e Ifn <1, returnn.
Q(Zn/Z) time | ¢ Else, return Fib(n — 1) + Fib(n — 2).

What is the source of inefficiency?
Overlapping subproblems.

F(2) F(1) F(2) F(1) F(1) | | F(O)

F(2
F(2) F(1) F(1) F(0) F(1) F(0) F(1) F(0)

F(1) F(0)



https://visualgo.net/en/recursion?slide=4-1
https://visualgo.net/en/recursion?slide=4-1
https://visualgo.net/en/recursion?slide=4-1

VisuAlgo (recursion with memoization): https://visualgo.net/en/recursion?slide=4-2

Memoization

Q(Zn/z) time

A recursive call is invoked only if

Fib(n)

e Ifn <1, returnn.
* Else, return Fib(n — 1) + Fib(n — 2).

/"Fib(n)

 Else

it has not been invoked yet.

\

e |fn <1, returnn.

e IfAl[n—1] =1, A[n — 1] « Fib(n — 1).
e IfAln—2] =1, A[ln — 2] « Fib(n — 2).

o return A[n — 1] + A[n — 2]. /

A[0..n — 1] is initialized as [ L, ..., 1]


https://visualgo.net/en/recursion?slide=4-2
https://visualgo.net/en/recursion?slide=4-2
https://visualgo.net/en/recursion?slide=4-2

VisuAlgo (recursion with memoization): https://visualgo.net/en/recursion?slide=4-2

Memoization Fib(n)

e Ifn <1, returnn.
Q(Zn/Z) time | ¢ Else, return Fib(n — 1) + Fib(n — 2).

/"Fib(n) I

e |fn <1, returnn.

* Else

e IfA[n—1] =1, A[n—1] « Fib(n —1).
e IfA[n—2] =1, A[n— 2] « Fib(n — 2).

0(n) time \_  ° return A[n — 1] + A[n — 2]. )

A[0..n — 1] is initialized as [ L, ..., 1]

A recursive call is invoked only if
it has not been invoked yet.

Each of Fib(n), Fib(n — 1), ..., Fib(1), Fib(0) is invoked exactly once.



https://visualgo.net/en/recursion?slide=4-2
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o / Fib(n) ™~
Mem0|zat|on * Ifn<1,returnn.

* Else

e IfAl[n—1] =1, A[n — 1] « Fib(n —1).

e IfAln—2] =1, A[ln — 2] « Fib(n — 2).
\ e return A[n — 1] + A[n — 2]. /

F(2) F(2) F(1) F(2) F(1) F1) | | F(0) — Completely trimmed

D EEEE ® @

F(1) F(0)

Values taken from A[...]




Dynamic programming

Divide and conquer:

1. Divide the problem into smaller subproblems.

2. Solve the subproblems recursively.

3. Combine the subproblem solutions to get the solution of the full problem.

Dynamic programming: overlapping

1. Divide the problem into smaller subproblems.

2. Solve the subproblems recursively with memoization.

3. Combine the subproblem solutions to get the solution of the full problem.



Dynamic programming

Divide and conquer:

1. Divide the problem into smaller subproblems.

2. Solve the subproblems recursively.

3. Combine the subproblem solutions to get the solution of the full problem.

Dynamic programming: overlapping

1. Divide the problem into smaller subproblems.

2. Solve the subproblems recursively with memoization.

3. Combine the subproblem solutions to get the solution of the full problem.

Alternatively, a bottom-up approach can be used.



VisuAlgo, reverse the edges of https://visualgo.net/en/recursion?slide=4-2

Bottom-up approach

* Just compute the values in the array A[... ] in this order.

Base cases


https://visualgo.net/en/recursion?slide=4-2
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Subsequence

* let A = (aq,a,, ...,a,) be a sequence.

* A sequence C is a subsequence of A if C can be obtained by removing
elements from A.

,b,a,d,e,b,c,a

o

C‘l
.a,a,e, ,Cl



A = (aq, a,,...,a,)isseenasanarray A[1..n].

Subsequence C Al = a,

* let A = (aq,a,, ...,a,) be a sequence.

* A sequence C is a subsequence of A if C can be obtained by removing

elements from A.
A sequence is also a subsequence of itself.

A:a,badeb,c,a
C

72

a,deb,da



Longest common subsequence

* Input: two arrays A[1..n] and B[1..m].
* Output: a longest common subsequence C.

C is a subsequence of both A and B.



Longest common subsequence

* Input: two arrays A[1..n] and B[1..m].
* Output: a longest common subsequence C.

C is a subsequence of both A and B.

A:aasbdesb
‘ /‘ > C:abdeb
cacbsdcdeb

There can be more than one longest common subsequence.



Longest common subsequence

* Input: two arrays A[1..n] and B[1..m].
* Output: a longest common subsequence C.

C is a subsequence of both A and B.

* Applications: A:-aasbdesb
* Data comparison.
* Computational linguistics. ‘ ‘ > C:abdeb
e Bioinformatics. B :acbsdcdeb



LongestconﬂTmnwsubsequence
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Crossing

oo
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A:aasbdesb

|/

B :acbsdcdeb

[Equivalent definition: Find a largest non-crossing matching between A4 and B. ]

> C(C:abdeb




A:aq,ay,..., ay

Longest common subsequence
B:bl, bz,..., bm

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

Longest common subsequence



A:aq,ay,..., ay

First attempt B:byb,,... b,

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

Longest common subsequence

* First attempt: Check all possible subsequences of A to see if it is also
a subsequence of B, and then output the longest one.




A:aq,ay,..., ay

First attempt B:byb,,... b,

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

Longest common subsequence

2™ subsequences
* First attempt: Check all possible subsequences of A to see if it is also

a subsequence of B, and then output the longest one.
O(m) time

Time complexity: O(m - 2™)



A:aq,ay,..., ay

Recursive approach B:b.b,..b,

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

LCS(n,m)

* Recursive solution:
* Compute LCS(i, j) for all i € [n] and j € [m] recursively.

LCS(i, j): a longest common subsequence of A[1..i] and B[1..]].



A:aq,ay,..., ay

Recursive approach B:b.b,..b,

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

LCS(n,m)

* Recursive solution:
* Compute LCS(i, j) for all i € [n] and j € [m] recursively.

LCS(i, j): a longest common subsequence of A[1..i] and B[1..]].

A

e There can be more than one solution.
 Computing any one of them is fine.



A:aq,ay,..., ay

Base case B:by, b,,..., by

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

LCS(n,m)

* Recursive solution:
* Compute LCS(i, j) for all i € [n] and j € [m] recursively.

LCS(i, j): a longest common subsequence of A[1..i] and B[1..]].

 Base case:
 LCS(i,0) = @ for all i.

. LCS(0,/) = @ forall j. A[1..0] = @ and B[1..0] = @



A:aq,ay,..., ay

Inductive step B-b b b
« U1y Y299 Um

* Question: How to compute LCS(n, m) recursively?

Suppose we have already computed LCS(n — 1, m), LCS(n,m — 1),and LCS(n — 1,m — 1).

LCS(i, j): a longest common subsequence of A[1..i] and B[1..]].



Inductive step

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).



Inductive step

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

Proof:

A common subsequence of A[1..n — 1] and B[1..m]
A common subsequence

,
of A[1..n] and B[1..m] if and only if O
A common subsequence of A[1..n] and B[1..m — 1]



A: ai, Ay,..., Ay

Inductive step Crossing
B : by, bz,.)..,<bm

Observation:

* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

In any common subsequence of A[1..n] and B[1..m], a,, cannot be matched with b,,,.

In any common subsequence of A[1..n] and B[1..m], at least one of a,, and b,,, is not matched.

A common subsequence of A common subsequence of
A[l..n — 1] and B[1..m] A[l..n]and B[1..m — 1]



Inductive step

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

* Ifa,, = b,, = x, we can take LCS(n,m) asLCS(n —1,m — 1) o x.

Concatenation



: A:aq,a,,..,a
Inductive step Ce
B:bl, bz,..., bm

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

* Ifa,, = b,, = x, we can take LCS(n,m) asLCS(n —1,m — 1) o x.

Claim: There exists an LCS of A[1..n] and B[1..m] such that a,, is matched with b,,,.



Inductive step

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

* Ifa,, = b,, = x, we can take LCS(n,m) asLCS(n —1,m — 1) o x.

A: ai, Ay,..., Ay

B : bl? bz,..., bm

Claim: There exists an LCS of A[1..n] and B[1..m] such that a,, is matched with b,,,.

A

B

a1, 0Q9,..

. bl? bz,..

V

- aAq, Ay,...

. bl) bz,...

., Ap

.s b

A:aq,as,...,ay,

B : by, by,..., D,

V

A:aq,ay,..,ay,

B : bla bz,..., bm

A:

B

a, a,...

. bla bz,...

V

A, Agp,...

. bla bz,...

Proof of the claim



A:aq,a,,..., a,
Cut and paste 0
B:bl, bz,..., bm

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

Now we use the claim to prove our
° = = — —
If a,, = b,,, = x, we can take LCS(n,m) as LCS(n —1,m — 1) o x. observation using cut and paste.

Claim: There exists an LCS of A[1..n] and B[1..m] such that a,, is matched with b,,,.

A:aq,a,,...,
LCS(n—1,m—1)
B : bl, bz,...,

A:aq,ay,...,ay, A:aq,ay,...,a,

B : by, by,..., by, Cut and paste B :by, by,..., by



A:aq,a,,..., a,
Cut and paste 0
B:bl, bz,..., bm

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

Now we use the claim to prove our
° = = — —
If a,, = b,,, = x, we can take LCS(n,m) as LCS(n —1,m — 1) o x. observation using cut and paste.

Claim: There exists an LCS of A[1..n] and B[1..m] such that a,, is matched with b,,,.

A a,a,...,
s 5 LCS(n—1,m — 1)
size .- B : by, by,...,

A: Ay, Az,..., Ay size T A: Ay, Az,..., Ay

B :bl, bz,..., bm B :bla bz,..., bm



A:aq,a,,..., a,
Cut and paste 0
B:bl, bz,..., bm

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

Now we use the claim to prove our
° = = — -
If a,, = b,,, = x, we can take LCS(n,m) as LCS(n —1,m — 1) o x. observation using cut and paste.

=

Claim: There exists an LCS of A[1..n] and B[1..m] such thaf‘an is matched with b,,,.

A a,a,...,
s 5 LCS(n—1,m — 1)
size .- B : by, by,...,



Key idea: Optimal substructures

Observation:
* Ifa,, # b,,,, we can take LCS(n, m) as the longer one of LCS(n — 1,m) and LCS(n,m — 1).

* Ifa,, = b,, = x, we can take LCS(n,m) asLCS(n —1,m — 1) o x.

o0

©

Optimal substructures

An optimal solution to a problem can be constructed

from optimal solutions to its subproblems.




A:aq,ay,..., ay

Finding LCS recursively (tesmm) o0 m Bt

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

Base case:
« LCS(i,0) = @ foralli.
« LCS(0,j) = @ forallj.

3
I

6
5
4
3
2
1
0

(=R I S U I SU R S B R S R S U R ST AR S



A:aq,ay,..., ay

Finding LCS recursively (tesmm o0 " Bt

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

Base case: Inductive step:
« LCS(i,0) = @ foralli. * Ifa; # b;, LCS(i,j) = the longer one of LCS(i — 1,j) and LCS(i,j — 1).
« LCS(0,j) = @ forallj. * Ifa; =b; = x,LCS(i,j) =LCS(i —1,j — 1) o x.

.
m=6 ® LCS(5,6) | LCS(6,6)

5 ) LCS(5,5) | LCS(6,5) T

4 1)

3 0]

2 1)

1 1)

0 0] 1) 1) 1) 1) 0] 1)

0 1 2 3 4 5 n=6



A:aq,ay,..., ay

Finding LCS recursively (tesmm o0 " Bt

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

Base case: Inductive step:
« LCS(i,0) = @ foralli. * Ifa; # b;, LCS(i,j) = the longer one of LCS(i — 1, ) and LCS(i,j — 1).
« LCS(0,j) = @ forallj. * Ifa; =b; = x,LCS(i,j) =LCS(i —1,j — 1) o x.

m=6 0 - =+ P s —1LCS(5,6)|-LCS(6,6)

5 0) e s [ .LCS(5,5)]-LCS(6,5)
4 1) « = — —> —t=
Bottom-up approach: 3 0 -+ — . . E—
2 1) P E i —> —=> =
1 @ —> —> —> .
0 1) 0) ? @ @ ) )

0 1 2 3 4 5 n==~6



VisuAlgo (just recursion tree): https://visualgo.net/en/recursion?slide=5-5

VisuAlgo (recursion with memoization): https://visualgo.net/en/recursion?slide=5-6

| . . A:
Finding LCS recursively tesam)| 000 2T
« U]y U299 UMm

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

Base case: Inductive step:
« LCS(i,0) = @ foralli. * Ifa; # b;, LCS(i,j) = the longer one of LCS(i — 1, ) and LCS(i,j — 1).
« LCS(0,j) = @ forallj. * Ifa; =b; = x,LCS(i,j) =LCS(i —1,j — 1) o x.

m=6 ¢ - P P —t> .. —-LCS(5,6){-LCS(6,6)
5 @ P S | LCS(5,5) [ LCS(6,5) ,
Alternatively, an LCS
4 1) D —> — —t> —=
Bott h — — can be computed
ottom-up approach: 3 0 « 4+ P — s = recursively with
2 ? e A 1 1 B memorization.
1 0] —> —> —> .
0 1) 1) 1) 1) 1) 1) 1)
0 1 2 3 4 5 n=6


https://visualgo.net/en/recursion?slide=5-5
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A:aq,ay,..., ay

Finding LCS recursively B:by, by,.... b

* Question: How to compute an LCS of A[1..n] and B[1..m] efficiently?

* Next: Concrete algorithm description 4+ time and space analysis.

For simplicity, we focus on computing only the length of LCS.



Length of LCS

Base case: Inductive step:
« LCS(i,0) = @ foralli. * Ifa; # b;, LCS(i,j) = the longer one of LCS(i — 1, ) and LCS(i,j — 1).
« LCS(0,j) = @ forallj. * Ifa; =b; = x,LCS(i,j) =LCS(i —1,j — 1) o x.

* Let L(i,j) be the length of an LCS of A[1..n] and B|[1..m].



Length of LCS

Base case: Inductive step:
« LCS(i,0) = @ foralli. * Ifa; # b;, LCS(i,j) = the longer one of LCS(i — 1, ) and LCS(i,j — 1).
« LCS(0,j) = @ forallj. * Ifa; =b; = x,LCS(i,j) =LCS(i —1,j — 1) o x.

* Let L(i,j) be the length of an LCS of A[1..n] and B|[1..m].

Base case:
« L(i,0) =0foralli.
 L(0,j) =0forallj.



Length of LCS

Base case: Inductive step:
LCS(i,0) = @ for all i. * Ifa; # b;, LCS(i,j) = the longer one of LCS(i — 1, ) and LCS(i,j — 1).
LCS(0,j) = @ for all j. * Ifa; =b; = x,LCS(i,j) =LCS(i —1,j — 1) o x.

* Let L(i,j) be the length of an LCS of A[1..n] and B|[1..m].

Base case: Inductive step:
« L(i,0) = 0foralli. * Ifa; # b;, L(i,j) = max{L(i — 1,j),L(i,j — 1)}.
 L(0,j) =0forallj. * Ifa;=0b;, L(i,j) =L{—-1,j—1)+ 1



Length of LCS

m=6a 0 1 2 2 3 3 4
5d 0 1 2 2 3 3 3
4 ¢ 0 1 1 2 2 2 3
3 a 0 1 1 1 2 2 3
2 d 0 0 1 1 2 2 2
1d 0 0 1 1 1 1 1
0 0 0 0 0 0 0 0

a d c d ) a
0 1 2 3 4 5 n=

Base case:
« L(i,0) =0foralli. .
 L(0,j) =0forallj. .

Inductive step:

If a; # bj, L(i,j) = max{L(i — 1,)), L(i,j — 1)}.




Length of LCS

Bottom-up approach:
For(i=0ton)L(i,0) <0
For(j = 0tom)L(0,j) «< O

For(j = 1tom)
For (i = 1ton)

m=6a 0 1 2 2 3 3 4
5d 0 1 2 2 3 3 3
4 ¢ 0 1 1 2 2 2 3
3 a 0 1 1 1 2 2 3
2 d 0 0 1 1 2 2 2
1d 0 0 1 1 1 1 1
0 0 0 0 0 0 0 0

a d c d ) a
0 1 2 3 4 5 n=

If (a; = bj)then L(i,j) « L(i—1,j—1) +1
If (a; # bj) then L(i,j) « max{L(i —1,/),L(,j — 1)}

Base case:
« L(i,0) =0foralli.
 L(0,j) =0forallj.

Inductive step:

If a; # b;, L(i,j) = max{L(i — 1,),L(i,j — D}.




Length of LCS

Bottom-up approach:
For(i=0ton)L(i,0) <0
For(j = 0tom)L(0,j) «< 0O

For(j = 1tom)
For (i = 1ton)

m=6a 0 1 2 2 3 3 4
5d 0 1 2 2 3 3 3
4 ¢ 0 1 1 2 2 2 3
3 a 0 1 1 1 2 2 3
2 d 0 0 1 1 2 2 2
1d 0 0 1 1 1 1 1
0 0 0 0 0 0 0 0

a d c d ) a
0 1 2 3 4 5 n=

If (a; = bj)then L(i,j) « L(i—1,j—1) +1
If (a; # bj) then L(i,j) « max{L(i —1,/),L(,j — 1)}

Base case:
« L(i,0) =0foralli.
 L(0,j) =0forallj.

Inductive step:

If a; # b;, L(i,j) = max{L(i — 1,),L(i,j — D}.




Length of LCS

Bottom-up approach:
For(i=0ton)L(i,0) <0
For(j = 0tom)L(0,j) «< O

For(j = 1tom)
For (i = 1ton)

m=6a 0 1 2 2 3 3 4
5d 0 1 2 2 3 3 3
4 ¢ 0 1 1 2 2 2 3
3 a 0 1 1 1 2 2 3
2 d 0 0 1 1 2 2 2
1d 0 0 1 1 1 1 1
0 0 0 0 0 0 0 0

a d c d ) a
0 1 2 3 4 5 n=

If (a; = bj)then L(i,j) « L(i—1,j—1) +1
If (a; # bj) then L(i,j) « max{L(i —1,/),L(,j — 1)}

Base case:
« L(i,0) =0foralli.
 L(0,j) =0forallj.

Inductive step:

If a; # b;, L(i,j) = max{L(i — 1,),L(i,j — D}.




Length of LCS

Bottom-up approach:
For(i=0ton)L(i,0) <0
For(j = 0tom)L(0,j) «< O

For(j = 1tom)
For (i = 1ton)

m=6a 0 1 2 2 3 3 4
5d 0 1 2 2 3 3 3
4 ¢ 0 1 1 2 2 2 3
3 a 0 1 1 1 2 2 3
2 d 0 0 1 1 2 2 2
1d 0 0 1 1 1 1 1
0 0 0 0 0 0 0 0

a d c d ) a
0 1 2 3 4 5 n=

If (a; = bj)then L(i,j) « L(i—1,j—1) +1
If (a; # bj) then L(i,j) « max{L(i —1,/),L(,j — 1)}

Base case:
« L(i,0) =0foralli.
 L(0,j) =0forallj.

Inductive step:

If a; # b;, L(i,j) = max{L(i — 1,),L(i,j — D}.




Space complexity: O(mn)

Length of LCS ~ m=s6a[ o
5d 0

4 c 0

3 a 0

2 d 0

Bottom-up approach: 1 d 0
For(i=0ton)L(i,0) « 0 0 0

For(j = 0tom)L(0,j) «< O

For(j = 1tom) mn iterations 0
For (i = 1ton)

If (a; = bj)then L(i,j) « L(i—1,j—1) +1

OUDEMe = 16 (@ # by) then L(i, /) « max{L(i — 1, /), L(i,j — 1)}

— Q |o|lo|lo|lRr|R|iR|kR

NQ | O|R|R|IFR[FPIN]DN
WwWa | OlR|IFRIFPFININ]|DN
Q| O|IRINININDIW|W

Time complexity: O(mn)

Ul vy [ O |l ININIDN|W|W

S

| Q@ |[©O|= | DN[W|lw|w]| N




Question 1 @ VisuAlgo online quiz

Who is the Master of Algorithms pictured below?
* Richard Bellman
e Stephen Cook

 John Hopcroft

* Robert Tarjan "



Knapsack problem

Goal: Pack a set of items into
a container with a capacity
constraint to maximize the

total value.

[

1 kg, $5 3 kg, $8
TLT <
353 | SR
2 kg, $9 4 kg, $6
7 kg, $8 3 kg, $2



Knapsack problem

Goal: Pack a set of items into 1 kg, $5 3 kg, $8

a container with a capacity
constraint to maximize the

total value. P27
s34 | SR

,$9 4 kg, $6

Optimal solution: $22 %

7 kg, $8 3 kg, $2




Formal definition

Input: (Wl, Ul), (Wz, Uz), cer ) (Wn, vn), W . Allof them are positive integers.

Output: A subset S € [n] such that };;ccw; < W that maximizes )¢ v;.



Formal definition

n items
Input: (wy, v1), (Wy, v2), ..., (Wp, vy), W.

Weight Value Capacity of the bag

Output: A subset S € [n] such that };;ccw; < W that maximizes )¢ v;.



Formal definition

n items
\

[ |
Input: (wy, v1), (Wy, v2), ..., (Wp, vy), W.

[T T

Weight Value Capacity of the bag

Output: A subset S € [n] such that }};cc w; < W that maximizes )¢ v;.

| | |

A subset of items Capacity constraint is satisfied Maximizing the total value



O ptl Mada | SuU bSt ructures Are there optimal structures?

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

Suppose S is an optimal solution.



O ptl Mada | SuU bSt ructures Are there optimal structures?

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

Suppose S is an optimal solution.

S \ {n}is an optimal solution to the subproblem:

Casel:neS
* (W, v1), Wy, 02), oo, Wnoq, Uneg), W — Wy



O ptl Mada | Su bSt ructures Are there optimal structures?

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

Suppose S is an optimal solution.

S\ {n}is an optimal solution to the subproblem:

Casel:n €S
o (Wi, 11), (Wo,v3), ., Wy—1, V1), W — wy,

Proof: If not, then a solution better than Replacing S \ {n} with an optimal
S can be obtained by cut-and-paste. solution to the subproblem.



O ptl Mada | SuU bSt ructures Are there optimal structures?

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

Suppose S is an optimal solution.

S \ {n}is an optimal solution to the subproblem:

Casel:neS
* (W, v1), Wy, 02), oo, Wnoq, Uneg), W — Wy

S is an optimal solution to the subproblem:

Case2:n & S
¢ (Wl' 171), (WZ; vZ)l Ll (Wn—l' vn—l): W



O ptl Mada | Su bSt ructures Are there optimal structures?

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

Suppose S is an optimal solution.

S \ {n}is an optimal solution to the subproblem:

Casel:nesS

* (W, v1), Wy, 02), oo, Wnoq, Uneg), W — Wy

S is an optimal solution to the subproblem:
Case2:n & S

* (Wy,v1), (W, V2), oo, Wy, V1), W
Proof: If not, then a solution better than Replacing S with an optimal

S can be obtained by cut-and-paste. solution to the subproblem.



The value an optimal solution

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

m[n, W]

mli, j| = the value of an optimal solution for the instance:
¢ (Wl,vl), (Wz,vz), ...,(Wi,vi),j.

The first i items



mli, j] = the value of an optimal solution for the instance:

Recursion e Wy vs), (Wa 0), o (Wes D) .

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

Suppose S is an optimal solution.
m[n,W]l=m[n—1,W —w,| + v,

S \ {n}is an optimal solution to the subproblem:

Casel:neS
* (W, v1), Wy, 02), oo, Wnoq, Uneg), W — Wy

S is an optimal solution to the subproblem:
* (Wl' 171), (WZ; 172), e (Wn—l' vn—l): w
m[n, W] =m[n—1,W]

Case2:n &S



mli, j] = the value of an optimal solution for the instance:

Recursion e Wy vs), (Wa 0), o (Wes D) .

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

Suppose S is an optimal solution.
m[n,W]l=m[n—1,W —w,| + v,

S \ {n}is an optimal solution to the subproblem:

Casel:neS
* (W, v1), Wy, 02), oo, Wnoq, Uneg), W — Wy

S is an optimal solution to the subproblem:
* (Wl' 171), (WZ; 172), e (Wn—l' vn—l): w
m[n, W] =m[n—1,W]

Case2:n &S

mn, W] = max{m[n—1, W —w,| +v,,mn—1, W]}



mli, j] = the value of an optimal solution for the instance:

Recursion e Wy vs), (Wa 0), o (Wes D) .

Input: (wy, v1), Wy, v2), ..., (Wp, v,), W.
Output: A subset S € [n] such that }};ccw; < W that maximizes ). ;¢ v;.

For maximization problems, if no feasible solution exists, the m [Tl, W]
solution value is defined as —oo, in line with the convention
that the maximum of an empty set is often taken to be —oo.

Negative weight is impossible.

—00 j<0
mli,j] = 0 (i=0)A( =0) | Canonly achieve zero value with zero items.
max{m|i —1,j —w;| +v;,m[i — 1,/]} otherwise



Dynamic programming ;

<0 O 1 2 3 4 5 6

%Q

0 |—oo| O 0 0 0 0 0
1 W1 = 1, vl — 5
2 | —o 2L — —
18l] Wp = 2, Vy = 9
i - 3| ==
i % W3 = 71 U3 = 8
o % w, = 3,0, =8
6 | —o0
%f’ Wy = 4‘, Vg = 6
Negative weight is impossible.
ﬁ Wg = 3, Vg = 2

—00 j<0
mli,j] = 0 (i=0)A( =0) | Canonly achieve zero value with zero items.
max{m|i —1,j —w;| +v;,m[i — 1,/]} otherwise



Dynamic programming ;

-

o

<0 0 1 2 3 4 5 6 7
"0 |—oof O 0 0 0 0 0 0 0
1 [=0| 0[5 545 5 | 5
2 |-l 0 | 5|9 [14 S R A I g
[ — 3 |—oo| <7770 _—_—___ ___—_ § R IR E—— S
4 | —o0
5 | —o
6 | —
\
— 00 j<O0
mli,j] = 0 i=0A(=0)
max{m[i —1,j —w;] + v;,m[i — 1,/]} otherwise
/

%Q

loo—-o]
0010
L00—-01
Lo—010-

B @\ K

w; =1,v;, =5
Wy =2,U, =9
wy =7,U3 =8
w, =3,v, =8
we =4, =6

W6=3,v6=2



VisuAlgo (just recursion tree): https://visualgo.net/en/recursion?slide=4-5

VisuAlgo (recursion with memoization): https://visualgo.net/en/recursion?slide=4-6

Dynamic programming ;

W
/< 0 O 1 2 3 4 5 6 8
0 |—oof O 0 0 0 0 0 0
1 |—oo| O 5 5 5
2 |—oco| O 5 9 |14 |14 | 14 | 14 | 14 | 14
i 3 |- 0|5 |9 |14]|14 |14 |14 |14 |14
4 | —ocof O 5 9 |14 |14 | 17 | 22 | 22 | 22
5 | —oo| O 5 9 |14 |14 | 17 | 22 | 22 | 22
n 6 |—oo| 0 5 9 |14 | 14 | 17 | 22 | 22 | 22
Optimal solution: $22
4 )
— 00 j<O0
mli,j] = 0 i=0A(=0)
- max{m|i —1,j —w;| +v;,m[i — 1,/]} otherwise )

A

N e

W1=1,v1=5

%Q

W2=2,v2=9

loo—-o]
0010
Loo—-01
Lo—010-

W3=7,v3=8

R

W4=3,174=8
W5=4,v5=6

ﬁ Wg = 3,Vg = 2

R
Q

[Time complexity: O (nWW/) }



https://visualgo.net/en/recursion?slide=4-5
https://visualgo.net/en/recursion?slide=4-5
https://visualgo.net/en/recursion?slide=4-5
https://visualgo.net/en/recursion?slide=4-6
https://visualgo.net/en/recursion?slide=4-6
https://visualgo.net/en/recursion?slide=4-6

Change-making problem

Goal: Find the minimum number of
coins of denominations d{, d>, ..., dy
that add up to n cents.

Example: If the denominations are
{1,10, 25}, then the optimal solution
forn =30is 104+ 10 + 10 (3 coins).



Change-making problem

Goal: Find the minimum number of
coins of denominations d{, d>, ..., dy
that add up to n cents.

Example: If the denominations are
{1,10, 25}, then the optimal solution
forn =30is 104+ 10 + 10 (3 coins).

Let M|n] be the fewest number of
coins needed to change n cents.



Hint: Explore VisuAlgo https://visualgo.net/en/recursion?slide=5-2

Question 2 @ VisuAlgo online quiz

Goal: Find the minimum number of Question: Which of the

coins of denominations dq, d, ..., dj following is true?

that add up to n cents. e M[n] = 1 + min M[n — d,]
g l

i€[k]

Example: If the denominations are P Minl=1+ grel[a}{)](M[n ~ di]
{1,10, 25}, then the optimal solution e M[n] =1+ M[n - d,]
forn =30is10 4 10 4+ 10 (3 coins). o

<
B

Let M|n] be the fewest number of
coins needed to change n cents.


https://visualgo.net/en/recursion?slide=5-2
https://visualgo.net/en/recursion?slide=5-2
https://visualgo.net/en/recursion?slide=5-2
dcssh@nus.edu.sg
Underline


Additional exercises

(We will cover these only if time permits.)



[Space complexity: O(mn) 1

Exercise 1 m=6al 0 1 2 2 3 3 3
5d 0 1 2 2 3 2 3

4 c 0 1 1 2 2 2 3

3 a 0 1 1 1 2 2 3

2 d 0 0 1 1 2 2 2

Bottom-up approach: 1 d 0 0 1 1 1 1 1
For(i=0ton)L(i,0) <0 0 0 0 0 0 0 0 0
For(j = 0tom)L(0,j) «< O a d C d s a
1 2 3 4 5 n=

For (J =1to m) } mn iterations 0

For (i = 1ton)
0(1) time {'f (a; = bj)then L(i,j) « L( —1,j - 1) +1

[Time complexity: O(mn) }
If (a; # bj) then L(i,j) « max{L(i —1,/),L(,j — 1)}

[Exercise 1: Improve the space complexity to O(min{m, n}). }




[Space complexity: O(mn) 1

Exercise 2 m=6al 0 1 2 2 3 3 3
5d 0 1 2 2 3 2 3

4 c 0 1 1 2 2 2 3

3 a 0 1 1 1 2 2 3

2 d 0 0 1 1 2 2 2

Bottom-up approach: 1 d 0 0 1 1 1 1 1
For(i=0ton)L(i,0) <0 0 0 0 0 0 0 0 0
For(j = 0tom)L(0,j) «< O a d C d s a
1 2 3 4 5 n=

For (J =1to m) } mn iterations 0

For (i = 1ton)
0(1) time {'f (a; = bj)then L(i,j) « L( —1,j - 1) +1

[Time complexity: O(mn) }
If (a; # bj) then L(i,j) « max{L(i —1,/),L(,j — 1)}

[Exercise 2: Compute an LCS of A[1..n] and B[1..m] in O(mn) time. 1

A

not just the length




Longest palindrome subsequence

* A palindrome is a string that reads the same forwards and backwards.
 Examples: racecar, civic, a.




Exercise 3

* A palindrome is a string that reads the same forwards and backwards.
 Examples: racecar, civic, a.

Exercise 3: Using the LCS algorithm as a blackbox to design an O(n?)—time
algorithm to find a longest palindrome subsequence of an input string.

if input is character, output should be carac.



Exercise 4

* A palindrome is a string that reads the same forwards and backwards.
 Examples: racecar, civic, a.

Exercise 4: Design an 0(n?)—time algorithm from scratch by dynamic programming.



Acknowledgement

* The slides are modified from previous editions of this course and similar
course elsewhere.

e List of credits:
e Surender Baswana
* Arnab Bhattacharya
e Diptarka Chakraborty
* Yi-Jun Chang
* Erik Demaine
e Steven Halim
* Sanjay Jain
* Wee Sun Lee
* Charles Leiserson
* Hon Wai Leong
* Wing-Kin Sung



	Midterm exam information
	Slide Number 2
	Fibonacci numbers
	Fibonacci numbers
	Recursion tree
	Memoization
	Memoization
	Memoization
	Dynamic programming
	Dynamic programming
	Bottom-up approach
	Subsequence
	Subsequence
	Longest common subsequence
	Longest common subsequence
	Longest common subsequence
	Longest common subsequence
	Longest common subsequence
	First attempt
	First attempt
	Recursive approach
	Recursive approach
	Base case
	Inductive step
	Inductive step
	Inductive step
	Inductive step
	Inductive step
	Inductive step
	Inductive step
	Cut and paste
	Cut and paste
	Cut and paste
	Key idea: Optimal substructures
	Finding LCS recursively
	Finding LCS recursively
	Finding LCS recursively
	Finding LCS recursively
	Finding LCS recursively
	Length of LCS
	Length of LCS
	Length of LCS
	Length of LCS
	Length of LCS
	Length of LCS
	Length of LCS
	Length of LCS
	Length of LCS
	Question 1 @ VisuAlgo online quiz
	Answer
	Knapsack problem
	Knapsack problem
	Formal definition
	Formal definition
	Formal definition
	Optimal substructures
	Optimal substructures
	Optimal substructures
	Optimal substructures
	Optimal substructures
	The value an optimal solution
	Recursion
	Recursion
	Recursion
	Dynamic programming
	Dynamic programming
	Dynamic programming
	Change-making problem
	Change-making problem
	Question 2 @ VisuAlgo online quiz
	Answer
	Solving the change-making problem 
	Recursive formula
	Base case
	Inductive step
	Cut and paste
	Cut and paste
	Cut and paste
	Algorithm
	Algorithm
	Algorithm
	Additional exercises
	Exercise 1
	Exercise 2
	Longest palindrome subsequence
	Exercise 3
	Answer
	Exercise 4
	Acknowledgement



